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Abstract

Given any non-polynomial G-function F(z) = Zg‘;o Agz* of radius of convergence R
and in the kernel a G-operator L r, we consider the G-functions F, m(z) = Z,fo 0 (ki’;, 5 ZF
for every integers s > 0 and n > 1. These functions can be analytically continued to 2
domain D star-shaped at 0 and containing the disk {|z] < R}. Fix any ¢« € Dr N Q
not a singularity of L, and any number field K containing o and the A;’s. Let &, s be
the K-vector space spanned by the values F,,[S](a), n>1land 0 < s < S. We prove that
ug rlog(S) < dimg(Py,5) < vrS for any S, for some constants ug r > 0 and vp > 0.
This appears to be the first general Diophantine result for values of G-functions evaluated
outside their disk of convergence. This theorem encompasses a previous result of the authors
in [Linear independence of values of G-functions, J. Europ. Math. Soc. 22(5), 1531-1576
(2020)], where a € @* was assumed to be such that |«| < R. Its proof relies on an explicit
construction of a Padé approximation problem adapted to certain non-holomorphic functions
associated to F', and it is quite different of that in the above mentioned paper. It makes use of
results of André, Chudnovsky and Katz on G-operators, of a linear independence criterion
a la Siegel over number fields, and of a far reaching generalization of Shidlovsky’s lemma
built upon the approach of Bertrand—Beukers and Bertrand.

Keywords G-functions - G-operators - Padé approximation - Siegel’s linear independence
criterion - Shidlovsky’s lemma
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Résumé

Etant donnée une G-fonction non polynomiale F(z) = Z,fio Agz de rayon de convergence
R qui est dans le noyau d’un G-opérateur L r, nous considérons les G-fonctions F,ES ! (z) =
Z,fio ﬁzk pour tous entiers s > 0 et n > 1. Ces fonctions peuvent étre prolongées
analytiquement & un domaine D étoilé en 0 qui contient le disque {|z] < R}. Fixons
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a € D N @*, qui n’est pas une singularité de L, et un corps de nombres K contenant
a et les coefficients Ag. Soit @, s le K-espace vectoriel engendré par les valeurs F,[S] (o),
n>1et0 <s < §.Nous montrons que ug, r log(S) < dimk(Py,s) < vrS pour tout S et
pour des constantes ug r > 0 et vp > 0. Cela semble étre le premier résultat diophantien
général portant sur les valeurs de G-fonctions en-dehors de leur disque de convergence. Ce
théoreme généralise un précédent résultat des auteurs dans [Linear independence of values
of G-functions, J. Europ. Math. Soc. 22(5), 1531-1576 (2020)], ou o € @* était supposé
étre tel que || < R. Sa démonstration repose sur la construction explicite d’un probleme
d’approximation de Padé adapté a certaines fonctions non holomorphes associées a F, et
elle differe substantiellement de celle de I’article cité ci-dessus. Nous utilisons des résultats
d’André, Chudnovsky et Katz sur les G-opérateurs, un critere d’indépendance linéaire a la
Siegel sur les corps de nombres, et une généralisation du Lemme de Shidlovsky obtenue a
partir de I’approche de Bertrand-Beukers et Bertrand.

1 Introduction

Siegel [27] defined the class of G-functions to generalize the Diophantine properties of the
logarithmic function, by opposition to the exponential function which he generalized with the
class of E-functions. A series F(z) = Z;o:o ArzF e Q[[z]] is a G-function if the following
three conditions are met (we fix an embedding of Q into C):

1. There exists C > 0 such that for any o € Gal(Q/Q) and any k > 0, |0 (Ap)| < CkH,

2. Define D, as the smallest positive integer such that D, A is an algebraic integer for any
k < n. There exists D > 0 such that for any n > 0, D,, < pntl

3. F(z)isasolution of a linear differential equation with coefficients in Q(2) (holonomicity
or D-finiteness).

A power series Y po %zk is an E-function if, and only if, Y 72, Axz* is a G-function.
Algebraic functions over Q(z) that are holomorphic at 7 = 0 are G-functions. Transcendental
G-functions include the polylogarithms Lis(z) = Y oo ;—t for every integer s > 1, multiple
polylogarithms, and the generalized hypergeometric series 41 F, with rational parameters.
The exponential function, Bessel’s functions and the generalized hypergeometric series , F,
with rational parameters are examples of E-functions.

The Diophantine theory of E-functions is well developped and complete in some sense; we
refer the reader to [26] and the introduction of [ 1] for statements of classical transcendence and
algebraic independence theorems for values of E-functions at algebraic points. A complete
picture is not yet known for G-functions, for which transcendence results are very sparse,
and in fact it is in general not even known whether interesting G-values like Lis(1) = ¢(5)
are irrational or not. We refer the reader to the introduction of [13] for statements of classical
Diophantine results on values of G-functions at algebraic points. The most general of them,
due to Chudnovsky, proves in particular the irrationality of the value F(«) of any given G-
function F evaluated at an algebraic point « sufficiently close to the origin (and this depends
on F), and in particular very far from the circle of convergence of F.

In [13], we adopted a dual point of view: for any given G-function F and any algebraic
point « in the disk of convergence, we obtained a non-trivial estimate for the dimension of a
certain vector space spanned by the values at « of a family of G-functions naturally associated
to F. The goal of the present paper is to generalize the main result of [13] to values of F
outside the disk of convergence.
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Linear independence of values of G-functions

To begin with, we recall that any G-function is solution of a minimal non-zero differential
equation over Q(2), of order say. A result due to André, Chudnovsky and Katz (see [2, p.
719]) asserts that this minimal equation has very specific properties, which will be used in
the sequel: it is Fuchsian with rational exponents, and at any point & € QU {00} it has a basis
of solutions of the form (f1(z — ), ..., fu(z — @) - (z — @), where A € M, (Q) is
upper triangular, and the f;(z) € @[[z]] are G-functions (if « = 00, z — @ must be replaced
by 1/z). Such a non-zero minimal equation is called a G-operator.

To state our result, we introduce some notations. Starting from a G-function F(z) =
Z,fio Akzk with radius of convergence R, we define for any integers n > 1 and s > O the

G-functions
o0

Ax
i k+n)

which all have R as radius of convergence. It is quite natural to consider these functions
because they are easily related to iterated primitives of F'(z), which complements the fact that
only derivatives of F are usually considered in the literature. Being an holonomic function,
F can be continued to a suitable cut plane. More precisely, let X denote the set of finite
singularities of F', which are either poles or branch points. Fora € X, we define A, := o+
e e@RY the straight half-line “from o to 00” whose direction goes through 0 but 0 ¢ A.
Then, F and the F,ES can all be analytically continued to the domain Dr := C\(Ugex, Ag),
which is star-shaped at 0 and contains the disk {|z] < R}.

Theorem 1 Let K be a number field, and F be a G-function with Taylor coefficients in K, such
that F(z) ¢ C[z]. Let Lf € K[z, (f—z] be a G-operator such that Lr F = 0. Let zg € K\{0},
assume that zg is not a singularity of L g and that zy € Dp.

Then for any S, the K-vector space spanned by the numbers F,[”(ZO) withn > 1 and
0 < s < S has dimension over K at least % log(S), where C(F) depends only on F;
here o(1) denotes a sequence that tends to 0 as S — o0.

Note that Eq. (1.4) below immediately implies that this dimension is bounded above by
€18 + p for every S > 0, where the quantities £; and u will be defined later in the paper.
Both can be computed from L ¢ and are independent of K. We observe that £1.S + p can in
fact be replaced by £oS + n (where £ is defined in the introduction of [13] and is < ¢),
provided one uses the analytic continuation to Df of Identity (5.2) of [13] instead of (1.4).

The new point in Theorem 1 is that we allow |zg| > R (provided zo belongs to the star-
shaped domain Dr and is not a singularity of L ). All previous Diophantine results we are
aware of for values of any given G-function F deal with points zg such that the defining
series Z/?io ArzF of F(z) is convergent at z = zo. Our method enables us to also deal with
points zg such that Z/fio Akzlé is divergent. For |z0| < R, Theorem 1 follows from [13,
Theorem 3].

It can also be observed from our proof that, in Theorem 1, it is in fact not necessary to
assume that the function F(z) = Z/fozo ArzF is exactly a G-function. Indeed, a similar result

holds provided we have Ay = 37

j=1¢jAji for some ¢; € Cindependent of k, where the

series Z/C:io A‘,-,kzk € K[[z]] are G-functions all solutions of the same G-operator (playing
the role of Lp).
Moreover, Corollary 1 in [13] generalizes as follows.

Corollary 1 Let us fix some rational numbers ay, ..., a,41 and by, ..., b, such that a; ¢
Z\{1} and b; ¢ —N for any i, j. Then for any zo € @* such that zo ¢ [1, +00), infinitely
many of the hypergeometric values
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ai,az,...,a R DR |
pst1 Fpts [ bR ;ZO] 520 (1.1)
£ ’ L] P LRI}
are linearly independent over Q(zg).

To deduce Corollary 1 from Theorem 1, one proceeds as in [13] by applying the analytic
continuation to D of Identity (5.2) of [13], with the same parameters as in [13]. That Identity
(5.2) is formally similar to (1.4); the main difference is that for some values of the parameters
we cannot take £; = 1 in (1.4). (See Remark 5 in Sect. 4.1 for related comments).

Of course, a more precise version of Corollary 1 holds: the dimension over Q(zg) of the
Q(zo)-vector space generated by the numbers in (1.1) for 0 < s < § is larger than C log(S)
for some constant C that depends on the a’s and b’s, and on [Q(zp) : Q]. We recall that if
|zo| < 1, the hypergeometric numbers in (1.1) are equal, by definition, to the convergent
series

[ee)

Z @i(a)i - (@psr 24
W@k~~~ (bpk - (k+1)°

k=0

with (@) = a(a+1)---(a+k—1).If |z9| > 1, the numbers (1.1) are defined by the analytic
continuation of the hypergeometric series to the cut plane C\[1, +00). These numbers can in
fact be also expressed as finite linear combinations of values of convergent hypergeometric
series with rational parameters, where the coefficients of the combinations are in @[log(@*)].
This is a consequence of the connection formulas between the solutions at 0 and oo of the
generalized hypergeometric differential equation (see [21, Section 3]). For the polylogarithms
analytically continued to C\[1, +00) with — < arg(l — z) < m, the connection formula is
as follows: for any integer s > 1, we have

1> B 2im)* Bs(log(z)

Lig(2) = (=" 'Lig (- ‘ :
z s! 2im

). 2210, +0) (1.2)
wherelog(z) = In |z|+i arg(z), arg(z) € (0, 27), and By is the s-th Bernoulli polynomial (see
[22, Section 1.3]). In particular, Liz(z) = —Liz(%) + %2 — %log(z)2 + im log(z) in these
conditions. The following specialization of Corollary 1 (and its implicit dimension lower
bound) is interesting because it improves on the best known result due to Marcovecchio [18],
which is restricted to the case 0 < |zg| < 1.

Corollary 2 For any zg € @* such that zog ¢ [1, 400), infinitely many of the values Lig(zp),
s > 1, are linearly independent over Q(zo).

When |z9| > 1 and zg ¢ [1, 00), Eq. (1.2) enables us to describe in more classical terms each
of the numbers Li; (z¢): it is a Q-linear combination of Lis (1/z¢) (defined by the convergent
series Y pe. Zak/ks) and powers of log(zp) and 2ir.

The proof of Theorem 1 is not a simple generalization of the corresponding theorem in
[13], even though the strategy is similar at the beginning. There are important difficulties to
overcome, which are not present in [13]. As in [13], we first consider the auxiliary function

¢}

e k(k—1)---(k—rn+1) -
Jr@)=n kg(k+1)5(k+2)5--~(k+n+1)5 Az 43

where a priori |z] < R, r and n are integer parameters such that » < § and eventually
n — +400. We have proved in [13] that it can be expressed as a linear combination of the
functions F,[S] and (zd%)“F with coefficients in K[z]. Here, we prove similarly that
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S n—1
JE@) =YY Pusn@F@) + Y Pun(@)(0"F)() (1.4)
u=0

u=1 s=1

where, in particular, the parameter ¢; is defined in Sect. 3.1. For |z| < R, in [13] we applied
the saddle point method to estimate | Jr (z)| precisely; this enabled us to apply a generalization
of Nesterenko’s linear independence criterion [20] and deduce Theorem 1 in this case. When
|z] = R, the first thing we would like to point out is that |Jr(z)| is still small enough
to prove linear independence results; this could seem surprising since the series (1.3) is
divergent if |z| > R. Instead, we use an integral representation of Jg(z) to bound |JF(z)|
from above (see Sect. 8.1). However we did not try to bound |J¢(z)| from below (and don’t
even know if this would be possible) because the saddle point method would not be easy at
all to generalize to deal with the analytic continuation of Jr(z); indeed, there are immediate
problems when one tries to extend it first to the case |z| = R (for instance, the number of
certain critical points suddenly drops when one shifts from the case |z| < R to the case
|z] = R). Therefore we cannot follow the original approach of [3,24] based on Nesterenko’s
linear independence criterion. This is the reason why we follow the strategy of [14]: we
first prove that the polynomial coefficients of (1.4) are solution of a Padé approximation
problem (namely Theorem 2 stated in Sect. 3.1). This enables us to apply a general version
of Shidlovsky’s lemma; since some solutions of the corresponding differential system may
have identically zero Padé remainders, the version of Shidlovsky’s lemma proved in [14]
(based upon differential Galois theory, following the approach of Bertrand-Beukers [5] and
Bertrand [4]) does not apply to our setting. We generalize it in Sect. 5, and we hope this result
will have other applications. To conclude the proof we apply a linear independence criterion
in the style of Siegel.

The structure of this paper is as follows. In Sect. 2 we focus on the two main tools in
our approach. First we extend in Sect. 2.1 the definition of f/m, given in [13] when f is
holomorphic at 0, to any function in the Nilsson class with rational exponents at 0; then we
study in Sect. 2.2 the variation around a singularity of a solution of a Fuchsian operator, which
generalizes the weight of polylogarithms. Section 3 is devoted to the statement of Theorem 2,
namely the Padé approximation problem satisfied by the polynomial coefficients of (1.4).
We also make comments on this problem, especially on the fact that vanishing conditions
involve non-holomorphic functions. Then we prove Theorem 2 in Sect. 4, building upon
the construction of [13]. We move in Sect. 5 to the general version of Shidlovsky’s lemma
(namely Theorem 3) that we state and prove. We apply itin Sect. 6 to the Padé approximation
problem of Theorem 2: this enables us to construct linearly independent linear forms (see
Proposition 2). For the convenience of the reader, we state and prove in Sect. 7 a (rather
classical) version of Siegel’s linear independence criterion. Section 8 contains the estimates
needed in Sect. 9 to conclude the proof of Theorem 1.

2 Properties of fj[s] and variation around a singularity

In this section we focus on the two main tools in our approach. First we extend the definition
of f jlsJ, given in [13] when f is holomorphic at 0, to any function in the Nilsson class with
rational exponents at 0; we give both an inductive definition and an explicit formula. Then
we study in Sect. 2.2 the variation around a singularity of a solution of a Fuchsian operator,

which generalizes the weight of polylogarithms.
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Throughout this section we fix a simply connected dense open subset D of C, with 0 ¢ D;
all functions we consider will be holomorphic on D. In all applications we have in mind, D
will be the subset defined after Lemma 5 in Sect. 3.1. We also fix a determination of log(z),
holomorphic on D; then z¥ = exp (k log(z)) is well-defined for z € D and k € Q.

2.1 General definition of f}’]

Since G-operators are Fuchsian with rational exponents, all the functions we consider in this
paper have local expansions at O of the form

f@)= Z Zak,izklog(z)i 2.1
keQ i=0
k> (f)

with a;; € C. We denote by N the set of all functions holomorphic on D that have such
an expansion at 0 (i.e., belong to the Nilsson class with rational exponents at 0) — recall that
D is a simply connected dense open subset of C\{0} fixed in this section. It is important
to observe that A is a C-differential algebra stable by primitivation. (Restricting to rational
exponents is not really needed, but we do it because it contains all applications we have in
mind.)

The notation f /[“] has been defined in [13] for f holomorphic at 0; let us extend this
definition to any f € N. With this aim in view, we first let ev : A/ — C denote the
“regularized” evaluation at 0: if f(z) = Zk,i ak,,‘zk log(z)i around z = O thenev(f) = ap,0
by definition. Then for any f € N, consider any of its primitives P(f): it is a basic fact that
P(f) € N as well. We will denote by fz f(x)dx (with no lower bound in the integral) the
unique primitive g of f such that ev(g) = 0. Of course we have g(z) = foz f(x)dx if this
integral is convergent. Moreover, [ is a C-linear operator acting on V.

Given f € N and j > 1, we let

fiw == f T f(dx 2.2)

and we define recursively f}S] for s > 2 by

@) = f % AN @dx. (2.3)

This defines f J.[S] € N forany j, s > 1: the function f j[S] is holomorphic on D, and its local
expansion at 0 is of the form (2.1).
Let us focus on a few special cases. For any f € A there exists « (f) € Q such that

f@) = Z Zak,iZkIOg(z)i

keQ i=0
k=K (f)
around z = 0.If j > lissuchthat j > —k(f) then, for any s > 1, in the process of defining

f}s] all integrals are convergent; therefore in Eqgs. (2.2) and (2.3) we may replace f © with

foz . This “convergent” case is the most important one. If f is holomorphic at O then we may
take k (f) = 0 and this situation holds for any j > 1. More generally, if the local expansion
of f at 0 reads
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f@= Z azt

k>K(f)

with a; = 0 for any negative integer k, then the above definition yields
[s] Ak k+j
o= oot
g &+D
kzk(f)
forany j, s > 1, with |z| small enough. In this sum, the terms corresponding tok € Z, k < 0,

have to be omitted; this is harmless since we have assumed a; = 0 in this case. Of course,
if f is holomorphic at O then we recover the definition of f ]m given in [13]. The situation

where a; # 0 for some negative integer & is more subtle. For instance, if f(z) = z* with
k € Z,k < 0, then for any j, s > 1 we have

1 k+j i+
gy = | T e T # =k,
Llog(z)® if j = —k.

More generally, the following lemma provides an explicit formula to compute f /[S]. It will
be used to prove Lemma 9 in Sect. 6.1. '

Lemma1 Let f € N be such that

e
f@= Y Y ailog) 2.4)
keQ i=0
k>k(f)
for |z| small enough. Then for any j > 1,s > 1 and any z € D we have
e Cy(s—14i—2
Jog(2)* Io (z) 2 00T
s1, N _ g k+/g 1y s—1
f./ (Z)_Z —juit! (s +1)! Z Z Z ag,i(—1) (k + j)stHi—*
i=0 keQ\{—j} A=0 i=A
k=K (f)
2.5)
Remark 1 We may define fjm also for s = 0, by letting f][o] (z) = z/ f(z). Then Eq. (2.5)
holds also in this case, provided we write (‘Y_;"_Hi_)‘) =2 (Hi_)‘) and consider that for

s = 0, this is equal to 1 if i = A, and to O otherwise.

Proof We shall freely use the following elementary primitivation formulas: for every integers
m,n € Z such thatm # —1 and n > 0, we have on D

)" (n — o)
P(z" log(2)") 7 Z (E) % log(z)" + ¢,

’

1 n 1 n+1
P( 0g(z) ) _ Og(z) Lo
z n+1

where, in both cases, the constant ¢ € C is arbitrary. In particular, f Lxm log(x)" dx and
f “log(x)"/x dx are the primitives for which ¢ = 0 in these formulas.
We will also need the following combinatorial identity: for every integers i, j,s > O,

i(s—i—i—)»)_(s-i—l—i—i—j) 06
= s B s+ 1 ' '
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It is readily proved by noticing that (**1*) = (* +SII§_)‘) — (Sf:i_l)‘), which transforms the
sum on the left-hand side of (2.6) into a telescoping one (with the usual convention that
(3) =0ifa < b).

We now prove Eq. (2.5) by induction on s > 1. Let us prove the case s = 1. For any
integer j > 1 and any z € D, we have

o= [0 (X C et st Jax

keQ i=0
k>k(f)
e
I < : :
= Za_j,i/ 0g()’ dx + Z Zak / i og(x) dx
i=0 keQ\{—,}i=0
k=K (f)
aj.i ] i L\ (=1 — ! .
= Z log(z)’+ Z Z +J Zak,i Z <A>W log(z)
keQ\{-j} i=0 A1=0
k>k(f)
B )
. log(z)™*! A+ IOg(Z) (=D~
=) ajiil e Y ’Z Z i AT
= i@+ v k+ j)i-
k> (f)

so that Eq. (2.5) is proved in the case s = 1.

Let us now assume that Eq. (2.5) is proved for f ]m and let us prove it for f }SH]. For
simplicity, we define

(=i~ Mv s—14+i—2
CX(”S)—;akz v o1

so that (2.5) becomes

e = Z D DL Zc (k+j.5) g(z) L@
(s + ! kiQ\f A=0
=(/)

For any integer j > 1 and any z € D, we have:

) = / %f}”(x)dx
<] Ca_; i st
:f (Z(si )'IOg(x)+>
2 L 1 A
+/ ;< DO ZC,\(k—Fj,s)iOgﬁ) )dx

keQ\{—j} A=0
k>k(f)

e

— Z -a_jji!. log(z)s+i+1

G+ +itl)

=D () -0 *
+ Colk+j.s) *log(2)"
P> > e

k>/<(f)
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a—; .
_ Z Js il g(z)s+l+l

(s+i+ l)‘
1 1 A=t
DI IE o N =
keQ\{—j} '
Pt
Now it remains to simplify the inner sum over . We have
2y (S—1Hi—A _
(=D S EnTRCT ) et
ZC)‘(k+J 5) k + j)*— 41 _ZZ Qi (k + j)s+i—* (k_i_j))ﬁZJrl

A=t A=l i=A

¢ ()it G fs—14i—x
= Zak’(k+1)s+1+z l Z s—1
B (D4 (s4i—t

Z k’(k+ )s+1+z s
=Cz(k+1,s+1), (2.8)

where we have used Identity (2.6) to compute the inner sum in Eq. (2.8). Therefore,

e

fls+ )—ZLIO @F 4 Y Hjic k+ j )log(Z)e
;o G+i+Dl =F £ wET e
keQ\{— =0

kz:c(f)

This is nothing but Eq. (2.7) with s replaced by s 4+ 1, which completes the proof of the
induction and that of Lemma 1. O

2.2 Variation around a singularity

Recall that D is a simply connected dense open subset of C, with 0 ¢ D, fixed in this section.
Let L be a Fuchsian operator with rational exponents at 0 (for instance a G-operator); assume
that D does not contain any singularity of L. Let f be a function holomorphic on D, such
that Lf = 0.

Forany « € Cand any z € D we denote by 7, f (z) the value obtained by analytic contin-
uation of f along the following path: starting from z, go very close to « (while remaining in
D), then do a small loop going around « once (in the positive direction), and at last come back
to z (remaining again in D). Observe that if &« ¢ D (for instance if « is a singularity of the
Fuchsian operator we consider), then the loop around « does not remain in D so that 7, f (z)
will be distinct from f(z) in general. This process defines a function 7, f holomorphic on
D. We also let

varg f(2) = 1o f(2) — f(2)

denote the variation of f around «; this function is also holomorphic on D. For instance,
vary log(1 — z) = 2iz (with D = C\[0, +00)), and vary f (z) = O is f is meromorphic at «.
An important property of analytic continuation is that monodromy (in particular variation)
commutes with differentiation: we have (vary f) = varg (f').
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Lemma 2 Assume that the k-th derivative f(k) (z) has a finite limit as z — «, for any
ke€{0,...,K}. Then we have

vary f(z2) = o((z — a)K) asz — a.

Remark 2 1n the case of the polylogarithms, by [22, p. 53, Proposition 1], we have

1 . s—1
var|Lis(z) = —(2iﬁ)%, s> 1.
(s — D!
We observe that var Li; is essentially the weight of Li; (see for instance [10, Lemma 4.1]).
The case K = 0 of Lemma 2 corresponds to the remark before Lemma 4.2 of [10]: if f has

a finite limit at « then var, f (o) = 0.

Proofof Lemma 2 For any k € {0, ..., K} we have (varg £)® = varg (f®) = 1, (fR) —
F® . Since f®(z) has a finite limit as z — o, T (f%®)(z) has the same limit since
the path used for analytic continuation can remain very close to « as z — «. Therefore
lim;_, 4 (varo,f)(k) (z) = O forany k € {0,..., K}. Now f is annihilated by a Fuchsian
operator, so that the same holds for 7, f and var, f: there exist c € C,r € Q and j € N
such that var, f(z) ~ ¢(z — @) (log(z — «))/ as z — «. Since all derivatives up to order K
vanish at &, we have r > K. This concludes the proof of Lemma 2.

Lemma3 For any a € C\{0} and any u,s > 1 there exists Py s y € C[X] of degree at
most s such that, for any z € D:

varg (f1*1)(z) = (varg )¥(2) + Pou s, r(log 2).

Proof If s > 2, the derivative of the left hand side is

d 1 1
varg (5= fI) = varg (= £271) = varg (7).
dz z z
Computing the derivative of the right hand side shows that Lemma 3 holds for s if it does for
s — 1, by taking for Py 4, r(0) the appropriate constant of integration. The same argument
proves Lemma 3 for s = 1. O

Lemma4 Let u > 1 be such that u > —«(f), where k(f) is given by the local expansion
2.1) of f at 0. Then for any s > 1 we have

varg(f*1) = (varg f)IS.

Proof Since u > —k(f), in the process of defining f,,[s] all integrals are convergent; the
same holds for (varg f )Ef] because we may choose «(varg f) = «(f). Therefore we have

LES](O) = (varg f ),[f](O); then Lemma 2 (with K = 0) yields (varg( fum))(O) = 0. Moreover
varg commutes with differentiation, so that var( fLESJ) and (varg f ),[fj have the same derivative
(assuming inductively that either s = 1 or Lemma 4 holds with s — 1). This concludes the
proof of Lemma 4. O

3 Padé approximation problem: statement and comments

In this section we state and prove a Padé approximation problem satisfied by the polynomi-
als constructed in [13], namely Theorem 2. With this aim in mind we recall in Sect. 3.1 the

@ Springer



Linear independence of values of G-functions

notation and the output of the construction of [13]. An interesting feature of this Padé approx-
imation problem is that non-holomorphic functions appear in the vanishing conditions; we
comment this property in Sect. 3.2, and explain how to count the linear equations equivalent
to such conditions. This allows us to show in Sect. 3.3 that this Padé approximation problem
has essentially as many equations as its number of unknowns.

3.1 Notation and statement

Let F be a G-function, fixed throughout this paper, with Taylor coefficients at O in a number
field K. Let Lr € K]z, d%] be a G-operator such that L p F = 0. To simplify the exposition
and avoid dealing with microsolutions in Sect. 4.4 (see for instance [12]), instead of L
we shall use the differential operator L provided by the following lemma, and it is also a
G-operator.

Lemma5 Let Ly be a G-operator. There exists a non-negative integer N such that, upon
letting L = (diz)N oLp:

for any f such that Lf € C[z] there exists P € C[z] such that L(f + P) = 0. 3.1)

Proof The quotient vector space Ly ! (C[z])/C[z] is finite-dimensional; it has a basis ( f; mod
Clzl, ..., fp mod C[z]). Forany i € {1, ..., p} we have L¢ f; € C|[z]; choose N such that
deg Lo f; < N forany i, andlet L = (d%)N o Lg. For any f such that Lf € C[z], we have
Lof € Clz]lsothat f = A1 fi+---+A,fp, — Pforsomery,..., 1, € Cand P € C[z];
then f+P =A1fi+---+A,fp € Lal(C[z]<N) = ker L. This concludes the proof of the
lemma. ]

Let us recall the notation of [13] (see Sect. 4.1 for details). We let 6 = zd%, and denote
by w the order of L, by ¥ the set of all finite singularities of L, and by ker L the space of
solutions of L. We also define

D= (C\( U Aa)

eI U0}

where Ay = {t, t € R, t > 1} for @ € £\{0} and A is a fixed closed half-line starting at
0 such that Ag N A, = @ for any « € ¥\{0}. We have D C Dr where Dr is defined in the
introduction; notice that we consider here A, for any « € £ U {0}, not only for singularities
of F. Then D is a simply connected dense open subset of C; we have 0 ¢ D, and D does
not contain any singularity of L. Therefore the notation and results of Sect. 2 apply to D.
All elements of ker L will be considered as holomorphic functions on D, and will often be
expanded around singularities of L (recall that L is Fuchsian with rational exponents at all

singularities).
We denote by Hp the space of functions holomorphic at 0, and let
. Ho Nker L
Ci=dim (). 32
Tl nker L G2

We remark that this definition is equivalent to that of [13]. Indeed, with the latter, holomorphic
solutions of the differential equation Ly = 0 are given by y(z) = Y jeq ak zF where the
sequence (ay) is determined (for k large enough) by a linear recurrence relation of order ¢ (see

[13, Lemma 1 and Step 1 of the proof of Lemma 2]). This means that £ = dim(%}cm).

HoNker L

Clz]Nker L -

To prove Eq. (3.2), it remains to show that the canonical linear injective map
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%;;Cm is surjective. This is true using Lemma 5: for any f € Ho such that Lf € C[z],

there exists P € C[z] such that f + P € Hp Nker L.

We fix a sufficiently large positive integer m and let £; = £ + m — 1 (see Sect. 4.1 for
details). The only difference with [13] is that m may have to be larger in the present paper;
£1 plays the same role in the present paper as £¢ in [13].

Let r, S be integers such that 0 < r < §. As in the introduction we denote by F(z) =

,jzog Axz* the G-function we are interested in, with Az € K for any k. In [13] we have used
in a central way the series

Jn(2) = 5" i k=1 le=rnd D)
k+DSk+2)S---(k+n+1)S

k=0

which is denoted by "1 Tp(1/z) in [13]. For any n > £; we have constructed polynomials
Py s n(X) and P, ,,(X) in K[X] of respective degrees < n and < n + 1 4+ S(€ — 1) such that
for any z inside the open disk of convergence of F,

LS n—1
Jr@ =YY Pusa@F @+ ) Pua(@0“F)(2)

u=1 s=1 u=0

(see Lemma 7 below; recall that 6 = zd%). These polynomials play a central role in the
present paper. We remark that, as in [13], these polynomials depend on the value of m we
have chosen; this value is fixed throughout the present paper.

One of our main steps is to prove that they make up a solution of the following Padé
approximation problem which involves

£

N n—1
Jr@ =YY Pusa@ @ + Y Pua@6" )
u=0

u=1 s=1

for all solutions f of the differential equation Ly = 0; all functions £,*! ?Illd 6" f involved
S

in this formula are holomorphic on D (see Sect. 2.1 for the definition of f,”" in this setting).
Theorem 2 Let F be a G-function and L be a G-operator such that LF = 0 and (3.1) holds.
Let r, S be integers such that 0 < r < S; assume that S is sufficiently large in terms of L.

Then there exists an integer k (depending only on L, r, S) such that for any sufficiently
large integer n, the polynomials P, s ,(2) (for 1 <u <{fpand1 <s < S) and 131,,,,1 (2) (for
0 <u < u — 1) have the following properties.

(i) Forany f € ker L we have as 7 — O:

Jp(z) = 0TV if f is holomorphic at 0, (3.3)
Jr(2) = O(Z"™F) otherwise. (3.4)
(ii) For any o € £\{0} and any f € ker L we have
varg (J§)(z) = O((z — )" %) 7z — a. (3.5)
Moreover the left hand side of Eq. (3.5) is identically zero if, and only if, f is holomorphic
(iii) ;l:o(:.anyu e{l,....m—1}andanys € {1, ..., S} we have

Pusn(z) = 071, 7 0. (3.6)
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Theorem 2 really involves a Padé approximation problem since the left hand side of Eq.
(3.5)is

n—1

A
varg (1) @) = DY Pusa@varg(fI)(@) + ) Pun(@)varg (0" £)(2).

u=1 s=1 u=0

Remark 3 Tt could be interesting to generalize Theorem 1 by restricting to values F,ES] (z0)
for which s has a given parity. This would probably involve a Padé approximation problem
similar to the one of Theorem 2, but with also vanishing conditions at infinity (as in [8]).

3.2 Padé approximation with non-holomorphic conditions

An important feature of the Padé approximation problem of Theorem 2 is that it involves
vanishing conditions of non-holomorphic functions. In this section we explain how to count
the number of linear equations equivalent to such a condition. Let us start with a well-known
Padé approximation problem, namely Beukers’ for ¢ (3). It is the following: find polynomials
P1, ..., Py of degree at most n such that

Ri(2) := P1(2)Lia(1/2) + P2(2)Lii(1/2) + P3(z) = Oz 1), z—> o0
Ry(z) := 2P (2)Lis(1/2) + P»(2)Lia(1/2) + P4(2) = O(z™"" 1), 7z — o0

R3(z) == P1(2)log(z) — P2(2) = 0(1 —2), z— 1.

In Beukers’ paper [6] the last condition is P,(1) = 0; this equivalent formulation appears in
[8]. The functions R and R; are holomorphic at co; R3 is holomorphic at 1. The first and last
conditions are “nice” because ' (Liz (1/z), Lij (1/z), 1, 0) and (log(z), —1, 0, 0) are solutions
of a common differential system Y’ = AY. However the second one does not fit into this
context. This makes it impossible to apply Shidlovsky’s lemma to this Padé approximation
problem. Using non-holomorphic vanishing conditions will help us overcome this problem
(see [10,16,28] for other Padé approximation problems where the same situation appears).
Since the derivative of Li>(1/z) log(z) + 2Li3(1/z) is =t (Li;(1/z) log(z) + Li»(1/2)),

z

following [16, Section 4.1], we replace the condition on R, with
Ri()10g(@) + Ra(2) = P1(2)(Lia(1/2) log(2) + 2Lis(1/2) )

+P2(2)(Li (1/2) log(@) + Liz(1/2)) + P3(2) log(2)
+Pi(2) = 0" log(z)). =~ o0.

Then we have three conditions (two at oo and one at 1) related to three solutions of the same
differential system: the new one is

’(Liz(l/z)log(z)+2Li3(l/z), Liy(1/2)log(z) + Lia(1/2), log(2), 1).

This solution at oo is not holomorphic at co. It could look complicated, at first glance, to see
how many linear equations are equivalent to this system. Indeed the condition R (z) log(z) +
Ry(z) = O(z " log(z)) itself means that both R (z) and R»(z) are 0" Y,z oot
should be counted as two conditions involving holomorphic functions. However the condition
on R (z) already appears separately as the first vanishing condition of our Padé approximation
problem, so it has been counted already.
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The following lemma elaborates upon this idea; it enables one to count the number of
linear equations equivalent to such vanishing conditions (at a finite point ¢; it would not be
difficult to adapt it at co in case it would be needed for another Padé approximation problem).
We shall apply it in Sect. 3.3 to prove that the Padé approximation problem of Theorem 2
has (up to an additive constant) as many equations as its number of unknowns. Of course this
computation is not really used to apply Shidlovsky’s lemma, but it is useful to ensure that a
Padé approximation problem is reasonable.

Lemma6 Let N > 0, A € My;(C(X)) and a € C; if a is a singularity of the differential
system Y = AY, assume it is a regular one. Let E be a C-vector space of local solutions at
o of this differential system, such that var,Y € E for any Y € E. Then the conditions

Pi(2)y1(2) + -+ Py(2)yq(z) = O((z — ™), (3.7)

forY = '(y1,..., Yq) € E, amount to N dim E + O(1) linear equations where O(1) is
bounded in terms of A only.

Remark 4 1f all Y € E have components holomorphic at &, Lemma 6 is trivial: one writes
Eq. (3.7) for all elements Y of a basis of E. The point of Lemma 6 is that the conditions (3.7)
can be translated into vanishing conditions of holomorphic functions.

Proof Let Ay, ..., A p denote the pairwise distinct eigenvalues of var,, seen as a linear map
E — E.Foranyi € {1,..., p}, let E; = ker((var, — 2;1d)4™£): then we have E =
Ei®- - -DE).

For each i € {I,..., p} there exist cyclic subspaces E; , (for 1 < u < Uj;) such that
E; =E;1®---®E; y,. The assertion that E; , is cyclic means that there exists yliul ¢ Ei.
such that E; , is the set of all H(Vara)(Y{i*”}) with TT € C[X]. Now let V; , denote the
minimal degree of a non-zero polynomial IT € C[X] such that IT(var)(Y {i.u}y = (. Then
the Varg[(Y“’”}), forl <i <p,1<u<U;and0 <v < V;, — 1, make up a basis of E.
Moreover the same property holds if each var? (Y/-#}) is replaced with IT; ,, , (varg ) (Y -4}
where I1; , , € C[X] is an arbitrary polynomial of degree v.

In concrete terms, for any i € {1,..., p} we denote by e; the exponent at o of the
differential system Y’ = AY with the least real part among those such that exp(2ire;) = A;.
Then we have Y1) =yl 04y with

VI u_l
W@ =@—a Y ! "}(z) log(z — ) forany j € {1......q).
t=0

where Kj{l;’[”} (z) is holomorphic at « for any j, ¢, and K}{’VMI,}FI (z) is not identically zero for at

leastone j € {1, ..., g}. Choosing the above-mentioned polynomials IT;, u v inasuitable way,
i,u,v} {i,u,v}
)

we obtain a basis of E consisting of vectors I'Il-,u,v(vara)(Y{"'“}) = ’(y S Vg

with the following expression:

Viu—l

W) = (2 — ) Z k()

= ) log(z —a) "V forany j € {1,...,q}.

The point here is that /ci }(z) does not depend on v. This basis is of the same form as those
produced by Frobenius’ method (see for instance [11, Eq. (4.4)]); the difference here is that

E is not (in general) the space of all solutions of the differential system.
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This basis allows us now to count the number of linear equations imposed by Eq. (3.7)
for any Y € E, or equivalently for all TT; ,, ,(vary) (Y "*}) as i, u, v vary. Indeed let us fix
l1<i<pandl <u <U,;. Thenforany 0 <v <V;, — 1 we have

q Viuml [ ¢
. _ ; 1 _
Y Py @ =@t 3| 3Pk @ | e — o)
j=1 t=v j=1 v):
Therefore the vanishing conditions (3.7) for IT; , (varg) (Y4 withv = 0, . . ., Viu—1are

equivalent (up to powers of log(z — «)) to the following V; ,, vanishing conditions concerning
functions holomorphic at «:

q
S Pk @) = 0 =)V ), 1 =0, Vi — 1. (3.8)
j=1

Aslong as i and u are fixed, Eq. (3.8) is equivalent to NV; , + O (1) linear equations, because
ey, ...,ep depend only on A. Letting i and u vary, we obtain N dim E'+ O (1) linear equations:
this concludes the proof of Lemma 6. O

3.3 Counting equations and unknowns in Theorem 2

In this section we shall prove that in the Padé approximation problem of Theorem 2, the
difference between the number of unknowns and the number of equations is bounded from
above independently from n. With this aim in view, we denote by O(1) any quantity that
can be bounded in terms of L, r, S only (independently from ). A parallel but more precise
argument will be used in Sect. 6.3 to check the assumptions of Shidlovsky’s lemma.

The unknowns are the coefficients of the following polynomials:

- EM’" of degree atmostn, forl <u < ¢jand1 <s < S, thatis (n+ 1)£; S coefficients.
— P, ,ofdegreeatmostn+14+ S —1),for0 <u < pu—1,thatis u(n+2+ S —1))
coefficients.

To sum up, this Padé approximation problem involves
(u + ElS)n + o)
coefficients. Let us count now the number of equations.

— Polynomial solutions of the differential equation Ly = 0 have to be considered separately.
Indeed for any non-zero f € C[z]Nker L, Eq. (3.3) seems to be equivalent to (r + 1)n+1
linear equations. However this is not the case: as Eq. (4.4) shows, J7(z) is a polynomial
of degree at mostn + O (1): Eq. (3.3) means that J 7 (z) is identically zero. This should be
understood as a system of n + O (1) linear equations for each f in a basis of C[z]Nker L:
up to O (1), this is the same number of equations as Eq. (3.4). We would like to point out
that, as far as we know, Theorem 2 is the first Padé approximation problem in this setting
with this kind of conditions. The only new feature of the general version of Shidlovsky’s
lemma proved in Sect. 5 below (with respect to that of [14]) is to deal with this situation
through the parameter o.

— The condition (3.4), taken for f in a basis of ker L (including possible polynomial
solutions), amounts to

un + 0(1)
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linear equations since ; = dim ker L. This is not obvious a priori because elements of
ker L are not always holomorphic at 0. Let us deduce this property from Lemma 6. With
this aim in mind, we denote by E the set of tuples

with f € ker L. Since varg commutes with differentiation we have varg(6“ f) =
0" (varg f), and Lemma 4 yields varg( fu[s]) = (varg f )Ef] for any u > m. Therefore
E is stable under varg because ker L is: Lemma 6 with N = n — k concludes the proof
that Eq. (3.4) amounts to un + O (1) linear equations.

— For each f in a basis of Ho Nker L, Eq. (3.3) seems to be equivalent to (r + 1)n + O(1)
linear equations. However Eq. (3.4) has been taken into account already, so only rn+O (1)
equations are new. Moreover, if f is a polynomial this is misleading (see above): in this
case Eq. (3.3) amounts only to O (1) new equations with respect to Eq. (3.4). To conclude,
Eq. (3.3) should be seen as a system of

Ho Nker L

dim (20K S
i <(C[z] Nker L

)+00) =trn+0(n)
new linear equations.
— Let us consider Eq. (3.5) now. For « € ¥\{0} we denote by E,, the set of tuples

with f € ker L. Let H,, denote the space of functions holomorphic at«. If f € H,Nker L
then all f,,m and all 8 f are holomorphic at &, so that f € ker W,,. Now if f € ker ¥, C
ker L is non-zero then f has (at most) a regular singularity at «, and var, f = 0 so that
f is meromorphic at «: there exists k € Z and ¢ € C\{0} such that f(z) ~ c¢(z — a)k
as z — «a. If k < 0 then fu[fk] has a logarithmic divergence at « for any u, which
is impossible because f € ker ¥, and —k < S (since the order of o as a pole of a
solution of L is bounded in terms of L). Therefore k > 0O: this concludes the proof that
ker ¥, = Hy Nker L. Accordingly, the space E, = Im ¥, is isomorphic to Hf?wrkér -
We have vary (varg (0" f)) = vary (6" (vary f)) since var, commutes with differentiation,
and varg (varg ( ff])) = vary ((vary f ),[f]) using Lemma 3. Therefore E,, is stable under
var, because ker L is. Lemma 6 with N = (§ — r)n — « shows that Eq. (3.5) amounts
to

(S —r)ndim E, + O(1)

linear conditions. Now recall that L~ (H,) /H, is the vector space of microsolutions at
o; Kashiwara’s theorem [17] (see also Section 1.2 of [23]) asserts that this vector space
has dimension m,, the multiplicity of & as a singularity of L. For any f € L™ (H,),
Theorem 1 of [12] provides fo € Hy such that L(f + fo) € C[z]; then (3.1) gives

P € C[z] C Hg such that f + fo + P € ker L. This proves that the canonical injective

ker L L™ (M)
map HqNker L - Ha

is bijective, so that

ker L L' (H

dim E, = dim (-~ ) = dim (M) = mq.
Hy Nker L Hey

Denote by § the degree of L, and by w the multiplicity of O as a singularity of L. Since

0 is a regular singularity we have § = w + Zaﬂ) mg so that Za#) My =6—w=2=1_

(using the definition of ¢ given in [13], which is equivalent to the one used in the present
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paper: see the remark after Eq. (3.2)). Therefore combining Egs. (3.5) as « varies in
2\{0} amounts to £(S — r)n + O(1) linear equations.

— Eq. (3.6) amounts to n 4 1 — u linear conditions on P, s ,; as u and s vary, they provide
(m — 1)Sn + O(1) equations.

To sum up, Theorem 2 amounts to (i 4+ £S + (m — 1)S)n + O(1) linear equations: up
to an additive constant (independent of n), this is exactly the number of unknowns since
L+m—1=14.

4 Proof of Theorem 2

In this section we prove Theorem 2 stated in Sect. 3.1. Our approach is based on the main
technical result of [13], recalled (together with the notation) in Sect. 4.1. Following [13,
Lemma 4] we deal in Sect. 4.2 with holomorphic solutions at 0. Then we move to the
other local vanishing conditions of Theorem 2, involving other solutions at 0 (Sect. 4.3) and
solutions at non-zero finite singularities (Sect. 4.4).

Throughout this section we keep the notation of Sect. 3.1; in particular we use the G-
operator L provided by Lemma 5.

4.1 Prerequisites and notations from [13]
We recall that £ has been defined in Sect. 3.1 (see Eq. (3.2)); we also define
ko :=min(ey, ..., ey, 0) “4.1)

whereey, ..., ey are the exponents of L at zero (including possibly non-integer ones). Denot-
ing by f1, ..., f; the integer exponents at co (with = 0 if there isn’t any), throughout this
paper we fix an integer m > 1 such that

m>—/c0andm>f;—f forall 1 <j<n 4.2)

and let £; = £ + m — 1. The only difference with [13] is that our assumption (4.2) on m is
more restrictive than the one of [13] (where only the second inequality appears), so that we
may have to take a larger value of m. The integer ¢; plays the same role as £¢ in [13]. The
reason for this is that in [13] only a specific solution F', holomorphic at 0, is involved. On the
opposite, in the present paper we have to consider all solutions, holomorphic at O or not, of
the differential equation Ly = 0. However this larger value of m does not have any impact
on Theorem 1.
By definition of k¢, any local solution of Lf = 0 at the origin can be written as

f@ =" aiz*log()’

keQ i=0
k>ko

since L is Fuchsian with rational exponents. Then for any n > m > —kp and any s > 1, all
integrals involved in the definition of f,,[S] (see Sect. 2.1) are convergent integrals. Therefore
the following proposition can be proved exactly as in [13] (where in (i) f is assumed to be
holomorphic at 0); recall that D has been defined after Lemma 5 in Sect. 3.1.
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Proposition 1 For any s > 1 and any n > m:

(i) There exist some algebraic numbers ks, € K, and some polynomials K j 5 ,(z) in
Klz] of degree at most n + s(£ — 1), which depend also on L (but not on f), such that
forany f € ker L and any z € D:

K A

n—1
@D =33 kst @+ Y Kjsn@O H@). (4.3)

=1 j=m j=0

(ii) All Galois conjugates of all the numbers ks, (m < j < £y, t < s), and all Galois
conjugates of all the coefficients of the polynomials K j s ,(z) (j < u— 1), have modulus
less than H (s, n) > 0 with

limsup H (s, n)!/" < C§
n——+00
for some constant C1 > 1 which depends only on L.
(iii) Let D(s,n) > 0 denote the least common denominator of the algebraic numbers k  ; s n
(m < j <L, t <s,n < n)and of the coefficients of the polynomials K ; s v (z)
(j <u—1,n" <n); then

limsup D(s,n)!/" < C3
n—+o0o

for some constant Cy > 1 which depends only on L.

Remark 5 The difference between this result and [13, Proposition 1] is that it applies to any
solution of the differential equation Ly = 0, whereas in [13, Proposition 1] f is assumed to
be holomorphic at 0. This is the reason why m has to be chosen larger in Eq. (4.2). To deduce
Corollary 1 from Theorem 1 in the introduction, we have used the analytic continuation to
Dr of Identity (5.2) in [13] because with the notation of [13] it is possible in this example
to choose m = £y = 1, whereas for some values of the parameters Eq. (4.2) does not hold
with m = 1 (so that we cannot choose £; = 1). This is not a problem since the deduction
of Corollary 1 from Theorem 1 involves only F and no other solution of the differential
equation.

4.2 Holomorphic solutions at 0

In this section we prove Egs. (3.3) and (3.6) of Theorem 2 involving holomorphic solutions at
0. They follow from Lemma 7 which is essentially the construction of P, s ,(X) and ﬁu, 72(X)
in [13].

Let f be a function, holomorphic on D and at 0, such that L f = 0. Denoting by Z,fozo apz*
its local expansion at 0, we recall from Sect. 3.1 that

s kD)
Jr@) =n! g(k+1)5(k+2)5---(k+n+1)5akz ' 44

The following lemma is essentially [13, Lemma 4]. We copy the proof because it provides
an explicit construction of the polynomials P, s ,(X) and P, ,(X) (see Eqgs. (4.6) and (4.7))
that will be used several times later.
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Lemma7 Let n > £1. There exist some polynomials P, s ,(X) and E,,,(X) in K[X] of
respective degrees < n and < n + 1 + S(€ — 1) such that, for any f € ker L holomorphic
at 0 and any z € D:

n—1

T = Z Z Pusn@ @) + ) Pun(2)(0" ().

u=1 s=1 u=0

Moreover:

— The polynomials P, s ,(z) and }7,”, (z) depend only on L but not on f.
— Foru <m — 1 and any s, we have P, 5 ,(2) = cu,s,nz’”rl’” with cy sn € Q.

This lemma implies directly Egs. (3.3) and (3.6) of Theorem 2.
Remark 6 With the notation of [13] we have
Pusn(2) =" Cun(1/2) and Pyn(z) = "HSEDC, L (1/2).

Proof We have the partial fractions expansion in k:

_ k(k—])(k_rn+]) n+1 i
\S—r i,
n! k+DSk+2)S---(k+n+1S ZZ U+ ) 4.5)

for some ¢; 5 , € Q, which also depend on r and S. By analytic continuation it is enough to
prove Lemma 7 when |z| < R, where R is the radius of convergence of the local expansion

Z/fo:o arz* of f(z) around 0. Recall that f][s](z) = Zke@, k= (f) ﬁzkﬂ, so that

n+l S

Jf (Z) = Z ch,s,nzn+lijfj[‘g] (Z)

j=1s=1

Since n > €| > m, by Proposition 1 we have

S n+1
Jf(Z) — ZZCJ"S* n+1— ’fm(z) + Z ch +1—j fj[s](z)
j=1s=1 j=t1+1s=1
S )
=33 a0
j=1s=1
n+1 K
+ > Zc "t ZZKu,s,fMRzHZK“,(z)(eufxz)
j=t1+1s=1 t=1 u=m
IS n—1
=YY Pusa@f @+ Y Pun@0“ ()
u=1 s=1 u=0
where
n+1 S
Pysn(2) = cu,s,nZnJrliu + Z Z Zn+17]cj,a.n’(u,s,a,j» (4.6)
j=ti+1o=s
n+1
Py, n(Z) = Z Zc/ s, nZ K u,s,_/’(Z)' 4.7
j=t+1s=1
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In Eq. (4.6) we agree that ky s,0,j = 0if 1 <u <m — 1, so that P, ;,(2) = Cu,s,nZnJrlHA.
The assertion on the degree of these polynomials is clear from their expressions since
Ky s, j(z) is a polynomial of degree at most j + s(£ — 1). ]

4.3 Other local solutions at 0

In this section we prove condition (3.4) in Theorem 2 (i) involving (non-holomorphic) local
solutions at 0, as a direct consequence of Lemma 8 below.

Since L is Fuchsian with rational exponents, any solution of L f = 0 can be written around
z=0as

f@= Y3 aizflog(z). (4.8)
keQ i=0
k>k(f)

Moreover, by deﬁnitign of ko (see Sect. 4.1), we may choose « (f) = kg. Using the polyno-
mials P, s ,(X) and P, ,(X) provided by Lemma 7 we may consider (as in Sect. 3.1)

S n—1
Jr@ =Y Pusa@fP@+ Y Pun@6" ). (4.9)
u=0

u=1 s=1
Lemma8 Ifn > £ then for any f € ker L we have, as z — 0:

Jp(z) = 0" ™0 log(2)+9).

In particular we deduce that J¢(z) = O(z"™0) as 7 — 0; therefore Lemma 8 implies
condition (3.4) in Theorem 2 (i).
Proof Let us consider

n+l S

Tr@ =33 cisn I .

j=1s=1

Since n > £, we have

4 S n+l N
Jr(@) = chj’s’nzn—&-l—j fj[s](z) + Z ch’synzn-i—]—,/ fj[s](z)'
j=1s=1 j=t1+1s=1

The same computation as in the proof of Lemma 7, based on Proposition 1, yields

4

S
Tr@ =Y cisnd"™ 7 ()

j=1s=1
n+1 S s O n—1
+ D0 Y cien?TD D huns i f @+ Y Kus (20 (@)
j=t1+1s=1 t=1 u=m u=0

&S n—1 N
=YY Pucan@ @ + D Pun©" ) (@)

u=1 s=1 u=0
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using Eqgs. (4.6) and (4.7), so that Ec(z) = Jy(z). Now we have f(z) = O (2" log(z)) as
7z — 0 since Eq. (4.8) holds with « (f) = ko, so that f}SJ (z) = 00 log(z)¢+*) for any j

and any s. Therefore f]\j: (z) = O (20T 10g(z)¢*5), and the same property holds for J¢(2).
O

Remark7 Assume that the local expansion of f € ker L around the origin is given by
f@ = Z,ﬁ@,kﬂ(ﬂ apz* with a; = 0 for any k € Z such that k < 0. Then as in the
holomorphic case (see Sect. 4.2) we obtain from (4.9), by combining the proofs of Lemmas 7
and 8:

[e.¢]
~ k(k—1)---(k—rn+1) X
; S +n+1
r@=n g@ K+ DSh+25 htn+ 15
kzk(f)

where we omit the terms corresponding to k € Z, k < 0. We refer to Lemma 9 in Sect. 6.1
below for the general expression of J7(z) in terms of the local expansion of f around 0.

4.4 Vanishing conditions at singularities

In this section we conclude the proof of Theorem 2 by proving assertion (ii). We fix o €
»\{0} and assume that r < S (otherwise it holds trivially). Given f € ker L, Theorem 1
of [12] provides a function %, holomorphic at 0 and at all singularities § € X\{«}, such
that 4 — f is holomorphic at « and Lh € C[z]. Using (3.1) to add a suitable polynomial (if
necessary), we may assume that Laz = 0. If & is holomorphic at « then so is f, and the left
hand side of Eq. (3.5) is identically zero; from now on we assume that / is not holomorphic
at «. Since £ is holomorphic at 0, Lemma 7 yields

S n—1
@ =) Pusa@BI@) + ) Pua@© 1)) (4.10)
u=1s=1 u=0
for any z € D, with
o0
k — 1
Jn(2) = ntS™" thk gkt @.11)

N
& k+DY,

for |z] < |a|, where h(z) = Z;i’io hipZ*; recall that « is the only finite singularity of /.
Transference theorems (see for instance [15, Section VI.5] or [9, Section 6.2]) provide 7 € Q,
ee N, J>1,d,...,d; € C* and pairwise distinct ¢q,...,¢; € Cwith [¢| = -+ =
[¢7] = 1 such that

J
hy = |a|_kkt(logk)e(xk + 0(1)) as k — oo, with x, = Y _d;¢k. (4.12)
j=1

Assume that n is sufficiently large. Since r < §, Eq. (4.12) shows that the series (4.11)
converges absolutely for any z such that |z] < |«|, so that Jj,(z) has no pole of modulus
|a|. However Eq. (4.12) proves that the k-th Taylor coefficient of Jj(z) at the origin grows
essentially like la| =% (see [9, Lemma 6]). Therefore J;(z) has a (non-polar) singularity of
modulus |«|; Eq. (4.10) shows that it is also a singularity of %, so that this non-polar singularity
of J(2) is a.

To conclude the proof, we notice that the integer « in Theorem 2 may be increased to ensure
thatk > t — S+ 1 (since the integer ¢ in Eq. (4.12) can be bounded in terms of L only). Let p
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be a non-negative integer less than orequal to (S—r)n—«,sothat p+t+rn—Sn+1) < —1.
Then Eq. (4.12) shows that the p-th derivative of J(z) at z = « is defined by an absolutely
convergent series (obtained by differentiating Eq. (4.11)), so that it has a finite limitas z — «.
Applying Lemma 2 yields

varg(J)(2) = o((z — ) S " ) as 7 — a.

Using Eq. (4.10) we obtain

LS n—1
Z Z Pu,s,n(z)vara(has])(z) + Z Pu,n(z)varot(guh)(z) =o((z — O[)(S—r)n—f() asz — «o.
u=1 s=1 u=0
Now h — f is holomorphic at a: so are h'*! — £51 and 6%h — 6" £, and therefore h may be

replaced with f in this equation. Replacing also trivially the symbol o with O, this yields Eq.
(3.5) for f. Moreover the function in the left hand side is var, (J)(z): it is not identically
zero since Jp,(z) has a non-polar singularity at «. This concludes the proof of Theorem 2.

5 A general version of Shidlovsky’s lemma

In this section we state and prove a general version of Shidlovsky’s lemma. The point is to
adapt the one of [14] (based upon the approach of Bertrand-Beukers [5] and Bertrand [4])
so as to take into account polynomial solutions with zero Padé remainders. We consider a
general setting (see Sect. 5.1) because we hope this result can be useful in other situations.

5.1 Setting

Given o € C U {00}, recall that the Nilsson class at o is the set of finite sums

f@R =) hichi (D) —0) logz — o)

ecCieN

where A; . € C, h; . is holomorphic at o, and z — o should be understood as 1/z if 0 = co.
If such a function f(z) is not identically zero, we may assume that h; ,(o) # O for any i,
e; then the generalized order of f at o, denoted by ord, f, is the minimal real part of an
exponent e such that A; , 7 0 for some i.

Let g be a positive integer, and A € M, (C(z)). We fix Py, ..., P, € C[z]andn € N =
{0, 1,2, ...} such that deg P; < n for any i. Then with any solution Y = (yq, ..., vq) of
the differential system Y’ = AY is associated a remainder R(Y) defined by

q
R(V)@) =) Pi()yi().

i=1

Let ¥ be a finite subset of C U {oo}. This will be the set of points where vanishing
conditions appear. We do not assume any relationship! between ¥ and the set of singularities
of the differential system Y’ = AY (even though interesting Padé approximation problems
often involve vanishing conditions at singularities, as in Theorem 2). For each ¢ € Z, let

' To help the reader compare with [ 14], the notation of this section is independent from the one in the previous
sections. In particular ¥, o, n and J,; have different meanings (see Sect. 6.3).
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(Y)jes, be a family of solutions of ¥/ = AY such that the functions R(Y;), j € Jo, are
C-linearly independent and belong to the Nilsson class at o

We agree that J, = if o ¢ X, and we also consider a finite set J and a family (Y;) jes
of solutions of ¥' = AY such that R(Y;) = 0 for any j € J; we assume these solutions Y;
to be C-linearly independent, and to belong to the Nilsson class at 0. We let o = CardJ;
the case ¢ = 0 is treated in [14]. Such solutions ¥; with zero Padé remainders appear in
Theorem 2 if r > 1 and the differential operator L has non-zero polynomial solutions (see
the proof of Proposition 2 in Sect. 6 below). They are the only reason why [14, Theorem 2]
does not apply to our setting.

At last we let M (2) = (Pr,i(2))1<i k<qg € My(C(z)) where the rational functions Py ; €
C(z) are defined fork > 1 and 1 <i < g by

P P

d k—1
= (— + ’A) . 5.1
. dZ .
Prq Py

Obviously the poles of the coefficients Py ; of M are among those of A. These rational
functions Pk ; play an important role because they are used to differentiate the remainders
[26, Chapter 3, Section 4]:

q
RN V() =) Pi@yi(). (5.2)

i=1
5.2 Statement of Shidlovsky’s lemma

In the setting of Sect. 5.1, let T € Z be such that

> ords (R(Y})) = (n+ 1)(g — CardJoo — 0) — T. (5.3)
oeX jely

The first result we shall prove below is the existence of a positive constant ¢y, which depends
only on A and X, such that:

— We have 7 > —c;.
—Ift <n—cjthentk(M(z)) =q — 0.

Here and below, we denote by rk the rank of a matrix. This result generalizes the functional
part of Shidlovsky’s lemma, namely det M (z) is not identically zero (if ¢ = 0). Its proof
relies on the functional Shidlovsky’s lemma of [14], which is itself based upon the approach
of Bertrand-Beukers [5] and Bertrand [4].

The next step is to evaluate at a given point «, going from functional to numerical linear
forms (see [26, Chapter 3, Lemma 10] for the classical setting). As in [14] we allow « to be
a singularity of the differential system Y’ = AY, and/or an element of ¥ (eventhough in the
proof of Theorem 1, « ¢ X is not a singularity).

Theorem 3 There exists a positive constant ¢, which depends only on A and %, with the
Sfollowing property. Assume that, for some o € C:

(i) If a is a singularity of the differential system Y' = AY, it is a regular one and all
non-zero exponents at o have positive real parts.
(ii) Eq. (5.3) holds for some T with0 <t <n —cy.
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(iii) All rational functions Py ;, with 1 <i < g and 1 < k < t + ca, are holomorphic at
Z=a.

Then the matrix (P ; (@) 1<i<q,1<k<t+c; € Mg t4c,—1(C) has rank at least g — o — Card J,.

In particular, assertion (i) holds if the differential system Y’ = AY has a basis of local
solutions at & with coordinates in C[log(z —«)][[(z —«)¢]] for some positive rational number
e.

The lower bound on rk(Pk, i(a)) provided by Theorem 3 is an equality in many special
cases, including the Padé approximation problem of Theorem 2 (see Proposition 2 below)
and the one studied in [14, Section 4]; it would be interesting to know if this is always the
case.

5.3 Proof of Shidlovsky’s lemma

In this section we prove Theorem 3. The proof falls into 3 steps.

Step 1: M(z) € M,(C(z)) has rank at least g — @.

As in [26], there is a non-trivial linear relation with coefficients in C(z) between the
rk(M) + 1 first columns of M this provides a differential operator L of order u = rk(M)
such that L(R(Y)) = 0 for any solution Y of the differential system Y’ = AY, because we
have

'YM = (R(Y) R(Y) ... R(Y)4™ D).

In particular, L(R(Y;)) = 0 for any o and any j € J,;. Therefore [14, Theorem 3.1] yields

D0 ords (R(Y))) < (n+ 1) (p — CardJoo) + ¢

oceX jels

where ¢ is a constant that depends only on A and X. Together with Eq. (5.3) and the
assumption T < n — cy, this inequality implies © > ¢ — o.

Step 2: Determination of minors up to factors of bounded degree.

From now on we denote by u the rank of M (z), and we consider a u x © submatrix Mo(z)
of M (z) such that det My(z) # 0. Step 1 yields u > g — o, and we shall prove that equality
holds.

Let S denote the set of finite singularities of the differential system Y’ = AY, i.e. poles of
coefficients of A. Forany s € S, let Ny denote the maximal order of s as a pole of a coefficient
of A;let Ny = Ofors € C\S. Then Eq. (5.1) shows that (z — 5)k=DN; Py i (z) is holomorphic
atz =sforany k > landany i € {1, ..., g}. Therefore det Mo(z) - [ [;cg(z — 5)4@=DN;
has no pole: is it a polynomial.

Nowleto € X, anddenote by 75 € My4cardJ, ¢ (H) the matrix withrows’Y;, j € JuJs;
here J U J, is the disjoint union of J and J,, in which any element of J N J, appears twice
(but we shall prove shortly that there is no such element). Let us prove that these rows are
linearly independent over C, so that k7, = ¢ + CardJ,. Assume that Zje]u],, AjY;=0;
then }°;., A;R(Yj) = 0,so0thatA; = 0 forany j € J, because the remainders R(Y;),
J € Js, are C-linearly independent. Therefore Zj ey *jY; =0, and finally A; = O for any
J € J because the solutions Y;, j € J, are C-linearly independent. This concludes the proof
that rk7,, = o + CardJ,; in the same time we have proved that J N J, = .

Therefore there exists a basis of solutions B, of the differential system ¥’ = AY of which
the o first elements are the Y;, j € J, and the CardJ, next ones are the Y;, j € J,. The
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wronskian determinant of B, may vanish at o if o is a singularity, but even in this case it has
generalized order < co(o) at o (see [14, Section 3.1]), where co(o’) is a constant depending
only on A and o (not on B, ). On the other hand, all components of all elements of 3, have
generalized order > r, at o, where r, € R depends only on A and o (see [5, Proposition 1]).
Therefore there exists a subset I, of {1, ..., g}, with Card/, = ¢ — o — CardJ,, such that the
determinant of the submatrix of 7,; corresponding to the columns indexed by {1, ..., ¢}\I»
has generalized order < c¢(o) at o, where c(0) = co(0) — roCardl, depends only on A and
o. Increasing co (o) and c(o) if necessary, we may assume that c(o) € N.

Let P, € M,(H) denote the matrix of which the ¢ + CardJ,; first rows are that of

T, and the other rows are the ‘;, i € I, where (e, ..., e4) is the canonical basis of
M, 1(C). Then Py M has its o first rows equal to (0 0...0), its CardJ, next ones equal to
(R(Y;) R(Y;) ... R(Y))“~V ) with j € J,,andits lastrows equalto ( P1; ... Pg;)with

i € I,. Therefore all coefficients in the row corresponding to j € J, have order at o at least
ord; R(Y;) — g + 1, and (if o # 00) all coefficients in the row corresponding to i € I, are
either holomorphic at o, or have a pole of order at most (g — 1)Ny iso € S.

By construction of I, the determinant of P, has generalized order < c¢(o) at o; in
particular P is invertible and we may write M = P_ 1(P, M). Since the first o rows of
PsM € M,(H) are identically zero, we have rk(P, M) < g — o so that tkM < g — o.
Combining this inequality with Step 1, we obtain tkM = g — o.

Recall that M (z) is a u x u submatrix of M (z) such that det My(z) # 0, withu = kM =
q —o.Letk) < --- < k, denote the indices k such that the k-th column of M (z) appears in
My(z). Denote by M1(z) € M, (H) the submatrix of P, M obtained by removing the first o
rows (which are identically zero) and keeping only the columns with indices k1, ..., k.. Let
M>(z) € M, (H) denote the submatrix of P ! obtained by removing the first o columns,
and keeping only the columns with indices iy, ..., i, wherei; < --- < i, are the indices i
such that the i-th row of M (z) appears in M (z). Then the identity M = P~ Lp, M ) yields
My = M, M because the first o rows of P, M are identically zero. Recall that all coefficients
in the row of M corresponding to j € J, have order at o at least ord, R(Y;) — g + 1, and
(if o # 00) all coefficients in the row corresponding to i € I, are either holomorphic at o,
or have a pole of order at most (g — 1)N, iso € S. Since N, = 0if o ¢ S, we have if
o € X\{oo}:

ord, det(My) > Z ord; R(Y;) | — (¢ — 1)CardJ,; — (¢ — 1) Ny (0 — CardJy;).
J€Js

Now let us focus on M». Recall that all coefficients of the o + CardJ, first rows of P,
have generalized order > r, at o, and all coefficients of the other rows are equal to O or 1.
Therefore all coefficients of the comatrix Com P, have generalized order > (o + CardJ,)r,
ato (because we may assume that 7, < 0). Since ord, det(P,) < c(o) and M is a submatrix
of P~ I = (det P,)~! 'Com P, we deduce that all coefficients of M, have generalized order
> (0 + CardJ,)ry — c(o) at o, so that

ord, det(M3) > u(o + CardJ,)ry — pc(o). 5.4)
Combining this inequality with the corresponding one on M1, we obtain
ord, det(My) > Z orde R(Yj) | —¢'(0) (5.5)
J€Js
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for some integer constant ¢’(o') which depends only on A and . Now let

02(2) = (n(z _ S)q(q—l)Nx) . ( l—[ - a)‘“‘”)
}

seS oeX\{co

so that Q»(z)det M(z) is a polynomial and vanishes at any 0 € X\{oo} with order at
least Y jes, ordo R(Y;). To bound from above the degree of this polynomial, we define
T~ and Py as above; if co ¢ X then Joo = ¥ and there is no row corresponding to Jo.
Everything works in the same way as for o € C, except that for some non-negative integer ¢
we have R(Yj)(kfl) = 0(z xR U}) og(z)") as |z| — oo forany j € Joo and any k > 1,
and P ;(z) = O(Z"T4D9) forany i € I, and any k € {1,...,q} (where d is greater
than or equal to the degree of all coefficients of A). Therefore we have ordso R(Y j)(k -b >
ordeo R(Y) forany j € Joo and any k > 1, and ordeo Pr,; > —n — (g — 1)d forany i € I
and any k € {1, ..., g}. Arguing as above we obtain

ordeo det(M;) > ( 3 ordooR(Yj)) — (1 + (g — Dd) (1 — CardJo),
J€Jxo
and Eq. (5.4) remains valid with o = oo, so that
orde det(M) > ( 3 ordooR(Yj)) — n(u — CardJo) — ¢'(00)
J€Joo
for some ¢’(00) which depends only on A and X. Since det M (z) is a rational function this
means det My(z) = O(z") as |z| — oo, with
u=c'(c0) +n(g — o — CardJo,) — Z ordoo R(Y;),
J€Jo
so that
deg(Q2(@) det Mo(2)) = u+deg @ <t +er+ 3. [ 3 ord, R(Y))]
ceX\{oo} jels

using Eq. (5.3), where ¢ depends only on A and ¥ (since 0 < CardJ, < ¢ for any o) and
[w] is the least integer greater than or equal to @. To sum up, we have found a polynomial
0 of degree at most T + ¢ such that

det Mo(2) = 01(2) 1—[ (z — o) Ticlo 0o R,
02(2) T (00)

Since det M( # 0, this implies in particular T > —cj.

Step 3: Evaluation at «.

To begin with, we denote by £, the C-vector space spanned by the functions % (z)(z —
a)¢(log(z — a))’ with & holomorphic at &, i € N, and e € C such that either ¢ = 0 or
Re (e) > 0.

Let g, = CardJy and g, = ¢ — 0 — qa, Where J, = @ if « ¢ X; for simplicity we
assume that J = {1,...,0}and J, = {0 + 1,...,0 + g4} Since the solutions Y1, ...,
Y44, of the differential system Y’ = AY are linearly independent over C (see Step 2), there
exist solutions Yy y4,+1, ..., Y4 such that (Y1, ..., ¥y) is a local basis of solutions at «r. Let
Y be the matrix with columns Y1, ..., Y,; then 'Y M is the matrix (R(¥;)*~1);-; y<,, and
assumption (i) of Theorem 3 yields Y € M,(L,). Moreover the first o rows of 'Y M are
identically zero.
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As in Step 2 we fix a square submatrix Moy(z) of M (z) of size 4 = g — o, such that
det Mo (z) # 0. We also denote by ky < --- < k;—, the indices k such that the k-th column
of M (z) appears in My(z). We shall consider now the matrix M(’) € M,_,(H) obtained from
'Y M by removing the first o rows (which are identically zero) and keeping only the columns
with indices k1, ..., kq—o. In other words, we have M|)(z) = (R(YQH)("/’U)lsi,ij_g.

Let Z denote the submatrix of ’)~! obtained by keeping only the columns with indices
o + 1, ..., g and the rows with indices iy, ..., i;—, (Where | <iy <--- <i;_, < q are the
indices of the rows of M that appear in Mo). Then we have ZM) = M. Moreover det ) is
the wronskian of Y1, ..., ¥, it is a solution of the first order differential equation

w'(z) = w(z)trace(A(2)). (5.6)

Now the generalized order at o of any non-zero solution of Eq. (5.6), and in particular that
of det ), can be bounded from above in terms of A only. On the other hand, as in Step 2,
all coefficients of ) have generalized order > ry at «. Since 'Y ~! = (det V)~ ! ‘Com(*)),
all coefficients of ') ~!, and accordingly det Z, have generalized order at & bounded from
below in terms of A only. On the other hand, Step 2 shows that ord, det My < wy + T + ¢1,
where wy = [ e ordy R(Y;)] if @ € X, and w, = 0 otherwise. Finally, the matrix
M} = Z~' M satisfies

ord, det My < wy + 1 + ¢} (5.7)

where ¢ depends only on A.

For any subset E of {1, ..., q — o} of cardinality g, := ¢ — 0 — g4, We denote by Ag
the determinant of the submatrix of M(/] obtained by considering only the rows with index
i > gq + 1 and the columns with index j € E, and by Ag the one obtained by removing
these rows and columns. Then Laplace expansion by complementary minors yields

detMy(z) = Y erApR)AL(R) (5.8)
Ec{l,....q—0}
CardE=q,
with eg € {—1, 1}. Using Eq. (5.7) there exists a subset E such that
@) i= ordy AE(2) < W + T — ¢} — ordg A (2). (5.9)

Now foranyi € J, = {0+1,...,0+qy}andanyk € {1, ..., g} wehave ord, R(¥;)*~D >
ordy R(Y;) — (¢ — 1) so that ordaZE(z) > wy — qu(q — 1). Therefore Eq. (5.9) yields
w1 < t + c3 for some constant c3 depending only on A and X. Using this upper bound we
shall prove now that zo| is a non-negative integer, and A(Ew‘)(z) has a finite non-zero limit as
z tends to .

Since Y € M, (Ly) and P; ; has no pole at o for k < g, we have Ag(z) € Ly so that

1
Ap@) =YY hichi(2)(z — o) (log(z — @) (5.10)

ec€ i=0

where /; .(z) is holomorphic at o and € is a finite subset of C such that for any e € £, either
e = 0orRe (¢) > 0. Moreover we may assume that ¢ — ¢’ ¢ Z for any distinct e, ¢’ € £, and
that for any e € £ there exists i such that A; .h; (o) # 0. At last, the integer / can be chosen
in terms of A only, since the exponents of log(z — «) in local solutions at  of Y’ = AY are
bounded.
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We choose the constant ¢, of Theorem 3 to be ¢; = ¢3 + I + ¢ + 1. For any non-negative
integer w < ¢» + T — g — 1, the @ -th derivative A(Ew)(z) is a Z-linear combination of
determinants of matrices of the form

_ . (k" —1)
N/(i ,,,,, k;& - (R(YQ‘FQDFH) J )lfi,ij&

withl <k} <--- < k(’j, <g+w <cy+71.8Since ¥; € My 1(Ly) and Py ; is assumed to
be holomorphic at « for any i and any k < 7 + ¢3, we have R(Y;)*~V e £,. Accordingly
¥, € Lq, and finally Afgw)(z) € L, for any non-negative integer @ < ¢ + 7 —
g

-
on—gq— l.uTherefore in the expression (5.10), all pairs (e, i) such that A; ch; (o) 7% 0 and
Re(e) +i <cp+ 1 —¢q — 1satisfy e € Nandi = 0. Now recall that w| = ordg Ag(2) <
T+c3 =cp+71—¢q—1—1.Thenthereisaterm (e, i) in Eq. (5.10) such that &; .h; () # O
andRe (¢) = w) < cp+17—¢g—1—1,and accordingly Re (¢) +i < c» +7 —¢g — 1: we have
e € N,i = 0, and no other term (¢, i’) such that A, ,h; () # O satisfies Re (¢/) = o.
In particular @ is a non-negative integer, and A%wl)(z) has a finite non-zero limit as z tends
to «.

Let evy : L, — C denote the regularized evaluation at «, defined by evy,(f) =
20,0 ho,o(@) if f(z) is the right hand side of Eq. (5.10), and of course ev,(f) = 0if 0 ¢ £.
The important point here is that any e € £ satisfies either ¢ = 0 or Re (¢) > 0, so that evy
is a C-algebra homomorphism; moreover ev, (f) is equal to the limit of f(z) as z - «
whenever this limit exists. In particular we have ev, (Agﬁ')) # 0. Now, as above ev,, (A%ml))
is a Z-linear combination of ev, (det Nki k;, Ywith1 < k/l << k;& <g+owm <cr+7,

.....

so that ev, (det Nk/1

------
9q

equality ' YM = Ny,

.....

gy ® where ) € Mq,q& (L) is the matrix with columns Y14, +1, ...,

Y,, and M= (Pk/i , l-)1 <i<q.1<j<ql’ The Cauchy-Binet formula yields
detNg . w, = . det'Vp-det Mg (5.11)
“ BC(l,q)
CardB=q],

where 53 (resp. M p) is the square matrix consisting in the rows of y (resp. of M ) corre-
sponding to indices in B. Extending ev,, coefficientwise to matrices, Eq. (5.11) yields

BcC{l,...,q}
Card B=¢],

Now the left hand side is non-zero, sot that ev,, (det M B) #0 for some B. Since all coefficients
Py ; are holomorphic at e, so is det M p and therefore det(M g(a)) = evy (det M B) Z 0. We
have found an invertible submatrix of M («) of size g/, so thatrk(M («)) > ¢/, this concludes
the proof of Theorem 3.

6 Linear independence of the linear forms

In this section we combine Theorems 2 and 3 to construct linearly independent linear forms
(that will be used in Sect. 9, together with Siegel’s linear independence criterion, to prove
Theorem 1). Our main result is Proposition 2 that we shall state now, and prove in Sects. 6.2
and 6.3 using an explicit computation of J¢(z) (see Sect. 6.1).
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Let
=<{1,...,El}><{1,...,S}) U0, u—1)

and ¢ = Card I = ¢S + . Elements of / will be denoted by (u, s) (with 1 < u < £; and
I <s <S)oru (withO <u < p —1). For any n sufficiently large, Lemma 7 provides a
family (P;);e; of polynomials indexed by I, namely P, ; = P, 5, and P, = 13;,,”; here the
integer n is omitted in the notation.

Let us denote by W the set of tuples

consisting in functions y, s and y, holomorphic on D that obey the same differentiation rules
as if they were given by y, s = ylsJ and y,, = 0"y with y € ker L; recall that D has been
defined in Sect. 3.1. In precise terms we require:

Yus(@) = yus 1(z)forany 1 <u <fjand2<s<S§
Vi@ = Z" 150(z) forany 1 <u < £;
v, (@) = gyu+1(Z) foranyO0 <u < p—2

Lyo =0

Since L has order pu, there exist Ry, ..., R, € K(z) such that L = Z:O R, (2)0" and
R, # 0 ; the equation LYy = 0 can be replaced with

V1@ = Z Ry (2)3u(2).

RM()

We obtain in this way a square matrix A of size ¢, with rows and columns indexed by / and
coefficients in K(z), such that WV is exactly the set of solutions holomorphic on D of the
differential system Y’ = AY. Here and below, when Y = (y;);<; is an element of W, we
shall consider Y as a column vector and let (as in Sect. 5)

R(V)@) =) Pi(@)yi(2) = Z Z Pusn(@)yus (@) + Z Pun(2)5u ().

iel u=1 s=1

The point is that if y, ; = y,ES] and vy, = 6%y for some y € ker L, then R(Y)(z) = Jy(2)
with the notation of Theorem 2, and Eq. (5.2) yields

J§k*1)(z) =RM* D) = ZPk,i(z)y,- (z) forany k > 1 and any z € D. 6.1)
iel

In the following Proposition the Py ;(z) € K(z) are evaluated at a point zg € D\{0}, so that
Zo is not a singularity of L or A, and accordingly not a pole of any of these rational functions
[cf. Eq. (5.1D)].

Proposition 2 Under the assumptions of Theorem 2, suppose also that r > 1 and that n is
sufficiently large. Put ¢ = dim(C[z] Nker L) and let zy € D\{0}. Then:
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(i) There exist pairwise distinct elements iy, ..., ip of I such that
Prio)= Y. hiiPri(zo)foranyt €{l,..., 0} and anyk > 1
i€\ [i1,ennip)

with i ; € K; here iy, ..., i, and the A; ; depend only on L and z( but not on k.
(ii) There exist integers 1 < ki < ky < --- < ky—p, bounded from above in terms of L, r, §
only, such that the matrix (ij’,' (z0))iel, 1<j<q—o has rank g — .

Of course this proposition shows that the matrix (P i (Z0))iel\(if,....i oh1<i<q—o is invert-
ible; in the proof of Theorem 1 we shall apply Siegel’s linear independence criterion to this
matrix (see Sect. 9).

The rest of this section is devoted to the proof of Proposition 2. We begin with a technical
lemma.

6.1 Explicit computation of J¢(z)

In Sect. 6.3 we shall use the following technical lemma, which gives an explicit expression
of J¢(z) (see Remark 7 for an easier special case).

Lemma9 Let f € N belong to the Nilsson class with rational exponents at O; write

f@= Y Y ailog)'.

keQ i=0
k>k(f)

Then we have

Jf(Z): Z Zn+1+k Zlog(z) Zak <i>A(i7)‘)(k)

k>K(f)
n+1 i
) 3R S 1
s=1i=0

where AT (k) is the (i — \)-th derivative of A(X) = n!S— rw taken at X = k if

(X+D3,,
k ¢ {—1,..., —n — 1}, the general definition of this number (WllldfOJ; any k € Q) is given
by
n+1 S i—\(S— l+l A
: DN
(i—=2) — (i .
Al (k)—(z—)»)!;;cmn (k+J)Y+l .
J#E—k

Proof To begin with, recall that in the proof of Lemma 8 we have obtained the following
identity:

n+l S

Jr@ =33 cjsnd ).

j=1s=1
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Using Lemma 1 we obtain

n+1 S log(z)”’
n+l1—j
1@ = ZZ Z it B
n+1 S e A € H s—1+i—X
1 -
DI WIVED SIFEED S N
j=1s=1 keQ\{—/} 2=0 T i=h J
k=k(f)
S e n+1 il
lo s+i n+l1—j _
;g g(2) Zz a ,lc,vn(s+l)'
log(z) n+l S (s 1+i— A)
L SR IES S BN 3 B s
j=1s=1
k>:<(f) J#k
This concludes the proof of Lemma 9. O

Corollary 3 With the notations of Lemma 9, assume that S > e and

n S—1

Tr@) =" ap.zFlog(z) withe, € C. (6.2)
p=0s5=0

Then f is a polynomial.
Remark 8 Of course if f is a polynomial then so is f ]m forany j, s, and therefore also J 7 (z).

Proof In this proof we keep the notation of Lemma 9, that we shall use repeatedly to compute
the coefficient of z* log(z)? in Eq. (6.2) for various pairs (7, 0) € Q x N. The point is that
this coefficient is zeroif t ¢ {0,...,n}oro ¢ {0,..., S —1}.

To begin with, letk € Q\{—n —1,...,rn — 1}. For any o € {0, . ., e}, considering the
coefficient of z° log(z)? witht = k+n+1 ¢ {0, ..., n} yields z,_a ar,i([)AT (k) = 0.
Now k ¢ {0, ...,rn — 1} so that A(k) # O; therefore by decreasing induction we obtain
ari; =0foranyi € {0, ..., e}.

Nowletk € {—n—1, —1}.Foranyo € {S, ..., S+ ¢} we consider the coefficient of

7" log(z)? with t = k+n + 1.Sinceo > S > ethlsylelds Z imo—S Qk,iC—k,o— ,n[’;, =0.
Using this relation with 0 = § + ¢ we obtain a; . = 0 since c_ 5, 7 0. By decreasing

induction we prove that ay ; = O forany i € {0, ..., e}.

At last we take k € {0,...,rn — 1}. Since A(k) = 0, considering the coefficient of
K+ og(2)7 yields Y5 o1 Ok ,( )A(’ ?) (k) = 0foranyo € {0, ..., e—1}. Bydecreas-
ing induction this implies a; ; = O forany i € {1, ..., e} because A’ (k) # 0.

In conclusion we have proved that ax ; = O for any pair (k, i) € Q x {0, ..., e}, except
maybe when k € {0, ...,rn — 1} andi = 0. Therefore f is a polynomial of degree less than
rn. O

6.2 Proof of Proposition 2 (i): polynomial solutions

In this section we focus on polynomial solutions of L, and prove that each one provides a
solution of the differential system ¥’ = AY such that R(Y) = 0. This will enable us to prove
part (i) of Proposition 2.
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Recall that ¢ = dim(C[z] Nker L), and choose a basis (f{”, ..., flehy of Clz] Nker L.
Forany p € {1, ..., 0} we let

SU=t]L,1=5=

Then we have Y7} € W, and R(Y'Ph)(z) = J#ip1(2). Using Eq. (3.3) we obtain
ordgR(Y'-PYy > (r + Dn + 1 for any p € {1,...,0}. Now f{P}is a polynomial and
its degree is bounded in terms of L only. Therefore Eq. (4.4) shows that R(Y Lehy =g v is
a polynomial of degree at most n + ¢, where ¢ depends only on L. Since » > 1 and n is large
enough, we deduce that J ;) = R(Y1:P}) is the zero polynomial for any p € {1,..., o}.
Therefore Eq. (6.1) shows that for any k > 1, the values x; = P ; (zo) make up a solution of
the following linear system:

Zyi{]’p}(zo)xi =0forany p € {1,...,0}. (6.3)

iel

Now zo € D\{0} so that zp is not a singularity of L, and not of the differential system
Y’ = AY either. Therefore the map W — Ccly = (yi) = (3i(z0))ier s bijective. Since
y{Ln ) ylhel gre C-linearly independent (because £, ..., fledareand 90 f (P} = fird s
a component of Y 1.7}y we deduce that the matrix (yi{]’p J (20))iel,1<p<o Of the linear system
(6.3) has rank p. This linear system can therefore be put in reduced row-echelon form as
follows: there exist pairwise distinct elements iy, ..., i, of I, and coefficients A; ; € KK, such
that this system is equivalent to

X, = Z Aigxiforanyt € {1,..., 0}
i€l\{i1,...io}

Since x; = Py ;(zo) is a solution of this linear system for any k > 1, this concludes the proof
of part (i) of Proposition 2.

6.3 Proof of Proposition 2 (ii)

In this section we check the assumptions of Theorem 3 to apply Shidlovsky’s lemma to the
solution of the Padé approximation problem given by Theorem 2, thereby proving assertion
(ii) of Proposition 2.

The notation of the present section is the same as those of Sections 3 and 4. It is consistent
with the one of Sect. 5.1, except for the following. We fix a bijective map I/ — {1, ..., g} so
that the family (P;);; of polynomials involved in Theorem 2 can be written as (Py, ..., Py).
The integer n of Sect. 5.1, which is an upper bound on deg P;, is takenequalton+1+S(£—1).
The finite subset denoted by X in Sect. 5.1 is ¥ U {0}, where ¥ is the set of finite singularities
of L. The family of solutions of the differential system ¥" = AY associated with each element
of ¥ U {0} will be defined below. We let J = {1, ..., o}, where o = dim(C[z] Nker L). We
have constructed in Sect. 6.2 linearly independent solutions ¥ {17} of the differential system
Y = AY,for 1 < p < o, such that R(Y':P}) = 0 forany p € {1, ..., o}. We shall apply
Theorem 3 with o = z¢. Since zg € D\{0}, it is not a singularity of the differential system
Y’ = AY so that assumptions (i) and (iii) of Theorem 3 hold immediately. Moreover the
conclusion of Theorem 3 is exactly that of part (i7) of Proposition 2. Therefore to conclude
the proof it is enough to check that assumption (ii) of Theorem 3 holds; this is what we shall
do now. We refer to Sect. 3.3 for a more or less informal presentation of the following ideas.
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To begin with, let us consider the vanishing conditions at a non-zero singularity o €
2\{0}. Recall from Sect. 3.3 that m, = dim(ker L/(H, N ker L)) is the multiplicity of «
as a singularity of L. Let (fi@!} .. flemedy pe a basis of ker L/(Hy N ker L). For any
1 < p <my,let

in other words, (Yo, p)u,s = vara((f{‘" -Ph ) forany u, s, and (Yy,p)y = vara(9”f @.Phy for
any u. Then Eq. (3.5) of Theorem 2 reads R(Ya,p)(z) O((z— oz)(S MN=KY ag 7 — o, that
is
ordy R(Yy,p) > (S —r)n —k forany 1 < p < my. (6.4)
Letus prove that R(Yy, 1), ..., R(Yy,m,) are linearly independent over C. Let A1, ..., A, €
Cbesuchthat A; R(Ye, 1)+ -+ Ay R(Yam,) = 0,andput f = Ay fl@D . fa,, flemal,
Then we have

S n—1
varg (J1)@) = DY Pusa@varg(fI)(@) + Y Pun(2)vary (0" )(z) = 0.
u=1 s=1 u=0

As asserted in Theorem 2 (ii), this implies that f is holomorphic at «, i.e. f = 0 in the
quotient space ker L /(Hy Nker L), so that Ay = --- = A,,, = 0. This concludes the proof
that R(Yy,1), ..., R(Yy,m,) are linearly independent over C.

Let us move now to the conditions around z = 0, namely parts (i) and (iii) of Theorem 2,

starting with (iii). Given ug € {1,...,m — 1} and 59 € {1, ..., S} we define y {2.u0.50} by
log(z)* ™%
{2,u0,50} _
Yuos () = G —so)! fors € {sog,..., S}
and Yl.{z’""’so}(z) = 0 for all other i € I, namely i = (ug, s) with s < s9, i = (u, s) with

u #ug,ori =u €{0,..., u— 1}. Then we have y{Zuo-s0} ¢ Yy and

10g(z)Y 5
—so)!

R(yHosoh)(z) = Z Papusn (o

s=s0
For any s € {so, ..., S} Eq. (3.6) yields Py, s, = = 0("H1"0) as 7 — 0, so that
ordgR(Y 21050}y >y 1 — . (6.5)

For any fixed uo € {1,...,m — 1} we have obtained S vanishing conditions (6.5) (namely
for 1 < s9 < §), with non-holomorphic remainders; they correspond to the S equations (3.6)
(for 1 < s < S) in which no logarithm appears, but no solution of the differential system
Y’ = AY either. This is an illustration of the phenomenon explained in Sect. 3.2: to apply
Shidlovsky’s lemma we may have to translate some vanishing conditions in order to express
them in terms of solutions of the differential system.

Let us deal now with assertion (i) of Theorem 2. Recall that o = dim(C[z] Nker L), £ =

dlm(%) and that in Sect. 6.2 we have chosen a basis (f“}, e f{g}) of C[z]Nker L.
Let flotli f{9+e besuchthat (f{” ..., flettyisabasis of HoNker L. Atlast, choose
f{““”,..., £ such that (1, ..., £1#)) is a basis of ker L. For any p € {1,..., u}
we let

=L 1=S=

P = (D zuzerrzszss @ FPDozuzyt ),
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which is consistent with the notation ¥ !-P} introduced in Sect. 6.2 for p € {1, ..., o}. Then
we have Y17} ¢ W, and R(Y(1PY)(z) = J i (2) forany p € {1, ..., u}. Using Egs. (3.3)
and (3.4) we obtain

(1.p} (r+Dn+1forany p e {l,...,0+ ¢},
ordoR(¥ )Z{n—lcforanype{Q—i—f-l—l,...,/,b}. 6.6)
We have proved in Sect. 6.2 that

R(Y{]’p}) is identically zero for 1 < p < p. (6.7)

This condition “replaces” the vanishing condition (6.6) for these values of p.

In order to apply Theorem 3 we still have to prove some results of linear independence.
To begin with, as noticed in Sect. 6.2, the functions £}, ..., £} are linearly independent
over C, so that the vectors Y17} (for 1 < p < p) involved in Eq. (6.7) are also linearly
independent (recall that f1P} = 60 f{7} is a component of Y {1-P}),

Let us prove now that the functions R(Y2-u0-50}y and R(Y -1}y involved in Eqgs. (6.5) and
(6.6) (with ¢ + 1 < p < p) are linearly independent over C. Let A1 ,, (foro +1 < p < )
and A3 .5, (for 1 <up <m —1land 1 < sp < S) be complex numbers such that

" m—1 S
D0 MpRYTEID £ 37 o R0 =0

p=0+1 up=1sp=1

Letting f = Z’;ZQH Alypf{”} € ker L we have using Lemma 8:

Jf (Z) + Z Z A2 UQ,S0 Z Puo s, n(Z) 10g(z)5 N =0V (6.8)

—s0)!
up=1 sp=1 §=50 0)

Now f belongs to the Nilsson class with rational exponents at 0; assume that f # 0. Then
we may write

f@= Y Y aidlog)

keQ i=0
k=K (f)

with e bounded in terms of L only. Therefore we may assume S > e, and Corollary 3
yields f € C[z] using Eq. (6.8). By construction of £+ = £t this implies f = 0.
Since flet! | fU4 are linearly independent over C we deduce that A;, » = 0 for any
pefo+1,...,u}

Moreover, recall from the proof of Lemma 7 that P s ,(z) = c,,o,x,nz’”rl’“0 for any
up €{1,...,m—1}andany s € {1, ..., S}. Since f = 0, Eq. (6.8) reads

m—1

_ lo (Z)
Z Zn+1 1o Z £ Z A2, ug,s0Cug,0+so,n = =0

up=1 o=0 so=1

for any z € D, so that Zfo;al A2.ug,50Cup,0+so,n = 0 for any ug and any 0. Witho = § — 1
we obtain A3 4,1 = 0 since ¢y, s.» # 0; by induction on s it follows in the same way that
A2,up,50 = Ofor any ug and any so. Finally, the functions R(Y 1P}y and R(Y {24050}y jnvolved
in Egs. (6.5) and (6.6) (with o + 1 < p < ) are linearly independent over C.

Combining these results of linear independence with Egs. (6.4), (6.5), (6.6) and (6.7), we
have checked assumption (ii) of Theorem 3 with 7 independent fromn, since ), ex\(0) Ma =
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£ (see Sect. 3.3) and g = £1 S + 1. As explained at the beginning of Sect. 6.3, assertion (ii)
of Proposition 2 follows.

7 A Siegel-type linear independence criterion

The following criterion is based on Siegel’s ideas (see for instance [7, pp. 81-82 and 215-
216], [19, Section 3], [14, Section 4.6] or [18, Proposition 4.1]).

Let K be a number field embedded in C; denote by Ok its ring of integers. We fix an
embedding of K in a Galois closure I, and of L. in C, so that Galois conjugates of elements
of K can be seen as complex numbers. Given £ € K, we denote by @ the house of &, i.e.
the maximum modulus of the Galois conjugates of &.

Theorem 4 Let (Q,) be an increasing sequence of positive real numbers, with limit +00.
Consider N numbers 91, ...,y € C. Assume that for some © > 0 there exist N2

sequences (p;j;)nzo, i,j=1,..., N, such that:

— Forany i, j and n, we have pl(],B € Ok.

For any i, j, we have pi(];l) < Q:,+0(1) asn — oo.
For any j we have, as n — oo:

N .
> Pl
i=I

< Q;‘E-'ro(] ) .

— For any n sufficiently large the matrix (P,-(jrf)lsi,jsN is invertible.
Then

T+ 1
[K:Ql

dimg Spang (91, ..., 0n) >

and this lower bound can be refined to 2[%;8]) if K (seen as a subset of C) is not contained

in R.

Given real numbers 0 < agp < 1 < b, this theorem can be applied when pi(jn) <
prd+oM) and ZzNzl P,-(,];,)ﬁi < ag(l+o(l)); then

1 (1 _ log(ao))
(K: QI log(b)

with the right hand side multiplied by 2 if K ¢ R.

dimg Spany (¥4, ..., On) >

Proof The proof is very classical, and similar (for instance) to that of [18, Proposition 4.1].
We sketch it for the convenience of the reader. Let ® € My 1(C) denote the column matrix
"(¥1,...,9n),and § = dimg Spang (91, . .., ¥y). There exists a matrix A € My_s y(Ok)
of rank N — § such that A® = 0. Let n > 0. Since P, := (pi(’jn))lg,ij is invertible, we
may assume (up to a permutation of the indices j) that the matrix
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Q)] ()
Pl,n pN,n

s 5
B := pﬁ,,),---pﬁv,),, € My(Ok)

A

is invertible. Then Nk qg(det B) is a non-zero rational integer; here Nk, g(x) = [], o(x)
is the norm of x € K, and o ranges through the set of embeddings K — C. Accordingly
INg,(det B)| > 1.

Now this positive integer can be bounded from above as follows. Denoting by L; the i-th
column of B and considering the embedding o = Id (recall that K is seen as a subset of C
from the beginning), the first § coefficients of 3" | #%; L; have modulus less than Q,, THol),
while the last N — § coefficients are zero. Since A does not depend on #, this leads to the
following inequality as n — oo (applying trivial bounds for o # Id):

I < |Ngjg(det B)| < @, 7+ gyt TT gjtod.
o#ld

Since Q,, — 400 this implies § > []Eé] .If K ¢ R the non-trivial upper bound on o (det B)
2(t+1)

can be used not only for ¢ = Id, but also for complex conjugation; this yields § > K.Q]
and concludes the proof of Theorem 4. O

8 Analytic and arithmetic estimates

This section is devoted to technical estimates that will be used in Sect. 9 to conclude the
proof of Theorem 1. In Sect. 8.1 we obtain an upper bound for ’J I(kal)(z)’. The important
point is that we do not assume 7 to be in the disk of convergence of the local expansion of
F at 0; we use analytic continuation and an integral representation. In Sect. 8.2 we estimate
the denominators and size of the coefficients of the linear forms.

8.1 An upper bound for |Jf,k_1) @|

The G-function F of Theorem 1 can be analytically continued to the domain Dr, which is
star-shaped at 0, as explained in the introduction. Recall from Sect. 3.1 that
oo
_ k(k—1)---(k—rn+1) X
J — 5T A +n+1
@ =nl) k+DSh+2)5 - h+nt+ DS

k=0

for |z| < R, where R is the radius of convergence of the local expansion Z/fio ArzF of F(2)
around 0. By Proposition 3 in [13], for any z such that |z| < R, we have

L+ Dt S

Jr@@) = 7/ FO Gty -as) [ 151 = 1)) dny - - dts. (8.1)
n! [071]S i1 J

Now, using the continuation of F to Df, we see from (8.1) that Jr can be analytically

continued to D as well; indeed for z € Dr and ¢ € [0, 1], we have zt € Dp. Observe that

D C Dr because the definition of D involves a half-line starting at 0, and possibly half-lines
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starting at singularities of L at which F is holomorphic; in the previous sections, Jr was
analytically continued to D only.
We now fix an integer k > 1, that will be fixed even as n — oo. By (8.1), we have

k—1

_ k—1
J* ”(z)=2< l. )((V+1)n+i—k+3)k—i—l
i=0
ZrHDn+i—k+2 i) S .
rn+i rn—+i AN
XT/[O]JSF (Ztl---ts)l_[tj (I —tp)"dty - - - dtg.

j=1
(8.2)

Let us fix z € Dr. We can find a simple smooth direct contour C, C DF such that for any
t € [0, 1], the segment [0, z¢] is at positive distance inside C,. By Cauchy formula,

(rn+10)! / F(x) dx
C

(rn-+i) —
F (@) = 20T C(x— Zt)r"+i+] )

Since the functions

1
7) := max (l, max )
8@ xeC,,tel0,1] |x — zt|

and
1
h(z) == —Ilength(C;) max | F (x)|
2 xeC;

are well defined and finite for any z € Dp, we thus deduce for any ¢t € [0, 1] and any
0<i<k-1 '
[F @) < (4 k = Dh()g(2)" . (8.3)

We can now give an upper bound for |J I(kal) (2) |
Proposition 3 For any integers S > r > 0 and k > 1, and any z € Df, we have

1 r
. (k—1) 1/n _ max(l, lzD)" g (2)
lim sup |J b4 =
n%+o§| F ( )| (I” + I)S—r

8.4)

Proof In the end we shall make n — 400 while keeping the other parameters fixed. We can
thus assume that n > k — 1 without loss of generality, sothat0 < (r + D)n+i —k+2 <
r+1n+1for0 <i < k— 1. We set 7 for max(1, |z]). We use (8.3) in (8.2) with
t =tty---tg and get

-~ (rn+k — l)lh(z)g(z)r"+k3(r+l)”+1
17D @) <

n!”
1o 5 :
x> ( . )((r +Dn+i—k+3k—io / [T a—eprdn ---dis
i=0 ! [0.1% Jj=1 l
7 A rn+k>(r+1)n+1 1 S
n: 0

= k21 + D+ 2 h(@)g @)D

.(rn+k—1)!.< n\(rn)! )S
(r+bn+1)") °

n!"
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Now by Stirling’s formula (see [8] for a similar computation), we readily obtain
rr(S+l) ’Zr-Hg(Z)r
(r + 1)S(r+1) - (r + I)S—" ’

as expected. O

lim sup |J1(pk71)(z)|l/n <7 He@)
n—-+oo

8.2 Denominators and size of the coefficients

In this section we prove the last estimates to be used in the proof of Theorem 1, namely
those on the denominators and size of the coefficients of the linear forms. As in Sect. 7 we
denote by Ok the ring of integers of K; we consider the rational functions P ; € K(z) (see
the beginning of Sect. 6). Recall that P, ; depends also on n, and that the set ¥ of finite
singularities of L contains all poles of the Py ;.

Lemma 10 Let zo € K\X and v € N* be such that vz € Ok, let K > 1. Then there
exists a sequence (8, x)n>1 Of positive rational integers such that for any i € I and any
kel{l,...,K}:

5 P.; : I/n _ S S

n.k Pr.i(z0) € Ok foranyn, and nEI—Poo 8n,K =vCye”.

Proof Let d, = lem{1,2,...,n}. As in [13], the proof of [25, Lemme 5] shows that
dScjsn € Z forall j,s,n; recall that lim, d,’" = e. Upon multiplying D(S, n) with a
suitable positive integer, we may assume in Proposition 1 (iii) that D(S,n) > CZS” /2,
so that lim, D(S, n)!/" = Cf. Moreover Proposition 1 and Egs. (4.6) and (4.7) yield
d3D(S,n+1)P; € Oklz]foranyi € I.NowletT € Ok[z]besuchthat TA € M, (Oklz]),
where A € M;(K(z)) is the matrix of the differential system (see Sect. 6); we may assume
that all roots of 7 are poles of coefficients of A, so that T'(zg) # O since zo ¢ X. Then
Eq. (5.1) yields dnSD(S, n+ 1)T(z)kPk,,-(z) € Oklz] forany i € I, by induction on k£ > 1.
Since deg(TkPky,-) <kdegT +n+1+4+ S —1)and k < K, we obtain 6;!KPk,i(zg) e Ok
by letting

81/1.[( — deegT+n+1+S(ffl)d;§D(S’ n-+ 1)T(ZO)K = OKn

Now let N /g denote the norm relative to the extension K/Q, as in the proof of Theorem 4
(see Sect. 7). Since vKdeTT(;)K € Ok \{0} we have NK/@(deeg TT(z0)X) € N* and
Nijg X %87 T (z0)%)

pKdegT T(Z())K

Sux = V" TIHESEDGS DS, 0+ 1) Ny 48T T (20)K) e N*

€ Ok. Therefore letting

concludes the proof of Lemma 10. O

Given & € @, recall from Sect. 7 that @ is the house of &, i.e. the maximum modulus of
the Galois conjugates of &.

Lemma 11 Let zo € K\X and K > 1. Then we have for anyi € I:
1/n
limsup  max [Py < CFrm 25T max, :
n_)+l£ (lkaXK %,i (20) ) <Cir x(1, [zo])

Remark 9 The upper bounds in Lemmas 10 and 11 do not depend on K ; they are the same as
in the corresponding lemmas in [13]. Actually the important point in our application is that
K will be independent from n.
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Proof Given P € K[z], we denote by H(P) the maximum of the houses of its coefficients.
In [25, Lemma 4], it is proved that the coefficients c; g , in (4.5) satisfy

cjsnl < (rm 4+ D25 @r2STr iy

for all j,s,n. (Our cj s, are denoted by cg j_1,, in [25]). Using this bound in (4.6) and
(4.7) together with Proposition 1(ii) we obtain H(P;) < H, for any i, with lim H,} n
C9r 2571 Now choose T as in the proof of Lemma 10, and let [Ty ; = T*Py; € K[z] for
any k, i. Then Eq. (5.1) yields deg I ; < cak +n by induction on k, and then H (ITj41,;) <
(c’yk+n)H (Tl ;), where c4 and ¢/, depend only on A. For k < K we deduce |ITx ;(z0)| <
(caK +n)H (T ;) max(1, [zo] )AK+" with H(IT; ;) < (WK +n)X H,. This enables us to
conclude the proof of Lemma 11. O

9 Proof of Theorem 1

In this section we prove Theorem 1 by combining the results obtained in previous sections.

Proof Let F(z) = Z/C:io Arz¥ be a G-function, with Ay € K and F(z) ¢ C[z]. As in the
introduction we denote by X ¢ the set of finite singularities of F and for « € X we define
Ay = o + ' MEORY: we let Dp 1= C\(UgexrAq). Let Lr and zg be as in Theorem 1.

As in Sect. 3.1 we consider the G-operator L obtained from L by Lemma 5, and define
i, 2, € and D in terms of L. In defining D we choose a half-line Ag such that zg ¢ Ao, so that
z0 € D. We also consider ko, m and £ and in Sect. 4.1, and integer parameters S > r > 1
with S large enough in terms of L.

As in Sect. 6 we let

1:({1,...,el}x{1,...,5}) U0, =1}

and ¢ = CardI = ¢1S + p. Elements of I are denoted by (u,s) (with 1 < u < ¢; and
1 <s <8)oru(withO <u < u — 1). For any n sufficiently large, Lemma 7 provides a
family (P;);e; of polynomials indexed by I, namely P, s = P, 5, and P, = f;,,,n; here the
integer n is omitted in the notation.

For any k > 1 we are interested in the following linear form:

S n—1
TE @0 = D0 Prus@o) F o) + Y Prul20)(6" F)(z0)
u=1 s=1 u=0

obtained by taking the (k — 1)-th derivative of the formula given by Lemma 7; here the
rational functions Py ;, for i € I, are given by Eq. (5.1) (see the beginning of Sect. 6). This
formula can be written in a more compact way:

J;kfl) (z0) = Z Py (z0)yi(zo)

iel

by letting y, s = Fum and y, = 6" F. Now Proposition 2 provides elements i, ..., i, of I
and coefficients A; ; € K; assertion (i) of this Proposition yields

Q
I V(@) = > Pk,i(zo)<yi(zo)+Z)»i,ryi,(zo)>- ©.1)

i€I\{i1smnip) =1
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Let N = g —¢ = Card(/\{i1, ..., i,}), and choose a bijective map ¥ : I\{iy, ..., ip} —
{1,...,N}.Foranyi € I\{iy,...,ip}andany j € {1,..., N}, let
Q .
Py) = ¥i(z0) + Y kir¥i,(20) and P,(/,J()i),n = 8n.xPr;.i(z0)
=1

where k1, ..., ky are the integers provided by Proposition 2 (ii), K is an upper bound on
them, and §, g is defined by Lemma 10. The important point, here and below, is that K

depends only on L, r, S, but not on n (eventhough the integers ki, ..., ki depend on n). Then
Eq. (9.1) yields

N
k-1 j .
6,,,1(11(,’ )(z())zg pl.(’];ﬁ,-forany]e{l,...,N}.
i=1

Lemma 10 shows that all coefficients pf’ri belong to Ok; Lemma 11 provides an upper
bound on the moduli of their Galois conjugates. At last, Proposition 2 asserts that the matrix
( Pz(Jn) )1<i,j<n isinvertible for any n sufficiently large. Therefore Siegel’s linear independence
criterion (namely Theorem 4) applied with Q,, = b" yields

dimg Spang (91, . .., #w) > —— 9.2)
[K: Q]
where
_ —log(ao) s smax(l, |z]) g (z)"

, ag:=vCe

)

log(b) (r +1)S-r

b= vC5C5eSr 25T max(1, Zo])
using Proposition 3 and Lemmas 10 and 11 (of which we keep the notation). Now for any i the
number ¥; belongs to the K-vector space spanned by the numbers F,Es](z()) and (0" F)(zp),

so that the lower bound (9.2) holds also with the dimension of this vector space in the left
hand side. We obtain therefore

dimg Spang {F*\(z0), 1 <u <€y, 1 <s <8} >

K. Q] . 9.3)
Taking for r the integer part of S/ log($)?, and letting S tend to infinity, we deduce Theorem 1
with C(F) = log(2eCC>). Observe that C (F) depends only on L, and that this part of the
computation is exactly the same as in [13, Section 6.4]: b is the same, and even though ag
is slightly different the main term as S — oo (with r = [S/log(S)?]) is the same. This
concludes the proof of Theorem 1. O
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