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Abstract In this paper we deduce a lower bound for the rank of a family of p vectorsin
R* (considered as a vector space over the rationals) from the existence of a sequence
of linear forms on R”, with integer coefficients, which are small at k points. This
is a generalization to vectors of Nesterenko’s linear independence criterion (which
corresponds to k = 1), used by Ball-Rivoal to prove that infinitely many values of
Riemann zeta function at odd integers are irrational. The proof is based on geometry
of numbers, namely Minkowski’s theorem on convex bodies.
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1 Introduction

The motivation for this paper comes from irrationality results on values of Riemann
zeta function ¢ (s) = Z;’il nis atodd integers s > 3. The firstresultis due to Apéry [1]:

¢(3) € Q. The next breakthrough in this topic is due to Rivoal [22] and Ball-Rivoal
[2]:

. loga
dimg Spangy(1, £(3), £(5), £(D), ..., ¢(a)) = m(l +o(1)) (1.1)
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398 S. Fischler

as a — oo, where a is an odd integer; notice this is a lower bound on the rank
of this family of real numbers, in R considered as a vector space over the rationals.
Conjecturally the left handside is equal to "+1 , buteven the constant ;- +1 oz2 inEq. (1.1)
has never been improved. Actually, known reﬁnements of Ball-Rivoal’s proof provide
sharper lower bounds only for fixed values of a: the improvement always lies inside
the error term o(1) as a — oo.

However, the following improvement of (1.1) is proved in [10]:

Theorem 1 Lete > 0, and a be an odd mteger sufficiently large with respect to €. Then
letting N denote the integer part of o g2 log a, there exist odd integers o1, ..., 0N
between 3 and a such that:

e /,¢(01), ..., C(oN) are linearly independent over the rationals;
e Foranyi # j, lo; —oj| > a®.

In particular, if there are only N odd integers o between 3 and a such that (o) is
irrational, then they have to be evenly distributed (see [10]).

The strategy for proving Theorem 1 is based on the following classical construction.
For non-negative integers g, b, n, r with B and b odd, 1 < 8 < b, and 2br < a, let

dsrr=ony1e=2br 20 af=1 (k- 2rn)5 (k+2n+1)5
Tpn = S . (1.2)

(B — D! (k)30 41

where the derivative is taken at k, Pochhammer’s symbol is defined by (), = a(a +
1)...(¢ + p — 1), and dy, is the least common multiple of 1, 2, 3, ..., 2n. It is not
difficult to prove that

Jon = s +eg,n(g + 1);(5 +2) +£5n(§ +3);<5 +4)

+~-+%ﬂ(ﬁgf12)dﬁ+a—D

with integers l, g.n and £; ,; moreover Jg , tends to 0 as n — oo, for any B, provided
the parameters satisfy suitable relations (and up to technicalities, see [10] for precise
statements). This can be seen as a sequence (L) of linear forms on R@+0)/2 | with
integer coefficients, that take small values L,(e;) = Joj_1, at k = b+1 pomts
e1,...,ex € RUTP/2 The key point in the proof of Theorem 1 is then to apply the
following result, to which the present paper is devoted.

We let R?” be endowed with its canonical scalar product and the corresponding
norm.

Theorem 2 Let 1l <k <p—1,andey,..., e, € RP.
Let t1, ..., ©x > 0 be pairwise distinct real numbers.

Let (Qn)n>1 be an increasing sequence of positive integers, such that Qp+1 =
1+o(1)
n .
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Nesterenko’s linear independence... 399

Foranyn > 1, let L, = €1, X1 + -+ £, ,X, be a linear form on RP, with
integer coefficients {; , such that, as n — oo:

—ti40(1
La(ep)] = 0n " Y forany j € {1,... .k} and max 6] < QLo
<i<p

Then:

(1) If F is a subspace of RP defined over Q which contains e, ..., ey then
dmF>k+1 +- -+ 1.

In other words, letting Cy, ..., Cp € RK denote the columns of the matrix whose
rows are ey, ..., e, € RP, we have

er(Cl,...,Cp)zk+-[l+.+Tk

in R¥ seen as a Q-vector space.

(i) The vectors eq, ..., e, are R-linearly independent in R?, and the R-subspace
they span does not intersect QP \ {(0, ..., 0)}.

(iii) Let ¢ > 0, and Q be sufficiently large (in terms of €). Let C(g, Q) denote the set
of all vectors that can be written as Aey + - - - + Arer + u with:

A, ..., Ax € Rsuch that |Aj| < Q%~° forany j e {1,...,k}
u € (Spang(ey, ..., ex))" such that |lu|| < Q~'~¢

Then C(e, Q) NZP = {(0, ..., 0)}.

If K = 1 this is exactly Nesterenko’s 1985 linear independence criterion [21] used
in the proof of Ball-Rivoal’s result (1.1).

In the conclusions, (i7) is an easy result, and (iii) is the main part (it is a quantitative
version of (ii)). We deduce (i) from (iii) using Minkowski’s convex body theorem,
thereby generalizing the proof given in [12,13] of Nesterenko’s linear independence
criterion. The equivalence between both statements of (i) comes from linear algebra;
itis proved in §3.1. The proof of (ii7) relies on a matrix lemma (see §3.5) which might
be of independent interest and provides some information on linear independence of
the linear forms.

A result analogous to Theorem 2, but in which p linearly independent linear forms
like L, appear in the assumption, is proved in §4.3. This linear independence criterion
(in the style of Siegel’s) is much easier to prove than Theorem 2. Both results can
be thought of as transference principles. In this respect it is worth pointing out that
in Theorem 2 we assume essentially that for any positive integer Q there is a linear

form : indeed this is L,,, where n is such that O, < Q < Q,+1 so that Q = Q,1,+0(1)

because Q,+1 = Q,11+0(1). The assumptions imply that this linear form belongs to
some convex body, and conclusion (ii7) asserts that (up to Q) the dual convex body
does not contain any non-zero integer point. Therefore it is reasonable to imagine that
(iii) is an optimal conclusion up to Q¢. In general the lower bound k + 71 + - - - + 7%
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400 S. Fischler

in (7) 1s optimal too (see [11] for a converse statement, valid almost everywhere). In
the special case p =2,k = 1,and e; = (1, &), Theorem 2 (iii) yields an upper bound
wE) <1+ Til on the irrationality exponent of &, and reduces essentially to Lemma
1 of [12]. A converse statement in this case is proved in [12] (Theorem 1).

The assumption that 71, . . ., 7 are pairwise distinct is very important in Theorem 2,
and it cannot be omitted. For instance, if 1y = 7> then L,(e; — e2) could be very
small: up to replacing (e, e2) with (e; + ez, e; — e3), this amounts to dropping
the assumption that the linear forms L), are not too small at the points e;. Now this
assumption is known to be essential, already in the classical case of Nesterenko’s linear
independence criterion (except for proving the linear independence of three numbers,
see Theorem 2 of [13]). Actually, if 71 = 12 then L, (e; — e3) could even vanish, so
the possibility that e; = e; cannot be eliminated: even assertion (i) may fail to hold.

We shall prove Theorem 2 in a more general form, stated in §2, which allows the
sequences (| Ly (e;)])n>1 to oscillate (as in [9]), and takes into account divisors of the
coefficients ¢; , (as in [13]); the former is used in [10] to prove Theorem 1. We also
include a refinement useful when L, is not too large at some other point, which is new
even in the classical case of Nesterenko’s linear independence (with k = 1).

We hope that our results will have Diophantine applications besides those of [10];
we mention some directions in §4.4, connected to polylogarithms or zeta values. Our
criterion could be used also for g-analogues, as in [13].

The structure of this text is as follows. In §2 we state our result in a very general
form, of which Theorem 2 is a special case. Section 3 is devoted to the proof; then we
deduce some corollaries in §§4.1 and 4.2. We prove an analogous result in the style of
Siegel’s linear independence criterion in §4.3, and conclude in §4.4 with Diophantine
applications.

2 Statement of the criterion

The following generalization of Theorem 2 is our main result.

Theorem 3 Let 1 < k < p—1,and ey, ...,ex € RP. Let (vy,...,vp) denote
a basis of RP. Let ty, ..., 7 > 0,01 > ... 20, >0, w1,...,0, @1,..., ¢ be
real numbers, with Ty, . .., T pairwise distinct. Assume that there exist infinitely many

integers n with the following property: forany j € {1, ..., k},nwj+¢; # 7 mod 7.
Let (Qy)n>1 be an increasing sequence of positive integers, such that Qn+1 =
1+0(/n) if w

n ; = ... = w = 0, this assumption can be weakened to Q,+1 =
1+o0(1)
n .

Foranyn > 1, let L, = £1,X1 + -+ £, ,X, be a linear form on RP, with
integer coefficients {; ,, such that, as n — oo:

|ILp(ej)] = Oy Tt )Icos(na)j + ;) +o(D)|forany j € {1,...,k}, 2.1

and

L, (v)| < Q%W foranyi e (1,..., p}.
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Nesterenko’s linear independence... 401

Foralln > 1andi € {1, ..., p}, let §; , be a positive divisor of £; ,, such that:

(1) ;. divides ;1 foranyn > landanyi € {1,..., p —1},
(ii) (;:: divides gj;%for anyn > landany0 <i < j < p, withép, = 1,

(i) ;. , = ZliJrO(l) asn — oo foranyi € {1,..., p}, with real numbers d; such
that0 <dy < --- <d, < o).
Then:

(1) If F is a subspace of R? defined over Q which contains ey, ..., ek, thens = dim F
satisfies s > k + 1 and

O-1+...+gs_k2‘[1+-"+Tk+d1+"'+ds- (22)

In other words, letting Cy, ..., C) € R¥ denote the columns of the matrix whose
rows are ey, ..., ex € RP, the rank s of the family (Cy, ..., C)) in RX seen as a
Q-vector space satisfies s > k + 1 and Eq. (2.2).

(i) The vectors eq, ..., e are R-linearly independent in R?, and the R-subspace
they span does not intersect QP\{(0, ..., 0)}.

(iii) Let ¢ > 0, and Q be sufficiently large (in terms of €). Let C(g, Q) denote the set
of all vectors that can be written as Aey + - - - + Agex + u with:

Al ..., Ap € Rsuch that |Aj| < Q%7 forany j € {1, ..., k}
u € (Spang(ey, ..., ex))* such that u = mivi+ - ppv, with |ui| < Q7%
foranyi e {1, ..., p}.

Let A(Q) denote the set of all (x1,...,xp) € QP such that §; wg)x; € Z for
anyi € {1,..., p}, where V(Q) is the largest integer n such that Q, < Q.
Then C(e, Q) NA(Q) ={(,...,0)}.

In the special case where 0; = §;, = 1,d; = w; = ¢; = 0 for any i, j, n,
and (v, ..., vp) is the canonical basis of R”, this is exactly Theorem 2 stated in the

introduction. Indeed Eq. (2.1) reads [L,(e;)| = Q;l’j-i-O(l)

L, (v;) = ¥; ,; moreover Eq. (2.2) reads

in this case, and we have

dmF>k+1+- -+ 11.

There is only a minor difference in (ii7), where the norm of « is the Euclidean one in
Theorem 2, and the supremum one in Theorem 3; of course this is not significant.
The real numbers w; and ¢; allow oscillating behaviors of the sequences
(ILy(e;)])n>1.Thisisusedin [10], where the saddle point method is applied. In the spe-
cial case of Theorem 2 with k = 1, the corresponding generalization of Nesterenko’s
linear independence criterion has been proved in [9] when Q, = B" for some > 1
(which is the most interesting case). We generalize it here to any sequence (Q;) such

that Q0,41 = ,ll+0(1/ "); eventhough this assumption is slightly more restrictive than

the usual one Q, = QW
with 8 > 1 and d > 0.

oy . d
, it is general enough to include sequences Q, = B"
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402 S. Fischler

The divisors §; , allow one to make use of divisibility properties of the coefficients
¢; »: for instance, in most constructions of linear forms in zeta values, ¢; , is a multiple
of 6; , = d;’ for some ¢; > 1, where d, = lcm(1, 2, ..., n). The first refinement of
Nesterenko’s linear independence criterion involving such divisors §; ,, is Theorem 1
of [13], which is essentially the special case of Theorem 3 (i) where k = 1, 0; = 1,
wj =¢; =0,and (vy, ..., v)) is the canonical basis of R”; it is the main ingredient
in the proof [13] that 1, ¢ (3) and ¢ (j) are Q-linearly independent for some odd integer
J between 5 and 139.

The real numbers o; allow one to take advantage of the fact that the linear forms
L, might be smaller than || L, || at some given points v; (eventhough L, (v;) does not
tend to 0 as n — o0). For instance, if (vy, ..., v,) is the canonical basis, this is useful
when one has a sharper upper bound on |¢; ,,| for some values of i than for others.
This feature is new even in the case of Nesterenko’s linear independence criterion
(namely, withk = 1,0; = §;, = 1, and d; = w; = ¢; = 0). It would be interesting
to deduce from this refinement a Diophantine consequence. Actually it happens for
linear forms in zeta values that lim,—, o |4; »| /n exists for any i and does depend on
i. For instance, F. Amoroso and T. Rivoal have noticed that in the expansion of

1 (k—n),

| -

k=1 (k)z—f-l

as a linear combination of zeta values, the coefficients of odd and even zeta values
don’t have the same size (provided a is even).

It is very important in Theorem 3 that 7y, . . ., 7 are pairwise distinct; however it is
not always necessary to compute their exact values. For instance, if min(zy, ..., %)
is greater than or equal to some t > 0, then Eq. (2.2) implies

o1+ -+os—k =kt +d+---+ds;

in the special case of Theorem 2 this lower bound reads dim F > k(1 + 7). This
remark is already used (with k = 1) in [2], and also in the proof [10] of Theorem 1.
We refer to §4.2 below for a related result.

At last, notice that if the assumptions of Theorem 3 hold with ey, .. ., e, then they
hold also if we forget one of the e;’s (say e, with k > 2). The same implication holds
also for parts (i) and (iii) of the conclusion, since the convex body C(e, Q) becomes
smaller when ey is omitted. However this implication does not hold for part (i); to fix
this we refine part (i) in the following corollary (which is used in [10]).

Corollary 1 In the situation of Theorem 3, assume also that Ty > --- > tx. Then for
any subspace F of R? defined over Q we have

s>t+landoy+ -+ 054 > Thy1—r + -+ T +di + -+ + dy, (2.3)
provided that s = dim F and t = dim(F N Spang (e, ..., ex)) are positive.

In other words, for any surjective R-linear map w : R* — R witht > 1, Eq. (2.3)
holds with
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Nesterenko’s linear independence... 403

s =1k (Cy), ..., (Cp))

where the rank is computed in R' seen as a Q-vector space.

Proof of Corollary 1 Let F be a subspace of R” defined over Q; assume that s =
dim F and t+ = dim(F N Spanp(ey, ..., ex)) are positive. For any j € {1,...,k}
we let D; = dim(F N Spang(ey,...,ej)),sothat 0 < Dy < --- < Dy =t
and D; € {Dj_1,D;_ + 1} for any j (with Dy = 0). Then there exist 7 integers
1 < ji <.+ < Jjr < ksuchthat D; = D; ;| + 1 if, and only if, j is among
the ji’s. For any i € {1,...,t}, there exists e; € F N Spang(ey, ..., ej;) such that
e & Spang(eq, ..., ej,_1). Then we have ¢; = Zj'i:1 Ai, je; for real numbers A; j
such that 4; ;, # 0. Since 71 > --- > 1j;, Eq. (2.1) y1elds

Tj, +o(1)

ILa(ep)| = Qn | cos(nwj, + ¢j;) +o(1)].

Therefore Theorem 3 applies to e/, ..., e; with 7, ..., 7j,. Since 71 > --- > 1, the
inequality (2.2) obtained in this way implies Eq. (2.3). This concludes the proof of
Corollary 1, except for the second part of the conclusion which will be proved at the
end of §3.1 below.

3 Proof of the criterion

This section is devoted to proving Theorem 3, of which Theorem 2 stated in the
introduction is a special case (see §2). Reindexing eq, . . ., ex is necessary, we assume
that 71 > --- > 1% > 0. This assumption will be used in §§3.3 and 3.6.

3.1 Rational rank of vectors

In this section, we give some details about the conclusions of our criterion, which
allow us to prove the equivalence of both conclusions of (i) in Theorems 2 and 3, and
to conclude the proof of Corollary 1.

In Nesterenko’s linear independence criterion, a lower bound is derived for the
dimension of the Q-subspace of R spanned by &g, ..., & € R, that is, for the Q-

rank of &y, ..., & in R considered as a vector space over (Q. This rank is equal to the
dimension of the smallest subspace of R" +1_ defined over the rationals, which contains
the point (&, . .., &-). We generalize this equality to our setting in Lemma 1 below.

Recall that a subspace F of R? is said to be defined over Q if it is the zero locus of
a family of linear forms with rational coefficients. This is equivalent to the existence
of a basis (or a generating family) of F, as a vector space over R, consisting in vectors
of Q7 (see for instance §8 of [3]). Since the intersection of a family of subspaces of
R? defined over Q is again defined over Q, there exists for any subset S C R?” a
minimal subspace of R”, defined over (Q, which contains S: this is the intersection of
all subspaces of R?, defined over (Q, which contain S.

Let M be a matrix with k > 1 rows, p > 1 columns, and real entries. Letting
e, ...,ex € RP denote the rows of M, we can consider as above the smallest subspace
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404 S. Fischler

of R”, defined over (Q, which contains ey, ..., ex. On the other hand, we denote by
Ci,....Cp € R¥ the columns of M and consider R* as an infinite-dimensional
vector space over Q. Then Spang(Ci, . .., Cp) is the smallest Q-vector subspace of
Rk containing Cy, ..., Cp; it consists in all linear combinations r1Cy + --- +r,C),
with r1,...,7r, € Q. Its dimension (as a Q-vector space) is the rank (over Q) of
C1, ..., Cp,denoted by tkg(Cy, ..., Cp).

Lemma 1 Let M € Mat; ,(R) with k, p > 1. Denote by ey, ...,e; € RP denote
the rows of M, and by Cy,...,C), € RK its columns. Then tkg(C1, ..., Cp) is the
dimension of the smallest subspace of R?, defined over QQ, which contains e, . . ., ek.

When k = 1, this lemma means that the Q-rank of &, ..., & is equal to the
dimension of the smallest subspace of R" +1_ defined over the rationals, which contains

the point (&, ..., &).

Proof of Lemma 1 Let G = (Spang(eq, ..., ex))", where R” is equipped with the
usual scalar product. Let F denote the minimal subspace of R”, defined over (Q, which
contains ey, ..., e;. Then F/ L is the maximal subspace of R”, defined over QQ, which is
containedin G = {ey, ..., ex}*. Therefore F- = Spang (GNQP) = (GNQP)RqR:
any basis of the Q-vector space G N Q7 is an R-basis of F. Since G N Q? = ker
where ¢ : QF — R¥ is defined by ¥ (r1,...,rp) =rCy +---+r,Cp, we have:

dimg F = p —dimg F* = p — dimg(G N QP) = rkgy = tkg(Cy, ..., Cp).

This concludes the proof of Lemma 1.

Let us deduce from Lemma 1 the following generalization, and use it to prove the
second assertion of Corollary 1.

Lemma?2 Let M, ey, ... e, Cy,...,Cp, be as in Lemma 1. Let  : R — R! be
a R-linear map, with t > 1. Then the rank of (w(Cy),...,w(Cp)) in R! (seen as a
Q-vector space) is equal to the dimension of the minimal subspace F of RP, defined
over Q, which contains the image of Y o'm ; here Vr is the R-linear map of the dual of
R¥ 70 RP which maps the canonical basis to (eq, ..., ej).

Proof of Lemma 2 Let P be the matrix of m with respect to canonical bases, and
M' = PM. Applying Lemma 1 to M’ gives directly the result.

Proof of the second assertion of Corollary 1 Let F denote the minimal subspace of
R?, defined over QQ, which contains the image of y o't ; then Lemma 2 yields dim F =

s. Now rk('w) = rk(zr) = t and ¥ is injective because ey, ..., ¢; are R-linearly
independent (using conclusion (i) of Theorem 3), so that Im(y o’w) has dimension
t. Since this subspace is contained in both F and Spang (eq, ..., ex) = Imy, we have

dim(F N Spang (e, ..., ex)) > t. Now the first part of Corollary 1 (deduced in §2
from Theorem 3) shows that Eq. (2.3) holds when ¢ is replaced with this (possibly
larger) dimension; therefore it holds with ¢. This concludes the proof of the second
assertion of Corollary 1.
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3.2 Reduction to the non-oscillatory case

In this subsection, we deduce the general case of Theorem 3 from the special case

where w1 = - - - = wy = 0; notice that in this case we have ¢; # % mod 7 for any
—7j4o(1 ) ) )

J €{l,...,k}, sothat Eq. (2.1) reads |L,(e;)| = Q, Tt ). This special case will

be proved in the following subsections, under the assumption that Q41 = ,1,+0(1)

(which is weaker than the assumption Q41 = ,11+0(1/ n) we make when wyq, ..., wi
may be non-zero).

. . 1+0(1/n)

Letwy, ..., ok, @1, ..., ¢k, and (Q,) beasin Theorem 3, with Q,,+1 = O, .

Since there are infinitely many integers n such that, for any j € {1, ..., k}, nw; +

¢; # 5 mod 7, Proposition 1 of [9] provides &, > 0 and an increasing function

¥ : N — N such that lim,_, Y _ ) and, for any n and any j € {1,...,k},

n
|cos(Y(m)w; + ¢;)| > €. Let L), = Ly and Q;, = Qy ) for any n > 1. Then
we have |L) (ej)| = Q;_Tﬁo(l) because | cos(Y (n)w; + ¢;j)| = Qf//((ln)). Let us check
that Q) = Q;HO(I); then the special case of Theorem 3 will apply to the sequences
(L})n>1 and (Q;,)n>1, With the same other parameters: this will conclude the proof.

Since Q41 = ,11+0(1/")

1+M/n
n s

there exists M > 0O such that, forany n > 1, Q,41 <
this implies

log Qnie < (14+ M/n) log Q,

for any £ > 0. Letting §, = ¥ (n + 1) — ¥ (n) > 1, we have:

log Q)41 = 10g Oy (my+s, <(1 + M/ (n)* log Qy(ny < exp(M8,/ ¥ (n))log Q)
= (1+o(1))log Q,,

since 1 +x < e¢* and §,, = o(n) since ¥ (n) = An+o(n). This concludes the reduction
to the case where wj = ... = wg = 0 and Qn4q = QL W,

3.3 Proof of (ii)

Let us come now to the easiest part of Theorem 3, namely (ii). We shall prove simulta-

neously thatey, ..., e are linearly independent in R”, and that FNQ? = {(0, ..., 0)}
where F' = Spanp (e, ..., ex). With this aim in mind, we assume (by contradiction)
that there exist real numbers A, ..., Ar, not all zero, such that Zf‘:] rjej € Q7F;

multiplying all A; by a common denominator of the coordinates, we may assume
le‘zl Ljej € ZP. Then k, = L,,(ZI;-=1 rjej) = ZI;ZI AjLy,(e;) is an integer for
any n > 1. Now if n is sufficiently large then |«,| < ZI;-ZI [Ajl[Ln(ej)] < 1, s0
that k, = 0. Let jo denote the largest integer j such that A; # 0. Then for any n
sufficiently large, the fact that «,, = 0 implies |, L, (ej,)| = | Zjo:_ll AjLy(ej)| so
that
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406 S. Fischler

Jo—1 Jo—1

|Ln(ej)| tj,—tj+o(l)
Mol < D0 Il < > gl
S ey T A

as n — 00. Now the right handside tends to 0 as n — oo because we have assumed
that 7y > --- > 1, so that A j, = O: this contradicts the definition of A ;.

Therefore such real numbers A, ..., Ax cannot exist, and this concludes the proof
of (i7).

3.4 Proof that (ii) and (iii) imply (i)

Before proceeding in §§3.5 and 3.6 to the proof of (iii), which is the main part, we
deduce (i) from (ii) and (iii). Recall that the second statement of (i) is equivalent to
the first one (which we shall prove now) thanks to Lemma 1 proved in §3.1.

Let F be a subspace of R”, defined over (Q, which contains ey, ..., ex. Letting
s = dim F, we have s > k using (i7). Assertion (iii) yields, for any ¢ > 0 and any
Q sufficiently large (in terms of ¢), a subset C(e, Q) and a lattice A(Q) such that
Cle, Q)N A(Q) = {(,...,0)}. Now C(g, Q) N F is a convex body, compact and
symmetric with respect to the origin, in the Euclidean space F. On the other hand,
A(Q)NF isalattice in F because F is defined over Q. Therefore Minkowski’s convex
body theorem (see for instance Chapter III of [5]) implies that C(e, Q) N F has volume
less than 2° det(A(Q) N F). Letting

aA=T+:+T—01— " — 05—k —SE,

this volume is greater than or equal to Q%, up to a multiplicative constant which
depends only on F, ey, ..., e, vy, ..., Vp (using the inequalities o1 > --- > o).
On the other hand, since d; < --- < dj, we have det(A(Q) N F) < c 0Pt where
B = —dj —--- —ds and c is a constant depending only on F'. Since Q can be chosen
arbitrarily large, the above-mentioned consequence of Minkowski’s theorem yields
a < B. Now ¢ can be any positive real number, so that we obtain

n+--+ut+di+---+dy <oy +---+ 05—,

thereby concluding the proof of (7).

3.5 A matrix lemma
We state and prove in this section the main tool in the proof of Theorem 2, namely
Lemma 3. This result has been used recently by Dauguet [6], and might be of inde-

pendent interest; its proof relies on estimating the determinant and cofactors.

Lemma 3 Let A be a k x k matrix with real positive entries a; j, 1 < i, j < k, such
that

@ Springer



Nesterenko’s linear independence... 407

ay aj jay jrforanyi, j,i', j suchthati <i'and j < j'. (3.1)

GWi'E G

Then A is an invertible matrix, and letting Al = [bi,j1<i, j<k we have

1 1
bl < (1 + p + k—z)a;].lforanyi,j e{l,... k}.

Lemma 3 is optimal up to the value of the constant 1+ % + k%: it would be false with
a constant less than 1/k instead (this is immediately seen by computing a diagonal
coefficient of AA~!, which is equal to 1). We did not try to improve on the constant
1+ % + kLZ’ but anyway it could easily be made smaller by replacing m in (3.1)
with a smaller constant.

In the proof of Lemma 3 we shall use the following result.

Lemma 4 Under the assumptions of Lemma 3, for any o € S} we have

k k
H A5 (j),j = Mo H aj,j (3.2)
j=1 j=1

where n, = m ifo #1d, and nig = 1.

Proof of Lemma 4 For o # 1d let k, denote the largest integer j € {1, ..., k} such
thato (j) # j; putalso kg = 0. We are going to prove Eq. (3.2) by induction on k. If
ks < 1then o = Id, so that Eq. (3.2) holds trivially. Let 0 € & be such that k, > 2,
and assume that Eq. (3.2) holds for any o’ such that k,s < k,. We have o (j) = j
forany j € {ko +1,...,k}, and 0(ks) < ko. Let jo = o (k,); then Jjo < Kg-
Leto' =007 0.k, Where Ty . 1s the transposition that exchanges jo and «,. Then
o'(j) = jforany j € {ks, ..., k} sothat k,» < Kk, and Eq. (3.2) holds for ¢’. Since
o'(j) =o(j) for j & {jo, ko }, 0'(jo) = 0(ky) and 6’ (ks ) = K4, this implies (using
the fact that n, < 1)

k
Ao (k4. jo %o Ko H Ao (j).j = Ha,-,j.
I<j<k Jj=1

j¢{j0sKO’}
On the other hand, Eq. (3.1) implies

1

Uiy, jolo (kKo ) ke = *+ D! 1)!ao(xa>,joaxa,xg

because o (k,) < ko and jo < k. Multiplying out the previous two inequalities yields
Eq. (3.2) for o, since o (jo) = k. This concludes the proof of Lemma 4.
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Proof of Lemma 3 Letting A = | det A | we have, using Lemma 4:

k k
= [Taii— 22 [Tawins Z( k+1)H“U >0 (3.3)
j=1

G€6k jZl
o#1d

so that A is invertible. Given i, j € {1, ..., k} we have |b; ;| = % where A; ; is the
absolute value of the determinant of the matrix obtained from A by deleting the i-th
row and the jth column. Using Lemma 4 again we have

k
Z H Ao (j).j = Z No a,fjl Haj/,j/. (3.4)
j’=1

0eGy 1<j'<k ce;
o(j)=i j+£j o(j)=i

Now we have n, = 1 for at most one o, and n, =
among the (k — 1)! such that o (j) = i, so that

=Sy +1)' for all other permutations o

(k—1! k+1+1
(k+ 1)! k+1
ceSy
o()=i

Combining this upper bound with Egs. (3.3) and (3.4) yields

Aij _k+1+4

|bj,i|: A X aiJa

thereby completing the proof of Lemma 3.

3.6 Proof of (iii)

We are now in position to prove the remaining part of Theorem 2, namely (iii).
We assume 71 > -+ > 1% > Oand w1 = --- = wr = 0 (see §3.2), so that
La(ep)) = 0, 7.

Before giving detalls, let us make a few comments on our strategy.

Recall that Nesterenko’s linear independence criterion is much easier to prove if
the linear forms L,, Ly41, ..., Lyyp—1 are linearly independent (see §2.3 of [13]
or the references to Siegel’s criterion in §4.3 below). Of course this is not always
the case, but Lemma 3 enables us to make a step in this direction. Actually letting

F = Spang(eq, ..., ex), we consider the restrictions L, r of the linear forms to F;
recall that dim F' = k thanks to (ii) proved in §3.3. It is not true in general that L, r,
Lyi1F, .., Lyyk—1)F are linearly independent linear forms on F': for instance, the

equality L, = L, might hold for any even integer n (because of the error terms
o(1) in the assumptions of Theorem 3). To make this statement correct, we introduce
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a function ¢ : N* — N* such that ¢(n) > n 4+ 1 for any n > 1. The integer ¢(n)
plays the role of n + 1, that is: applying ¢ corresponds to “taking the next integer”.
The idea is that ¢(n) will be large enough (in comparison to n) to avoid obvious
counter-examples as above coming from error terms. In more precise terms, ¢ (n) will
be defined by the property Qymu)—1 < Q,11+£l < Qyn) (where €1 is a small positive
real number); in this way, the error terms o(1) in the assumptions of Theorem 3 will
not be a problem any more.

With this definition, we shall prove that for any n sufficiently large, the linear
forms Ly r, Lymn)Fs Loy(n)|F> --» Lgp_i(m)|F o0 F are linearly independent (where
@i = ¢ o...o0 @), so that they make up a basis of the dual vector space F*. In the
proof of Theorem 3 we shall need the following quantitative version of this property:
in writing the linear form e; (defined by e; (Aiep + -+ 4+ Arex) = Aj) as a linear
combination of %L,ﬂp, me(n)lF’ e mL‘/’H (n)| F» the coefficients
that appear are bounded independently from n (actually they are between —3 and
3): see Eq. (3.8) below. This will follow from Lemma 3 applied to the matrix A, =
[ILg;_ ) (ej)l11<i, j<k- The point in applying this lemma is that sharp upper and lower
bounds on |Ly, ,x)(e;)| are available; the assumption 7; > --- > 7 plays also a
central role here.

Now let us prove (iii).

Let ¢ > 0. We choose €1 > 0 sufficiently small, so that

(1 + e = Dmax(1, 11, 01) < /4. (3.5)

If £k = 1 there is no assumption on €1, because it does not really appear in the proof:
Lemma 3 is a triviality in this case, and the proof of (iii) reduces essentially to that
of [13].

Foranyn > 1, wedefine ¢(n) by Qypn)—1 < Q,11+8 < Qy(n), because the sequence
(Qp) is increasing and we may assume Q, > 1 forany n. Then we have ¢(n) > n+1.

This implies lim;,, o ¢(n) = +00, so that Qy ;) = Q;H;(_l)l (because we assume

1 1
Oni1 = 0,""") and

1

Qymy = 0, 1+ (3.6)
here o(1) denotes any sequence that tends to 0 as n — oco. Moreover the assumption
[Ly(ej)| = Qn_tﬁo(]) implies |L, (e;)| > O for any j, n with n sufficiently large. We
have also for any n sufficiently large and any j € {1, ..., k}:

—tj+0(1) _ o —7i(I+e)+o(D)
Lomy (el = Qe ™ =0 T < [La(e)). (3.7)

Fori € {0,...,k—1}letp; = po...o¢p denote the map ¢ composed i times with
itself (so that ¢g(n) = n and @1 (n) = ¢(n)). Put

An = [ILgy- (e

I<i,j<k

and denote by a; ; the entries of A, (omitting for simplicity the dependence on n).
Let us check the assumption (3.1) of Lemma 3, provided # is sufficiently large. Let
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i,j,i'’,j €{l,...,k} besuchthati < i"and j < j'; we putn’ = ¢;_;(n) and
n" = @y_1(n), so that n” > ¢(n’). Using Eq. (3.6) and the assumption 7; > 7;» we
obtain

T —Tj4o(l) —
aj,jdi,j Ln”(ej)Ln’(ej’) _ an// J _ (Q(p(n’))t/ Tj+o(1)
a,',ja,v’j/ Ln/(ej)Ln//(ej/) QT‘{/_TJ+0(1) — Qn’

n

=T 1 1
_ Qil/(fj 7;)+o(1) -
(k+1)!

if n is sufficiently large, so that Lemma 3 applies. Given M = lele Ajej with
k .
M, ..., € R, we have Ly, ,(ny(M) = 2 i_a;jA; where we let A, = A; if

Ly, _ym(e;) > 0, and )Jj = —A; otherwise. Therefore Lemma 3 yields, for any
Jj € {l,...,k} and any n sufficiently large:

k

D bjiLg (M)

i=1

k
1 1 |Lg, i (n)(M)]
Al =13 = 5(1+%+—)Z—1 (3.8)

k2 |Lgi_ iy (e

i=1

This upper bound on |4 | in terms of the [L, ) (M)| is the main tool we shall use
now in the proof.

Let Q be sufficiently large in terms of ¢, and assume that C(e, Q) N A(Q) contains
a non-zero point P. Then we have

P:)\'161+"'+)“kek+u:(xls‘--yxp)#(Oa--~90)

with Ay, ..., Ak € Rou = pqvi+- -+ upv, € (Spang(er, ..., ex) 5, |Aj| < QW ¢
forany j e {1,...,k}, |nil < Q7% ®foranyi € {l,..., p},and §; ,x; € Z for any
i, where n = W(Q) is the largest integer such that Q, < Q. In particular we have
0, <0 < Qpt1sothat Q = Q,11+0(1), and n tends to oo as Q — oo: if u, = o(1),
that is u,, — 0 as n — o0, then u, tends also to 0 as Q — oo.

Let £ denote the least integer such that

)
forany j € {1,...,k}, wehave [A;L¢(e;)| < Pt 3.9)
3kbp.n

Since [A;| < Q%™¢ and n is sufficiently large, this upper bound holds for n so that
this integer exists and we have ¢ < n.

The integer ¢ depends on Q and on the choice of a non-zero point P € C(e, Q) N
A(Q). Let us prove that £ — oo as Q — o0, uniformly with respect to the choice of
P.Let £y > 1, and denote by Ky, the set of all points P" = A\e1 + -+ Aex +u’
with

1
A min |Lp(e;)| < — forany j € {1,...,k},
| |<’§€o| e(ej)|_3k yJef }

I 1<t
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where u’ € (Span(eq, ..., ex))" can be written as u’ = pivr + -+ u;,vp with
lni| < Q7% ~* foranyi € {I,..., p}. By definition of £ and Ky, if £ < £o then

8 n . 8 n .
5” = P € Ky,. Moreover the point 5”—’€P belongs also to A(Qy,) since
p, P,

) S; ) S;
8i,e0 (ﬂxi) = ( Z’ZO) ( pnf l’n) (8inxi) € Z
Sp.e i 3p.e/die

foranyi € {1, ..., p},byassumption on the divisors §; ,,. Therefore (assuming ¢ < {()

the point g’; ’Z P belongs to Ky, N A(Qy,), which is a finite set because Ky, is compact

and A(Qy,) is discrete. Now the function x : K¢, NA(Q¢,) — Rdefined by x (P') =
|71 (P")||, where 7 is the orthogonal projection on (Span(ey, . .., er))T, has a least

positive value xo. We have x(ﬁj’; P) # 0 because P ¢ QF N Span(ey, ..., ex) =
{(0,...,0)} (using assertion (ii) proved in §3.3), so that

X0 < X (W P) v el < lrto® gop=e _ gdp=op=cto(d)

since §, ¢ > 1 and 0, < --- < o7. This inequality implies that Q is not too large
in terms of £¢ and ¢ (because we assume d, < o). This concludes the proof that
{ — oo as Q — oo. In what follows, a sequence denoted by o(1) will tend to O as n,
£ or Q tends to oo; therefore in any case, it tends to 0 as Q — 0o. Moreover, we may
assume ¢ to be arbitrarily large.

We come back now to the point P € C(e, Q) N A(Q) chosen above. Since u =
Wivy 4 - -+ ppvp with [uy| < Q77 for any h, we have forany i € {1, ..., k}:

, a +o(1)
an(p, IR Z O
h=1

|Ly_yoy(u)] <

M= TM-=

i-1
Q;Gh—€+0(1)th(l+81) o) using Eq. (3.6)

IA
=
I

1

(o)
(ge) h 0 e+ QZ/4+O(1) using Eq. (3.5) and 0;, < 0
n

I M"‘a

IA

16
(QQ)_) "o < ggp_,f since 0y, > 0p > dp and € < n.
n p.n

(3.10)

On the other hand, Egs. (3.9) and (3.7) yield forany i € {1, ..., k}:

k k
Ly 0)(ej)] 8pe Sp.e
L ] )\'e < 1 ) < ’ ,
wi—1(£) :._, J5] — j:_l‘, |Lg(e])| 3k8p,n — 3819,,1
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since £ is sufficiently large. Combining this inequality with Eq. (3.10) we obtain for
the point P = Ajey + - - - + Agex + u:

Sp.e Sp.e Sp.e
|Lyi_ )(P)] < 3p + L P (3.11)

< .
apyn 381),” (Sp7n

Now we have Ly, ) = £1,g;_ ;) X1+ +Lp.g_ ()X p Where £ ., (¢) is amultiple
of 8; ., (¢), and therefore of §; ; since ¢; 1 (£) > £. Moreover §; ,x; € Z so that

Sp,n (5pn/5jn) (ﬁj «u(z))
Lo (0)Xj = : ’ — bjnxj) €Z
(Sp,ﬁ J@i—1(DA] 8177[/8]',( 8].72 J.n]

since £ < n, by assumption on the divisors J; ,. Therefore we have Ly, ) (P) €
%Z, and the upper bound (3.11) implies that this rational number is zero for any
i€ {1, ..., k}. Using Eq. (3.10) this yields the following upper bound on | L, , (¢)(M)|

(where we let M = 21;:1 rjej):

dp
Lo 00 = 1Ll = (55)" 077,

n
Combining this upper bound with Eq. (3.8) yields, forany j € {1, ..., k}:

k

I 1 O\ o tito(l) —ti4o(l)
[AjLe—1(ej)| < (1 + X + ﬁ) Z (E) o/ Q(p],»_l(e) Q)
i=1
. i—1_ _
< QZ',H-TJ ((I+e1) D+o(1) Qn dp Q—8/2 using Eq (36)
< Q?"JFE/HO(I) Q;d” Q~¢/? using the assumption 7; <71 and Eq. (3.5)
d
(@) g ot
On 3kép n
5 de+()(l)
since Oy < 0, = 0'T°M and 8"—‘5 = m. This contradicts the minimality of ¢

p.n

in Eq. (3.9), thereby concluding the proofn of (iii).

4 Consequences and related results

In this section we state and prove consequences of our main result (§§4.1 and 4.2), and
mention Diophantine applications (§4.4). We also prove in §4.3 an analogous result,
in the spirit of Siegel’s linear independence criterion.

Throughout this section we restrict to the setting of Theorem 2, omitting for sim-
plicity the refinements of Theorem 3 (eventhough they could have been adapted here).
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4.1 Distance to integers

In this section we state corollaries of our criterion dealing with linear forms which
are close to integers (rather than close to 0), as in Khintchine—Groshev’s theorem
for instance. In particular we deduce from Theorem 3 a result (namely Corollary 3
below) analogous to Nesterenko’s linear independence criterion but which applies to
sequences of simultaneous approximations of real numbers with the same denomina-
tor. This result is related to type II Padé approximation problems, in the same way as
Nesterenko’s criterion is related to type I problems. In this respect, Theorem 3 makes a
bridge between the latter and the former: it is related to Padé approximation problems
intermediate between type I and type II (see for instance [24]).

To begin with, let us state Theorem 2 in a dual way, namely interms of Cy, ..., Cp, €
R rather than eq, ..., ex € RP.

Theorem 4 Let Cy,...,C, € R¥, withk, p > 1.

Letty, ..., 7 and (Qp)n>1 be as in Theorem 2.
Foranyn > 1, let €y, ..., €y € Z be such that, as n — 00:
:tQ;Tl‘i‘O(])
max |€;,,] < 0+ and 01 ,C1 + - +€,,Cp = : 4.1)
<i<p )
:tQ;rk—H)(l)

where the £ signs can be independent from one another. Then:

(1) The rank of the family of vectors Cy, ..., Cp in R*, considered as a Q-vector
space, is greater than or equal to k + t1 + - - - + 1.
(ii) For any non-zero linear form x : R¥ — R there exists i € {1, ..., p} such that
x(Ci) ¢ Q.
(iii)) Let € > 0, and Q be sufficiently large in terms of €. Let L1, ..., A € R, not all

zero, be such that |1;j| < Q%~° forany j € {1, ..., k}. Then denoting by x the
linear map RF - R defined by x(x1,...,xx) = A1xX1 + - -+ + ArXxg, we have

dist((0(C1). s X (€L ZP A0, 0))) = 071

where dist(y, ZP\{(0, ..., 0)}) is the minimal distance of y € R? to a non-zero
integer point.

This result is just a translation of Theorem 2. Indeed let us consider the matrix
M e Maty ,(R) of which Cy, ..., C, are the columns. We denote by ey, ..., e, € R?
the rows of M. Then assumption (4.1) means that the linear form L, = €1 , X1 +-- -+
£p 2 Xp on R? is small at the points ey, ..., e. It is not difficult to see that (i7) and
(iii) in Theorem 4 are respectively equivalent to (ii) and (iii) in Theorem 2, because
(X(C1)y ..., x(Cp)) = Aey + - - - + Agex. We remark also that assuming k < p — 1
in Theorem 2 is not necessary; it has not been used in the proof. This upper bound
follows from (ii), so that it is actually a consequence of the other assumptions.
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Let us focus now on an important special case of Theorem 4, related to Padé
approximation: when Cq, ..., Ci is the canonical basis of RK. This happens in all
practical situations mentioned in §4.4 below: indeed Padé approximation provides
linear combinations of Cyy1, ..., C, which are very close to ZK . In this case, in (ii)
the interesting point is when the linear form y (xy, ..., xx) = A1x1 + - - - 4+ Agxy has
rational coefficients A ;; then we have x (C;) ¢ Q for somei € {k+1,..., p}. An
analogous remark holds for (iii); both are more easily stated as follows, in terms of
e1,..., ex. We denote by ||-|| any fixed norm on RPK.

Corollary 2 Under the assumptions of Theorem 2, suppose that forany j € {1, ..., k}
wehavee; = (0,...,0,1,0,...,0, e;.) with e;. e RP7K wherethe 1 isin jthposition.

Then no non-trivial Q-linear combination of €/, . . ., e, belongs to QP~*. In addi-
tion, let ¢ > 0, and Q be sufficiently large in terms of €. Let A1, ..., Ay € Z, not all
zero, be such that |Aj| < Q%™ forany j € {1,...,k}. Then for any S € 7P~k we
have

i€ + - 4 dgep — S| = Q715

This corollary is a measure of linear independence of the vectors e, ..., ¢; and
those of the canonical basis of ZP~*. It can be weakened by assuming |A =07
forany j € {1,...,k}, where T = min(ty, ..., %) (as in Theorem 5 below). Then
a measure of non-discreteness (in the sense of [15]) is obtained for the lattice Ze| +
cee 4 Ze,/c +ZP~k_ which has rank p. In the examples (4.2), (4.3) and (4.4) considered
in §4.4 below, the matrix with columns Cyy1, ..., Cp is symmetric (with p = 2k),
so that this lattice is exactly ZCy + - -- + ZC, (using the fact that Cy, ..., Cy is the
canonical basis of R¥).

This case k = p/2 lies “in the middle” between k = 1, which corresponds to
type I Padé approximation and Nesterenko’s original criterion, and k = p — 1, which
corresponds to type Il Padé approximation. In the latter case, Corollary 2 yields the
following result by letting &§; = —e;..

Corollary 3 Letk > 1, and &, ..., & € R.

Let 11, ..., T > 0 be pairwise distinct real numbers.

Let (Qy)n>1 be an increasing sequence of positive integers, such that Qn+1 =

1+o(1)

n .

Foranyn > 1, let £y p, ..., Lk.n, Lk+1.n € Z be such that

max |¢; | < QLo

I<i<k+1
and
(s1n&j — Cinl = Q7" forany j e 1, k).
Then:
(1) The numbers 1, &1, ..., & are Q-linearly independent.
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(1) Let ¢ > 0, and Q be sufficiently large (in terms of €). Then for any
(ao, ai, ..., ax) € ZKFI\{(O, ..., 0)} with laj| < Q%™ forany j € {1, ..., k},
we have:

lag + aré) + - +ax] > Q717F.

We have not found this statement in the literature; see however [8] (p. 98), [16]
(Lemma 2.1) or [17] (Lemma 6.1) for related results, which are probably closer to
Siegel’s criterion than to Nesterenko’s (see §4.3 below).

4.2 Upper bound on a Diophantine exponent

Given a subspace F of R”, and a non-zero point P € R”, we denote by Dist(P, F)
the projective distance of P to F, seen in I’,_1(R). Several definitions may be given,
all of them equivalent up to multiplicative constants (see for instance [23]); we choose
Dist(P, F) = % where u is the orthogonal projection of P on F= (thatis, P can be

written as u + f withu € F- and f € F), and ||-| is the Euclidean norm on R?.
The following result is a consequence of Theorem 2.

Theorem S Under the assumptions of Theorem 2, let T = min(ty, ..., %) and F =
Spang(eq, ..., ex). Then for any ¢ > 0 and any P € ZP\{(0, ..., 0)} we have:

Dist(P, F) > | P|| =\~

provided || P || is sufficiently large in terms of ¢.

It is important to notice that Theorem 5 is not optimal, since it involves only
min(ty, ..., 7). It is specially interesting when 71, ..., 7% are close to one another.

The interest of Theorem 5 is that it can be written as an upper bound on a Diophantine
exponent which measures the approximation of F' by points of Z” (see [4,19,23]).

Proof of Theorem 5 Using assertion (ii) of Theorem 2, we see that (ey, ..., ex) 1s a
basis of F. Since F is finite-dimensional, all norms on F are equivalent: there exists
k > 0 such that, for any f = Aje; +--- + Arer € F (with A; € R), we have
max [%,] < x|l £1].

Let ¢ > 0 be such that ¢ < 7. Let Q¢ be such that assertion (iii) of Theorem 2
holds for any Q > Q; we assume that || P|| > QF~°/k. Letting Q = (|| P|)1/ T~
we have Q > Q. Since P € Z? \ {(0, ..., 0)}, P does not belong to the set C(e, Q)
defined in assertion (iii). Now writing P = Ajeq + --- + Agep +u with A; € R and
u € FL, we have

max [Aj| <«llArer + -+ Akerl| < k||Pl=Q"°
1<j<k

so that ||u|| > Q~!'~¢. Using the definition of Q and that of Dist(P, F), this concludes
the proof of Theorem 5.
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4.3 Connection with a Siegel-type criterion

The following result is analogous to Theorem 2, but its proof is much easier. It relies
on Siegel’s ideas for linear independence (see for instance [8], p. 81-82 and 215-216,
or [20], Proposition 4.1). Special cases of this proposition have already been used in
Diophantine results (see §4.4 below).

Proposition1 Let 1 <k < p —1,andey, ..., e € RP be R-linearly independent
vectors.
Let (Qn)n>1 be an increasing sequence of positive integers, and for any n > 1,

let Lff) = EEZ)HX1 + -+ Eg?nXp be p linearly independent linear forms on R? (for
1 <t < p), with integer coefficients El(lr)l such that, as n — 00:

|L,(1’)(ej)| < Q;Tj+0(1)foranyj ef{l,...,k}andanyt € {l1,..., p},

where 11, ..., Tx > 0 are real numbers, and

() 1+o(1)
max €] < .
I<t=<p

Then:

(a) Conclusions (i) and (ii) of Theorem 2 hold.
(b) Let ¢ > 0, and n be sufficiently large (in terms of €). Let C,, denote the set of all
vectors that can be written as A1e1 + - - - + Aper + u with:

Als ..oy A € Risuch that |Aj| < Q;j_gforanyj ef{l,..., k}
u € (Spang(ey, ..., ex))" such that |lu|| < Q,'=¢

Then Cy, N ZP = {(0, ..., 0)}.

The main difference with Theorem 2 is that we require here p linearly independent
linear forms for any n (and we also assume ej, ..., e; to be R-linearly independent).
This makes the proof much easier, and enables one to get rid of several important

assumptions of Theorem 2 (namely Q.1 = Q,1,+0(1), 71, ..., Tx pairwise distinct,
and |L,(e;)| not too small).
If 0,41 = ,11+0(1) in Proposition 1 then in (b) we may replace Q, with any Q,

by letting n be such that Q,, < QO < Qn+1-

Proof of Proposition 1 To prove conclusion (i) of Theorem 2, let F' be a subspace of
R? defined over Q, of dimension d, which contains ey, ..., ex. Let n be sufficiently
large. Up to reordering L,(ql), s L,(f) ), we may assume the restrictions of L,(ll), s
L,(ld) to F to be linearly independent linear forms on F. Denoting by (uy,...,ug4) a
basis of F consisting in vectors of Z”, the matrix [L,(f) (j)]1<:, j<a has a non-zero
integer determinant. By making suitable linear combinations of the columns, the values
L,(f) (e1), ..., Lﬁ,l) (ex) appear and lead to the upper bound QZ_k_”_'"_T"JrO(D on the
absolute value of this determinant. This concludes the proof of (i) of Theorem 2.
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To prove part (b) of Proposition 1 (which implies conclusion (ii) of Theorem 2),
welet P = Aje; +-- -+ Arex +u € C, NZP be non-zero; then L,(f)(P) = ( for some
t, but L,(f) (P) € Z and |L,€,t) (P)| < 1. This concludes the proof of Proposition 1.

4.4 Diophantine applications

The main interest of Theorems 2 and 3 is that they provide (in conclusion (i)) a lower
bound for the rank of (Cy, ..., Cp). Such a lower bound (with k essentially equal to
a®) implies Theorem 1, using a general lemma of linear algebra (see [10] for details).
This kind of lower bounds (with k > 2) exists in the literature: for instance Gutnik
has proved [14] that the vectors

1 0 —2log?2 ’(2)
(0)’ (1) ( () ) (—3«3)) (2

are Q-linearly independent in R? (so that, for any r € Q*, at least one number among
£(2) —2rlog?2 and 3¢(3) — r¢(2) is irrational). More recently he has obtained also
[15] the Q-linear independence of

1 0 2:(3) 3¢(4)
(o) (1) (&) (&) )
In the same spirit, T. Hessami-Pilehrood has proved [18] that if g is greater than some
explicit function of & then the following 2k vectors are Q-linearly independent in R*:

1 0 0
0 1 0

S I T I (4.4)
0 0 1

T—1N,. i k—1\,. i
Lii(5)) / (/—1)Llj(7) \ / (k—l)le(7) \
] .
Lia(3) (] ! I)Lij+1<—71> (kf 1)Lik+1<—71)
Lix(5) . o\
! (j jf 1 2)L1j+k—1(_71)/ \(zkk_ 1)Li2k—1(_7]))

The same result holds with 1/¢ instead of —1/¢; see also Gutnik’s preprints cited in
[18].

These results share two common features: they rely on a special case of Proposi-
tion 1, and they prove the linear independence of the full set of p vectors involved.
Using Theorem 3 it should not be difficult to produce alternative proofs of these results,
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in which only one sequence of small linear forms is constructed (instead of p linearly
independent ones). This may lead to further generalizations: for instance no proof
of Ball-Rivoal’s lower bound (1.1) is known without using Nesterenko’s criterion.
Moreover, it should be possible also to obtain lower bounds for the rank of a family of
vectors [like (4.2) or (4.3) up to ¢(a), or (4.4) with smaller values of ¢g] eventhough
the present methods fail to prove the linear independence of the full set.

At last we would like to mention that during the submission process of the present
paper, several results of the same flavour have been obtained by Dauguet [6] and
applied to zeta values by Dauguet and Zudilin [7].
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