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VALUES OF E-FUNCTIONS ARE NOT
LIOUVILLE NUMBERS

BY STEPHANE FrscHLER & Tancuy RivoaL

Asstract. — Shidlovskii has given a linear independence measure of values of E-functions with
rational Taylor coefficients at a rational point, not a singularity of the underlying differential
system satisfied by these E-functions. Recently, Beukers has proved a qualitative linear inde-
pendence theorem for the values at an algebraic point of E-functions with arbitrary algebraic
Taylor coefficients. In this paper, we obtain an analogue of Shidlovskii’s measure for values
of arbitrary E-functions at algebraic points. This enables us to solve a long standing problem
by proving that the value of an E-function at an algebraic point is never a Liouville number.
We also prove that values at rational points of E-functions with rational Taylor coefficients are
linearly independent over Q if and only if they are linearly independent over Q. Our methods
rest upon improvements of results obtained by André and Beukers in the theory of E-operators.

Riisumt: (Les valeurs des E-fonctions ne sont pas des nombres de Liouville)

Shidlovskii a donné une mesure d’indépendance linéaire de valeurs de E-fonctions & coef-
ficients de Taylor rationnels en un point rationnel qui n’est pas une singularité du systéme
différentiel sous-jacent vérifié par ces E-fonctions. Récemment, Beukers a prouvé un théoreme
d’indépendance linéaire qualitatif pour les valeurs en un point algébrique de E-fonctions a
coefficients de Taylor algébriques arbitraires. Dans cet article, nous obtenons un analogue de
la mesure de Shidlovskii pour des valeurs de E-fonctions arbitraires en des points algébriques.
Cela nous permet de résoudre un probléme longtemps ouvert : la valeur d’une E-fonction en un
point algébrique n’est jamais un nombre de Liouville. Nous prouvons également que des valeurs
aux points rationnels de E-fonctions a coefficients de Taylor rationnels sont linéairement indé-
pendantes sur Q si et seulement si elles sont linéairement indépendantes sur Q. Nos méthodes
reposent sur des améliorations de résultats obtenus par André et Beukers concernant la théorie
des E-opérateurs.
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P} S. Fiscnier & T. Rivoar

1. INnTRODUCTION

Siegel [25] defined in 1929 the class of E-functions in order to generalize
the Diophantine properties of the exponential function (namely the Lindemann-
Weierstrass Theorem) to other special functions such as Bessel’s function Jy(z) :=
S o(=1)"(2/2)?"/n!? or hypergeometric series ,F, with rational parameters.
A power series Yo7 a,2"/n! € Q[2] is said to be an E-function when it is solution
of a linear differential equation over Q(z) (i.e., holonomic), and |o(a,)| (for any
o € Gal(Q/Q)) and the least common denominator of ag,as,...,a, all grow at
most exponentially in n. Note that Siegel’s original definition of F-functions is more
general: see the end of this introduction. Throughout this paper we fix an embedding
of Q in C.

A lot of important qualitative results are known on the arithmetic nature of the
values taken by E-functions at algebraic points, amongst which we cite the celebrated
Siegel-Shidlovskii Theorem (see [24] for instance). This result is not always strong
enough, in particular to deduce linear independence of values of E-functions. It has
been improved in [22] and [10] (see Theorem B below for the linear case), but some
assumptions still have to be checked (for instance the functions should not be evalu-
ated at a singular point).

Quantitative versions of the Siegel-Shidlovskii Theorem have been proved, such as
the measure of algebraic independence of Lang-Galochkin (see [14, p. 238, Th.5.29 &
remarks| and [24, Ch. 11]), but they hold only under certain assumptions on algebraic
independence or rationality of the coefficients of the E-functions. In the linear setting,
the main result is the following one, due to Shidlovskii [24, p. 358, Th. 1, Eq. (32)].

Tueorem A (Shidlovskii). — Let f = (f1,...,fn) € Q[2]V be a vector of E-func-
tions which is solution of a differential system f' = Af for some A € My (Q(z)).

Assume that f1,..., fn are linearly independent over Q(z) and that zy € Q* is not a
pole of an entry of A. Then for any € > 0, there exists ¢ = c(e, 20, f1,...,fn) > 0
such that for all A1,..., AN € Z not all zero, we have
N
' —N+1—e . .
Z;)\jfj(zo) >cH where H : max [Aj]-
j:

This theorem holds verbatim with Q replaced by an imaginary quadratic number
field and Z replaced by its ring of integers. However, no such result is known for
other number fields K. The point is that all known quantitative results are based on
the Siegel-Shidlovskii method only, which provides linear independence of the full set
of the values of E-functions in Theorem A only when K is either Q or imaginary
quadratic. Even the qualitative part of Theorem A (namely, Zjvzl X fi(z0) # 0) has
been proved only recently by Beukers [10, Cor. 1.4] for arbitrary number fields, using
André’s theory of E-operators [4].

Tueorem B (Beukers). — Let f =*(f1,..., fn) € Q[z]" be a vector of E-functions
which is solution of a differential system f' = Af for some A € My (Q(z)). Assume
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VALUES OF E-FUNCTIONS ARE NOT [LIOUVILLE NUMBERS 3

fis-.., fn are linearly independent over Q(z) and that zy € @* is not a pole of an
entry of A. Then the numbers f1(29), ..., fn(z0) are linearly independent over Q.

The purpose of this paper is to prove new Diophantine results using this approach
of André and Beukers. Our first main result is the following theorem, where we remove
the rationality assumption on the coefficients and also the non-singularity assumption
on zy. We recall that for a non-zero algebraic number «, its house @] is the maximum
of the moduli of a and of all its Galois conjugates over Q. We also denote by Ok the
ring of integers of a number field K.

Tueorem 1. Let K be a number field of degree d over Q, zo € K, and f =
t(f1,..., fn) be a vector of E-functions with coefficients in K such that f' = Af for
some A € My (K(z)). Then for any € > 0, there exists ¢ = ¢(e, K, zo, fl,i . fN)7> 0
with the following property.

For any \,..., An € Ok, if A := A1 f1(z0) + -+ Anfn(20) is non-zero, then

d
|A| > cH N T1=¢  where H := max ]
1<G<N

Remarks

— Given arbitrary E-functions fi,..., fy and any zy € Q, this theorem applies
because there exists a number field K containing zy and all coefficients of fi,..., fn,
and the family (fi,..., fn) can always be enlarged to satisfy a first-order differential
system. This shows, without any assumption on f1,..., fy and zg, the existence of
K,c > 0 such that |A| > ¢cH ™" provided A # 0.

— To our knowledge, Theorem 1 provides the first quantitative version of Beukers’
Theorem B, when it is further assumed in Theorem 1 that fi,..., fy are linearly
independent over K(z) and that zp € K* is not a pole of A, ensuring that A # 0.

— The constants ¢ in Theorems A and 1, and their equivalents in other results
of the paper, are in principle effective by a remark of André [3, footnote on p.129]
and by the multiplicity estimate of Bertrand-Beukers [8] made completely explicit by
Bertrand-Chirskii-Yebbou [9]. However, we did not try to compute them because they
would certainly be far from best possible and because we do not see any immediate
application.

An important consequence of Theorem 1 is the following result, which completely
settles the problem of deciding whether (real) values of E-functions can be Liouville
numbers or not. We recall that a Liouville number is a real number ¢ such that there
exist two sequences of rational integers py,, g, such that ¢, > 2 and 0 < |g,& — p,| <
1/¢% for all sufficiently large integers n (a fortiori pnq, # 0).

CoroLrARy 1. Let f be an E-function, and zy be an algebraic number. Then f(2o)
is not a Liouville number.

The proof of Corollary 1 runs as follows: in Theorem 1, let zg € Q, take f; := 1,
fo := f and consider a vector *(f1, fa..., fn) of E-functions with coefficients in a
number field K such that f = Af for some A € My(K(z)), where K is large enough

JEP — M., 2024, lome 11



4 S. Fiscrier & T. Rivoar

to contain zg. If f(zp) € Q, then f(zp) is not a Liouville number. If f(z9) ¢ Q,
then A\ + Aaf(z0) # 0 for all A1, Ao € Z not both zero, so that Theorem 1 yields
[A1 + A2 f(20)| > cmax(|A1],|A2]) ™" for some ¢,k > 0. This rules out the possibility
that f(zo) is a Liouville number.

Of course, Corollary 1 is interesting only when f(zg) € R. If we do not assume this,
note however that the real and imaginary parts of f(zg) are values of E-functions (see
the remark in Section 2.1 below), so that none of them is a Liouville number.

Amongst other families of classical real numbers already proved not to be Liou-
ville numbers, we find automatic numbers (Adamczewski-Cassaigne [1]) and Mahler
numbers, i.e. the values of Mahler series in Q[z] at the inverse of rational integers
(Bell-Bugeaud-Coons [7]). It is interesting to observe that the theories of E-functions
and of Mahler series share many common properties, see also [2].

Let us also mention another interesting corollary, which is a consequence of Theo-
rem 1 with N =2 and N = 3 respectively (recall that Jy(z) is solution of zy"(z) +

y'(2) +zy(2) = 0).

CoroLrary 2. — For any algebraic number o € Q" of degree d over Q and any € > 0,
there exists ¢ = c(a, ) such that, for all (p,q) € Z x N with ¢ # 0,

@ p c . p C
e — a‘ > prore respectively ‘Jo(a) — 6‘ > gz

The above mentioned general transcendence measure for E-functions due to Lang
and Galochkin [14, p. 238, Th.5.29 & remarks], refined by Kappe [18] for e* in the
special case of irrationality measures, gives 4d> — 2d instead of d2¢, and 16d® + 1
instead of d3%; see also [24, p.404]. This is of course much better than Corollary 2
for large d but our bounds turn out to be smaller for d € {2,3} and d € {2,3,4,5}
respectively. Note that Zudilin [26] has obtained the optimal exponent 2 for Jo(a)
when o € Q*.

A less classical example is the following: for any o € Q" and any integers p,q > 1,
the value at 2 = a of A,4(2) == 300 (Xr_o (M) ("F%)")z"/n! is not a Liouville
number; A, ;(a) is proved to be a transcendental number in [11, §4.6] when (p, q) €
{1,2,3,4}2, the situation in general being unknown. More specifically, it is also proved
in [11, §4.6, Table 1] that when (p, ¢) = (2, 2), the minimal inhomogeneous differential
equation over Q(z) satisfied by Az o is of order 4 and 0 is its only singularity. Hence,
the following holds by Theorem 1 with N = 5: for all o € Q" of degree d over Q and
all € > 0, there exists ¢ = ¢(e, a) > 0 such that for all A; € Z not all 0, we have

3

() —d5d 41—

A+ Z;) AT ()| > ¢ max || :
j:

In particular, for any o € Q" of degree d and € > 0, there exists ¢ = ¢(e, &) > 0 such
that for any (p,q) € Z x N with g # 0,
¢

p
(11) “A2,2(OZ) - 5‘ > W

JE.P — M., 2024, tome 11
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It seems reasonable to make the following conjecture, which probably belongs to
folklore. This conjecture is Roth’s Theorem if f(zg) is algebraic.

Conxsecrure 1. — Let f be an E-function and zg € Q. For any € > 0, there exists
¢ > 0 such that for any (p,q) € Z x N with q¢ # 0, either qf(z0) —p =0 or

P C
’f(Zo) - 5‘ > e

Zudilin has proved this conjecture in [26] in a stronger form but under addi-
tional assumptions (which even imply f(z9) ¢ Q), namely: f is an E-function with
rational coefficients, zp € Q is not a singularity of a differential system satisfied
by 1, f, fo,..., fn over Q(z) for some N > 2 and f, fa,..., fn are algebraically inde-
pendent over Q(z). It would be interesting to know if Ag 2, A5 5, A5 5, Ay, are alge-
braically independent over Q(z), in which case the exponent 5 could be improved to 2

in (1.1) when o € Q*.

With the notation of Theorem 1, for any D > 1 one may consider the (V271
functions fli1 . Ji\,N, with non-negative integers i1, ...,y such that i;+---+iy = D.

They make up a vector solution of a first order differential system, to which Theorem 1
applies. Taking f; = 1 and fo = f, this provides the following transcendence measure,
valid for any value of an E-function at an algebraic point.

CororLrary 3. — Let f be an E-function, with coefficients in a number field K of
degree d, solution of an inhomogeneous linear differential equation of order N — 1.
Let zg € K. Then for any D > 1, any € > 0, and any ag,...,ap € Z, either

Ef:o a;f(z)? =0 or

D .
Z a; f(z0)’
=0
N+D71)d 1

where ¢ depends only on f, zg, D and ¢, and kK = d( N1

> ¢ (max(lag|, .. ., |GDD)7K7€’

With our notations, the transcendence measure of Lang-Galochkin provides the ex-

% dN DN~ for fixed N, it is smaller than x when d and D are large

but it is sometimes larger for small values of d or D as mentioned after Corollary 2,

ponent

and moreover it holds under an algebraic independence assumption on the E-functions
in the differential system. No such assumption is necessary in Corollary 3, which adds
value to this result. Both results can be applied when f is the exponential function
(with N = 2): we obtain a transcendence measure of e* for any zy € Q of degree d
with k = d(D +1)¢ — 1 whereas Lang-Galochkin’s result yields 4d?D. Note that when
d =1 and N = 2 as for the exponential, we obtain x = D which is best possible.
However this is not a new result for the exponential at rational points (see [6, Ch. 10],
and [20, p. 135, Satz 3] when 2z = 1).

Corollary 3 shows that no value of an F-function at an algebraic point can be a
U-number, in Mahler’s classification (see for instance [13, Ch. 3]). It seems reasonable
to conjecture that it can neither be a T-number, so that values of E-functions at
algebraic points would be either algebraic numbers or S-numbers.

JEP — M., 2024, lome 11



6 S. Fiscnier & T. Rivoar

The second goal of this paper is to understand the structure of the ring E of all
values at algebraic points of E-functions; this algebraic point can always be assumed
to be 1 because if f(z) is an E-function, so is f(az) for any a € Q. Elements of E are
related to exponential periods (see [17, §4.3]).

For any subfield K of Q, we shall also consider the subring Ex of E which consists
of the evaluations f(1) where f is an E-function with coefficients in K (the number 1
could be replaced by any non-zero element of K without changing Ex). Note that E is
the union of all Eg, where K is a number field, since for any F-function f the holonomy
property implies the existence of a number field that contains all coefficients of f.

We have defined and studied [15] analogous rings Gk with G-functions instead of
E-functions; it turns out that G is nearly independent from K (precisely, Gk = G if
K C R, and Gg = Gg(;) otherwise). The situation is completely different for E-func-
tions. A first hint in this direction was given in [16, Th. 4] (stated as Lemma 1 in §4
below). The way Ex depends on K is completely described by the following result.

Turorem 2. — Let K be a subfield of Q. Elements of Ex are linearly independent
over Q if, and only if, they are linearly independent over K.

We refer to [2, Th. 1.7] for a similar result concerning Mahler functions. Theorem 2
means that the K-algebras Ex and Q are linearly disjoint, and the natural map
Ex ®x Q — E (sending £ ® z to £2) is a K-algebra isomorphism. The definition and
properties of linearly disjoint algebras can be found in [12, Ch.V, §2, No.5|; using
Theorem 2 with K = Q they imply the following.

COROLLARY 4. Let K be a number field, and (w1, . ..,wq) be a basis of the Q-vector
space K. Then

Egx =wiEqg® - ®wiEg.
In other words, for any £ € Eg there exists a unique d-tuple (&1,...,&q) € Eé such
that § = w1&1 + -+ + waéa.

The original definition of E-functions, given by Siegel [25], is slightly less restrictive:
instead of geometric bounds, he allowed growths bounded by n!¢ (for any given £ > 0,
provided n is large enough with respect to ¢). Shidlovskii’s Theorem A holds for
E-functions in Siegel’s sense, and Beukers’ Theorem B was later proved by André [5]
in this general setting, by a different method. All other results in Beukers’ paper [10]
have been adapted by Lepetit [19]. Therefore all the results of the present paper also
hold for E-functions in Siegel’s sense.

The structure of this paper is as follows. In §2 we prove Proposition 1, which
is crucial in the proof of both Theorems 1 and 2. We also derive from it a version
of Beukers’ desingularization process over a number field. This enables us to prove
Theorem 1 in §3, and also to obtain in §4 a decomposition of an E-function over a
number field, involving an E-function that takes only transcendental values at non-
zero algebraic points. At last we apply the previous results in §5 to study the structure
of Ex and prove Theorem 2. The final section is devoted to an action of Gal(Q/Q)

JE.P — M., 2024, tome 11
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on the set of values of E-functions; it is not used in the paper but it illustrates how
our method presents similarities with Liouville’s theorem.

Acknowledgements. We warmly thank the referees for their very constructive com-
ments.

2. MaIN TooLs

2.1. Consucates or E-runcrions. — Let f(z) = 37 an2™/n! be an E-function
with coefficients a,, € Q. For any o € Gal(Q/Q) we let f7(z) = > 0" o(an)z"/nl.
The definition shows that f? is also an E-function, and if g is an E-function then for
any o, 7 we have (f +¢)7 = f7 4+ ¢, (fg)? = f7¢° and (f?)" = f7°?. Moreover if f
has coefficients in a number field K, then f has coefficients in the number field o(K).

Remark. — Denoting by o the complex conjugation, for any E-function f we can
consider 3(f + f7) and 5;(f — f). These E-functions have real coefficients, which
are respectively the real and imaginary parts of those of f. In particular, the real and
imaginary parts of any element of E belong to E.

The following result is central in the present paper; we refer to [11, Prop. 3.5] for a
similar result. We agree that minimal polynomials of algebraic elements have leading
coefficient 1.

Prorosition 1. — Let f be an E-function with coefficients in a number field K, and
20 € @* Then the following assertions are equivalent:

(i) f vanishes at z.

(ii) There exists o € Gal(Q/Q) such that f° vanishes at o(zp).
(iii) For any o € Gal(Q/Q), f7 wvanishes at o(2).

(iv) There exists an E-function g with coefficients in K such that

f(z) = D(2)g(2) where D is the minimal polynomial of zy over K.

In particular, if zy is rational and f vanishes at zp, then all conjugates f of f
also vanish at zp. Also, if an F-function f with rational coefficients vanishes at some
2o € @*, then it vanishes at all Galois conjugates of z.

We remark that with zop = 1, the implication (i) = (i) is used already in the
proof of [10, Prop. 4.1], which is the main result Proposition 1 is based on.

Proof of Proposition 1

(iv) = (iii) Let ¢ € Gal(Q/Q). Then f°(z) = D?(z)g°(z), and D?(o(z0)) =
o0(D(zp)) = 0. Therefore f7(o(z9)) = 0.

(i) = (ii) is trivial.

(ii) = (i) Enlarging K if necessary, we may assume the extension K/Q to be Galois
and to contain zg. Then f7 has coefficients in K, and o(z9) € K*. Using [10, Prop. 4.1]
there exists an E-function g such that f7(2) = (z—0(20))g(2). Then g has coefficients
in K; applying o~ vields f(z) = (z — 20)g°  (z) so that f(z) = 0.

JEP — M., 2024, lome 11



8 S. Fiscnier & T. Rivoar

(i) = (iv) By using [10, Prop. 4.1], one shows that there exists an E-function h such
that f(2) = (2 — 20)h(2). Let o € Gal(Q/K), that is: o is a field automorphism of Q
such that o(x) = x for any z € K. Then f(z) = f9(z) = (2 — 0(20))h°(2), so that f
vanishes at o(zp). Let 21 := 2, 22, ..., 2¢ denote the (pairwise distinct) Galois conju-
gates of zy over K, i.e. the elements of the form o(z) with o € Gal(Q/K); we have
proved that f vanishes at z1,...,2¢. Applying [10, Prop. 4.1] yields, by induction on
j€{1,..., ¢}, the existence of an E-function g; such that f(z) = g;() Hg:l(z — z;).
Since D(z) = Hle(z—zi), we have f(z) = D(z)g¢(2). Now, D(z) € K[z]~\{0}, so that
all coefficients of gy belong to K. This concludes the proof of Proposition 1. |

2.2. BEUKERS’ DESINGULARIZATION PROCESS. — In the proof of Theorem 1 we shall use
the following version of Beukers’ desingularization theorem [10, Th. 1.5].

Prorosition 2. Let K be a number field, and f1, ..., fn be E-functions with coeffi-

cients in K, linearly independent over C(z). Assume that the vector f ="*(f1,..., fn)
satisfies a first-order differential system f' = Af with A € My(K(2)).
Then there exist E-functions e, .. .,en with coefficients in K, linearly independent

over C(z), a matrizx B € Mn(K[z,1/%]) and a matriz M € My(K[z]), such that with
e="(e1,...,en):
¢ =Be and f=Me.

The new point is that eq,...,ex and the coefficients of B and M have coefficients
in the number field K (whereas in [10, Th. 1.5] these are simply algebraic numbers).

The proof of Proposition 2 follows [10, p.378], using also the additional details
given in [11]. Actually Proposition 2 is already proved implicitly (for K = Q) by the
implementation described in [11].

In what follows we only mention the parts of the proof where special attention has
to be paid. Let « be a singularity of the differential system Y’ = AY, and Q € K[X]
denote the minimal polynomial of « over K. Let & > 1 be the maximal order of « as a
pole of a coefficient of A, and (ig, jo) be such that A;, ;, has a pole of order exactly k
at a. Then Q*A f= Q* f vanishes at «a; the ig-th coordinate of this vector provides

a linear relation
N

D (QF Ay ) (@) fi(er) = 0.
j=1
Note that for any j, the rational function Q(2)*A;, ;(2) € K(z) is holomorphic at a,
and for j = jg it does not vanish at that point. Multiplying by the least common
denominator of the rational functions Q(z)¥A4;, ;j(2) we obtain coprime polynomials
Py, ..., Py € K[z] such that
N
Pj,(a) #0 and ZPj(a)fj(a) =0.
j=1
If N =1 welet Py 1 = 1; otherwise there exist polynomials P; ; € K[z], for 2< i < N
and 1 < j < N, such that letting Pl,j = Pj, the matrix § = (Pi,j)lgi,jgN € MN(K[Z])

JE.P — M., 2024, tome 11



VALUES OF E-FUNCTIONS ARE NOT [LIOUVILLE NUMBERS 9

has determinant 1. Then Sf is a vector of E-functions, with coefficients in K, of which
the first coordinate Z;V:l P;(z)f;(#) vanishes at «. Using Proposition 1, we deduce
that Z;Vﬂ P;j(2)f;(2) vanishes at o(a) for any o € Gal(Q/K). This concludes the
proof as in [10].

3. Proor or Tueorem 1

To prove Theorem 1 we assume z; # 0 since otherwise, fi(2o),..., fn(z0) are
algebraic numbers and the conclusion follows from Schmidt’s subspace theorem (see
for instance [14, Ch. 1, §8.2, Th. 1.37]). Considering the E-functions f;(zoz) instead
of f;(z), we may even assume zy = 1. We also suppose that A # 0.

The proof of Theorem 1 falls into 2 steps.

Step 1. — Let us prove Theorem 1 in the special case where K = Q (i.e., d = 1).
In other words, we assume that zg = 1 € Q, A\1,..., Ay € Z, and f1,..., fy have
coefficients in Q.

Recall that we do not assume that f1(1),..., fn(1) are linearly independent over Q.
Let N’ be the maximal number of linearly independent numbers among them. We may
assume (up to a permutation of the indices) that f1(1),..., fa-(1) are linearly inde-
pendent over Q, and fy/41(1),..., fn(1) belong to the Q-vector space they span.
There exist rational numbers p; ; such that f;(1) = Zf\il 0i,;fi(1) forany 1 < j < N,
so that

N N’ N
(3.1) A=) ML) = pifi(1) with =) Noij € Q.
j=1 i=1

Jj=1

Observe that the E-functions f1,..., fy- are linearly independent over C(z). Indeed,
otherwise they would be linearly dependent over Q(z) (since they have coefficients
in Q), and a relation Z;\il S;(2)fi(2) = 0 would exist with Si,...,Sn € Q(2) not
all zero. Upon multiplying by (z — 1)* for a suitable k& € Z, we may assume that
none of the S; has a pole at 1, and that at least one of them does not vanish at 1.
This provides a non-trivial linear relation Zj\il S;(1)f;(1) = 0, which contradicts the
definition of N’.

Therefore f1,. .., fy+ are linearly independent over C(z). Denote by N” the dimen-
sion of the vector space generated over C(z) by fi,..., fn; we have N’ < N” < N.
Notice that it could happen that N” > N’/ for instance if fx4+1(1) = 0. Up to a
permutation of the indices, we may assume that fi,..., fy~ are linearly independent
over C(z), and that fn»y1,...,fn belong to the vector space they span over C(z).

Since f1, ..., fn are linearly independent over C(z), and satisfy a linear differential
system of order 1 by definition of N”, Proposition 2 (applied with K = Q) provides
E-functions ey, ..., ey~ with rational coefficients and matrices B € My~ (Qlz,1/z])
and M = (P;;) € Mn»(Q[z]) such that ¢ = Be and fi(z) = Z;V:,; P; i(2)ej(2).
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Since N’ < N”, Equation (3.1) yields

N

N/
(32) A= Zl/j@j(l) with Vj = Z:U’ZPZ,](]-) € Q
= i=1

Now, Shidlovskii’s lower bound stated as Theorem A in the introduction applies to
the E-functions ey, ..., eyx~ with rational coefficients, which are linearly independent
over C(z) and solution of a linear differential system of order 1 of which 1 is not a
singularity. Denoting by ¢ a common denominator of the rational numbers P; ;(1)
and g; ; (appearing in Equations (3.1) and (3.2)), we obtain that 62A is a Z-linear
combination of e1(1),...,en~(1) with coefficients bounded (in absolute value) by
cH, where ¢ > 0 and 0 depend only on fi,..., fy. For any ¢ > 0, Theorem A
yields |62A] > ¢oHN"*1=¢ > ¢qH-N+1=¢ for some ¢y > 0 which depends only on
fi,---, fn and €. This concludes the proof of Theorem 1 in the case where K = Q.

Step 2. Let us prove Theorem 1 for any number field K. For simplicity of the
exposition, we assume K to be a Galois extension of Q; see the end of Step 2 for the
general case. We denote by G the Galois group of K/Q, and consider the complex
number
N
(3.3) w = H (ZU()\J)f]‘T(l)>
oceG@  j=1
To begin with, let us prove that w # 0. Indeed, consider the E-function g(z) =
Zj.v:l A fj(2); it has coefficients in K (because fi,..., fx do), and g(1) = A # 0. For
any o € G, Proposition 1 yields g7 (1) # 0. Now, ¢°(1) = Zjvzl a(A;)f7 (1), so that
o =1,eqo"(1) £0.
Denote by J the set of all tuples of integers i = (i,)sec such that 1 < i, < N for
any o € G. Expanding the product in the definition (3.3) of w yields

(3.4) o= [T ot)iz@ =3 (T e))a:(0),
1€J oc€G 1€ oc€G
where
(3.5) gi(2) = ] £2.(2)
oeG

is an E-function with coefficients in K.

The normal basis theorem (see for instance [21, Th.5.18]) provides an element
a € K such that the o(«), for ¢ € G, make up a basis of the Q-vector space K. Upon
multiplying a by a suitable positive integer, we may assume that o € Ok (so that
o(a) € Ok for any 0 € G). Expanding all coefficients of g;(z) in this basis yields
(using [24, Ch. 3, Lem. 12]) E-functions g, ,(z) with coefficients in Q, for ¢ € G, such
that

(3.6) 6:(2) = 3 0(a)gio(s) foranyie?.
oeG
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In the sequel, it is important to observe that these E-functions g; »(z) are uniquely
determined by g;(z), since for each n their coefficients of 2™ are given by the expansion
in the basis (0(«))seq of the corresponding coefficient of g;(z).

For i € J and o € G, we denote by o(i) the tuple j € J defined by j; = isor for
any 7 € G. Let us prove that

(3.7) 9i,0(2) = go(i)1a(2z) for any i € J and any o € G.

Indeed we have:

Z T(@)go(i),+(2) = go(i)(2) using Equation (3.6)
TEG

H 7 ._(z) by definition of g, (2)
TEG

H fZTIOTI (z) by letting ™ =cort
T'eG

7'/ 0-71
(M) @
T'eG
P
=97 (Z)
= Z o~ ))gir(z) since g; . has coefficients in Q.
TeG

Comparing the coefficient of o on both sides yields Equation (3.7) since an expansion
for g,(;)(2) like the one of Equation (3.6) is unique.

Let us prove now that the vector of E-functions g;14(z), for i € I, is solu-
tion of a first-order linear differential system. By assumption we have f/(z) =
S04 Aij(2)fi(2) with A; ; € K(2), so that

N
(f7)(2) = (f1)7(2) = D o(Aiy)(2) f7 ()

j=1
and
gi(z)=>_ ()]
ceqG T#0T
=2 Z OO |
oeG j=1 T#O
= Z B, (2)gi(z) for some B; (z) € K(z)
i’ed
= Z B, i (z) Z 0(@)go(ir)1a(2)  using Equations (3.6) and (3.7)
i’ed p=te;
Z i (2)gi 1a(z)  for some C; v (2) € K(2).
ired
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Each C; (z) € K(z) can be written as N, (2)/D; i (z) with D, ;»(z) € Q[z] ~ {0}
and N, ;(z) € K[z]. Writing N; ;# (%) as a Q[z]-linear combination of the o(a), o € G,
yields an expression

(38) g;(z Z Z R; i o gz” Id( )

ced i€y
with R; ;7 +(z) € Q(2). On the other hand, Equation (3.6) yields

(3.9) gi(z) = > ala)g, ,(2).
ceG
Comparing the components on « of Equations (3.8) and (3.9), unicity of such an
expression yields
9i 1a( Z R i 1a(2)gi 1a(2)-
i’eJ
This concludes the proof that the vector of E-functions g¢;14(z), ¢ € J, satisfies a
first-order linear differential system with coefficients in Q(z).
Now, we come back to w: combining Equations (3.4) (3.6) and (3.7) yields

(3.10) o= ( 11 0(/\1‘(,)) > 1 @)gr@aa(l) =D kirgirtal

€] oc€eG TEG i'€d

Ky = Z T(a) H U(/\i'flw) e K.

TEG oeG
Let us prove that x; € Z for any ¢ € J. Indeed for any v € G, we have:

V(I{i) = Z H 7 Ai _10(7 Z 7'/(05) H U/()\irl—loa/) = K4

TEG oceG T'eG o'eG
by letting 7/ = vy o7 and ¢’ = o g, since 7! 0 ¢’ = 771 0 0. Using the fact that all
7(a) and all \; belong to Ok, we deduce that x; € Og NQ = Z.

To sum up, Equation (3.10) shows that @ is a Z-linear combination of the values
at 1 of a family of cardinality Card(J) = N? of E-functions with coefficients in Q,
solution of a first order differential system. Therefore Step 1 applies with H' :=
HYY o |r(a)|, since |k;| < H' for any i. We obtain |w| > cH=N+d=< for any
e > 0, where ¢ > 0 depends on . Now, Equation (3.3) yields || < ¢/ HI 1A
by bounding trivially the factors corresponding to all o # Id; here ¢’ is a positive
constant that depends only on fi,..., fy and K. Combining these estimates yields
|A| > ¢ H=4N"+1=¢ for some constant ¢; this concludes Step 2 in the case where K

upon letting

is a Galois extension of Q.

If K/Q (of degree d) is not assumed to be Galois, we consider a finite Galois exten-
sion L of Q such that K C L. We now explain the changes that must be made to the
above construction. We let Go = Gal(L/Q) and H = Gal(L/K). In the definition of w,
namely Equation (3.3), the product is now taken over the d cosets o € G/ H; indeed
a(Aj) and f{ are the same for all o in a given coset, because \; and the coefficients of
f;j belong to K. In the products of Equations (3.4) and (3.5), o ranges through Go/H,
and J = {1,..., N}¢/H However the normal basis theorem is applied to the Galois
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extension L/Q, so that « € Op, and o ranges through Gg in Equations (3.6) to (3.9).
In Equation (3.10), the product is over o € Go/H and the sum over 7 € Go. We have
k; € L, and deduce that x; € Q since y(k;) = k; for any v € Gy. We conclude the
proof in the same way since Card(J) = N<.

Alternative proof of Step 2 if' \j € Z for any j. For the reader’s convenience we give
now a slightly different proof in this special case. It is based on the same idea of
considering w, but its expansion and the way Step 1 is applied are not the same.
As in Step 2, we assume K/Q to be Galois (the general case is dealt with as explained
at the end of Step 2), let G = Gal(K/Q) and consider

(3.11) @ =[] (i&f;’(U)

ceG j=1

since we have o();) = A; now; we still have w # 0. To expand the product in the

definition of @, we denote by N the set of all tuples n = (nq,...,ny) of non-negative
integers such that ny + --- + ny = d. For any n € N, we denote by I(n) the set
of all tuples i = (iy)seq consisting of integers i, € {1,...,N} such that for any

jeA{1,...,N} we have:
Card{c € G, i, = j} =n;.
Then Equation (3.11) yields
(312) w= Z ATt AW en(1)  upon letting  pp(2) = Z H o (2).
neN i€l(n) 0€G

Let us prove that ¢,,(z), which is an E-function with coefficients in K, actually has
coefficients in Q for any n € N. For any 7 € G we have:

o= > 11 (12)

i€l(n) o€G

= > II 7

icl(n) c€G

= > I #7.., bylettingo' =700

i€l(n) o’'€G
= > I 7.
i'el(n) o'€G
where the last equality comes from letting ¢/ = i,-1,, for any ¢ € G; indeed this

defines a bijective map I(n) — I(n). Therefore v = ¢, for any 7 € G, and the
E-function ¢, (2) has coefficients in Q.

We denote by € the vector space spanned over Q(z) by the functions [[, . f7
for all tuples i = (i,)scc consisting of integers i, € {1,..., N}. There are N¢ such

tuples, so dim(€) < N?. Moreover we have ¢’ € € for any g € €.

Let § denote the dimension of the vector space spanned over Q(z) by the func-
tions ¢, for n € N. We can choose ¢ functions hy,...,hs among the ¢, which are
linearly independent, and span the same Q(z)-vector space. Choosing among the
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successive derivatives of hy,...,hs it is possible to find an integer ¢’ > ¢ and func-
tions hy;, for § +1 < ¢ < &, such that hy,...,hs are linearly independent over Q(z)
and satisfy a linear differential system of order 1. Since they have rational coefficients,
they are also linearly independent over Q(z); now they all belong to &, so we have
§ < dim(€) < N4

Proposition 2 with K = Q yields a vector of E-functions eq,...,es with rational
coeflicients, solution of a first-order differential system with no finite non-zero singu-
larity, such that each h; is a linear combination of ey, ..., es with coefficients in Q[z].

There exist Ry, Sn,; € Q(z) for n € N and 1 <7 < ¢’ such that, for any n,

5 5
on(z) = Z Rpi(2)hi(2) = Z Spi(2)ei(z).

If no S,,; has a pole at z = 1, we can take z = 1 in this equation. To deal with the
general case, we expand the right hand side as a polynomial in 1/(z — 1), up to an
additive term which is holomorphic and vanishes at z = 1. Since ¢, (2) is holomorphic
at 1, all polar contributions cancel out and the value at z = 1 is given by the constant
term of the above-mentioned polynomial. This provides an expression of the form

& J
0u(1) =D apise (1)
i=1 j=0

with a,; ; € Q. Since *(eq, ..., es) is solution of a first-order differential system with
coefficients in Q[z, 1/z], hence with no finite non-zero singularity, we obtain finally

;
(31 Pu1) = 3 basei(1)

with b, ; € Q (where simply b, ; := S, (1) in the “no pole at z = 1” case considered
above). Using Equation (3.13) into Equation (3.12) yields

6/
w = Zuiei(l) with  p; = Z AV AW, e Q.
i=1 neN

This enables us to apply the special case of Theorem 1 where K = Q, proved in
Step 1, with N replaced with & < N?. Indeed we denote by o € Z a common positive
denominator of the rational numbers b, ;; then we have oui,...,aus € Z. Since

— d p—
@ # 0 we obtain |aw| > cH'™" T with
H' = max |ogu| < fmax [N/ - N2V < gH?
1§i<6| ul|\ﬁ@€3\f 1 N \5 s

where 8 > 0 depends only on fi,..., fy and K. Then we conclude the proof as in
Step 2.
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4. DECOMPOSITION OF E-FUNCTIONS OVER A NUMBER FIELD

In the same spirit as Proposition 1, it is possible to prove the following result. The
weaker version with K replaced by Q was first proved in the unpublished note [23],
and the special case K= Q in [11].

Prorosition 3. — Let f be an E-function with coefficients in a number field K. Then
there exist polynomials P,Q € K|z], and an E-function g with coefficients in K, such
that

f(2) = P(2) + Q(2)g(2) and g(z0) is transcendental for all zy € Q .

In this setting, the non-zero algebraic numbers z at which a transcendental f takes
an algebraic value are exactly the roots of ). Moreover, replacing P with its remainder
in its Euclidean division by @, we may assume deg P < deg @ provided Q # 0 (i.e.,
when f is not a polynomial) and unicity then holds if @ is monic such that Q(0) # 0
(properties which can both be assumed without loss of generality); see [11, Prop. 3.3].

Proposition 3 is a generalization of the following result, which will be used in the
proof. It is stated as [16, Th. 4] and its proof is due to the referee of [15].

Levma 1. Let f be an E-function with coefficients in a number field K, and o € Q
be such that f(«) is algebraic. Then f(a) € K(a).

This lemma asserts that Eg(q) nNQ = K(«); it is a consequence of Theorem 2.

For the convenience of the reader, let us deduce Lemma 1 from Proposition 1. Let
B8 = f(«), and L be a finite Galois extension of K(«) such that 5 € L. Since f(z) — S
vanishes at «, Proposition 1 shows that for any ¢ € Gal(L/K(«)) the E-function
f(z) —a(B) = f°(z) — o(pB) vanishes at o(a) = «, so that o(8) = f(a) = . This
concludes the proof of Lemma 1.

Proof of Proposition 3. To prove Proposition 3, we first remark that the result is
obvious if f is algebraic, hence a polynomial: we simply take P = f and @ = 0. Let
us now assume that f is transcendental and argue by induction on the number of
non-zero algebraic numbers a such that f(a) € Q. By Beukers’ theorem this number
is finite, indeed, since f is transcendental any such o must be one of the finitely many
singularities of an appropriate differential equation of which f is a solution.

If this number is 0, one may choose P = 0 and Q = 1. Now, if f(a) € Q, Lemma 1
proves that f(a) belongs to K(«): there exists Py € K[X] such that f(a) = Py(a).
Therefore the E-function f — Py, with coefficients in K, vanishes at «. Proposition 1
yields an E-function gy with coeflicients in K such that f = Py + Dgo where D is the
minimal polynomial of o over K. If go(c) € Q, the same procedure can be carried out
with go, leading to P; € K[z] and an E-function g; with coefficients in K such that
go = Py + Dg,. After finitely many steps, this procedure terminates and provides gy
such that ge(a) ¢ Q (see the proof of [11, Th.3.4]). This concludes the proof of
Proposition 3. (|
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5. Strucrurk or Eg

In this section we prove Theorem 2 stated in the introduction. Let K be a subfield
of Q. Recall that Eg is the ring of all values f(1) where f is an E-function with
coefficients in K in particular Eg = E.

Let f1,..., fn be E-functions with coefficients in K. If fi(1),..., fy(1) are linearly
independent over Q, then obviously they are linearly independent over K. Conversely,
let us assume that they are linearly independent over K. Let Aq,..., Ay be algebraic
numbers, not all zero, such that Ay f1(1) + -+ + Axfv(1) = 0. Up to a permutation
of the indices we may assume that A\; # 0; then dividing by A\; we assume that
A1 = 1. Let us consider a finite Galois extension L of K that contains As, ..., Ay. Then
g9(z) = Zfil Aifi(2) is an E-function with coefficients in L, and it vanishes at z = 1.
For any o € Gal(LL/K), Proposition 1 yields g?(1) = 0, that is vazl o(A)fi(1) =0
since all f; have coefficients in K. Summing these relations, as ¢ varies, yields

N
i=1

with Tr]L/K(/\i) = ZUEGal(]L/]K) o(N\;) € K and Tr]L/]K(/\l) = TI‘]L/K(l) = UL : K] # 0.
This is a non-trivial linear relation, with coefficients in K, between f1(1),..., fx(1).
This contradiction concludes the proof that elements of Ex are linearly independent
over Q if, and only if, they are linearly independent over K.

6. A GALOIS ACTION ON VALUES OF I-FUNCTIONS

In this section, we define an action of Gal(Q/Q) on the set E of values of E-func-
tions. This action is not used in the paper but it sheds a different light on the proof
of Theorem 1: it presents similarities with Liouville’s proof that irrational algebraic
numbers are not too well approximated by rationals (i.e., are not Liouville numbers).

Given o € Gal(Q/Q) and ¢ € E, there exists an E-function f such that £ = f(1);
then we let o(€) := f7(1). The crucial point is to prove that o(¢) depends only on o
and £, not on the choice of f. Indeed if g is another E-function such that £ = g(1),
then f — g vanishes at the point 1. Proposition 1 shows that f7 — ¢ vanishes at 1
too, so that g?(1) = f?(1): this concludes the proof.

Theorem 2 shows that as a Galois representation, E is isomorphic to Eg ® Q,
where Eg is a Q-vector space with trivial Galois action. Therefore this does not
provide a way to understand the absolute Galois group of Q better. However, it sheds
a new light on the proof of Theorem 1 (see §3): Step 2 is very similar to Liouville’s
proof that irrational algebraic numbers are not too well approximated by rationals
(i.e., are not Liouville numbers). Indeed let us recall briefly Liouville’s proof, stated
in terms of Galois action. Let £ be an algebraic number of degree d > 2, and assume
(for simplicity) that the extension Q(£)/Q is Galois. To bound from below |¢& — p|
for (p,q) € Z* < {(0,0)}, consider

w= ] (¢ —p)

o0€Gal(Q(£)/Q)
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Then w # 0 (since o(§) is irrational for any o), and @ € Q (since it is the norm of
g€ — p with respect to the extension Q(&£)/Q). Letting 6 € Z denote a positive integer
such that 6¢ is an algebraic integer, we have d%w € Z \ {0} since Og) N Q = Z.
Therefore |§%z| > 1 so that

6 < || < Jgé — pl([€] + 1)t H!

by bounding |qo(§) — p| trivially for o # Id, where H = max(|p|, |¢|). Dividing by ¢
yields [€ — p/q| > ¢H~? where ¢ > 0 depends only on .

Step 2 of the proof of Theorem 1 presents similarities, except that elements of
K C Q are replaced with values of E-functions in Eg; the lower bound used by
Liouville (namely, §%w € Z ~ {0} implies |§%z| > 1) is replaced accordingly by
Shidlovskii’s lower bound recalled in Theorem A.

REFERENCES

[1] B. Apamczewskr & J. Cassaione — “Diophantine properties of real numbers generated by finite
automata”, Compositio Math. 142 (2006), no. 6, p. 1351-1372.

[2] B. Apamczewski & C. Faverson — “Méthode de Mahler: relations linéaires, transcendance et appli-
cations aux nombres automatiques”, Proc. London Math. Soc. (8) 115 (2017), no. 1, p. 55-90.

[3] Y. Axprié — G-functions and geometry, Aspects of Math., vol. E13, Friedr. Vieweg & Sohn,
Braunschweig, 1989.

, “Séries Gevrey de type arithmétique. I. Théorémes de pureté et de dualité”, Ann. of

Math. (2) 151 (2000), no. 2, p. 705-740.

, “Solution algebras of differential equations and quasi-homogeneous varieties: a new
differential Galois correspondence”, Ann. Sci. Ecole Norm. Sup. (4) 47 (2014), no. 2, p. 449
467.

[6] A. Baker — Transcendental number theory, second ed., Cambridge Math. Library, Cambridge
University Press, Cambridge, 1990.

[7] J. P. BeL, Y. Buceaup & M. Coons — “Diophantine approximation of Mahler numbers”, Proc.
London Math. Soc. (8) 110 (2015), no. 5, p. 1157-1206.

[8] D. Bertranp & F. BEukers — “Equations différentielles linéaires et majorations de multiplicités”,
Ann. Sci. Ecole Norm. Sup. (4) 18 (1985), no. 1, p. 181-192.

[9] D. Berrranp, V. Crirsknt & J. YEssou — “Effective estimates for global relations on Euler-type
series”, Ann. Fac. Sci. Toulouse Math. (6) 13 (2004), no. 2, p. 241-260.

[10] F. Beukers — “A refined version of the Siegel-Shidlovskii theorem”, Ann. of Math. (2) 163 (2006),
no. 1, p. 369-379.

[11] A. Bostan, T. Rivoar & B. Sarvy — “Minimization of differential equations and algebraic values of
FE-functions”, 2022, arXiv:2209.01827.

[12] N. Boursaki — Elements of mathematics. Algebra II. Chapters 4—7, Springer, Berlin, 2003.

[13] Y. Buceaun — Approzimation by algebraic numbers, Cambridge Tracts in Math., vol. 160, Cam-
bridge University Press, Cambridge, 2004.

[14] N. L. Feroman & Y. V. Nesterenko — “Transcendental numbers”, in Number theory, IV, Ency-
clopaedia Math. Sci., vol. 44, Springer, Berlin, 1998, p. 1-345.

[15] S. Fiscuier & T. Rivoar — “On the values of G-functions”, Comment. Math. Helv. 89 (2014),
no. 2, p. 313-341.

, “Arithmetic theory of E-operators”, J. Ec. polytech. Math. 3 (2016), p. 31-65.

, “Microsolutions of differential operators and values of arithmetic Gevrey series”,
Amer. J. Math. 140 (2018), no. 2, p. 317-348.

[18] L.-C. Karpe — “Zur Approximation von e*”, Ann. Univ. Sci. Budapest. Eétvés Sect. Math. 9
(1966), p. 3-14.

[19] G. Leperir — “The André-Chudnovsky-Katz theorem in the broad sense”, North-West. Eur.
J. Math. 7 (2021), p. 83-149.

JEP — M., 2024, lome 11


http://arxiv.org/abs/2209.01827

18 S. Fiscnier & T. Rivoar

[20] K. ManvLer — “Zur Approximation der Exponentialfunktion und des Logarithmus. 17, J. reine
angew. Math. 166 (1931), p. 118-136.

[21] J. Micye — “Fields and Galois theory”, 2022, version 5.10, available at www.jmilne.org/math,
144 pages.

[22] Yu. V. Nesterexko & A. B. Suibrovskii — “On the linear independence of values of E-functions”,
Mat. Sb. 187 (1996), no. 8, p. 93-108.

[23] T. Rivoar — “Valeurs algébriques de E-fonctions aux points algébriques”, HAL:hal-03676576.

[24] A. B. Sumrovskii — Transcendental numbers, De Gruyter Studies in Math., vol. 12, Walter de
Gruyter & Co., Berlin, 1989.

[25] C. L. SirceL — “Uber einige Anwendungen diophantischer Approximationen.”, Abh. Preuf. Akad.
Wiss., Phys.-Math. Kl. 1929 (1929), no. 1.

[26] V. V. ZupiLin — “On rational approximations of values of a certain class of entire functions”, Mat.
Sb. 186 (1995), no. 4, p. 555-590.

Manuscript received 25th April 2023
accepted 24th November 2023

Stipuane Fiscnrer, Université Paris-Saclay, CNRS, Laboratoire de mathématiques d’Orsay,
91405 Orsay, France

E-mail : stephane.fischler@universite-paris-saclay.fr

Url : https://www.imo.universite-paris-saclay.fr/~stephane.fischler/

Tancuy Rivoar, Université Grenoble Alpes, CNRS, Institut Fourier, CS 40700,
38058 Grenoble cedex 9, France

E-mail : tanguy.rivoal@univ-grenoble-alpes.fr

Url : https://rivoal.perso.math.cnrs.fr/

JE.P — M., 2024, tome 11


http://www.jmilne.org/math/
https://hal.archives-ouvertes.fr/hal-03676576
mailto:stephane.fischler@universite-paris-saclay.fr
https://www.imo.universite-paris-saclay.fr/~stephane.fischler/
mailto:tanguy.rivoal@univ-grenoble-alpes.fr
https://rivoal.perso.math.cnrs.fr/

	1. Introduction
	2. Main tools
	3. Proof of Theorem 1
	4. Decomposition of Ef over a number field
	5. Structure of EK
	6. A Galois action on values of Ef
	References

