Five lectures on lattices in semisimple Lie groups

Yves Benoist

Introduction

This text is an introduction to lattices in semisimple Lie groups, in five
independent lectures. It was given during the first week of the 2004 Summer
School at the Fourier Institute in Grenoble. We hope that it will attract young
students to this topic and convince them to read some of the many textbooks
cited in the references. We illustrate five important methods of this subject:
geometry, arithmetics, representations, boundaries, and local fields. One for
each lecture.

A lattice I' in a real semisimple Lie group G is a discrete subgroup for which the quotient
G /T supports a G-invariant measure of finite volume. One says that I" is cocompact if
this quotient is compact. We will often suppose that the Lie algebra g is semisimple. This
is the case for g = sl(d,R) or g = s0(p, q). The two main sources of lattices are

- the geometric method: One constructs a periodic tiling of the symmetric space X =
G/K, where K is a maximal compact subgroup of GG, with a tile P of finite volume. The
group of isometries of this tiling is then the required lattice. This very intuitive method,
initiated by Poincaré, seems to work only in low dimension: even if one knows by theorical
arguments that it does exist, the explicit description of such a tile P in any dimension is
still a difficult question. The aim of the first lecture is to construct one for G = SO(p, 1),
where p < 9.

- the arithmetic method: One thinks of G (or better of some product of G by a compact
group) as being a group of real matrices defined by polynomial equations with integral
coefficients. The subgroup I' of matrices with integral entries is then a lattice in G. This
fact, due to Borel and Harish-Chandra, implies that G always contains a cocompact and
a noncocompact lattice. The aim of the second lecture is to construct some of them for

the groups G = SL(d,R) and G = SO(p, q).

According to theorems of Margulis and Gromov-Schoen, if g is simple and different from
s0(p, 1) or su(p, 1), then all lattices in G can be constructed by the arithmetic method.
When g = so(p, 1) or su(p, 1), quite a few other methods have been developed in order to
construct new lattices. Even though we will not discuss them here, let us quote:



* for G = SO(p, 1):
- p = 2: gluing trousers (Fenchel-Nielsen); uniformization (Poincaré);
- p = 3: gluing ideal tetrahedra and Dehn surgery (Thurston);
- all p: hybridation of arithmetic groups (Gromov, Piatetski-Shapiro).

* for G = SU(p, 1):
- p = 2: groups generated by pseudoreflections (Mostow); fundamental group of algebraic
surfaces (Yau, Mumford);
- p < 3: moduli spaces of weighted points on the line; holonomy groups of local systems
(Deligne, Mostow, Thurston).

- all p: unknown yet.

One of the main successes of the theory of lattices is that it gave in a unified way many
new properties of arithmetic groups. One does not use the way in which I' has been
constructed but just the existence of the finite invariant measure. A key tool is the theory
of unitary representations, and more precisely the asymptotic behavior of coefficients of
vectors in unitary representations. We will explain this in the third lecture.

Another important tool are the boundaries associated to I'. We will see in the fourth
lecture how they are used in the proof of the Margulis normal subgroup theorem, which
says that lattices in real simple Lie groups of real rank at least 2 are quasisimple, i.e. their
normal subgroups are either finite or of finite index.

The general theory we described so far gives information on arithmetic groups like
SL(d,Z), SO(d,Z[i]), or Sp(d,Z[+/2]). It can be extended to S-arithmetic groups like
SL(d, Z[i/N]), SO(d,Z[1/N]), or SU(p,q,Z[v/2/N])... The only thing one has to do is
to replace the real Lie group G by a product of real and p-adic groups. The aim of the
last lecture is to explain how to adapt the results of the previous lectures to that setting.
For instance, we will construct cocompact lattices in SL(d,Q,) and see that they are
quasisimple for d > 3.

This text is slightly longer than the oral lecture, parce qu’au tableau il est plus facile de
remplacer une démonstration technique par un magnifique crobard, un principe général,
un exemple insignifiant, un exercice intordable voire une grimace évocatrice. One for
each lecture. Nevertheless, there are still many important classical themes in this subject
which will not be discussed here. Let us just quote a few: cohomological dimension
and cohomology, universal extension and the congruence subgroup property, rigidity and
superigidity, counting points and equirepartition, Shimura varieties, quasiisometries...

Un grand merci aux auditeurs de I'Ecole d’été qui par leurs critiques m’ont permis
d’améliorer ce texte: Nir Avni, Uri Bader, Pierre Emmanuel Caprace, Yves de Cornulier,
Damien Ferté, Francois Guéritaud, Francois Maucourant, Barbara Schapira, et aussi Gae-
tan Chenevier, Fanny Kassel, Vincent Lafforgue, Bertrand Remy et le referee.

For an undergraduate introduction to tilings and lattices, one can read [2].



1 Lecture on Coxeter Groups

In the first lecture, we construct a few lattices in SO(p, 1) by the geometric
method, when p < 9.

1.1 Introduction

The geometric method of construction of lattices has been initiated by Poincaré in 1880. In
his construction, the group G is the group PO™(2,1) of isometries of the hyperbolic plane
H?. One begins with a polygon P C H? and with a family of isometries which identify
the edges of P two by two. When these isometries satisfy some compability conditions
saying that “the first images of P give a tiling around each vertex”, the Poincaré theorem
says that the group I' generated by these isometries acts properly on H?, with P as a
fundamental domain. In particular, when P has finite volume, the group I is a lattice in
G.

There exists a higher-dimensional extension of Poincaré’s theorem. One replaces H?
by the d-dimensional hyperbolic space H¢, the polygon P by a polyhedron, the edges
by the (d — 1)-faces, and the vertices by the (d — 2)-faces (see [16]). In most of the
explicitly-known examples, one chooses I' to be generated by the symmetries with respect
to the (d — 1)-faces of P. The aim of this lecture is to present a proof, due to Vinberg,
of this extension of Poincaré’s theorem and to describe some of these explicit polyhedra
for d < 9. In this case, the group I' is a Coxeter group. As a by-product, we will obtain
geometric proofs of some of the basic properties of Coxeter groups.

Even though the geometric construction may seem less efficient than the arithmetic
one, it is still an important tool.

1.2 Projective transformations

Let us begin with a few basic definitions and properties. Let V := R*™ §% = §(V) :=
(V—0)/R% be the projective sphere, and SL*(d + 1,R) be the group of projective trans-
formations of S%.

Definition 1.1 A reflection o is an element of order 2 of SL*(d + 1,R) which is the
identity on an hyperplane. All reflections are of the form o = 04, = Id—a®v for some
aecV*andv eV with a(v) = 2.

- A rotation p is an element of SLE(d + 1,R) which is the identity on a subspace of

cosf) —sinf

codimension 2 and is given by a matric )
sinf®  cosf

) i a suitable supplementary

basis. The real 6 € [0, | is the angle of the rotation.

Let 01 = 04,1y , 02 = Oy, be two distinct reflections, A be the group they generate,
ajs = a1(va), ag = as(vq), and L := {z € s¢ / aqlz < 0,s], < 0}. The following
elementary lemma tells us when the images (L), § € A, tile a subset C' of S%, i.e. when

the interiors 5(2), d € A, are disjoints. The set C' is then the union C' = Uscp 0(L).
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Lemma 1.2 a) If ayy > 0 or ay > 0, the 6(L), 6 € A, do not tile (any subset of S°.

b) Suppose now ayz < 0 and ag < 0. Consider the following four cases :

b1) ajsas; = 0. If both a15 and ay; are equal to 0, then the product o109 is of order 2, the
group A is /2 x 7./2, and the 6(L), § € A, tile S*. Otherwise they do not tile.

b2) 0 < ayas < 4. The product o109 is a rotation of angle 6 given by 4 cos(0/2)? = ajsas;.
If 0 = 27 /m for some integer m > 3 then o109 is of order m, the group A is /2 X Z/m,
and the §(L), § € A, tile S*. Otherwise they do not tile.

b3) aipas = 4. The product o109 is unipotent and the 6(L), § € A, tile a subset C' of s¢
whose closure is a half-sphere.

b4) aisasy > 4. The product o109 has two distinct positive eigenvalues and the 6(L),
§ € A, tile a subset C' of S* whose closure is the intersection of two distinct half-spheres.

Proof This lemma reduces to a 2-dimensional exercise that is left to the reader. %

ar(v)ar(vl) _ a12a21 jg g projective invariant.

Remark The cross-ratio oy, ag, vy, v9] 1= o1 (o) (09 -

1.3 Coxeter systems

A Cozxeter system (S, M) is the data of a finite set S and a matrix M = (mgy)stes With
diagonal coefficients m, s = 1 and nondiagonal coefficients ms; = m; s € {2,3,...,00}.
The cardinal r of S is called the rank of the Coxeter system. To such a Coxeter system
one associates the corresponding Cozeter group W = Wg defined by the set of generators
S and the relations (st)™s* = 1, for all s,t € S such that mg; # oco. For w in W, the
length ¢(w) is the smallest integer ¢ such that w is the product of ¢ elements of S.

A Coxeter group has a natural r-dimensional representation og, called the geometric
representation, which is defined in the following way. Let (es)ses be the canonical basis
of R®. The Tits form on R¥ is the symmetric bilinear form defined by

Bs(es, e;) == —cos(;7-) foralls,t €S.
According to Lemma 1.2, the formula
os(s)v = v —2Bg(es,v)es Vs €S, veE Eg

defines a morphism og of W into the orthogonal group of the Tits form. Let Pg be the
simplex in the sphere S"* of the dual space defined by Ps := {f € "' / f(e,) <
0/VseS}

As a special case of the Vinberg theorem stated in the next section, we will see the
following theorem, due to Tits.

Theorem 1.3 (Tits) The representation og is faithful, its image I's is discrete and the
translates *y(Ps), v € T's, tile a convex subset Cg of the sphere ™.



Remarks - The convex Cy is called the Tits convex set.

- For a few Coxeter groups with r < 10, called hyperbolic, we will prove that the Tits form
is Lorentzian of signature (r —1,1) and that the group I's is a lattice in the corresponding
orthogonal group.

Corollary 1.4 For every subset S C S, the natural morphism pggs : Wg — Wy is
mjective.

Proof of Corollary 1.4 The representation og is equal to the restriction of og o pg s
to the vector space <eg, s € S'>. &

1.4 Groups of projective reflections

In this section we study groups generated by projective reflections fixing
the faces of some convex polyhedron P of the sphere S%.

Let P C S? be a d-dimensional convex polyhedron, i.e. the image in S® of a convex
polyhedral cone of R™ with 0 omitted. A k-face of P is a k-dimensional convex subset
of P obtained as an intersection of P with some hyperspheres which do not meet the

interior P. A face is a (d — 1)-face and an edge is a 0-face.

Let S be the set of faces of P and for every s in S, one chooses a projective reflection
s = Id — as ® vs with as(vs) = 2 which fixes s. A suitable choice of signs allows us to
suppose that P is defined by the inequalities (o < 0)5es. Let asy = as(vy) for s,t € S.
Let I" be the group generated by the reflections o,.

According to Lemma 1.2, if we want the images v(P) to tile some subset of S%, the
following conditions are necessary: for all faces s,t € S such that the intersection s Nt is
a (d — 2)-dimensional face of P, one has

as; <0 and (as; =0<=a;,=0) (1)

Asips >4 Or ag.a; = 4cos2(mit) with myg, integer, mg, > 2 (2)
S,

Conversely, the following theorem states that these conditions are also sufficient.

Let (S, M) be the Coxeter system given by these integers ms,; and completed by mg; =
oo when either sNt = (J, codim(sNt) # 2, or assars > 4. Note that, when the polyhedron
is the simplex Pg of the previous section, the Coxeter system is the one we started with.

Theorem 1.5 (Vinberg) Let P be a convex polyhedron of S* and, for each face s of P,
let 0, = Id — as ® vg be a projective reflection fixing the face s. Suppose that conditions
(1) and (2) are satisfied for every s,t such that codim(s Nt) = 2. Let " be the group
generated by the reflections os. Then

(a) the polyhedra y(P), for v in T, tile some convex subset C' of S%;

(b) the morphism o : Wg — T' given by o(s) = o5 is an isomorphism;

(c) the group T is discrete in SL*(d + 1,R).
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In other words, to be sure that a convex polyhedron and its images by a group generated
by projective reflections through its faces tile some part of the sphere, it is enough to check
local conditions “around each 2-codimensional face”.

We will still call C' the Tits convex set. It may not be open.

Remark The proof of Theorem 1.3 given by Tits in [8] can be adapted to get Theorem
1.5 (see [24], Lemma 1). In this lecture, we will follow Vinberg’s proof, which is more
geometric.

1.5 The universal tiling

To prove Theorem 1.5, one introduces an abstract space X obtained by
gluing copies of P indexed by the Coxeter group W := Wy along their faces
and oneproves that this space is convex.

Formally, one defines X := W x P/. where the equivalence relation ~ is generated by
(w,p) ~ (W',p") <= Fs€ S /w =ws and p' =p=o04(p) .

One denotes by P8 the union of the 3-codimensional faces of P, and sets P™% =
P — psing Xsing .— |/ x psing/ | X7 = X — X*8 The Coxeter group W acts naturally
on X and on S%. Let 7 : X — S% be the map defined by 7(w, p) := wp.

Lemma 1.6 a) For z in P, let W,, C W be the subgroup generated by o for s > x. Then
Vy := W, x P/. is a neighborhood of x in X.

b) The map w is W -equivariant, i.e. Vw € W , Vo € X, m(wz) = wn(z).

¢) For all x in X™8, there exists a neighborhood V,, of x in X such that 7|y, is a homeo-
morphism onto a convex subset of S%.

Proof a) Let P, be an open neighborhood of x in P which does not meet the faces of P
not containing x. Then, W, x P, /. is open in X.

b) Easy.

c¢) This is a consequence of a), b), lemma 1.2 and of hypotheses (1) and (2). &

A segment on S? is a 1-dimensional convex subset which is not a circle. Let us transfer
this notion of segment to X.

Definition 1.7 For every x, y in X, a segment [z,y] is a compact subset of X such that
the restriction of w to [x,y] is a homeomorphism onto some segment of S with end-points

m(x) and 7(y).

We do not know yet that such a segment does exist. It is precisely what we want to
show now. .

Let us denote by 0P = P — P the union of the faces of P and 0X := W x 0P/.. The
following lemma is the key lemma. For each point z in P one defines its multiplicity
by m(z) :=ms, if z € sNt for some s # t, and by m(z) := 1yp(2z) otherwise. We extend
this function on X by the formula m(w z) := m(z).
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Lemma 1.8 Fizw € W. Let S =S, be the set of all (x,y) € PxP C X x X such that
m(x) # —m(y), and such that the segment [z, wy| exists and is contained in X 8. Suppose
S # 0. Then

a) the sum > m(z) is a constant L(w) on S depending only on w;

z€[z,wy]

b) the set S is dense in P x P.

The above sum counts the number of faces crossed by the segment [z, wy]. We will see
later that this number L(w) is equal to the length ¢(w).

Proof Let L(z,y, w) be the above sum. According to the local analysis given in Lemma 1.2,
when the segment [z, w y] crosses the interior of a 2-codimensional face w'(sNt), one has
mst < 00. Moreover, this local analysis proves that the function (x,y) — L(z,y,w) is
locally constant (this is the main point in this proof, see the remark below). Choose
L > 0 such that the set SL = {(z,y) € S/ L(x,y,w) = L} is nonempty. One knows

that Sy, is open in P x P. Notice that, for (z,y) in Sg, the only tiles w'P C X crossed
by the segment [z, wy| satisfy (w’) < L, they belong to a fixed finite set of tiles. So,
by a compactness argument, for any (z,%) in the closure Sy, the segment [z, w y] exists
and is included in the compact Uy,n< w'(P). Moreover, since P58 is of codimension 3,
removing some subset of codimension 2 in S, one can find an open, connected, and dense

subset S’ of P X P such that S; NS’ C Sy. Hence successively, Sy, NS’ is open and closed
in S/, S’ is included in Sy, Sy, is dense in P X P and S;, = S. O

The next statement is a corollary of the previous proof.

Lemma 1.9 For every x,z’ in X, there exists at least one segment [z, 2’| joining them.
Moreover, when w(z) # —n(x'), this segment is unique.

Proof Keep notations from the previous lemma with ' = wy.

We know the implication S, # ) = S,, = P x P. This allows to prove by induction
on /(w) that S, # 0, by letting the point y move continuously through a face. The
uniqueness follows from the uniqueness of the segment joining two non-antipodal points
on the sphere S%. %

Lemma 1.10 The map 7 : X — C' is bijective and C' is convex.

Proof Let z, 2" be two points of X. According to Lemma 1.9, there is a segment [z, 2’|
joining them. Hence if 7(z) = m(2’), one must have x = «’. This proves that 7: X — C
is bijective. Two points of C' can also be joined by a segment, hence C' is convex. &

Proof of Theorem 1.5 (a), (b) follow from Lemma 1.10, and (c) follows from (a). <

Remark Let us point out how crucial Lemma 1.8 is. Consider the following group I'
generated by two linear transformations ¢; and g, of R?, which identify the opposite faces
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of a convex quadrilateral P:
- g1 is the homothety of ratio 2,
- g2 is a rotation whose angle a/7 irrational, and
-P:={(z,y) €eR* /1< 2 <2 and ‘%’ < tan§}.
The successive images v(P), v € T', draw a kind of irrational spider web which, instead
of tiling an open set in S?, tile the universal cover of R*—{0}. The group I is not discrete.

1.6 Cocompactness

The following corollary tells us when the convex set C' is open.

Corollary 1.11 With the same notations as Theorem 1.5, the following conditions are
equivalent:
(i) for every x in P, the Coxeter group W, is finite, where S, :={s € S [z € s};
(i) the convex set C' is open.
In this case, W acts properly on C' with a compact quotient.

To prove this corollary, we will use the following lemma.

Lemma 1.12 a) The union of the boundaries of the tiles Uy,eww(OP) is the intersection

of C with a family of hyperspheres. This family s locally finite in 5

b) One has L(w) = {(w) for all w in W.

¢) For every x in P, Wg, is the stabilizer of x. Moreover, the union U, of w(P), for
w € Wg,, is a neighborhood of x in C.

d) One has the equivalence: x € O = card(Ws, ) < oo.
e) The group W acts properly on C.

Remark Point b) is related to the exchange lemma for Coxeter groups ([8] ch.IV §1).

Proof a) One just has to check that when one walks on a hypersphere containing a face
and passes through a face of codimension 2 then one is still on a face. But this is a
consequence of the local analysis of Lemma 1.2.b2.

b) ¢(w) is the minimum number of faces a path from P to w(]OD) has to cross. According
to a), this minimum is achieved when this path is a segment. Hence ¢(w) = L(w).

c¢) This a consequence of Lemma 1.6 and 1.10.

d) If the union U, is a neighborhood of x, by local finiteness of the tiling and by
compactness of a small sphere centered at z, the index set Wy, must be finite. Conversely,
if Wy, is finite, the intersection of U, with a small sphere is, by induction, simultaneously
open and closed.

e) This is a consequence of ¢) and d). &

Proof of Corollary 1.11 Use Lemma 1.12 d) and e). &



Let go be a quadratic form of signature (d,1) and H? ¢ S? be the corresponding
hyperbolic space: it is one of the two connected components of the set {z € S* / ¢o|, < 0}.

Corollary 1.13 Keep previous notations.

a) If P C H* and if the symmetries o, are orthogonal for qy, then C' = H.
b) Moreover, if P C HY, then T is a cocompact lattice in the orthogonal group O(d, 1)

In case a) P is called an hyperbolic Cozeter polyhedron.

Proof a) By contradiction, let xy be a point of Ig, y a point of ]HId—CO’ minimizing
the distance to zp and s a face of P crossed by the segment [zg,y]. Then, one has
d(xg,05(y)) < d(zo,y). Contradiction.

b) Note that C' = H is open and use Corollary 1.11. &

1.7 Examples

a) Consider a convex polygon in H? whose angles between the edges are equal to 7/m
for some m < 2.

Then the group generated by the orthogonal reflections with respect to the faces is a
cocompact lattice in O(2,1).

b) Consider a tetrahedron in H® whose group of isometries is S; and whose vertices are
on the boundary of H?. The angles between the faces are 7/3.

Then the group generated by the orthogonal reflections with respect to the faces is a
noncocompact lattice in O(3,1).

¢) Consider a dodecahedron in H® whose group of isometries is Ajs such that the angles
between the faces are m/2.

Then the group generated by the orthogonal reflections with respect to the faces is a
cocompact lattice in O(3,1).

d) Let £ > 5. Consider a convex k-gon P in R?, with vertices x1,..., x; = xo and sides
s1 = |1, 22],..., Sk = So = [vk,x1]. Let ¢; be the lines containing s;. Assume that the
points v; on the intersection ¢;_; N ¢;,1 are in R? and that P is in the convex hull of the
points v;. Denote by o; = Id — o;; ® v; the projective reflections such that Ker(a;) = ;.

Then the group generated by o; acts cocompactly on some bounded open convex subset
of R? whose boundary is in general non C2. This kind of groups has been introduced first
in [14]. See [3] for more information on these examples and their higher-dimensional
analogs.

e) Consider the convex polyhedron Py C R"™! associated to the geometrical represen-
tation of a Coxeter group Wy given by some Coxeter system (S, M). Consider also the
Tits convex set Cg tiled by the images of Ps and the Tits form Bg, as in Section 1.3.



To each Coxeter system (S, M), one associates its Coxeter diagram. It is a graph whose
set of vertices is S and whose edges are weighted by the number m,,, with the convention
that an edge is omitted when the weight is is equal to 2 and the weight is not specified
when it is equal to 3. The Coxeter system is said to be irreducible if the corresponding
graph is connected.

The following proposition gives the list of hyperbolic Coxeter simplices which are com-
pact (resp. of finite volume).

Proposition 1.14 Let (S, M) be an irreducible Cozeter system.

a) One has the equivalences: Bg is positive definite <= Cg = S"™! <= card(Wy) < oc.
In this case, (S, M) is said to be elliptic.

(S, M) is said to be parabolic if Bs is positive and degenerate.

b) Suppose Bg is Lorentzian. Then one has the equivalences:

b1) all Cozeter subsystems are elliptic <= Wy is a cocompact lattice in O(Bg);

b2) all Cozeter subsystems are either elliptic or irreducible parabolic <= Wy is a lattice

Proof We will just prove the implications = we need for our examples.
a) and bl) are easy consequences of Theorem 1.5 and corollaries 1.11, 1.13.

b2) Use the fact that for d > 2, for any simplex S with § C H¢, the hyperbolic volume
of S is finite. ¢

The lists of Coxeter diagrams satisfying these properties are due to Coxeter in cases a)
and to Lanner in cases b). They can be found, for instance, in [26] p.202-208. There are
only finitely many of them with rank » < 5 in case bl) and r < 10 in case b2). Here are
two examples.

The Coxeter diagram obtained as a pentagone with one edge of weight 4, gives a
cocompact lattice in 0(4,1).

The Coxeter diagram Ejo (which is a segment with 9 points and a last edge starting
from the third point of the segment) gives a noncocompact lattice in 0(9, 1).

f) The description of all compact (resp. finite volume) hyperbolic Coxeter polyhedra
in H? is known only in dimensions 2 and 3. The highest dimension of known examples is
d =5 (resp. d =21) and one knows that one must have d < 29 (resp. d < 995).
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2 Lecture on Arithmetic groups

The aim of this second lecture is to give explicit constructions of lattices in
the real Lie groups SL(d, R) and SO(p, ¢). These examples are particular cases
of a general arithmetic construction of lattices in any semisimple group G, due
to Borel and Harish-Chandra. In fact, Margulis showed that all “irreducible”
lattices of G are obtained in this way when the real rank of G is at least 2.

2.1 Examples

Here are a few explicit examples of lattices.

Write d = p+ ¢ with p > ¢ > 1. For any commutative ring A, let
SL(d, A) :={g € M(d, A) / det(A) = 1}.

Denote by I; the d x d identity matrix, 1, , := ( ‘8’ _(} ), Ipg = ( Ié’ \/051 >, and
q - q
let SO(p,q) == {g € SL(d,R)/g 1, "9 = I, 4}

Example 1 The group I' := SL(d,Z) is a noncocompact lattice in SL(d,R).
Example 2 The group I := SO(p, q) N SL(d,Z) is a noncocompact lattice in SO(p, q).

Example 3 Let ¢ be the automorphism of order 2 of Q[v/2]. The group
I':={g9€SL(d,Z[V2]) /] 91,4 9° = L.} is a noncocompact lattice in SL(d,R).

Example 4 Let O be a subring in M(d,R) which is also a lattice in this real vector
space. Suppose that O C GL(d,R) U {0}. We will see that such a subring does exist
for every d > 2: in fact O is an “order in a central division algebra over QQ such that
D ®g R~ M(d,R)”. The group I' := O N SL(d,R) is a cocompact lattice in SL(d,R).

Example 5 Let o be the automorphism of order 2 of Q[v/2]. The group
I':={(9,9°) /] g€ SL(d,Z[\2])} is a noncocompact lattice in SL(d,R) x SL(d,R).

Example 6 The group I := SL(d, Z[i]) is a noncocompact lattice in SL(d, C).

Example 7 Let 7 be the automorphism of order 2 of Q[v/2]. The group
I:={g€SL(d,Z[V2]) | gJpq'g" = Jpq} is a cocompact lattice in SL(d,R).

Example 8 The group T := {g € SL(d,Z[V2]) | gJpq'9 = Jpq} is a cocompact lattice
in{g € SL(A,R) / gJpq"g = Jpq} = S0(p, q).

The aim of this lecture is to give a complete proof for Examples 1, 4, 7 and 8, a sketch
of a proof for the other examples, and a short survey of the general theory.
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2.2 The space of lattices in R?

We study in this section the space X of lattices in R? and the subset
X, of lattices of covolume 1 in R%. As homogeneous spaces, one has X =
GL(d,R)/SL*(d,Z) and X, = SL(d,R)/SL(d,Z). We will prove that X, has
finite volume.

Proposition 2.1 (Minkowski) The group SL(d,Z) is a lattice in SL(d,R).

Let us denote by g, ; the entries of an element ¢ in G := GL(d, R) and let
K:=0(d)={9eG/g'g=1},
A:={g € G/ g is diagonal with positive entries},
Ay ={acA/a;; <sa1,41, fori=1,....,d—1} for s >1,
N :={g € G/ g—1is strictly upper triangular}, and
Nye={neN/|nj|<t,forl1<i<j<d}fort>0.

According to the Iwasawa decomposition, the multiplication induces a diffeomorphism
K x Ax N ~@. Let us define the Siegel domain Ss; := KAsN;, and I' :== SL(d, Z).

Lemma 2.2 For s > 23, t> %, one has G = S,,I'.

S

Proof Let g be in G and A := g(Z%). One argues by induction on d. A family (fi,..., fi)
of vectors of A is said to be admissible if
- the vector f; is of minimal norm in A — {0};
- the images fo, ..., fq of fo,...,fs in the lattice ' := I'/Zf, of the Euclidean space
R?/Rf; form an admissible family of T';
- each f; with ¢ > 2 is of minimal norm among the vectors of I’ whose image in I' is f;.
It is clear that A contains an admissible family (fi,..., fs) and that such a family is a
basis of A. After right multiplication of g by some element of I', one may suppose that
this family is the image of the standard basis (eq, ..., e4) of Z%, ie. for alli=1,...,d,
one has ge; = f;.
Let us show that ¢ € S%é- Write g = kan. Since (k7' f1,..., k7' f;) is an admissible

basis of k~*(A), one may suppose that k = 1 i.e. ¢ = an. Hence

fi = a1,1€1,
fo = azs2es+aiinigen,
fi = Qgqeq+ ag—1,4-1Md-1,d€4—1 + - -+ aiiniqer.

By induction hypothesis, one knows that
1 .
Inij| < 3 for 2<i<j<d and

a;; < for 2<:<d-1.

2
75 Qitl,i
\/g +1,2+1
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It remains to prove these inequalities for ¢ = 1.
The first ones are a consequence of the inequalities || f;|| < || f; +p f1ll, Vp € Z.
The last inequality is a consequence of the inequality || fi|| < |/ f2]|, because this one
implies af; < a3, +afni, < a3,+ Zail. &
Let G' := SL(d,R), K" := KNG', A" :== ANG". One still has the Iwasawa decomposition
G' = K'A'N. One denote Ry, := 5,;NG’. One still has, thanks to Lemma 2.2, G' = R,,I.
Proposition 2.1 is now a consequence of the following lemma.

Lemma 2.3 The volume of R, for the Haar measure is finite.

Let us first compute the Haar measure in the Iwasawa decomposition. Let dg’, dk’, da’
and dn be right Haar measures on the groups G, K’, A’, and N respectively. These are
also left Haar measure, since these groups are unimodular. The modulus function of the
group A'N is

/
a'n — pla'n) = pla') = [detn(Ada')| = [T =
i<j Y.
where n is the Lie algebra of N.

A left Haar measure on A’N is left A’-invariant and right N-invariant, hence is equal
to the product measure da’dn, up to a multiplicative constant. Therefore, the measure
p(a’)da’dn is a right Haar measure on A'N.

In the same way, the measures dg’ and p(a’)dk’'da’dn on G’ are both left K-invariant

and right A’ N-invariant. They must be equal, up to a multiplicative constant. Hence

dg' = p(a’)dk'da'dn .

/

a’ .

Proof of Lemma 2.3 Let b; := ——. The functions by,...,bs_1 give a coordinate
Ait1+1
system on A’ for which da’ = Cé—bll e Célzl‘:l and p(a’) = [1j<i<q b;* with 7; > 1. Hence one
has
dy — (/ dk’) I / b, (/ dn) ,
Rsyt K! 1<i<d”’0 N

which is finite because K’ and NV; are compact and r; > 1. &

2.3 Mahler compactness criterion

Let us prove a simple and useful criterion, which tells us when some subset
of the set X of lattices in R? in compact.

The set X of lattices in R? is a manifold as it identifies with the quotient space
GL(d,R)/SL*(d,Z). By definition of the quotient topology, a sequence (A,,) of lattices in
R? converges to some lattice A of R? if and only if there exists a basis (faas---, faa) of
A,, which converges to a basis (fi,..., fs) of A.

13



For any lattice A in R?, one denotes by d(A) the volume of the torus R?/A. It is given
by the formula d(A) = |det(f1,..., f4)| where (f1,..., f4) is any basis of A.

Lemma 2.4 (Hermite) Any lattice A in R? contains a nonzero vector v of norm ||v|| <
(DS d(A)a.

.. . . . (d—
Proof This is a consequence of Lemma 2.2, with the inequality a‘f’l < s 4T [Mai;. <

Proposition 2.5 (Mahler) A subsetY C X is relatively compact in X if and only if
there exist constants «, 3 > 0 such that for all A € Y, one has

d(A) < and Ueu&f_OHvH > .

In other words, a set of lattices is relatively compact if and only if their volumes are
bounded and they avoid a small ball.

Proof Let us fix s > % and t > % and set Ay := Z? € X. Note that a subset Y € X
is relatively compact if and only if there exists a compact subset S C Ss; such that
Y C{gAy/geS}

— Let us fix 0 < r < R such that, for all ¢ = kan in S and all i = 1,...,d, one has
r < a;; < R. One has then |detg| < R? and inf, e, o0 ||gvo|| > 7, because if one writes
Vo = Y1<i<e Mie; With my # 0, one has

lgvoll = |<ker,gvo>| = [<eanvo>| = agelme| > r.
< Let S:={g€ St/ gMho€Y}. Forall g=kan in S and all i = 1,...,d, one has

ag>a , 4y <sagia and ] a5 <8
1<j<d

As a consequence, there exist 0 < r < R such that, forall g = kanin Sandalli=1,...,d,
one has 7 < a;; < R. Hence S is compact and Y too. O

The same proof can be easily adapted for Examples 5 and 6. The same strategy can
also be used for Examples 2 and 3: using the Iwasawa decomposition of (G, one introduces
the Siegel domains and proves that they are of finite volume and that a finite union of
them surjects on G/T.

2.4 Algebraic groups

In this section we recall a few definitions from the theory of algebraic
groups.
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Let K be an algebraically closed field of characteristic 0, k a subfield of K, V}, ~ k¢ a
k-vector space, V = K ® Vj, and k[V] the ring of k-valued polynomials on V.

A wvariety Z C V is a subset consisting of the zeros of a family of polynomials on V. Let
I(Z) C K[V] be the ideal of polynomials on V' which are zero on Z. One says that Z is a
k-variety, or is defined over k, if I(Z) is generated by the intersection I,,(Z) := I(Z)Nk[V].
Let k[Z] := k[V]/Ix(Z) be the ring of regular functions of Z. A k-morphism of k-varieties
¢ : Z1 — Zs is a map such that, for all f in k[Zs], f o ¢ is in k[Z]].

A k-group is a k-variety G C GL(V) C End(V') which is a group for the composition
of endomorphisms. For instance, the k-groups

Ga::{(é f)/xEK} and Gm::{(g 2>/y,z€K,xy:1}

are called the additive and the multiplicative k-groups. One has k|G,| = k[z] and k[G,,,| =
kly,y~']. Another example is given by GL(V') which can be seen as a k-group thanks to
the identification

GL(V) ~ {(g9,0) € End(V) x K / ddetg =1} .

Note that Gy := GNGL(d, k) is a subgroup of G and, more generally, for any subring A
of K, G4 := GNGL(d, A) is a subgroup of G. A k-morphism of k-groups ¢ : G — Gy is a
k-morphism of k-varieties which is also a morphism of groups. A k-isogeny is a surjective
k-morphism with finite kernel. A k-character of G is a k-morphism x : G — G,,. A
k-cocharacter of G is a k-morphism x : G,, — G. A k-representation of G in a k-vector
space Wy, is a k-morphism p : G — GL(W). The k-representation is irreducible if 0 and
W are the only invariant subspaces. It is semisimple if it is a direct sum of irreducible
representations. A K-group G is reductive if all its K-representations are semisimple.
A reductive K-group is semisimple if all its K-characters are trivial. This definition is
well-suited for the groups we are dealing with since we have the following lemma.

This lemma will not be used later on. The reader may skip its proof.

Lemma 2.6 The k-groups SL(d) and SO(p, q) are semisimple.

Proof Say for G = SL(d, C). Since G = |G, G], one only has to prove the semisimplicity
of the representations of the group G in a C-vector space V. So one has to prove that any
G-invariant subspace W has a G-invariant supplementary subspace. To prove this fact,
we will use Weyl’s unitarian trick: let K = SU(n, C) be the maximal compact subgroup of
G. By averaging with respect to the Haar measure on K, one can construct a K-invariant
hermitian scalar product on V. The orthogonal W+ of W is then K-invariant and, since
the Lie algebra of GG is the complexification of the Lie algebra of K, it is also G-invariant.

¢

2.5 Arithmetic groups
We check that for a Q-group G the subgroup Gz := G N GL(d,Z) does

not depend, up to commensurability, on the realization of G as a group of
matrices.
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Lemma 2.7 Let p be a Q-representation of a Q-group G in a Q-vector space V. Then
a) the group Gz preserves some lattice A C Vp;
b) any lattice Ay C Vo, is preserved by some subgroup of finite index of Gy.

Proof a) Choose a basis of V. The entries of the matrices p(g) — 1 can be expressed as
polynomials with rational coefficients in the entries of the matrices ¢ — 1. The constant
coefficient of these polynomials is zero. Hence there is an integer m > 1 such that, if g
is in the congruence subgroup I',, := {g € Gz / g = 1 mod m}, then p(g) has integral
entries. Since I, is of finite index in Gz, the group Gz also preserves a lattice in V.

b) This is a consequence of a), because one can find integers N, Ny > 1 such that
NA C NoAp C A ¢

One easily deduces the following corollary.

Corollary 2.8 Let ¢ : Gy — Gy be a Q-isomorphism of Q-groups. Then the groups
©(Gi1z) and Gag are commensurable.

2.6 The embedding

The following embedding will allow us to reduce the proof of the compact-
ness of G/I" to Mahler’s criterion.

Proposition 2.9 Let G C H = GL(d,C) be a Q-group without nontrivial Q-characters.
Then the injection Gg/G7z — X = Hyg/Hgz is a homeomorphism onto a closed subset of
X.

We will need the following proposition.

Proposition 2.10 (Chevalley) Let G be a k-group and H C G a k-subgroup. There
exist a k-representation of G on some vector space Vi, and a point x € P(V;) whose
stabilizer is H, i.e. H={g€ G | gx = x}.

Proof We will need the following notations.

- I(H) :={P € K|G] / P|ls = 0},

- K"G]:={P € K[G] /| d°P < m}, and

-I'"(H) :=I(H)N K™[G].

Since K[G] is noetherian, one can choose m such that I"™(H) generates the ideal I(H) of
K[G]. The action of G on K™[G] given by (7(g9)P)(¢") := P(¢'g) is a k-representation.
The k-representation we are looking for is the representation in the p*™* exterior product
V = AP(K™|G]), where p := dim I"™(H ) and x is the line in V' defined by = := AP(I"(H)).
By construction, one has the required equality H = {g € G / gz = z}. &

Corollary 2.11 Let G be a k-group and H C G a k-subgroup. Suppose H does not have
any nontrivial k-character. Then there exist a k-representation of G on some vector space
Vi and a point v € Vi, whose stabilizer is H, i.e. H={g€ G / gv = v}.
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Proof The action of H on the line z is trivial since all the k-characters of H are trivial.
Just choose v on this line. &

Proof of Proposition 2.9 We have to show that
Vg, € Ggr, h € Hg such that ,}LIEOQNHZ = hHy in Hy/Hy
dg € Gg, such that nlgr;() 9nGz = 9gGz in Gr/Gy.

Since all Q-characters of G are trivial, according to Corollary 2.11 (with H for G and
G for H), there exists a Q-representation of H in some Q-vector space Vg and a vector
v € Vg whose stabilizer in H is . By Lemma 2.7, the group Hy stabilizes some lattice
A in Vi. One can choose A containing v. Hence the Hz-orbit of v is discrete in V.

Let h,, € Hyz such that 7}1_)120 gnhn = h. The sequence h, 'v converges to h~'v hence is
equal to h~tv for n large. Therefore one can write h, = 7,9 'h with g € Gg, v, € Gz,
and the sequence g,7, converges to g. &

2.7 Construction of cocompact lattices

We check that the groups I' in Examples 4 and 8 of Section 2.1 are cocom-
pact lattices in SL(d,R) and SO(p, q) respectively.

The following lemma can be applied directly to these examples and enlightens the
strategy of the proof in the general case.

Lemma 2.12 Let Vy be a Q-vector space and G C GL(V') a Q-subgroup without non-

trivial Q-character. Suppose that there exists a G-invariant polynomial P € Q[V] such
that
YoeVy, Po)=0<=v=0.

Then the quotient Gg /Gy is compact.

Proof Let Ay be a lattice in V. One can suppose that P(Aq) C Z.

By Propositions 2.5 and 2.9, we only have to show that no sequence g,v, with g, € Gg
and v, € Ag — {0} can converge to zero.

This is a consequence of the minoration |P(g,v,)| = |P(vy,)| > 1. &

Corollary 2.13 a) In Example 2.1.4, T is cocompact in SL(d,R).
b) In Example 2.1.8, T is cocompact in SO(p, q).

Proof a) Take Vy = D and P(v) = detp(p,) where p, is the left multiplication by v.
b) We will apply Weil’s recipe called “restriction of scalars”. Let us denote by SO(J, 4, C)
the special orthogonal group for the quadratic form ¢y whose matrix is J, ,. The algebraic

group

H o= {( o 2 ) € GL(24,C) / a +V2b € SO(J,4,C) , a — V2b € SO(J;;q,@)}
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is defined over QQ, because the family of equations is o-invariant.
The map (a,b) — a + +/2b gives an isomorphism

HZ ~T
and the map (a,b) — (a 4+ v/2b,a — +/2b) gives an isomorphism
Hg ~ SO(J,,,R) x SO(J? ,R) .

p,q’

One applies Lemma 2.12 with the natural Q-representation in Vg = Q? x Q? and with
P : (u,v) — qo(u +v/2v) g (u — +/2v). This proves that Hz is cocompact in Hg. Since
SO(J7,,R) is compact, I' is a cocompact lattice in SO(.J, 4, R). %

p,q’

Remark To convince the reader that Examples a) do exist in any dimension d > 2, we
will give a construction of

a central division algebra D over Q such that D ®@g R ~ M(d,R),
without using the well-known description of the Brauer group of Q.

Let L be a Galois real extension of Q with Galois group Gal(L/Q) = Z/dZ and o be

a generator of the Galois group. One can take L = Q[n] with n = ) cos (27rgid/ q)
1<i<q/2d

where ¢ is a prime number ¢ = 1 mod 2d and g is a generator of the cyclic group (Z/qZ)*

(for d = 3,4 and 5, take L = Q[cos Z], L = Q[cos 1= + cos 7] and L = Q[cos 27]).

We will construct D as a d-dimensional left L-vector space D = L & La @ --- & La®™!,
with the following multiplication rules: V¢ € L, ala™! = o(¢) and a® = p where p is
another prime number which is inert in L (such a p does exist by Cebotarev theorem).
By construction D is an algebra with center Q. It remains to show that every nonzero
element v = ly + l1a + ... + 4_1a%' € D is invertible. One may suppose that all ¢; are
in the ring R of integers of L but that ¢y & pR. One computes the determinant A, of the
right multiplication by v as an endomorphism of the left L-vector space D. One gets

b pl5_, - pgrlr:”
¢ g gt -
Ay=det| P2l =09 09" mod pR.
boy 05, - 65"
Since p is inert, this determinant is nonzero and v is invertible. &

2.8 Godement compactness criterion

In this section, we state a general criterion for the cocompactness of an
arithmetic subgroup and show how to adapt the previous arguments to prove
it.
Let us first recall the definitions of semisimple and unipotent elements and some of

their properties. An element g in End(V) is semisimple if it is diagonalizable over K and
unipotent if g—1 is nilpotent. The following lemma is the classical Jordan decomposition.
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Lemma 2.14 Let g € GL(V) and G C GL(V) be a k-group.

i) g can be written in a unique way as g = su = us with s semisimple and u unipotent.
ii) Every subspace W C V invariant by g is also invariant by s and u.

iii) g € G = s,u € G.

i) g € G, = s,u € Gy.

Proof i) Classical.

ii) s and u can be expressed as polynomials in g.

iii) Consider the action of G on K™[EndV] := {P € K[EndV] / d°P < m} given by
(7(g)P)(z) := P(xg). The subspace I¢[G] := I[G]N K[EndV] is invariant by g. Hence it
is also invariant by its semisimple and unipotent part which are nothing else than 7 (s) and
7(u). So for all P € I%G], one has P(s) = (7(s)P)(1) = 0 and P(u) = (7(u)P)(1) = 0.
Therefore s and u are in G.

iv) By unicity, s and u are invariant under the Galois group Gal(K/k). &

Lemma 2.15 Let p: G — H be a k-morphism of k-groups and g € G.
a) g is semisimple = p(g) is semisimple.
b) g is unipotent = p(g) is unipotent.

Proof One can suppose that k£ = K and that G is the smallest K-group containing g.
The main point then is to prove that all k-morphisms ¢ : G, — G, and ¥ : G,,, — G,
are trivial. But y o ¢ is an invertible element of k[z], hence is a constant, and z o ¢ is an
element F(y) € kly,y '] such that F(y) = F(y")/n for all n > 1, hence is a constant. <

Note that the Lie algebra g of a Q-group G is defined over Q, because it is invariant
under Gal(C/Q).

Theorem 2.16 (Godement) Let G C GL(d,C) be a semisimple Q-group and g its Lie
algebra. The following conditions are equivalent:

(i) Gr/Gyz is compact.

(ii) Every element g of Gq is semisimple.

(iii) The only unipotent element of Gy is 1.

(iv) The only nilpotent element of gq is 0.

Remark See Section 2.9 for the general formulation of this theorem.

Sketch of proof of Theorem 2.16 (i) = (iii) Let u € Gz be a unipotent element.
According to Jacobson-Morozov, there exists a Lie subgroup S of Gg containing u whose
Lie algebra s is iso;orphic to s[(2,R). There exists then an element a € S such that
lim a"ua™™ = e. Since Ggr/Gz is compact, one can write a” = k,7, with k, bounded

n—oo

and v, € Gz. But then 7,uy, ! is a sequence of elements of Gz —{e} converging to e.
Therefore u = e.

(17) < (i7i) This follows from Lemma 2.14 and the fact that if u € G is unipotent, then
u™ is in Gy for some positive integer n.
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(4it) = (iv) The exponential of a nilpotent element of gq is a well-defined unipotent
element which is in Gig. As above, this element has a power in Gy.

(iv) = (i) The group Aut(g) is a Q-group and the adjoint map Ad : G — Aut(g) is a
Q-isogeny, i.e. it is a Q-morphism with finite kernel and cofinite image. Thanks to the
following lemma, one can suppose that G = Aut(g). We can then apply Lemma 2.12 with
P as the G-invariant polynomial on g given by P(X) = (tr X)?+ (tr X2)>+- - -+ (tr X%)?,
where d := dim g, since one has the equivalence: P(X) = 0 <= X is nilpotent. &

In this proof, we have used the following lemma.

Lemma 2.17 Let ¢ : G — H be a Q-isogeny between two semisimple Q-groups. Then
©(Gz) and Hy are commensurable.

Remark One must be aware that, even though ¢ is surjective, ¢(Gg) and Hg are not
commensurable. Take for instance G = SL(2) and H = PGL(2), and look at the elements

of Hg given by <‘8 (1) )

Proof One may suppose that H = G/C where C' is the center of G. Let G C End(V)
be this Q-group, A := End¢ (V) the commutator of C' in End(V), Az = AN End(Vy),
I=Gz={9€G/gAz=Az}, and A :={g € G/ gAzg~' = Az}. Using the fact that
a bijective Q-morphism is a Q-isomorphism, one only has to show that A/I" is finite.
According to Propositions 2.5 and 2.9, we only have to show that no sequence d,,a,, with
d, € A and a,, € Az — {0} can converge to zero. Since the semisimple associative algebra
A is the direct sum of its minimal bilateral ideals B, one may suppose that a, is in some
Bz, —{0}. Let b; be a basis of B. Since detpd,, = 1, according to Minkowski’s lemma 2.4,
one can find a constant Cj and nonzero elements ¢, € Bz such that ||c,d,!|| < Cp. Since
the elements a,b;c, are in By, the elements d,a,b;c,d,, L are also in Bz and converge to
zero. Hence, successively, for n > 0, one has a,b;c, = 0, a,Bc,B = 0, a,B = 0, and
a, = 0. Contradiction. &

Corollary 2.18 In Ezample 2.1.7, T" is cocompact in SL(d,R).

Proof The proof is similar to that of Corollary 2.13, using “restriction of scalar”.
The algebraic group

G={(§ V2') € OLEAC) (0 + V) Jyy ('a = V2'5) =y, . det(a+ V2b) =1

is defined over ky = Q[v/2], because the family of equations is 7-invariant. The “image”
of G by the Galois involution o of kg is the algebraic group

G7= {(Z _\fb ) €GL(2d,C)/(a+iv2b)JS (fa—iv2'b) = JJ, , det(a+iv2b) = 1}

which is also defined over ky = Q[v/2].
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Using the diagonal embedding 2 — (z,27) of Q[v/2] in R xR, one constructs a semisim-
ple Q-group

H::{(fl 2j>eGL(4d,@)/c+\/§deG, c—\/ﬁdeGd}

The maps (c,d) — ¢+ v/2d and (a,b) — a + v/2b give isomorphisms
Hy ~ Ggyp = T
and the map (c,d) — (c ++v/2d,c —+/2d) gives an isomorphism
Hy ~ Gg x (G°)x ~ SL(d,R) x SU(d,R) .

Since v/2 € R, the group Gy is isomorphic to SL(d, R). Since the hermitian form hg on C?
whose matrix is J7, is positive definite, the group (G7)g is compact. To apply Theorem
2.16, one uses Lemma 2.15 and notices that Hg does not contain any unipotent element,
since its image by (c,d) — ¢ — v/2d lies in the compact group (G°)g. This proves that
Hy is cocompact in Hg. Since (G?)g is compact, I' is a cocompact lattice in SL(d, R). <

2.9 A general overview

Let us now describe, without proof, the general theory that these examples
illustrate. Roughly speaking, this theory says that for d > 3 and ¢ > 2 all
lattices in SL(d,R) and SO(p, ¢q) are constructed in a similar way.

More precisely, let H C GL(d,C) be a Q-group. Then one has the equivalences:

vol(Hgr/Hyz) < o0 <= H has no nontrivial Q — character;

Hg/Hz is compact <= H has no nontrivial Q — cocharacter.

One says that H is Q-anisotropic when it does not have any nontrivial cocharacter, i.e.
when it does not contain any Q-subgroups Q-isomorphic to G,,.

These facts, due to Borel and Harish-Chandra, are the main motivations of Borel’s
book [4], and are illustrated by Examples 1 to 4.

There is a very important construction of lattices which is simultaneously an exten-
sion and a by-product of the previous construction: let L C GL(d,C) be a semisimple
algebraic group defined over a number field k£, O the ring of integers of k, o1, ..,0,, the
real embeddings of k, and o,, 1, .., 04,4, the complex embeddings of £ up to complex
conjugation. Recall that the image of the diagonal map o : O — R"™ x C™ is a lattice
in this real vector space. Thus the diagonal image of the group Lo := L N SL(d,O) in
the product L' x --- x Lg™" x Lg ' x --- x Lg™ ™ is also a lattice. According to Weil’s
trick of “restriction of scalars” this construction with Lo can be seen as a special case of
the previous construction of Hy for some suitable algebraic group H defined over QQ for
which Hg ~ Lj (this is illustrated by Examples 5 and 6).
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Suppose that r; + 5 > 2 and that, in the above product, all the factors are compact
except one. Then L is a cocompact lattice in the noncompact factor (this is illustrated
by Examples 7 and 8).

These examples are the main motivation for the following definition.

Definition 2.19 A subgroup T of a real linear semisimple Lie group G is said to be
arithmetic if there exist an algebraic group H defined over Q and a surjective morphism
7 Hg — G with compact kernel such that the groups I' and w(Hyz) are commensurable
(i.e. their intersection is of finite index in both of them).

The classification of all arithmetic groups I of a given real linear semisimple Lie group
G, up to commensurability, relies on the classification of all algebraic absolutely simple
groups defined over a number field £k (see [23] for a reduction of this classification to the
anisotropic case). For groups G of classical type different from Dy, this classification is
due to Weil ([28]) and is equivalent to the classification of all central simple algebras D
with antiinvolution * over k (i.e (af)* = a1 and (a1a2)* = ajal Vay,as € D).

Since k is a number field, this is a classical topic in arithmetic, which contains
- the classification of central division algebras over k;

- the classification of bilinear symmetric or antisymmetric forms over k;
- the classification of hermitian forms over a quadratic extension k D k.
The main tool in this classification is the local-to-global principle (see [19] or [29]).

According to a theorem of Borel ([4]), all linear real semisimple Lie groups contain at
least one cocompact and one noncocompact lattice.

For an arithmetic subgroup I' of G = SL(d, R), Weil’s classification implies that, up to
commensurability, either
- I' is the group I'; of units of an order Op in a central simple algebra D of rank d over
@ which splits over R (this generalizes Examples 1 and 4), or
- I is the group I's of *-invariant units of an order Op in a central simple algebra D of
rank d over a real field k, and * is an antiinvolution of D nontrivial on k& such that D
is split over R and all the other embeddings of the fixed field ky of % in k are real and
extend to a complex embedding of k whose corresponding real unitary group is compact
(this generalizes Examples 3 and 7).

Moreover, I'y is cocompact if and only if D is a division algebra and I's is cocompact if
and only if either D is a division algebra or kg # Q.

Conversely, the Margulis arithmeticity theorem says the following. Let G be a real
semisimple Lie group of rank at least 2, with no compact factor (a factor is a group
G’ which is a quotient of G), then all irreducible lattices I' in G are arithmetic groups
(irreducible means that any projection of I' in a nontrivial factor of G is nondiscrete).
This theorem is the main aim of Zimmer’s book [30] and of Margulis’ book [15].

22



3 Lecture on Representations

The aim of this lecture is to show how the properties of the unitary rep-
resentations of a Lie group GG have an influence on the algebraic structure of
any lattice I' of G.

We will deal here with a property due to Kazhdan. Namely, using the
decreasing properties of the coefficients of unitary representations of GG, when
G is simple of rank at least 2, we will show that the abelianization of I' is
finite. We will also see that these properties imply mixing properties for some
non-relatively compact flows on G/T.

3.1 Decay of coefficients

We will first prove a general decreasing property for coefficients of unitary
representations of semisimple real Lie groups.

Definition 3.1 A wunitary representation m of a locally compact group G in a (separable)
Hilbert space H, is a morphism from G to the group U(H,) of unitary transfomations of
H., such that Yv € H,, the map G — H,; g +— 7(g)v is continuous.

For any v,w € Hr, the coefficient is the continuous function c,,, : G — C given by

Cowl(g) = <m(g)v,w>.

Examples - The trivial representation is the constant representation 7(g) = Id. Its
coeflicients are constant maps.

- Suppose G acts continuously on a locally compact space X preserving a Radon measure
v. Then the formula (7(g)p)(x) := p(g'x) defines a unitary representation 7 of G in
L*(X,v). Tts coefficients are the correlation coefficients ¢,y : g — [ 0(2)(gz)dv(z).

- When G is compact, any unitary representation is a hilbertian orthogonal sum of irre-
ducible unitary representations. By Peter-Weyl, these are finite dimensional.

For H C G, let us set
HY = {veH, /Vh € H, n(h)v=r}

the subspace of H-invariant vectors. Recall that a Lie group G is semisimple if its Lie
algebra g does not have any nonzero solvable ideal (or equivalently, if the group of auto-
morphims of g is a semisimple R-group) and that G is quasisimple if g is simple.

Theorem 3.2 (Howe, Moore) Let G be a connected semisimple real Lie group with
finite center and 7 be a unitary representation of G. Suppose that HE = 0 for every
connected normal subgroup G; # 1. Then, for all v,w € H,, one has

lim <w(g)v,w> = 0. (3)

g—0o0
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Remarks - The proof of this theorem is postponed to Section 3.4.
- The symbol g — oo means that g goes out of any compact of G.
- There are only finitely many G;. When G is quasisimple, the hypothesis is HS = 0.

Corollary 3.3 Let G be a connected semisimple real Lie group with finite center and w
be a unitary representation of G without nonzero G-invariant vectors. Let H be a closed
subgroup of G whose images in the factors G/G; # 1 are noncompact. Then HZ = 0.

Remark - When g is simple, the hypothesis is H noncompact.

Proof By induction, one can suppose that Vi, HS = 0. Let v be a H-invariant vector.
The coefficient ¢, , is constant on H. By Theorem 3.2, it has to be zero. Hence v = 0. $

3.2 Invariant vectors for SL(2)

Let us begin with a direct proof of Corollary 3.3 for SL(2, R).

For t > 0 and s € R, let at::((t) t01>’u3::(é i)’us_::<i (1)>

Proposition 3.4 Let m be a unitary representation of G = SL(2,R), t # 1, s # 0 and
v € Hy. If v is either a;-invariant, us-invariant or ug -invariant then it is G-invariant.

The proof uses the following lemma

Lemma 3.5 (Mautner) Let m be a unitary representation of a locally compact group
G. Forv € Hy, ||v|| =1, let S, C G be its stabiliser S, = {g € G / n(g)v =v}. Then

a) Sy ={9 € G/ coulg) =1}

b) Let g € G such that there ezist g, € G, s, € Sy, S, € S, satisfying

lim g, =g, lim SngnS, = e. Then g is in S,.

Proof a) Use the equality ||7(g)v — v||> = 2||v||* — 2Re(c,(g))-

b) Let n go to infinity in the equality ¢, ,(gn) = Cv.v(Sngnsh,) to get ¢,.(g) = 1. O

Proof of Proposition 3.4 It is enough to prove that the invariance of v by one among

ag, us, u,; implies the invariance by the other two. Thanks to symmetries, there are only

two cases to deal with:

ag-invariant = ug-invariant. One may suppose ¢t > 1. One uses Lemma 3.5.b with
gn = g = Us, S, = a; " and s, = a}'. One easily checks that lim s,g,s,, = lim u;-2.s = e.
n—oo n—oo

ug-invariant = a;-invariant. One may suppose that t is rational, ¢t = g. One uses

p

Lemma 3.5.b with ¢ = a;, g, = ( o4 (q) ), sp = u; "™ and s, = u¥. One easily checks

snp P

. : 1 0
that lim s,g,s, = lim ( -1 4 > =e. o

n— oo snp
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3.3 Real semisimple Lie groups

To prove Theorem 3.2, we recall without proof basic facts on the structure
of semisimple Lie groups (see [12]). We use the language of root systems and
parabolic subgroups which, since E.Cartan, is the only convenient one which
allows to deal with all real semisimple Lie groups. At the end we will recall
the meaning of these concepts for the important example G = SL(d, R).

Let G be a connected semisimple Lie group with finite center.

Maximal compact subgroups The group G contains a maximal compact subgroup K
and all such subgroups are conjugate. Let € C g be the corresponding Lie algebras. There
exists an involution # of g, called the Cartan involution, whose fixed point set is &. Write
g = t® q where q is the fixed point set of —f. The Killing form K(X,Y) = tr(adX cadY’)
is positive definite on q and negative definite on ¢.

Cartan subspaces An element X of g is said to be hyperbolic if ad(X) is diagonalizable
over R. A Cartan subspace of g is a commutative subalgebra whose elements are hyperbolic
and which is maximal for these properties. All Cartan subspaces are conjugate and a
maximal commutative algebra in q is a Cartan subspace. Let us choose one of them a C ¢
and set A := exp(a). By definition, the real rank of G is the dimension of a. The set of
real characters of the Lie group A can be identified with the dual a*. Endowed with the
Killing form, this space is Euclidean.

Restricted roots Let us diagonalize g under the adjoint action of A. One denotes by
A the set of restricted roots, i.e. the set of nontrivial weights for this action. It is a
root system. One has a decomposition g = [ @ (Bueng,), where g, :={Y € g / Vg €
A, Adg(Y) = a(g)Y'} is the root space associated to o and [ is the centralizer of a.

Weyl chambers Let A1 be a choice of positive roots, A~ = —A™, and II the set of
simple roots. II is a basis of a*. Let u* := @,ea+g, and p = [ ut the minimal parabolic
subalgebra associated to AT. Its normaliser P := Ng(p) is the minimal parabolic subgroup
associated to AT. Let AT :={a € A /Va € AT | a(a) > 1} be the corresponding Weyl
chamber in A. One has the Cartan decomposition G = KATK. Let L be the centralizer
of a in G and U* be the connected groups with Lie algebra u®. One has the equality
P=LU".

Parabolic subgroups For every subset # C II, one denotes by < > the vector space
generated by 0, Ay := AN <0> | AT := AgNAE [y := [BDuen, b, uy = Docat-at ba
U; the associated connected groups, A4g :={a € A /Va €0, a(a) =1}, Af := AT N Ay,
Ly the centralizer of Ay in G. Let p, := lp D uy and P := LU, the parabolic subalgebra
and subgroup associated to 6. One knows the following.

(1) The quotient L/A is compact.

(2) Every group containing P is equal to some Py.

(3) Py is generated by the subgroups Pioy for o € 0.
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(4) The multiplication m : U~ x P — G is a diffeomorphism onto a open subset of full
measure.

(5) If 01 C 05, then Ng, C Ng,, Py, C Py, and U, D Uy..

Example G = SL(d,R). One can take

K =S0(d,R),

A = {a = diag(ay,...,aq) [ a; >0, a;---aq = 1},

At={acA)ay > > a4},

A={ei—g;,i#j,1<i,j<d},

A+:{5Z‘—€j, 1§Z<]§d},

H:{€i+1—€i, 1§Z<d},

where ¢; € a* is the differential of the character of A denoted by the same symbol:
gi(a) = a;. The root spaces g,,_. are l-dimensional (with basis E;; = €} ® ;) and one
has [ = a [Note that these two properties are satisfied only for split semisimple Lie groups.
They are not satisfied for SO(p, ¢) when p > ¢+ 2 > 3 ]. One has then,

{0 | R (GRS | |

Choosing for instance 6¢ with only two simple roots, one has, in terms of block matrices,

Gl )
9] {0 L))

and A = AyN A*. Note that another value for § would give different numbers and sizes
of block matrices.

o

O O ¥
O ¥ %
* *x O
* O© O
o O O

*

3.4 Decay of coefficients

In this section we give the proof of Theorem 3.2.

We will need the following lemma which is a special case of the Corollary 3.3 we have
not yet proven.

Lemma 3.6 Let m be a unitary representation of a connected quasisimple real Lie group
with finite center G, a # 1 be a hyperbolic element of G, and u # 1 be a unipotent element
of G. If v is either a-invariant or u-invariant then it is G-invariant.

Proof First case: v is a-invariant. One can suppose a € AT, Let 0 := {a € II / a(a) = 1}.
The same argument as in Proposition 3.4 shows that v is invariant by Uy and U, . One
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concludes that v is G-invariant thanks to the following fact that the reader can easily
check for G = SL(d,R): the two groups Uy and U, generate G.

Second case: v is w-invariant. According to Jacobson-Morozov, there exists a Lie
subgroup S of G containing u with Lie algebra s ~ sl(2,R). By Proposition 3.4, v is
S-invariant. Since S contains hyperbolic elements, we are back to the first case. &

Proof of Theorem 3.2 If the coefficient <7(g)v,w > does not decrease to 0, one can
find sequences g, = k1 nanka, € G = KATK such that

liqllrn <m(gn)v,w>=C#0 |, li7ILn kin=Fk |, liT{n kon =ky |

and for some a € II, lign a(a,) = co. One can suppose that k; = ko = e.
Using the weak compactness of the unit ball of H,, one can suppose that the sequence
7(ay)v has a weak limit vy € H,. This vector vy is nonzero since

<vp,w> = lim <7 (an)m(kap)v, T(kip)w> = lim <7 (gn)v, w>%#0
Moreover, this vector is u-invariant for all u € Ugaye, because, since a;,'ua, — e,
() — voll < T (an) (m(a; uan)o — v)| = 0.

This contradicts Lemma 3.6. &

3.5 Uniform decay of coefficients

In this section, we prove that, for a higher rank semisimple Lie group G
and for K-finite vectors, the decay of coefficients is uniform.

For every vector v in a unitary representation H, of G, set
5(v) = dg(v) = (dim < Kv>)"? € N2 U {o0}.

Theorem 3.7 (Howe, Oh) Let G be a connected semisimple real Lie group with finite
center, such that, for all normal subgroup G; # 1 of G, one has rankg(G;) > 2. Then
there exists a K-bitnvariant function ng € C(G) satisfying glggo ne(g) = 0 and such

that, for all unitary representation © of G with HE = 0, Vi, for any v,w € H,, with
|v|| = ||w|| =1, one has, for g € G,

| <m(g)v, w> | < na(g)d(v)d(w).

Remark The (most often) best function ng has been computed by H.Oh ([17]), thanks
to Harish-Chandra’s function

) = (2m)7! /Ozﬂ(t cos® s+t~ Lsin? s)"Y2ds (4)

= t Y2logt for t>1. (5)
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For instance, for G = SL(d, R) where d > 3 and a = diag(ty,...,tq) € AT, one can take

na(a) = [T & ) (6)

1<i<ln/z) ot

The proof is based on the following two propositions.

Definition 3.8 Let o, 7 be unitary representations of G. One says that o is weakly
contained in T, and one writes o < T, if
Ve >0, VC compact in G, Vvi,...,v, € Hy , Jwy,...,w, € H, /
| <o(g)vi,v;> — <7(9)wi;,w;>|<e , VgeC,Vi,j<n.

For g = kan € G let us set H(g) := a, let us introduce the Harish-Chandra spherical
function g

§alg) == [ p(H(gk)) "k where p(a) = detn(Ad(a) .

The following proposition will be applied not directly to G but to a subgroup of G
isomorphic to SL(2,R)e.

Proposition 3.9 Let G be a connected real semisimple Lie group with finite center, and
be a unitary representation of G which is weakly contained in the left reqular representation
Ag. Then for every v,w € H, with ||v|| = |w|| = 1, and every g € G, one has

| <m(g)v,w> | < &alg) 0k (v) ok (w) (7)

Proof Let us first prove these inequalities for the left regular representation Ag.

First note that
for every v in L*(Q), left K-finite, with ||v|| = 1, there exists a positive left K-invariant
function ¢ € LQ(G) with ||<,0|| =1 such that for all x € G, one has |v(x)| < 6(v)p(z).
One can take p(x Z lv;(2)[2)}/? where v; is an orthonormal basis of < Kv>.

If ¢ is the positive K —1nvar1ant function associated in the same way to w, one gets
| <alguw>] < [ (g wh)|du)
< B()o(w) /G P9~ )()du() < 3(v) 3(w) <m(g)p >

These functions ¢, € L*(G) are left K-invariant, positive and of norm 1. We want to
prove the majoration

| <m(g)p,v> | < &alg) - (8)
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Using the formula for the Haar measure as in Lemma 2.3, one computes

| <m(g)p,p>] = /K(ANw(an)w(gkan)p(a)dadn) dk
< e [ ([, etghan)pta)dain) " ax

= lllslelee [ p(E(gk) ™ dk

N

using the Cauchy-Schwarz inequality in L?(AN) and the K-invariance of ¢ and 1.
Let us now deduce these inequalities for 7. The main point is to show that, starting from
a finite family v; of vectors in H, such that, Yk € K, Vi, one has 7(k)v; = >°; u; 5(k)vy,

then one can find vectors w; € L?(G) as in Definition 3.8 satisfying moreover Ag(k)w! =

P um(kfl)w;. For this purpose, just replace the family w; given in Definition 3.8 by

wi =[x 325 uij(k)Ac(k)w;. ¢
Let us compute the function &; for G = SL(2,R)*.
Let us show that for a; = (diag(t1’%, ¢, /%), . .. ,diag(t}/2,t71/2)) € A* one has
Salar) = &(t) - - - €(Le)- (9)

One can suppose ¢ = 1, i.e. G = SL(2,R). Then, for

L 1/2
I — (coss sms) and a, = (t t*?/Q >,one has

sins coss 0

p(H (ask)) = |lask e, ||* = tcos® s +t ' sin?s |
and formula (9) is a consequence of Definition (4). &

Proposition 3.10 Let V' be a finite dimensional representation of G := SL(2,R), without
nonzero invariant vectors. Let m be an irreducible unitary representation of the semidirect
product VxG such that HY = 0. Then the restriction of © to G is weakly contained in
the sum ooAg of infinitely many copies of the reqular representation \g.

Sketch of proof of Proposition 3.10 By Mackey’s theorem (see [30] or [13]), such
a representation m of V<G is induced from an irreducible representation o of a proper
subgroup H of VxG containing V. Such a subgroup is solvable hence amenable, so o
is weakly contained in the regular representation Ay (see Definition 4.1). Therefore 7 is
weakly contained in Ay xg-. O

Proof of Theorem 3.7 We will prove this theorem only for SL(d,R), but with the
bound given by (6). The proof in the general case is similar.
Let e := [2] and

S:=S8 x- xS, CG=SL(d,R),
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where S; >~ SL(2,R) is the subgroup whose Lie algebra has basis E;, ;, E;;, E;; — E; ; with
j =n+1—1. These subgroups commute. Let

B:=ANS={a=diag(ty,...,tq) € A/ titpy1-i =1 Vi <e} and

C .= {CL = diag(tl,...,td) cA / tl = tn+17i Vi S 6} .

For g = kiak, € G = KATK, write a = bc with b € B, c€ C.

Note that G contains some subgroups G; = V;xS; where V; ~ R? has a nontrivial
S;-action. According to Lemma 3.6, H, does not contains any V;-invariant vector. Thus,
by Proposition 3.10, the restriction 7|g, is weakly contained in the infinite sum of regular
representation colg,, hence 7|g is also weakly contained in colg. Therefore, one can
apply Proposition 3.9 and formulas (6) and (9) to get the following upper bound, where
K S = Kn S ;

| <7m(g)v,w>| = | <m(b)m(cks)v, m(k; w> |
< &s(b) Oy (m(cha)v) O (m (ke w)
= na(a) Ixg (m(k2)v) g (m (ki Hw)
< nela) 0k (v) ok (w) ,
because S and C' commute. &

3.6 Property T

Definition 3.11 One says that a continuous representation of a locally compact group G
i a Banach space B almost has invariant vectors if, one has
Ve >0, VC compact in G, Jv € B / ||[v|| =1 and Vg € C, ||gv—v| <e.
Such a vector v is called (e, C)-invariant.
One says that G has Kazhdan’s property T if every unitary representation of G which
almost has invariant vectors actually has nonzero invariant vectors.

The main motivation for this definition are the following three propositions, which are
essentially due to Kazhdan.

Proposition 3.12 (Kazhdan) Let G be a connected quasisimple real Lie group with
finite center. If rankg(G) > 2, then G has property T.

Proposition 3.13 Let I' be a lattice in a locally compact group G.
If G has property T, then T" also has property T.

Proposition 3.14 Let I' be a discrete group with property T'. Then
a) the group T is finitely generated,
b) the quotient T'/[T',T] is finite.

As a consequence of these three propositions, one gets the main result of this section.
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Corollary 3.15 Let ' be lattice in a connected quasisimple real Lie group with finite
center. Suppose that rankg(G) > 2. Then ' is finitely generated and I'/[I',T'] is finite.

Proof of Proposition 3.12 Let 7 be a unitary representation which almost has G-
invariant vectors. This means that for every ¢ > 0 and every compact C' of G, one can
find a (¢/2,C)-invariant vector v in H,. One may suppose that ¢ < 1 and that C' is
K-biinvariant, containing K and containing an element g with ng(g) < 1/2.

The average w := [ m(k)vdk is a K-invariant vector of norm ||w|| > 1/2 such that,
for all g in C, ||7(g)w — w| < /2. Hence the vector v’ := w/||w|| is K-invariant and
(¢, C)-invariant.

If H, does not have G-invariant vector, this contradicts the bound ¢,/ ,(g) < &(g) < 1/2
given by Theorem 3.7. &

Proof of Proposition 3.13 Let 7 be a unitary representation of I' which almost has
[-invariant vectors. We want to prove that it actually has a I'-invariant vector. For that
we will construct a representation o of G, the induced representation, and show that it
almost has G-invariant vectors.

Let p be the right Haar measure on G such that u(G/I') = 1. Note that, by conservation
of the volume, this measure is also left invariant. One can choose a Borel subset F' C G
such that the map m : F' xI' — G} (z,7) — z7y is a bijection. It is easy to choose F' such
that, for any compact C' of G, m~1(C) is relatively compact in G x I'. Let us write, for
g€ Gandzx € G,

m_l(gx) = (xg’gx) .

Define a representation o by

H, ={f:G — H,measurable |/ Vge G, VyeTl, f(g)=7()f(97)
and [ |1£(@), du < oo},

(g™ f)(x) = flgz) = m(g:) f ().

Let C be a compact of G and € > 0. Let F; C F be a relatively compact subset of GG
such that u(F—Fy) < €2/8, and T'; be the finite set Ty :={g, / g € C , x € F}}. Let
v € H, be a (¢/2,')-invariant vector and define f € ‘H, by f|r = v. This vector f is
(¢, C)-invariant, since one has the majoration, for all g in C,

lotg™)f = W, < [, tdu@)+ [ nl) ) — 7 dte)
< 224 (g/2)2 <.

Since G has property T', 'H, contains a nonzero G-invariant vector fy. This function is
almost always equal to a nonzero vector vy € H, which is then I'-invariant. &

Proof of Proposition 3.14 a) Consider the unitary representation of I" in the Hilbert
direct sum @ £2(T'/A) where A ranges over all finitely generated subgroups of I'. The
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vectors 0a € (2(T'/A) C H are (0, A)-invariant. Therefore, this representation almost has
invariant vectors. Property T implies that H' # 0, hence, for some A, (*(T'/A)' # 0,
['/A is finite and T is finitely generated.

b) Since I' is finitely generated, if the quotient I'/[I", I'] were infinite, there would exist
a surjective morphism I' — Z and Z would have property 7. However, the regular

representation of Z in ¢2(Z) almost has invariant vectors, v, := n~*/2 > 6k, but has no
0<k<n
invariant vector. Contradiction. %

3.7 Ergodicity

One of the main applications of the decay of coefficients is the ergodicity
of some flows on the quotients G/T" of finite volume.

Proposition 3.16 Let G be a connected semisimple real Lie group with finite center and
H be a closed subgroup of G whose images in the factors G/G; # 1 are noncompact. Let
[ be a lattice in G and v be the G-invariant probability measure on X := G/T.

Then the action of H on X is ergodic and mizing.

Remarks - ergodicity means that any H-invariant measurable subset A of X satisfies
v(A)=0or 1L

- mizing is a stronger property. It means that VA, B C X | hlim v(ANhB) =v(A)v(B).
- Note that the ergodicity of the geodesic flow or of the horocycle foliation for the associ-
ated locally symmetric space K'\G/T" is a special case of this corollary.

Proof Let A C X be a H-invariant measurable subset. Let 7 be the unitary representa-
tion of G in L3(X) := {f € L*(X,v) / [y fdv = 0}. One has L3(X)% = 0. The vector
va = 14 — v(A) is a H-invariant vector in L3(X). By Corollary 3.3, one has vq = 0.
Hence v(A) = 0 or 1. This proves ergodicity. Mixing uses the same proof with Theorem
3.2 and the equality

v(hANB) —v(A)v(B) =<m(h)va,vg>. &

Corollary 3.17 Let T be a lattice in a quasisimple real Lie group G and a € AT, a # 1.
Then, for almost all © € G/T, the semi-orbit {a™x , n > 0} is dense in G/T".

Proof The density of almost all quasi-orbits is a classical consequence of ergodicity: since
(/T is metrisable separable, it is enough to show that, for almost all open set O, the union
Un>oa~ "0 is of full measure. This follows from its a-invariance and from ergodicity. <

Remark The mixing speed can be estimated thanks to the uniform decay of coefficients
given in Theorem 3.7.
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4 Lecture on Boundaries

The aim of this lecture is to show how measurable I'-equivariant maps
between “boundaries” can be used to prove some algebraic properties for a
lattice I" in a higher rank simple Lie group G.

We will prove a theorem of Margulis which says that I' is almost simple,
i.e. any normal subgroup of I' is either finite or of finite index.

Note that the same tool is at the heart of the proof of the Margulis super-
rigidity theorem, but we will not discuss this here.

4.1 Amenability

Let us recall a few different equivalent definitions of amenability.

In this section G is a locally compact (metrisable and separable) space and p is a left
Haar measure on GG. Let

UCB(G) := {f € L™(C) / im sup () = f(@)] = 0}

be the set of bounded functions f : G — C which are left uniformly continuous.
A mean on L*>(G) or on UCB(G) is a linear form m such that
m(l) =1and (f > 0= m(f)>0).
Such a linear form m is real, i.e. m(Re(f)) = Re(m(f)) and continuous: |m(f)| < || f|lco-
Let 15 be the trivial representation of G in C, Ay the regular representation of G, and
ooAg the Hilbert direct sum of infinitely many copies of Ag.

Definition 4.1 (Godement, Hulanicki) A locally compact group G is amenable if it
satisfies one of the following equivalent properties.

(1) For every continuous action of G on a compact space X, there exists an invariant
probability measure on X.

(1') Same statement with X metrisable.

(2) For every continuous affine action of G on a compact convex subset A of a Hausdorff
locally convex topological vector space E, there exists a fixed point in A.

(2") Same statement with E metrisable.

(3) UCB(G) has a left-invariant mean.

(4) L*>°(G) has a left-invariant mean.

(5) LY(G) almost has left-invariant vectors.

(6) L*(G) almost has left-invariant vectors, i.e. 1¢ < Ag (see Definition 3.8).

(7) For every irreducible unitary representation m of G, one has mg < 00Ag.

(8) 1lg < c0Ag.

At first glance, these eight properties look quite different. After rereading them care-

fully, one realizes that all of them have to do with fixed points or almost fixed point of
some (G-actions.
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Using these definitions, one easily obtains the following examples:

Examples - The groups Z and R are amenable. Note that these two groups do not
have invariant probability measures. Examples of invariant means on L*>°(Z) are given
by taking limits with respect to some ultrafilter of Z. Invariant means are not unique.
Property (2) for Z is an old result of Kakutani, whose proof is the following sentence:
one can get a fixed point as a cluster point of the sequence of barycenters of the first n
points of an orbit of Z in A. Property (6) for Z has already been proven in the proof of
Proposition 3.14.

- A compact group is amenable: use property (6).

- An extension of two amenable groups is amenable: use property (2).

- A solvable Lie group is amenable.

- A noncompact semisimple real Lie group is not amenable: property (1) is not satisfied
since the action of G on G/P does not have any invariant probability measure.

The main tools in the proof of these equivalences are those provided by classical func-
tional analysis.

Let us prove (1) & (1') & (2) < (2).

(1') = (2') The barycenter of a G-invariant probability measure on A is a fixed point.

(2") = (1) Let F := C(X) = {continous functions on X}, E := F* = M(X) = {bounded
measures on X} and A := P(X) = {probabilities on X} C E. The action of G on
A is continuous and affine. Here E is not assumed to be metrisable but, since G is
separable, one can write F' = UF, where the F,, are the separable closed G-invariant
vector subspaces of F. For all a, let p, : E — FX be the restriction map from F' to F,.
Since F} is metrisable, G has a fixed point in p,(A). The intersection of the family of
nonempty compact sets A, := {a € A / po(a) is G-invariant} is also nonempty. It is the
set of fixed points of G in A.

(1) = (2) Same as (1') = (2’) but without the metrisability hypothesis.

(2) = (1') Same as (2') = (1) but easier.

Let us prove the equivalences of (3) and (4) with the previous ones.

(2) = (3) The action of G on UCB(G) by left-translations, given by 7(g)f(z) := f(g 'x),
Vf € UCB(G), VYg,z € G, is continuous. Hence the action on the set A of means
on UCB(G) is also continuous. This set is closed, convex, and bounded, hence weakly
compact. Any fixed point of this action is an invariant mean.

(3) = (4) First recall a few basic definitions and properties of convolution.

For v € P(G), F € L>*(G), f € UCB(G), a € C.(G) and = € G, one has
vxF () = Jo Fly~a)dv(y)
ax f(x) = [galy)f(y 'z)du(y).
Recall that one has vxF' € L>®°(G) and axF' € UCB(G). Moreover, for any approximation
of identity 3, € C.(G), the sequence (3, x f converges uniformly to f. One has also similar
statements with F'x a and f % (3,.
We will show the following assertion.
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Lemma 4.2 [If UCB(G) has a left invariant mean m, then there ezists an invariant
mean m on L®(QG) such that Yo € C.(G) satisfying [, adu =1, VE € L>®(G), one has
m(a* F)=m(F).

Proof First notice that, since a x f is a uniform limit of averages of translates of f, one
has m(ax f) = m(f) for any f € UCB(G). Then fix an element oy € C.(G) such that
Jo «odp =1 and define a mean m on L>*(G) by m(F) = m(ag * F'). One computes

m(axF) = liglm(ao*oz*F*ﬁn):lignm(F*ﬁn):lirrbnm(oco*F*ﬁn)
= m(ag* F) =m(F).

Now we deduce from this the invariance of m. Define as above 7(g)F : z — F(g 'z),
note that a*m(g)F = a,* F where ay(z) := A(g)'a(xg™"), here A denotes the modulus
function. Compute

m(m(g)F) = m(axn(g)F) = m(ag x F) = m(F). &

(4) = (1) Let m be an invariant mean on L*(G). Fix a point 7o € X and associate to
any function i € C(X) a function h € L*(G) defined by h(g) = f(gxo). The formula

w(h) = m(h) then defines a G-invariant probability measure on X.

Let us prove the equivalence of (5) with the previous properties.
(3) = (5) Recall that L>(G) ~ L'Y(G)*, and denote by ¢ — m, the natural injection of
LY(G) in the dual of L*(G) given by my,(F) = [, ¢Fdu. Let

P(G):={p e L'(G) /¢ >0 and /chd,u =1}

Let us first show that P(G) is weakly dense in the set of means on L>°(G). To that
purpose, notice that, if we endow L>(G)* with the weak topology, its dual is L>*(G). If a
mean m was not in the weak closure of the convex set P(G), the Hahn-Banach theorem
would give an element F' € L>°(G) such that m(F) > £ where £ := sup,cp(q) Jo pFdpu is
the essential sup of F. Contradiction with m(¢ — F') > 0.

Choose a mean m on L*(G) as in Lemma 4.2. Let ¢; € P(G) be a filter such that m,,
converges to m. Note that, since L>°(G)* is not metrisable, one has to use filters instead
of sequences. From the equalities M., (F) = my, (@’ x F)) where o/(g) = A(g)'a(g™),
one deduces that

a*@; —@; weakly converges to 0 for all a € C.(G) satisfying [ adp = 1.

Let us show that one can choose @; such that this convergence is strong. Let [1, L*(G)
be the product of infinitely many copies of L'(G) indexed by all the test functions o whose
integral equals 1. Its dual is the direct sum @©,L®(G). Let T : L'(G) — I, L' (G) be
the linear map defined by T'(¢)s := ax ¢ — .

We have shown that 0 belongs to the weak closure of the convex set T'(P(G)). The
Hahn-Banach theorem implies that the weak closure of a convex set is equal to its strong
closure. Hence there is a filter, still denoted by ¢; € P(G), such that,

llae* @; — ;|| 1 converges to 0 for all a € C.(G) satistying [ adyp = 1. (10)
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Let e > 0 and C' be a compact of G. Recall that we want to find an element ¢ € P(G)
such that, for all g € K, one has ||7(g)p — ¢||11 < e. Let us fix 8 € P(G), we will show
that a suitable ¢ := 3% ¢; works.

By continuity of the left translation in L'(G), there exists an open neighborhood U of
e in G such that for all y € U, one has ||7(y)8 — Bl < /3.

Let us choose a covering of C' by finitely many translates 1, . .., z,U. Thanks to (10),
one can find j such that, ||(7(z;)8) x ¢; — @il <e/3,Vi=1,...,n. Writing g = x;y
with ¢+ <n and y € E, one gets
[7(9)e — ¢l
< |[(mw(ziy)B) + @i — (w(2:)B) + sl v + | (w(2:)B) * 5 — @5l + llv; = B+ 5l
< Wr()B) * 05 — B % pyll s + 253 < lw)B - Blls oy s +26/3 < e

(5) = (4) By asumption, there exists a sequence p; € L'(G) such that ||¢;]|z: = 1 and,
Vg € G, jlirgo lm(9)¢;—¢jllLr = 0. Replacing ¢; by |¢;|, one may suppose that ¢; € P(G).

Since the set of means on L>(@G) is closed and bounded, it is weakly compact. Any cluster
value m of the sequence ; is an invariant mean since, VF € L*(G), one has

m(m(g)F ~ F)| = lim|my, (e(9)F = F) = lim | [ ((g7)ps — 3) Fil
< Tl Fllulin(s™)es — eilln =0

Let us prove the equivalence of (6), (7) and (8) with the previous properties.

1

(5) = (6) If ¢ is a vector of L'(G) of norm 1 such that ||7(g)e — |1 < e, then ¥ := |p|2
is a vector of L?(G) of norm 1 such that ||7(g)y — ¥||2 <e.

(6) = (5) If 4 is a vector of L?(G) of norm 1 such that ||w(g)w — ||z < €, then ¢ := ||
is a vector of L!'(G) of norm 1 such that, by Cauchy-Schwarz:

Im(9)e = el < [lm(g)[9] + [Pl (|7 (g)[9] = [¢]]l 2 < 2e.

(6) = (7) The operator U : L*(G) ® H, — L*(G,H,) given by U(¢) @ v)(x) = ¢ (z)m(x v
defines a unitary equivalence between \g ® 7 and the representation of G in L*(G, H,)
given by (g F)(x) = F(g~'z) which is equivalent to dim(H,) Ag. Therefore, if 14 is weakly
contained in Ag, then 7 = 1 ® 7 is weakly contained in A\g ® 7 hence in 0o A\g.

(7) = (8) Clear.

(8) = (4) Let us first show that the function 1 € L*(G) belongs to the weak closure of the
set C of coefficients ¢y of functions ¢ € L*(G), such that ||¢||r2 = 1. Our hypothesis
means that, for all € > 0 and all compact C of G, there exists a sequence 1; € L*(G)
of elements of norm 1 and a sequence a; € C such that 3, |a;|> = 1 and, for all g € C,
11— 2, |ai?ey, 4;(9)| < e. Hence the function 1 belongs to the weak closure of the closed
convex hull co(C) of C. But the function 1 is an extremal point in the unit ball of L>(G).
Hence it is also an extremal point of co(C). Such a point belongs to the weak closure of
C (this almost means 15 < Ag but not quite).

In other words, we have found a sequence v¢; € L*(G) with [[¢);]|z2 = 1 such that the
sequence of elements of L®(G) given by g — |7(g)Y; — ¢,z weakly converges to 0.
Let ¢; := |[¢;|* € L'(G). The same argument as (6) = (5) shows that the sequence of
elements of L>°(G) given by g — ||7(g)¢; — ¢jl| 1 weakly converges to 0. This hypothesis
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is enough to follow the arguments of the implication (5) = (4). Therefore, every mean m
in the closure of the sequence m,,; is G-invariant. &

4.2 The normal subgroup theorem

The following theorem is the aim of this lecture.

Theorem 4.3 (Kazhdan, Margulis) Let G be a real linear quasisimple Lie group. If
rankg (G) > 2, then any lattice T in G is quasisimple, i.e. every normal subgroup N of T’
is either finite or of finite index.

Remark This theorem is still true for G semisimple if the lattice I' is irreducible. But
the following proof has to be modified when G has a factor of real rank 1.

Sketch of proof of Theorem 4.3 The main idea hidden behind the proof of this
theorem is to consider the o-algebra M (Y)Y of N-invariant Borel subsets of Y := G/ P,
modulo those of measure zero. Since N is normal in I', this o-algebra is I'-invariant. One
first proves that any I'-invariant o-algebra of G/P is the inverse image of the o-algebra
of all Borel subsets on G/ P’ for a bigger group P’ D P (Theorem 4.5 and Lemma 4.6).

When 9(Y)¥ is non trivial, i.e. when P’ # G, the group N acts trivially on G/P’ and
N is in the center of G.

When (Y)Y is trivial, one shows that I'/N is amenable. For that purpose, one con-
structs, for every continuous action of I'/N on a compact metrisable space X, a boundary
map, i.e. a measurable I'-equivariant map

d:G/P— P(X).

Since M(Y)¥ is trivial, such a boundary map must be constant. Its image is a I'/N-
invariant probability measure on X, which proves the amenability of I'/N. Using property

T, one deduces that I'/N is finite.
The detailed proof will last up to the end of this lecture.

4.3 The boundary map

Starting from an action of I' on a compact space X, one constructs a
boundary map.

Proposition 4.4 (Furstenberg) Let I be a lattice in a semisimple Lie group G acting
continuously on a compact metrisable space X and P be a minimal parabolic subgroup of
G. Then there exists a measurable I'-equivariant map ® : G/P — P(X).

- Recall that we set C(X) := {continuous functions on X}, M(X) := {bounded mea-
sures on X } and P(X) := {probabilities onX }.

- We endowed implicitly G/P with a G-quasiinvariant measure, for instance a K-
invariant measure.
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- Measurable means that for every Borel subset E of the compact metrisable space
P(X), the pullback ®'(E) is measurable in G/P i.e. equal to a Borel subset of G/P up
to some negligeable set.

- I'-equivariant means that for all v in I' and almost all x in G/P, one has ®(yz) =
v (z).

- The map @ is called boundary map, since G/P may be thought of as a boundary of
the symmetric space G/ K.

Proof Let F' := LL(G,C(X)) be the space of I'-equivariant measurable maps f : G —

C(X) such that ||f|| := /F\G |/ (9)|lodg < 00. Let E := L¥(G, M(X)) be the space of

bounded, I'-equivariant, measurable maps m : G — M(X). The duality

<m, f>i= /F\G <ml(g), f(g)> dg

gives an identification of F with the continuous dual of F', because if Y is a fundamental
domain of T in G, one has F ~ L'(Y,C(X)) and E ~ L*>(Y,C(X)*) ~ F*. The subset
A = L¥(G,P(X)) C E is convex, closed, and bounded, hence weakly compact. Right
translation on G induces continuous actions of G on F, E, and A.

Since P is a compact extension of a solvable group, it is amenable and hence has a fixed
point ® in A. This point ® is the required measurable map, since a P-invariant element
of F is almost surely equal to a measurable function which is constant on the orbits of P.

O

4.4 Quotients of G/P

For every measured space (Z, u) where p is a o-finite measure, one denotes by 9(Z) =
M(Z, 1) the o-algebra of measurable subsets of Z modulo those of measure zero. In other
words,

M(Z) ~{feL>(2)/ f = [}

Theorem 4.3 will be a consequence of the following theorem which we will prove in the
following sections.

Theorem 4.5 (Margulis) Let G be a quasisimple Lie group of real rank at least 2, T’
a lattice in G, P a minimal parabolic subgroup and M C M(G/P) a I'-invariant sub-o-
algebra. Then M is G-invariant.

Remarks - This theorem is still true for G semisimple if the lattice I" is irreducible.

- Note that, by Proposition 3.16, the action of T' on G/P is ergodic, i.e. any I'-invariant
Borel subset of G/ P is of zero or full measure. Theorem 4.5 is a far-reaching extension of
this assertion.

- When rankg (G) = 1, any cocompact lattice I" in G contains an infinite normal subgroup
N such that T'/N is not amenable. In this case the o-algebra 9 (G/P)" is I-invariant
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but not G-invariant. The younger reader will check the existence of N when I' is the m;
of a compact surface, noting that such a group has a nonabelian free quotient. The more
advanced reader will notice that this property is true for any Gromov hyperbolic group.

The following lemma, which is true for any separable locally compact group G, empha-
sizes the conclusion of Theorem 4.5.

For a closed subgroup H of G, the o-algebra (G /H) can be identified with the o-
algebra M (G, H) of Borel right H-invariant subsets of G.

Lemma 4.6 For every left G-invariant o-subalgebra of M(G), there exists a closed sub-
group H of G such that M = M(G, H).

Remark For all closed subgroups Hy, Hy C GG, one has the equivalence
H, C Hy <— m(G, H1> D) SITZ(G, HQ)
Therefore, the o-algebra generated by MM(G, Hy) and M(G, Hs) is M(G, Hy N Hy).

Proof of Lemma 4.6 Let 2 := L>®(G,9) C L*°(G) be the subspace of 9-measurable
bounded functions. Recall the topology of convergence in measure on L>®(G), i.e. the
topology of uniform convergence outside a suitable subset of arbitrarily small measure.
The sets

Oce(f) ={g9 € L=(G) / u{x € C [ |g(z) - f(z)| > ¢) <<},

for C' C G of finite measure and € > 0, constitute a basis of neighborhoods of an element
f € L>(G). Let Qg := Q2N C(G). One checks successively that

- Qs closed in L*(G) for the convergence in measure;

-V € C(G), Vf €, px f € Qo

- €y is dense in €2 for the convergence in measure.

For xz in G, the closed subgroup H, := {h € G / f(zh) = f(z) Vf € Qo} does
not depend on = because 9 is G-invariant. Let us write H := H,. By definition, €2
is a subalgebra of C(G/H) which is closed for the topology of uniform convergence on
all compacts and which separates points. The Stone-Weierstrass theorem shows that
Qo ~ C(G/H). Hence, one has Q = M(G, H). O

Proof that Theorem 4.5 implies Theorem 4.3

First case: I'/N is amenable. Since rankgG > 2, G has property T. By Proposition
3.13, I' and its quotient I'/ N also have property 7. But an amenable group with property
T is compact, because, since the regular representation must have an invariant vector, its
Haar measure is finite. Thus I'/N is finite.

Second case: I'/N is not amenable. There exists a continuous action of I'/N on a
compact metrisable space X with no invariant probability measure. By Proposition 4.4,
there exists a measurable I'-equivariant map ¢ : G/P — P(X) which is not essentially
constant.

39



Let M := {®1(A) / A Borel subset of P(X)} modulo the subsets of measure zero.
This o-algebra 9t on G/P is T-invariant and all M € 9t are N-invariant. By Theorem
4.5 and Lemma 4.6, there exists a subgroup P’ # G such that 9t = M(G, P’'). But then
all the Borel subsets of G/P’ are N-invariant, hence the action of N on G/P’ is trivial
and N is included in the center Z(G) := ﬂ gP'g7! of G, since G is quasisimple. &

geG

4.5 Contracting automorphisms

The proof of Theorem 4.5 relies on the following proposition, which will
be proved in the next section.

Proposition 4.7 Let H be a separable locally compact group, ¢ : H — H a contracting
automorphism and E C H a measurable Borel subset.
Then, for almost all h in H, one has the following convergence in measure:

{H if hE>e,

i e (hE) =9 g it hE Fe .

n—oo
Remarks - Contracting means that any compact of H can be sent into any neighborhood
of e by ¢" if n is sufficiently large.
- Convergence in measure means convergence in measure of the characteristic functions.
- To get some feeling of what happens, think of the extreme cases when hE contains or
avoids a neighborhood of e.

Let us keep the notations of Section 3.3 and set L, = U~ N Ly, so that one has
U~ =U, L,. For every subset EE C U™, let us set

bo(E) = Uy (EN Ly).

Corollary 4.8 Let a € AT, 0 .= {a €1l / a(a) = 1}, and M C U~ be a Borel subset.
Then, for almost all uw in U™, one has the following convergence in measure on U~ :

lim a™"uMa" = hy(u).

Proof Since we can replace M by ¢M for ¢ in L, , it is enough to prove this assertion for
almost all u in U, . Let M, := M N Uy, { be the fibers of the projection of M on L, .
By definition, conjugation by a is a contracting automorphism of U, . By Proposition
4.7, for all £ in L, and almost all w in U, , one has
lim (¢ "uMa"), = (Yg(udl)),

n—oo

for the convergence in measure on U, . Hence, for almost all v in U, , this assertion is true

for almost all £ in L, . For such a u, Fubini’s theorem and Lebesgue’s dominated conver-

gence theorem allow us to conclude that lim a ™ "uMa"™ = ¢y(uM) for the convergence in
n—oo

measure on U, . &
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Corollary 4.9 Let M be a I'-invariant sub-o-algebra of M(G/P), M € M, and § C 11,
with @ # 11. Then, for almost all u in U™, one has gig(uM) € M for all g in G.

Corollary 4.9 is an important step towards Theorem 4.5. It allows us to construct,
in any I'-invariant o-algebra 9t C 9MM(G/P), a G-invariant sub-c-algebra My C M. To
have a chance for this o-algebra 91, to be non trivial, we will need to find # C II with
() # 0 # 11, because for every Borel subset E C G/P, one has 1y(E) =0 or G/P.

This explains the higher-rank hypothesis in Theorem 4.5.

To prove this corollary, will need the following lemma

Lemma 4.10 Let T’ be a lattice in a quasisimple real Lie group G and let a € AT, a # 1.
Then, for almost all w € U™, the semi-orbit {Tu™'a™ , n > 0} is dense in I'\G.

Proof of Lemma 4.10 This lemma is a consequence of Corollary 3.17, after exchanging
right and left. However, one needs one more argument because the “almost all” statement
is relative to the Lebesgue measure of U~. For this, just notice that U~ P is of full
measure in GG, and that for any p € P, since the limit ¢ := 7111330 a”"pa" exists, one has the

equivalence: ({T'ua™, n > 0} is dense) <= ({T'upa™ , n > 0} is dense). &

Proof of Corollary 4.9 Let a € A" such that one has § = {« € I / a(a) = 1}. Since
0 # 11, one has a # 1. According to point (4) of Section 3.3, one has an identification
MU~) ~ M(G/P). We will prove that the assertion is true for all u satisfying the
conclusion of Corollary 4.8 and Lemma 4.10.

Let g be in G.One can write g = zlggo gi, where g; = 7,,u"ta", with v,, € T and
n; — 00. By Corollary 4.8, the Borel subsets a ™™ uM = a ™ uMa™ converge in measure
to e(uM). Hence v, M = g;a ™ulM converges in measure to gyg(ubl). Since 7, M
belongs to M, for all i, gig(uM) also belongs to M. O

Proof that Corollary 4.9 implies Theorem 4.5 Let 6; be a minimal subset of Il such
that 9t D M(G/ Py, ). Suppose that this is not an equality. Since Py, is generated by the
Pyoy for a € 0y, there exists o € 0; and a subset M € 901 which is not right L{_a}—invariant.
This means that the set

W={ueU” /uMnLy, and (uM)°N Ly, are not negligeable in L, }

is of nonzero measure in U~. Since rankg(G) > 2, one has {a} # II and one can find
such a u which also satisfies the conclusion of Corollary 4.9. Hence the o-algebra 901,
generated by the subsets gi(oy(uM) is a sub-o-algebra of 9.

By construction 9, is G-invariant. According to Lemma 4.6 and to point (2) of Section
3.3, there exists a subset 6 C II such that My = IM(G/Py,). Since My contains a non
L{_a}—invariant subset, « is not in #3. According to Lemma 4.6, the o-algebra generated
by M(G/Py,) and IM(G/Py,) is M(G/Fy,) where 63 = 6, N Oy. This contradicts the
minimality of 6. &

41



4.6 The Lebesgue density theorem

The proof of Proposition 4.7 relies on a generalization of Lebesgue’s density
points theorem. Instead of working with small Euclidean balls associated to
distances, one works with small balls associated to b-distances.

Definition 4.11 A b-distance on a space X is a map d : X x X — [0,00] such that
Voyze X, day)=0ez=y , day) =dyx), and d(z,z) <b(d(z,y)+d(y, 2)).

- In this case, one says that X is a b-metric space. Then, there exists a topology on
X for which the balls B(z,¢) :== {y € X / d(z,y) < €}, where € > 0, form a basis of
neighborhood of the points x.

- One has the inclusion B(x,¢) C B(z,be).

- For each subset Y of X, let B(Y,¢) := Uyey B(y, €) be the e-neighborhood of Y, and
6(Y) = sup, ey d(z,y) be the diameter of Y.

Example Let ¢ be a contracting automorphism of a locally compact group H. It is easy
to construct a compact neighborhood C' of e such that C' = C~! and ¢(C') C C. Choose
N > 1 such that ¢ (C?) C C and define, for x,y € H,

de(x,y) = 27¢@Y) where ne(z,y) =sup{n € Z | z 7'y € ¢"(C)} .
This d¢ is a left H-invariant 2V-distance on H.

Let (X, d) be a locally compact b-metric space and p be a Radon measure on X, i.e. a
Borel measure which is finite on compact sets. One says that X is of finite yu-dimension
if for all z € X and ¢ > 0, one has u(B(z,€)) > 0 and, for all ¢ > 1,

sup @,u (B(I,ce)) /i (B(x,e)) <00 .

zeX €

Note that if one checks this property for some ¢ > 1, it is true for all ¢ > 1.
Let £ C X be a measurable subset. A point x € E is called a density point if

lim 4 (B(z,e)NE) /u(Blz,e)) = 1.

Theorem 4.12 (Lebesgue) Let (X,d) be a locally compact b-metric space which is of
finite p-dimension for a Radon measure pw on X, and let E be a measurable subset of X .
Then p-almost every point of E is a density point.

Proof that Theorem 4.12 implies Proposition 4.7 Let u be a left Haar measure
on H. The b-metric space (H,d¢) of the above example is of finite y-dimension, because
for all h € H, one has B(h,27") = h¢™(C). Theorem 4.12 with € = 27" implies that, for
almost every h in £ 1,

lim (b~ ™(C) N E)/u(h™"(C)) = 1.

n—oo

42



But the automorphism ¢ sends the Haar measure on one of its multiples. Hence
lim p(CN " (W) /(C) = 1.

This is true for an exhausting family of compact sets C. In other words, ¢ "(hE)
converges in measure to H.

The same discussion with E¢ shows that for almost all 4 in (E¢)™!, o™"(hE) converges
in measure to (. ¢

To prove Theorem 4.12, we will need the following two lemmas.

Lemma 4.13 Let (X,d) be a compact b-metric space, Y C X, and F be a family of
closed subsets of X such that, for every x € X, there exists a closed set F' € F containing
x whose diameter is nonzero but arbitrarily small.

Then, either Y is included in a finite disjoint union of elements of F, or there exists a
sequence (Fy,)n>o of disjoint elements of F such that for alln > 1,

Y € U UF, U (UpsnB(F,3b0(F))) -
Proof By induction, if Fi,..., F; have been chosen and do not cover Y, the set
Fr={FeF/Vi<k, FNB(F,JF)) =0}

is nonempty. Let &4 := suppcz, 6(F), and choose Fjy1 € Fy such that 0(Fry1) > 26:/3.

It is clear that one has limy e, = 0. Indeed, if this was not the case, there would be a
sequence of points py, € Fj such that d(p;,p;) > 2¢;/3 Vi < j and this would contradict
the compacity of X.

Let us show, by contradiction, that this sequence satisfies the required properties. Let
y be a point of Y which is not in Fy U--- U F, U (UgsnB(Fk,3b0(F))) . There exists
F' € F, with nonzero diameter that contains y. Let us show by induction on k£ > n that
F belongs to Fy. In fact, one has

B(F,6(F) C B(y,2b6(F)) C By, 2bex) C B(y,300(Fir1)) -
We chose y in such a way that this last ball does not meet Fjy;,. Hence B(F,§(F))NFy41 =
() and F € Fjyq. Therefore one finds e, > 6(F) > 0 V& > n. Contradiction. O

Let us now suppose again that (X, d) is a locally compact b-metric space and that p is
a Radon measure on X.

A Vitali covering F of a subset Y of X is a covering of Y by closed subsets of X of
non-zero measure such that 3A > 1, Vy € Y, dF € F such that

y € F , 0(F) is arbitrarily small and pu(B(F,3b0(F)))/pu(F) < X.

Lemma 4.14 (Vitali) With these notations, for any Vitali covering F of a subset Y
of X, there exists a sequence (Fy,)n>o of disjoint elements of F such that

pY — | F,)=0.

n>0
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Proof First suppose that X is compact. Let (F,),=0 be the sequence of elements of F
given by Lemma 4.13. One has,

p(V = U Fio) < p( U B(F,3b0(Fr)) ) <A Y u(Fr) =0,

k<n k>n k>n

for n — oo, because Y, u(Fy) < u(X) < oo. Therefore, one has u(Y — U, Fn) =0 .
When X is only locally compact, one constructs, using a proper continuous function
f: X — [0,00), a sequence of disjoint open relatively compact sets X; such that u(X —
Uis0 Xi) = 0 . One then applies the previous argument to each subset Y N X; of the
compact X;, and to the covering F; := {F € F /| F C X;}. O

Proof of Theorem 4.12 Let

B; == {z € E/lim u( B(x,e) N E)/u( B(x,e)) < =2}

(2

It is enough to prove that Vi, u(B;) = 0. To that purpose, let us choose a sequence
(U;)j>0 of open subsets of X containing £, such that lim p(U;—FE) =0, and let
j—o0

F9:={B(z,e)/x € E, ¢>0, B(zx,e) CU; and p( B(z,e) N E)/u( B(z,e)) < =1}

Since X is of finite y-dimension, the family F% is a Vitali covering of B;. Hence, there
exists a sequence (F7),~o of disjoint elements of F* such that pu(B; — U,so F¥) =0 .
But then

p(Bi) < Y EY) < iy u(F—E) < ip(U;—E)

n>0 n>0

for all j. Hence u(B;) = 0. &
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5 Lecture on Local Fields

Local fields are an important tool for discrete groups. For instance, they
are a decisive ingredient in the proof of the Tits alternative or of the Margulis
arithmeticity theorem. We will not discuss these points here. Instead, we
will show how local fields allow us to understand a larger class of groups than
arithmetic groups, the so-called S-arithmetic groups.

These groups happen to be lattices in locally compact groups G which are
products of real and p-adic Lie groups. Moreover, many theorems for lattices
in real Lie groups can be extended to lattices in such groups G with a very
similar proof. In fact, the main property of R used in these proofs was “locally
compact field” and not “archimedean field”.

Hence, this lecture will be a rereading of the proofs of the previous chapters.

As a by-product of this point of view, we will construct cocompact lattices
in SL(d, L), where L is a p-adic field, and we will see that when d > 3, such
lattices have property 7" and are quasisimple.

5.1 Examples

Here, as in Section 2.1, we give a few explicit examples of lattices.

Let p, p1, p2 be prime numbers, and d > 2 , m > 1 be integers such that m is prime to
p and —m is a square in Q, and set o the involution of Q[y/—m]. Let I; be the d x d
identity matrix.

In the following examples, the embedding of I' is the diagonal embedding.
Example 1 The group I' :== SL(d, Z[}%]) is a noncocompact lattice in SL(d, R) x SL(d, Q,).
Example 2 The group T := {g € SL(d,Z[ﬁ]) / gtg = 14} is a cocompact lattice in
SO(d,Q,,) x SO(d,Q,,), when d > 3.

Example 3 The group I' :== {g € SL(d,Z[\/;T”]) / gtg° = 1;} is a cocompact lattice in
SL(d,Q,).

Example 4 Let L be a finite extension of Q,. One can choose a totally real algebraic
integer a over Z of degree [L : Q,] such that L = Q,[a]. The group

I':={g € SL(d, Z|«, @]) / gtg° = I4} is a cocompact lattice in SL(d, L).

Example 5 Using the two square roots of —m in Q,, the group
I' := SL(d, Z[@]) is a noncocompact lattice in SL(d,C) x SL(d,Q,) x SL(d,Q,).

Example 6 Let F,((t)) be the field of Laurent series over F,. The group
I := SL(d,F,[t™ ") is a noncocompact lattice in SL(d,F,((t)).
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We will give a proof for Examples 1 to 4. The proof for the last ones is similar.

5.2 S-completions

Let us recall a few definitions related to the completions of Q.

S-completions For p prime, let Q, be the p-adic completion of Q for the absolute value
|.|p such that |p|, = p~'. Let Z, := {z € Q, / |z|, < 1} and let g, be the Haar measure
on Q, such that y,(Z,) = 1.
For p = 00, let Q4 := R be the completion of Q for the usual absolute value |.|,, such
that |2|e =  when = > 0, and o, be the Haar measure on Q,, such that p([0,1]) = 1.
The Q,, for p € V := {p € N, prime} U {oc}, exhaust all the completions of Q.
Moreover, for x in Q*, one has the product formula

Hp |x|17 = 1
For S C V, let
Zg = Z[(%)PGS—OOL Qg = H Q, and Qg:={reQg/ H |plp = 1}
peS peS

The ring Zg is a subring of the field Q. The field Q will be seen as a subring of the ring
Qg via the diagonal embedding. When §'is finite, the ring Qg is locally compact.

Lemma 5.1 Let S be a finite subset of V containing oo. Then
a) Zs is a discrete, cocompact subgroup of Qg;

b) 2% is a cocompact lattice in Q;

c) for any S" C S with S" # S, Zs is dense in Qg .

Example For p prime, the group Z[%] is discrete, cocompact in R x Q,, and dense in
both R and Q,.

Proof a) Let Og := R x H Z,. One has Og + Zs = Qg and Og N Zg = Z.
peS—00
b) Let Us :=R* x [[ Z). One has UsZg = Qg and Us N Zg = {£1}.
pES—00
c) Exercise. &

Adeles and ideles The language of adeles is a way to deal with all completions of a
number field which is more concise and efficient than the S-arithmetic one. For instance,
it will allow us to say in a simple way that the cocompactness and density in Lemma 5.1
are uniform in S. For our purposes, the concept of adeles can be avoided and the reader
may forget the following paragraph.

Let A = Ag be the ring of adeles of Q. It is the restricted product of all Q,. More
precisely, for a finite subset S C V,

AS)={zeJ[Q,/Vp&S, |zyl, <1} and A:= | A(S).

peV S finite
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The rings A(S) are endowed with the product topology and A is endowed with the in-
ductive limit topology. The ring A of adeles is locally compact. We denote by pu its Haar
measure whose restriction to the A(S) is the product measure of y,,.

The subring A(oco) is the ring of integral adéles. The field Q embedded diagonally in A
is the subring of principal adéles.

The group of ideles is the multiplicative group I = A* endowed with the topology
induced by the embedding T — A x A ; x> (2,27 !). The group I is locally compact. It
contains the subgroup of integral idéles I(c0) := A(00)*, the subgroup of principal idéles
Q*, and

I°:={xel/|z|=1}, where |z|= H |Zplp -

peV

The following lemma is a stronger version of Lemma 5.1.

Lemma 5.2 a) Q is a discrete cocompact subgroup of A.
b) Q™ is a cocompact lattice in 1°.

c) For any p € V, Q is dense in A, := A/Q,.
Proof a) One has A(co) + Q = A and A(co) NQ = Z.

b) One has I(c0) Q* =T and I(co) N Q™ = {£1}.

¢) For p = 0o, Z is dense in [ Z,. For p < oo, Z[}D] isdense in R x [[ Z. O

L#00 0+#p,00

Remark There is a similar construction for any number field £ using all the absolute
values v of k: Ay is the restricted product of all the completions k,. We will not develop
this important point of view here, since thanks to Weil’s restriction of scalars we will
mostly work with the field £ = Q.

5.3 The space of lattices of Q%

In this section and the next one, we extend the results of lecture 2 to
the S-arithmetic setting. The proofs are almost the same and will be only
sketched.

Here is the extension of Proposition 2.1

Proposition 5.3 a) The group SL(d,Zs) is a lattice in SL(d, Qg).
b) The group SL(d, Q) is a lattice in SL(d, A).

For every prime number p, the group G, := SL(d, Q,) admits an Iwasawa decomposition
Gp = K,A,N,, where K, .= SL(d,Z,) , A, := {g = diag(p™,...,p"™) € G,}, and
N, :={g € G, / g—1is strictly upper triangular}, recalling the Iwasawa decomposition of
SL(d,R) seen in Section 2.2. One also gets, for the group Gg, := GL(d, Qg), an Iwasawa
decomposition Gg, = K% A% N@s. We introduce again
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A% = {a € A% [ |a;;| < slai1i1a|, fori=1,...,d—1}, for s > 1,
N2 :={ne N /|n,| <t,forl1<i<j<d}, fort>0. We define the Siegel
domain S;@f ‘= K% A% N2 and set Gz, = GL(d, Zs).

Similarly, the group G = GL(d, A) admits an Iwasawa decomposition G = K* A N4,
We define in the same way the Siegel domain SZ, := K*ALN{* and set Gg = GL(d, Q).

Lemma 5.4 For s > %, t>1 one has Gg, = S(SEGZS and Gy = S%,Gy.

Proof Same as Lemma 2.2. Just replace the norm on R? by the canonical norm on Qfé or

A?, which is the product |[v|| = [T, ||v|, of the canonical local norms ||wl|, := sup; |w;],
for p < 0o and ||w||e = (X; w?)2. Note that, for all z € Qg or A, there exists y € Q
such that, for all p < oo, |z, —y|, <1 and |24 — Yl < 3. %

Proposition 5.3 is now a consequence of the following lemma, whose proof is the same
as Lemma 2.3. Let Rey := Soy NSL(d, Qg) and R%, := S%, N SL(d, A).

Lemma 5.5 a) The volume of Rgf in SL(d,Qg) for the Haar measure is finite.
a) The volume of R%, in SL(d, A) for the Haar measure is finite.

The set X9s of lattices (i.e. discrete, cocompact subgroups) in QdS is the quotient space
X9 .= Gg,/Gzs. For any lattice A of Qf, one denotes by d(A) the volume of Q%/A. It
is given by the formula d(A) = |det(fi,. .., fa)| for any Zg-basis (fi,..., f4) of A.

Similarly X* := G4/Gq is the set of lattices A in A and the covolume d(A) is given
by the same formula.

We still have Hermite’s bound and Mahler’s criterion with the same proofs.

a—1

Lemma 5.6 Any lattice A in Q% or A? contains a vector v with 0 < [jv|| < (3)7 d(N)a.

Proposition 5.7 A subset Y C X or X* is relatively compact if and only if there exist
constants o, 3 > 0 such that for all A € Y, one has d(A) <[ and infyep ollv|| > .

5.4 Cocompact lattices

Let G C GL(d,C) be a Q-group. Note that G, and G are well-defined
and locally compact groups in which the respective subgroups Gz, and G,
are discrete. We want to know when these subgroups are cocompact.

Godement’s criterion remains the same.

Theorem 5.8 (Borel, Harish-Chandra) Let G be a Q-group. Then one has the equiv-
alence:
Gog/Gzg is compact < Gu/Gq is compact < Gr/Gz is compact < G is Q-anisotropic.
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When G is semisimple, the proof is the same as in lecture 2, we just have to replace
the intermediate lemmas and propositions by the following ones.

Lemma 5.9 Let G C H be an injective morphism of Q-groups. Suppose that G has
no nontriwvial Q-character. Then the injections Go,/Gzs — Hoy/Hzg and Gy/Gg —
Hy/Hg are homeomorphisms onto closed subsets.

Lemma 5.10 Let Vi be a Q-vector space, V = Vu®RC, G C GL(V) a Q-subgroup without
nontrivial Q-characters. Suppose there exists a G-invariant polynomial P € Q[V] such
that

YoeVy, Po)=0<=v=0.
Then the quotients Go,/Gzg and Ga/Gg are compact.

Lemma 5.11 Let ¢ : G — H be a Q-isogeny between two semisimple Q-groups. Then
a) the groups ¢(Gz) and Hy, are commensurable;
b) the induced map Ga/Go — Ha/Hg is proper.

Corollary 5.12 a) In Evample 5.1.2, T' is cocompact in SO(d,Q,,) x SO(d, Q,,).
b) In Ezample 5.1.3, I is cocompact in SL(d,Q,).
c¢) In Example 5.1.4, T is cocompact in SL(d,L).

Proof of Corollary 5.12 a) Apply Lemma 5.10 to the orthogonal Q-group

G := SO(d,C) = {g € SL(d,C) / gtg = I}, the set S := {p1,p2,0}, the natural

representation in Vg = Q“, and the polynomial P(v) = Y, v2. Notice that Gy is compact.
b) Apply Lemma 5.10 to the unitary Q-group

G= {( Z _Tb ) € GL(2d,C) / (a+ pb) (fa — u'b) = 1, det(a + ub) = 1},
where = /—m, with the set S := {p, 0o}, the natural representation in Vg = Q4 x Q1,
and the polynomial P(v,w) = 3 ;(v? + mw?). Notice that Gg ~ SU(d, R) is compact.

The map (a,b) — a ++/=mb gives isomorphisms Gz, ~ T' and Gg, =~ SL(d,Q,).

c) Let S = {p, 0}, and G be the group defined in b), but considered it as a ko-group
with kg = Q[a]. Restrict it as a Q-group H so that Hy, =~ GZ[%] . The d real completions
of kg give compact real unitary groups, hence Hg is compact and H is Q-anisotropic. The
field L is the only p-adic completion of kg, hence Ho, = G ~ SL(d, L). One has just to
apply Theorem 5.8. &

Remark To convince the reader that Examples c) do exist for any finite extension L/Q,
of degree n, we will give a construction of

a totally real algebraic integer o of degree n such that L = Q,[a].
Consider 3 € L such that L = Q,[3]. Let @ € Q,[X] be the minimal polynomial of 3 over
Q,, and R € R[X] a polynomial of degree n whose roots are real and distinct. Because Q
is dense in R x Q,, one can find P € Q[X] sufficiently near both ) and R. Take for o a
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suitable multiple & = Nayg of a root ag of P, and note that L = Q,[a] by Hensel lemma.

%

A general overview Let H be a Q-group. Suppose that H is semisimple or, more
generally, that H does not have any non trivial Q-character x : H — GL(1,C). By a
theorem of Borel and Harish-Chandra,

Hy, is a lattice in Ho, and Hg is a lattice in Hy.

S

Note that, according to the weak and strong approximation theorems of Kneser and
Platonov, for any semisimple simply connected Q-group H, p € V with Hg, noncompact,
and S 3> p,

Hy, is dense in Hog ~and Hg is dense in Hy/Hg, .

S

The examples above are the main motivation for the following definition.
Let G = I[; G; be a finite product of non-compact groups G;; which are the Q,, points
of some quasisimple Q,, -groups for some p; € V.

An irreducible subgroup T' of G is said to be arithmetic if there exists an algebraic group
H defined over Q, a finite set S C V, and a group morphism 7 : Ho, — G with compact
kernel and cocompact image such that the groups I' and w(Hy,) are commensurable

Note that, in this case, 7 is automatically “algebraic”.

The classification of all arithmetic groups I', up to commensurability, relies again on
the classification of all algebraic absolutely simple groups defined over a number field k.
According to a theorem of Borel and Harder (]7]),

for any semisimple Q,-group H, the group Hg, contains at least one lattice.
Note that, since G = Hg, contains a compact open subgroup U without torsion,
any lattice I' in Hg, is cocompact

(to prove this basic fact, just check that U acts freely on G/I" and hence that all U-orbits
in G/I" have same volume).
Margulis arithmeticity theorem also applies to this case:

if G has no compact factors and the total rank of G is at least 2,
then all irreducible lattices I' of G are arithmetic groups

(see [15]). Here the total rank of G is the sum of all the Q, -ranks of the G;.
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5.5 Decay of coefficients

The decay of coefficients and the uniform decay of coefficients are still true
for p-adic semisimple Lie groups.

Theorem 5.13 Let G = I[; G; be a product of groups G; which are the Q,, -points of
quasisimple Q, -groups for some p; € V. Let w be a unitary representation of G' such that

HE" = 0 for all non-compact normal subgroup G of G. Then, for all v,w € H,, one has
}Lrglo <m(g)v,w> = 0.

Corollary 5.14 Let G be quasisimple simply connected Q,-group, 7 a unitary represen-
tation of Gq, without nonzero Gq,-invariant vectors, and H a non-relatively compact
subgroup of Gg,. Then HI =0.

A group G as in Theorem 5.13 still has maximal compact subgroups K, Cartan sub-
spaces A, restricted roots A, Weyl chambers A™, and parabolic subgroups P, as in Section
3.3. And those share almost all the same properties as in the real case... Well... the max-
imal compact subgoups are not all conjugate, the Cartan subspaces have to be replaced
by the product of Q,,-points of maximally Q,, -split tori, A* is not always a subsemigroup
of A... These are technical details I do not want to enter into. The recipe is: for what we
want, it works the same. Let us just give an example.

For G = SL(d,Q,), one can take K = SL(d,Z,), A = {a = diag(p™,...,p™ ") € G},
At ={a€ A/ny > - >ng}. Then A, AT T, u™, p, u™, ul, py, uy, ly, Ag and A, are
given by the same formulas as in Section 3.3, and one has G = KATK.

For every vector v of a unitary representation H, of G, one sets 0(v) = dx(v) =
(dim < Kv>)'/2,

Theorem 5.15 Let G = [[; G; be as in Theorem 5.13. Suppose that rankg, (Gi) > 2
Vi. Then there ezists a K-biinvariant function ng € C(G) satisfying gli_EgO na(g) = 0,

and such that for every unitary representations = of G with HS" = 0 Vi, and for every
v,w € Hy with ||v|| = ||w|| = 1, one has | <w(g)v,w > | < ng(g)d(v)d(w). for every
geqG.

Remark The function g has also been computed by H.Oh in the p-adic case (see [18]),
using Harish-Chandra’s function

“apy _ epony _ (= Dn+(p+1)

For instance, for G = SL(d,Q,), d > 3, and a = diag(ti, ... ,tq) with [t;[ > --- > [t4],

ne(a) =TI &lz1=D-

1<i<[n/2]

The proofs of these theorems are the same as in lecture 3, we just have to replace the
intermediate lemmas and propositions by the following lemmas with the same proofs.
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Lemma 5.16 Let 7 be a unitary representation of G = SL(2,Q,), and v € H,. If v is
either A-invariant, U™ -invariant or U~ -invariant then it is G-invariant.

For g = kan € G, let us set H(g) = a, and reintroduce the Harish-Chandra spherical
function &g given by £5(g) = [x p(H(gk))™/2dk where p(a) = detn(Ada) .

Lemma 5.17 Let G = [[; G; be as in Theorem 5.13 and let w be a unitary representation
of G which is weakly contained in \g. For every v,w € H, with ||v|| = ||w| = 1, and
every g € G, one has | <m(g)v,w> | < &c(9)dk (v)dx(w) .

Lemma 5.18 Let V' be a Q-representation of the Q-group G := SL(2), without nonzero
wmvariant vectors. Let w be an irreducible unitary representation of the semidirect product
Vo, XGyq,, without Vg, -invariant vectors. Then the restriction of m to Gg, is weakly
contained in the reqular representation of Gg, .

5.6 Property T and normal subgroups

As in Section 3.6, the previous control on the coefficients of unitary repre-
sentations of G leads to algebraic properties for the lattices of G.

Proposition 5.19 Let G =[[; G; be as in Theorem 5.13, with rankg, (G;) > 2 Vi. Then
a) G has property T;
b) any lattice I' in G is finitely generated and has a finite abelianization T'/[I",T].

Remark For a nontrivial Q-group G, the groups Gg and G, never have property T,
because Gg is not finitely generated and G is not compactly generated.

If one adapts the arguments of lecture 4 to GG, one gets the following result.

Theorem 5.20 Let G = [[; G; be as in Theorem 5.13, and let I' be a lattice in G. If
rankg, (G;) > 2 Vi, then I is quasisimple.

Remark One can weaken the rank assumption in Theorem 5.20 in : total rank(G) > 2.

If the reader wants to know more on one of these five lectures, he should read [26]
for lecture 1 or, respectively, [5], [13], [15], and [19] for lectures 2, 3, 4,
and 5.
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