p-SELMER GROWTH IN EXTENSIONS OF DEGREE p

KESTUTIS CESNAVICIUS

ABSTRACT. There is a known analogy between growth questions for class groups and for Selmer
groups. If p is a prime, then the p-torsion of the ideal class group grows unboundedly in Z/pZ-
extensions of a fixed number field K, so one expects the same for the p-Selmer group of a nonzero
abelian variety over K. This Selmer group analogue is known in special cases and we prove it in
general, along with a version for arbitrary global fields.

1. INTRODUCTION

1.1. Growth of class groups and of Selmer groups. It is a classical theorem of Gauss that
the 2-torsion subgroup Pic(Op)[2] of the ideal class group of a quadratic number field L can be
arbitrarily large. Although unboundedness of # Pic(Op)[p] for an odd prime p is a seemingly
inaccessible conjecture, [BCHT 66, VII-12, Thm. 4] explains how to extend Gauss’ methods to prove
that # Pic(Opr)[p] is unbounded if L/Q ranges over the Z/pZ-extensions instead.

As explained in [éos]f)a], growth questions for ideal class groups and for Selmer groups of abelian
varieties are often analogous. It is therefore natural to hope that for a prime p and a nonzero abelian
variety A over Q, the p-Selmer group Sel, Aj, can be arbitrarily large when L/Q ranges over the
Z/pZ-extensions. Our main result confirms this expectation.

Theorem 1.2 (Theorem 5.6). Let p be a prime, K a global field, and A a nonzero abelian variety

over K. If A[p](K) # 0 (for instance, if p # char K) or if A is supersingular, then
# Sel, Ar,

is unbounded when L ranges over the Z/pZ-extensions of K.

Remarks.

1.3. In the excluded case when A[p](K) = 0 and A is not supersingular (when also char K = p
and dim A > 2), there nevertheless is an n € Z~( that depends on A such that

# Sel,n Ap,
is unbounded when L ranges over the Z/p"Z-extensions of K, see Theorem 5.6.
1.4. See Corollary 5.5 for a version of Theorem 1.2 for Selmer groups of arbitrary isogenies.

1.5. The proof of Theorem 1.2 also reproves the unbounded growth of the p-torsion subgroup of
the ideal class group in Z/pZ-extensions of K, see Corollary 5.3.
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1.6. If K is a number field, then the analogue of Theorem 1.2 for Z/nZ-extensions with 1 <n < p
seems to lie much deeper: by [Cesl5a, 4.1 (b)], this analogue would imply the conjectured
unboundedness of p-torsion of ideal class groups of Z/nZ-extensions of a finite extension of K.
If char K > 0, then [Cesl5a, 5.5] proves an analogue of this type with n = 2 and p # char K.

1.7. Previous investigations. Theorem 1.2 was known in a number of special cases:
By Matsuno [Mat09, 4.5, if K = Q and dim A = 1;
By Clark and Sharif [CS10, Thm. 3|, if p # char K and dim A = 1;

By Creutz [Crell, 1.1] (which improves Clark [Cla04, Thm. 7]), if char K = 0, Galois acts
trivially on NS(A%), and A has a principal polarization coming from a K-rational divisor;

By [(Vjcsli')a7 4.2|, if p # char K and A has Z/pZ or p, as a K-subgroup, or if A has everywhere
semiabelian reduction and Z/pZ as a K-subgroup.

Unboundedness of p-Selmer sizes has also been observed in a number of other settings—typical
variants include allowing arbitrary L/K as long as [L : K| is bounded and/or also varying A as
long as dim A is constant. For such results, see Cassels [Cas64], Bolling [Bo175], Kramer [Kra83],
Fisher [Fis01, Cor. 2|, Kloosterman and Schaefer [KS03, Thm. 2|, Kloosterman [Klo05, 1.1], Matsuno
[Mat07, 5.1], [Mat09, Thm. A, and Bartel [Barl0, 1.1 and 4.4]. For an attempt to understand
p-Selmer behavior in Z/pZ-extensions of number fields in the elliptic curve case, see Brau [Bral4].

Question 1.8. In Theorem 1.2, is #I1(AL)[p] also unbounded?

In their respective special cases of Theorem 1.2, Clark—Sharif [CS10| and Creutz |Crell| prove that
the answer is ‘yes’.

1.9. An overview of the proofs and of the paper. The proof of Theorem 1.2 is given in §5 and
is based on arithmetic duality, the key input being a general version of the Cassels—Poitou—Tate exact
sequence. In §4 we include a proof of this sequence that treats all global fields on an equal footing
and circumvents well-known difficulties in positive characteristic by exploiting topologies carried by
cohomology groups of local fields. The crucial topological input is closedness and discreteness of
the image of a certain global-to-local pullback map. The analysis of this map in §2 rests in part on
the results of [éesle] and leads to several improvements to the literature on arithmetic duality in
positive characteristic, notably to [GA09, §4] and to [Mil70]. To be able to simultaneously prove the
growth of class groups mentioned in Remark 1.5, in §3 we present a general framework for Selmer
groups that extends the framework of Selmer structures of Mazur and Rubin to arbitrary global fields
(in positive characteristic the unramified subgroups that play the decisive role in Selmer structures
tend to be too small). For an overview of the auxiliary results isolated in Appendices A and B, see
the introductions of the appendices.

1.10. Notation. The following notation is in place for the rest of the paper:
e K is a global field;
o If char K = 0, then S is the spectrum of the ring of integers of K;

e If char K > 0, then S is the proper smooth curve over a finite field such that the function
field of S is K;

e A place of K is denoted by v, the resulting completion by K, the ring of integers and the

residue field of K, by O, and F,, and the maximal ideal of O, by m,;
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e A place of a finite extension K’ of K is denoted by v'.

As usual, p1,, denotes Ker(G,,, = Gy,) and «,, denotes the Frobenius kernel of the additive group
G, over F),. For an n € Z>q and a p-divisible group (or a scheme) X over a base S of characteristic
p > 0, we let Frob,» x/g: X — X (»") denote the n-fold relative Frobenius morphism of X over S.
Further notation is recorded in the beginning of each individual section.

As mentioned in §1.9, topology carried by cohomology groups of local fields will play an important
role in treating all K at once. This topology is always taken to be the one defined in [éesle, 3.1-3.2].
To avoid cluttering the proofs with repetitive citations, in §1.11 we gather the main topological
properties that we will need. We will use these properties without explicit reference.

1.11. H"(K,,G) for a commutative finite G. Fix a place v of K, a commutative finite K,-group
scheme G, and an n € Zsg. By [Cesl15b, 3.5 (c), 3.6-3.8], H"(K,,G) is a locally compact Hausdorff
abelian topological group that is discrete if n # 1. By [Ces15b, 3.5 (b)], if G is étale (in particular,
if char K = 0), then H'(K,, Q) is also discrete. By [Ces15b, 3.10], if v 1 o0 and G is a commutative
finite flat O,-model of G, then the pullback map identifies H"(O,,, G) with a compact open subgroup
of HY(K,,G) (if n = 2, then H"(0,,G) = 0 by [Toél1, 3.4]). By [Cesl5b, 4.2], if G fits into an
exact sequence 0 > H — G — ) — 0 of commutative finite K,-group schemes, then the maps in
the resulting cohomology sequence are continuous.

1.12. Conventions. We identify the nonarchimedean v with the closed points of S. For a nonempty
open U ¢ S, writing v ¢ U signifies that v does not correspond to a closed point of U (and hence could
be archimedean). For a field F', a choice of its algebraic closure is denoted by F. Fppf cohomology is
denoted by H™; identifications with étale cohomology are implicit and use [Gro68, 11.7 1°)]; further
identifications with Galois cohomology are likewise implicit. If v is archimedean, then we implicitly
make the Tate modification: H"(K,, —) is our shorthand for H"(K,, —) (this does not affect the
H™ with n > 1). Compactness of a topological space does not entail Hausdorffness, and ‘locally
compact’ means that every point has a compact neighborhood.

Acknowledgements. I thank Julio Brau, Pete L. Clark, Brendan Creutz, Bjorn Poonen, and
Yunging Tang for helpful conversations or correspondence.

2. DISCRETENESS OF THE IMAGE OF GLOBAL COHOMOLOGY

2.1. The setup. Throughout §2, we let U be a nonempty open subscheme of S and let G be a
commutative finite flat U-group scheme. The objects of study are the pullback map

loc™(G): H"(U,G) = @ gy H"(Kv,G) forn e Zx and its kernel D™(G). (2.1.1)
We seek to show in Theorem 2.18 that Im(loc"(G)) is closed and discrete and that D™(G) is finite.

Proposition 2.2. The following square is Cartesian (with injective maps as indicated):

HY(U,G)—— HY(K,G)

J |

H’UEU Hl (OU7 g)(—> HveU Hl(Kva g)

Proof. This is a special case of [Ces16a, 4.3]. O

Proposition 2.3. The image Im (loc™(G)) is closed for every n € Zxq.
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Proof. Let H be the Cartier dual of G. By [Ces16b, 5.3], the images of loc™(G) and loc?>™"(H) are
orthogonal complements under the sum of cup product pairings

H"(K,,G) x H*"(K,,H) — H2(K,,Gp) 2% Q/Z.

By Proposition A.3 and the discreteness of H?(K,,G,,) supplied by [@08151), 3.5 (b)], these pairings
are continuous, so the claim follows. ]

Proposition 2.4. The image Im(loc™(G)) is discrete for n # 1.

Proof. Even the target of loc™(G) is discrete for n # 1. O
Lemma 2.5. Let U' < U be a nonempty open.

(a) If Im(loc* (Gy)) is discrete, then so is Im(loc'(G)).

(b) If Im(loct(Gyr)) is discrete and D (Gyr) is finite, then DY(G) is finite.

Proof. Let W be a compact neighborhood of 0 in @U¢U HY(K,,G), so
W/ = W X HUEU\U’ HI(OU,g)
is a compact neighborhood of 0 in (—BU¢U, H'(K,,G). By Proposition 2.3, the discrete Im(loc! (Gy/))

is closed in @41 HY(K,,G), so Im(loc}(Gyr)) n W' is finite. Thus, Im(loc'(G)) n W is finite, too,
W\ (Im(loc'(G)) n (W\{0})) exhibits 0 as an isolated point of Im(loc'(G)), and (a) follows.

For (b), Proposition 2.2 gives the inclusion D(Gyv) € DY(G) in HY(U’,G), whereas
[DY(G) : D'(Gu)] < # (Im(loc! (Gr)) W) =
Lemma 2.6. Let K'/K be a finite separable extension and U’ the normalization of U in K'.
(a) If Im(loc' (Gyr)) is discrete, then so is Im(loc}(G)).
(b) If DY(Gy) is finite, then so is DY(G).

Proof. Let F'/F be either K'/K or K|,/K, for places v' | v of K" and K. The kernel of the restriction
r: H'(F,G) — H'(F',0)

is finite, as one sees by using the separability to enlarge F’/F to a finite Galois extension, and then
identifying Kerr with H'(Gal(F’'/F),G(F")), which is finite by inspection.

(a) Let W' be a compact neighborhood of 0 in g HY(K!,,G). By [Cesl5b, 2.7 (viii)], the
restriction H'(K,,G) — H'(K!,,G) is continuous for each v | v, so there is a compact
neighborhood W of 0 in @41y H'(K,,G) lying in the preimage of W’. As in the proof of

Lemma 2.5, Im(loc! (Gy/)) n W is finite and it suffices to prove the finiteness of Im(loc!(G)) N
W, which follows by using in addition the finiteness of

Ker(@v(ﬂ] Hl (Kv, g) —> @,UléU/ Hl(K;/, g))

(b) The finite Ker(H'(K,G) - H'(K’,G)) contains Ker(D'(G) — DY (Gy)). O
Lemma 2.7. Suppose that G fits into an exact sequence

of commutative finite flat U-group schemes.



(a) If Tm(loc'(H)) and Im(loc'(Q)) are discrete and D*(Q) is finite, then Im(loc'(G)) is discrete.
(b) If DY(H) and D'(Q) are finite, then so is DY(G).

Proof.

(a) Let Wg be a compact neighborhood of 0 in @®,4 H'(K,,Q). By the discreteness of

Im (loc’(Q)) and Proposition 2.3,
# (Im (loc*(Q)) N Wo) < .
We combine this with the Hausdorffness of @, 4, H(K,, Q) to shrink Wg to ensure that
Im (loc'(Q)) n Wo = {0}.
We then let W5 be a compact neighborhood of 0 in the preimage of W in ®U¢U HY(K,,G).
Claim 2.7.1. The preimage Wy of Wg in @,/ H(K,,H) is a compact neighborhood of 0.

Proof. Due to continuity, Wy is a closed neighborhood of 0, so only its compactness requires
proof. Each x € Wy has a compact neighborhood

We © Dogu HY(Ky, H).
By [Ces15b, 4.4 (c) (3)], the map
C—D’U¢U Hl(K'l” H) — @’U¢U Hl(Krl” g)

is closed, and hence open onto its image. The image of Wy is a closed, and hence compact,
subspace of Wg, so it is contained in the image of the union Z of a finite number of the W,.

Since Z is compact, so is the union of its (@WEU Q(KU)>—translates. This union contains the
closed subset Wy, which is therefore compact. ]

As in the proof of Lemma 2.5, Proposition 2.3 and Claim 2.7.1 ensure the finiteness of
Im (loc’(H)) N Wy and it suffices to prove the finiteness of Im (loc1 (G)) n Wg.

Claim 2.7.2. The image I of Im(loc'(#)) in Dogvr H'(K,,G) is closed and discrete.

Proof. For the closedness, it suffices to combine Proposition 2.3 with loc. cit. For the
discreteness, it suffices to use the finiteness of I n Wy inherited from Im (loc1 (H)) nWy. O

Claim 2.7.3. If J < HY(U, G) is the preimage of D'(Q), then loc' (G)(J) is closed and discrete.

Proof. Since

[loc'(G)(J) : I] < #D'(Q) < o,
every subset of loc!(G)(.J) is a union of finitely many translates of subsets of I, and hence is
closed in @, ¢/ HY(K,,G) due to Claim 2.7.2. O

By construction,
Im (loc'(G)) n Wg = loc'(G)(J) n W,
so Claim 2.7.3 gives the finiteness.

Since

[DX(G) : DX(G) ~ Im(H(U, )] < £D*(Q),
it suffices to prove that the preimage P of D!(G) in H'(U,H) is finite. For this, we use the
inequality

[P DY(H)] < [Lop #O(KL). 0
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For use in the proof of Theorem 2.9, we recall the following well-known lemma.

Lemma 2.8. For a field F' and a commutative finite F'-group scheme G, there is a finite separable
extension F'/F such that Ggr is a successive extension of F'-group schemes that are isomorphic to
Z/mZ with m € Z=q, or to puy, with m € Z=q, or to oy with p = char F' (where ag :=0).

Proof. The claim is clear for étale GG, and hence, by passing to Cartier duals, also for G of multiplicative
type. Thus, the connected-étale sequence allows us to assume that G is connected and has a connected
Cartier dual. By [SGA 3y, XVII, 4.2.1 ii) < iv)], such a G is a successive extension of a,’s. O

Theorem 2.9. The image Im(loc!(G)) is discrete and the kernel DY(G) is finite.
Proof. Lemmas 2.6 and 2.8 reduce to the case when G is a successive extension as in Lemma 2.8.

We spread out and use Lemmas 2.5 and 2.7 to reduce further to the cases of G = Z/mZ, of G =
and of G = ), and we use these formulas to extend G to a finite flat S-group scheme G.

We set

W= @yey H(Oy,G) (with HY(0,,G) := H(K,,G) for v | o),
so W is an open neighborhood of 0 in @U¢U H'(K,,G). By Proposition 2.2, the preimage of W in
HY(U,G) is H'(S,G). Since H(S,G) is finite, so are D*(G) and Im(loc'(G)) n W. O

Remarks.

2.10. The finiteness of D'(G) proved in Theorem 2.9 improves [GA09, 4.3], which proved such
finiteness after replacing G by G for a sufficiently small nonempty open U’ < U.

2.11. For the discreteness of Im(loc!(G)) to hold, not a single v ¢ U can be omitted from the direct
sum in the target of locl(g). For instance, for a prime p, the image of

Folt, /B[t = BBt ap) — B (), 0) = Fy((0)/Fy((1))7
is dense rather than discrete.'
Question 2.12. Do the closedness and discreteness of the subset
Im(locl(g)) - @vw HY(K,,G)

continue to hold for a larger class of U-group schemes G of finite type?

We turn to preliminaries needed for Theorem 2.16.

2.13. The cohomology with compact supports sequence. We let H' denote the fppf cohomol-
ogy with compact supports that takes into account the infinite primes, as defined in [Mil06, II1.0.6 (a)].
Loc. cit. provides the promised exact sequence, which reads

= HI(U,6) H 1 (U,6) 2D @y HM(Ky, §) D HIFH(U,G) — - (2131)

and gives D™(G) = Im(z2(G)) and Im(loc™(G)) = Ker(67(G)).

2.14. Global duality. We let ‘H be the Cartier dual of G, so that [Mil06, I11.3.2 and I11.8.2] gives
a bilinear pairing

H"(U,G) x H3™(U,H) — H}(U,Gy,) - Q/Z (2.14.1)
that identifies H3~"(U,H) with the Pontryagin dual of the discrete H"(U,G).

IThe isomorphism H'(F,((t)), op) = Fp((t))/Fp((t))? is a homeomorphism by [Ces15b, 4.3 (b) and 4.5].
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Lemma 2.15. In the setup of §§2.15-2.1/, the homomorphism dual to loc™(G) identifies with
527"(H), i.e., the following diagram commutes

2.14.1 r
HNULG) % HE(UH) s HA(U,G) —— Q)2
locn(g)l 53_"(H)T 53(Gmﬁ
n —-n Z” e Z inv
(—DU¢UH (Ky,G) X (—va H?>™ (K, H) @U¢U H*(K,,G,) ——— Q/Z,
where the bottom row is the sum of Tate—Shatz local duality pairings.
Proof. We have proved this in the course of the proof of [Cesle, 5.3]. O

Theorem 2.16. The pairing (2.14.1) induces a perfect pairing of finite abelian groups
D™(G) x D3(H) — Q/Z. (2.16.1)

Proof. Lemma 2.15 proves that
Ker(loc™(G)) and Ker(z2 ™ (H))

are orthogonal under (2.14.1), so (2.16.1) exists and is nondegenerate on the left. Consequently,

#D"(G) < #D°"(H),

and, since DY(H) inherits finiteness from H°(U, H) and D'(#) is finite by Theorem 2.9, D?(G) and
D3(G) are finite, too. Swapping the roles of G and H, we learn that equalities must hold in the
inequalities above, so (2.16.1) is also nondegenerate on the right. O

Remark 2.17. The deduction of Theorem 2.16 from Theorem 2.9 is the same as that of [GA09, 4.7]
from [GA09, 4.3].

For ease of reference, we combine some of the results of §2 into the following theorem.

Theorem 2.18. For U and G as in §2.1 and every n € Z=y, the image Im(loc"(G)) is closed and
discrete in @), g H"(Ky, G) and the kernel D™(G) is finite.

Proof. The image claim is proved in Propositions 2.3 and 2.4 and Theorem 2.9. The kernel claim is
proved in Theorems 2.9 and 2.16. O

3. FINITENESS OF SELMER GROUPS

The results of §2 allow us to prove finiteness of Selmer groups without distinguishing between
the number field and the function field cases (see Theorem 3.2). The key finiteness inputs to
Theorem 3.2 are the finiteness of class groups and the Dirichlet Unit Theorem, both through the
proof of Theorem 2.9. In the case of the ¢-Selmer group for an isogeny ¢ between abelian varieties
over K, Theorem 3.2 seems to improve the literature by treating all K and ¢ simultaneously, instead
of resorting to [Mil70] that was tailored specifically to the char K | deg¢ case. The approach of
loc. cit. is close to ours: the key lemma of [Mil70] is a variant of Theorem 2.9 for Z/pZ, p,, and oy,

Throughout §3, we fix a commutative finite K-group scheme G.
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3.1. Selmer groups. Selmer conditions for G are compact subgroups
Sel(Gk,) ¢ HY(K,,G), one for each place v of K, (3.1.1)
such that there is a nonempty open U < S and a commutative finite flat U-model G of G for which
Sel(Gk,) « HY(0,,G) inside H'(K,,G) for every veU

(the choice of G plays no role: two G’s identify over a smaller U). The resulting Selmer group, Sel(G),
is the fiber product

Sel(G) < HYK,G)

| |

[1,8el(Gk,) < TI,HY(Ky,G).
(Implicitly, Sel(G) depends on the chosen Selmer conditions (3.1.1).)

Theorem 3.2. For every choice of Selmer conditions, Sel(G) is finite.

Proof. Let U and G be as in §3.1. By Proposition 2.2, imposing Selmer conditions at all v € U
leaves us with a subgroup of H*(U,G). By Theorem 2.18 and the compactness of Doev Sel(Gk,, ),
imposing the further conditions at all v ¢ U leaves us with a finite group. g

Examples.
3.3. If Sel(Gk,) = 0 for all v, then Theorem 3.2 recovers the finiteness of
IY(G) := Ker(HY(K,G) — [], HY(K., Q)),
proved in [Mil06, 1.4.9] in the number field case and in [GA09, 4.6] in the function field case.
3.4. If ¢: A — B is an isogeny of abelian varieties over K, then the subgroups
B(K,)/¢A(K,) € H'(K,, A[¢])

are compact due to the compactness of B (K,) and the continuity of the connecting map
(supplied by [Ces15b, 4.2]). These subgroups are Selmer conditions—the U-model requirement
is met due to [Ces16a, 2.5 (d)|. The resulting Selmer group is the ¢-Selmer group Sely A.

3.5. If G is a commutative finite flat S-group scheme, then Proposition 2.2 ensures that H'(S,G)
is the Selmer group that results from the Selmer conditions

HY(0,,G) c HY(K,,G) forv{ow and
HYK,,G)c H'(K,,G)  forwv| .

3.6. If char K = 0 and in Example 3.5 one chooses G = Z/mZ for m € Zx but alters the Selmer
conditions to be 0 ¢ H!(K,,G) for v | oo, then, by the theory of the Hilbert class field, the
resulting Selmer group is the Pontryagin dual of the m-torsion of the ideal class group of K.

Remark 3.7. The notion of Selmer conditions extends the notion of a Selmer structure defined
in [MRO7, 1.2] in a number field setting. The role of the U-model G is analogous to the role
of the unramified subgroups in loc. cit. (the unramified subgroups are too small when G is not
étale), with the caveat that for added flexibility we do not insist that almost all of the inclusions
Sel(Gg,) = HY(O,,G) be equalities.
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4. CASSELS—POITOU-TATE

In §5, our proof of unbounded Selmer growth is based on manipulating a generalization of the
Cassels—Poitou—Tate sequence. This generalization is presented in Theorem 4.2, which extends
[CS00, 1.5] to finite group schemes over global fields (loc. cit. focused on the case of finite group
schemes of odd order over number fields). In (4.5.1) we write out the sequence of Theorem 4.2 in
the special case of Selmer groups of dual isogenies between abelian varieties over a global field.

4.1. Selmer conditions that are orthogonal complements. Let U < S be a nonempty open,
G a commutative finite flat U-group scheme, and H its Cartier dual. For each v ¢ U, let

Sel(Gk,) © H'(K,,G)  and  Sel(Hy,) c H(K,,H) (4.1.1)
be compact subgroups that are orthogonal complements under the Tate-Shatz local duality pairing
HY(K,,G) x H'(K,,H) — H*(K,,G,,) — Q/Z, (4.1.2)

which is perfect by [Sha64, Duality theorem on p. 411] (alternatively, by [Mil06, 1.2.3, 1.2.13 (a),
I11.6.10]). We complete (4.1.1) to Selmer conditions by using the compact subgroups

HY(0,,6) c HYK,,G) and  HYO, H)c H' (K, H) forveU. (4.1.3)

By [Mil06, III.1.4 and I11.7.2], (4.1.3) also concerns orthogonal complements, so shrinking U does
not affect the setup. By Proposition 2.2, the resulting Selmer groups Sel(G) and Sel(H) fit into
inclusions

Sel(G) c H'(U,G) c H'(K,G)  and  Sel(H)c HY(U,H) < H' (K, H); (4.1.4)
by Theorem 3.2, they are finite. As in §2.1, we let
loc™(G): H"(U,G) — C—Bv¢U H"(K,,G)
be the pullback map.

Theorem 4.2. With the setup of §/.1 there is an exact sequence with continuous maps

]{1 Kv, x oc?
0— Sel(g) — H'(U,9) ~ P s€f<g g>> 19, sel(w)* 1 12 (0,6) 22D @ B (K,.0).
vl Ky vl

where Sel(G), Sel(H), HY(U,G), and H*(U,G) are discrete and (—)* denotes the Pontryagin dual.

Proof. Exactness up to H'(U,G) amounts to (4.1.4) and the definition of Sel(G). By [Ces16b, 5.3],
Im(loc!(G)) @Dy H' (K0, G)  and Im(loc'(H)) = Do H' (Ky, H)

are (closed) orthogonal complements under the sum of the pairings (4.1.2), and hence, by [BouTG,
I11.28, Cor. 1] and [HR79, 24.10], so are

Im(loc} () + @ye Sel(G,) © By H (K0, G) and  Im(loc! (H)lsaiir) © Bogyy H(K o, H).

We therefore arrive at further orthogonal complements

HY(K,,
Im (Hl(U, G) > e ﬁ) and  Tm(loc! (H)sa)) © @oerr Sel(Hx,), (1)
which are closed because [HR79, 24.11] ensures the continuity of the pairings between Ié;((g;’g)) and

Sel(Hk,). Loc. cit. then allows us to define y(G) to be the continuous map that factors through
T (loc () seir)* — Sel(H)*.

. C e : HY(K,,G)
This map is injective due to Theorem 2.18 and [HR79, 24.8-24.11], so exactness at @, ¢ SAGrT
follows. '
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Loc. cit. also ensures the exactness of the sequence
H' (UM \*
0~ (%iGH)" = HY(UH)* - Sel(H)* 0.
By Theorem 2.18 and [BouTG, II1.28, Cor. 3|, the image of
HY(KyH
HYU,H) - @U¢U Sel((HKU ))

is discrete. By the analogue of (1) for H, this image is also closed. Thus, by [HR79, 23.18, 24.8, and
24.11], the middle row of the diagram

Hl(K,.G
Do H (K, G) — Drr va))

/ loc! (H)* J{y(g)
*

1
Doer Sel(Gx,) = Dyep (I;el((?ﬁ:t))> HY(U,H)* ————— Sel(H)* ——— 0

—
—~
—~

_ - 29
Vg

xT

H2(U,G)

is exact. Since locl(H)]Sel(H) factors through 4y Sel(Hk, ), the top part of the diagram commutes.

The map z is obtained from the map x2(#) of (2.13.1) by using (2.14.1), so the middle column is
exact by Lemma 2.15. In conclusion, z factors through a unique z(G) as indicated,

Ker(z(G)) = Im(y(9)), and Im(z(G)) = Im2 = Ker(loc*(G)).
Finiteness of Sel(H)* ensures the continuity of z(G). O
Remarks.
4.3. To extend the sequence of Theorem 4.2 to the right, combine (2.13.1), §2.14, and Lemma 2.15.
4.4. If G and H extend to Cartier dual finite flat S-group schemes QN and ﬁ, then one may take

Sel(gKU) _ {Hl(@v,g), forve S\U, Hl((’)v,ﬁ), for v e S\U,

d Sel(Hk,) =
HY(K,,G), forwv]oo, o el(#x.) {O, for v | 0.

With these choices, the sequence of Theorem 4.2 compares H(S,G) and H* (U, G).

Example 4.5. Let ¢: A — B and ¢¥: BY — AV be dual isogenies of abelian varieties over K, and
let ¢: A — B and ¢V : BY — AV be their extensions to dual isogenies of abelian schemes over a
nonempty open U < S of good reduction. As in Example 3.4,

B(K,)/¢A(K,y) = Hl(vaA[Qb]) and AY(Ky)/9¥ BY (Ky) < Hl(Kvan[¢v])

constitute Selmer conditions for A[¢] and BY[¢"] with Selmer groups Sely, A and Selyv BY. By
Proposition 2.2 and [Ces16a, 2.5 (d)], these conditions for v € U cut out

HY U, Al¢]) « H'(K,A[¢])  and  H'(U,B"[¢"]) = H'(K,B"[¢"]).

By Proposition B.1, the remaining conditions at v ¢ U put us in the framework Theorem 4.2. Taking
into account Remark 4.3, the resulting exact sequence reads

O—»&%AAAH%MAM@—»@WUH%KWMM}—a@dWBWVD

(4.5.1)
G 20 AlB) — @y HAE Al6]) — (BY[6](K)*.

10



The last map is surjective if H3(U, A[¢]) = 0. By §2.14, this is so if H)(U, B¥[¢V]) = 0, in particular,
if U # S and either char K = 0 and 2 t deg ¢, or char K > 0.

5. GROWTH OF SELMER GROUPS

Theorems 5.2 and 5.6 along with Corollary 5.5 are the sought unbounded Selmer growth results. In
§5, for a finite extension K’/K and an open U < S, we denote the normalization of U in K’ by U’.

5.1. Selmer conditions over varying base fields. To fix the general setup, suppose that U < S
is a nonempty open, G and H are Cartier dual commutative finite flat U-group schemes, and % is a
set of finite extensions of K such that K € .. Suppose also that for each K’ € .% one has compact
subgroups

Sel(Gx,) = HY(K!,,G) and Sel(Hyr,) < HYK!,,H) forv ¢U (5.1.1)
that are orthogonal complements as in (4.1.1) and such that the restriction maps
HYK,,G) - H'(K!,,G) and HYK,, H)— H K., H)
induce the maps
Sel(Gk,) — Sel(gK;,) and Sel(Hk,) — Sel(”H,K;,) (5.1.2)
whenever v’ ¢ U’ and v is the place below v'. We write
Sel(Gy) and Sel(Hy)

(resp., Sel(G) and Sel(H) if K’ = K) for the Selmer groups that result by completing (5.1.1) to
Selmer conditions as in (4.1.3). These Selmer groups are finite due to Theorem 3.2. Due to (5.1.2),
for each K’ € . restriction maps induce the maps

Sel(G) — Sel(Gy) and Sel(H) — Sel(Hy).
As in §4.1, shrinking U affects neither the above setup, nor the Selmer groups.

Theorem 5.2. In the setup of §5.1, if Gk is €tale, p is a prime dividing #Gk, and & consists of
the Z/pZ-subextensions of K/K, then

# Sel(gU/)

is unbounded when K' ranges in ..

Proof. Let V < U be a nonempty open. Initial segments of the exact sequences of Theorem 4.2 for
Gy and Gy fit into the commutative diagram

1 LKy, 1Ky, y(Gv)
0— Sel(G) — H'(V,G) — (@, %529 ) @ (Do Hrint) ) — 2 Sel(H)*

Ja }, e

4 HY(K’,.G) HY(K',6)\ v(Gyr)
0 — Sel(Gyr) — H'(V',G) — <@v’¢U’ Sel(9K)> ® <@”’GU’\V’ Hl(oz/,g)> o Sel(3or)

Claim 5.2.1. As V and K’ vary, # Ker b is bounded.

Proof. By the injectivity aspect of Proposition 2.2,
H\(V,G) < HY(K,G) and  H'(V',G) c H'(K',),
soKerb c H'(Gal(K'/K),G(K")). It remains to observe that the cardinality of H(Gal(K'/K),G(K"))

is bounded in terms of p and #G. O
11



Claim 5.2.2. As V and K’ vary, # Ker ¢ is unbounded.

Proof. We fix an m € Z~q. Since G is finite étale over a nonempty open of U, Cebotarev density

theorem gives a set X of m closed points v € U for which pu,(K,) = p,(K,) and Go, is constant.

We fix a v € ¥ and let Z/pTZOU be a direct summand of Gp,. Since H'(K,,Z/p"7Z) is the group of
homomorphisms

h: Gal(K,/K,) — Z/p"Z
and H'(O,,Z/p"Z) is the subgroup of unramified h, every ramified Z/pZ-extension K,/K, kills a
nonzero element of H'(K,,G)/H(O,,G). We fix such a K/,/K,: there are many to choose from if

char K, = p, and there is at least one if char K,, # p due to the u,(K,) = p,(K,) requirement.

We use [NSWO08, 9.2.8] to find a Z/pZ-subextension K/K’/K that interpolates the chosen local
extensions K/,/K, and set V := U — X to arrive at a ¢ with

#Kerc=p™. O

Since # Coker [ is bounded by # Sel(#), unboundedness of # Ker ¢ supplied by Claim 5.2.2 implies
that of # Ker(c|mm;). By Claim 5.2.1, # Ker b stays bounded, so unboundedness of # Ker(c|im;)
implies that of # Coker a, i.e., that of # Sel(Gy/) when K’ ranges in .¥. O

Corollary 5.3. For a prime p, the cardinalities

# Pic(S")[p]

are unbounded when K' ranges over the Z/pZ-extensions of K.

Proof. We use [Cesl15a, B.1 (a)] to replace # Pic(S")[p] by #H" (S, Z/pZ). Then it remains to apply
Theorem 5.2 to U = S and G = Z/pZ with Sel(Gy ) = H'(K],,Z/pZ) for v' | . O

Remark 5.4. For further results similar to Corollary 5.3, see, for instance, [Mad72].

Corollary 5.5. For an isogeny ¢: A — B between abelian varieties over K and a prime p that
divides the order of some K-étale subgroup G < A[d] (if p # char K, then the K-étaleness of G is
automatic),

# Sel¢ AK’

is unbounded when K' ranges over the Z/pZ-extensions of K.

Proof. Let ¢¥: A — C be an isogeny with kernel GG. Since
# Ker(Selw AK/ — Sel¢ AK/)
is bounded by #(A[¢]/G), we may assume that 1) = ¢. In this case, we let ¢¥ be the dual isogeny

and choose U and (5.1.1) as in Example 4.5 (using Proposition B.1) to argue that Theorem 5.2

applies. O

In characteristic p, Corollary 5.5 may be supplemented by the following result.

Theorem 5.6. For a prime p and a nonzero abelian variety A over K, there is an n € Z~q for
which
# Selyn Ay
is unbounded when K' ranges over the 7 /p™Z-extensions of K. Moreover, one may choose n =1 if
A[p](K) # 0 (for instance, if char K # p) or if A is supersingular (for instance, if A[p](K) = 0 and
dimA < 2).
12



Remark 5.7. For every N > n, the sizes of the kernel and the cokernel of the map
Selyn A — (el Arc)[p"]

are bounded by p?™9, see [Cesl5a, 6.7 (a)]. Therefore, Theorem 5.6 also shows that # Sel,n Ak is
unbounded when K’ ranges over the Z/p™Z-extensions of K.

In the case when A[p](K) = 0, the proof of Theorem 5.6 will use the following lemmas.

Lemma 5.8. For a connected-connected p-divisible group G over a field k of characteristic p, there
exist integers x >y > 0 and z = 0 such that

Ker(Frobet /1) © G[p¥"+*] for every te Zxp.

Proof. For any x, y, and z, the indicated inclusions may be tested over the algebraic closure of k, so we
lose no generality by assuming that k = k. Since G is connected-connected, all its Dieudonné-Manin
slopes lie in the open interval (0, 1).

If G is isoclinic of slope £, then its s-fold relative Frobenius morphism Frob,: ¢/ identifies with

multiplication by p", so it suffices to set x := s, y :=r, and z := 0 (with these choices the indicated
inclusions are even equalities). Thus, more generally, if G is a product of isoclinic p-divisible groups
G; with slopes {{t} and we set z :=[]s;, then

Ker(Frobye: ¢, k) = Gi[p”'i't] for every i and every t € Zxo,

so it suffices to in addition set y := max;{r; - [ [.,; s#} and z := 0.

i #
In general, thanks to the Dieudonné-Manin classification and the assumption k¥ = k, there is a
k-isogeny f: G — G’ towards a p-divisible group G’ that is a product of isoclinic p-divisible groups.
Thus, if z and y are chosen for G’ as in the previous paragraph, then, in order to obtain the sought
triple z, y, z for G, it remains to let z be any nonnegative integer such that Ker f < G[p?]. O

Lemma 5.9. For every n,¢ € Z=1, a nonarchimedean local field k of characteristic p > 0 has
infinitely many totally ramified Z/p"Z-extensions k/k such that Gal(k/k) acts trivially on 5/m’,
where 0 denotes the ring of integers of k and m < 6 denotes the maximal ideal.

Proof. The condition on the triviality of the action means that the ramification subgroup Gal(%/ k)e—1
equals the entire Gal(k/k). In terms of the upper numbering, this means that

~ o (- ~ - .
Gal(k/k;)“’k/k( D _ Gal(k/k), where goz/k(f -1) =1, ! [Gal(%/lc)od: TR

Thus, since ‘PE/k(g —1) </ —1, it suffices to ensure that

Gal(k/k)'~! = Gal(k/k),  or that even  Gal(k/k)’ = Gal(k/k).

Local class field theory then reduces us to finding infinitely many continuous Z/p"Z-quotients of 0*
onto which 1 4+ m! maps surjectively, where o denotes the ring of integers of k and m o denotes
the maximal ideal. By [Neu99, I1.5.7 (ii) and its proof|, there is a topological group isomorphism

0% = (o/m)* x []2, Z,

such that the image of the subgroup 1 + m‘ < 0* contains the subgroup Hf:(? 0 x Hfi F(O)+1 Loy,

for some f(f) € Z>;. It remains to observe that the quotient Z,/p"Z, of the i*" copy of Z, with
i > f(¥) gives rise to a sought quotient of 0. O
13



Proof of Theorem 5.6. Corollary 5.5 settles the case char K # p, so we assume that char K = p.

The overall structure of the argument will be similar to the one used to prove Theorem 5.2. Namely,
we let V < U < S be nonempty opens such that A extends to an abelian scheme A — U, and we use
the sequence (4.5.1) with ¢ = [p™]4 (and an n to be fixed later) to obtain the commutative diagram

0 — Selyn A — HY(V, A[p"]) == @ H' (K., A)[p"] — (Seln AV)*

vV
J{a lb lc
0— Selyn A — HY(V', A[p"]) 5 @ HY (K, A)[p"]
G

with exact rows. As in the final paragraph of the proof of Theorem 5.2, due to the uniform
boundedness of # Ker b supplied by the proof of Claim 5.2.1, it suffices to prove that there is an n
subject to the constraints of the last sentence of the claim such that # Ker ¢ is unbounded when
V and K’ vary. Moreover, since we may use [NSWO08, 9.2.8| to interpolate any finite set of local
Z/p"Z-extensions by a global Z/p"Z-extension, it suffices to show that for some n satisfying the
constraints and for infinitely many v € U there is a Z/p"Z-extension K, /K, such that

Ker(H' (K, A)[p"] — H (K., A)[p"]) # 0. (5.9.1)
By Tate local duality, the requirement (5.9.1) is equivalent to the requirement that the norm map
N:AY(K) — AV (Ky) is not surjective. (5.9.2)

To find infinitely many v € U satisfying (5.9.2) for some K/,, we split the argument into cases.

The case when A[p](K) # 0. In this case, neither of the isogenous p-divisible groups A[p®] and
AY[p*] is connected, so AV [p](K) # 0, too. Therefore, at the cost of shrinking U, we may assume
that AY[p] is an extension of a nonzero finite étale U-group scheme Q by a finite flat U-group
scheme H that has connected fibers. By the Cebotarev density theorem, there are infinitely many
v € U such that Q(F,) # 0. For such v, due to the vanishing of H'(FF,,H) supplied, for instance, by

[Ces15b, 5.7 (b)], one also has AV (F,)[p] # 0.

We choose n = 1, let v be such that A" (F,)[p] # 0, and let K/,/K, be any ramified Z/pZ-extension.
The norm map N of (5.9.2) reduces to multiplication by p on AY(F,), so cannot be surjective

because #(AY (F,)/pAY (F,)) = #AY (F,)[p].

The case when A is supersingular. We choose n = 1 and for any v € U use Lemma 5.9 to choose a
2
ramified Z/pZ-extension K|,/K, for which Gal(K],/K,) acts trivially on O,//m?,. For proving that
the norm map A of (5.9.2) is not surjective, we consider the formal group of A, i.e., the formal
completion of A ~along the identity section of the special fiber. The O,-points of this formal group
identify with
liLnn>1 Ker(AY(Oy/my) — AY(Fy)),
and hence also with the kernel
Ker (AY(O,) - AY(F,))

of the reduction map, and likewise over O,,. We seek to show that

N (Ker(AY(Oy) = AY(Fy))) < Ker(AY (O,) — AV (O,/mb)) (5.9.3)

(the indicated surjectivity results from the O,-smoothness of A% ). Once this is done, it will follow
that N': AV (O,) — AV (O,) cannot be surjective because #AY (F,/) < #AY(O,/mb).
14



Since AY (O,/m}) AV(OU//mg,z), for (5.9.3) it suffices to show that N induces the zero map on
Ker(AY(Oy/m?)) — AY (Fy)).

This induced map agrees with multiplication by p because Gal(K/,/K,) acts trivially on O, /m} /2
Moreover, since A is supersingular, so is A", and hence the p-divisible group A" [p™] is isoclinic of
slope % In particular, the multiplication by p map of AV identifies with the relative p?>-Frobenius
morphism Frob,2 4v k. Therefore, the map induced by N on Ker(AY (O, /mf,Q) — AV(F,)) agrees
with the map induced by the relative p?-Frobenius of A ,, and hence vanishes.

The case when A[p](K) = 0. In this case, the isogenous p-divisible groups A[p*] and A [p®] are
connected-connected, so Lemma 5.8 provides integers x > y > 0 and z > 0 such that

Ker(Frobyz: 4v ) c AY [pYi+7] for every te Zxy. (5.9.4)

We choose a t for which xt > yt + 2, set n := yt + 2z, and for a v € U use Lemma 5.9 to choose a
xt

totally ramified Z/p" Z-extension K|, /K, for which Gal(K],/K,) acts trivially on O, /m?, . Similarly

to the proof of the supersingular case, we seek to show that

Tt—n

N (Ker(AY(Oy) = AY(Fy))) < Ker(AY (O,) - AY (Op/ml 1)), (5.9.5)
which will prove the sought nonsurjectivity of A because #AY (F,/) < #AY (O, /m%“fn). To prove
(5.9.5), it suffices to prove that the map induced by N on

Ker(AY (O /ml; ) — A (Fy)).

is zero. Since Gal(K],/K,) acts trivially on O, /m]Zth7 this induced map is multiplication by p", so,
due to (5.9.4), it factors through the zero map induced by the relative p**-Frobenius of A G

Remark 5.10. Since the sequence
0 — (Selyn A )FIETE) . gL(v! | A[pn]) Gl /K) LN (Im l/)Gal(K’/K)

is exact, the proof of Theorem 5.6 shows that even #(Sel,n A )SU/K) is unbounded (and similarly
in Corollary 5.5).

APPENDIX A. CONTINUITY OF CUP PRODUCTS

The goal of this appendix is to prove that cup product pairings on local cohomology groups are
continuous, see Proposition A.3 for a precise statement. Such continuity is implied by the assertion
[Mil06, II1.6.5 (e)| (whose proof is omitted in loc. cit.) and is crucial for this paper through its roles
in the Tate-Shatz local duality [Mil06, II1.6.10] and in the proof of Proposition 2.3.

Avs always, the topology on cohomology is that defined in [Cosle, 3.1-3.2]. However, we also use
[Ces15b, 5.11 and 6.5 (with 3.5 (d))], which guarantee agreement with the “Cech topology.” In

Lemma A.2, we recall the needed Cech-theoretic notation; see [Ces15b, 5.1] for further recollections.

Lemma A.1. For a local field k, a k-group scheme G locally of finite type, and an x € H'(k,G),
there is a finite extension k'/k such that the image of H'(K'/k,G) — H'(k,G) (consisting of classes
of right G-torsors that become trivial over k') contains an open neighborhood of x.

Proof. By [SGA 31 yew, VI, 8.3, G is an extension

1-H-G—->Q—1
15



of a smooth k-group scheme @ by a finite connected H. By [éesl5b, 3.5 (a) and 4.2], the map
H'(k,G) — H'(k,Q)

has open fibers, so a k’/k killing the fiber containing 2 would suffice. To arrive at such a k', we
replace k by a finite extension to kill the image of = in H'(k, Q) and apply [Ces15b, 5.7 (b)], which
supplies a finite extension of k that kills the entire H'(k, H). O

Lemma A.2. For a finite extension k'/k of local fields and a finite k-group scheme G, the map
HY(K'Jk,G) — H(k,G)

is a closed embedding (as in [ées]Sb, 5.1], we let Zli’/k: o be the k-scheme of 1-cocycles and endow
HY(K'/k,G) with the quotient topology via Zli'/k (k) —» HY(K'/k,G)).

Proof. We fix an algebraic closure k containing &', so
H (k, G) = ling 2 HY(/k, G),
where k ranges over the indicated finite subextensions. By [Ces15b, 5.11], if each H 1(%/kz, G) is

topologized analogously to H!(k’/k, G), then the topology on H'(k,G) agrees with the direct limit
topology. It therefore suffices to show, as we do below, that each

H' (K [k,G) — H'(k/k,G)
is closed.

For n > 0, we set ky := ®§L:O% (tensor product over k) and let

wna = Resp i (Gr)
be the scheme of n-cochains (for G with respect to k/k). Since G is finite, z e is an affine k-group
scheme of finite type. Thus, 7
1 1
Coma = Chne
is a closed immersion by [SGA 31 ey, VIg, 1.4.2], so
1 1
Zywe = Zipa
is one, too. It remains to note that the Cg/k G(k)—orbit quotient map
Z%/k’G(k:) — H'(k/k, Q)
is closed because C? (k) is finite. O

k/k,G
Proposition A.3. For a local field k and a bilinear pairing G x;, H — F of commutative k-group
schemes locally of finite type with G and H finite, the cup product induces a continuous map

H"(k,G) x H™(k,H) — H"""(k, F) for every n,m € Zxo.

Proof. By [Sha72, p. 208, Thm. 42|, every element of H"(k,G) lies in the image of H"(k'/k, Q)
for some finite extension k’/k, and likewise for H™(k, H). Moreover, H"(k,G) and H™(k, H) are
discrete except for H'. Working in neighborhoods of fixed elements of H"(k,G) and H™(k, H) and
using Lemmas A.1 and A.2, we therefore reduce to proving the continuity of the composition

H"(K' /k,G) x H™(K'Jk, H) —= H"*"™(k'/k, F) &> H"*™(k,F)  for every k'/k.
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Continuity of y is part of the agreement with the Cech topology, whereas the cup product lifts to a
map

ZI?’/k,G(k) X Zi?/k,H(k) - Z/ZJ/FJTFU“)
that is continuous because it is induced by a k-scheme morphism. ([l

APPENDIX B. SELMER CONDITIONS FOR DUAL ISOGENIES ARE ORTHOGONAL COMPLEMENTS

We seek to justify the legitimacy of the choice of Selmer conditions in Example 4.5 by proving
Proposition B.1, which is standard but seems to lack a reference.

Proposition B.1. For a local field k and dual isogenies ¢: A — B and ¢¥: BY — AV between
abelian varieties over k, the subgroups

B(k)/6A(k) = H'(k, A[¢])  and  A¥(k)/6"B" (k) = H'(k, B"[¢"])
are orthogonal complements under the Tate-Shatz local duality pairing

H'(k, A[g]) x H'(k, B"[¢"]) — Q/2.

Proof. Due to the commutativity of diagrams such as the first one in [Mil06, II1.7.8], the case ¢ = na
for n € Z~¢ is an implicit corollary of the proofs [Mil06, 1.3.4, 1.3.7, and II1.7.8] of Tate local duality
for abelian varieties. Thus, we assume the ¢ = n4 case to be known and deduce the general case.

By symmetry, it suffices to show that B(k)/¢A(k) is the annihilator of AY (k)/¢Y BY (k). We set
n = deg¢ and let ¢: B — A be the isogeny for which ¥ 0 ¢ = n4. In the diagram

1 1 v YV Y T et
B(k)/pA(k)—— H'(k,A[¢]) x H(k,BY[¢"]) +——AY(k)/¢¥B" (k) Q/Z

llb l THl(k,w) T (B.1.1)

A(K)/nA(k)—— HY(k,A[n]) x HYk,AV[n]) :Wﬂ)/ Q/zZ

in which ¢V is the isogeny dual to v, the curved arrows are the Tate-Shatz local duality cup product
pairings, and the wing squares commute. By [Oda69, 1.1], the inclusion A[¢] — A[n] identifies with
the Cartier dual of ¢V : AY[n] — BY[¢"], so the commutativity of the pairing square results from
using [GHT71, 3.1] to identify cup product pairings with Ext-product pairings, using [GH70, 4.5] to
identify Ext-product pairings with Yoneda edge product pairings, and using the commutativity of

Ext'(BY[¢V],Gn) x ExtY(Z,BY[¢V]) — Ext*(Z,G,,)
Extl(wV,Gm)J Extl(Z,wv)T
Ext'(AV[n],G,) x Ext!(Z,AV[n]) —— Ext*(Z,G,,)
that results from interpreting Ext’s as Hom’s in a derived category.

The commutativity of (B.1.1) and the assumed ¢ = ny4 case show that B(k)/¢A(k) kills AY (k)/¢~ BY (k).
Moreover, an x € H(k, A[¢]) that kills AV (k)/¢¥ BY (k) maps to A(k)/nA(k) in H'(k, A[n]), so
x € B(k)/pA(k) due to the commutativity of the following diagram with exact rows:

B(k)/$A(k)—— H'(k, A[¢]) — H'(k, A)[¢]
I J
A(k)/nA(k)——s H(k, A[n]) — H"(k, A)[n]. O
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