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ABSTRACT. As we explain, when a positive integer n is not squarefree, even over C the moduli
stack that parametrizes generalized elliptic curves equipped with an ample cyclic subgroup of order
n does not agree at the cusps with the T'g(n)-level modular stack Z(n) defined by Deligne and
Rapoport via normalization. Following a suggestion of Deligne, we present a refined moduli stack of
ample cyclic subgroups of order n that does recover Zo(n) over Z for all n. The resulting modular
description enables us to extend the regularity theorem of Katz and Mazur: 25(n) is also regular
at the cusps. We also prove such regularity for 27(n) and several other modular stacks, some of
which have been treated by Conrad by a different method. For the proofs we introduce a tower of
compactifications £04,,, of the stack ££¢ that parametrizes elliptic curves—the ability to vary m in
the tower permits robust reductions of the analysis of Drinfeld level structures on generalized elliptic
curves to elliptic curve cases via congruences.
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1. INTRODUCTION

1.1. Algebraic stacks that refine Xy(n). The study of the compactification Xy(n) of the coarse
moduli space of the algebraic stack %(n) that parametrizes elliptic curves equipped with a cyclic
subgroup of order n is key for many arithmetic problems, so one seeks to understand the arithmetic
properties of Xy(n), especially over Z. For this, it is desirable to conceptualize the construction of
Xo(n) by realizing it as a coarse moduli space of an algebraic stack that compactifies %p(n).

The sought compactifying stack Zp(n) was defined by Deligne and Rapoport in [DR73, IV.3.3| via a
normalization procedure. However, Zp(n) lacks an a priori moduli interpretation, so instead one
often considers the stack 2o (n) "¢ that parametrizes generalized elliptic curves whose smooth locus
is equipped with a cyclic subgroup of order n that is ample, i.e., meets every irreducible component
of every geometric fiber. Even though 25(n)"Ve is algebraic, has Xo(n) as its coarse moduli space,
and agrees with Z(n) on the elliptic curve locus, it seems to have been overlooked that

naive

If n is not squarefree, then Z(n) and Zy(n) are genuinely different, even over C.

1.2. Pathologies of Z(p?)"*ve. To explain the difference, we set n := p? for some prime p, let
Z (1) denote the stack that parametrizes those generalized elliptic curves whose geometric fibers are
integral, and consider the structure morphism

c: <%fo(pQ)naive N 5{(1)

which in terms of the moduli interpretation forgets the subgroup and contracts the generalized
elliptic curve with respect to the identity section. We claim that the morphism c is not representable.

To see this, let E' be the standard p-gon over C and let (2 € C* be a primitive root of unity of
order p?. Then E™ = G, x Z/pZ and each of the j, worth of automorphisms of E fixing G, x {0}
stabilizes the cyclic subgroup <(Cp2, 1)> of order p?. Each such automorphism contracts to the
identity, so c is not representable.

In contrast, the morphism

Zo(p*) — 2°(1)
is representable by construction, so the 2" (1)-stacks 2Zo(p?)"*v¢ and Z25(p?) are not isomorphic.
The same p-gon example carried out over F,, shows that Zo(p?)"¥Ve is not even Deligne-Mumford
(whereas 25(p?) is), a pathology that has already been pointed out in [Edi90, 1.1.1.1] and [Con07].

1.3. A modular description of Zj(n). One of the main goals of this paper is to refine the
definition of 25(n)"V¢ to obtain a moduli interpretation of Zy(n) even when n is not squarefree.
The elliptic curve locus needs no refinement, so the issue is to incorporate the cusps in a way that
avoids the nonrepresentability of ¢ phenomenon. For this, we follow a suggestion of Deligne explained

in [Del15]. To present Deligne’s idea, we assume that n = p? for a prime p and work over Z[%].

In vague terms, the idea is to subsume the automorphisms causing the nonrepresentability of ¢ into
the moduli problem. To make this possible, the data being parametrized will involve algebraic stacks
and not merely schemes. In precise terms, the moduli problem that in Chapter 5 will be proved to
recover %(pg)z[ 1) assigns to every Z|+]-scheme S the groupoid of tuples

p

1
P
(E— S, G, Say, Sy, Sw2)s 91) Gp)r Gp2))
consisting of
e A generalized elliptic curve £ — S

e A cyclic subgroup G c Eg_gx of order p? over the elliptic curve locus S — S
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e Open subschemes S(1), S(;), and S(,2y of S that cover S, have S — S as their pairwise
intersections, and such that the degenerate geometric fibers of Es, and FEs, are 1-gons and

those of Eg 2) A€ p?-gons;

e Ample cyclic subgroups G(1) < Egrg) and G,2) < Eg’;ﬂ : of order p? that recover G over S — S%;

p2

e An ample cyclic subgroup G,y < E(S;;)l of order p? of the universal generalized elliptic curve
&(p) whose degenerate geometric fibers are p-gons and whose contraction is Es, , subject to
the requirement that Q(p) recovers G over S — S% (over which 8(p) is identified with E).

In essence, the moduli problem parametrizes generalized elliptic curves equipped with an ample
cyclic subgroup of order p? with the caveat that over the part of the degeneracy locus prone to
the nonrepresentability of ¢ the subgroup has been upgraded to live inside a suitable universal
“decontraction” £, (which is an algebraic stack and not a scheme). The role of the S, is to
remember the subdivision of the degeneracy locus S*—without S(;) and S,) we cannot single out
those 1-gon degenerate geometric fibers of E that were “meant” to be p-gons but had to be “upgraded”
in order to avoid the nonrepresentability of c.

1.4. Incorporating bad characteristics. After the work of Drinfeld and of Katz and Mazur,

the extension of the above modular description of %(pQ)Z[ 1) to Z2o(p?) is a matter of technique.
p

However, new difficulties at the cusps in characteristic p force us to impose an additional coherence

requirement on G(,), a requirement that holds automatically away from p and also on the elliptic

curve locus (see §5.5 and Lemma 5.6) and that seems well suited for the analysis of G, even over

Z[%]. With this proviso, we prove that for any n the analogue of the moduli problem described in

§1.3 gives a moduli interpretation for Zp(n). We then use this moduli interpretation to prove the
following extension of a regularity theorem of Katz and Mazur:

Theorem 1.5 (Theorem 5.13 (a)). The Deligne-Mumford stack Zo(n) is regular.

In fact, %(n)z[;] is even Z[%]—smooth by |[DR73, IV.6.7|, whereas the elliptic curve locus #(n) is

regular by [KM85, 5.1.1], so Theorem 1.5 was known away from the closed substack of the cusps
that lies in characteristics dividing n.

In the proof of Theorem 1.5, the eventual source of regularity is the combination of [DR73, V.4.13]
and [KMS85, 5.1.1| that proves the regularity of another modular stack 2" (n). The reduction to
Z (n) rests on the moduli interpretation of Zy(n) and on the regularity of %4(n). In particular, no
stage of the argument requires any computations with universal deformation rings, other than what
comes in from [KM85, Ch. 5-6] through our reliance on the regularity of % (n) and %y(n).

We use Theorem 1.5 and the moduli interpretation of Zy(n) to prove that the coarse moduli space
Xo(n) is regular in a neighborhood of the cusps (see Theorem 6.7). This regularity is not new (see
the introduction of Chapter 6) but our proof seems more conceptual.

1.6. The compactifications £¢/,,. We have been vague about the base of the universal “decon-
traction” &¢,y. For the construction of this base in general (beyond n = p?), it is natural to fix
an m € Z=1 and to consider the Z-stack £//,, that parametrizes those generalized elliptic curves
whose degenerate geometric fibers are m-gons. We prove in Theorem 3.1.6 that £0/,, is algebraic, as
well as proper and smooth over Z, albeit is not Deligne-Mumford unless m = 1. Thus, each £0/,,
compactifies the stack ££¢ that parametrizes elliptic curves, and £0¢; is the compactification that is
sometimes called ﬂl,l.
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As we describe in section 3.2, the compactifications £0/,, form an infinite tower, with transition
maps given by contractions of generalized elliptic curves. This tower is the backbone of our study
of Zu(n) and of several other “classical” modular curves. For these curves, the most important
moduli-theoretic phenomenon that is not seen on the elliptic curve locus is the fact that “forgetful”
contractions change generalized elliptic curves that underlie level structures. The ability to vary m
in the tower {Wm}mm/ allows us to isolate the part of this phenomenon that has nothing to do
with level structures. The remaining part that is specific to the level structure at hand may then be
studied via “congruences” that reduce to the elliptic curve case.

1.7. Other modular curves. To illustrate the utility of £¢,,, let us consider the stack 2 (n)"aive
that parametrizes pairs consisting of a generalized elliptic curve £ — S with n-gon degenerate
geometric fibers and a Drinfeld (Z/nZ)?-structure on E5™[n]. (In the end, 2 (n)"*V¢ agrees with
Z (n) mentioned earlier and gives 2 (n) a moduli interpretation.) Using the work of Katz and
Mazur, we prove via “mod n congruences with elliptic curves” that the forgetful map

%(n)naive N mn

is representable and finite locally free of rank # GLo(Z/nZ). It follows that 2" (n)"¥V¢ is algebraic,
proper and flat over Z, and even Cohen—Macaulay. Other proofs of these properties of 2" (n)»8ve
have been given by Conrad in [Con07|: the proof of the algebraicity used Hilbert schemes via
tricanonical embeddings, whereas the Cohen—Macaulay property required a detailed analysis of the
universal deformation rings at the cusps (in addition to the work of Katz and Mazur on the elliptic
curve locus).

The relations with £0/,,, together with the “congruence method” that crucially uses the work of Katz
and Mazur allow us to reprove the main results of [Con07| in Chapter 4. These include the moduli
interpretations and the regularity of the modular stacks 2 (n) and Z7(n) (as well as some variants)
and the construction of Hecke correspondences for Z7(n). The latter takes advantage of the theory
of isogenies of generalized elliptic curves developed in Chapter 2. Away from the level, the moduli
interpretations and the regularity have been proved by Deligne and Rapoport in [DR73, IV.3.5 and
IV.4.14]; away from the cusps, they have been proved by Katz and Mazur in [KM85, 5.1.1]. Prior
to the work of Conrad, [Con07], the moduli interpretations and the regularity of 2" (n) and 27(n)
(among others) have been considered in an unfinished manuscript of Edixhoven [Edi01, esp. 2.1.2].

1.8. Reliance on the literature. For what concerns generalized elliptic curves and Drinfeld level
structures on them, we wish to explicate the logical dependence of our work on the three main
references that we use: [DR73|, [KM85], and [Con07].

e We rely on [DR73] almost in its entirety; the sections of op. cit. that are logically independent
from the work of this paper are [DR73, 11.§3, V.§2-3, VI1.§2-6, and VII.§3-4|.

e We make essential use of the results of [KM85, Ch. 1-6] and extend some of them to
generalized elliptic curves (see, in particular, section 4.2), but have no need for the results of
[KM85, Ch. 7-14| (other than for comparison in Proposition 6.3 and Remarks 6.5 and 6.8).

e We use some auxiliary general results from the introductory sections 2.1 and 2.2 of [Con07|
but the rest of op. cit. is logically independent from our work (as mentioned in §1.7, we give
different proofs to the main results of [Con07]).

1.9. Notation and conventions. We let £/ denote the Z-stack that, for variable schemes S,

parametrizes elliptic curves E — S. More precisely, for a scheme S, the objects (resp., the morphisms)

of the groupoid ££4(S) are the elliptic curves E — S (resp., the isomorphisms between elliptic curves

over S) and, for a scheme morphism S’ — S, the induced functor E04(S) — E04(S") is E— E xgS'".
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We use the analogous meaning of ‘parametrizes’ when defining other stacks. Other than in the
introduction, we use the notation 2t ) (resp., Zt, (), etc.) introduced in §4.1.2 for stacky modular
curves defined via normalization and the notation Zy(n) (resp., Z1(n), etc.) for stacks defined in
terms of a moduli problem; once we prove that 21, = Zo(n) (and similarly in the other cases),
we use the two notations interchangeably.

We use the definition of an fpqc cover for which all Zariski covers are fpqc; explicitly, S’ — S is an
fpqc cover if it is flat and every affine open U < S is the union of images of finitely many affine
opens of §’. An S-scheme S’ is an fppf cover (or simply fppf) if S” — S is faithfully flat and locally
of finite presentation. For a scheme S, we let S™9 denote its associated reduced scheme. For an
S-group algebraic space G, we let GO denote the subsheaf of sections that fiberwise factor through
the identity component. We let 2™ and A 4 /g denote the smooth locus and the diagonal of a

morphism 2~ — S. For a field k, we let k denote a choice of its algebraic closure. A geometric point
is the spectrum of an algebraically closed field. For an n € Zx1, we set ¢p(n) := #(Z/nZ)*.

For what concerns algebraic stack and algebraic space conventions, we follow [SP]|, except that
‘representable’ stands for ‘representable by algebraic spaces.” In particular, quasi-compactness or
separatedness of the diagonal are not part of the definition, but in practice end up being present
(along with even stronger properties). An algebraic stack is Deligne-Mumford if its diagonal is
unramified—for the equivalence with the étale atlas definition in the presence of quasi-compactness
and separatedness of the diagonal, see [LMBO00, 8.1]. The relative dimension (at a point) of a smooth
morphism of algebraic stacks is the difference of the relative dimensions (at a lift of the point) of the
morphisms from a smooth atlas of the source, cf. [LMB00, bottom of p. 98|.

Acknowledgements. I thank Pierre Deligne for correspondence about the moduli interpretation in
the T'g(n) case and for permitting me to make his letter [Dell5] available. The modular description
of Zy(n) presented in Chapter 5 is inspired by the ideas explained there. I thank the referee
for a very careful reading of the manuscript and for numerous helpful suggestions. I thank the
MathOverflow community—the reading of several anonymous discussions has been useful while
working on some aspects of this paper. I thank Rebecca Bellovin, George Boxer, Brian Conrad,
Bas Edixhoven, Benedict Gross, Dino Lorenzini, Martin Olsson, Ken Ribet, and Sug Woo Shin for
helpful conversations or correspondence. I thank the Miller Institute for Basic Research in Science

at the University of California Berkeley for its support.

2. ISOGENIES OF GENERALIZED ELLIPTIC CURVES

The main goal of this chapter is to expose a robust theory of isogenies of generalized elliptic curves.
This theory is the subject of section 2.2 and will be useful on several occasions, particularly, for
algebraizing homomorphisms of formal generalized elliptic curves in section 3.4 and for constructing
Hecke correspondences for 27(n) in section 4.7. In order to prepare for the study of isogenies, in
section 2.1 we review several basic concepts, such as that of a homomorphism of generalized elliptic
curves, and record some general results that will be useful throughout the paper.

2.1. Homomorphisms between generalized elliptic curves

In this section, we review basic definitions and properties of generalized elliptic curves, building up

to the notion of a homomorphism, which will be studied in section 2.2. We assume that the reviewed

concepts are familiar, so we concentrate on those aspects that will be used later. We begin with

the notion of an n-gon, which is needed in order to define generalized elliptic curves. Informally, an
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n-gon is the curve obtained by gluing n-copies of P! in a cyclic manner: the point 0 of the i** copy
gets identified with the point oo of the (i + 1)%* copy.

Definition 2.1.1. For an n € Z>1 and an scheme S, the standard n-gon over S is the coequalizer of

LlZ/nZ S (ig UZ/nZ P,

where the top (resp., the bottom) closed immersion includes the ith copy of S as the 0 (resp., the o)
section of the i*® (resp., (i + 1)) copy of PL. A Néron n-gon over S (or an n-gon over S) is an
S-scheme isomorphic to the standard n-gon over S. (We often omit ‘over S’ if the base is implicit.)

Remark 2.1.2. Even though colimits usually do not exist in the category of schemes, the ones used
in Definition 2.1.1 do exist and their formation commutes with base change in S. To see this, one
checks directly (or with the help of [Fer03, 4.3]) that for n > 2 the sought coequalizer is the base
change to S of the gluing of

|licz/nz SPec Z[ X5, Yi]/(X3Y3)
obtained by identifying the opens
SpecZ[Y;, -] and  SpecZ[Xit1, =]

via ' Y; = ﬁ for every i € Z/nZ, and one treats the n = 1 case by realizing the standard 1-gon as

the Z/nZ-quotient of the standard n-gon, cf. [Con07, top of p. 215].

We recall the definition of a generalized elliptic curve, which is a central notion for this paper.
Definition 2.1.3. A generalized elliptic curve over a scheme S is the data of

e A proper, flat, finitely presented morphism E — S each of whose geometric fibers is either a
smooth connected curve of genus 1 or a Néron n-gon for some n > 1, and

e An S-morphism F™ xg E 2+, E that restricts to a commutative S-group scheme structure
on £ for which + becomes an S-group action,

such that via pullback of line bundles the action + induces the trivial action of £5™ on Pic% /S
Remarks.

2.1.4. Our definition of a generalized elliptic curve is equivalent to the one given in [DR73, I1.1.12]:
the difference is that we have imposed the requirement that 5™ acts trivially on Pic% /g at
the outset. Loc. cit. replaces this with the a prior: milder requirement that on degenerate
geometric fibers every translation by a smooth point induces a rotation on the underlying
n-gon, which ends up being equivalent due to [DR73, I1.1.7 (ii) and II.1.13].

The requirement about the triviality of the induced action on Pic% /s holds automatically on

a large part of E™, namely, it always holds on the relative identity component (E*™)%—to
see this, we apply [DR73, II.1.14]l to Pic%/s x g 5™ to get the openness of the locus of E5™

where the induced action on PiCOE /s is trivial, note that this locus is closed under the group

e could also apply [Con07, 2.2.1] to avoid using the representability of Pic%/s by a scheme. On the other
hand, such representability may be proved as follows: by [Art69, 7.3], the functor Pic% /s 1s an algebraic space, so
[DR73, 11.2.6 (i)] proves that the map

(E°™)° — Picg defined by t— Op(t)® Op(e)™"
is an open immersion (where e € E(S) denotes the identity section), and the representability of Pic% /s by a scheme

follows from [BLR90, 6.6/2 (b)] applied to Pic%/s acting on itself by translation (see also Remark 2.1.16).
6



law of ™ and conclude by noting that it contains the zero section. In particular, every
elliptic curve is a generalized elliptic curve, and a generalized elliptic curve £ — S is an
elliptic curve over the open of S over which E is smooth.

2.1.5. The standard n-gon is canonically a generalized elliptic curve: due to its description recalled
in Remark 2.1.2, its smooth locus is G, x Z/nZ and the translation action of this group
scheme on itself extends to an action on the n-gon. By the previous remark, the triviality of
the induced action on Pic® may be checked on the geometric fibers using [DR73, I11.1.7 (ii)].
For later use, we now describe the automorphism functor of this generalized elliptic curve.

Lemma 2.1.6. For a fired n € Z1, let E — SpecZ be the standard n-gon generalized elliptic curve.
There is the following identification of the automorphism functor of E:

Aut(E) =y, x Z/2Z,

where the generator of Z/27 acts as inversion on ES™ and, for a scheme S and an index i € Z/nZ,
a section C € pn(S) acts on the it" component of B > (Gy,)s x Z/nZ as scaling by ¢'.

Proof. By [DR73, 11.1.10], we have
Auwt(E) = py, x Z/27

with p, and Z/27Z acting as described above, so we need to argue that Z/2Z is central in Aut(E).
For this, due to the Z-universal schematic density of E* in E supplied by [EGA 1V3, 11.10.10],
it suffices to note that every generalized elliptic curve automorphism of a base change of E must
commute with inversion on E5™. O

We turn to the closed subschemes ES"8 — E and S — S that measure the degeneration of E.

Definition 2.1.7. The subscheme of nonsmoothness of a generalized elliptic curve E 5 Sis
the closed subscheme E"¢ — FE defined by the first Fitting ideal sheaf Fittl(Q}; /S) c Og. The

degeneracy locus of E 5 S is the schematic image S®™ < S of E5n8,
Remarks.

2.1.8. The closed subscheme E®"8 is supported at those points of E at which 7 is not smooth and
its formation commutes with arbitrary base change in S, see [SGA 71, VI, 5.3 and 5.4|. Even
though the formation of schematic images often does not commute with nonflat base change,
the formation of S*™ does commute with arbitrary base change, see [Con07, 2.1.12].

2.1.9. By |DR73, I1.1.15], we have
SOO,T(' — |_|n21 Soo,ﬂ,n

for closed subschemes S®™™ c S such that only finitely many of the S®™"™ meet a given
affine open of S and such that Fgew,xn is fppf locally on S®™" isomorphic to the standard
n-gon (which was discussed in Remark 2.1.5). In particular, every generalized elliptic curve
E 5 S is, Zariski locally on S, projective because, by [DR73, 11.1.20] and [KM85, 1.2.3], over
the open

S _ Un;én’ SOOJr,n

the n/-torsion subscheme E®[n'] c E is a m-ample relative effective Cartier divisor.

We record a basic relationship between E*"& and its schematic image S®7™ in the following lemma:
7



Lemma 2.1.10. For a generalized elliptic curve E— S, the map
Esing N SCDJT

is finite étale; it has degree n over S© ™70,

Proof. The map in question exists by the definition of S®™ and its formation commutes with base
change in S by Remark 2.1.8. We may therefore assume that S = S®™™ and that F is the standard
n-gon. But in this case F¥"8 is a disjoint union of n copies of S and there is nothing to prove. [

Degenerate generalized curves possess canonical finite subgroups of multiplicative type and their
torsion subgroups are amenable to scrutiny. We make this precise in the following lemma:

Lemma 2.1.11. For every generalized elliptic curve E 5 S with S™4 = (S®™)d and every
d € Z1, the d-torsion (E*™)°[d] is a finite locally free S-group scheme of order d that is étale locally
on S isomorphic to pg. The S-group scheme

B [d]/(27)°[d]

1s étale and if m € Zx1 divides both d and the number of irreducible components of each geometric
fiber of E, then (ES™[d]/(E®™)°[d])[m] is étale locally on S isomorphic to Z/mZ.

Proof. Due to the fibral criterion for flatness [EGA IV3, 11.3.11], the quasi-finite, finitely presented,
separated S-groups (E*™)°[d] and E5™[d] are flat. The fibers of (E™)%[d] — S have degree d, so,
due to [DR73, I1.1.19], the S-group (E5™)°[d] is finite locally free of rank d. Due to [Conl4, B.4.1
and B.3.4], the claim about the étale local structure of (E5™)°[d] reduces to case of geometric fibers.

Thanks to the settled claims about (E™)°[d], [EGA V3, 8.11.2] and [SGA 3| ey, V, 4.1] imply
that E5™[d]/(E°™)°[d] is a separated, quasi-finite, finitely presented, flat S-scheme. By inspecting
geometric fibers we see that E¥™[d]/(E®™)°[d] is étale. The étale local structure of

(B [d]/(E"™)°[d])[m]

may be seen over the strict Henselizations of .S, and hence even on geometric fibers. (]

The focus of Chapter 2 is generalized elliptic curve homomorphisms. We recall their definition.

Definition 2.1.12. A homomorphism between generalized elliptic curves E — S and E/ — S is an
S-morphism

f:E—>F with f(E"™) c E™™
that intertwines the group laws of E®™ and E"™. Its kernel is the S-subscheme Ker f := E X ¢ pr o S
of E, where X s pr o denotes the base change along f of the identity section €’: S — E’.

Remarks.

2.1.13. Due to the S-universal schematic density of E™ in E supplied by [EGA V3, 11.10.10] and
the separatedness of £/ — S, a homomorphism f necessarily also intertwines the group
actions F*™ x F — E and E®*™ x F/ — F'.

2.1.14. If a homomorphism f is surjective, then f|gsm is flat and Ker f < E5™, as may be checked on
geometric fibers using the fibral criterion for flatness [EGA V3, 11.3.11]. In this case, Ker f
is a finite locally free S-subgroup scheme of E™.
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Example 2.1.15. The constant morphism that factors through €’ is a homomorphism, the “zero
homomorphism.” Any elliptic curve isogeny is also a homomorphism. For a d € Z1, the map

Py — P given on homogeneous coordinates by [z :y] — [z¢: 9]

respects 0 and o0, so it induces an S-morphism from the standard 1-gon over S to itself. This
morphism restricts to the d™" power map on the (G,,)g of the smooth locus of the 1-gon, so it is a
homomorphism with kernel (pg)s.

Remark 2.1.16. Generalized elliptic curves are susceptible to limit arguments that reduce to a
Noetherian base. More precisely, by [EGA IV, 8.8.2 (ii), 8.10.5 (xii), 11.2.6 (ii)], Zariski locally
on S, the underlying relative curve £ — S is the base change of a proper and flat relative curve
Ey — Sp for which Sy is of finite type over Z. Thus, since the formation of Ef™ commutes with base
change, E*™ is necessarily of finite presentation. Moreover, by [EGA TV,, 8.8.2 (i)], after enlarging
S, the commutative S-group action

B xgE 5 E descends to a commutative Sy-group action E§™ xg, Eo 5 E,.

The degenerate geometric fibers of Ey — Sy are Néron n-gons: indeed, [DR73, I1.1.3| applies because
the condition of having only ordinary double points as singularities is equivalent to the unramifiedness
of Ey"8, whose formation commutes with base change (see Remark 2.1.8), whereas the triviality
of the relative dualizing sheaf may be descended from an overfield using specialization techniques.
Using Remark 2.1.4 to infer the triviality of the induced action of E§™ on PicOE0 /Sor We conclude that
Ey — Sy is a generalized elliptic curve that descends E — S to a Noetherian base. Similarly, Zariski
locally on S, elliptic curve homomorphisms are defined over a base that is of finite type over Z.

By the limit arguments above, the open immersion S — S®7™ < S is always quasi-compact.

2.2. Quotients of generalized elliptic curves by finite locally free subgroups

Even though homomorphisms between generalized elliptic curves are useful in practice, their structural
properties are not immediately apparent. Moreover, guided by the theory of isogenies of elliptic
curves, one suspects that for any finite locally free S-subgroup scheme G ¢ E*™ with E — S a
generalized elliptic curve, there should be an essentially unique homomorphism E — E’ with kernel
G. If G intersects the identity components of the degenerate geometric fibers of £ — S trivially,
then the translation action of G on E is free, the fppf sheaf quotient E/G is a generalized elliptic
curve, and

E— E/G

is the sought “isogeny.” This special case is already useful—for instance, such isogenies are discussed
in [Con07, 2.1.6] and exploited in several key proofs of op. cit.

The goal of this section is to explain how to make sense of isogenies of generalized elliptic curves in
general. Theorem 2.2.4 and its proof explain how to build the desired “quotient by G” homomorphism
E — E/G, and we arrive at the concept of an isogeny in Definition 2.2.8. With Theorem 2.2.4 in
hand, structural properties of arbitrary homomorphisms are susceptible to scrutiny and are detailed
in Propositions 2.2.9 and 2.2.10.

We begin with an example that illustrates what E/G should be in a certain degenerate situation.

Example 2.2.1. Let E be the standard n-gon over Z, and consider the subgroup ug < (E5™) for
some d € Z=1. We would like to build a generalized elliptic curve homomorphism

fi: E—FE with kernel pyg.
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By Remark 2.1.13, any such fy is pg-equivariant, so it factors through the categorical quotient E /g,
which exists because F is projective and pgq is finite. We claim that

E— E/pq
is already the desired f;: E — E’.

This claim follows from the description of E recalled in Remark 2.1.2. More precisely, if n > 2, then

on Spec (Z([X)izyz/)l]) the action of ug = Spec < (ﬁﬂ)) is determined by
Xi—>X;®T and Y=Y, ®T,
Z[X;,Yi]

so the ring of invariants is the Z-subalgebra of generated by de and Yid, and hence F/pug is

(XiY3)
the standard n-gon with the quotient map E — E/ug induced by the d*" power map on each IP’%.
The same description holds if n = 1, as the same computation performed Z/mZ-equivariantly on the
m-gon cover for some m > 2 proves. Thus, the map E — E/u4 is a homomorphism whose kernel is

1q, and it is initial among such homomorphisms, so it is the desired fj.
Remarks.

2.2.2. Example 2.2.1 may be carried out over any base scheme S, which shows that the formation
of f; commutes with arbitrary base change. In particular, the formation of the categorical
quotient F/ug commutes with arbitrary (possibly nonflat) base change.

2.2.3. For d > 1, the “isogeny” E — E/uq constructed in Example 2.2.1 is not flat at the singular
points, as the formal criterion for flatness [BouAC, III, §5, n® 2, Thm. 1] reveals. In contrast,
every isogeny between elliptic curves is flat.

Example 2.2.1 suggests that over an arbitrary base S, the desired quotient of a generalized elliptic
curve F — S by a finite locally free S-subgroup G < E®™ may simply be the categorical quotient
E/G. In Theorem 2.2.4 we prove that this indeed the case. The main issue that needs to be addressed
is that the formation of categorical quotients does not in general commute with nonflat base change
(as in the special case of forming the ring of invariants under the action of a finite group). Such
phenomena do not occur for generalized elliptic curves because the analysis of E/G may be reduced
to the cases when G is either diagonalizable or acts freely on E.

Theorem 2.2.4. Let S be a scheme, E = S a generalized elliptic curve, and G < E¥™ an S-subgroup
scheme that is finite locally free over S. There is an S-scheme morphism

qg: E—- E/G

that is initial among G-equivariant S-morphisms from E to an S-scheme equipped with the trivial
G-action (E is equipped with the translation action of G). Moreover, q has the following properties.

(i) The formation of q commutes with arbitrary base change in S, and E/G is S-flat.
(ii) The map q: E — E/G is surjective, finite, and universally open.
(iii) There is a unique structure of a generalized elliptic curve on
E/G— S
for which q is a homomorphism. For this structure, q induces an S-group isomorphism
EPM/G = (E/G)™,
where E¥™ /G is the fppf sheaf quotient; in particular, E™ L (E/G)*™ is finite locally free.

(iv) If E is an elliptic curve, then q: E — E/G is an isogeny with kernel G.
10



Proof.

Zariski locally on S the map 7 is projective (see Remark 2.1.9), so every finite set of

points of any w-fiber is contained in an affine open of E (see [EGA II, 4.5.4]). Therefore, by
[SGA 31 new, V, 4.1 (i)] and its proof, E' is covered by G-invariant affine opens and the initial ¢ is
nothing else than the categorical quotient that is glued together from the rings of invariants of such
G-invariant affines; moreover, this ¢ is automatically a quotient map on the underlying topological

spaces.

Since G acts freely on E5™, by [SGA 31 pew, V, 4.1 (iv)], the open S-subscheme

E™/G c E/G

that results from the G-invariance of 5™ is identified with the fppf sheaf quotient of E¥™ by G, the
map E5™ L E5™ /G is finite locally free, and the formation of E5™ /G commutes with base change.

(i)

(if)

(iii)

The formation of E/G commutes with flat base change, so we may first assume that .S is affine
and then use Remark 2.1.16 to assume that S = Spec R for some Noetherian R. Moreover,
by the previous paragraph, the claim is clear on the elliptic curve locus, so we may replace
R by its completion along the ideal I — R that cuts out the degeneracy locus S®™ < S to
assume that R is I-adically complete and separated.

For such R, the intersections
Griii O (E%?Ij)o for j>1

are finite locally free R/I7-subgroup schemes of G. By Grothendieck’s existence theorem
[11105, 8.4.5, 8.4.7|, these subgroups algebraize to a finite locally free R-subgroup

HcG  with  Hc (E™)°

The R/I-fibers of H are of multiplicative type, so H itself is of multiplicative type. At the
cost of replacing R by a finite locally free cover we may assume that H is diagonalizable.

By [SGA 31 yew, I, 4.7.3], any R-module M equipped with an action of a diagonalizable H
is a direct sum of y-isotypic submodules for characters y of H, so the submodule M of
H-invariants is of formation compatible with arbitrary base change and is R-flat if M is. In
particular, the categorical quotient F/H is R-flat and of formation compatible with base
change. As may be checked on geometric R-fibers, G/H acts freely on E/H, so the further
quotient F/G = (E/H)/(G/H) is also R-flat and of formation compatible with base change.

The surjectivity of ¢ follows from the first paragraph of the proof. By [SGA 31 hew, V, 4.1 (ii)],
the morphism ¢ is integral, and hence even finite because it inherits the property of being of
finite type from E — S. In particular, ¢ is universally closed, so it is also universally open by
[Ryd13, 2.4] (which applies due to the bottom of p. 636 there and [SGA 31 pey, V, 4.1 (iii)]).

We begin by arguing that E/G possesses the S-scheme properties required in Definition 2.1.3.

Due to [AM69, 7.8], the morphism E/G — S inherits finite presentation from E — S thanks
to the finiteness of £ — E//G (and an initial reduction to Noetherian S based on (i)). By (ii),

E - E/G, and hence also E xsE — E/G xs E/G,

is a finite surjection, so the image of Ap/g(F) in E/G x5 E/G, i.e., Ag/q)/s(E/G), is closed.
In other words, the finite type morphism E/G — S inherits separatedness from F — S| so it
also inherits properness by [EGA II, 5.4.3 (ii)|]. Finally, E/G — S is flat by (i). For the fibral
properties, due to (i), we may assume that S is a geometric point.
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If S is a geometric point and F is an elliptic curve, then E/G is its isogenous quotient. If S
is a geometric point and E is the standard N-gon, then we set

H:=G n (E"™)Y, S0 H =~ puy for some d=>=1.

By Example 2.2.1, E — E/H is a “self-isogeny” of the standard N-gon, and, by construction,
G/H acts freely on E/H. Therefore, E/G, which is identified with (E/H)/(G/H), is the
standard n-gon with n = % This analysis also shows that ¢(E™) = (E/G)*™.
Due to the paragraph preceding the proof of (i), all that remains to be shown is that the
S-group scheme structure of (E/G)"™ =~ E®/G extends to a unique action of (E/G)*™ on
E/G; indeed, the induced action on PiC?E 1G)/S will automatically be trivial due to the fibral
analysis of the previous paragraph and Remark 2.1.4. The uniqueness follows from the
separatedness of E//G and the universal schematic density of (F/G)*™ in E/G supplied by
[EGA IV3, 11.10.10]. For the same reason, for the existence we only need to produce a
morphism

(E/G)*™ xg E/G — E/G
that extends the group law of (E/G)*™—the relevant diagrams that encode the property of
being a group scheme will automatically commute. To build this morphism from the one for
E, it suffices to prove that

Esm/G Xg E/G = (Esm Xg E)/(G Xg G)

where the quotients are categorical. For this isomorphism, it suffices to form the quotient
on the right in stages and to note that the formation of £ /G commutes with base change
along £ — S whereas the formation of F/G commutes with base change along E5™/G — S.

(iv) By (iii), ¢: F — E/G is a finite locally free homomorphism between elliptic curves over S
and its kernel is G, i.e., g is an isogeny with kernel G. U

Remark 2.2.5. The categorical quotient F/G may also be analyzed with the tame stack formalism
of Abramovich—Olsson—Vistoli, [AOV08|. For this, the key point is that the quotient stack [E/G]
is tame by [AOV08, Thm. 3.2] because the automorphism functors of its geometric points are of
multiplicative type. Then, since E/G is the coarse moduli space of [E/G] (see [Con05, Thm. 3.1]),
E/G is S-flat and of formation compatible with arbitrary base change by [AOV08, Cor. 3.3].

2.2.6. The quotient notation. In the sequel, whenever £ — S is a generalized elliptic curve
and G ¢ E™ is a finite locally free S-subgroup, we write E/G for the generalized elliptic curve
constructed in Theorem 2.2.4. In the following corollary, we record some further properties of this
quotient construction that follow from Theorem 2.2.4 and its proof.

Corollary 2.2.7. Let E — S (resp., E' — S) be a fized (resp., variable) generalized elliptic curve
over a scheme S.

(a) If G < E is finite locally free S-subgroup, then the homomorphism E — E/G is initial
among homomorphisms f: E — E' with G < Ker f.

(b) If f: E — E' is a surjective homomorphism, then Ker f is a finite locally free S-subgroup of
E3™ and Ker f determines f up to an isomorphism in the sense that f induces an isomorphism

E/(Ker f) ~ E'.

(c) If Gy € Go < E™ are finite locally free S-subgroups, then

(E/Gl)/(GQ/Gl) = E/GQ
12



Proof.

(a) The map f is G-equivariant for the trivial G-action on E’, so it uniquely factors through the
categorical quotient £ — FE/G. It remains to note that the induced map (E/G)*™ — (E')™
intertwines the group laws, as may be checked on the fppf cover ES™ — (E/G)™.

(b) The first claim was proved in Remark 2.1.14. Due to (a), f induces a homomorphism
E/(Ker f) — E’ that is an isomorphism on the smooth loci. Due to [EGA TV, 17.9.5] and
the S-flatness of E/(Ker f), checking that E/(Ker f) — E’ is an isomorphism may be done
on geometric fibers, where it follows from the fact that an endomorphism of the standard
n-gon that is an automorphism on the smooth locus must be an automorphism.

(¢) The claim follows from the universal property of £ — E/G2 recorded in (a). O

Corollary 2.2.7 (b) and the analogy with elliptic curves justify the following definition:

Definition 2.2.8. An isogeny between generalized elliptic curves E — S and E’ — S is a surjective
homomorphism f: E — E’ (so, by Corollary 2.2.7 (b), it induces an isomorphism E’ =~ E/(Ker f)).
The degree of an isogeny f is the locally constant function on S given by the order of Ker f.

The principal difference with the elliptic curve case is that an isogeny between generalized elliptic
curves is not necessarily flat (see Remark 2.2.3). As we explain in the following Proposition 2.2.9
(whose elliptic curve case is [KM85, 2.4.2]), the structure of an arbitrary homomorphism may be
completely understood in terms of isogenies (in turn, by Corollary 2.2.7 (b), the structure of an
isogeny is completely determined by its kernel).

Proposition 2.2.9. Every homomorphism f: E — E’ between generalized elliptic curves E — S
and E' — S is Zariski locally on S either an isogeny or the zero homomorphism.

Proof. Limit arguments described in Remark 2.1.16 allow us to reduce to the case when S is
Noetherian, so the claim follows from [MFK94, Prop. 6.1], which proves that on each connected
component of S the map f is either surjective (i.e., an isogeny) or the zero homomorphism. O

Due to Proposition 2.2.9, the following result describes how homomorphisms interact with the
subschemes of nonsmoothness and the degeneracy loci of Definition 2.1.7:

Proposition 2.2.10. If f: E — E’ is an isogeny between generalized elliptic curves E - S and
E' 55 S, then f|gsme factors through E'™8 and S¥7 < S

Proof. The second claim follows from the first because S™™ (resp., SOO’”/) is the schematic image of
ES"8 — S (resp., of E& — §). Moreover, since the formation of all the subschemes in question
commutes with base change in S (see Remark 2.1.8), we may use Remark 2.1.9 to assume that
S = §9™" and that F is the standard n-gon.

The intersection G of Ker f with the relative identity component (E*)° = G,, is a finite locally
free S-subgroup scheme of both Ker f and G,,,. By Corollary 2.2.7 (b)—(c), f is identified with the
composite

E - FE/G— (E/G)/((Ker f)/G)
of isogenies. Therefore, since the assertion about f|gsing is compatible with composition, it suffices

to treat the cases G = Ker f and G = 0 separately.
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Since Gy, has a unique finite locally free S-subgroup of a given order, Zariski locally on S we have
G = pgq for some d € Z>1. Thus, if G = Ker f, then we may assume that f is the f; described in
Example 2.2.1 (see also Remark 2.2.2). For this fy, the claim is clear:

Esing is identified with Ll InZ S used in Definition 2.1.1
and fy is induced by the d* power map on every IP’}S so maps E8 to itself.

If G = 0, then f is étale, so that Q%E/S ~ f*Q}E,/S. By [SGA 71, VI, 5.1 (a)], the formation of the closed
subscheme cut out by a Fitting ideal of a finite type quasi-coherent module commutes with pullback
to another scheme, so this relation between the sheaves of differentials gives E*"8 = f~1(E’ine) [

The inclusion S©7™ < §%7 of Proposition 2.2.10 may be sharpened to a precise relation between
the corresponding ideal sheaves. We record this in Proposition 2.2.11 and Remark 2.2.12.

Proposition 2.2.11. If f: E — E' is an isogeny between generalized elliptic curves and if there is
a d € Zzy such that for every degenerate geometric fiber Es the intersection (Ker f)s n (EE™)° has
rank d, then the ideal sheaves in Og of the degeneracy loci S®™ and S®™ of E and E' are related by

jsocyﬂ—/ - jgoc,w.

Remark 2.2.12. For any f, Zariski locally on S there exists a required d. In order to prove this,
we may assume that S = S%7™ and may work fppf locally on S, so Remark 2.1.9 reduces to the case
when FE is the standard n-gon. In this case Ker f n (E5™)° is an open and closed S-subgroup of
Ker f, and the claim follows from the local constancy of its rank over S.

Proof of Proposition 2.2.11. It suffices to treat the case when S = Spec R for some Artinian local
ring (R, m) that has a separably closed residue field R/m. The elliptic curve case is clear, so we
assume that Eg is degenerate. Moreover, by Corollary 2.2.7 (c), quotients may be taken in stages,
so we assume that either

Ker f c (E5™)° or Ker f n (E5™)% = 0.

We begin with the case Ker f n (E¥™)? = 0, when f is finite étale of rank #(Ker f), so that
Esing — f1(Esing) by [SCA 71, VI, 5.1 (a)]. Lemma 2.1.10 then gives the desired S*7™ = §%

In the remaining case when Ker f < (E™)°, we first replace S by a flat cover to be able to assume that
there is a finite étale S-subgroup G' < E™" such that G/, maps isomorphically to the component
group of EY . Due to the settled Ker f n (E*™)0 = 0 case, passage to E/G and E'/f(G) does not
affect the degeneracy loci. Therefore, we may replace

E by E/G and E' by FE'/f(G)
to reduce to the case when FE is irreducible.

In this situation, since S is Artinian local and strictly Henselian, [DR73, VII.2.1| ensures that E is a
base change of the Tate curve

Tate; — Spec Z[q]
(loc. cit. proves that Tate, realizes Spec Z[q] as an étale double cover of the formal completion of

&0, along EPC); in the notation of loc. cit., Tate, = Z% /¢%). If, moreover, Ker f < (E*™), then
Ker f = piy(ker ) inside (E5™)Y (see Lemma 2.1.11), so that we are reduced to the case when

E — S is Tate; — SpecZ[q] and Ker f = pgq.
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However, in this case the quotient map’ Tate; — Tate;/uq is identified with the map

Tate, — Tate, (¢%) induced by “raising the coordinates to the d' power,”

as in Example 2.2.1 (compare with [Con07, 2.5.1]). It remains to recall from [DR73, VII.1.11] that
the degeneracy locus of Tate; (resp., of Tate;(q?)) is cut out by the principal ideal (¢) < Z[q]
(resp., (¢%) < Z[q]). O

3. COMPACTIFICATIONS OF THE STACK OF ELLIPTIC CURVES

Our approach to the study of level structures on generalized elliptic curves makes essential use of
the tower {Wn}n‘n/ of compactifications of the stack £0¢ that parametrizes elliptic curves. The
purpose of this chapter is to construct this tower and to detail its properties. We begin with the
construction of the individual compactifications £0/,, in section 3.1, and proceed to expose the
transition morphisms £0¢,,,,, — EFF, in section 3.2. Section 3.3 proves that the coarse moduli space
of (00,)s is the “j-line” JP% for every n and every scheme S, whereas section 3.4 uses the global
structure of the stacks £0/,, to algebraize formal generalized elliptic curves and their homomorphisms.

3.1. The compactification £//,, obtained by allowing n-gons for a fixed n

The goal of this section is to detail algebro-geometric properties of the Z-stack £¢,, obtained from
the stack of elliptic curves £€¢ by “adjoining Néron n-gons” (see Definition 3.1.1). We prove in
Theorem 3.1.6 that £0/,, is a proper and smooth compactification of £¢¢. This result has already
been proved over Z[+1] in [DR73, IV.2.2], which uses deformation-theoretic methods through its
reliance on [DR73, I11.1.2]. These methods require the number of the irreducible components of each
geometric fiber of the generalized elliptic curve in question to be prime to the characteristic, so they
do not seem to work without inverting n. A related difficulty is that even though the stack £0¢,, is
algebraic, outside the elliptic curve locus it is not Deligne-Mumford in characteristics dividing n (see
Theorem 3.1.6 (b)), so £0F,, may not possess universal deformation rings at some of its geometric
points. To overcome these difficulties, we proceed indirectly by exploiting a convenient auxiliary
algebraic stack %, whose relationship to £0¢,, is described in Proposition 3.1.5.

We begin by defining the stack £¢/,, that we are going to study and later use.

Definition 3.1.1. For an n € Zx1, let £0¢,, denote the Z-stack parametrizing those generalized
elliptic curves E L. S whose degenerate geometric fibers are n-gons. Let WZO denote the closed
substack of £0¢,, cut out by the degeneracy loci S®™ (defined in Definition 2.1.7).

Remarks.

3.1.2. The effectivity of descent data that is needed for £0/,, to be a Z-stack (for the fpqc topology)
results from the S-ampleness of the relative effective Cartier divisor E¥[n] < E.

3.1.3. The well-definedness of the closed substack mj‘f rests on the compatibility (recalled in

Remark 2.1.8) of the formation of the degeneracy locus S®™ with base change.

We turn to the auxiliary stack %, and to its relation to £04,,.

3.1.4. The stack %,,. Following [DR73, V.1.3], for an n € Z>1 we let %, be the Z-stack that, for
variable schemes S, parametrizes the pairs (F, G) consisting of a generalized elliptic curve E — S
whose degenerate geometric fibers are n-gons and a finite étale subgroup G < E®™ that is étale

_.d
%In the notation of [DR73, VIL1.10], we have Tate, (¢%) = @, /(¢*)” over A = Z[q].
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locally on S isomorphic to Z/nZ and meets every irreducible component of every geometric fiber of
E — S. If n =1, then G is the zero subgroup, so %1 = £4¢;.

Proposition 3.1.5. Fix ann € Z>,.

(a)
(b)

()
Proof.
(a)
(b)

The Z-stack A, is Deligne—Mumford and Z-smooth of relative dimension 1.

The morphism
B, — ElL,

——n-ord

that forgets G factors through the open substack £60,, c &0, obtained by removing the
supersingular elliptic curves in characteristics dividing n. The induced morphism
—n-ord

By — EO0"

is representable by schemes, separated, quasi-finite, faithfully flat, and of finite presentation.

The stack Sﬁﬁn_ord 1s algebraic and Z-smooth of relative dimension 1.

Both claims follow from [DR73, V.1.4].
The morphism
q: EWL, — E0 is well defined by q(F) = E/E*™[n]
(see §2.2.6), and, as in [DR73, VI.1.1], the j-invariant gives the morphism j: £0¢; — PL.

. < n-ord . . . . .
Since 5%2 % is the preimage under j o g of the open subscheme of IP)% obtained by removing
the supersingular j-invariants in characteristics dividing n, it is indeed an open substack of
Elly,.

The morphism %, — £04,, factors through WZ ord because a supersingular elliptic curve
over an algebraically closed field of positive characteristic p cannot have Z/pZ as a subgroup.
Therefore, our task is to prove that for any generalized elliptic curve £ — S whose geometric
fibers are n-gons, ordinary elliptic curves in characteristic dividing n, or arbitrary elliptic
curves in characteristic not dividing n, the functor

Fy: S" — {S’-ample subgroups G < EZ" that are étale locally on S’ isomorphic to Z/nZ}

on the category of S-schemes is representable by a separated, quasi-finite, faithfully flat S-
scheme B of finite presentation (the S’-ampleness of G as a relative effective Cartier divisor on
FEg is equivalent to the condition that G meets every irreducible component of every geometric
fiber of Egr — S’). In fact, it suffices to prove the same statement with ‘faithfully flat’ replaced
by ‘flat’ and for the functor F{j obtained by dropping the S’-ampleness requirement from
the definition of Fy: indeed, the surjectivity of B — S will follow from the imposed fibral
assumptions on E — S, whereas [EGA V3, 9.6.4| together with limit arguments ensures that
the inclusion Fy < F{ is representable by quasi-compact open immersions.

We analyze F{ by studying the related functor
Fy: 8" — {P e E*™[n](S) that define a closed immersion Z/nZ — E&"[n] by 1 — P}.

The map Fy — F{ that sends P to the copy of Z/nZ that P generates is representable by
schemes and finite étale of rank ¢(n). Therefore, once we prove that F} is representable by a
finitely presented, separated, quasi-finite (and hence also quasi-affine, see [EGA 1V3, 8.11.2]),
flat S-scheme, the desired claim about Fjj will follow from [SGA 3; ey, V, 4.1] (combined
with [EGA 1V,, 2.2.11 (iii)] and [EGA 1V, 17.7.5]).
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The S-scheme E*™[n] represents the functor of S’-homomorphisms Z/nZ — Eg*[n]. Such
a homomorphism is a closed immersion if and only if its corresponding map f of finite
locally free Og/-algebras is surjective, which is an open condition on S’ because Coker(f) is a
finitely generated &s/-module. Therefore, the inclusion F; < E*™[n] is representable by open
immersions, and is quasi-compact by limit arguments, so the claims about Fj follow.

(c) Both claims follow from (b). More precisely, if X — 2, is a smooth atlas, then the composed
morphism
———-n-ord

X — &l

is representable by algebraic spaces, faithfully flat, and locally of finite presentation, so
o s algebraic by [SP, 06DC] (see also [LMBO00, 10.6] for a related result), whereas, due

n

to [EGA 1Vy, 17.7.7], the Z-smoothness of £0¢,, ' follows from that of By, (for the relative
dimension aspect, one may use [EGA 1V,, 6.1.2]). O

With Proposition 3.1.5 in hand, we are ready to address algebro-geometric properties of ££4,, (see
Proposition 3.3.2 for some further properties).

Theorem 3.1.6. Fiz ann e Zx;.
(a) The Z-stack E0Ly, is algebraic with finite diagonal, proper, and smooth of relative dimension 1.
(b) The largest open substack of E0F, that is Deligne-Mumford is
Elly, — (E00) )z

(¢c) The morphism SpecZ — WZO that corresponds to the standard n-gon is surjective, repre-

sentable, and finite locally free of rank 2n. In particular, the proper Z-algebraic stack Wj‘f 18
irreducible, has geometrically irreducible Z-fibers, and is Z-smooth of relative dimension 0.

(d) The closed substack Wf c &0y, is a reduced relative effective Cartier divisor over SpecZ.

Remark 3.1.7. In (b), the largest Deligne-Mumford open substack of the separated Z-algebraic
stack €00, does make sense a priori. Indeed, the proof of [Con07, 2.2.5 (2)] shows that if S is a
scheme and 2" is an S-algebraic stack that is covered by S-separated open substacks, then there is
a unique open substack

U X

containing exactly those geometric points of 2  that have an unramified automorphism functor.
(Equivalently, % contains those S-scheme valued points of 2~ whose automorphism functors are
unramified.) By Nakayama’s lemma (or simply by [SP, 02GF (1)<(2)]), the diagonal Ay /g is
unramified, so % is Deligne-Mumford, and, by construction, % contains every Deligne-Mumford
open substack of 2. Even though we take the unramifiedness of the diagonal as our definition of
being Deligne-Mumford (see §1.9), in the case in hand % inherits separatedness from €/, so, by
[LMBO00, 8.1], it also satisfies the étale atlas definition of a Deligne-Mumford stack.

Proof of Theorem 3.1.6.

——-n-ord

(a) The stack 0/, is a union of open substacks £¢¢ and EF, ~, both of which are algebraic
and Z-smooth of relative dimension 1 by Proposition 3.1.5. Therefore, ££¢,, is also algebraic
and Z-smooth of relative dimension 1.
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By [Con07, 3.2.4], the isomorphism functor of two generalized elliptic curves £ — S and
E’ — S whose degenerate geometric fibers are n-gons is representable by a finite S-scheme,’

SO Awn 1z is finite and, in particular, £6¢, is separated. The morphism

E00 L SpecZ — ElL,

whose restriction to SpecZ corresponds to the standard n-gon is surjective on underlying
topological spaces, so £0/,, is quasi-compact, and hence is of finite type over Z. Its properness
therefore results from the valuative criterion |[LMBO0O, 7.10], which is satisfied due to the
semistable reduction theorem for elliptic curves (and the availability of contractions, which
are reviewed in §3.2.1).

(b) In the view of Remark 3.1.7, we only need to show that
Elly — (8T, )z nz

contains those geometric points = of £0¢,, whose automorphism functor is unramified. If z lies
in £00 = €00, — EOT . then Aut(z) is unramified by [Del75, 5.3 (I)] (or by [MFK94, Cor. 6.2]).
If z lies in 0, then, by Lemma 2.1.6, Aut(x) is unramified if and only if z lies in

£ — (€T )20

(c) For the asserted properties of the morphism, it suffices to note that for a generalized elliptic
curve E 5 S with §%™" = S, the functor of isomorphisms between E and the standard
n-gon is representable by a finite locally free S-scheme of rank 2n, as may be checked fppf
locally on S with the help of Remark 2.1.9 and Lemma 2.1.6. The asserted properties of mfj
then follow by using [EGA IV, 17.7.7] and [EGA IV,, 6.1.2] for the smoothness aspect.

(d) By (c), the stack E07, is Z-smooth, so it is also reduced. For the Cartier divisor claim, we
may work over a smooth finite type scheme cover

X — &y, with X® c X being the preimage of &7, .
By [KM85, 1.1.5.2], we may also base change from Z to an algebraically closed field. Then,
for a point x € X*, by (a) and (c), both X and X® are smooth at = and
dim, X* = dim, X — 1.

Thus, X® < X is a Weil divisor and, since X is regular, also a desired Cartier divisor. [

For later use we record the following proposition taken from [Con07, 3.2.4].

Proposition 3.1.8. Let E 5 S and E' -, S be generalized elliptic curves such that
GO ~ GO M whenever n # m.

(a) The fppf sheaf Isom(E, E") that parametrizes generalized elliptic curve isomorphisms is repre-
sentable by a finite S-scheme of finite presentation.

3 Here is a sketch for a proof of this representability that bypasses blowups used in [Con07, 3.2.2 and 3.2.4]: as in
the proof of [DR73, I11.2.5], one uses Hilbert schemes to get representability by a quasi-finite, separated S-scheme;
then, due to the valuative criterion, the key point is to check that if S is the spectrum of a strictly Henselian discrete
valuation ring and E and E’ are degenerating elliptic curves with identified generic fibers: E, = E;, then E = E'; for
this, the theory of Néron models (especially, [BLR90, 7.4/3]) identifies (E°™)° with (E"™)° and, since the reductions
of n-rational points are dense in the special fibers, also E*™ with E’*™; then Zariski’s main theorem [BLR90, 2.3/2’|
produces the graph of the sought identification £ = E'.
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(b) If S is integral and normal and n is its generic point, then any n-isomorphism

E, ~ E;] extends to a unique S-isomorphism E~F.

Proof. Part (a) has essentially been proved in footnote 3. Alternatively, Zariski locally on S there
is an n € Zx1 such that F and E’ correspond to objects of £€¢,, so (a) is a reformulation of the
finiteness of the diagonal of ££4,, proved in Theorem 3.1.6 (a). To obtain (b) one combines (a) with
the following useful lemma. O

Lemma 3.1.9. If S is an integral normal scheme, 1 is its generic point, and F' is a finite S-scheme,
then the pullback map F(S) — F(n) is bijective.

Proof. The injectivity follows from the schematic dominance of n — S and the separatedness of
F — S. For the surjectivity, we may work Zariski locally on S to assume that S = Spec A. Then
the schematic image in F' of an = € F(n) is Spec B for some finite A-subalgebra B < Frac A. Since
A is normal, A = B, so the schematic image is the sought extension of = to an element of F'(S). O

3.2. The tower of compactifications

The compactifications £0/,, introduced in the previous section are related to each other: they form
an infinite tower in which the transition morphisms

Ellyy — ELL,

encode contractions of generalized elliptic curves. The goal of this section is to use the already
established results about £0/,, to prove several basic properties, such as flatness, of these transition
morphisms (see Theorem 3.2.4) and to deduce some concrete results about the generalized elliptic
curves themselves (see Corollaries 3.2.5 and 3.2.6). We begin with a brief review of contractions.

3.2.1. Contraction with respect to a finite locally free subgroup. As is justified in [Con07,
top of p. 218] (which is based on [DR73, IV.1.2]), if E — S is a generalized elliptic curve and
G < E°™ is a finite locally free S-subgroup, then there is a generalized elliptic curve

cqa(E)— S equipped with a surjective S-scheme morphism E — cq(E) (3.2.1.1)
such that

e the image under E — cg(FE) of each disjoint from G irreducible component of a geometric
fiber of E — S is a single point, and

e the map E — cg(FE) restricts to a group isomorphism between the open complement of the
union of such components and (cq(E))"™.

In particular, if £ is an elliptic curve, then E = cg(F).

These conditions ensure that G is identified with an S-subgroup of cg(F)*™ that meets every
irreducible component of every geometric fiber of cg(E) — S. Due to [DR73, IV.1.2|, they also
determine the data (3.2.1.1) uniquely up to a unique isomorphism. In particular, whenever G’ — E5™
is another finite locally free S-subgroup that meets the same irreducible components of the geometric
fibers of £ — S as GG, one gets a canonical identification

cc(E) = cci(E). (3.2.1.2)

For the same reason, the formation of E — ¢ (F) commutes with arbitrary base change in S.
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We call this cq(E) the contraction of E with respect to G. The compatibility of the formation of
ce(F) with base change shows that for every n,m € Zx1, the identity map on £¢¢ extends to the
“contraction” Z-morphism

Ellpy — ENL, defined by E — cpempn)(E).

Likewise, if (F, () is classified by the stack %, of §3.1.4, then (cqp,)(E), G[n]) is classified by the
stack %,, so there is the “contraction” Z-morphism

Brm — PBn defined by (Ea G) — (CG[n] (E)v G[n])

These and similar morphisms will be called contractions or contraction morphisms in the sequel (a
slight abuse of terminology because it is not substacks of £04,,,, or By, that are getting contracted).

In many situations, we will need a robust criterion for recognizing algebraic spaces and morphisms
that are representable by algebraic spaces. The following lemma, which paraphrases [Con07, 2.2.5 (1)
and 2.2.7] and may be traced back to [DR73, IV.2.6], is well suited for this task.

Lemma 3.2.2. Let S be a scheme and let 2" and % be S-algebraic stacks whose diagonals A 4 /5
and Agy g are quasi-compact and separated.

(a) The stack 2 is an algebraic space if and only if for every algebraically closed field k whose
spectrum is equipped with a morphism to S, every object & of 2 (k), and every Artinian local
k-algebra A, the pullback of & to the groupoid 2 (A) has no nonidentity automorphism; if X
is Deligne—Mumford, then A = k suffices.

(b) An S-morphism
I A
is representable by algebraic spaces if and only if for every algebraically closed field k whose
spectrum is equipped with a morphism to S, every object & of 2 (k), and every Artinian local

k-algebra A, no nonidentity automorphism of the pullback of & to 2 (A) is sent to an identity
automorphism in % (A); if 2 is Deligne-Mumford, then A = k suffices.

Proof.

(a) The necessity is clear. For the sufficiency, due to [Con07, 2.2.5 (1)], it is enough to argue that
the assumed condition implies the triviality of the automorphism functor of every &. This
functor is a separated k-group algebraic space G of finite type, so is necessarily a scheme due
to [Art69, 4.2], and is even k-étale if 2" is Deligne-Mumford. The triviality of G is therefore
equivalent to that of all the G(A), with A = k being sufficient if 2" is Deligne-Mumford.

(b) The failure of the condition on £ implies that the groupoid of A-points of some A-fiber of
f has a nonidentity automorphism, and the necessity follows. For the sufficiency, due to
[Con07, 2.2.7], it is enough to argue that the assumed condition implies that each k-fiber X
of f is an algebraic space, so it remains to observe that this condition ensures that X meets
the criterion of (a). O

To infer further representability by schemes, we will often use the following well-known lemma:

Lemma 3.2.3. For stacks 2 and % over a scheme S, an S-morphism f: 2 — % that is
representable by algebraic spaces, separated, and locally quasi-finite is representable by schemes; if, in
addition, f is proper, then f is finite.

Proof. This follows from [LMBO00, A.2| (see also [Con07, 2.2.6]) and [EGA 1V, 18.12.4]. O
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We are ready to exploit the relationship between the two contractions introduced in §3.2.1 to extract
further information about the stacks £¢4,,.

Theorem 3.2.4. For %, as in §3.1.4 and any n,m € Z=1, consider the commutative diagram

B —— Ellpm,

B, —L €0,

in which ¢ and ¢ are the contraction morphisms of §3.2.1 and a and b forget the subgroup G.

(a) The contractions ¢ and ¢ are flat and of finite presentation. Moreover, ¢ is proper, with finite
diagonal, and surjective, whereas ¢ is representable by schemes, separated, and quasi-finite.

(b) The closed substack
U gy Ellm © Ell

n,C

is a relative effective Cartier divisor over SpecZ that is a positive integer multiple of mfm.
(¢) The multiple needed in (b) is m, i.e.,
[Elt, %z, . Ellym] = m - [ELL,,,]

as Cartier divisors on ELp, .

Proof. The commutativity of the diagram follows from the identification discussed in §3.2.1.

By Proposition 3.1.5 (b), the maps a and b are representable by schemes, separated, quasi-finite, of

finite presentation, flat, and faithfully flat onto Eﬁfnz_ord and WZ“M, respectively.

(a) By Theorem 3.1.6 (a), the stacks £0f,,,, and E/L,, are Z-proper with finite diagonal, so c is also
proper, with finite diagonal, and of finite presentation. Since the contraction of the standard

nm-gon with respect to its n-torsion is the standard n-gon, ¢ is surjective. Moreover, c|ggp is
—nm-ord

the identity, £0¢ and £44,,,, cover &0y, and, by Proposition 3.1.5 (b), a is faithfully flat

onto mﬁﬁ'ord, so the flatness of ¢ will follow once we establish that of ¢

It remains to establish the claims about ¢’. For the representability of ¢ by algebraic spaces,
due to Lemma 3.2.2 (b), it suffices to observe that if E is the standard nm-gon over an
algebraically closed field and G ~ Z/nmZ is a subgroup of E*™ that meets every irreducible
component of E, then, by Lemma 2.1.6, no nonidentity automorphism of (E,G) restricts
to the identity map on (E5™)". The separatedness of ¢/ follows from the separatedness of
bocd = coa and of b, and similarly for the finite presentation of ¢’. For the quasi-finiteness of
¢’ it therefore suffices to observe that a generalized elliptic curve over an algebraically closed
field has finitely many subgroups of order nm. The representability of ¢ by schemes follows
from Lemma 3.2.3.

Finally, since ¢’ is a quasi-finite map between separated Deligne-Mumford stacks that are
smooth of relative dimension 1 over Z, it is flat by [EGA IV, 6.1.5].

(b) Since c is flat by (a) and mf < &, is a relative effective Cartier divisor over SpecZ by
Theorem 3.1.6 (d), the pullback in question is also a relative effective Cartier divisor over
SpecZ. Both

mf X g0, Ellpm and g

nm
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are supported on the same closed subset of the underlying topological space of £0,,, and,
by Theorem 3.1.6 (c)—(d), this subset is irreducible and has mfm as its associated reduced
closed substack (see [LMBO00, 5.6.1 (ii)]). Moreover, £y, is regular, so on any of its scheme
atlases Cartier divisors identify with Weil divisors. Passage to such an atlas then shows that
Wf X g, Ell,,, is a positive integer multiple of mfm—the global constancy of the needed

factor across the irreducible components of the pullback of Wj‘fm to the atlas follows from the

irreducibility of me (to check that the generic points of such irreducible components map
06}

»m» one uses the fact that generizations lift along a flat morphism;

to the generic point of ££¢
see [LMBO00, 5.8]).

(c¢) Due to (b) and the moduli interpretation, it suffices to find a single generalized elliptic curve

E 5 S with nm-gon degenerate geometric fibers such that its contraction E’ = S with
respect to E*™[n] satisfies the equality

I swom = fgw,,r of Og-ideal sheaves for d=m

but does not satisfy this equality for any other d € Z=; (here Fgo,x = Og is the ideal sheaf
that cuts out the degeneracy locus S*™ < §, and likewise for .#¢, /). Tate curves supply
such an F, see [DR73, VII.1.11 and VII.1.14]. O

We now record some concrete consequences of our analysis of the contraction c: £04,,,, — £04,,.

Corollary 3.2.5. For a generalized elliptic curve E 5 S, let Fgox < Og be the ideal sheaf that
cuts out the degeneracy locus S®7 < S. If the degenerate geometric fibers of E = S are nm-gons

and cgsm(n) (EF) ™, 8 is the contraction of E 5 S with respect to ES™[n], then

jsog’ﬂ—/ = jSTZ:?(),Tr.

Proof. This is a reformulation of Theorem 3.2.4 (c). O

Corollary 3.2.6. For each n € Z=1, every generalized elliptic curve EE — S is fppf locally on S the
contraction (with respect to some subgroup) of a generalized elliptic curve E' — S for which the
number of irreducible components of each degenerate geometric fiber is divisible by n. An fppf cover
of S over which such an E' exists may be chosen to be locally quasi-finite over S.

Proof. We may assume that there is a d € Z>; such that the degenerate geometric fibers of £
are d-gons (see Remark 2.1.9). The first claim then follows from flatness, surjectivity, and finite
presentation of £00,5 % £0¢y. The second claim follows from the first and [EGA 1V, 17.16.2]. O

We conclude the section by using Corollary 3.2.6 to analyze the torsion subgroups of a generalized
elliptic curve in a formal neighborhood of the degeneracy locus. Similar analysis in the case of Tate
curves has been carried out in [DR73, VII.1.13-VII.1.15].

Proposition 3.2.7. Let E 5 S be a generalized elliptic curve with S = Spec R for a Noetherian R
that is complete and separated with respect to the ideal I < R that cuts out S©™ < S.

(a) For everyn € Z=1, the S-group (E*™)° has a unique finite locally free S-subgroup B,, < (E¥)°
of order n, and B, ~ u, étale locally on S. If an m € Z=1 divides both n and the number
of irreducible components of each degenerate geometric fiber of E, then ES™[n] has a unique

finite locally free S-subgroup Ay, that meets precisely m irreducible components of every
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degenerate geometric fiber of E, contains every other finite locally free S-subgroup of E5™[n]
with this property, is of order nm, and fits into a short exact sequence

0—-B,—A,m—>Cpn—0
with Cp, isomorphic to Z/mZ étale locally on S.
(b) For every n € Z=1, over S — S™™ the group By, from (a) fits into a short exact sequence
0 — (Bp)s-sonx = Es_gwx[n] — C;, — 0

with C), an (S — S®™)-group scheme that is isomorphic to Z/nZ étale locally on S — S®T.

Proof.

(a) If S is an infinitesimal thickening of S*™ then Lemma 2.1.11 gives the claim. Therefore, the
uniqueness and the existence of B,, and A, ,, follow from [EGA III;, 5.1.4 and 5.4.1| (the
S-group structure of B, may be read off from the action morphism B,, xg £ — E, so the
nonproperness of E°™ does not intervene, and likewise for A, ,,). The étale local structure of
B, translates into that of its Cartier dual, so it may be read off on geometric fibers at points
in S%™ and likewise for the étale local structure of C,,.

(b) In the case when n divides the number of irreducible components of each degenerate geometric
fiber of E, the claim follows from (a). In general, C/ is a finite locally free (S — S®™)-group
scheme of order n and it suffices to check that its geometric fibers are isomorphic to Z/nZ. In
order to check this at a point n € S — S®™ we choose a specialization s € S of n and use
[EGA II, 7.1.9] to find an S-scheme T that is the spectrum of a complete discrete valuation
ring whose generic (resp., closed) point maps to 1 (resp., s). Due to the uniqueness of By, the
formation of C/, commutes with base change of E to T, so we are reduced to the case when
S = Spec R for some complete discrete valuation ring R and I < R is a nonzero power of the
maximal ideal. In this case, Corollary 3.2.6 and [EGA 1Vy, 18.5.11 (a)<>(c)| supply a finite
faithfully flat R-algebra R’ such that Eg is the contraction of a generalized elliptic curve
E’ — Spec R’ for which n divides the number of irreducible components of each degenerate
geometric fiber. Base change to R’ reduces the claim to the settled case of E’. g

3.3. The coarse moduli space of £//,,

We seek to prove in Proposition 3.3.2 that for any scheme S and any n € Z>1 the coarse moduli
space of (£0/,)s is isomorphic to IP’}q, the “j-line.” Of course, this is hardly surprising, but even in the
n = 1 case we are not aware of a reference that would treat arbitrary S—for n = 1, [DR73, VI.1.1]
settles the basic case S = SpecZ, whereas [FO10, 2.1] handles general locally Noetherian S (the
formation of the coarse moduli space need not commute with nonflat base change, so the S = SpecZ
case does not automatically imply the general case). We will build on the above result of Deligne
and Rapoport through the following lemma.

The existence of all the coarse moduli spaces that we will consider in this section is guaranteed by
[KMO97, 1.3 (1)] (see also [Con05, 1.1] and [Ryd13, 6.12]).

Lemma 3.3.1. Let 2" be a Deligne—Mumford stack that is separated, flat, and locally of finite type
over 7, and let

X -X
be its coarse moduli space map. If fr,: ZF, — XF, is the coarse moduli space map of Zr, for every

prime p, then fs: Zg — Xg is the coarse moduli space map of Zg for every scheme S.
23



Proof. The formation of the coarse moduli space f: 2 — X commutes with flat base change in
X, and we may work fppf locally on Xg when checking that fg: Zg — Xg is the coarse moduli
space of Z5. We may therefore assume that S = Spec R for some ring R and, by [AV02, 2.2.3 and
its proof], that

X = Spec A and 2 = [(Spec B)/G]
for some finite A-algebra B equipped with an action of a finite group G. In this situation, as is
explained in [Con05, 3.1], we have A = B, the coarse moduli space of 2 is Spec((B ®z R)), and
we seek to prove that the map

jr: B ®z R — (B®z R)

is an isomorphism granted that it is an isomorphism whenever R = I, for any p.

The Z-flatness of 2~ ensures that B is torsion-free, so the abelian group B/B is also torsion-free.
Therefore, B¢ ®; R — B ®z R, and hence also jr, is injective for every Z-module R. In order to
conclude, we will prove that jg is also surjective for every Z-module R.

By passage to a filtered direct limit, we may assume that the Z-module R is finitely generated. Thus,
since the case R = 7Z is clear, we may assume that R = Z/nZ for some n € Z=,. To then finally
reduce to the assumed R = 7Z/pZ case by devissage, it remains to use the commutative diagram

00— B°® RR——B“®, R— s B®; R ——0
jR/ jR jR//
0—— (B®zR)Y — (B®z R)® —— (B®z R"¢

that is in place whenever one has a short exact sequence 0 - R’ — R — R” — 0 of Z-modules. [

We are ready for the promised conclusion about the coarse moduli space of (£€4,,)s.

Proposition 3.3.2. For any n € Z=1, the coarse moduli space of E€L,, (resp., of the open substack
&l < E0Ly,) is isomorphic to ]P’% (resp., to Aé c }P’%, with the map 00 — A% being given by the
j-invariant) and its formation commutes with base change to an arbitrary scheme S. In particular,
&L, is irreducible and has geometrically irreducible Z-fibers.

Proof. The last assertion follows from the rest because the map to the coarse moduli space induces
a homeomorphism on topological spaces.

We begin with the n = 1 case, for which the base S = SpecZ has been treated in [DR73, VI.1.1 and
VI.1.3] and we only need to prove that the formation of the coarse moduli space of £//; commutes
with arbitrary base change. Let
€ < Wl
be the preimage of the open subscheme of ]P’% obtained by removing the sections j7 = 0 and
j = 1728. By [Del75, 5.3 (III)], the automorphism functor of every generalized elliptic curve classified
by % is the constant group {+1}. Therefore, as is explained in [ACV03, §5.1|, [Rom05, §5|, or
[AOV08, Appendix A], we may “quotient out” this constant group from the automorphism functors
to obtain the algebraic stack € /{£1} that is a “rigidification” of ¥". By, for instance, [AOV08, A.1],
the rigidification map
€ — {1}
induces an isomorphism on coarse moduli spaces. However, by [LMBO00, 8.1.1|, the algebraic stack
€ [J{+1} is its own coarse moduli space. Thus, since the formation of ¢ /{+1} commutes with
arbitrary base change, so does that of the coarse moduli space of €. In particular, for every prime
p, the map from the coarse moduli space of (WI)FP to ]PIle is an isomorphism on a dense open
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subscheme. However, this map is finite locally free due to the normality of its source inherited from
the [F)-smooth (E£41)r,, so it is an isomorphism globally. This settles the n = 1 case for S = SpecF,,
and the general n = 1 case then follows from Lemma 3.3.1.

For general n, we begin by arguing that the coarse moduli space Y of £/, is Z-flat and that its
formation commutes with arbitrary base change. By the settled n = 1 case, this is true on the
elliptic curve locus, so we may focus on the open substack €, < £0/,, that is the preimage of €. By
[DR73, 11.2.8], every generalized elliptic curve has the automorphism —1 that restricts to inversion
on the smooth locus. In particular, the constant group scheme {£1} is a canonical subgroup functor
of the automorphism functor of every generalized elliptic curve classified by %, so we may pass to
the rigidification %, /{£1} and need to argue that its coarse moduli space is Z-flat and of formation
compatible with base change. This follows from [AOV08, 3.3] because the algebraic stack €, J{+1}
is tame by Lemma 2.1.6 and [Del75, 5.3 (III)].

It remains to prove that the map f: Y — IP’% between the coarse moduli spaces of £¢/,, and 0/ is
an isomorphism. By [Ryd13, 6.12], the coarse moduli space Y is Z-proper, so the map in question
is proper and quasi-finite, and hence also finite by Lemma 3.2.3. Once we prove its flatness, and
hence also local freeness, it will remain to inspect the elliptic curve locus to see that it is an
isomorphism. Due to the Z-flatness of Y and [EGA 1V3, 11.3.11], for the remaining flatness of f we
may work Z-fiberwise, and hence conclude with the help of [EGA IV,, 6.1.5] after observing that for
every field k, the reducedness of the k-smooth (£€/,,); ensures the reducedness, and hence also the
Cohen—Macaulay property, of its 1-dimensional coarse moduli space Y. ]

3.4. Algebraization of formal generalized elliptic curves and of their homomorphisms

The goal of this section is to prove that a formal generalized elliptic curve that is adic over an affine
Noetherian formal scheme and whose number of irreducible components of a degenerate geometric fiber
is constant may be uniquely algebraized, and likewise for generalized elliptic curve homomorphisms—
see Theorem 3.4.2 for a precise statement. Such algebraizability does not immediately follow from
Grothendieck’s formal GAGA formalism because the loci of smoothness may not be proper over the
base, but it nevertheless is not surprising: if this formalism applied to the Z-proper stack £0/,, as it
does in the scheme case, then the pullback map

E00,(R) — lim €70, (R/T™)

would be an equivalence for every adic Noetherian ring R with an ideal of definition I, and
Theorem 3.4.2 (a) would follow. The key difference from the scheme case is that a section of
(£0,)r — Spec R is not a closed immersion. Nevertheless, an argument that we have extracted
from [Ols06, 5.4] proves a suitable formal GAGA statement recorded in Lemma 3.4.1 (see also
[Aok06, §3.4] and [AokOGe] for a similar argument).

Lemma 3.4.1. Let R be a Noetherian ring that is complete and separated with respect to an ideal
I = R. For every proper R-algebraic stack 2~ with finite diagonal A g /g (for instance, for every
proper Deligne—Mumford R-stack Z7), the functor

2 (R) - lim 2 (R/I™) (3.4.1.1)

is an equivalence of categories.

Proof. If z,2" € 2 (R), then the isomorphism functor Isom(z,z’) is a finite R-scheme, so

Isom(z,2)(R) — lim Isom(z,2")(R/I™)
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is bijective by formal GAGA for schemes [EGA III;, 5.1.6]. In other words, the functor (3.4.1.1) is
fully faithful. For its essential surjectivity, suppose that

{zy e Z(R/IT™)}m>1

is a compatible sequence of objects. Due to the finiteness of A »-/g, each map
Spec(R/Im) ﬂl—’ %R/Im

is representable by schemes and finite. Therefore, x;, corresponds to a coherent &4, /Im—algebra
. By formal GAGA for Artin stacks, i.e., by [Ols06, A.1], the compatible system {7, }m>1 comes
via base change from a unique coherent &g -algebra <. It remains to argue that the composition
of the finite morphism X 5 2" corresponding to &/ and the structure morphism 2~ — Spec R
is an isomorphism. By construction, zg/im = xp, for every m > 1, so the claim will follow from
[EGA 111y, 5.1.6] once we prove that the proper R-algebraic stack X is a finite R-scheme.

By [Con07, 2.2.5 (2)], the algebraic space locus of X is open and contains Xpg/7, so it must
coincide with X. Since the relative dimension of X over R may be computed étale locally on X,
[EGA 1V3, 13.1.3] proves that the relative dimension 0 locus of X is open, and hence must equal X
because it contains Xpg/r. To conclude that X — Spec R is finite one then applies Lemma 3.2.3. [

The algebraization Theorem 3.4.2 (a) has already been proved in [Con07, 2.2.4] by a different
argument that does not use formal GAGA for Artin stacks (a similar argument had previously been
used in [DR73, VII.1.10] to construct Tate curves), but it seems worthwhile to put this result in
the context of Lemma 3.4.1. In contrast, the method of [Con07, 2.2.4] does not seem to suffice
for the proof of the algebraizability of homomorphisms (beyond the case of isomorphisms), i.e., for
Theorem 3.4.2 (b). To algebraize homomorphisms we exploit their structure detailed in §2.2.

Theorem 3.4.2. Let R be a Noetherian ring, complete and separated with respect to an ideal I < R.
(a) For each n € Zx1, every compatible under pullback sequence
{E,, — Spec(R/I™)}m=>1
of generalized elliptic curves whose degenerate geometric fibers are n-gons is isomorphic to
the sequence obtained via base change from a unique generalized elliptic curve E — Spec R.
(b) For generalized elliptic curves E — Spec R and E' — Spec R, every compatible sequence
{fm: Erjpm — E}%/Im}m>1

of generalized elliptic curve homomorphisms (defined in Definition 2.1.12) comes via base
change from a unique generalized elliptic curve homomorphism f: E — E'.

Proof.

(a) Lemma 3.4.1 applied to £/, proves the claim (for the uniqueness, Remark 2.1.9 ensures that
the degenerate geometric fibers of E are n-gons).

(b) We begin with the case when all the f,, are isomorphisms (Lemma 3.4.1 does not apply
because E need not correspond to an object of ££/,, for any n). Due to Remark 2.1.9, there
is no geometric point S of Spec R for which E5 and E. are both degenerate but have distinct
numbers of irreducible components, so Proposition 3.1.8 (a) shows that the isomorphism
functor Isom(E, E’) is a finite R-scheme. Therefore, by [EGA I11;, 5.1.6], the sequence

(fm) € lim Isom(E, E)(R/I™) is induced by a desired unique f € Isom(E, E)(R).
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In the general case, by [EGA 111, 5.4.1|, the f,, algebraize to a unique R-morphism
f:E—FE,

and our task is to show that f is a generalized elliptic curve homomorphism. Since idempotents
of R/I lift uniquely to R (see [EGA IV, 18.5.16 (ii)]), we may use Proposition 2.2.9 to write

R=R xR" and I=IxI"

in such a way that (f1)g/p is the zero homomorphism and (f1)g»/» is an isogeny. Then
R’ (resp., R") is complete and separated with respect to I’ (resp., I") and each (fyn)gs/pm
(vesp., (fm)rr/r#m) is the zero homomorphism (resp., an isogeny). Thus, fr/ must be the zero
homomorphism, and we are reduced to the case when all the f,,, are isogenies.

Let K, < Eg/rm be the kernel of the isogeny fy,,. The group law of Ky, is the restriction of
the action morphism

Ky X Egjpm — Epgjpm,
so [EGA 111, 5.1.4 and 5.4.1] supply a finite locally free R-subgroup K < E*™ that algebraizes
all the K,,. Corollary 2.2.7 (b) and the settled case when the f,, are isomorphisms then
provide the identification E/K =~ E’, so f is identified with the isogeny E — E/K and hence
is a homomorphism. O

4. MODULAR DESCRIPTIONS OF MODULAR CURVES

With the compactifications £07,, at our disposal, we are ready to exhibit the moduli interpretations
and the regularity of several classical modular curves, such as 2" (n) or 27(n) (see §1.7 for an
overview of our method and of previous work). We begin in section 4.1 by reviewing the construction
and the properties of modular curves of arbitrary congruence level. The moduli interpretations
of Z'(n) and Z3(n) given in sections 4.3 and 4.4 use Drinfeld structures on generalized elliptic
curves, so in section 4.2 we extend a number of properties of such structures from the elliptic curve
case studied by Katz and Mazur. In section 4.5, we synthesize the arguments used for 2" (n) and
Z1(n) in the form of an axiomatic result, which we use in section 4.6 to treat further modular
curves %(n;n’), Zi(n;n'), and Zy(n;n’) for suitable n and n'. The analysis of 27 (n;n’) is used
in section 4.7 to give a modular construction of some Hecke correspondences for 27 (n).

4.1. Modular curves of congruence level

The main goal of this section is to review the definition given by Deligne and Rapoport in [DR73,
IV.3.3] of (stacky) modular curves over Z of congruence level. The definition is via a normalization
procedure, and for general levels there is no known description of these Z-curves as moduli spaces
of generalized elliptic curves equipped with additional structure (one of the principal goals of this
paper is to give such a description in the case of I'g(n) level). The normalization procedure rests on
the case of “no level,” with which we begin.

4.1.1. The case of no additional level. In this case, the modular curve in question is the Z-stack
E00, that parametrizes generalized elliptic curves with integral geometric fibers (see Definition 3.1.1).
In the context of level structures, we will denote £¢; by %GLQ @) by Zrp(1), or simply by 2 (1),
and we will denote its elliptic curve locus ££¢ by similar notation with 2" replaced by ¢/, e.g., by

(1) < 2(1).

By Theorem 3.1.6 (a)—(b) (i.e., by [DR73, II1.2.5 (i), III.1.2 (iii), and IV.2.2]), the stack 27(1) is
Deligne-Mumford and the morphism 27 (1) — SpecZ is proper and smooth of relative dimension 1.
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4.1.2. The case of an arbitrary congruence level H. The level is an open (and hence finite
index) subgroup H of GLQ(Z). Its associated modular curve 2 is a Deligne-Mumford Z-stack that,
loosely speaking, compactifies the stack @H[ﬁ] which represents the “level H moduli problem”
on elliptic curves over schemes on which bad primes that depend on the level are invertible. More

precisely, given H, one fixes an n € Zx1 for which

Ker(GLy(Z) - GLy(Z/nZ)) « H  and sets  H :=Im(H — GLy(Z/nZ)).
One then lets #j;[1] be the Z[1]-stack that, for variable Z[1]-schemes S, parametrizes elliptic

1
n

curves ¥ — S equipped with an S-point of the finite étale S-scheme
H\Isom(E[n], (Z/nZ)?).
Finally, one defines 27 to be the Deligne-Mumford 27(1)-stack obtained by
normalizing 2°(1) with respect to the “forgetful” finite étale morphism @[] — @(1)2[%].

One lets % be the preimage of #(1) in 2. It is proved in [DR73, IV.3.6] that different choices of
n lead to canonically isomorphic 2.

The map

X — Z(1) (4.1.2.1)
is representable, finite, and also surjective because 2 (1) is irreducible. Moreover, by [EGA IVs, 6.1.5]
(which applies because of “going down” and the normality of 27 ), the map (4.1.2.1) is flat, so it
is locally free of rank [GL2(Z) : H] and 27y is of relative dimension 1 over Z at every point. By
[DR73, IV.6.7], the proper and flat structure morphism 2% — SpecZ is even smooth over Z[1]. If
H' < H, then the finite étale % (1)-morphism @[] — #};[1] obtained from the S-morphisms

H'\ Isom(E[n], (Z/nZ)?) — H\Isom(E[n], (Z/nZ)?)

gives rise to the finite 2 (1)-morphism

%H’ - %H
Thus, due to the following lemma and Proposition 4.3.6, all the 2 are schemes for small enough H.

Lemma 4.1.3. If the modular curve Zr has an open substack U < Z7 whose geometric points
have no nontrivial automorphisms, then U is a scheme that is quasi-projective over Spec Z.

Proof. By Lemma 3.2.2 (a), U is an algebraic space. Moreover, the coarse moduli space morphism
(1) — IP’% is separated and quasi-finite, so U — IP’% is also separated and quasi-finite, and hence U
is a scheme by Lemma 3.2.3. Finally, the morphism U — P} is quasi-projective by [EGA IV3, 8.11.2]
or by Zariski’s main theorem [EGA IV3, 8.12.6], so U — SpecZ is also quasi-projective. ]

Remark 4.1.4. Due to Lemma 4.1.3 and [Con07, 2.2.5 (2)], each 2 has a unique largest open
subscheme. This subscheme contains exactly those geometric points of 2 whose automorphism
functors are trivial.

One suspects that 27 is the “correct” modular curve of level H, in part because there is no other
choice granted that one believes that such a modular curve should be representable and finite over
2 (1), normal, and agree with @H[%] over % (1)Z[ 13- One of the bottlenecks limiting practical
usefulness of the stacks Zx is the lack of descriptiong of their functors of points (without inverting
the level) in terms of generalized elliptic curves equipped with additional data. In the cases where
such descriptions have been found, one has been able to analyze Zx more thoroughly, e.g., to
prove that 27 is regular (and not just normal). Such regularity is useful in practice (but is not
known in general)—for instance, through [EGA IV, 6.1.5] it would ensure flatness of the maps
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2 — Zp mentioned above. Similarly, the proof of the Z[1]-smoothness of (’%H)Z[%] given in
[DR73, IV.6.7] rests on the modular description of (27) 1 presented in loc. cit. for any H (however,
this description is not explicit enough to a priori recover the “obvious” candidate descriptions for
classical choices of H).

Modular descriptions of 27 are known for most “classical” H, and we will reprove some of them in
sections 4.3-4.6 below.

4.2. Drinfeld level structures on generalized elliptic curves via congruences

In order to efficiently handle all residue characteristics, the modular descriptions of various 2x
that will be discussed in subsequent sections will use Drinfeld level structures on generalized elliptic
curves. In the elliptic curve case, the necessary properties of such structures follow from the work
of Katz and Mazur presented in [KMS&5], and the goal of this section is to extend them to the
generalized elliptic curve case. Some such extensions have already been obtained in [Con07], but
our method seems simpler, more direct, and applies in a wider range of situations. The key idea
is to exploit “mod n congruences” with elliptic curves: the properties of various “mod n Drinfeld
level structures” tend to be fppf local and to depend solely on the n-torsion E¥[n], so for many
purposes we may first use Corollary 3.2.6 to reduce to the case when E®™[n] is finite locally free of
rank n? and then apply the following lemma to further reduce to the elliptic curve case.

Lemma 4.2.1. For every n € Z=1 and every generalized elliptic curve E — S for which n divides
the number of irreducible components of each degenerate geometric fiber, there is an fppf cover 8" — S
and an elliptic curve E' — S’ for which

E[n] ~ E'[n].

Proof. We may work étale locally on S, so limit arguments allow us to assume that S is local
and strictly Henselian. We may then also assume that the special fiber of E is degenerate, so the
connected-étale sequence (together with Lemma 2.1.11) shows that E5"[n] is an extension of Z/nZ
by py. After passage to an fppf cover this extension splits and our task reduces to showing that fppf
locally on SpecZ there is an elliptic curve E with E'[n] = p, x Z/nZ.

Via limit arguments, it suffices to find such an E’ over each strict Henselization (R, m) of SpecZ at
every closed point. The conclusion then follows from choosing an ordinary elliptic curve over R/m,
lifting its Weierstrass equation to R, and using the connected-étale sequence again. g

To make sense of Drinfeld level structures as alluded to above, we recall the following key definition:

Definition 4.2.2. For a finite abelian group A and a generalized elliptic curve F — S, a Drinfeld
A-structure on E is a homomorphism a: A — E™(S) for which the relative effective Cartier divisor

Do = Yyeala(a)] « B

is an S-subgroup scheme. If this S-subgroup G < E™ is given in advance, then we say that « is a
Drinfeld A-structure on G.

Remark 4.2.3. By [KM85, 1.5.3], if #A is invertible on S, then a Drinfeld A-structure o on E
amounts to an isomorphism induced by a between the constant S-group Ag and some S-subgroup
of E5™,
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Convention 4.2.4. In the sequel we will sometimes deal with Drinfeld Z/nmZ- or (Z/nmZ)?-
structures for fixed n,m € Z=1 and will want to obtain Z/nZ- or (Z/nZ)?-structures by restricting
to the n-torsion subgroups. To make sense of this we need to choose noncanonical isomorphisms

Z/nZ ~ (Z/nmZ)[n] and (Z/nZ)?* ~ (Z/nmZ)?[n].

The particular choices will never matter for the results, but for definiteness we always choose the
isomorphisms induced by multiplication by m on Z or on Z2.

In the results below, the “compare with” references point to the elliptic curve cases treated by Katz
and Mazur. We begin by detailing the properties of restrictions to subgroups of various Drinfeld
structures on generalized elliptic curves. Parts (a) and (c) of Proposition 4.2.5 have been proved in
[Con07, 2.3.2] by a different method that also eventually reduces to the elliptic curve case.

Proposition 4.2.5. Let n,m € Z=1, and let E — S be a generalized elliptic curve.

(a) (Compare with [KM85, 5.5.2 (1) and 5.5.7 (1)]). If a is a Drinfeld (Z/nmZ)?-structure on
ES™[nm], then al(z/nmzy2n) i @ Drinfeld (Z/nZ)*-structure on E™[n] and &z/pmzx o} s a
Drinfeld Z/nmZ-structure on E.

(b) (Compare with [KM85, 5.5.8 (1)]). If a: (Z/nmZ)? — E*™(S) is a group homomorphism,
every prime divisor of m divides n, and &|(z/mmz)2[m) 9 @ Drinfeld (Z/nZ)?-structure on
Es™[n], then « is a Drinfeld (Z/nmZ)?-structure on ES™[nm)] (so, in particular, the number
of irreducible components of each degenerate geometric fiber of E is divisible by nm).

(c) (Compare with [KM85,5.5.7 (2)]). If a is a Drinfeld Z/nmZ-structure on E, then &z /nmz)[n]
is a Drinfeld 7 /nZ-structure on E.

(d) (Compare with [KM85, 5.5.8 (2)]). If a: Z/nmZ — E®™(S) is a group homomorphism, every
prime divisor of m divides n, and o|(z/pmz)[n] 5 @ Drinfeld Z/nZ-structure on E, then a is
a Drinfeld 7./nmZ-structure on E.

(e) (Compare with [KM85, 5.5.2 (2)]). For brevity, set N := nm. If a is a Drinfeld (Z/NZ)?-
structure on ES"[N] and G < E*™ s the subgroup > ey /N7 0yl (2)] supplied by (a), then

algoyxz/nz: {0} X Z/NZ — (E/G)™(S)
is a Drinfeld 7/ N Z-structure on ES[N]/G < (E/G)*™.

Proof. 1t suffices to work fppf locally on S, so we may use Corollary 3.2.6 to reduce to the case when
the number of irreducible components of each degenerate geometric fiber of E is divisible by nm (in
parts (a) and (e) we are in this case at the outset). We may then apply Lemma 4.2.1 to assume
further that there is an elliptic curve E' — S with E'[nm] ~ ES™[nm]. By [KMS85, 1.10.6 and
1.10.11], the properties under consideration depend solely on the S-group scheme E™[nm] equipped
with the homomorphism « and not on the embedding of E™[nm] into a smooth S-group scheme of
relative dimension 1 (such as E¥™ or E’). Thus, the claims result from their elliptic curve cases. O

Cyclic subgroups of generalized elliptic curves will be important for us, so we recall their definition.

Definition 4.2.6. For a generalized elliptic curve E — S, a finite locally free S-subgroup G ¢ E™
is cyclic of order n if fppf locally on S there is a Drinfeld Z/nZ-structure on G. For a G that is
cyclic of order n, a section g € G(S5) is a generator of G (or generates G) if the homomorphism
a: Z/nZ — E¥™(S) defined by «(1) = g is a Drinfeld Z/nZ-structure on G. An isogeny of constant
degree n between generalized elliptic curves over S is cyclic if its kernel is cyclic of order n.
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We turn to the properties of cyclic subgroups of generalized elliptic curves. Parts (a), (d), and (f
Proposition 4.2.7 have also been reduced to the elliptic curve case in [Con07, 2.3.7, 2.3.8, and 2.

by a different method.

) of
3.5]

Proposition 4.2.7. Let E — S be a generalized elliptic curve, G < E¥™ an S-subgroup that is finite
locally free of rank n over S, and G* < G the S-subsheaf of generators of G (by |[KM85, 1.6.5], the
S-subsheaf G* is a closed S-subscheme of G of finite presentation).

(a) (The Katz—Mazur cyclicity criterion; compare with [KM85, 6.1.1 (1)]). The subgroup G is
cyclic of order n if and only if G* is finite locally free of rank ¢(n) over S. In particular, G
is cyclic of order n if and only if it becomes cyclic of order n over an fpqc cover of S. If n is
invertible on S and G is cyclic of order n, then G* — S is étale.

(b) (Compare with [KM85, 6.1.1 (2)]). If g € G(S) is a generator of G, then
G* = Yie@mzy i 9] as effective Cartier divisors on ES™.

(¢) (Compare with [KM85, 6.4.1]). There is a finitely presented closed subscheme T < S such
that the base change G to an S-scheme S’ is cyclic if and only if S" — S factors through T.

(d) (Compare with [KM85, 6.8.7]). If n is squarefree, then G is cyclic.

(e) (Compare with [KM85, 5.5.4 (3)]). If G is cyclic of order n and the number of irreducible
components of each degenerate geometric fiber of E — S is divisible by n, then the subgroup

Es™[n]/G of E/G is cyclic of order n.

(f) (Compare with [KM85, 6.7.2]). If G is cyclic and g,g’ € G(S) are generators of G, then for
every positive divisor d of n both % - g and % - g’ are generators of the same S-subgroup

GdCG

that is cyclic of order d. In particular, if G is cyclic, then the fppf local on S subgroup of G
defined in this way descends to a canonical cyclic S-subgroup Gg < G of order d.

Proof. Cyclicity is an fppf local condition, so we may work fppf locally on S. We may therefore
use Corollary 3.2.6 and Lemma 4.2.1 to assume that the number of irreducible components of each
degenerate geometric fiber of £ — S is divisible by n and that there is an elliptic curve E' — S such
that E5"[n] ~ E’[n]. Thus, since, by [KMS85, 1.10.6 and its generalization 1.10.1], the properties
under consideration depend solely on the S-group scheme E*™[n] and its subgroup G, the claims
follow from their elliptic curve cases (in (a), if n is invertible on S, then a cyclic G of order n
becomes isomorphic to Z/nZ over an étale cover of S, so that G* becomes isomorphic to the constant
subscheme (Z/nZ)* < Z/n7Z). O

Definition 4.2.8. For a generalized elliptic curve £ — S and a cyclic S-subgroup G < E*™ of order
n, the S-subgroup Gy defined in Proposition 4.2.7 (f) is the standard cyclic subgroup of G of order d.
Isogenies fi: E — E’' and fo: B/ — E” of constant degrees between generalized elliptic curves over
S are cyclic in standard order if Ker(f2 o f1) is cyclic and Ker f; is its standard cyclic subgroup (so
that, in particular, f; and fs are both cyclic by Proposition 4.2.9 (¢) below).

In Propositions 4.2.9 and 4.2.10 we extend various results of [KM85, §6.7] about standard cyclic
subgroups and standard order factorizations of cyclic isogenies to the case of generalized elliptic
curves (§2 provides a robust extension of the notion of an isogeny). Some of these extensions will be
important for the analysis of 2, carried out in Chapter 5.
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Proposition 4.2.9. Let E — S be a generalized elliptic curve, let G < ES™ be a cyclic S-subgroup
of order m, let d and d’' be positive divisors n, and let

Gd cG
denote the standard cyclic subgroup of order d.

(a) (Compare with [KMS85, 6.7.4]). Ifd | d', then Gq is identified with the standard cyclic subgroup
of Gg of order d.

(b) Interpreting the intersection as that of fppf subsheaves of G, we have
Gd M Gdl = chd(d,d’)'

(¢) If G meets precisely m irreducible components of every degenerate geometric fiber of E, then
G4 meets precisely W irreducible components of every degenerate geometric fiber of E.
’d

(d) (Compare with [KMS85, 6.7.5]). Letting G denote the S-scheme parametrizing the generators
of Gq (so that, by Proposition 4.2.7 (a), G is a closed subscheme of G4 and is finite locally
free of rank ¢(d) over S), we have

G= Zd|n G, as effective Cartier divisors on E¥™.

(e) (Compare with [KM85, 6.7.4]). The quotient
G/Gac (E/Gq)™

is a cyclic S-subgroup of order %, the image of any generator of G generates G/Gq, and if
d| d, then the standard cyclic subgroup of G/Gg of order % is identified with Gy /Gq.

(f) (Compare with [KMS85, 6.7.11 (2)]). If n and % have the same prime divisors, then g € G(S)
generates G if and only if its image generates G/Ggq, and, in particular, g generates G if and
only if g + h generates G for some (equivalently, for any) h € G4(S).

Proof. Part (a) follows from the definitions because we may work fppf locally to assume that G has
a generator. Part (b) follows from (a): since Ggeq(a,q lies inside both Gy and G, it suffices to
observe that G4/Gyeq(a,ary and Ga/Ggeq(a,a) have coprime orders and hence intersect trivially inside
G/Gyed(a,ay- Part (c) follows from the definition of GGg. To prove part (d), we pass to an fppf cover
of S over which G admits a generator and apply Proposition 4.2.7 (b).

For the remaining (e¢) and (f), we work fppf locally on S and use Corollary 3.2.6 and Lemma 4.2.1
to assume that G has a generator, that the number of irreducible components of each degenerate
geometric fiber of E is divisible by n, and that there is an elliptic curve E' — S with E5™[n] ~ E'[n].
By [KMS&5, 1.10.6], the properties under consideration in (e) and (f) depend solely on the S-group G
and not on its embedding into E¥™ or E’, so (e) and (f) follow from their elliptic curve cases. [J

Proposition 4.2.10. Let
it Eo — Ex, far BE1 — By, and [ := fao fi: By — E»
be isogenies of constant degrees di, do, and dids between generalized elliptic curves over S.

(a) (Compare with [KM85, 6.7.8]). If f is cyclic and Ker fo is étale over S, then fi and fo are
cyclic in standard order.

(b) (Compare with [KM85, 6.7.10]). If d1 and da are coprime, then f is cyclic if and only if both
f1 and fo are cyclic, in which case f1 and fo are cyclic in standard order.
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(¢) (Compare with [KMS85, 6.7.12]). If fi and fa are cyclic, di and ds have the same prime
divisors, and g € (Ker f)(S) is such that ds - g generates Ker f1 and fi1(g) generates Ker fa,
then fi1 and fo are cyclic in standard order and g generates Ker f.

(d) (Compare with [KM85, 6.7.15]). If {E;—1 EiN E;}? 5 are further isogenies of constant degrees
d; between generalized elliptic curves over S such that dy,...,d, all have the same prime
divisors and such that for each 1 < i < n — 1 the isogenies f; and f;+1 are cyclic in standard
order, then Ker(fpo---o f1) is cyclic and each Ker(f;o---o f1) is its standard cyclic subgroup.

Proof. For notational convenience, we set n := 2 in (a), (b), and (¢). By Corollary 2.2.7 and
[KM85, 1.10.6], the properties under consideration may be expressed in terms of the S-group scheme
Ker(fno...0 f1) equipped with its S-subgroups Ker(f; o...o f1). Thus, since the claims are fppf
local on S, Corollary 3.2.6 and Lemma 4.2.1 allow us to assume that the number of irreducible
components of each degenerate geometric fiber of Ej is divisible by [, d; and that there is an

elliptic curve £/ — S with
EGPI Ty i) ~ E'[TTiL, dil.

This reduces to the elliptic curve cases treated by Katz—Mazur in op. cit. ]

We wish to prove in Proposition 4.2.11 (b) a generalization of the claim of [Con07, 2.4.5] that is
important for the definition of I'; (N; n)-structures given there. The argument given in loc. cit. seems
to require further input: the “universal deformation technique” invoked towards the end of the
proof does not seem to apply directly because it is based on [DR73, I11.1.2 (iii)| that requires the
number of irreducible components of the closed fiber to be prime to the residue characteristic and
the Z/NZ-structure P may interfere with this requirement.

Proposition 4.2.11. Let E — S be a generalized elliptic curve, and let n,m € Z>.

(a) If G < E™ and H < E*™ are S-subgroups that are cyclic of orders n and m, respectively,
and o and B are fppf local on S Drinfeld 7/nZ- and Z/mZ-structures on G and H, then
Yiczmz [a(i) + B(5)]
JEL/MZ
is an effective Cartier divisor on E¥ that does not depend on the choices of a and B and
descends to a well-defined relative effective Cartier divisor on ES™ over S denoted by [G + H].

(b) Set d := ged(n,m) and suppose that the number of irreducible components of each degenerate
geometric fiber of E — S is divisible by d. If G < E5™ and H < E™ are S-subgroups that
are cyclic of orders n and m, respectively, and [Gq+ Hq] = ES™[d], then |G + H] is a finite
locally free S-subgroup scheme of E5™ of order nm and killed by lem(n,m), and any Drinfeld
Z/nZ-structure on G induces a Drinfeld 7/nZ-structure on |G + H|/H < (E/H)"™.

Proof. For (a), the cases when either a or [ is fixed suffice, so one only needs to observe that
translation by an S-point is an automorphism of the S-scheme E®™ and hence commutes with the
formation of the sum of effective Cartier divisors—for example, the left hand side of

a(i) + H = 3 ey mzla(i) + B(5)]
does not depend on 3.

For (b), we work fppf locally on S and use Corollary 3.2.6 to assume that the number of irreducible

components of each degenerate geometric fiber of £ — S is divisible by nm and that there are

Drinfeld Z/nZ- and Z/mZ-structures a and § on G and H. We then imitate the argument of

[Con07, top of p. 231] given in the elliptic curve case. Namely, we use [KM85, 1.7.2 and 1.10.6] to
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“factor into prime powers” to reduce to the case when n = p” and m = p° for some prime p and r < s
(the r > s case of the last aspect of the claim will be argued separately in the last paragraph of this
proof). We assume that r > 1 (otherwise [G + H| = H) and, after replacing S by an fppf cover, we
choose a homomorphism &: Z/p°Z — E(S) with p*~"&(1) = a(1). By Proposition 4.2.5 (b),
&+ B: (Z2/p°L)* — E™(S)

is a Drinfeld (Z/p*Z)?-structure on E[p®], so, by Proposition 4.2.5 (¢),

&: 2/p*Z — (E/H)™(S)
is a Drinfeld Z/p®Z-structure on E/H. Then, by Proposition 4.2.5 (c),

o: 2T — (EJH)™(S)

is a Drinfeld Z/p"Z-structure on a subgroup K < (E/H)*™. Finally, by [KM85, 1.11.3|, the scheme
[G + H] is the preimage of K in E, so is a subgroup, as desired. Moreover, [G + H] is killed by p*
because the quotient [G + H|/E[p"] is killed by its order, i.e., by p*~", whereas E[p"] is killed by
p". By construction, a, whose particular choice is irrelevant for the argument, induces a Drinfeld
Z/p" Z-structure on [G + H|/H.

It remains to prove that any « also induces a Drinfeld Z/p"Z-structure on |G + H|/H < (E/H)*™
when r > s and s > 1. For this, by Proposition 4.2.5 (e), a|(z/,rz)[ps] induces a Drinfeld Z/p*Z-
structure on E/H, so, by Proposition 4.2.5 (d), a induces a Drinfeld Z/p"Z-structure on some
S-subgroup K’ < (E/H)™, and it remains to apply [KM85, 1.11.3] again to deduce that the
preimage of K’ in F must equal [G + H]. O

One of the cornerstones of our approach to the study of various moduli stacks of Drinfeld A-structures
on generalized elliptic curves is a direct reduction of many questions to the A = (Z/nZ)? case. To
make reductions of this sort feasible we will need the following result:

Proposition 4.2.12. Let E — S be a generalized elliptic curve, let n,m € Z=1, let S’ be a variable
S-scheme, and recall Convention 4.2.4.

(a) If the number of irreducible components of each degenerate geometric fiber of E — S is
divisible by nm and o is a Drinfeld (Z/nZ)?-structure on ES™[n], then the functor
S’ — {Drinfeld (Z/nmZ)?-structures B on E%[nm)] such that Blz/mmz)n] = st}
1s representable by a finite locally free S-scheme of rank % that is étale if nm is
invertible on S.

(b) (Compare with [KM85, 5.5.3|). If E — S is a generalized elliptic curve for which n divides
the number of irreducible components of each degenerate geometric fiber and « is a Drinfeld
Z/nZ-structure on E, then the functor

S’ {Drinfeld (Z/nZ)*-structures 3 on E3"[n] such that Blzmzxqoy = s}
is representable by a finite locally free S-scheme of rank n - p(n).

(c¢) (Compare with [KM85, 5.5.3|). If the number of irreducible components of each degenerate
geometric fiber of E — S is divisible by n and, for some S-subgroup G c F,

a: Z/nZ — E¥(S) and B: Z/nZ — (E/G)*™(95)
are Drinfeld Z/nZ-structures on G and on ES™[n]/G, respectively, then the functor
S’ — { Drinfeld (Z/nZ)?-structures v on E3P[n] such that

ast =Vlzmzxgoy end  Bs = Aljoyxzmz: L/nL — (E/G)™(S")}
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is representable by a finite locally free S-scheme of rank n.

(d) Set d := ged(n,m) and N := lem(n,m). If the number of irreducible components of each
degenerate geometric fiber of E — S is divisible by N and o and 3 are, respectively, Drinfeld
Z/nZ- and Z/mZ-structures on E such that

ol zmzya) + Blamza: (Z/dZ)* — E™™(S)
is a Drinfeld (7./dZ)?-structure on ES™[d], then the functor
S’ {Drinfeld (Z/NZ)?-structures v on ES'[N] such that

as =Y z/Nzxopm)  and  Bst = V| (joyxz/NZ)[m] }

is representable by a finite locally free S-scheme of rank %Ed]\g)

Proof. All the functors in question are fppf sheaves, so we may work fppf locally on S. Setting
N :=nm (resp., N :=n) in part (a) (resp., in parts (b) and (c)) for notational convenience, we may
therefore apply Lemma 4.2.1 to assume that there is an elliptic curve E' — S with

E'[N] ~ E*™[N].

By [KMS85, 1.10.6], all the properties and functors under consideration depend solely on the S-scheme
E®™[N] (and its subgroup G in (¢)), so we may pass to E’ to reduce to the elliptic curve case. This
already settles (b) and (c), and in order to also obtain (a) it remains to combine [EGA IVy, 6.1.5]
with [KM85, 5.1.1|, which ensures that for every ¢ € Z1, the moduli stack parametrizing Drinfeld
(Z,/0Z)?-structures on elliptic curves is finite locally free of rank # GLo(Z/(Z) over ELL, étale over
SMZ[%], and regular.

For the remaining elliptic curve case of (d), we use [KM85, 1.7.2] to “factor into prime powers” and
reduce to the case when

n=p" and m = p° for some prime p.
Without loss of generality » > s, so the case s = 0 is settled by (b). In the case s > 1, by
Proposition 4.2.5 (b) (i.e., by [KM85, 5.5.8 (1)]), the functor in question is identified with the functor
parametrizing @ € E(S’) such that p"*Q = Bg/(1). This functor is an E[p"*]-torsor, so it is
r—s) _ PT'¢EPT§ I
p*-¢(p°)”

representable by a finite locally free S-scheme of rank p(

When proving the algebraicity of moduli stacks of Drinfeld structures on generalized elliptic curves
we will sometimes rely on the representability of functors parametrizing various such structures on a
fixed curve. The key case of this representability is Proposition 4.2.15 (a) recorded below—further
cases may be deduced from it with the help of Proposition 4.2.7 (a). It will be important to have
such representability when the structures being parametrized are assumed to be ample, so we first
review the notion of ampleness.

Definition 4.2.13. A finite locally free S-subgroup G < E*" of a generalized elliptic curve £ — S
is ample if G is S-ample as a relative effective Cartier divisor on F, equivalently, if G meets every
irreducible component of every geometric fiber of £ — S. For a finite abelian group A, a Drinfeld
A-structure a on E is ample if the S-subgroup D, := )} _4[a(a)] € E®™ is ample.

Remark 4.2.14. The role of ampleness of « in the study of various stacks that classify Drinfeld

A-structures on generalized elliptic curves is twofold: it facilitates descent considerations (e.g., the

ones in the definition of a stack) by endowing E — S with a canonical S-ample line bundle Og(D,),

and it also kills undesirable automorphisms that would hinder the representability of various “forget
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the level” contraction morphisms (e.g., if « is ample and S is a geometric point, then one sees from
Lemma 2.1.6 that only the identity automorphism of (E, ) fixes (E5™)0).

Proposition 4.2.15. Let E — S be a generalized elliptic curve, let S be a variable S-scheme, and
recall the notation G4 and |G + H| introduced in Definition 4.2.8 and Proposition 4.2.11 (a).

(a) Fizn,me€ Zx1, and set d := ged(n,m) and N :=lem(n,m). The functor
F: 8" {cyclic S'-subgroups G, H = EZ" of orders n and m with [Gq + Hy] = E¥"[d]}

(resp., its analogue which, in addition, requires [G + H] to be ample) is representable by a
finitely presented, separated, quasi-finite, flat S-scheme F' that is étale if nm is invertible
on S. If N divides the number of irreducible components of each degenerate geometric fiber
of E — S, then F (defined without the ampleness requirement) is finite locally free of rank

#GLQ(Z/NZ) . Wm over S.

(b) (Compare with [KM85, 6.8.1]). For every n € Zx1, the functor
Z: 8" {finite locally free S'-subgroups G < EZ" of rank n}

(resp., its analogue which, in addition, requires G to be ample) is representable by a finitely
presented, separated, quasi-finite, flat S-scheme I that is étale if n is invertible on S. Ifn
divides the number of irreducible components of each degenerate geometric fiber of E — S,
then I (defined without the ampleness requirement) is finite locally free over S and its rank is
constant and equals the number of subgroups of (Z/nZ)? of order n.

Remark 4.2.16. In (a), an important special case is m = 1, when F parametrizes cyclic subgroups
of order n. In (b), due to Corollary 2.2.7 (b), Z parametrizes n-isogenies with source E.

Proof of Proposition 4.2.15. Due to [EGA IV, 9.6.4] and limit arguments that reduce to a Noetherian
base, the additional ampleness requirement cuts out quasi-compact open subfunctors of F and Z, so
the ampleness variant of the claims will follow once we establish the rest.

To ease notation, we set N := n in (b). By [EGA 1V, 18.12.12], quasi-finite and separated morphisms
are quasi-affine, so effectivity of fppf descent for relatively quasi-affine schemes enables us to work
fppf locally on S. We may therefore apply Corollary 3.2.6 to assume that £5™ is an open S-subgroup
of the smooth locus of another generalized elliptic curve E' — S for which N divides the number
of irreducible components of each degenerate geometric fiber. The functor F (resp., Z) is an open
subfunctor of the corresponding functor F’ (resp., Z') for E’, and the open immersion F < F’
(resp., Z < T') is quasi-compact due to limit arguments, so it suffices to settle the claims for E’ in
place of E. We may then use Lemma 4.2.1 to assume that there is an elliptic curve E” — S with

E”[N] ~ Elsm[N]
Since E’ and E” give isomorphic functors Z, this reduces (b) to its elliptic curve case [KM85, 6.8.1].

For (a), we let Fj denote the functor that parametrizes Drinfeld (Z/NZ)?-structures a on E§™[N].
By Proposition 4.2.12 (a), F); is representable by a finite locally free S-scheme of rank # GL2(Z/NZ)
that is étale if N is invertible on S. By Proposition 4.2.5 (a) and (c), there is a well-defined morphism
Fy — F
that sends a to the pair of subgroups on which a|z/Nzx{0})n] and (o} xz/Nz)[m] are Drinfeld
Z/nZ- and Z/mZ-structures, respectively. By Proposition 4.2.7 (a) and Proposition 4.2.12 (d),
Fj — F' is representable by schemes and finite locally free of rank %W. Therefore, the
desired claim about F’ follows from [SGA 3; ey, V, 4.1] (combined with [EGA TV,, 2.2.11 (ii)] and
[EGA 1V, 17.7.5 and 17.7.7]). 0
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4.3. A modular description of Zr,)

The main goal of this section is to give a modular description of Zt(,), where n € Z>1 and
I'(n) := Ker(GLy(Z) — GLy(Z/nZ))

(see §4.1.2 for the definition of 21 (,); see also §1.9). This description and the proof of its correctness
follow already from the results of [Con07], which also show the regularity and other properties of
Zr(n)- We reprove both the description and some of the properties of Zp(,) by exploiting a direct
relationship with the compactification €0/, studied in Chapter 3. The resulting proofs seem more
direct and more versatile—for instance, we will see in §4.4 that virtually the same strategy also
handles the H = T';(n) case, which is significantly more complex for the methods of op. cit. Another
pleasant feature of this approach is that it eliminates the crutch of analytic uniformizations—for
instance, in the proof of the “ampleness” of 2 (n)® < £ (n) given in Proposition 4.3.2 (b), the only
input that is needed from the theory over C is the fact that the coarse moduli space of (E041)c is }P’(lc
(this comes in through our reliance on [DR73, VI.1.1] in the proof of Proposition 3.3.2).

We begin by giving the definition of the modular stack 2 (n) that classifies generalized elliptic
curves endowed with an ample level n structure, and proceed to establish enough of its properties to
arrive at the identification 27 (n) = 2.

4.3.1. The stack 2 (n). This is the Z-stack that, for a fixed n € Zx1, and for variable schemes S,
parametrizes the pairs

(ES S, a: (Z/nZ)? — E™(S))

consisting of a generalized elliptic curve E 5> S whose degenerate geometric fibers are n-gons and
an (automatically ample) Drinfeld (Z/nZ)?-structure o on E™[n]. The notation agrees with that
of §4.1.1 because Z°(1) = E0¢1. We let

2 (n)* < Z(n) and  #(n) < 2 (n)
be the closed substack cut out by the degeneracy loci S®™ and its open complement (the elliptic curve
locus), respectively. Due to Remark 4.2.3, for variable Z[%]—schemes S, the base change @(n)z[;]

parametrizes elliptic curves E — S equipped with an S-isomorphism «: (Z/nZ)z — E[n].

The results of section 4.2 lead to the following direct relationship between 2" (n) and £04,,.
Proposition 4.3.2. Consider the Z-morphism f: 2 (n) — E0L,, that forgets a.

(a) The morphism f is representable, finite, and locally free of degree equal to # GLa(Z/n7Z);
moreover, [ is étale over Z[%] In particular, 2 (n) is a Cohen—-Macaulay, reduced algebraic
Z-stack that is proper, flat, and of relative dimension 1 over SpecZ at every point, moreover,
Z (n) is smooth over Z[%].

(b) The closed substack 2 (n)*° < Z (n) is the preimage of the closed substack E0C, < E0L,
and is a reduced relative effective Cartier divisor over SpecZ that meets every irreducible
component of every geometric fiber of 2 (n) — SpecZ and is smooth over Z[%]

Proof.

(a) The asserted properties of f follow from Proposition 4.2.12 (a). The asserted properties of
Z (n) other than the reducedness then result from Theorem 3.1.6 (a) (and [EGA IVy, 6.4.2]
for the Cohen-Macaulay aspect). By [EGA IV,, 5.8.5], the reducedness amounts to the
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combination of (Rg) and (S;). The Cohen—Macaulay aspect implies (S;), whereas (Rg) follows

from the Z-flatness and Z[1]-smoothness.

(b) In the given moduli interpretation, the map 2" (n) — ¢, does not change the underlying

generalized elliptic curves, so an S-point of 2 (n) factors through 2" (n)® if and only if its
image in £/, factors through m:}. In other words,

2 () = ' (n) xgg EC,,

no

as desired. All the remaining claims then follow from (a) and from their counterparts for
&L, supplied by Theorem 3.1.6 (¢)—(d) and Proposition 3.3.2 (for the reducedness of 2" (n)*
one uses the (Rg)+(S1) criterion as in the proof of (a)). O

4.3.3. The contraction morphisms. Due to Proposition 4.2.5 (a), the contraction morphism
X (nm) 5 27 (n) is well defined by (B, a) = (cpsmn)(E), al(z/mmz)2[n])

(see Convention 4.2.4) for every n,m € Z=1. This morphism is compatible with its analogue for ££¢,,
discussed in §3.2.1 in the sense that there is the commutative diagram

2 (n) " &0,
whose horizontal maps forget the level structures a.

Proposition 4.3.4. For every n,m € Z=1, the contraction c: Z (nm) — 2 (n) is representable,

finite, and locally free of rank %W. In particular, each Z (n) is Deligne—Mumford.

Proof. Since 2 (1) is Deligne-Mumford, the last assertion follows from the rest (applied with n = 1).
The representability of ¢ by algebraic spaces follows from Lemma 3.2.2 (b) and Lemma 2.1.6.

The contraction ¢ inherits properness and finite presentation from 2 (nm) — SpecZ, and so is
quasi-finite due to its moduli interpretation. Therefore, by Lemma 3.2.3, the map c is representable
by schemes and finite. It remains to prove that ¢ is flat—once this is done, the asserted rank may be
read off on the elliptic curve locus by using Proposition 4.3.2 (a).

The flatness of the base change
Ellym xgg, X (n) L 2 (n)
follows from that of £04,,, — £, supplied by Theorem 3.2.4 (a). On the other hand,

Ellnm Xgg, Z (n)

parametrizes generalized elliptic curves endowed with a Drinfeld (Z/nZ)?-structure on E5™[n] subject
to the constraint that the degenerate geometric fibers are nm-gons, so the map

2 (nm) 2> El xz7. X (n)

is flat by Proposition 4.2.12 (a). In conclusion, the composite ¢ = a o b is also flat. O

We are ready for the promised identification 2°(n) = Zp(,).

Theorem 4.3.5. The Deligne-Mumford stack 2 (n) is reqular and is identified with the stack 21y,

of §4.1.2 (see the proof for the description of the identification).
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Proof. By [KM85, 5.1.1], the open substack #(n) 2 (n) is regular. By combining this with the
conclusions of Proposition 4.3.2, we see that 2 (n) satisfies both (R;) and (S2), i.e., is normal.
Therefore, due to the conclusions of Proposition 4.3.4, 2"(n) is identified with the normalization of
2 (1) in @(n)z[%]. However, the moduli interpretations of the #'(1)-stacks @(n)z[%] and %(n)[%]

coincide (see §1.1.2 and §4.3.1), so 2 (n) is identified with the normalization of 2 (1) in Zf,)[+],
i.e., with Zp(,). To then extend the regularity of #/(n) supplied by [KM85, 5.1.1] to the regularity
of the entire 27(n), we recall that it follows from [DR73, 4.13] that 27, is regular away from the

supersingular points in characteristics dividing n. 0

In the sequel we will identify 2" (n) and 21 (n)- We conclude the section by recording all the cases
in which 27(n) is a scheme (see [DR73, IV.2.9] for such a result over Z[1]).

Proposition 4.3.6. The stack 2 (n) is a (necessarily projective) scheme over Z unless n = p® or
n = 2p° for some prime p and some s € L>1.

Proof. If n = p® or n = 2p®, then every supersingular elliptic curve E over Fp equipped with a
Drinfeld (Z/nZ)?-structure on E[n] has multiplication by —1 as an automorphism, so 2 (n) cannot
be a scheme. Outside of these cases, n = n'n” for relatively prime n’ > 3 and n” > 3, so, due to
[KM85, 2.7.2 (1)] and Lemma 2.1.6, the geometric points of 2 (n) have no nontrivial automorphisms,
and hence 27 (n) is a projective Z-scheme by Lemma 4.1.3. O

4.4. A modular description of 2t

The main goal of this section is to give a modular description of 21, (), where n € Z3; and
Ii(n) = {(‘é b)e GLg(i) such that a=1modn and ¢ =0 mod n}

(see §4.1.2 for the definition of 27 (y); see also §1.9). The overall strategy is similar to the case of
I'(n) treated in the previous section: through relations with the compactifications ££/,, we infer
enough properties of the stack 27(n) that classifies generalized elliptic curves endowed with an
ample Drinfeld Z/nZ-structure to arrive at the identification 21(n) = 2, (). As in the case of
I'(n), this identification and the finer properties of 27(n), such as regularity, follow already from
the results of [Con07], but the alternative proofs given below seem simpler. In particular, when
proving the regularity of Z7(n) we do not use any computations with schemes of I'; (n)-structures
on Tate curves or with universal deformation rings, but instead directly deduce such regularity from
the regularity of 2 (n).

4.4.1. The stack 2Z7(n). This is the Z-stack that, for a fixed n € Z>1 and for variable schemes S,
parametrizes the pairs

(E5 S, a: Z/nZ — E™(S))

consisting of a generalized elliptic curve E = S and an ample Drinfeld Z/nZ-structure a on E. As
before, we let

Z1(n)* < 21(n) and P (n)  Z1(n)
be the closed substack cut out by the degeneracy loci S™™ and its open complement (the elliptic
curve locus), respectively.

For a positive divisor m of n, we let

21(n)m) © Z1(n)
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be the open substack that classifies those (F, o) for which the degenerate geometric fibers of £ — S
are m-gons (the openness follows from Remark 2.1.9), and we set

A = L1 (1)) O 21 (0).

When m varies, the open substacks 27(n)(,) cover 21(n), and we will use them to prove the
algebraicity of 27(n).

Proposition 4.4.2. Consider the Z-morphism f(,,): 21(n)(m) — Ell,, that forgets .
(a) The morphism f(., is representable by schemes, quasi-finite, separated, flat, and of finite
1
n
with a quasi-compact and separated diagonal and is flat, of finite presentation, and of relative
dimension 1 over SpecZ at every point; moreover, Z1(n) is smooth over Z[+].

presentation; moreover, f) is étale over Z[.]. In particular, Z1(n) is an algebraic Z-stack

1
(b) The closed substack %(n)?fn) < 21(n)(m) s the preimage of &Y < El,,. In particular,

Z1(n)*® < Z1(n) is a reduced relative effective Cartier divisor over SpecZ that is smooth
over Z[1].

Proof.

(a) The asserted properties of f,,,) follow from Proposition 4.2.15 (a) and Proposition 4.2.7 (a).
Since the 27(n)(m) cover Z7(n), the asserted properties of 27 (n) follow from those of f(,,)
and from Theorem 3.1.6 (a).

(b) For the first assertion, it suffices to observe that in the given moduli interpretation, the map
J(m) does not change the underlying generalized elliptic curve. The remaining assertions then
follow from the first, (a), and Theorem 3.1.6 (¢)—(d), using the (Rg)+(S1) criterion together
with [EGA 1V, 6.4.2] to establish the claimed reducedness. O

4.4.3. The relation to 2°(n). There is a forgetful contraction morphism
g: Zi(n) — 2(1),
and, due to Proposition 4.2.5 (a), also an 2 (1)-morphism
h: %(n) - '%/'1(71)? (E7a> = (Ca‘Z/TLZX{O) (E)7a’Z/nZX{O})

that contracts £/ with respect to the unique finite locally free subgroup of ES™ on which 04|Z/an{0}
is a Drinfeld Z/nZ-structure.

We will extract further information about 27 (n) by studying h. The main difficulty is that h changes
E, which makes its key properties, such as flatness, less transparent. To overcome this, we will
further exploit the compactifications 04, .

Theorem 4.4.4.

(a) The morphism h: Z (n) — Z1(n) is representable, finite, and locally free of rank n - ¢(n). In
particular, Z1(n) — SpecZ is proper, Z1(n) is reqular, and Z1(n)* meets every irreducible
component of every geometric Z-fiber of Z1(n).

# GLa(Z/nZ)

ng(n) -

(c) The stack 21(n) is Deligne-Mumford and is identified with the stack 2t () of §4.1.2; more
precisely, both Z1(n) and Zr, () are the normalizations of 2 (1) in Z1(n)y = %l(n)[%].

1
n

(b) The contraction g: Z1(n) — 2 (1) is representable, finite, and locally free of rank
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Proof.
(a)

The representability of h by algebraic spaces follows from Lemma 3.2.2 (b) and Lemma 2.1.6.
Let Z'(n)my = £ (n) be the h-preimage of 21(n)my, let hmy: Z'(n)m) — 21(n)(m)
be the restriction of h, and let fi,y: Z1(n)m) — &0, be the forgetful map studied in
Proposition 4.4.2. By (3.2.1.2), the composition f,,) © h(;,) agrees with the composition

L (1) () — T, S Tl

in which the first map forgets the Drinfeld (Z/nZ)?-structure. Therefore, the universal
property of the fiber product gives the commutative diagram

2 (1) (m) — 23 (1) () T ——

\ J{h// CJ
h
(m)
f(m)
—_—>

5%i(n)on) Eﬂﬂzn

in which the square is Cartesian. By Proposition 4.2.12 (b), the map A’ is representable and
finite locally free of rank n - ¢(n). By Theorem 3.2.4 (a), the base change h” of ¢ is proper,
flat, and surjective. The representable map h,,) is therefore proper, flat, surjective, and, due
to its moduli interpretation, also quasi-finite. Since h inherits these properties, we see from
Lemma 3.2.3 that h is representable by schemes and finite locally free. Its rank is determined
on the elliptic curve locus, so equals n - ¢(n).

The remaining claims follow from the combination of Proposition 4.3.2, Theorem 4.3.5, and
[EGA IVg, 6.5.3 (i)], once we establish the Z-separatedness of 2Z7(n). For this, since the
diagonal map A g, (,,)/z is separated and of finite type by Proposition 4.4.2 (a), its properness
follows from the commutative diagram

X () —2FO L g ) xg X (n)

Jh Jhxh
Aary(ny/z

21(n) ———— Z1(n) xz Z1(n)
and the properness of (h x h) o A g (,)/z-

Since 27(n) — SpecZ is proper, g is also proper. Moreover, g is representable by algebraic
spaces and quasi-finite due to its moduli interpretation, Lemma 3.2.2 (b), and Lemma 2.1.6.
Thus, due to Lemma 3.2.3, g is representable by schemes and finite. The remaining assertions
follow by considering the composite Z (n) LR 2i(n) % 2°(1) and combining (a) with
Proposition 4.3.4.

Thanks to (b), the Deligne-Mumford property is inherited from 27 (1). For the rest, due to
the regularity of 27(n) and the finiteness of 27(n) — 2°(1), we need to identify the stack
P1(n)yp1y with the stack %1(@[%] that, for variable Z[1]-schemes S, parametrizes pairs
consistiﬁg of an elliptic curve F — S and an S-point of the finite étale S-scheme

{(6%) = GLa(Z/nZ)}\ Isom(E[n], (Z/nZ)?).

The datum of such an S-point amounts to the datum of an isomorphism between Z/nZ and
a subgroup of FE, so the sought identification results from Remark 4.2.3. O
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4.5. An axiomatic criterion for recognizing correctness of a modular description

The arguments of the preceding section that supplied the identification 27(n) = 2T, (n) and proved
the regularity of 2y, () illustrate a general method that will similarly handle more complicated
cases in the sequel. Therefore, in order to avoid repetitiveness, we wish to present the following
axiomatic result that ensures that for any open subgroup H < GLy(Z) any “good enough” candidate
stack 27, agrees with the 2 defined in §4.1.2 and that 2% is automatically regular whenever such
a good candidate is present. Of course, the main difficulty of this approach to the regularity of Zx
lies in finding a suitable 27;. In all the cases presented in the sequel, the candidate 27, will be
defined by a modular description of its functor of points and Theorem 4.5.1 will act as a criterion
for recognizing that this modular description actually yields 2.

A~

Theorem 4.5.1. Let H < GLy(Z) be an open subgroup, let n € Z=1 be such that I'(n) < H, and let
2 be a Z-stack.

(a) If there is a cover
X = Um|n(%ﬁ)(m) by open substacks (2 m) © 24
each of which admits a representable by algebraic spaces, separated, finite type morphism
(Z6) (my = ElLam)

for some d(m) € Zx1, then Z7; is algebraic, has a quasi-compact and separated diagonal
A%‘Ig/z, and is of finite type over Z.

(b) If ZF; is algebraic, has a quasi-compact and separated diagonal, is of finite type over Z, and

(1) there is a proper, flat, and surjective Z-morphism 2 (n) LN X

then Z7; is reqular, 2, — SpecZ is a proper, flat surjection, and ('%1{1)2[%] is Z[%]—smooth.
(c) If ZY; is algebraic, Z-proper, and satisfies (1) together with

(2) there is a representable by algebraic spaces Z-morphism 27} 2> 2 (1) that over Z[L] is

identified with the morphism @[] — @(1)2[%] of §4.1.2, and
(3) the composition go h: Z (n) — 2 (1) is identified with the contraction of §4.3.3,
then 27, is Deligne-Mumford and the morphism g induces the identification
X = Xgr;
more precisely, then both 2y and 2}, are the normalizations of Z (1) in [L].

Remark 4.5.2. The flatness of h is one of the most stringent requirements. For the 27, that we
will construct this flatness will be supplied by the results of Katz and Mazur through congruences
with elliptic curves (see Proposition 4.2.12 (b) and the proof of Theorem 4.4.4 (a) for an example).

Proof of Theorem 4.5.1.

(a) The algebraicity of each (27) () follows from that of £y, supplied by Theorem 3.1.6 (a)
(see [LMBOO, 4.5 (ii)]). This suffices for the algebraicity of 27; because the diagonal A g 7
factors as the composition

2t = Unpn (ZE) m) = U (Z8) im) %2 () m) = L ¥z X4
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in which the inclusion is representable by open immersions. Since the inclusion is also
quasi-compact and each (2] é)(m) is separated over Z, i.e., each A 28 () /2 is proper, it also
follows that A 24/ is quasi-compact and separated.

(b) In the commutative diagram

A g (n)/z

2 (n) Z'(n) xz Z'(n)

J{h J(hxh
Ag{;{/z

/ / /
_
‘%FI ‘%FI X7 ‘%'H

the composite (h x h) o A g,z is proper, A 24 is separated and of finite type, and h is
surjective, so A 24T is proper. In other words, 27}, — SpecZ is separated, so 27, inherits
Z-properness from 2" (n). Due to the flatness and surjectivity of h, the flatness, regularity,
and smoothness aspects for 27, follow from the corresponding aspects for 2 (n) supplied by
Proposition 4.3.2 (a) and Theorem 4.3.5.

(¢) The Deligne-Mumford property follows from the representability of g. The map ¢ inherits
properness from 27, — SpecZ and quasi-finiteness from g o h, so g is finite by Lemma 3.2.3.
Moreover, 27 is normal by (b), so, due to the requirement (2), g identifies 27, with the
normalization of 2" (1) with respect to #[1] — % (1)z717- On the other hand, by definition,
this normalization is 2 (see §4.1.2). O

Example 4.5.3. Theorem 4.5.1 is useful for proving that “obvious” candidate modular descriptions
for various mixtures of standard moduli problems are correct. When treating “mixture situations,”
one cannot simply “reduce to individual constituents” via fiber products (unlike on the elliptic curve
locus): such “reductions” fail already in situations where no mixtures are involved, for instance,

2 (15) £ Z7(3) x 21y Z°(5), even though W (15) = X (3) xgq) Z(5),
as one sees by inspecting the ramification at the cusps (e.g., (C[[q%]] % (C[[q%]] ®cq] (C[[q%]])

The concrete example of a “mixture situation” for which we wish to illustrate Theorem 4.5.1 has
H=T(d) nT(¢) with coprime d,leZlx>.

For this H, due to the factorizations of Drinfeld structures discussed in [KM85, 1.7.2|, the “obvious”
candidate 27 is the stack that, for variable schemes S, parametrizes ample Drinfeld ((Z/dZ)* x Z/(Z)-
structures a on generalized elliptic curves ' — S subject to the requirement that a|(Z /dZ)?x {0} 1S &
Drinfeld (Z/dZ)?-structure on E*™[d] (so d divides the number of irreducible components of each
degenerate geometric fiber of £ — S).

For this 27;, we let the maps h and g in Theorem 4.5.1 be the forgetful contractions with n = d¢
and let
() my = 2

be the open substack parametrizing those £ — S whose degenerate geometric fibers are m-gons.
The requirements of Theorem 4.5.1 (a) are met due to [KM85, 1.7.2] and Propositions 4.2.5 (a),
4.2.7 (a), and 4.2.15 (a) (with (n,m) = (d¢,d) in the latter). The requirement (b) (1) is checked
with the help of a diagram analogous to the one in the proof of Theorem 4.4.4 (a), the key point
being that the induced map

from the h-preimage 27(n)g) of (Z7)(m) is finite locally free of rank £ - ¢(¢) due to Proposi-
tion 4.2.12 (b). The requirement (c) (2) is checked as in the proof of Theorem 4.4.4 (¢) by using the
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fact that the image of H in GLo(Z/nZ) is the pointwise stabilizer of (Z/dZ)? x Z/{Z in (Z/nZ)?.
Finally, the requirement (c¢) (3) follows from the definitions of ¢ and h.

In conclusion,

Zir = Zr(ay~ry(0)
and 2T (g)~1, (¢ is regular (such regularity at the cusps is not an automatic consequence of the
regularity of 2y and 2t (4))-

4.6. A modular description of 2t (,,,/) and 27, for suitable n and n’

Let n and n’ be positive integers, and let
Ty (n;n') © GLy(Z)
be the preimage of the subgroup of GLa(Z/nn'Z) that stabilizes the subgroup {0} x (Z/nn'Z)[n’]

in (Z/nn'Z)? and that fixes (Z/nn'Z)[n] x {0} pointwise. Our goal is to prove that the “obvious”
candidate modular description for 2p, (,,.,/y presented in §4.6.1 is correct under the assumption that

ord,(n') < ord,(n) + 1

for every prime p. The importance of 2t (/) stems from its role in defining Hecke correspondences
for 2Z7(n) (see section 4.7), but there also are the following reasons for treating H = I'y(n;n’).

e The techniques used below to study 2T, (5, simultaneously expose properties of the stack
Zo(n)"¥ve that parametrizes generalized elliptic curves equipped with an ample cyclic sub-
group of order n. Although in general 25(n)""® does not agree with ZTo(n), its properties
will nevertheless be crucial for the study of 21, in Chapter 5.

e Under the additional assumption that ord,(n') < ord,(n) for all p | ged(n,n’), the correctness
of the candidate modular description of 2T, (,; /) also follows from the results of [Con07] but it
seems worthwhile to simplify the proofs of op. cit. with the help of the general Theorem 4.5.1.
In fact, Conrad does not assume that ord,(n’) < 1 for p t n, but outside this case the forgetful
contraction morphism from the algebraic stack Mr, (,,,7) that he constructs in op. cit. to
Z (1) is not representable (even over C), so Mrp () cannot agree with 2t (. ) (a related
pathology is that My, (. ) is not Deligne-Mumford in characteristics p { n with p? | n).

In order to also recover and generalize the results of [Con07] in the cases when ordy,(n’) > 1 for some
prime p t n, we initially drop all requirements on n and n’, define a certain stack 27(n;n’) that
agrees with the stack Mrp, (. 1y considered in op. cit. (in the cases in which Mr (5, /) was defined),
prove that 27(n;n’) is algebraic, Z-proper, and regular (among other properties), and only then
impose assumptions on n and n’ in order to arrive at the agreement with 21, (n: ).

4.6.1. The stack 27(n;n’). This is the Z-stack that, for fixed n,n’ € Z>1 with d := ged(n,n’) and
for variable schemes S, parametrizes the triples

(E5 S, a: Z/nZ — E™™(S), H)

consisting of a generalized elliptic curve E 7> S, a Drinfeld Z/nZ-structure a on some S-subgroup
G < E*™, and a cyclic S-subgroup H < E®™ of order n’ subject to the requirements that

[Gq + Hq| = E*™[d] and [G + H] is ample (4.6.1.1)

(we implicitly use Definition 4.2.8 and Proposition 4.2.11 (a) to make sense of [G4+ Hy] and [G+ H]).

The effectivity of descent needed for 27(n;n’) to be a stack is ensured by the ampleness of [G + H]

as in Remark 4.2.14. The requirement [G4 + Hgi] = E®"[d] implies that the number of irreducible
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components of each degenerate geometric fiber of E is divisible by d, so Proposition 4.2.11 (b) ensures
that [G + H] is a finite locally free S-subgroup of ES™ of rank nn’ that is killed by lem(n,n’).

We let
Zi(n;n)® < Zi(n;n/) and  Z(n;n') € 21(n;n)
be the closed substack cut out by the degeneracy loci S™™ and its open complement (the elliptic
curve locus), respectively. Similarly to the case of 27(n) (discussed in §4.4.1), for every positive
divisor m of lem(n,n’), we let
23 (n;n) my © Z1(nsn')
be the open substack over which the degenerate geometric fibers of £ are m-gons.

4.6.2. Variants ﬁ(n, n’) and Zp(n;n’). Slight modifications of the definition of Z7(n;n’) give
the following related stacks:

e The stack 2; (n;n’) obtained by replacing the datum H by the datum of a Drinfeld Z/n'Z-
structure 8 on some S-subgroup H — E*™ subject to (4.6.1.1);

e The stack Zp(n;n’) obtained by replacing the datum « by the datum of a cyclic S-subgroup
G < E® of order n subject to (4.6.1.1).

Due to Proposition 4.2.7 (a), the forgetful maps
21 (nyn’) — 21 (nyn) and 21(n;n) — Zo(n;n') (4.6.2.1)

are representable by schemes, finite locally free of ranks ¢(n’) and ¢(n), respectively, and, over Z[;]
and Z[ =], respectively, étale. As before, for every positive divisor m of lem(n,n’) we let

0
210 )y © Zi(sn’) and  Zo(min)my © Zo(n;n)
be the open substacks over which the degenerate geometric fibers of E are m-gons, let
Zisn)® € Zimn')  and  Zo(mn))® < Zo(nsn)
be the degeneracy loci, and let
D(nin') = Zi(min')  and - F(nin') © Zo(nin)
be the elliptic curve loci.
For suitably constrained n and n’, the stacks 2; (n;n) and Zp(n;n’) were also considered in [Con07]

(in the notation Mfl(N n) and Mr,(n;n))- There %(n, n') was often used as an intermediary

in the proofs of the properties of 27(n;n’), whereas Zy(n;n’) was mentioned on page 273 in
relation to modifications that one needs to make to the method of op. cit. to also construct Hecke
correspondences for Zp(n). We will see below that the proofs of the properties of 27(n;n’) will also

prove the corresponding properties of n (n;n’) and Zo(n;n’).

4.6.3. Contraction maps from 2 (nn'). There is a forgetful contraction map
X (nn') — ﬁ?{(n;n') (4.6.3.1)

that sends a Drinfeld (Z/nn'Z)?-structure 7 to o := Y@z mnz)[n]x {0y a0d B := V|03 x (z/mn'z)[n] (sC€
Proposition 4.2.5 (a) and (c¢) and Convention 4.2.4) and contracts the underlying generalized elliptic
curve accordingly. Similar forgetful contraction maps

Z (nn') — 21 (n;n) and 2 (nn') — Zo(n;n)

are the compositions of (4.6.3.1) with the forgetful maps from (4.6.2.1).
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We are ready to address the basic properties of the stack 27(n;n’) and its variants.

Theorem 4.6.4. Fiz n,n’ € Z=1 and let 2 € {Z1(n;n'), Z1(n:n'), Zo(n;n')}.

(a)

(b)

()

Proof.

(a)

The Z-stack X is algebraic, reqular, proper, flat, and of relative dimension 1 over SpecZ at
every point; moreover, Z is smooth over Z[ﬁ] The diagonal A 47, is finite.

The forgetful contraction map Z (nn') — 2 is representable by schemes and is finite locally
free of constant positive rank.

The closed substack 2 < 2 is a reduced relative effective Cartier divisor over SpecZ that
meets every irreducible component of every geometric Z-fiber of 2~ and is smooth over Z[%]

By Proposition 4.2.15 (a) and the ﬁnitenesi of the maps (4.6.2.1), for every positive divisor m
of lem(n,n’) the forgetful map X (m) — ELlLy, is representable, separated, and of finite type,
so, by Theorem 4.5.1 (a), £ is algebraic and has a quasi-compact and separated diagonal.

Except for the relative dimension and the diagonal aspects, the rest of the claim follows
from Theorem 4.5.1 (b) once we prove that the forgetful contraction 2 (nn’) — Zi(n;n’) is
proper, flat, and surjective. For this, we first let 2" (nn’ )(m) for every positive divisor m of

lem(n,n’) be the preimage of ﬁ(n, n')(m)- Due to Theorem 3.2.4 (a), it then suffices to note
that, by Proposition 4.2.12 (a) and (d), the induced map

%(nn')(m) — Z1(n; n’)(m) X5, Elly,y,
both components of which are forgetful, is finite locally free of constant positive rank.

The relative dimension aspect will follow from the corresponding aspect for 2" (nn’) once
we prove that the surjective map 2 (nn') — é&”\;(n, n') is finite locally free. In fact, due to
Lemma 3.2.3 and the previous paragraph, representability by algebraic spaces and quasi-
finiteness would suffice. The representability is inherited from 2 (nn') — 27(1) and the
quasi-finiteness follows from the moduli interpretation.

The diagonal A 47 is proper due to the Z-separatedness of 2" and is quasi-finite due to
Theorem 3.1.6 (a), so its finiteness follows from Lemma 3.2.3.

Due to the proof of (a) and the fact that the forgetful contractions (4.6.2.1) are representable
and finite locally free, only the constancy of the rank requires attention and we may focus on
Zo(n;n’). Moreover, since %(n;n’) is dense in Zy(n;n’), we may work on the elliptic curve
locus. Therefore, since the rank of % (nn’) — #(1) is constant, the conclusion follows from
Proposition 4.2.15 (a) which proves that #(n;n’) — %/(1) is finite locally free of constant
positive rank.

The assertion about the geometric fibers follows from the corresponding assertion for
2 (nn)* < 2 (nn') supplied by Proposition 4.3.2 (b), so it suffices to prove that for
each positive divisor m of lem(n, n’) the restriction 3{(‘2) S Xy of & © = Z is a reduced
relative effective Cartier divisor over SpecZ that is smooth over Z[-L;]. To do so, it suffices
to note that 5&”(2) is the pullback of m;‘i, to apply Theorem 3.1.6 (¢)—(d) and Proposi-
tion 4.2.15 (a), to use the properties of the forgetful maps (4.6.2.1), and to use the (Rg)+(S1)

criterion for reducedness. (|
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In principle it is possible to determine the largest Deligne-Mumford open substacks of ﬁ (n;n’),
Z1(n;n'), and Zp(n;n’) (such open substacks make sense a priori due to Remark 3.1.7): one
needs to inspect the defining modular descriptions to determine those geometric points whose
automorphism functors are not étale. To illustrate the procedure, in Proposition 4.6.5 we exhibit
large Deligne Mumford open substacks of 2; (n;n'), Zi(n;n’), and Zy(n;n’) (the actual Deligne—
Mumford loci of 27(n;n’) and Zo(n;n’) may be larger). For the stack Mr (y,y,) considered in
[Con07], Proposition 4.6.5 (b) improves on [Con07, 3.1.7] by proving that the Deligne-Mumford
locus includes all the cusps in characteristics p | N (even when p? | n).

Proposition 4.6.5. Fiz n,n’ € Z=1 and set d := ged(n,n’).
(a) The stack ﬁ(n;n’) is Deligne—Mumford. In fact, the forgetful contraction morphism
Zi(nin) > 2 (1)
1s representable by algebraic spaces.

(b) The open substack of Z1(n;n’) obtained by removing the closed substacks Z7(n; n’)%; for
the primes p with ord,(n’) = ord,(n) + 2 is Deligne-Mumford. If ord,(n’) < ordy(n) + 1 for
every prime p, then the forgetful contraction morphism

Zi(nin) — 2°(1)
1s representable by algebraic spaces.

(¢) The open substack of Zo(n;n') obtained by removing the closed substacks %(n;n’)%; for the
primes p with |ord,(n) — ordy(n')| = 2 is Deligne-Mumford. If |ord,(n) — ordy(n')| < 1 for
every prime p, then the forgetful contraction morphism

Zo(nin') — 2 (1)

1s representable by algebraic spaces.

Proof. We recall from Lemma 2.1.6 that the automorphism functor of the standard m-gon generalized
elliptic curve is py, x Z/27Z. To test the Deligne-Mumford property of an open substack of ﬁ (nyn’),
Zi(n;n'), or Zo(n;n'), we will use the criterion of having unramified automorphism functors at
geometric points (see Remark 3.1.7). To test the representability of contraction morphisms, we will
use Lemma 3.2.2 (b). These preliminary remarks already settle part (a).

(b) Our task is to show that if p is a prime, E is the standard m-gon with p | m over an algebraically
closed field k, and (E, a, H) is an object of 27(n;n’)(k) with ord,(n’) < ordy(n) + 1, then
fp < Aut(E) does not fix both o and H. By decomposing into primary parts with the help
of [KM85, 1.7.2] and by contracting away from the p-primary part of [G + H|, we loose no
generality by assuming that n, n/, and m are powers of p and m > 1.

Suppose that g, fixes both @ and H. Then « cannot be ample, so H is ample, H n (E™)°
contains y, = (E*™)°, and ord,(n’) > 2. Therefore, the standard cyclic subgroup H, = H
of order p is contained in (E"™)% and hence equals tp. Moreover, due to the requirement
ordy(n’) < ordy(n) + 1, we have n > 1, so, by Proposition 4.2.5 (a), the requirement
[Gq + Hq) = E®™[d] implies that [G) + H,| = E*™[p]. The latter forces G, to project
isomorphically onto the p-torsion subgroup of the component group of E™, so GG injects into
this component group. Since H is ample and H n (E5™)° # 0, this violates the requirement
ord,(n’) < ordy(n) + 1 unless G is ample, that is, unless « is ample, which is a contradiction.
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(¢) Our task is to show that if p is a prime, E is the standard m-gon with p | m over an algebraically
closed field k, and (F, G, H) is an object of 2¢(n;n’)(k) with |ord,(n) — ord,(n’)| < 1, then
tp © Aut(E) does not fix both G and H. As in the proof of (b), we assume that n, n’, and
m are powers of p and m > 1.

Suppose that p, fixes both G and H. By the conclusion of (b), u, cannot fix any Drinfeld
Z/nZ-structure (resp., Z/n'Z-structure) on G (resp., H), so G and H must both be ample,
and hence must both contain p, = (E™)°. Then G, = H, = p, inside (E*)% which is a
contradiction to the requirement |Gy, + Hp| = E®™[p] inherited from [G4+ Hg4] = E¥([d]. O

With Proposition 4.6.5 in hand, we are ready for identifications with suitable modular curves 2.
Theorem 4.6.6. Fizn,n' € Z>.

(a) Let T'i(n;n/) be the preimage in GLz(i) of the subgroup of GLao(Z/nn'Z) that fizes the
subgroups (Z/nn'Z)[n] x {0} and {0} x (Z/nn'Z)[n'] pointwise in (Z/nn'Z)?. The forgetful
contraction Z1(n;n') — 2 (1) induces the identification

%(n, n/) — ‘%f‘l(n; n,).

~

(b) LetT'y(n;n') be the preimage in GLa(Z) of the subgroup of GLo(Z/nn'Z) that fizes the subgroup
(Z/nn'Z)[n] x {0} pointwise and stabilizes the subgroup {0} x (Z/nn/Z)[n'] in (Z/nn'Z)?. If
ordy(n') < ordy(n) + 1 for every prime p, then the forgetful contraction Zi(n;n') — 2 (1)
induces the identification

21 (’I’L; n/) = ’/gbrl"l(n; n')

~

(¢c) Let Tg(n;n') be the preimage in GLo(Z) of the subgroup of GLo(Z/nn'Z) that stabilizes the
subgroups (Z/nn'Z)[n] x {0} and {0} x (Z/nn'Z)[n] in (Z/nn'Z)?. If lord,(n’) — ord,(n)| < 1
for every prime p, then the forgetful contraction Zo(n;n’) — 2 (1) induces the identification

%(n; n/) = %Fo(n; n')

Proof. By Proposition 4.6.5, the imposed assumptions on n and n’ ensure that the forgetful contrac-
tion morphisms to 2°(1) are representable by algebraic spaces. Therefore, due to Theorem 4.6.4 and
Theorem 4.5.1 (c), we only need to show that, for variable Z[-1;]-schemes S, the Y (1)z_1 -stacks

nn’

@T(n; n')Z[ Ly %(n;n’)z[%], and %(n;n’)z[%]

nn/ nn' nn'

parametrize elliptic curves £ — S equipped with an S-point of

'y (n; )\ Isom(E[nn'], (Z/nn'Z)?), Ty (n; n/ )\ Isom(E[nn'], (Z/nn'7)?),
and Lo (n; n')\ Isom(E[nn'], (Z/nn'Z7)?),

respectively, where overlines denote images in GLgo(Z/nn'Z). For this, it suffices to inspect the

defining modular descriptions of 27 (n;n’), Z1(n;n’), and Zy(n;n’) and to use the definitions of

I'yi(n;n'), T1(n;n’), and To(n;n') given in the statements of (a), (b), and (c). O
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4.7. A modular construction of Hecke correspondences for 27(n)
We wish to explain how the results of sections 2.2, 4.4, and 4.6 give rise to a Hecke correspondence
T2t 2Ty (nip) = ATa(n)
for every n € Z=1 and every squarefree p € Z>1 that may or may not be coprime with n.

In terms of the moduli interpretations given in §4.4.1 and §4.6.1 and proved in Theorem 4.4.4 (c)
and Theorem 4.6.6 (b), the maps are given by

m((E,a, H)) = (co(F), ) and m((F,a,H)) = (E/H, a),

and are well defined due to the last aspect of Proposition 4.2.11 (b) (we let c¢o(F) denote the
contraction of E with respect to the unique subgroup on which « is a Drinfeld Z/nZ-structure). To
argue that we have exhibited a correspondence, it suffices to prove the following lemma:

Lemma 4.7.1. The maps w1 and 7o are representable, finite locally free, and surjective.

Proof. Since 7 is the 2" (1)-morphism induced by the inclusion I'; (n; p) < I'1(n), its finiteness follows
from the finiteness of 2 — 27+ observed in the last paragraph of §4.1.2. By Theorem 4.4.4 (a),
27, (n) 18 regular, so the flatness of 71 follows from [EGA 1Vy, 6.1.5]. The surjectivity of w1 may be
checked over (%1, (n))o-

For the representability of 2, due to Lemma 3.2.2 (b) and the representability of 27, (., — Z7(1),
it suffices to observe that if F is a generalized elliptic curve over an algebraically closed field and
H < E® is a finite subgroup, then every automorphism i of F that stabilizes H and induces
the identity map on E/H must fix (£°™)° because the endomorphism idgsm —i|gsm of E™ factors
through H. The properness of my follows from the Z-properness of 2t (,,p) and Zp (), so its
quasi-finiteness may be checked on geometric fibers. Finiteness of 7o is then supplied by Lemma 3.2.3,
and its flatness follows from [EGA IVs, 6.1.5]. Finally, the surjectivity of mo may be checked over

(%1, (n))0- O

In the case when p is a prime, the Hecke correspondence above has already been constructed in
[Con07, 4.4.3] by a different method: due to the lack of the theory of quotients of generalized
elliptic curves by arbitrary finite locally free subgroups, loc. cit. first defines mo by the same formula
on the elliptic curve locus and then argues that the resulting map extends uniquely to the entire
2T, (nyp)- The construction above seems simpler and more direct, and it also produces the map £ of
[Con07, 4.4.3]: if e and € are the identity sections of E — S and E/H — S, then there is a map

(6/)*(9%12/1{)/5) - 6*(9}3/5)

whose formation is compatible with base change in S.

5. A MODULAR DESCRIPTION OF 2T (n)

For an integer n € Z>; and the subgroup
Lo(n) := {(‘é b)e GLQ(Z) | ¢ =0mod n} ,

the goal of this chapter is to exhibit the modular curve 21, defined via normalization (see §4.1.2)

as a moduli stack parametrizing generalized elliptic curves equipped with a “T'g(n)-structure,” which

on the elliptic curve locus is the datum of a subgroup that is cyclic of order n in the sense of

Definition 4.2.6. The proof of the correctness of this moduli interpretation in Theorem 5.13 will

simultaneously deduce the regularity of 21 (,) from that of #f(,) proved by Katz and Mazur. We
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begin with a naive modular description that recovers 2, only for squarefree n and then proceed
to refine the naive description to a description that works for any n.

Throughout Chapter 5 we fix an integer n € Z>1.

5.1. The stack 25(n)"®Ve. This is the Z-stack that, for variable schemes S, parametrizes the pairs
(B8, Q)

consisting of a generalized elliptic curve £ = S and an ample S-subgroup G < E®™ that is cyclic of
order n (in the sense of Definition 4.2.6). We call such a G a naive I'g(n)-structure on E.

We let . _

%(n)nalve c %(n)nalve
be the open substack that parametrizes those pairs for which E' is an elliptic curve. For each positive
divisor m of n, we let . _

%(n)l(l::;/e c %(n)nawe
be the open substack that parametrizes those pairs for which the degenerate geometric fibers of E
are m-gons.

In the notation of §4.6.2, one has

20(n)"™° = Zo(n; 1),
so, by Theorem 4.6.4 (a), the stack 2p(n)"®V® is algebraic, proper and flat over Spec Z, and regular
with finite diagonal A 7 (ynaive/z. By Theorem 4.6.4 (b) (and its proof), the morphism

rQ//(n) N rQ/ﬁo(n)naive

that sends a Drinfeld (Z/nZ)?-structure a to the subgroup on which «| 7/nZx {0} is a Drinfeld Z/nZ-
structure and contracts the underlying generalized elliptic curve with respect to this subgroup is
finite locally free of rank n - ¢(n)2.

If n is squarefree, then Theorem 4.6.6 (c¢) proves that the contraction
Zo(n)™ave - 27°(1) is identified with the structure morphism 2rom) — Zo(1).

This identification fails when n is divisible by p? for some prime p: variants of the example given in
§1.2 show that for such n the contraction Zy(n)"v¢ — 27(1) is not representable.

5.2. The notation d(m). For a positive divisor m of n, we set
d(m) = —"2 5~

ged(m, %)’
so that d(m) depends both on m and on the integer n that is fixed throughout.

To explain the role of the function m +— d(m) in the context of I'g(n)-structures on generalized elliptic
curves, let E be the standard m-gon over an algebraically closed field and suppose that E is equipped
with an ample cyclic subgroup G < E*™ of order n. Then G n (E*™)? = py» and u,, < Aut(E) is the
subgroup of those automorphisms that induce the identity map on the contraction of E with respect
to the zero section (see Lemma 2.1.6). The further subgroup of Aut(F) that in addition stabilizes
G is therefore pim N pn = figedm, o) (intersection in (E5™)%), and this subgroup acts trivially on
precisely d(m) of the m irreducible components of E.

When refining G to a I'g(n)-structure on such an E, we will only remember the contraction
Cgsm[d(m)](F) that is a d(m)-gon together with the standard cyclic subgroup G gy, of order

2. d(m). In addition, we will require the datum of a compatible ample cyclic G’ of order n on every

E' that contracts to (a base change) of cgsmgm)(£) and that has m-gon degenerate geometric
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fibers. Different m may give the same d(m), so there is no way to recover m from CEsm[d(m)](E)
alone; to overcome this, we will incorporate m into the data that comprises a I'g(n)-structure.

For the precise definition of a I'g(n)-structure given in §5.10, we need the following preparations.

5.3. The stack of “decontractions”. Fix a positive divisor m of n and suppose that we have a
generalized elliptic curve £ 5 S and an open subscheme Sr (m) © S that contains the elliptic curve
locus S — S*7 and such that the degenerate geometric fibers of Eg_ . are d(m)-gons. (Such an
Sy (m) Will be part of the data of a I'g(n)-structure on E.) The base change Es, (.., determines a

map Sy () — Wd(m), so we may consider the fiber product algebraic stack
Sﬂ,(m) de(m) mm,
which parametrizes “decontractions” of Es,_ (my» OF, More precisely, which, for variable Sy (,,)-schemes
S’ parametrizes the pairs
(E' 5 8,/ By — cprm[gmy (E))
consisting of a generalized elliptic curve E’ -, S’ whose degenerate geometric fibers are m-gons and
a specified S’-isomorphism +/. We denote the universal object of Sy () X €Tl oy Ellyy, by
(& () L, (m))-
The base change of Sy () X Ml gimy &Ly, (resp., of Ex (m)) t0 S — 8% is identified with S — %7
(resp., with Elg_gw=.r), and the same holds over the entire Sy ,,,) if d(m) = m.

We will endow the universal “decontraction” & (,,,) with additional structures. The algebraic stack
Er (m) 18 typically not a scheme, but there are two ways to think about such structures concretely:

e As compatible with isomorphisms and base change structures on E’ for each (E’ LNy );
e As compatible under the pullbacks
Sﬂ'v(m) de(m) Xl = Sﬂ'v(m) xwd(m) XO

structures on the “decontractions” over the indicated bases, where X; =3 X — Ell,, is a
once and for all fixed scheme presentation of the algebraic stack ££4,,, so that

Sﬂ,(m) de(m) X133 Sﬂ,(m) de<m) Xo — Sﬂ,(m) leﬂm) Wm

is a scheme presentation of the algebraic stack Sy () X E Tl som) &0l,, (by Theorem 3.1.6 (a),

the algebraic stacks £0/,, and md(m) have finite diagonals, so Xo xgz Xo and similar fiber
products that would a priori be algebraic spaces are schemes).

The second way has the advantage of avoiding set-theoretic difficulties that would need to be
addressed in order to make the first way completely rigorous.

The contractions of the generalized elliptic curves parametrized by the stack Sy () X S gomy &0, are

identified. In particular, the degenerate geometric fibers of these curves have canonically isomorphic
component groups because the identity component of such a fiber may be used to fix the “direction”
of the m-gon. This observation lies behind the following lemma:

Lemma 5.4. Let E 5 S and E' 5 S be generalized elliptic curves whose degenerate geometric
fibers are m-gons and let 1: ¢(E) — ¢(E') be an S-isomorphism between their contractions with
respect to the identity sections.

51



(a)

Proof.

(a)

If S is a geometric point, then there is a unique identification
BB = B ()
of the component groups that is induced by any isomorphism E ~ E’ that is compatible with .
If Sred = (§0myred (50 that also S*4 = (S )ed)  then there is a unique S-identification
(B5™)[m]/(B™)°[m] = (E™™)[m]/(E"™™)°[m]

whose base change to any geometric S-point § is induced by any S-isomorphism Es ~ E%
compatible with 15. Any S-isomorphism i: E ~ E’ compatible with v induces this identification.

For g € E®™(S) and ¢’ € E™™(S), the set of s € S for which g and g’ meet the same (in the
sense of (a)) irreducible components of Es and E% forms an open subscheme of S that is also

closed if Sd = (§%-m)red,

If either F or E’ is smooth, then ¢ itself induces the desired identification. We may therefore
assume that both E and E’ are degenerate. Then, by Remark 2.1.9, both F and E’ are
isomorphic to the standard m-gon discussed in Remark 2.1.5. Moreover, any two isomorphisms
E ~ E’ that are compatible with ¢ differ by an automorphism of E’ that is the identity map
on (E"™)%. It remains to observe that, by Lemma 2.1.6, any automorphism of E’ that is the
identity map on (E"™)° induces the identity map on ES™/(E"s™)0,

If S is a geometric point, then
(E5)[m]/(B™™)°[m] = B="/(B*™)°,
and likewise for E’, so the claim follows from (a). In general, by Lemma 2.1.11, both
(E"™)[m]/(E)°[m] ~ and  (E™™)[m]/(E"™)"[m]

are étale, so we may and do assume that S = S*™4. In this case, by Remark 2.1.9, i exists fppf
locally on S. Moreover, any i satisfies the defining property, so we only need to check that
two different ¢ induce the same identification. For this, the case of a local strictly Henselian
S suffices and reduces to the settled case of a geometric point.

We may assume that § = §27 = §°7 and S is reduced and may work fppf locally on S.
We therefore use Remark 2.1.9 to fix an S-isomorphism i: £ — E’ that is compatible with
¢ and to assume that FE is the standard m-gon. In this case, the label of the component of
E*™ that meets g is locally constant on S, and likewise for :=1(g’). (|

5.5. Coherence of a cyclic subgroup of the universal “decontraction”. In the notation of
§5.3, part of the data of a T'g(n)-structure will be an ample cyclic (S () X E Tl s El,y, )-subgroup

Sm

Gim) < Ex(m)

of order n, or, in more concrete terms, for every (E' 7 S’ 1/) an ample cyclic S’-subgroup G/ < E"S™
of order n that is compatible with base change and with isomorphisms of pairs (E’, (") (for the notion
of cyclicity, see Definition 4.2.6).

In order to isolate a well-behaved class of such Gy, we say that G, is coherent if:
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For every S (,)-scheme S’ and every pair of objects

(B =5 8'4)  and (B 7 S4h)
of (Sr,(m) X Ml gy E00y,)(S), the pullbacks Gy = Ef™ and G = EF™ of G(m) fpac lo-

cally on S” have generators gj and ¢, that meet the same (in the sense of Lemma 5.4 (a))
irreducible components of the geometric fibers of E{ and EY, and satisfy

D7 9 = ()7 - 95)-

(The last equality takes place in E' and makes sense because 1--g] lies in the contraction ¢ Em[d(m)] (EY)
1

by Proposition 4.2.9 (c), and likewise for - - g5.) Equivalently, the coherence of G, is a condition of

the existence of compatible fpqc local generators of the pullbacks of G,y along the two projections

(S m) X&) ECm) XS oy (Smm) Xz, Em) 3 Sm) X270y, €Cms
where compatibility amounts to the conditions imposed on ¢} and g} above.

In what follows, the purpose of the coherence condition is to ensure that G(,,) is uniquely determined

7.r/

by its pullback to any (E' — S',1") with S" = S (,), provided that such an (E, ") exists. Lemma 5.7
will justify this, and its aspect (iii) will show that no generality is lost if one strengthens the coherence
condition by fixing an fpqc local generator ¢} of G in advance.

Any G is coherent if Sy () X €T )mm = Sr,(m), and also if n is a unit on Sy (,,) as we now show.

Lemma 5.6. If n is invertible on Sy (n,), then every ample cyclic (SW,(m) X gy Ell,,)-subgroup
Gim) < Efrr?m) of order n is coherent.

Proof. We will show that for every pair (] — &,:}) and (E, —2> §',1}) as in the definition of
coherence, desired generators ¢y and g} of G| and G, exist even étale locally on S’. For this, due to
Lemma 5.4 (¢), we may assume that S’ is local strictly Henselian and that the special fibers (E})y
and (EY)y are degenerate. Moreover, since (Ef)[n] and (F})*™[n] are étale and G} and G, are
constant, we may assume further that S’ is a geometric point. In the case of a geometric point, it
suffices to transport any choice of a g} across any S’-isomorphism (E1, () ~ (E}, t). O

The following key lemma analyses the coherence condition beyond the case when n is a unit by
exhibiting a universal property satisfied by pullbacks of a coherent G,,,). This property compensates
for the loss of a direct reduction to geometric points that governed the case of an invertible n.

Lemma 5.7. Let m be a positive divisor of n, let d € Z=1 be a multiple of m, let E 5 S and

E' 55 S be generalized elliptic curves whose degenerate geometric fibers are d-gons, and let

L: CEsm[d(m)] (E) ;) CElsm[d(m)] (E,)
be an S-isomorphism. For every cyclic S-subgroup G < E™ of order n that meets precisely m

irreducible components of every degenerate geometric fiber of E, there is a unique cyclic S-subgroup
G' < E™™ of order n such that

(i) over § — S®7 =8 — S®™ there is an equality L(Gg_gom) = Gig_soo,w’; and
(ii) fpgc locally on S there exist generators g of G and ¢’ of G' that meet the same irreducible
components of the geometric fibers of E and E' (in the sense of Lemma 5.4 (a)) and satisfy
(Zog) =2 g,
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(So G’ meets precisely m irreducible components of every degenerate geometric fiber of E'.)
Moreover, this unique G’ is such that

(iii) for every S-scheme T and every generator § of Gr, fpgc locally on T there exists a generator
g of G such that § and §' meet the same irreducible components of the geometric fibers of
E and E' and satisfy

W 9) =19
(iv) the standard cyclic subgroups G () < G and G/ld(m) < G’ of order 1= - d(m) satisfy

UG 2.d(m)) = G'ngm).

Remark 5.8. The equalities displayed in (ii)—(iv) make sense due to Proposition 4.2.9 (c).

Proof of Lemma 5.7. We have broken the argument up into six steps.

Step 1. The claim of (iv) follows from the rest. The subgroups (G 4(m,)) and G’ﬂ.d(m) of ES™ are

n

cyclic of order > - d(m), agree with ¢((G n.g(m))s—s=.x) over S — 5% and fpqe locally on S have
generators L(% - g) and % - ¢ whose *-multiples equal ¢(* - (% - g)). Therefore, t(Gn 4(m))
and G’% d(m) must be equal because they satisfy (i) and (ii) when n, m, and G are replaced by

= .d(m), d(m), and G%.d(m), respectively (G%.d(m) meets precisely d(m) irreducible components of

every degenerate geometric fiber of E' due to Proposition 4.2.9 (c)).

Step 2. The claim of (iii). We may assume that T' = S and may work fpqc locally on S, so we
fix g, ¢’, and g over S. In order to find a desired fpqc local §’, we work Zariski locally on S and
use limit arguments together with Lemma 5.4 (¢) to reduce to the case when S = Spec R for some
Noetherian R. Then we pass to an fpqc cover to assume that R is complete and separated with
respect to the ideal I that cuts out S®7 (equivalently, with respect to the ideal that cuts out G’
see Corollary 3.2.5).

By Proposition 3.2.7 (a), E[n] (resp., E®™[n]) has the largest finite locally free S-subgroup A, ,
(resp., A;Lm) that meets precisely m irreducible components of every degenerate geometric fiber of
E (resp., E'), s0 G © Ay, and G’ < Aj, . Moreover, Proposition 3.2.7 (a) supplies extensions

0— B, — Ay —Cp, —— 0

0*>Bn—>A’n’m*>Cm*>0

of S-group schemes, where the identification of B, is via ¢ and the identification of C,, is via

Lemma 5.4 (b) (applied over R/I7 for every j > 1 to the contractions of Eg/1; and E}%/IJ' with

respect to the m-torsion). As may be checked on degenerate geometric fibers, the generators g € G(.5)
and ¢’ € G'(S) project to the same section of Cy, that gives an isomorphism C,,, ~ Z/mZ.

The homomorphism G — C, is finite locally free and, by Proposition 4.2.10 (a), its kernel is the
standard cyclic subgroup G» < G of order 7=. By replacing g and ¢’ by u- g and u - ¢’ for a suitable

u € (Z/nZ)*(S), we reduce to the case when ¢g and g have the same image in Cy,. Then g —ge Gn,

n

so & .g= 2.3 which means that we may choose §' to be ¢'.

For the rest of the proof, we focus on the remaining claim about the existence and uniqueness of G’.
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Step 3. Reduction to the case when n is a prime power. The group G, as well as any candidate G’,
decomposes as a product of its p-primary parts for various primes p dividing n. By [KM85, 1.7.2],
cyclicity of G or of G’ is equivalent to the cyclicity of the primary factors, and the datum of a
generator of G or of G’ corresponds to the datum of a generator of each primary factor. Therefore,
for the existence and the uniqueness of the sought G’ we may assume that n is a prime power.

For the rest of the proof, we assume that n = p” and m = p® for some prime p and 7, s € Z>y.

Step 4. The case s = 0. For the existence, ¢(G) fulfills the requirements (i)—(ii). The uniqueness
reduces to the case of an Artinian local S and then follows from Proposition 3.2.7 (a).

For the rest of the proof, we assume that s > 1, so that > # n.

Step 5. Uniqueness of G'. Due to the claim concerning (iii) (i.e., due to Step 2), we may assume
that the two candidates G, G4 < E'™ have generators gj and g} that meet the same irreducible
components of the geometric fibers of £’ and satisfy - gf = I . g5. Furthermore, we may assume
that the base S is Noetherian, then local, then complete, and finally Artinian, and that E’ is
nonsmooth over S. Then, since gi — g5 € (E*™)"(S) and 2 - gf = 2 - g, we have

gh=gy+h  forsome he (E"™)°[Z](S9).

m

By Lemma 2.1.11 and Proposition 4.2.10 (a), the S-group (E"™)°[Z] is the standard cyclic subgroup
of G| of order X, so Proposition 4.2.9 (f) ensures that gi + h generates G, which means that
G| = Gj,.

Step 6. Eristence of G'. Due to the uniqueness of G’, for its existence we may work fpqc locally on
S, so we fix a generator g of G. Moreover, as in Step 2 we reduce to the case when S = Spec R for a
Noetherian R that is complete and separated with respect to the ideal I < R that cuts out S®7
and use Proposition 3.2.7 (a) to obtain the diagram of extensions displayed in Step 2.

s
S0 Ebm[d(’fn)] c Al

under the multiplication by % map of E’®™ is a finite locally free S-subgroup of A’n - d(m) d(m)

By Proposition 3.2.7 (a), E™[m] c A]

nmo too, and hence the image of A7, ,,

n,m?

of order (£ -d(m)) - d(m). This image therefore equals A’%_d(m)’d(m), so, since L(d(m) . g) lies in

m

Al d(m).d(m)’ after replacing S by a finite locally free cover we may choose a ¢’ € Anjm(S ) with

_m _

a9 = amy 9)-
Since E’Sm[%] is an extension of (Cp,)[ g7y m)]
of S we may adjust ¢’ by a lift to (E/Sm[ )])(

arrange that g and ¢’ have the same 1mage in Cp, and hence meet the same irreducible components
of the geometric fibers of E and FE’.

y (B )[%] after a further finite locally free cover
) of the difference of the images of g and ¢’ in C), to

By Proposition 4.2.5 (d), ¢’ generates a cyclic S-subgroup G’ < E"™ of order n. Since d | 2 the
group G’ satisfies (ii). Thus, to complete Step 6, and hence also the proof of Lemma 5. 7 1t sufﬁces
to show that

L(Gsfsoc,ﬂ') = Gfg,soo,'/r’ .

We have G < Ay m and G' < A], ,,, with g and ¢’ projecting to the same section of Cy,,. Moreover, by
Proposition 3.2.7 (b) and the diagram displayed in Step 2, both ¢((Aynm)g_gw.~) and (An m)g_goon
of the unique (S — $®™)-subgroup of (E"™[n]/Bpn)g_ g of

are the preimages in Eiq, goo,n! [n]

order m, so
. . / 00771—’
¢ identifies A, and A, ., over § — 577,
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We claim that under this identification via ¢, the image of gg_gw.~ in A, /By agrees with the
image of g . in Al /Bn. Since A; /By is finite étale, it suffices to check the claimed

agreement on the geometric fibers at the points in S — 5% 5o the technique used in the proof of
Proposition 3.2.7 (b) reduces the proof of the claimed agreement to the case when R is a discrete
valuation ring and E and E’ have smooth generic fibers but nonsmooth closed fibers. In this case,
by Proposition 3.1.8 (b), + extends to a unique isomorphism E ~ FE’, which then must induce the
identification of the groups C,, for E and E’. Thus, in this case the claimed agreement follows from
the agreement of the images of g and ¢’ in C,,.

Returning to the proof of ((Gg_gwo.r) = G’S_SOM,,
Jg gwm — Ugs—s=) lies in By. Moreover, since Tmy | 7+, the construction of ¢’ ensures that

via the above reasoning, we conclude that

B Gy o = - 1(gs—gm).
Therefore, there is an h € ((B,)[2~])(S — 5" such that
g’S_S(D,‘n'/ = L(QS—SOCv’T) + h

By the uniqueness aspect of the first assertion of Proposition 3.2.7 (a) and by Proposition 4.2.9 (¢),
(Bn)[;%] is the standard cyclic subgroup of G of order [, so t(gs—s=.~) + h generates t(Gg_go.n)

by Proposition 4.2.9 (f). The sought equality ¢(Gg_gw.r) = Gg_sqm, follows. O

We are ready for the definition of a I'g(n)-structure on a generalized elliptic curve.

5.9. T'g(n)-structures. For a generalized elliptic curve E 58, a To(n)-structure on E is a tuple
<G7 {Sﬂ,(m)}m\nv {g(m)}m|n>
consisting of the following data.
(1) A cyclic (S — S®7)-subgroup G < Eg_gx.~ of order n (in the sense of Definition 4.2.6).

(2) For each positive divisor m of n, an open subscheme Sy (,,,) © S such that

(21) S = Um Sﬂ',(m);
(2.2) if m #m/, then S; ) N Sy )y = S — SO

_m
ged(m,7-)”

m

(2.3) the degenerate geometric fibers of Eg_ = are d(m)-gons, where d(m) =

(3) For each positive divisor m of n, in the notation of §5.3, an ample cyclic (Sq,(m) =T )Wm)-
subgroup
Gim) < Exm)
of order n such that

(3.1) on the elliptic curve locus,
(G(m))s—527 = L (m) (G);
(3.2) the cyclic subgroup G, is coherent in the sense of §5.5.

Remarks.

5.9.1. If E — S is smooth, then the data (2)—(3) are uniquely determined by (1) and a I'g(n)-
structure on E is nothing else than a cyclic S-subgroup of order n.

5.9.2. If n is invertible on S, then, by Lemma 5.6, the requirement (3.2) is superfluous.
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5.9.3.

5.9.4.

If n is squarefree, then d(m) = m for every m, so that S, is the open subscheme of S
obtained by removing all the S©™™ with m’ # m, the “decontraction” Ery(m) 18 Es. m itself,
and a ['g(n)-structure on E is nothing else than an ample cyclic S-subgroup of E™ order n.

In general, the datum {Sw,(m)}mln of (2) is equivalent to a subdivision
SPT = Uin S (m>

subject to the requirement that Sf(m) c §%mdm) for every m. In this notation,
Sﬂ',(m) == S - (Um’;ﬁm Sﬂ',(m/)) .

The subgroup §,,) determines an ample cyclic S (,)-subgroup
Gim) © E%r;(m)

n

of order ;+ - d(m) such that (Gp))s—s=~ is a standard cyclic subgroup of G. To build
G (m), we choose an fppf cover S” of Sy () for which there is an object (E' — S,/) of

Sr.(m) X g Elly,, let G' < E™™ be the pullback of G(m)» and use Proposition 4.2.9 (c¢) to
set

(Gmy)s = (1) H(C'nqmy)-

Lemma 5.7 (iv) shows the agreement of the two pullbacks of (G(,)s to S’ xg_ ., S, and
hence also the effectivity of descent to the sought G,y over Sy (,), as well as the independence
of the resulting G|,y on the choice of S" and (E', ().

By construction and Lemma 5.7 (iv), t7 () (G(my) is a standard cyclic subgroup of G,,).

The principal reason why the stack Zy(n) that we are about to introduce is practical to work with
even when n is not squarefree is Lemma 5.12 (a) below.

5.10. The stack Zp(n). In order to construct this Z-stack, we begin by letting S be a variable
scheme and by defining the categories Z¢(n)(S5).

The objects of Zp(n)(S) are the tuples

(E 5 S, G, {Sﬂ,(m)}m\nv {g(m)}m|n)

consisting of a generalized elliptic curve £ > S and a I'g(n)-structure on E.

In Zo(n)(S), a morphism

(El = S, G1, {Swl,(m)}v {g(m),l}) - (E2 o S, Ga, {Sﬂ'z,(m)}a {g(m),Q})

between two tuples such that Sy, () = Sr, (m) for every positive divisor m of n consists of

(I) an S-isomorphism ig: By —> E of generalized elliptic curves such that

(ig)s—s=m (G1) = Ga;
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(IT) for each positive divisor m of n, an isomorphisms (., of stacks over S, () = Sr, (m) and an
isomorphism &) of generalized elliptic curves that fit into the commutative diagram

~

g7r1 ,(m) g7r2,(m)

"

S7T1,(m) de(m) mm *)i(;) Sﬂz,(m) de(m) Wm

and such that ¢g, ) induces the isomorphism (ir)g z7r,, between the contractions of

m1.(m) X €l g,

Ery (m) and Er, () with respect to 17 [d(m)] and Entom) [d(m)], respectively, and satisfies

2,

i€ (Gm),1) = G(m),2-

There are no morphisms between tuples for which Sy, () # Sr,, (m) for some m.
In concrete terms, the datum (i(,),ig,,) of (II) amounts to
(IT') an Sy, (m)-isomorphism
Z(m) Sm,(m) de“ﬂ) Effm —> Swz,(m) de<m) gfgm
together with: for every object (E} — S’,47) of Sr () X E Wl gy Ell,y, with I(m)-1mage
(EY — S, 1)), a generalized elliptic curve isomorphism
ig gy B — B

that is compatible with (ig)s (via ¢} and t3), brings the pullback of G,) 1 to the pullback of

G(m),2> and whose formation commutes with isomorphisms and base change of pairs (Ef, ).
A compatible with ig pair of isomorphisms (i), is,,, ) always exists (send (E1, ¢1) to (E1, L’lo(iE)g,l))
and, thanks to U€(,)» 18 unique up to a unique isomorphism. However, this unique (i(m), ig(m)) may not
automatically respect G,,) 1 and G(,,,) 2. In practice, the uniqueness up to a unique isomorphism means

that the lack of canonicity in the choice of (i(m)7i8<m>) does not matter and that the construction of
Zo(n) stays in the realm of 2-categories.

The existence of a unique (i(m),ig(m)) compatible with ig ensures that
o Zo(n)(9) is a groupoid; and

e the base change functor Z¢(n)(S) — Zo(n)(S’) along variable scheme morphisms S — S
turns Zo(n) into a Z-stack for the fppf topology (see [SP, 026F] for stack axioms).

We let
Zo(n)* < Zop(n) and P (n) < Zo(n)

be the closed substack cut out by the degeneracy loci S*™ and its open complement (the elliptic
curve locus), respectively. By Remark 5.9.1, there is an identification

%(n) — %(n)naive.
By Remark 5.9.3, if n is squarefree, then 25(n) is identified with 2Zg(n)"aive,

For a positive divisor m of n, we let

Z0(n)m) = Zo(n)
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be the open substack cut out by the subschemes Sy ,,). For every tuple classified by %(n)(m), the
degenerate geometric fibers of E are d(m)-gons.

5.11. The contraction 2((n)"*V¢ — 24(n). Let E ™ S be a generalized elliptic curve equipped
with a naive I'g(n)-structure, i.e., with an ample cyclic S-subgroup G < E™ of order n. To build

a I'o(n)-structure on a generalized elliptic curve E % S out of (E,G), we first construct E by
letting Sk (m), for a positive divisor m of n, be the largest open subscheme of S over which the

degenerate geometric fibers of E are m-gons and by letting E be the gluing of the contractions
CEsm [d(m)] (ES%’(M)) along Eg_gox. We endow Eg_gw s with the cyclic subgroup Gg_gwx.~ of order
n. This produces the data (1) and (2), so it remains to explain how to get (3).

For a fixed positive divisor m of n, each S (,)-scheme S’, and each generalized elliptic curve £/ — S’
whose degenerate geometric fibers are m-gons and that is equipped with an S’-isomorphism
V't Egr = cgom[q(m)](Esr) — cgrmpam)] (E),

we endow E’ with the unique cyclic S’-subgroup G’ of order n supplied by Lemma 5.7. Due to the
uniqueness, the formation of G’ commutes with base change and with isomorphisms of pairs (E’, (/).
In other words, the subgroups G’ give rise to a cyclic subgroup Gim) < Esn(lm) of order n, which

agrees with G on the elliptic curve locus due to Lemma 5.7 (i), is ample due to Lemma 5.7 (ii), and
is coherent due to Lemma 5.7 (iii). This gives the sought datum (3).

The construction of £ and of its I'g(n)-structure respects isomorphisms and base change of pairs
(E,G), so we obtain the sought contraction morphism

%(n)naive N %(n),
which for each positive divisor m of n restricts to a morphism
Zo(n)EN = Zo() .

The following lemma together with Lemma 5.7 is the driving force of our analysis of Zp(n).
Lemma 5.12. Let m be a positive divisor of n.
(a) The square

D a—r7

20(n) (m) — Elg(m)
is Cartesian.
(b) The map Zo(n)(m) — Wd(m) 1s representable by schemes, of finite presentation, separated,
quasi-finite, and flat; moreover, it is étale over Z[%]
Proof.

(a) For a generalized elliptic curve E 7> S, part of the data of a T'g(n)-structure a on E with

Sy (m)y =S is the datum of a naive I'g(n)-structure G’ on E' for every (E' , S, ') classified
by Sz (m) Xl gy &0l,,. The assignment of this naive I'g(n)-structure gives the morphism

%(n)(m) deWL) mm — %(n)?ﬁ;a
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which, by construction of the contraction %(n)?%’e — Z0(n)(m) in §5.11, is a left inverse to

the induced morphism

%(n)?ﬁ;s’e N %(n)(m) de(m> Wm

To prove that it is also a right inverse, we need to argue that « agrees with the I'g(n)-structure
on E determined as in §5.11 by the naive T'g(n)-structure G’ on E’. For this, the key point
is the coherence requirement (3.2) on the G,,) that is part of a: thanks to it and to the

uniqueness aspect of Lemma 5.7, for every (E” = S, /") classified by Sr.(m) X g Ellyy,,

the naive I'y(n)-structure G” on E” that is part of « is also the one determined by G’ through
Lemma 5.7, and likewise over any S-scheme S’

(b) We prove the asserted properties with the representability by schemes requirement replaced
by representability by algebraic spaces—due to Lemma 3.2.3, this loses no generality.

By Proposition 4.2.15 (a) (applied with m = 1 there), Zy(n)Y® — £0f,, enjoys all the

(m)
properties in question. Moreover, these properties are fppf local on the target (for the repre-
sentability by algebraic spaces, see [SP, 04SK] or [LMBO00, 10.4.2]) and, by Theorem 3.2.4 (a),
Elly — Ellyy is surjective, flat, and of finite presentation. With the help of (a), we

therefore conclude that %(n)(m) — md(m) inherits the properties in question. ([l

We are ready for the sought identification Zo(n) = £,y and for the regularity of 2 (-
Theorem 5.13.

(a) The stack Zo(n) is Deligne-Mumford and regular. The map Zy(n) — 2 (1) that forgets the
To(n)-structure and contracts with respect to the identity section induces the identification

Zo(n) = Zrym);
more precisely, Zo(n) and Zr,) are the normalizations of 2°(1) in Zh(n)z1y = %o(n)[%]'

1
(b) The substack Zp(n)® < Zo(n) is a reduced relative effective Cartier divisor over SpecZ that

meets every irreducible component of every geometric fiber of Zy(n) — SpecZ and is smooth
over Z[1].

Proof.

(a) We will use the axiomatic Theorem 4.5.1. To apply its part (a), and hence to prove the
algebraicity of Zp(n) and the quasi-compactness and separatedness of A Z(n)/Z, W€ use
the open cover Zy(n) = Um‘n Z0(n)(m) and appeal to Lemma 5.12 (b). To then apply
Theorem 4.5.1 (b), and hence to prove the regularity of Zy(n), we let 2" (n) — Zy(n) be the
composition of the contractions

%(n) N %(n)naive and <%fo(n)naive N %(n)

of §5.1 and §5.11 and note that this composition is proper, flat, and surjective due to
§5.1, Lemma 5.12 (a), and Theorem 3.2.4 (a). Finally, in order to prove that Zy(n) is
Deligne-Mumford and Zy(n) = 21 (n), by Theorem 4.5.1 (¢), we need to prove that the map

Zo(n) — 2 (1)
is representable by algebraic spaces and that its base change to % (1)2[ 1 is identified with

Doomlz] = Y (g1,
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Since #%(n) = %(n) Ve, the latter identification results from the fact that the image of
I'o(n) in GLy(Z/nZ) is the stabilizer of the subgroup Z/nZ x {0} in (Z/nZ)? (compare with
the proof of Theorem 4.4.4 (¢)).

Due to Lemma 3.2.2 (b), the representability of Zy(n) — 2 (1) will follow once we prove that,
for every Artinian local algebra A over an algebraically closed field k and every ¢ € 2o(n)(k),
no nonidentity automorphism of |4 maps to an identity automorphism in 2°(1)(A). More
concretely, by Lemma 2.1.6, we need to prove that for every positive divisor d of n and every
prime divisor p of d, there is no I'g(n)-structure o on the standard d-gon E over k such that
some nonidentity automorphism ¢ € p1,,(A) < Aut(E)(A) fixes the pullback a4 of a to A. For
the sake of contradiction, we fix such « and 1.

We let m be such that o has Sy () # &, so, in particular, d(m) = d. We let ( t) be the
standard m-gon over k equipped with the canonical isomorphism ¢t: E — ¢ Ebm[ ]( ) Up to
unique isomorphism, the pair of isomorphisms (i(,,), € )) that extends ¢ as in §5.10 sends
(EA, L4) to (EA, ta0i~1), so the ample cyclic A—subgroups Gc EA and G’ = Esm of order
n that are the pullbacks of G,y corresponding to (EA, t4) and (EA, 14 0i~1) must be equal:

G=3aG inside EA.

We replace A by an Artinian local fppf cover to assume that the automorphism ¢4 0o Lzl of
C s ] (E4) is the contraction of an automorphism
A

1€ pm(A)  Aut(E)(A).
Then 7 gives an isomorphism (EA, taoi ) = (E’A, L4), so must satisfy
(G =G, e, 1(G)=03G.
The latter equality means that i also lies in G' A (E’Zm)o = (nz)a, that is,
1€ flged(m, 2)(A).

However, figed(m,n) actb trivially on C e [l ()] (E) by the definition of d(m) (see §5.2), which

means that 14 0i0¢3 A = id and contradicts the assumption that ¢ # id.

By the proof of (a), 2 (n) - Zp(n) is surjective, so the claim about the geometric fibers
follows from the corresponding claim for 2 (n)* < 2 (n) proved in Proposition 4.3.2 (b).

For the rest, we may work on Zy(n) () and may focus on the corresponding claims for
20(n)E = Zo(m)my 0 Zo(n)”,
so it suffices to observe that ,%”o(n)‘(fn) is the preimage of W?m) under the map
20(n) (m) = Ey(m),
to apply Theorem 3.1.6 (¢)—(d) and Lemma 5.12 (b), and to use the (Ro)+(S1) criterion for

reducedness. O
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6. IMPLICATIONS FOR COARSE MODULI SPACES

The main goal of this chapter is to take advantage of the moduli interpretation of Z((n) presented in
Chapter 5 to prove that the coarse moduli space Xy(n) is regular at the cusps (and, in fact, regular
on a large open subscheme, see Theorem 6.7). This regularity is not new: [Edi90, §1.2] uses the
results of Katz and Mazur to verify via an explicit computation that the completion of Xy(n) along
the cusps is regular (such regularity is also a special case of an earlier assertion of Gross and Zagier,
see |GZ86, Prop. II1.1.4]). In contrast, the proof given below rests on Theorem 5.13 (a), but requires
no computation of completions.

We also exploit Lemma 3.3.1 to obtain a base change result for coarse moduli spaces X of arbitrary
congruence level H (see Proposition 6.4). To prepare for it, we review general properties of Xp.

6.1. The coarse moduli space of 2. For an open subgroup H < GLg(z), the finite type
Deligne-Mumford Z-stack 27 of §4.1.2 is separated, so it has a coarse moduli space Xp (by
[KMO97, 1.3 (1)], for instance). We let

YH e XH
be the open that is the coarse moduli space of the “elliptic curve locus”

@H (e %H
We write X (n), Yo(n), etc. for Xp(,y, Yry(m), ete.

Since X (1) = PL (see Proposition 3.3.2) and Xy inherits Z-properness from 2 (see [Ryd13, 6.12]),
the induced map

Xg— X(1)
is finite, so X is a projective Z-scheme. Moreover, Xy inherits normality from 27 (see [AV02, 2.2.3]
and compare with the proof of Lemma 3.3.1), so Xy — X (1) is even locally free of constant rank by
[EGA 1Vy, 6.1.5]. In particular, X is flat and of relative dimension 1 over SpecZ at every point.

Due to Lemma 4.1.3 (and the sentence preceding it), 27 = Xy whenever H is small enough. The
analysis of the case of arbitrary H is facilitated by the following lemma:

Lemma 6.2 ([DR73, IV.3.10 (iii)]). For an open subgroup H < GLQ(Z) and ann > 1, if

I'(n)c H and  H :=Im(H — GL2(Z/nZ)),
then Xy is identified with the categorical quotient X (n)/H. O

The coarse moduli spaces Yy and X g have been studied extensively in [KM85], albeit with somewhat
different terminology, notation, and setup. In order to put the results below in the context of the
work of [KM85], we explicate the relationship between the terminology of op. cit. and that of the
approach based on the systematic use of the theory of algebraic stacks.

~

Proposition 6.3. Let H < GLa(Z) be an open subgroup, let n € Zz1 be such that I'(n) € H, and
let H be the image of H in GLo(Z/nZ).

(a) The “quotient moduli problem” [T'(n)]/H in the sense of [KMS85, §7.1] is identified with ;.

(b) The “coarse moduli scheme” M([T'(n)]/H) in the sense of [KM85, §8.1] is identified with Y.

(c) The “compactified coarse moduli scheme” M([T'(n)]/H) in the sense of [KM85, §8.6] is identified
with XH

Proof.
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(a) In the case H = I'(n), the identification [I'(n)] = #(n) over £¢ amounts to the definitions
given in [KMS85, §5.1 and §3.1] and §4.3.1, so the identification [I'(n)] = %, is part of
Theorem 4.3.5. Therefore, in general, the desired identification over Spec Z[%] results by

[KMS85, 7.1.3 (2)], and hence also over all of SpecZ by [KMS85, 7.1.3 (5)—(6)].

(b) If %4 is representable, then the claim follows from (a) and the definition of [KM8&5, 8.1.1].
Therefore, in general, the claim follows from Lemma 6.2.

(c) Since M([I'(n)]/H) is defined as the normalization of P} = X (1) in M([I'(n)]/H), due to (b)
it suffices to observe that Xy is the normalization of X (1) in Yj. O

Before turning to the case H = I'g(n), we record the following general result that holds for every H.
Its part (a) has been proved in [DR73, VI.6.7| by a different method, and the proof given below is in
essence due to Katz and Mazur. Its part (b) complements [KKMS85, 8.5.3].

~

Proposition 6.4. Let H < GLo(Z) be an open subgroup, and let n € Z=1 be such that I'(n) < H.
(a) The coarse moduli space (Xp)yr1y of (Zh)g1y is Z[1]-smooth.

(b) For any Z[m]—scheme S, the canonical map from the coarse moduli space of (Z)s to

(XH)s is an isomorphism.

Proof. Let H denote the image of H in GLg(Z/nZ).

(a) The coarse moduli space X (n?) may be covered by GLg(Z/n?Z)-invariant open subschemes
that are affine over Z and are preimages of Z-affine open subschemes of X (1), so Lemma 6.2
and [KM85, Theorem on p. 508 in the section “Notes on Chapters 8 and 10”| reduce the proof
to the case when H = I'(n?). For this H, the n = 1 case is clear and if n > 2, then the
geometric points of %(nQ)Z[;] have no nontrivial automorphisms by [KM85, 2.7.2 (1)| and

Lemma 2.1.6. Thus, if n > 2,nthen Lemma 3.2.2 (a) ensures that
X(TLQ)Z[%] = %(RQ)Z[%]
and [DR73, IV.2.5] provides the sought Z[1]-smoothness of X(nZ)Z[;].

n

(b) We work locally on Z[m], so we assume that S is either a Z[#]-scheme or a Z[1]-scheme.

Since g — £ (1) is representable, the automorphism group of every geometric point of 2
is of order dividing 24. Therefore, by [Ols06, 2.12], étale locally on its coarse moduli space,
Z7r is the quotient of an affine scheme Spec A by an action of a finite group G whose order
divides 24. Thus, the case when S is a Z[%]—scheme follows from the fact that the formation
of the ring of invariants A® commutes with arbitrary base change if #G is invertible in A.
1
n

with 2" = (Z#) 1) reduces the proof to the case when S = SpecF), with p { n. We therefore

1
n

For the remainder of the proof we assume that S is a Z[-]-scheme, so applying Lemma 3.3.1

let X’ be the coarse moduli space of (2 )r, and seek to prove that the finite map

f: X/ — (XH)]Fp
is an isomorphism. The source and the target curves of f are F,-smooth (equivalently,
normal): the target due to (a) and the source due to the Fj-smoothness of (27 )r, ensured
by [DR73, IV.6.7]. Therefore, f is locally free by [EGA Vs, 6.1.5]. To conclude that its rank
is 1, it suffices to exhibit a fiberwise dense open substack % < #4[-] whose coarse moduli

1
n
space is of formation compatible with base change to [F),.
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We choose % to be the preimage of the complement of j = 0 and j = 1728 in A% let

(51

& — % denote the universal elliptic curve, and let
F := H\Isom(E[n], (Z/nZ)?)

be the finite étale % -stack of level H structures on £ (compare with §4.1.2). The universal
level H-structure is a section a of ¥ — %, as is [—1]}(«). Since F — % is finite étale, the
substack ¥ < % over which o = [-1]#(a) is both open and closed. By [Del75, 5.3 (III)],
the automorphism stack of £ is the constant {+1}4, so the open complement Z\¥ is its
own coarse moduli space, whereas the coarse moduli space of ¥ is the rigidification ¥ J{£1}
(in the notation of [AOV08, Appendix]|). Since the formation of ¥/ /{£1} commutes with
arbitrary base change, so does the formation of the coarse moduli space of % . O

Remarks.

6.5. For a version of Proposition 6.4 (a) in residue characteristics dividing n and suitable H, see
[KM85, 10.10.3 (5)].

6.6. In Proposition 6.4 (b), for some subgroups H one cannot remove the requirement that
ged(6,n) be invertible on S. For instance, by [Ces17, Thm. 3.2|, the canonical map from the
coarse moduli space of (2T, 4))F, to (X, (4))r, is not an isomorphism.

We are ready for the promised regularity of Xg(n) at the cusps. Similar techniques may be used to
prove analogous regularity results for X (n) or Xi(n) (or even for Xi(n;n’), Xi(n;n’), or Xo(n;n')
with n and n’ as in Theorem 4.6.6), but we do not explicate them because in many cases X (n) = 2 (n)
and X (n) = Z1(n) (see Proposition 4.3.6 and Lemma 4.1.3), and in these cases the entire X (n) or
X1(n) is regular by Theorem 4.3.5 or Theorem 4.4.4 (a).

Theorem 6.7. For an n € Zx1, the open subscheme U < Xy(n) obtained by removing the closed
points corresponding to j = 0 or j = 1728 in residue characteristics dividing n is reqular.

Proof. The regularity of Xo(n)Z[ 1 follows from Proposition 6.4 (a), so it suffices to prove the
regularity of the coarse moduli space of the preimage

U < Zop(n)
of the open subscheme of IP)% obtained by removing the sections j = 0 and j = 1728.

Due to the moduli interpretation of Zy(n) given in §5.10 and Theorem 5.13 (a), the constant group
{£1}4 is a subgroup of the automorphism group of the universal object of %7. In fact, due to
[Del75, 5.3 (IIT)] and the representability of Z — 27(1), this automorphism group equals {+1}4 .
Therefore, the coarse moduli space of % is the rigidification % /J{+1}. By [AOV08, A.1], the map

U — U [J{£1}
is étale, and, by Theorem 5.13 (a), the stack % is regular, so % /J{+1} is also regular, as desired. [

Remark 6.8. One may use the structure of the fibers Xo(n)r, with p | n to sharpen Theorem 6.7.
For instance, if n is squarefree, then, due to Proposition 6.4 and [KM85, 13.5.6 and Thm. on p. 508],
in Theorem 6.7 one may require that the removed points are in addition supersingular (and likewise
for general n and those removed points that lie on the reduced components of Xo(n)r,). For a more
thorough analysis of the coarse space Xo(n), see [Edi90].

We end by proving that 2¢(n)**"e yields the same coarse moduli space Xo(n), and hence suffices
for many purposes (however, the proof of Theorem 6.7 does rely on the finer Zp(n) through the
representability of Zp(n) — Zo(1)).
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Proposition 6.9. For every n € Z=1, the contraction morphism

%(n)naive N %(n>

defined in §5.11 induces an isomorphism on coarse moduli spaces.

Proof. The coarse moduli space Xo(n)" of 2p(n)"¥V® exists due to the finiteness of the diagonal of
Zo(n)"ave supplied by Theorem 4.6.4 (a) (see [Ryd13, 6.12]). As in §6.1, the map

Xo(n)' — P},

is finite, so, since % (n)"dVe = % (n), it suffices to prove that Xo(n)’ is normal.

For the normality, we work Zariski locally on Xy(n)" and note that each open substack

Y — 9//0<n)naive

that has an affine coarse moduli space Spec A satisfies A = I'(%, Oy ) by the universal property for
maps to A%. To then see that I'(%, Oy ) is integrally closed in its total ring of fractions it suffices
to use the normality of % supplied by Theorem 4.6.4 (a) and the fact that generizations lift along
smooth morphisms from algebraic spaces to % (see [LMBO00, 5.7.1]). O

Remark 6.10. The same proof shows that, in the notation of section 4.6, for every n,n’ € Z=1 the
coarse moduli spaces of Z7(n;n) and Zo(n;n’) agree with those of 21, () and 21 (nnsy-

[ACVO03]

[AM69]
[Aok06]
[AokOGe]

[AOVO08]

[Art69]
[AV02]

[BLR9O)

[BouAC|
[Ces17]
[Con05]
[Con07]
[Con14]

[Del75]

REFERENCES

Dan Abramovich, Alessio Corti, and Angelo Vistoli, Twisted bundles and admissible covers, Comm.
Algebra 31 (2003), no. 8, 3547-3618, DOI 10.1081/AGB-120022434. Special issue in honor of Steven L.
Kleiman. MR2007376
M. F. Atiyah and I. G. Macdonald, Introduction to commutative algebra, Addison-Wesley Publishing
Co., Reading, Mass.-London-Don Mills, Ont., 1969. MR0242802 (39 #4129)
Masao Aoki, Hom stacks, Manuscripta Math. 119 (2006), no. 1, 37-56, DOI 10.1007/s00229-005-0602-1.
MR2194377 (2007a:14003)
, Erratum: “Hom stacks” [Manuscripta Math. 119 (2006), no. 1, 37-56; MR2194877], Manuscripta
Math. 121 (2006), no. 1, 135, DOI 10.1007/s00229-006-0029-3. MR2258535 (2007d:14002)
Dan Abramovich, Martin Olsson, and Angelo Vistoli, Tame stacks in positive characteristic, Ann.
Inst. Fourier (Grenoble) 58 (2008), no. 4, 1057-1091 (English, with English and French summaries).
MR2427954 (2009¢:14002)
M. Artin, Algebraization of formal moduli. I, Global Analysis (Papers in Honor of K. Kodaira), Univ.
Tokyo Press, Tokyo, 1969, pp. 21-71. MR0260746 (41 #5369)
Dan Abramovich and Angelo Vistoli, Compactifying the space of stable maps, J. Amer. Math. Soc. 15
(2002), no. 1, 27-75 (electronic), DOI 10.1090,/S0894-0347-01-00380-0. MR1862797 (2002i:14030)
Siegfried Bosch, Werner Liitkebohmert, and Michel Raynaud, Néron models, Ergebnisse der Mathematik
und ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)], vol. 21, Springer-Verlag,
Berlin, 1990. MR1045822 (91i:14034)
Nicolas Bourbaki, Eléments de mathématique. Algébre commutative, chap. I-VII, Hermann (1961, 1964,
1965); chap. VIII-X, Springer (2006, 2007) (French).
Kestutis Cesnavicius, Coarse base change fails for some modular curves, Algebr. Geom. 4 (2017), no. 4,
444-451.
Brian Conrad, The Keel-Mori theorem via stacks, preprint (2005). Available at http://math.stanford.
edu/~conrad/papers/coarsespace.pdf.
, Arithmetic moduli of generalized elliptic curves, J. Inst. Math. Jussieu 6 (2007), no. 2, 209-278,
DOI 10.1017/S1474748006000089. MR2311664 (2008¢:11073)
, Reductive group schemes, Autour des schémas en groupes. Vol. I, Panor. Synthéses, vol. 42/43,
Soc. Math. France, Paris, 2014, pp. 93-444 (English, with English and French summaries). MR3362641
P. Deligne, Courbes elliptiques: formulaire d’aprés J. Tate, Modular functions of one variable, IV (Proc.
Internat. Summer School, Univ. Antwerp, Antwerp, 1972), Springer, Berlin, 1975, pp. 53-73. Lecture
Notes in Math., Vol. 476 (French). MR0387292 (52 #8135)

65



http://math.stanford.edu/~conrad/papers/coarsespace.pdf
http://math.stanford.edu/~conrad/papers/coarsespace.pdf

[Del15]

[DR73]

[Edi90]
[Edi01]

[EGA 11|

[EGA TIT,]
[EGA IV,
[EGA IV;]
[EGA 1V,
[Fer03]
[FO10]
[GZ86]

[11105]

[KM85]
[KMO7]

[LMBOO]

[MFK94]

[01506]
[Rom05]
[Ryd13|

[SGA 31 new]

[SGA 71

[SP]

Pierre Deligne, Letter to Cesnavicius, 15" of July, 2015. Available at http://www.math.uni-bonn.de/
people/kestutis/Deligne-2015-07-15.pdf.

P. Deligne and M. Rapoport, Les schémas de modules de courbes elliptiques, Modular functions of one
variable, IT (Proc. Internat. Summer School, Univ. Antwerp, Antwerp, 1972), Springer, Berlin, 1973,
pp. 143-316. Lecture Notes in Math., Vol. 349 (French). MR0337993 (49 #2762)

Bas Edixhoven, Minimal resolution and stable reduction of Xo(IN), Ann. Inst. Fourier (Grenoble) 40
(1990), no. 1, 31-67 (English, with French summary). MR1056773 (92£:11080)

__, Modular parametrizations at primes of bad reduction (2001). An unfinished manuscript dated
September 7, 2001.

A. Grothendieck and J. Dieudonné, Eléments de géométrie algébrique. II. Etude globale élémentaire de
quelques classes de morphismes, Inst. Hautes Etudes Sci. Publ. Math. 8 (1961), 222 (French). MR0163909
(29 #1208)

___, Eléments de géométrie algébrique. III. Etude cohomologique des faisceaux cohérents. I, Inst.
Hautes Etudes Sci. Publ. Math. 11 (1961), 167. MR0217085 (36 #177c)

, Eléments de géométrie algébrique. IV. Etude locale des schémas et des morphismes de schémas.
IT, Tnst. Hautes Etudes Sci. Publ. Math. 24 (1965), 231 (French). MR0199181 (33 #7330)

___ | Eléments de géométrie algébrique. IV. Etude locale des schémas et des morphismes de schémas.
III, Tnst. Hautes Etudes Sci. Publ. Math. 28 (1966), 255. MR0217086 (36 #178)

, Eléments de géométrie algébrique. IV. Etude locale des schémas et des morphismes de schémas
IV, Inst. Hautes Etudes Sci. Publ. Math. 32 (1967), 361 (French). MR0238860 (39 #220)

Daniel Ferrand, Conducteur, descente et pincement, Bull. Soc. Math. France 131 (2003), no. 4, 553-585
(French, with English and French summaries). MR2044495 (2005a:13016)

William Fulton and Martin Olsson, The Picard group of .#4,1, Algebra Number Theory 4 (2010), no. 1,
87-104, DOI 10.2140/ant.2010.4.87. MR2592014 (2011d:14013)

Benedict H. Gross and Don B. Zagier, Heegner points and derivatives of L-series, Invent. Math. 84
(1986), no. 2, 225-320, DOI 10.1007/BF01388809. MR833192 (87j:11057)

Luc Illusie, Grothendieck’s existence theorem in formal geometry, Fundamental algebraic geometry, Math.
Surveys Monogr., vol. 123, Amer. Math. Soc., Providence, RI, 2005, pp. 179-233. With a letter (in
French) of Jean-Pierre Serre. MR2223409

Nicholas M. Katz and Barry Mazur, Arithmetic moduli of elliptic curves, Annals of Mathematics Studies,
vol. 108, Princeton University Press, Princeton, NJ, 1985. MR772569 (86i:11024)

Sean Keel and Shigefumi Mori, Quotients by groupoids, Ann. of Math. (2) 145 (1997), no. 1, 193-213,
DOI 10.2307/2951828. MR1432041 (97m:14014)

Gérard Laumon and Laurent Moret-Bailly, Champs algébriques, Ergebnisse der Mathematik und ihrer
Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results in Mathematics and Related
Areas. 3rd Series. A Series of Modern Surveys in Mathematics|, vol. 39, Springer-Verlag, Berlin, 2000
(French). MR1771927 (2001f:14006)

D. Mumford, J. Fogarty, and F. Kirwan, Geometric invariant theory, 3rd ed., Ergebnisse der Mathematik
und ihrer Grenzgebiete (2) [Results in Mathematics and Related Areas (2)], vol. 34, Springer-Verlag,
Berlin, 1994. MR1304906 (95m:14012)

Martin C. Olsson, Hom-stacks and restriction of scalars, Duke Math. J. 134 (2006), no. 1, 139-164, DOI
10.1215/S0012-7094-06-13414-2. MR2239345 (2007£:14002)

Matthieu Romagny, Group actions on stacks and applications, Michigan Math. J. 53 (2005), no. 1,
209-236, DOI 10.1307/mmj/1114021093. MR2125542

David Rydh, Ezistence and properties of geometric quotients, J. Algebraic Geom. 22 (2013), no. 4,
629-669, DOI 10.1090/S1056-3911-2013-00615-3. MR3084720

Philippe Gille and Patrick Polo (eds.), Schémas en groupes (SGA 3). Tome I. Propriétés générales des
schémas en groupes, Documents Mathématiques (Paris) [Mathematical Documents (Paris)], 7, Société
Mathématique de France, Paris, 2011 (French). Séminaire de Géométrie Algébrique du Bois Marie
1962-64. [Algebraic Geometry Seminar of Bois Marie 1962-64]; A seminar directed by M. Demazure
and A. Grothendieck with the collaboration of M. Artin, J.-E. Bertin, P. Gabriel, M. Raynaud and J-P.
Serre; Revised and annotated edition of the 1970 French original. MR2867621

Groupes de monodromie en géométrie algébrique. I, Lecture Notes in Mathematics, Vol. 288, Springer-
Verlag, Berlin, 1972 (French). Séminaire de Géométrie Algébrique du Bois-Marie 1967-1969 (SGA 7 I);
Dirigé par A. Grothendieck. Avec la collaboration de M. Raynaud et D. S. Rim. MR0354656 (50 #7134)
A. J. de Jong et al., The Stacks Project. Available at http://stacks.math.columbia.edu.

66


http://www.math.uni-bonn.de/people/kestutis/Deligne-2015-07-15.pdf
http://www.math.uni-bonn.de/people/kestutis/Deligne-2015-07-15.pdf
http://stacks.math.columbia.edu

	1. Introduction
	Acknowledgements

	2. Isogenies of generalized elliptic curves
	2.1. Homomorphisms between generalized elliptic curves1007 
	2.2. Quotients of generalized elliptic curves by finite locally free subgroups 1007 

	3. Compactifications of the stack of elliptic curves
	3.1. The compactification En obtained by allowing n-gons for a fixed n 1007 
	3.2. The tower of compactifications 1007 
	3.3. The coarse moduli space of En 1007 
	3.4. Algebraization of formal generalized elliptic curves and of their homomorphisms 1007 

	4. Modular descriptions of modular curves
	4.1. Modular curves of congruence level 1007 
	4.2. Drinfeld level structures on generalized elliptic curves via congruences 1007 
	4.3. A modular description of X(n) 1007 
	4.4. A modular description of X1(n) 1007 
	4.5. An axiomatic criterion for recognizing correctness of a modular description 1007 
	4.6. A modular description of X1(n; n') and X0(n; n') for suitable n and n' 1007 
	4.7. A modular construction of Hecke correspondences for X1(n) 1007 

	5. A modular description of X0(n)
	6. Implications for coarse moduli spaces
	References

