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1. Actions on G/A
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Stationary measures Actions on G/A
Actions on tori

Let G be a simple Lie group,
A C G a lattice, X = G/A,
I C G a Zariski dense subgroup.
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Stationary measures Actions on G/A
Actions on tori

Let G be a simple Lie group,
A C G a lattice, X = G/A, vol(X) < oo
I C G a Zariski dense subgroup.

Yves Benoist — Jean-Frangois Quint Invariant subsets



Stationary measures Actions on G/A
Actions on tori

Let G be a simple Lie group, There are no closed
A C G a lattice, X = G/A, subgrouplr c HG G
I ¢ G a Zariski dense subgroup. with #H/He < oo
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Stationary measures Actions on G/A
Actions on tori

Let G be a simple Lie group, G =PSL(2,R)
A C G a lattice, X = G/A, N =PSL(2,7Z)
I C G a Zariski dense subgroup. I non elementary
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Stationary measures Actions on G/A
Actions on tori

Let G be a simple Lie group,
A C G a lattice, X = G/A,
I C G a Zariski dense subgroup.

a) Every infinite I-invariant subset F of X is dense.
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Stationary measures Actions on G/A
Actions on tori

Let G be a simple Lie group,
A C G a lattice, X = G/A,
I C G a Zariski dense subgroup.

a) Every infinite I-invariant subset F of X is dense.
b) Every atom free I-invariant probability » on X is G-invariant.
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Stationary measures Actions on G/A
Actions on tori

Let G be a simple Lie group,
A C G a lattice, X = G/A,
I C G a Zariski dense subgroup.

a) Every infinite I-invariant subset F of X is dense.
b) Every atom free I-invariant probability » on X is G-invariant.

ie. v({x})=0,VxeX
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Stationary measures Actions on G/A
Actions on tori

Let G be a simple Lie group,
A C G a lattice, X = G/A,
I C G a Zariski dense subgroup.

a) Every infinite I-invariant subset F of X is dense.
b) Every atom free I-invariant probability » on X is G-invariant.

ie. v({x})=0,VxeX

Corollary (Eskin, Margulis)
Every discrete I'-orbit in X is finite.
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Stationary measures Actions on G/A
Actions on tori

Let G be a simple Lie group,

A C G alattice, X = G/A,

u € P(G) a Zariski dense
probability with compact support.
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Stationary measures Actions on G/A
Actions on tori

Let G be a simple Lie group,

A C G alattice, X = G/A,

u € P(G) a Zariski dense
probability with compact support.

i.e. the subgroup I
generated by the support of
w is Zariski dense
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Stationary measures Actions on G/A
Actions on tori

Let G be a simple Lie group,

A C G alattice, X = G/A,

u € P(G) a Zariski dense
probability with compact support.

Every atom free u-stationary probability v on X is G-invariant.

i.e. the subgroup I
generated by the support of
w is Zariski dense
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Stationary measures Actions on G/A
Actions on tori

Let G be a simple Lie group,

A C G alattice, X = G/A,

u € P(G) a Zariski dense
probability with compact support.

Every atom free p-stationary probability » on X is G-invariant.

i.e. the subgroup I
generated by the support of
w is Zariski dense

i.e. puxv=vwhere uxv= [ g du(g)
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Stationary measures Actions on G/A
Actions on tori

’Why does Theorem 2 implies Theorem 17? ‘
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Stationary measures Actions on G/A
Actions on tori

’Why does Theorem 2 implies Theorem 17? ‘

Choose 1 € P(G) with support S C I generating a Zariski
dense subgroup.
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Stationary measures Actions on G/A
Actions on tori

’Why does Theorem 2 implies Theorem 17? ‘

Choose 1 € P(G) with support S C I generating a Zariski
dense subgroup.
b) v is [-invariant = v is p-stationary.
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Stationary measures Actions on G/A
Actions on tori

’Why does Theorem 2 implies Theorem 17? ‘

Choose 1 € P(G) with support S C I generating a Zariski
dense subgroup.

b) v is [-invariant = v is p-stationary.

a) Let xg € F. Use Kakutani’s trick:
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Stationary measures Actions on G/A
Actions on tori

’Why does Theorem 2 implies Theorem 17? ‘

Choose 1 € P(G) with support S C I generating a Zariski
dense subgroup.

b) v is [-invariant = v is p-stationary.

a) Let xo € F. Use Kakutani’s trick: Any weak sublimit v of the
Sequence (i * 6y, + -+ + M dy,) is p-stationary and
supported on F.
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Stationary measures Actions on G/A
Actions on tori

’Why does Theorem 2 implies Theorem 17? ‘

Choose 1 € P(G) with support S C I generating a Zariski
dense subgroup.

b) v is [-invariant = v is p-stationary.

a) Let xo € F. Use Kakutani’s trick: Any weak sublimit v of the
Sequence (i * 6y, + -+ + M dy,) is p-stationary and
supported on F.

One has to check that vy is an atom free probability.
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Stationary measures Actions on G/A
Actions on tori

’Why does Theorem 2 implies Theorem 17? ‘

Choose 1 € P(G) with support S C I generating a Zariski
dense subgroup.

b) v is [-invariant = v is p-stationary.

a) Let xo € F. Use Kakutani’s trick: Any weak sublimit v of the
Sequence (i * 6y, + -+ + M dy,) is p-stationary and
supported on F.

One has to check that 1y is an atom free probability. For that,
use ideas of Eskin-Margulis.

Yves Benoist — Jean-Frangois Quint Invariant subsets



Stationary measures Actions on G/A

Actions on tori

2. Actions on tori
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Stationary measures Actions on G/A
Actions on tori

Let X = TY, p e P(SL(d,Z)) a
probability with finite support
generating a strongly irreducible
subgroup T.
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Stationary measures Actions on G/A
Actions on tori

Let X = TY, p e P(SL(d,Z)) a
probability with finite support
generating a strongly irreducible
subgroup T.

i.e. no finite union of vector
subspaces of RY is
-invariant
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Stationary measures Actions on G/A
Actions on tori

Let X = TY, p e P(SL(d,Z)) a
probability with finite support
generating a strongly irreducible
subgroup T.

Every atom free p-stationary probability » on X is Haar.

i.e. no finite union of vector
subspaces of RY is
-invariant
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Stationary measures Actions on G/A
Actions on tori

Let X = TY, p e P(SL(d,Z)) a
probability with finite support
generating a strongly irreducible
subgroup T.

Every atom free p-stationary probability » on X is Haar.

i.e. no finite union of vector
subspaces of RY is
-invariant

Theorem 3 is due to Bourgain, Furman, Lindenstrauss,Mozes
when I contains proximal elements.
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Stationary measures Actions on G/A
Actions on tori

Let X = TY, p e P(SL(d,Z)) a
probability with finite support
generating a strongly irreducible
subgroup T.

Every atom free p-stationary probability » on X is Haar.

i.e. no finite union of vector
subspaces of RY is
-invariant

Theorem 3 is due to Bourgain, Furman, Lindenstrauss,Mozes
when I contains proximal elements.

Corollary (Muchnik and Guivarc’h, Starkov)
Every infinite I'-invariant subset F of X is dense.
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Furstenberg measure
Horocyclic flow
Non atomic limit measure

Strategy

3. Furstenberg measure
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Furstenberg measure
Horocyclic flow

Strate: )
9y Non atomic limit measure

To simplify, let us assume that

X =T u=1(3g, +0g) S = {90, g1}, T =< S>C SL(2,R).
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Furstenberg measure
Horocyclic flow

Strate: )
9y Non atomic limit measure

To simplify, let us assume that

X =T u=1(3g, +0g) S = {90, g1}, T =< S>C SL(2,R).
Introduce the Bernoulli dynamical system :

B=3N B, 5=uN s: (b bi,.)— (b, bs,..)
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Furstenberg measure
Horocyclic flow

Strate: )
9y Non atomic limit measure

To simplify, let us assume that

X =T u=1(3g, +0g) S = {90, g1}, T =< S>C SL(2,R).
Introduce the Bernoulli dynamical system :

B=3N B, 5=uN s: (b bi,.)— (b, bs,..)
so that 5,6 = .
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Furstenberg measure
Horocyclic flow

Strate: )
ay Non atomic limit measure

To simplify, let us assume that

X =T u=1(3g, +0g) S = {90, g1}, T =< S>C SL(2,R).
Introduce the Bernoulli dynamical system :

B=38N, B 38=u®N s:(bybi,..)— (b, bs,.)
so that 5,6 = .

Proposition (Furstenberg) For 5-a.e. bin B,

a) vp = limu(bg - - bn), LU exists.
b) All sublimits 7 of ”b b i have same image: a line V, c R

Yves Benoist — Jean-Frangois Quint Invariant subsets



Furstenberg measure
Horocyclic flow

Strate: )
9y Non atomic limit measure

To simplify, let us assume that

X =T u=1(3g, +0g) S = {90, g1}, T =< S>C SL(2,R).
Introduce the Bernoulli dynamical system :

B=3N B, 5=uN s: (b bi,.)— (b, bs,..)
so that 5,6 = .

Proposition (Furstenberg) For 5-a.e. bin B,

a) vp = limp(bg - - bn), LU exists.
b) All sublimits 7 of ”b b i have same image: a line V, c R
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Furstenberg measure
Horocyclic flow

Strate: )
9y Non atomic limit measure

To simplify, let us assume that

X =T u=1(3g, +0g) S = {90, g1}, T =< S>C SL(2,R).
Introduce the Bernoulli dynamical system :

B=3N B, 5=uN s: (b bi,.)— (b, bs,..)
so that 5,6 = .

Proposition (Furstenberg) For 5-a.e. bin B,
a) vp = limp(bg - - - bng*u exists.
b) All sublimits = of ”bgjjjg:H have same image: a line V}, ¢ R2.
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Furstenberg measure
Horocyclic flow
Non atomic limit measure

Strategy
To simplify, let us assume that

X =T u=1(3g, +0g) S = {90, g1}, T =< S>C SL(2,R).
Introduce the Bernoulli dynamical system :

B=38N, B 38=u®N s:(bybi,..)— (b, bs,.)
so that 5,6 = .

Proposition (Furstenberg) For 5-a.e. bin B,
a) vp = limu(bg - - bn), LU exists.
b) All sublimits 7 of ”b b i have same image: a line V, c R

Main step : For g-a.e. b, v is Vp-invariant
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Furstenberg measure
Horocyclic flow

Strate: )
ay Non atomic limit measure

To simplify, let us assume that

X =T u=1(3g, +0g) S = {90, g1}, T =< S>C SL(2,R).
Introduce the Bernoulli dynamical system :

B=38N, B 38=u®N s:(bybi,..)— (b, bs,.)
so that 5,6 = .

Proposition (Furstenberg) For 5-a.e. bin B,

a) vp = limu(bg - - bn), LU exists.
b) All sublimits 7 of ”b b i have same image: a line V, c R

Main step : For g-a.e. b, v is Vp-invariant

Remark v = [;v,d3(b)



Furstenberg measure
Horocyclic flow

Strate: .
ay Non atomic limit measure

4. Horocyclic flow
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Furstenberg measure
Horocyclic flow

Strate: .
9y Non atomic limit measure

1. Introduce a second dynamical system :

BX = Bx X, BX, BX = [30p@updB(b), T : (b, x) — (sb, by 'x)
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Furstenberg measure
Horocyclic flow

Strate: .
9y Non atomic limit measure

1. Introduce a second dynamical system :

BX =B x X, BX, BX = [30p @ vpdB(b), T : (b, x) — (sb, by 'X)
so that T,.3X = gX.
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Furstenberg measure
Horocyclic flow

Strate: .
9y Non atomic limit measure

1. Introduce a second dynamical system :

BX =B x X, BX, 3X = [30p @ vpdB(b), T : (b, x)  (sb, by ' x)
so that T,.3X = pX.

2. Choose v, € Vp, with ||vp|| = 1.
Let Cp € R, so that by Vep = Cp Vp.
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Furstenberg measure
Horocyclic flow
Non atomic limit measure

Strategy

1. Introduce a second dynamical system :

BX =B x X, BX, 3X = [0, @ 1pdB(b), T : (b, x) — (sb, by ' x)
so that T.3X = gX.

2. Choose v, € Vp, with ||vp] = 1.
Let Cp € R*, so that by Vep = Cp Vp.

Proposition (Furstenberg-Kesten)
Jplog|Cp|dB(b) >0
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Furstenberg measure
Horocyclic flow

Strate: .
9y Non atomic limit measure

1. Introduce a second dynamical system :

BX = Bx X, BX, BX = [50p @ vpdB(b), T : (b, x) — (sb, by 'X)
so that T.3X = gX.

2. Choose v, € Vp, with ||v,|| = 1.
Let Cp, € R*, so that by vgp = Cp Vp.

Proposition (Furstenberg-Kesten)
Jp109|Cpb| dB(b) >0

Let us go on as if C, were a constant Cp, = Cy > 1.
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Furstenberg measure
Horocyclic flow
Non atomic limit measure

Strategy

BX =B x X, BX, 3X = [0, @ vpdB(b), T : (b, x) — (sb, by ' x)
so that T.3X = gX.

2. Choose v, € Vp, with ||v,|| = 1.
Let Cp € R*, so that by vep = Cp Vp.

Proposition (Furstenberg-Kesten)
Jp109|Cp| dB(b) >0

Let us go on as if C, were a constant Cp, = Cy > 1.

3. Introduce the horocyclic flow ®; on BX:
di(b, x) = (b, X + t V).
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Furstenberg measure
Horocyclic flow

Strate: .
9y Non atomic limit measure

2. Choose v, € Vp, with ||vp|| = 1.
Let Cp € R*, so that by Vsp = Cp Vp.

Proposition (Furstenberg-Kesten)
J5109|Cpb| dB(b) >0

Let us go on as if C, were a constant Cp, = Cy > 1.

3. Introduce the horocyclic flow ®; on BX:
®i(b, x) = (b, X + t Vp).

4. Introduce the conditional measures along ¢; :
a(b,x) € M(R) is a Radon measure on R up to normalization.
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Furstenberg measure
Horocyclic flow
Non atomic limit measure

Strategy

Proposition (Furstenberg-Kesten)
Jplog|Cp|dB(b) >0

Let us go on as if C, were a constant Cp = Cy > 1.

3. Introduce the horocyclic flow ®; on BX:
Oi(b,x) = (b, x + tvp).

4. Introduce the conditional measures along ; :
a(b,x) € M(R) is a Radon measure on R up to normalization.

5. Introduce the tail o-algebra Q.. := N1 T"BX.
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Furstenberg measure
Horocyclic flow

Strate: .
9y Non atomic limit measure

Let us go on as if C, were a constant Cp, = Cy > 1.

3. Introduce the horocyclic flow ®; on BX:
Oi(b,x) = (b, x + tvp).

4. Introduce the conditional measures along ; :
o(b,x) € M(R) is a Radon measure on R up to normalization.

5. Introduce the tail o-algebra Q.. := Np>1 T"BX.

Lemma o : BX — M(R) is Q..-measurable.
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Furstenberg measure
Horocyclic flow

Strate: .
9y Non atomic limit measure

3. Introduce the horocyclic flow ®; on BX:
O1(b, x) = (b, X + t V).

4. Introduce the conditional measures along ; :
o(b, x) € M(R) is a Radon measure on R up to normalization.

5. Introduce the tail o-algebra Q. := Np>1 T-"BX.
Lemma o : BX — M(R) is Q..-measurable.

Proof Since SioT =Todg,,
one has o(b,x) = Cp, o(T(b, x)).
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Furstenberg measure
Horocyclic flow

Strate: .
ay Non atomic limit measure

4. Introduce the conditional measures along ; :
o(b,x) € M(R) is a Radon measure on R up to normalization.

5. Introduce the tail o-algebra Q. := Np>1 T-"8X.
Lemma o : BX — M(R) is Q,.-measurable.

Proof Since PtoT =Todgy,
one has o(b,x) = Cp, o(T(b, x)).

6. One wants to find t = { xy small such that a.e.
o(b, x) = a(P:(b, x)).
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Furstenberg measure
Horocyclic flow
Non atomic limit measure

Strategy

5. Introduce the tail o-algebra Q.. := N1 T"BX.
Lemma o : BX — M(R) is Q. -measurable.

Proof Since SioT =Todgy,
one has o(b,x) = Cp, o(T(b,x)).

6. One wants to find t = { ) small such that a.e.
o(b, x) = o(®¢(b, x)).

7. Apply Doob martingale theorem: the following conditional
expectations has a limit when n — oo, for fX-a.e. (b, x),
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Furstenberg measure
Horocyclic flow

Strate: .
ay Non atomic limit measure

Lemma o : BX — M(R) is Q..-measurable.

Proof Since SroT =Todgy,
one has o(b,x) = Cp, o(T(b,x)).

6. One wants to find t = { xy small such that a.e.
U(ba X) = U(q)f(b? X))

7. Apply Doob martingale theorem: the following conditional
expectations has a limit when n — oo, for fX-a.e. (b, x),

an (b x) = E(w | T-(8X))(b,x) — E(v | Quc)(b, X)
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Furstenberg measure
Horocyclic flow

Strategy Non atomic limit measure
Proof Since broT =Todgy,
one has o(b,x) = Cp, o(T(b,x)).

6. One wants to find t = ) small such that a.e.
a(b, x) = a(®i(b, x)).

7. Apply Doob martingale theorem: the following conditional
expectations has a limit when n — oo, for fX-a.e. (b, x),

2 2 (b, x0) = E(¢ | T-"(BX))(b,x) = E(¢ | Qoo)(b; X)
T=(ig, ..., in1) € {0, 1},
where { br = (9> -+ G, b0, --),
Xt = Gip--Gip_ by y-bg ' x.
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Furstenberg measure
Horocyclic flow

Strate: .
ay Non atomic limit measure

6. One wants to find t = { xy small such that a.e.
U(ba X) = O'(CDt(b, X))

7. Apply Doob martingale theorem: the following conditional
expectations has a limit when n — oo, for 3X-a.e. (b, x),

25 2 (b, xi) = E(y | T-"(BX))(b, x) = E(¢ | Qx)(b, X)
T= (i in1) € {0,1}7,
where { br = (9igs -+ 9in_1+bn: - ),
Xt = Giy--Gi,_ by 4 by X

8. Use a drift argument a la Ratner: roughly, compare
E(y | T-"(BX))(b.y) and E(y | T-"(BX))(b, x).
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Furstenberg measure
Horocyclic flow

Strate: .
9y Non atomic limit measure

7. Apply Doob martingale theorem: the following conditional
expectations has a limit when n — oo, for 3X-a.e. (b, x),

a2 (b, xi) = E(y | T-"(BX))(b, x) — E(¢ | Qoo)(b, X)
T=(is...,in1) € {0,1}7,
where { br = (9> -G, 1+ bn,--.),
Xt = Gip--Gip_ by 105 " x.

8. Use a drift argument a la Ratner: roughly, compare
E(y | T-"(BX))(b,y) and E(y | T-"(BX))(b, X).

e where y = y, converges towards x and n = njy is well-chosen.

e Where ¢ = 1y, K compact, 3X(K) > 1 — 2 and |k is
continuous.
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Furstenberg measure
Horocyclic flow

Strate: .
9y Non atomic limit measure

an Wb, xi) = E(¥ | T-"(BX))(b, x) — E(v | Quc)(b, X)
1= (fo,. . .,in_1) S {0,1}”,
where bI: (gioy"wgl'n,ﬁbnv"')a
X1 = 09iy--Gi,_4 ;_11..b0_1X.
8. Use a drift argument a la Ratner: roughly, compare
E(y | T-"(8X))(b,y) and E(v | T~"(BX))(b, x).

e where y = y, converges towards x and n = ny is well-chosen.
e where 1) = 1y, K compact, 3X(K) > 1 — <% and 0| is
continuous.

e Choose x and y in a compact set L c K, BX(L) > 1 — ¢,
where the convergence is uniform and the limit > 1 —¢.

e Find T such that x; and y; are in K.
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Furstenberg measure
Horocyclic flow

Strate: .
ay Non atomic limit measure

I=(ip,...,in—1) € {0,1}",
where < b1 = (gips- - Gip 1> bns - -.),
Xi = Giy--i,_; ;_11..b0_1X.
8. Use a drift argument a la Ratner: roughly, compare
E(y | T-"(BX))(b,y) and E(y | T-"(BX))(b, x).

e where y = y, converges towards x and n = ny is well-chosen.
e where ) = 1y, K compact, 3X(K) > 1 — <% and 0| is
continuous.

e Choose x and y in a compact set L ¢ K, BX(L) > 1 — ¢,
where the convergence is uniform and the limit > 1 —¢.

e Find T such that x; and y; are in K.

e Write y1 = x;{ + v with

Vi = Gig--Giy Dy 105 (¥ — X) = t .
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Furstenberg measure
Horocyclic flow

Strate: .
ay Non atomic limit measure

8. Use a drift argument a la Ratner: roughly, compare
E(y | T-"(BX))(b,y) and E(y | T-"(BX))(b, X).

e where y = y, converges towards x and n = njy is well-chosen.
e Where ¢ = 1y, K compact, 3%X(K) > 1 — 2 and |k is
continuous.

e Choose x and y in a compact set L c K, BX(L) > 1 — ¢,
where the convergence is uniform and the limit > 1 — e.

e Find I such that x; and y; are in K.

e Write y1 = x; + v with

Vi = g,-o..g,-n_1b;j1..ba1(y —X) =~ tVp,.
o Get (b, x) = a(b, y) = o(by, yi) = o(Pe(br, x1)) == o(P:(b, X)).
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Furstenberg measure
Horocyclic flow

Strate: .
9y Non atomic limit measure

e where y = y, converges towards x and n = ny is well-chosen.
e Where ¥ = 1y, K compact, 3X(K) > 1 — 2 and ok is
continuous.

e Choose x and y in a compact set L c K, BX(L) > 1 — ¢,
where the convergence is uniform and the limit > 1 — ¢.

e Find I such that x; and y; are in K.

e Write y1 = x; + v with

i = gio-~gi,,,1b;_11 '-b61 (Y —X) = tvy,.

e Geto(b,x) ~ a(b,y) ~ o(by, y1) =~ o(®¢(br, x1)) =~ a(s(b, x)).

Yves Benoist — Jean-Frangois Quint Invariant subsets



Furstenberg measure
Horocyclic flow
Non atomic limit measure

Strategy

5. Non atomic limit measure
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Furstenberg measure
Horocyclic flow

Strategy Non atomic limit measure

To begin the drift argument one needs:

Lemma For 5X-a.e. (b, x), one has v,(x + V) = 0.
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Furstenberg measure
Horocyclic flow

Strategy Non atomic limit measure

To begin the drift argument one needs:

Lemma For $X-a.e. (b, x), one has vp(x + V) = 0.

Main step : There does not exist x : B — X | vp = 0y(p)-
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Furstenberg measure
Horocyclic flow

Strategy Non atomic limit measure

To begin the drift argument one needs:

Lemma For $X-a.e. (b, x), one has vp(x + V) = 0.

Main step : There does not exist x : B — X | vp = 0y(p)-

1. There exists a proper function v: X x X N\ Ax anda< 1,
C>0suchthatpixv<av+C
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Furstenberg measure
Horocyclic flow

Strategy Non atomic limit measure

To begin the drift argument one needs:

Lemma For 5X-a.e. (b, x), one has vp(x + V) = 0.

Main step : There does not exist x : B — X | vp = 0 (p).-

1. There exists a proper function v: X x X N\ Ax anda< 1,
C>0suchthatpixv<av+C

v

u*”*v<a”v+(1+ +a™"cC.
%Zogn<p(ﬂ *V)< )‘/"‘11 C.
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Furstenberg measure
Horocyclic flow

Strategy Non atomic limit measure

To begin the drift argument one needs:

Lemma For $X-a.e. (b, x), one has vp(x + V) = 0.

Main step : There does not exist x : B — X | vp = 0y(p)-

1. There exists a proper function v: X x X N\ Ax anda< 1,
C>0suchthatpixv<av+C

v

prxv<alv+(1+---+a"C.
1 vk 1 1
p 20<nep( V) < G v + 730

2.Ve > 0,3Ky C B 3(Ko) =1 — ¢, Klk, is continuous.
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Furstenberg measure
Horocyclic flow
Non atomic limit measure

Strategy

Main step : There does not exist x : B — X | vp = 0y(p)-

1. There exists a proper function v: X x X N\ Ax anda< 1,
C>0suchthatpixv<av+C

[L*”*v<a”v+(1+ S+ a- 1)C
1Y pencplii™™* V) < sV + 115C.

2. Ve > 0,3Kg C B B(Ko) =1 — ¢, k|k, is continuous.
For b = (by, by, ...) in B, write gb = (g, by, b1, .. .).
k(gb) = gr(b) and v = k.(p).
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Furstenberg measure
Horocyclic flow

Strategy Non atomic limit measure

1. There exists a proper function v : X x X N\ Ay and a< 1,
C>0suchthatpixv<av+C

p*”*v<a”v+(1+ +ahe
1 1
p 2 0<ncpli™ M * V) < 5 )V + 130

2. Ve >0, 3Ky C B B3(Ko) =1 — ¢, rlk, is continuous.

For b= (by, by,...) in B, write gb = (g, by, b1, .. .).
k(gb) = gr(b) and v = k.(0).

3. Transfer operator L, on B: (L.0)(b) = [4¢o(gb)du(9).
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Furstenberg measure
Horocyclic flow

Strategy Non atomic limit measure

ﬁ*”*v<a”v+(1+ -+ am"C.
1
%20§n<p(u * V) < )V+ ﬁc

2.¥e > 0,3Ky C BB(Ky) =1 —¢, f-c]KO is continuous.

For b = (by, by, ...) in B, write gb = (g, by, b1, .. .).
k(gb) = gk(b) and v = k.(0).

3. Transfer operator L, on B: (L,¢0)(b) = [5¢o(gb)du(g).

Apply Chacon, Ornstein: for g-a.e. b,
Iimpﬂoo % ZOSn<p(LZ1K0)(b) = B(KO) =1-¢.

Yves Benoist — Jean-Frangois Quint Invariant subsets



Furstenberg measure
Horocyclic flow

Strategy Non atomic limit measure

2.Ve >0, 3Ky C B B3(Ko) =1 — ¢, K|k, is continuous.

For b = (bg, by, ...) in B, write gb = (g, bg, b1, .. .).
k(gb) = gk(b) and v = k.(0).

3. Transfer operator L, on B: (L,¢0)(b) = [5¢o(gb)du(g).

Apply Chacon, Ornstein: for g-a.e. b,
liMp— oo % > 0<n<p(Lilk,)(b) = B(Ko) =1 —e.

If v not Dirac, choose by and by, with x(bg) # x(bp). One gets
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Furstenberg measure
Horocyclic flow

Strategy Non atomic limit measure

For b = (bg, by,...) in B, write gb = (g, bg, b1, .. .).
k(gb) = gr(b) and v = k.(0).

3. Transfer operator L, on B: (L,¢0)(b) = [5¢o(gb)du(g).
Apply Chacon, Ornstein: for g-a.e. b,
limp—oo % > 0<n<p(Lilk,)(b) = B(Ko) =1 —e.

If v not D|rac choose by and by with /-c(bo) # r(bg). One gets
VM, 3po, 5 S o<nap(it” * V)( (bo), x(bp)) = (1 —4€)M &
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Furstenberg measure
Horocyclic flow

Strategy Non atomic limit measure

3. Transfer operator L, on B: (L,¢0)(b) = [5¢o(gb)du(g).
Apply Chacon, Ornstein: for g-a.e. b,
iMp— oo 3 D 0<nep(Lii)(b) = B(Ko) =1 —&.

If v not D|rac choose by and by with m(bo) # r(bg). One gets
VM, 3po, 5 > o<nap(it” * V)( (bo), x(bp)) = (1 —45)/\/1 &

When p — oo, one gets (1 — 4¢)M < C/(1 — a). Contradiction.
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Furstenberg measure
Horocyclic flow

Strategy Non atomic limit measure

Apply Chacon, Ornstein: for g-a.e. b,
liMp—o00 % > 0<n<p(Lilk,)(b) = B(Ko) =1 — €.

If v not Dlrac choose by and by with m(bo) # r(bg). One gets

VM, 3po, 5> o<nap(it" * )(( 0), (b ))2(1—45)"/’ 5

When p — oo, one gets (1 — 4e)M < C/(1 — a). Contradiction.
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If v not Dirac, choose by and by with m(bo) # r(bg). One gets
VM, 3po, 5 S o<nap(it" * V)( (bo), x(bp)) = (1 —45)/\/1 &

When p — oo, one gets (1 — 4¢)M < C/(1 — a). Contradiction.
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Furstenberg measure
Horocyclic flow

Strategy Non atomic limit measure

VM, 3po, 5 Y o<nap(it™" * V)(k(bo), k(b)) = (1 — 4e)M — £

When p — oo, one gets (1 —4e)M < C/(1 — a). Contradiction.
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Furstenberg measure
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Strategy Non atomic limit measure

When p — oo, one gets (1 — 4e)M < C/(1 — a). Contradiction.
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