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Topological Theorem ‘

Let G be a real Lie group, A C G a lattice, X = G/Aand T C G
a subgroup.

Let g := Lie(G) and Hr C GL(g) be the Zariski closure of AdI.
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Actions on tori

Strategy

Dynamics on G/A

Topological Theorem \

Let G be a real Lie group, A C G a lattice, X = G/Aand Tl C G
a subgroup.

Let g := Lie(G) and Hr C GL(g) be the Zariski closure of AdrI.
vol(X) < oc.
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Orbit closure on G/A
Stationary measures on G/A

Dynamics on G/A

Actions on tori
Strategy

Topological Theorem \

Let G be a real Lie group, A C G a lattice, X = G/Aand T C G
a subgroup.

Let g := Lie(G) and Hr C GL(g) be the Zariski closure of AdI.
The smallest algebraic subgroup containing Adr .

Yves Benoist — Jean-Frangois Quint Recurrence



Orbit closure on G/A

Dynami n G/A
ynamics on G, Stationary measures on G/A

Actions on tori

Strategy

Topological Theorem \

Let G be a real Lie group, A C G a lattice, X = G/Aand Tl C G
a subgroup.

Let g := Lie(G) and Hr C GL(g) be the Zariski closure of AdrI.
Ex. 1: G=SL(2,R), A =SL(2,Z), T non elementary.
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Orbit closure on G/A

Dynami n G/A
ynamics on G, Stationary measures on G/A

Actions on tori

Strategy

Topological Theorem \

Let G be a real Lie group, A C G a lattice, X = G/Aand Tl C G
a subgroup.

Let g := Lie(G) and Hr C GL(g) be the Zariski closure of Adr.
Ex. 2: G=SL(2,R) x R?, A = SL(2,7Z) x Z? , Hr = SL(2,R).
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Orbit closure on G/A
Stationary measures on G/A
Actions on tori

Dynamics on G/A

Strategy

Topological Theorem ‘

Let G be a real Lie group, A C G a lattice, X = G/Aand T C G
a subgroup.

Let g := Lie(G) and Hr C GL(g) be the Zariski closure of AdI.

If Hr is connected semisimple with no compact factor,
every -orbit closure F = I'xp in X is homogeneous.
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Orbit closure on G/A
Stationary measures on G/A
Actions on tori

Strategy

Dynamics on G/A

Topological Theorem \

Let G be a real Lie group, A C G a lattice, X = G/Aand Tl C G
a subgroup.

Let g := Lie(G) and Hr C GL(g) be the Zariski closure of AdrI.

If Hr is connected semisimple with no compact factor,
every I-orbit closure F = I'xy in X is homogeneous.

i.e. The stabilizer of F in G acts transitively on F.
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Orbit closure on G/A
Stationary measures on G/A
Actions on tori

Strategy

Dynamics on G/A

Topological Theorem \

Let G be a real Lie group, A C G a lattice, X = G/Aand Tl C G
a subgroup.

Let g := Lie(G) and Hr C GL(g) be the Zariski closure of AdrI.
If Hr- is connected semisimple with no compact factor,

every [-orbit closure F = 'xp in X is homogeneous.

A similar result is true for p-adic groups.
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| Measure Theorem |

Let G be a real Lie group, A C G a lattice, X = G/A, p € P(G)
a probability with compact support.
Set I, to be the subgroup generated by Supp(x) and H := Hr,.
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| Measure Theorem |

Let G be a real Lie group, A C G a lattice, X = G/A, p € P(G)
a probability with compact support.
Set I, to be the subgroup generated by Supp(x) and H := Hr,.

If H is connected semisimple with no compact factor,
every p-ergodic p-stationary probability » on X is homogeneous.
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Orbit closure on G/A
Stationary measures on G/A

Dynamics on G/A

Actions on tori
Strategy

| Measure Theorem |

Let G be a real Lie group, A C G a lattice, X = G/A, p € P(G)
a probability with compact support.
Set I, to be the subgroup generated by Supp(x) and H := Hr,.

If H is connected semisimple with no compact factor,
every p-ergodic p-stationary probability v on X is homogeneous.

i.e. pxv=wvwhere uxv= [sg.wdu(g)
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Orbit closure on G/A
Stationary measures on G/A
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Strategy

| Measure Theorem |

Let G be a real Lie group, A C G a lattice, X = G/A, p € P(G)
a probability with compact support.
Set I, to be the subgroup generated by Supp(x) and H := Hr,.

If H is connected semisimple with no compact factor,

every p-ergodic p-stationary probability v on X is homogeneous.

i.e. The stabilizer of v in G acts transitively on Supp(v).
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Orbit closure on G/A
Stationary measures on G/A

Dynamics on G/A

Actions on tori
Strategy

| Measure Theorem |

Let G be a real Lie group, A C G a lattice, X = G/A, p € P(G)
a probability with compact support.
Set I, to be the subgroup generated by Supp(x) and H := Hr,.

If H is connected semisimple with no compact factor,
every p-ergodic p-stationary probability » on X is homogeneous.

Corollary Every '-ergodic I-invariant probability v on X is
homogeneous.
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Orbit closure on G/A
Stationary measures on G/A
Actions on tori

Strategy
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Let X = TY, 41 € P(SL(d, Z)) a probability with finite
support generating a subgroup I', whose Zariski closure is
connected semisimple with no compact factor.
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Orbit closure on G/A
Stationary measures on G/A
Actions on tori

Strategy

Dynamics on G/A

Let X = TY, 41 € P(SL(d, Z)) a probability with finite
support generating a subgroup I', whose Zariski closure is
connected semisimple with no compact factor.

Corollary Every p-ergodic u-stationary probability v on X is a
finite sum of Haar measures on affine subtori.
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Orbit closure on G/A
Stationary measures on G/A

Dynamics on G/A

Actions on tori
Strategy

Let X = TY, 41 € P(SL(d, Z)) a probability with finite
support generating a subgroup I', whose Zariski closure is
connected semisimple with no compact factor.

Corollary Every p-ergodic u-stationary probability v on X is a
finite sum of Haar measures on affine subtori.

The above corollary is due to Bourgain, Furman, Lindenstrauss,
Mozes when I is irreducible and contains proximal elements.
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Orbit closure on G/A
Stationary measures on G/A
Actions on tori

Strategy

Dynamics on G/A

Let X = TY, 41 € P(SL(d, Z)) a probability with finite
support generating a subgroup I', whose Zariski closure is
connected semisimple with no compact factor.

Corollary Every p-ergodic u-stationary probability v on X is a
finite sum of Haar measures on affine subtori.

The above corollary is due to Bourgain, Furman, Lindenstrauss,
Mozes when I is irreducible and contains proximal elements.

Corollary (Muchnik and Guivarc’h, Starkov)
Every I-orbit closure in X is a finite union of affine subtori.
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Orbit closure on G/A
Stationary measures on G/A
Actions on tori

SIEE)Y

Dynamics on G/A

Why does Measure Theorem implies Topological Theorem?
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Orbit closure on G/A
Stationary measures on G/A
Actions on tori

SIEE)Y

Dynamics on G/A

Why does Measure Theorem implies Topological Theorem?

Choose 1 € P(G) with support S generating I'.
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Orbit closure on G/A
Stationary measures on G/A
Actions on tori

SIEE)Y

Dynamics on G/A

Why does Measure Theorem implies Topological Theorem?

Choose 1 € P(G) with support S generating I'.
Let xo € X. Use Kakutani’s trick:
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Orbit closure on G/A
Stationary measures on G/A
Actions on tori

Strategy

Dynamics on G/A

Why does Measure Theorem implies Topological Theorem? \

Choose 1 € P(G) with support S generating I'.
Let xo € X. Use Kakutani’s trick:

Any weak sublimit vy of the sequence 15(# * Oxy + -+ M % dx,)
is u-stationary and supported on I'xg.
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Orbit closure on G/A
Stationary measures on G/A

Dynamics on G/A

Actions on tori
Strategy

Why does Measure Theorem implies Topological Theorem? \

Choose 1 € P(G) with support S generating I'.

Let xo € X. Use Kakutani’s trick:

Any weak sublimit vy of the sequence 15(# * Oy + - 4 % Oyy)
is u-stationary and supported on I'xg.

One has to check that vy is a probability.
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Orbit closure on G/A
Stationary measures on G/A
Actions on tori

Dynamics on G/A

Strategy

Why does Measure Theorem implies Topological Theorem? \

Choose 1 € P(G) with support S generating I'.

Let xo € X. Use Kakutani’s trick:

Any weak sublimit vy of the sequence 15(# * Oy + - 4 % Oyy)
is u-stationary and supported on I'xg.

One has to check that vy is a probability.

For that, one has to use and to extend ideas of Eskin-Margulis
that | will explain now.
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Recurrence
Recurrence Foster criterion

Furstenberg positivity

2. u-recurrence
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Recurrence
Recurrence Foster criterion

Furstenberg positivity

| Recurence Theorem |

Let G be a real Lie group, A C G a lattice, X = G/A.
Let 1 € P(G) be a probability with an exponential moment.
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Recurrence
Recurrence Foster criterion

Furstenberg positivity

| Recurence Theorem |

Let G be a real Lie group, A C G a lattice, X = G/A.
Let 1 € P(G) be a probability with an exponential moment.
i.e. [5Adgl|® du(g) < oo for some § > 0.
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Recurrence
Recurrence Foster criterion

Furstenberg positivity

| Recurence Theorem |

Let G be a real Lie group, A C G a lattice, X = G/A.
Let 1 € P(G) be a probability with an exponential moment.

X is p-recurrent if

Ve > 0,Vxg € X, 3K C X compact,Ing > 1,¥Vn > ng,
Wk Oy (K) > 1 — €.
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Recurrence
Recurrence Foster criterion

Furstenberg positivity

| Recurence Theorem |

Let G be a real Lie group, A C G a lattice, X = G/A.
Let 1 € P(G) be a probability with an exponential moment.

X is p-recurrent if

Ve > 0,Vxg € X, 3K C X compact,Ing > 1,¥Vn > ng,
Wk Oy (K) > 1 — €.

If H is semisimple, then X is u-recurrent.
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Recurrence
Recurrence Foster criterion

Furstenberg positivity

| Recurence Theorem |

Let G be a real Lie group, A C G a lattice, X = G/A.
Let 1 € P(G) be a probability with an exponential moment.

X is p-recurrent if

Ve > 0,Vxg € X, 3K C X compact,Ing > 1,¥Vn > ng,
Wk Oy (K) > 1 — €.

If H is semisimple, then X is u-recurrent.

This theorem is due to Eskin-Margulis when I is not included in
a parabolic subgroup of G.
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Recurrence
Recurrence Foster criterion

Furstenberg positivity

] Foster recurrence criterion \

Assume that, for all xp € X, there exists f : X — [0, co] such that
(i) f(x0) < o0,

(if) f is proper,

(iir) A,f < af+b , forsomea<1,b>0,

then X is u-recurrent.
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Recurrence
Recurrence Foster criterion

Furstenberg positivity

] Foster recurrence criterion \

Assume that, for all xp € X, there exists f : X — [0, co] such that
(i) f(x0) < o0,

(i) f is proper, i.e. f~1([0, L]) is compact, for all L < oo,

(iir) A,f < af+b , forsomea<1,b>0,

then X is u-recurrent.
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Recurrence
Recurrence Foster criterion

Furstenberg positivity

] Foster recurrence criterion \

Assume that, for all xp € X, there exists f : X — [0, co] such that
(i) f(x0) < o0,

(i) f is proper, i.e. f~1([0, L]) is compact, for all L < oo,

(iif)y A,f <af+b , forsomea<1,b>0,

then X is u-recurrent.

where A, f(x) = [ f(gx) du(g)
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Recurrence
Recurrence Foster criterion

Furstenberg positivity

] Foster recurrence criterion \

Assume that, for all xp € X, there exists f : X — [0, co] such that
(i) f(x0) < o0,

(i) f is proper, i.e. f~1([0, L]) is compact, for all L < oo,

(iir) A,f < af+b , forsomea<1,b>0,

then X is u-recurrent.

where A, f(x) = [ f(gx) du(g)

We have now to construct f. We will assume that

|G=SL(d,R) and A = SL(d, Z)|

so that X is the set of lattices x of V := R? of covolume 1.
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Recurrence
Recurrence Foster criterion

Furstenberg positivity

’ Furstenberg positivity of the first Lyapounov\

Let » € P(SL(m,R)) be a probability with an exponential
moment.
Let o : RY — [0, 00); v — (V) = ||v]|.
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Recurrence
Recurrence Foster criterion

Furstenberg positivity

’ Furstenberg positivity of the first Lyapounov‘

Let » € P(SL(m,R)) be a probability with an exponential
moment.

Let o : RY — [0, 00); v — (V) = ||v]|.

If ', is unbounded and acts irreducibly on R",
then there exist ng > 1, 6 > 0 and a < 1 such that

A= < ap~’.
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Recurrence
Recurrence Foster criterion

Furstenberg positivity

’ Furstenberg positivity of the first Lyapounov‘

Let » € P(SL(m,R)) be a probability with an exponential
moment.

Let o : RY — [0, 00); v — (V) = ||v]|.

If ', is unbounded and acts irreducibly on R",
then there exist ng > 1, 6 > 0 and a < 1 such that

A= < ap~’.

We will assume ng = 1.
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2, H= SL(2)
2, H= SL(d)
3, H = SL(2)

Construction of f. , H semisimple.
Main Inequality

3. Construction of f
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d=2H=SL(2)
d > 2 H = SL(d)
d=3,H=SL(?)

Construction of f. d > 2, H semisimple.
Main Inequality

d=2and H=SL(2,R)]

The elements x € X are lattices of covolume 1 in R?.
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d=2H=SL(2)
d > 2 H = SL(d)
d=3,H=SL(?)

Construction of f. d > 2, H semisimple.
Main Inequality

|d=2and H=SL(2,R)|

The elements x € X are lattices of covolume 1 in R?.

a(x) =inK{|v] [ v e x~ {0}}
f(x) = a(x)™?
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d=2H=SL(2)
d > 2 H = SL(d)
d=3,H=SL(?)

Construction of f. d > 2, H semisimple.
Main Inequality

|d=2and H=SL(2,R)|

The elements x € X are lattices of covolume 1 in R?.

a(x) =inK{|v] [ v e x~ {0}}
f(x) = a(x)™?

Key fact | The lattices x never contain two non-colinear vectors
of norm at most 1.
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Construction of f.

d>2and H=SL(d,R)|
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d=2H=SL{)
d > 2, H = SL(d)
d =3, H=SL?)

d > 2, H semisimple.
Main Inequality




d=2H=SL{)
d > 2, H = SL(d)
d =3, H=SL?)

Construction of f. d > 2, H semisimple.
Main Inequality

|d>2and H=SL(d,R)|

aj(x) = inf{||v|| | v € N'x ~ {0} pure tensor }
f(x)=>_i5p (= I)IOéi(X)_‘S, for 6 and ¢ small.
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d=2H=SL{)
d > 2, H = SL(d)
d =3, H=SL?)

Construction of f. d > 2, H semisimple.
Main Inequality

|d>2and H=SL(d,R)|

aj(x) = inf{||v|| | v € N'x \ {0} pure tensor }
f(x) = 8 Vay(x)9, for § and o small.

i.e. v=viA--- Ay, withv; € x.
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d=2H=SL(2)
d > 2, H = SL(d)
d =3, H=SL?)

Construction of f. d > 2, H semisimple.
Main Inequality

|d>2and H=SL(d,R)|

aj(x) = inf{||v|| | v € N'x ~ {0} pure tensor }
f(x) = Z/5édil)lai(x)_5, for 6 and ¢ small.

Key fact|: if x contains two non-colinear vectors of small norm,

A?x will contain a pure tensor of much smaller norm.
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d=2H=SL(2)
d > 2, H = SL(d)
d =3, H=SL?)

Construction of f. d > 2, H semisimple.
Main Inequality

|d>2and H=SL(d,R)|

aj(x) = inf{||v|| | v € A'x \ {0} pure tensor }
f(x) = 8 Vay(x)9, for 6 and £o small.

Key fact|: if x contains two non-colinear vectors of small norm,

A?x will contain a pure tensor of much smaller norm.

| Key inequality |: Vu, v, w € A*(R?), pure tensors,

lullflunvawl <flunvilunw].
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d=2H=SL{)
d > 2 H = SL(d)
d=3,H=SL?)

Construction of f. d > 2, H semisimple.
Main Inequality

d =3 and H = upper left SL(2, R) |

Onehas V=V, & V=R?aR,
NPV=V=VioV;=R°oR,
write v = v, + vg, for v e Vor A2V.
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d=2H=SL{)
d > 2 H = SL(d)
d=3,H=SL?)

Construction of f. d > 2, H semisimple.
Main Inequality

d =3 and H = upper left SL(2, R) |

Onehas V=V, & V=R?aR,
NPV=V=VioV;=R°oR,
write v = v, + vg, for v e Vor A2V.

a(x) =inf{|lvy|| | vE€xorA%x, v£0, ||vl < eo}
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d=2H=SL{)
d > 2 H = SL(d)
d=3,H=SL?)

Construction of f. d > 2, H semisimple.
Main Inequality

d =3 and H = upper left SL(2, R) |

Onehas V=V, & V=R?aR,
NPV=V=VioV;=R°oR,
write v = v, + vg, for v e Vor A2V.

a(x) =inf{|lvy|| | vE€xorA%x, v£0, ||vl < eo}
f(x) = a(x)7?

’Key inequality \: Forall v,win V,
(v AW) el < lvoll lwe |l + [[va || Iwol|
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d=2 H=SL(?)
d > 2, H=SL(d)
d=38H=SLE2)

Construction of f. d > 2, H semisimple.
Main Inequality

’ d>2and H semisimple‘

Let a be a Cartan subspace of fj, and Hy be an element in the
interior of a Weyl chamber a*.

For A € a*, let g, be the projector on the sum of the irreducible
representation of H of highest weight \.
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Construction of f. , H semisimple.
n Inequality

’ d>2and H semisimple‘

Let a be a Cartan subspace of fj, and Hy be an element in the
interior of a Weyl chamber a*.

For A € a*, let g, be the projector on the sum of the irreducible
representation of H of highest weight \.

p(v) = maxeg” ) gy (1))

a(x) =inf{e(v) | v e A*x ~ {0} pure tensor with ||go(V)|| < €0}
f(x) = a(x)79, for § and ¢¢ small.
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Construction of f. , H semisimple.
n Inequality

’ d>2and H semisimple‘

Let a be a Cartan subspace of fj, and Hy be an element in the
interior of a Weyl chamber a*.

For A € a*, let g, be the projector on the sum of the irreducible
representation of H of highest weight \.

d—i)i/X(H
p(v) = maxeg” ) gy (1))

a(x) =inf{e(v) | v e A*x ~ {0} pure tensor with ||go(V)|| < €0}
f(x) = a(x)79, for § and ¢¢ small.

’ Main inequality \: Y\, p € a*, for u, v, w € A*(RY) pure tensors,

lax(@)ll llgu(unvaw)| =00 > llg(unv)lllg,(urw)).
v+p>Atp
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Construction of f. , H semisimple.
n Inequality

’ d>2and H semisimple‘

Let a be a Cartan subspace of fj, and Hy be an element in the
interior of a Weyl chamber a*.

For A € a*, let g, be the projector on the sum of the irreducible
representation of H of highest weight \.

d—i)i/X(H
p(v) = maxeg” ) gy (1))

a(x) =inf{e(v) | v e A*x ~ {0} pure tensor with ||go(V)|| < €0}
f(x) = a(x)79, for § and ¢¢ small.

’ Main inequality \: Y\, p € a*, for u, v, w € A*(RY) pure tensors,

lax(@)ll llgu(unvaw)| =00 > llg(unv)lllg,(urw)).
v+p>Atp

order relation: A > u <= X\ — p is a sum of positive roots.
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d=2H=SL?)
d > 2, H = SL(d)
d =3, H=SL?)

Construction of f. d > 2, H semisimple.
Main Inequality

’ Proof of Main Inequality :‘ For u, v, w € A*(RY) pure tensors,

las@lllguurvaw) =00 > la(urv)iligusw)l).

v+p> At
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d=2H=SL?)
d > 2, H = SL(d)
d=38H=SLE2)

Construction of f. d > 2, H semisimple.
Main Inequality

’ Proof of Main Inequality :‘ For u, v, w € A*(RY) pure tensors,

las@lllguurvaw) =00 > la(urv)iligusw)l).

v+p> At
Step 1| There exists a GL(V)-equivariant linear map
Y NTSV ANV 5 NV @ NSty
such that for all pure tensors u €¢ A"V, v e ASV, w € ALV,

DUAV)D (UAW))=U®(UAVAW).
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d=2H=SL?)
d > 2, H = SL(d)
d=38H=SLE2)

Construction of f. d > 2, H semisimple.
Main Inequality

’ Proof of Main Inequality :‘ For u, v, w € A*(RY) pure tensors,

las@lllguurvaw) =00 > la(urv)iligusw)l).

v+p> At
Step 1| There exists a GL(V)-equivariant linear map
Y NTSV ANV 5 NV @ NSty
such that for all pure tensors u €¢ A"V, v e ASV, w € ALV,

DUAV)D (UAW))=U®(UAVAW).

Let E be a representation of H. One has, for x, y € E,
() gl = Ollgr+u(x @ y)II)
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d=2H=SL?)
d > 2, H = SL(d)
d=38H=SLE2)

Construction of f. d > 2, H semisimple.
Main Inequality

] Exercise: a special case of Main Inequality\

If V=V,® V., then for all vectors u,v,win V,
ol o A Vi AWy + Uy A Vg A Wy + Up A Vi A Wl

= O(||up A V4 + Uy Aol |luo A Wy + U A wyl|)
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