Optimal Transport — M2 AMS/Opt/Stat-ML 2021/2022 — Université Paris-Saclay

Final Exam 30/03/2022

Duration : 3 hours

The subject consists of two independent problems. Do not hesitate to present partial
solutions or ideas even when you are not sure how to formulate them rigorously.
Documents are allowed.

Problem 1: Duality and Partial optimal transport

(Duality) Let X,Y be compact metric spaces and ¢ : X x Y — R, U {400} such that ¢ €

C%(X x Y). In this first part we want to prove that strong duality holds, that is

(KP) = (KD),
where
KP)= inf cd
( ) ’YGH(MV)/ 7 (1)
where H(p,v) = {y € P(X xY) | rxpy = p and mypy = v}
and
(KD) = sup /god,u+/¢d1/ (2)
()€ (X)xCO(Y)
pdY<e

(Q1.1) Prove that (KD) can be re-written as

(KD) = sup {=Ki(u) — Ky(u)}, (3)

u€CO (X xY)

where

Jedp+ [odv  if u(z,y) = p(z) + ¥ (y)

. )
400 otherwise

Kl:UEGO(XXY)H{

and

' <
KQ:U/EGO(XXY)I—} {0 1fU(I,y)\C(J,‘,y>.

+00  otherwise




(Q1.2) Show that K, Ky are convex and there exists ug € C°(X x Y) such that both
K, and K5 are finite at ug and K5 is continuous at ug.

(Q1.3) Compute the Legendre-Fenchel transforms K;, K : C%(X x V)" — R U {+o0}
where C°(X x Y')' denotes the topological dual space of C°(X x Y).

(Q1.4) Prove that

sup  {—=Ki(u) — Ky(u)} = inf  {Kj(=7)+ K;(7)},

ueCI(X XY) YECO(X XY

and deduce that strong duality holds.

(Partial OT) We consider the partial optimal transport problem between a non-negative measure
€ M4 (X) with 1 < pu(X) < +o00 and a probability measure v € P(Y):

(KPP) = inf /cd'y

yell-(p,v)

where II_(p,v) = {y e M (X xXY) | mxpy < p and mypy = v}

(4)

(Note that for o, 8 € M, (X), a < § means Vo € CUX),(p = 0 = [pda <
J¢dB).)

(Q1.5) Prove that (KPP) > (KPD) where

(KPD) = sup /godu%—/zﬂdu (5)
(p)€CO(X)xCO(Y)
PpDYP<e, »<0

(Q1.6) Recalling that for ¢ € C°(Y), ¢°(z) = infyey ¢(x,y) — ¥ (y), prove that

(KPD) = sup /mm ¥, 0 d,u+/wdl/ (6)

Ped (Y

Let Y = Y U {ys} where yq ¢ Y is an arbitrary point, let 7 = v + ad,, where
a=pu(X)—1,and let ¢: X x Y — R defined by ¢|,y = ¢ and ¢(z, yoo) = 0 for all
reX.

(Q1.7) Using an explicit bijection between II(y,7) and I1_(u,v), prove that (KPP)
= (KP) where (KP) is the “standard” optimal transport problem

KP) = min / cd7.
( ) FEU(1,7) XxY 7
(Q1.8) Show that if 1) : Y — R is defined by my = ¢ and ¥(ys) = 0, then Eg =
min (¢ 0). Prove that (KPP) = (KPD) and that the maximum in (KPD) is
attained.



Problem 2: Eulerian Optimal Transport with a source term.

Let B be the closed unit ball in R?, @ = [0, 1] x B, and let be given two smooth functions
Yo > 0,7 >0 on B.
We set, for each continuous function (¢,x) — f(¢,x) on @,

BT(f) = /B (F(L, @) () — (0, 2)p0(x))d.

For all continuous functions A, B,C on @, respectively valued in R, R? and R, we set
F(A,B,C)=0if A+|B|?/2+(C?/2 < 0 pointwise on Q, and F (A, B, C) = +o0 otherwise.
We define J to be the supremum of BT (¢) over all smooth functions ¢ on @) such that

Quplt ) + 3 (IVeolt, o) + (1,2 <0, V(t,) € Q

and consider a maximizing family (¢.) such that BT (¢.) > J — €, for € €]0, 1].

(Q2.1)

(Q2.2)

(Q2.3)

Using the Fenchel-Rockafellar duality theorem (involving F' and a suitable function
G to be found), show the existence of some bounded Borel measures (p, m, v) defined
on @ and respectively valued in R, R? and R such that : m and v are absolutely con-
tinuous with respect to p with respective Radon-Nikodym densities v € L%(Q, p ; R%)
and w € L*(Q, p ; R).

J= /( Lot ) + wit, 2)?)p(t, 2),

2)eQ 2

/(t )EQ(ﬁtf(t, x) +o(t,x) - VIt z)+wt,z)f(t,z)pt,r) = BT(f),

for each C*' function f on Q. Show that

1 1 1 1
/ B+ 51V + gellp < e / - Vel < / Cw—g)p<e
Q Q Q

Using the results of the previous question, discuss the convergence of . as ¢ | 0
to a limit ¢, if we assume that we can write the measure p as (¢, x)dtdz, for some
function v with » <~ < r~! for some constant r €]0, 1]. Get the following system of
equations, in a suitable sense (to be precised),

1 1
Op + 5IVel + 59" =0, 0+ V- (V) = 7.

Find the optimal ¢ in the special case 7y and 7, are two distinct constant functions
on B. Find also v and try to explain the result.



