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Theorem 1

Let G be a simple Lie group,
Λ ⊂ G a lattice, X = G/Λ,
Γ ⊂ G a Zariski dense subgroup.

a) Every infinite Γ-invariant subset F of X is dense.
b) Every atom free Γ-invariant probability ν on X is G-invariant.

i.e. ν({x}) = 0, ∀x ∈ X

Corollary (Eskin, Margulis)
Every discrete Γ-orbit in X is finite.
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Λ ⊂ G a lattice, X = G/Λ,
Γ ⊂ G a Zariski dense subgroup.
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with #H/He <∞
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Theorem 1

Let G be a simple Lie group,
Λ ⊂ G a lattice, X = G/Λ,
Γ ⊂ G a Zariski dense subgroup.

G = PSL(2,R)
Λ = PSL(2,Z)
Γ non elementary
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Theorem 2

Let G be a simple Lie group,
Λ ⊂ G a lattice, X = G/Λ,
µ ∈ P(G) a Zariski dense
probability with compact support.

i.e. the subgroup Γ
generated by the support of
µ is Zariski dense

Every atom free µ-stationary probability ν on X is G-invariant.

i.e. µ ∗ ν = ν where µ ∗ ν =
∫

G g∗ν dµ(g)
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Why does Theorem 2 implies Theorem 1?

Choose µ ∈ P(G) with support S ⊂ Γ generating a Zariski
dense subgroup.
b) ν is Γ-invariant⇒ ν is µ-stationary.
a) Let x0 ∈ F . Use Kakutani’s trick: Any weak sublimit ν0 of the
sequence 1

n (µ ∗ δx0 + · · ·+ µ∗n ∗ δx0) is µ-stationary and
supported on F .
One has to check that ν0 is an atom free probability. For that,
use ideas of Eskin-Margulis.
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Theorem 3

Let X = Td , µ ∈ P(SL(d ,Z)) a
probability with finite support
generating a strongly irreducible
subgroup Γ.

i.e. no finite union of vector
subspaces of Rd is
Γ-invariant

Every atom free µ-stationary probability ν on X is Haar.

Theorem 3 is due to Bourgain, Furman, Lindenstrauss,Mozes
when Γ contains proximal elements.

Corollary (Muchnik and Guivarc’h, Starkov)
Every infinite Γ-invariant subset F of X is dense.
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To simplify, let us assume that

X = T2, µ = 1
2(δg0 + δg1) S = {g0,g1}, Γ =<S>⊂ SL(2,R).

Introduce the Bernoulli dynamical system :

B = SN, B, β = µ⊗N, s : (b0,b1, ..) 7→ (b1,b2, ..)
so that s∗β = β.

Proposition (Furstenberg) For β-a.e. b in B,
a) νb = limn(b0 · · · bn)∗ν exists.
b) All sublimits π of b0···bn

‖b0···bn‖ have same image: a line Vb ⊂ R2.

Main step : For β-a.e. b, νb is Vb-invariant

Remark ν =
∫

B νb dβ(b)
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4. Horocyclic flow
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1. Introduce a second dynamical system :

BX = B×X , BX , βX =
∫

B δb ⊗ νb dβ(b), T : (b, x) 7→ (sb,b−1
0 x)
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1. Introduce a second dynamical system :

BX = B × X , BX , βX =
∫

B δb ⊗ νb dβ(b), T : (b, x) 7→ (sb,b−1
0 x)

so that T∗βX = βX .

2. Choose vb ∈ Vb, with ‖vb‖ = 1.
Let Cb ∈ R∗, so that b0 vsb = Cb vb.
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Let us go on as if Cb were a constant Cb = C0 > 1.
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Let us go on as if Cb were a constant Cb = C0 > 1.

3. Introduce the horocyclic flow Φt on BX :
Φt (b, x) = (b, x + t vb).

4. Introduce the conditional measures along Φt :
σ(b, x) ∈M(R) is a Radon measure on R up to normalization.

5. Introduce the tail σ-algebra Q∞ := ∩n≥1T−nBX .

Lemma σ : BX →M(R) is Q∞-measurable.
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σ(b, x) ∈M(R) is a Radon measure on R up to normalization.
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Lemma σ : BX →M(R) is Q∞-measurable.

Proof Since Φt ◦ T = T ◦ ΦC0t ,
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6. One wants to find t = t(b,x) small such that a.e.

σ(b, x) = σ(Φt (b, x)).
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Lemma σ : BX →M(R) is Q∞-measurable.

Proof Since Φt ◦ T = T ◦ ΦC0t ,
one has σ(b, x) = C0∗ σ(T (b, x)).

6. One wants to find t = t(b,x) small such that a.e.

σ(b, x) = σ(Φt (b, x)).

7. Apply Doob martingale theorem: the following conditional
expectations has a limit when n→∞, for βX -a.e. (b, x),

1
2n

∑
I ψ(bI, xI) = E(ψ | T−n(BX ))(b, x)→ E(ψ | Q∞)(b, x)
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Proof Since Φt ◦ T = T ◦ ΦC0t ,
one has σ(b, x) = C0∗ σ(T (b, x)).

6. One wants to find t = t(b,x) small such that a.e.

σ(b, x) = σ(Φt (b, x)).

7. Apply Doob martingale theorem: the following conditional
expectations has a limit when n→∞, for βX -a.e. (b, x),

1
2n

∑
I ψ(bI, xI) = E(ψ | T−n(BX ))(b, x)→ E(ψ | Q∞)(b, x)

where


I = (i0, . . . , in−1) ∈ {0,1}n,
bI = (gi0 , . . . ,gin−1 ,bn, . . .),

xI = gi0 ..gin−1b−1
n−1..b

−1
0 x .
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6. One wants to find t = t(b,x) small such that a.e.

σ(b, x) = σ(Φt (b, x)).

7. Apply Doob martingale theorem: the following conditional
expectations has a limit when n→∞, for βX -a.e. (b, x),

1
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∑
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where
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I = (i0, . . . , in−1) ∈ {0,1}n,
bI = (gi0 , . . . ,gin−1 ,bn, . . .),

xI = gi0 ..gin−1b−1
n−1..b

−1
0 x .

8. Use a drift argument à la Ratner: roughly, compare
E(ψ | T−n(BX ))(b, y) and E(ψ | T−n(BX ))(b, x).
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7. Apply Doob martingale theorem: the following conditional
expectations has a limit when n→∞, for βX -a.e. (b, x),
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where
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I = (i0, . . . , in−1) ∈ {0,1}n,
bI = (gi0 , . . . ,gin−1 ,bn, . . .),

xI = gi0 ..gin−1b−1
n−1..b
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0 x .

8. Use a drift argument à la Ratner: roughly, compare
E(ψ | T−n(BX ))(b, y) and E(ψ | T−n(BX ))(b, x).

• where y = yk converges towards x and n = nk is well-chosen.
• where ψ = 1K , K compact, βX (K ) > 1− ε2 and σ|K is
continuous.
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1
2n

∑
I ψ(bI, xI) = E(ψ | T−n(BX ))(b, x)→ E(ψ | Q∞)(b, x)

where


I = (i0, . . . , in−1) ∈ {0,1}n,
bI = (gi0 , . . . ,gin−1 ,bn, . . .),

xI = gi0 ..gin−1b−1
n−1..b

−1
0 x .

8. Use a drift argument à la Ratner: roughly, compare
E(ψ | T−n(BX ))(b, y) and E(ψ | T−n(BX ))(b, x).

• where y = yk converges towards x and n = nk is well-chosen.
• where ψ = 1K , K compact, βX (K ) > 1− ε2 and σ|K is
continuous.
• Choose x and y in a compact set L ⊂ K , βX (L) > 1− ε,
where the convergence is uniform and the limit > 1− ε.
• Find I such that xI and yI are in K .
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where


I = (i0, . . . , in−1) ∈ {0,1}n,
bI = (gi0 , . . . ,gin−1 ,bn, . . .),

xI = gi0 ..gin−1b−1
n−1..b

−1
0 x .

8. Use a drift argument à la Ratner: roughly, compare
E(ψ | T−n(BX ))(b, y) and E(ψ | T−n(BX ))(b, x).

• where y = yk converges towards x and n = nk is well-chosen.
• where ψ = 1K , K compact, βX (K ) > 1− ε2 and σ|K is
continuous.
• Choose x and y in a compact set L ⊂ K , βX (L) > 1− ε,
where the convergence is uniform and the limit > 1− ε.
• Find I such that xI and yI are in K .
•Write yI = xI + vI with

vI = gi0 ..gin−1b−1
n−1..b

−1
0 (y − x) ' t vbI .
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8. Use a drift argument à la Ratner: roughly, compare
E(ψ | T−n(BX ))(b, y) and E(ψ | T−n(BX ))(b, x).

• where y = yk converges towards x and n = nk is well-chosen.
• where ψ = 1K , K compact, βX (K ) > 1− ε2 and σ|K is
continuous.
• Choose x and y in a compact set L ⊂ K , βX (L) > 1− ε,
where the convergence is uniform and the limit > 1− ε.
• Find I such that xI and yI are in K .
•Write yI = xI + vI with

vI = gi0 ..gin−1b−1
n−1..b

−1
0 (y − x) ' t vbI .

• Get σ(b, x) ' σ(b, y) ' σ(bI, yI) ' σ(Φt (bI, xI)) ' σ(Φt (b, x)).
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To begin the drift argument one needs:

Lemma For βX -a.e. (b, x), one has νb(x + Vb) = 0.
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Lemma For βX -a.e. (b, x), one has νb(x + Vb) = 0.

Main step : There does not exist κ : B → X | νb = δκ(b).

1. There exists a proper function v : X × X r∆X and a < 1,
C > 0 such that µ̌ ∗ v ≤ a v + C
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To begin the drift argument one needs:

Lemma For βX -a.e. (b, x), one has νb(x + Vb) = 0.

Main step : There does not exist κ : B → X | νb = δκ(b).

1. There exists a proper function v : X × X r∆X and a < 1,
C > 0 such that µ̌ ∗ v ≤ a v + C

µ̌∗n ∗ v ≤ anv + (1 + · · ·+ an−1)C.
1
p

∑
0≤n<p(µ̌∗n ∗ v) ≤ 1

p(1−a)v + 1
1−aC.
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To begin the drift argument one needs:

Lemma For βX -a.e. (b, x), one has νb(x + Vb) = 0.

Main step : There does not exist κ : B → X | νb = δκ(b).

1. There exists a proper function v : X × X r∆X and a < 1,
C > 0 such that µ̌ ∗ v ≤ a v + C

µ̌∗n ∗ v ≤ anv + (1 + · · ·+ an−1)C.
1
p

∑
0≤n<p(µ̌∗n ∗ v) ≤ 1

p(1−a)v + 1
1−aC.

2. ∀ε > 0, ∃K0 ⊂ B β(K0) = 1− ε, κ|K0 is continuous.
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Main step : There does not exist κ : B → X | νb = δκ(b).

1. There exists a proper function v : X × X r∆X and a < 1,
C > 0 such that µ̌ ∗ v ≤ a v + C

µ̌∗n ∗ v ≤ anv + (1 + · · ·+ an−1)C.
1
p

∑
0≤n<p(µ̌∗n ∗ v) ≤ 1

p(1−a)v + 1
1−aC.

2. ∀ε > 0, ∃K0 ⊂ B β(K0) = 1− ε, κ|K0 is continuous.

For b = (b0,b1, . . .) in B, write gb = (g,b0,b1, . . .).
κ(gb) = gκ(b) and ν = κ∗(β).
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1. There exists a proper function v : X × X r∆X and a < 1,
C > 0 such that µ̌ ∗ v ≤ a v + C

µ̌∗n ∗ v ≤ anv + (1 + · · ·+ an−1)C.
1
p

∑
0≤n<p(µ̌∗n ∗ v) ≤ 1

p(1−a)v + 1
1−aC.

2. ∀ε > 0, ∃K0 ⊂ B β(K0) = 1− ε, κ|K0 is continuous.

For b = (b0,b1, . . .) in B, write gb = (g,b0,b1, . . .).
κ(gb) = gκ(b) and ν = κ∗(β).

3. Transfer operator Lµ on B: (Lµϕ0)(b) =
∫

G ϕ0(gb)dµ(g).
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µ̌∗n ∗ v ≤ anv + (1 + · · ·+ an−1)C.
1
p

∑
0≤n<p(µ̌∗n ∗ v) ≤ 1

p(1−a)v + 1
1−aC.

2. ∀ε > 0, ∃K0 ⊂ B β(K0) = 1− ε, κ|K0 is continuous.

For b = (b0,b1, . . .) in B, write gb = (g,b0,b1, . . .).
κ(gb) = gκ(b) and ν = κ∗(β).

3. Transfer operator Lµ on B: (Lµϕ0)(b) =
∫

G ϕ0(gb)dµ(g).

Apply Chacon, Ornstein: for β-a.e. b,
limp→∞

1
p

∑
0≤n<p(Ln

µ1K0)(b) = β(K0) = 1− ε.
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For b = (b0,b1, . . .) in B, write gb = (g,b0,b1, . . .).
κ(gb) = gκ(b) and ν = κ∗(β).

3. Transfer operator Lµ on B: (Lµϕ0)(b) =
∫

G ϕ0(gb)dµ(g).

Apply Chacon, Ornstein: for β-a.e. b,
limp→∞

1
p

∑
0≤n<p(Ln

µ1K0)(b) = β(K0) = 1− ε.

If ν not Dirac, choose b0 and b′0 with κ(b0) 6= κ(b′0). One gets
∀M, ∃p0, 1

p
∑

0≤n<p(µ̌∗n ∗ v)(κ(b0), κ(b′0)) ≥ (1− 4ε)M − p0
p
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3. Transfer operator Lµ on B: (Lµϕ0)(b) =
∫

G ϕ0(gb)dµ(g).

Apply Chacon, Ornstein: for β-a.e. b,
limp→∞

1
p

∑
0≤n<p(Ln

µ1K0)(b) = β(K0) = 1− ε.

If ν not Dirac, choose b0 and b′0 with κ(b0) 6= κ(b′0). One gets
∀M, ∃p0, 1

p
∑

0≤n<p(µ̌∗n ∗ v)(κ(b0), κ(b′0)) ≥ (1− 4ε)M − p0
p

When p →∞, one gets (1− 4ε)M ≤ C/(1− a). Contradiction.
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