EQUIDISTRIBUTION OF RATIONAL MATRICES IN THEIR
CONJUGACY CLASSES

YVES BENOIST AND HEE OH

ABSTRACT. Let G be a connected simply connected almost Q-simple algebraic group
with G := G(R) non-compact and I' C Gg a cocompact congruence subgroup. For
any homogeneous manifold zoH C I'\G of finite volume, and a € Gg, we show that
the Hecke orbit T, (zoH) is equidistributed on I'\G as deg(a) — oo, provided H is a
non-compact commutative reductive subgroup of G. As a corollary, we generalize the
equidistribution result of Hecke points ([COU], [EO1]) to homogeneous spaces G/ H.
As a concrete application, we describe the equidistribution result in the rational
matrices with a given characteristic polynomial.

1. INTRODUCTION

1.1. General setting. Let G be a connected almost Q-simple algebraic Q-group, G
the identity component of Gg and I' a congruence subgroup in Gg := G N Gg. We
suppose that G is non-compact. According to a classical result of Borel and Harish-
Chandra in [BH], T is a lattice in G, i.e., I' has a finite co-volume in G. Denote by
ix the G-invariant probability measure on X := I'\G and by 7 : G — X the standard
projection.

We recall the Hecke correspondence. For any a € Gg, the set I'al" is a finite union
of distinct I'-orbits:

Tal = U Ta;

1<i<deg(a)

where deg(a) is the degree of a. For x = 7(g) € X, the finite set

To(2) = n(an () = {m(aig) | i =1, deg(a)}

is called the Hecke orbit of .

According to Clozel-Oh-Ullmo’s equidistribution theorem, these sets T, (z) become
equidistributed in X with respect to ux as deg(a) — oo ([COU] and [EO1)).

Let H C G be a closed subgroup and Ay a left Haar measure on H. For any H-orbit
Y :=x,H C X with finite volume, we define the Hecke orbit T,(Y") of Y

T (Y) = n(ar  (Y)).

The second author partially supported by DMS 0333397.
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Noting that Y is closed (Theorem 1.13 of [Ral), T,(Y) is a finite union of closed H-
orbits of finite volume. Let )\, denote the unique H-invariant measure on X supported
on T, (Y') which is locally equal to Ay on each H-orbit in T,(Y").

Theorem 1.1. (Equidistribution for T,(Y")) Let G be a connected simply connected
almost Q-simple algebraic Q-group with G = Gg non-compact and I" a cocompact
congruence subgroup in Ggqg. Let H be a closed commutative reductive non-compact
subgroup of G.
Then for any H-orbit xoH C X with finite volume, the Hecke orbit T,(x,H) becomes
equidistributed with respect to px as deg(a) — oo.
o= [t

That is, for any f € C.(X), one has

We remark that A\, (X) < )\H(Y) . deg(a) and that the condition deg(a) — oo is
equivalent to A\,(X) — oo (see Corollary 7.3). Note that A\,(X) is simply the total
volume of T,(Y).

Recall that a commutative subgroup H is said reductive if all the elements in H
are semisimple. There are many examples of xqH which satisfy the assumptions of
Theorem 1.1. For instance, for xy = [e], H can be the group of real points of a
maximal R-isotropic torus of G which is Q-anisotropic. Such a Cartan subgroup H
always exists [PR1].

The hypothesis “I" cocompact” and the hypothesis “H commutative reductive and
non-compact” might be avoided in Theorem 1.1: for instance, when H is maximal
semisimple instead of commutative, a similar statement can be obtained as a special
case of a general equidistribution statement for H-invariant subsets in I'\G due to
Eskin and Oh in [EO2]. Their proof is based on Ratner’s classification of H-invariant
measure on ['\G

In addition to Clozel-Oh-Ullmo’s theorem [COU], our proof of Theorem 1.1 is based
on the introduction of weighted Hecke operators as well as on a careful analysis of the
corresponding weights, which allows us to relate them to the standard Hecke operators.

Note that other kinds of related equidistribution statements are due to Linnik [Li],
Sarnak [Sa] and Gan and Oh [GO].

deg )—00

The following corollary is a restatement of Theorem 1.1, in view of the homeomor-
phism between the H-invariant measures on I'\G and the I'-invariant measures on
G/H.

Let V.= G/H and vy = g,H € V with m(go) = 9. The H-orbit zoH being closed
in X implies that voI" is discrete in V. Starting from the single I'-orbit I'vy in V| the
Hecke correspondence allows us to construct the set

Tu(vg) :=Tal'vg C V
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which is a finite union of discrete I'-orbits for any a € Gg. Denote by A a G-invariant
measure on V', which is unique up to a scalar multiple.

The following corollary generalizes the equidistribution of Hecke points on G' [COU]
to homogeneous spaces G/ H:

Corollary 1.2. (Equidistribution for T,(v)) Let G, H xo = 7(go) and I' be as in
Theorem 1.1. Then for any compact subset Q of V' with boundary measure zero, one
has for vg = goH €V,

B(Ta(t0) N19) ~ cA(Q) s deg(a) — oo
where ¢, = ¢,(I") are constants independent of €.

The most natural family of examples of homogeneous spaces G/ H to which Corollary
1.2 applies are the conjugacy classes of regular semisimple elements in Gg. For s € G,
denote by C(s) the conjugacy class of s, that is,

C(s):={tcG|t=gsg* for some g € G}.

The following says that the set of elements in C(s) which can be conjugate to s via
I'al’ is equidistributed:

Corollary 1.3. (Equidistribution in conjugacy class) Let G and I" be as in The-
orem 1.1. Let s € Gg be a reqular semisimple element whose centralizer in G is a
R-isotropic and Q-anisotropic torus.

Then for any compact subset 2 of C(s) with boundary measure zero,

#{t€Q|t=gsg ! for some g € Tal'} ~ c,A(Q)  as deg(a) — oo

where ¢, = ¢,(I") are constants and A denote a G-invariant measure on C(s).

Remark One can remove the hypothesis G simply connected and I' cocompact in
Theorem 1.1 and Corollaries 1.2, 1.3 by considering G = G(R)° and only sequences of
elements a € Gg with #supp(a) uniformly bounded, where supp(a) = {p | a ¢ Gz,}
roughly means the set of primes which appear in the denominators of the coefficients
of a (see Theorem 5.5 and Remark 8.3).

1.2. Example. We now give a concrete application of Corollary 1.2 and the above
remark.

Consider an irreducible polynomial P(T) = TV +ay 1TV "' + -+ - + a¢ with integral
coefficients with NV > 3. Let o € C be a root of P. Let

V= {M € My(R) | P(M) = 0}

be the variety of real matrices with characteristic polynomial P. The set Vg =
VN Mp(Q) is dense in V. We will now define natural discrete subsets V,,, of Vg
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indexed by N-tuples m = (mq,---,my) of positive integers which we will show be-
come equidistributed on V. These subsets V,,, are defined in terms of the depth of the
eigenvector for « in the ring Z[a/].

More precisely, for M € Vg, let &y = (&1, ..., &n) € Z[a]Y be an eigenvector for the
eigenvalue « i.e., M&y = a&y and let Ag,, be the finite index Z-submodule of Z|a]
given by

AﬁM = @f\ilzgz

Since P is irreducible, £y as well as A¢,, are uniquely determined up to multiplication
by Q(«)*. Considering the equivalence relation in the space of Z-submodules of Z|a/]
given by the homothety by Q(«)*, we have associated to each M € Vj a finite index
Z-submodule class [Ag,,] of Z[a] (cf. [LM], [T] and [S]). For m = (my,...,my) with
m; € N, m;,1|m; for each ¢ and my = 1, we define

Vin = {M € Vg | Ag,, ~ A, Z]a]/A ~ N, Z/m;Z}.
For instance, if p is prime, we have
‘/(p717"'71) = {M E VQ ‘ Afl\f ~ A ) [Z[OZ] : A] = p}

Then V,, is a discrete subset of V' and Vjp is the union of the V;,,’s. The following
statement says that V, becomes equidistributed on V' with respect to a GLy(R)-
invariant measure \:

Proposition 1.4. (Equidistribution for V,,) For any compact subset Q2 of V' with
boundary measure zero, one has, as m going to infinity with the number of prime
divisors of m uniformly bounded,

#(VNQ) ~cnA(Q)
where ¢, are constants depending only on m.

The hypothesis on the integers m in the above proposition is satisfied when m de-
scribes the sequence of prime numbers or the sequence of powers of a fixed prime. We
believe that this hypothesis is unnecessary, but the methods in this paper do not apply.
Another very interesting open question is whether the sequence V(%) is equidistributed
on V as m — oc.

On the organization of the paper: Given 2y € X and a closed subgroup H of
G such that z¢oH has a finite volume, we introduce in section 2 the multiplicities of

Hecke points and the weighted Hecke operators T, = Tf. In section 3, we give an
analogous definition for local p multiplicities for each prime p and relate them with the
(global) multiplicities of Hecke points. In section 4, assuming that H is commutative
and reductive, we prove that the multiplicities of Hecke points in T, (zg) are uniformly
bounded if the cardinalities of the support of a are uniformly bounded (Proposition
4.5). In section 5, from Proposition 4.5 we deduce Theorem 1.1 for the case when the
cardinalities of supp(a) are uniformly bounded and H non-compact, based on ergodic
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theoretic argument. For this part, we do not use the assumption G simply connected
or I' cocompact.

When the cardinality of supp(a) goes to infinity, we will approximate the weighted
Hecke operator T by the product TbT of a weighted Hecke operator and a Hecke
operator (Theorem 7.1). In doing so, a crucial step is to show that for H commutative
and reductive, most Hecke points in T,(x) has local p-multiplicity 1 for almost all p,
which is the main theorem of section 6 (Theorem 6.1). Assuming now I' cocompact, we
then complete a proof of Theorem 1.1, using Theorem 7.1 and equidistribution results
for the standard Hecke operators, in section 7. In section 8, we prove Corollaries 1.2
and 1.3 using the duality between H-invariant measures and I'-invariant measures.

Acknowledgment We would like to thank Elon Lindenstrauss for useful discussions.
The first named author would like to thank Caltech where most of the collaboration
took place.

2. WEIGHTED HECKE OPERATOR

As in section 1.1, let G be a connected almost Q-simple algebraic Q-group, GG the
identity component of Gr, Gg = G N Gg and I' C Gg a congruence subgroup. We
assume that G is non-compact. Set X = I'\G and let 7 : G — X denote the canonical
projection.

Let H be a closed subgroup of GG, and consider an H-orbit Y := x¢H C X with finite
volume for zg = 7(gy) € X. For the sake of simplicity, we will suppose that g, = e and
hence that H, := H NT is the stabilizer of x, in H (the general case can be reduced

to this case simply by replacing H with goHgy ).

2.1. Standard Hecke operators. For a € G, the Hecke orbit of z, is

To(z,) =m(al) ={z; |i=1,...,deg(a)}
where x; := 7(a;) with a; € Gg. It is easy to see that deg(a) = [[': a 'TaNT].
The standard Hecke operator T, : C.(X) — C.(X) is defined as follows: for any
feC(X)and g € G,

T f(r(g) = —— 3 ).

deg( ) 1<i<deg(a
Recall the equidistribution theorem for the Hecke pomts:
Theorem 2.1. ([COU], [EO1]) For any f € C.(X) and any x € X,

lm T, f( /fdux,

deg(a)—

this limit being uniform for x in the compact subsets of X.
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In other words, the uniformly distributed probability measures

da() := Z 8

z'€Tq(x)

1
deg(a)
on the finite sets T,(z) converge to pux when deg(a) — oo.

2.2. Weighted Hecke operators. Let a € Gg. For each = € T,(zg), we define its
multiplicity with respect to H by

m(z, H) == #(X(x,H)) > 1

where
Sz, H) =To1(x)NaH ={a) €z, H | x € To(z))} .
It is easy to check that for = = 7(g),

Y(z,H) = n(HN Gg)N7(g 'Tg).
We will therefore write X(z, H N Gg) and m(xz, H N Gg), or even X(x) and m(x) for
simplicity.

Indeed, these multiplicities m(z) depend only on the H-orbit w of x, which will be
clear from more intuitive and geometric formulas for m(z) = m,, (see (2.5) and (2.7)).

Definition 2.2. We define the weighted Hecke operator TNFf 0 Co(X) — Co(G) with
respect to H as follows: for any f € C.(X) and g € G,

T == S —— ()

deg (a) 1zi=deg(a) (:)

—H
where deg (a) denotes the weighted degree:

dog’(a) = Y

1<i<deg(a) m(xl)

For simplicity, we will write T, and a\e_g/(a), omitting the superscript H whenever it

is clear. Note that T, f is a bounded continuous function on G for f € Co(G) and T f
is identity on constant functions.

2.3. Weights and Hecke image of H-orbit. The main motivation for introducing
the weighted Hecke operators T, is the following lemma.

As in the introduction, A\, = A denotes the unique measure on X supported on
T,(Y) locally equal to Ay on each H-orbit in T,(Y) and p, = pf denotes the prob-
ability measure which is proportional to A,. In the same way, denote by Ay be the
unique H-invariant measure on X supported on Y locally equal to Ay and by uy the
probability measure on X proportional to Ay
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Lemma 2.3. Let f € C.(X) and a € Gg.
a) For any g € G and h € H, , one has

T.f(hg) = Tuf(g).

Hence, T, can be considered as an operator T, : C(X) — Cy(H,, \G).
b) One has X (X) = deg(a) A\y(X).

¢) One has  pua(f) = /Y Tuf(v) diy(y)

Remark The claim b) says that the weighted degree is nothing but the ratio of the
volumes of T,(Y) and Y.

Proof Recall that z, = m(e).
a) Note that, for h € H, and x; € T,(x,), we have 2;h € To(z,) and hence z;h = z;
for some 1 < j < deg(a). It follows from the definitions that for any h € H,,,

Y(z;) = X(x;)h  and m(z;) = m(x;).

One can then compute

Touf(hg) = (deg(@) ™ Y ﬁﬂmg)
1<i<deg(a) ¢
= (dog(a) Y oS

b) Let
X, :=A{(z,y) € X x X | there exists g € G with x = 7(g) and y = 7(ag) }.

As a homogeneous space, one has X, ~ G/(I' Na 'T'a). Consider the projections
T, Ty Xq — X given by

7Tl(£>y) =T and 7T2(x>y) =Y
which are coverings of degree deg(a). Then
T,() = m(rrl(z)  and Tu(Y) = m(rr (V).

For the finite union Z := 77 *(Y) of H-orbits, denote by A, the H-invariant measure
on Z which is given locally by Ag. Fixing an H-orbit w = x;H in T,(Y), let

Z,=ZNmyH (w).

Then Z, is also a finite union of H-orbits.
Consider the following diagram:
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Z, C X,
degree(mi|z,) = du;/ \ degree(ms|z,) = m,
YCX wCX

As in the above diagram, denote by d,, the degree of the covering map m|z, : Z, — Y
and by m,, the degree of the covering map ms|z, : Z, — w. Note that

(2.4) d, = #(m (o) N Z,) and my, = #(m (V) Nyt (2)) .

Note that #m;'(z) = deg(a). Since T,(z) = m (7 (x)), the projection 7 re-
stricted to each fiber of 7 is injective. Therefore one has

d, = #(Ty(zo) Nw) .
Similarly,
my, = #(Y N Tp-1(x:)) = m(z;)

where m(z;) is the multiplicity of z;.

Therefore we have

d, —
Z Aa( Z —w)\z( w) = Z m—w)\Y(Y) = deg(a) Ay (X)
where the sum is taken over all H-orbits w in T,(Y).
c¢) One follows a similar computation to obtain

SUEDS | 1 i me F(m(2)) dAz(2)

w

— Zm% /Y ST f(m(2) | div(y) = degla) /Y Tof(y) dAy(y)

zemy 1 (y)NZs,

where the sum is taken over all H-orbits w included in T,(Y). Since A\,(X) =
deg(a) Ay (X) by (b), this implies (c). O

Remark The same computation as above yields the following formula, which gives the
interpretation of the multiplicities m,, in relation with the standard Hecke operator:

(2.5) /YTaf( yddy(y) = mw/fd)\

weT(Y)

In the following the convergence of measures on X are understood in terms of weak*
topology on the space of probability measures as usual.

Lemma 2.6. Suppose that Y = xoH is compact. Suppose that, for any f € C.(X),

lim T of(g / f dux uniformly for g on compact sets of G.

deg(a)—o0
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Then one has lim  p, = px.
deg(a)—o0
Proof This is a straightforward application of Lemma 2.3.c. O
Let

Xo ={(z,y) € X x X | there exists g € G with z = 7(g) and y = 7(ag) }.

and 71, m : X, — X be given by m;(x1, 22) = x; for i = 1, 2.
The following lemma about the multiplicity was proven in the course of proof of
Lemma 2.3.b.:

Lemma 2.7. Let x € Ty(zo) and w = xH. Then
m(x, H) = m,

where my, is the degree of the covering map m *(zoH) N7y (w) — w induced by the
restriction of mo. That s,

~1 ~1
my, = #m; (zoH) Ny ().
3. MULTIPLICITY AND LOCAL MULTIPLICITY

3.1. Multiplicity. Let G be a connected semisimple Q-group, G the identity compo-
nent of Gg and I' C G be a congruence subgroup. Set

Xo :=I'\Gg and z:=m(e)
where 7 : Gg — Xg denotes the standard projection.
Definition 3.1. Let A be a subgroup of Gg. For x = w(g) € Xg, define
S(z,A) == m(A)Nr(g'Tg) C Xg .
Note that X(z,A) is a non-empty finite set. We call its cardinality
m(z,A) == #3(x,A) > 1
the multiplicity of x with respect to A.

Remark When A = HNGyg, the sets ¥(z, A) and the multiplicities m(x, A) coincide
with those defined in section 2.2.

Here are some basic properties of the multiplicities m(x, A).

Lemma 3.2. Let v € Xg and A a subgroup of Gg.
a) Let I C Gg be a congruence subgroup containing I' and o : Xo — I"\Gq the
canonical projection. Then one has

m(z,A) < [[":T]m(o(x),A).
b) If A" C Gg is a subgroup containing A, then
m(z,A) < m(z,A").
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c) Let G’ be a connected semisimple Q-group containing G, I a congruence subgroup
of Gg and A" a subgroup of G such that I' := 1" NG and A := A" N G. Denote by
i: Xg — I"\Gyg the canonical injection. Then one has

m(z,

Proof a) Use the inclusion o(%(z,
b) Use the inclusion ¥(z, A) C X
c¢) Use the inclusion X(z,A) C ¥

A)
A)) C
(z, A').
(i(x), A'). O

3.2. Local multiplicity. We now define the local analogs of these multiplicities. We
denote by P the set of all primes. Let p € P, G a connected semisimple Q,-group
and U C Gg, a compact open subgroup of Gg,. Set Xg, := U\Gg, and denote by
7y« Gg, — Xg, the canonical projection.

Definition 3.3. For x = m,(g) € Xq, and a subgroup A of Gq,, define

Sp(z,A) = mp(A)Nm(g U g) C Xo,;

mp(l‘, A) = #(Ep(]},A)) < 0.
We call m,(x, A) the local multiplicity of x at p with respect to A.
The following lemma is similar to Lemma 3.2 for the local multiplicities.

Lemma 3.4. Let v € Xg, and A a subgroup of Gg, .
a) Let U C Gg, be a compact open subgroup containing U and o, : Xq, — U'\Gy,
the canonical projection. Then one has

my(z,A) < [U" U] my(op(x), A)
b) If A" C G, is a subgroup containing A, then
my(z, A) < my(z,A).

c) Let G’ be a connected semisimple Q,-group containing G, U’ a compact open sub-
group of Gg, and A" a subgroup of Gg such that U := U'N G and A := A'NG.
Denote by 1 : Xq, — U’\G(’@p the canonical injection. Then one has

my(w, A) < my(i(r), A)

Proof Same proof as Lemma 3.2. a
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3.3. Structure of I'-orbits in Xg. We now explain the relation between the global
and local multiplicities.

Let Gy, be the group of finite adeles of G. It is the restricted topological product
for p € P of all the groups Gg, with respect to the compact open subgroups Ggz,. An
element g of Gy, is then a family (g,),ep of elements of Gg, which are in Gy, for
almost all p. For p € P, let U, be a compact open subgroup of Gg, which is equal to
Gy, for almost all p. The group U := Hpe pUp is a compact open subgroup of Gy,.
We will implicitly embed Gg diagonally as a subgroup of Gy,

The homogeneous space X, := U\Gy, is the restricted product of the local ho-
mogeneous spaces Xq, = Up\Ggq,, and an element x of X, is a family (z,),ep of
elements of Xg, which are equal to the base point 7,(e) for almost all p. We will
denote by 7 : Ga, — X, the canonical projection. Recall that for the base point
ro = 7myp(e) of Xy, and for g € Gy, the Hecke orbit Ty(zo) C Xy, is given by

Ty(x) = zogU.

For any x € Xq, denote by x, its image in X, under the canonical embedding of Xgq
into Xg,. Similarly, for any subgroup A of Gg, denote by A, the closure of its image

in Gg,. Let A be the restricted product of the A,’s with respect to the subgroups
A,NU,, peP.

Definition 3.5. For x = n(g) € Xg and a subgroup A C G, define
Sz, A) = Wf(ﬁ) Nr(g ' Ug) = H Yp(zp, Ap) and

peP
m(z,A) = #5(z,A) = Hmp(a:p,A )
peP

Since my(xy, A,) = 1 whenever x, = m,(e), and hence for almost all primes p € P,
one has m(x,A) < oo.

Set
(36) F = GQ N U

Then T' is a congruence subgroup, and via the injective map Xqo — X4, induced by
the diagonal imbedding Gg — Gy,, we may identify Xq as a subset of Xj .
The relation between the multiplicities m(z) and m(x) is given by the inequality:

Lemma 3.7. For any x € Xqg and a subgroup A C Gg,, one has
m(z, A) < m(z,A).

Proof This results from the inclusion X(z, A) C 7(A) Nmr(g ' Tg) C S(z, A). O
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3.4. Product of relatively prime elements. In this subsection, we further assume
that G is an almost Q-simple simply connected algebraic Q-group with Gg non-
compact. In particular, it follows that G = Gg, and by the strong approximation
theorem that Ggq is dense in Gy, (see [PR]), and hence I' is dense in U.

The following lemma is a basic fact for the adelic interpretation of the Hecke corre-
spondence.

Lemma 3.8 (GO, Lemma 2.3). For any g € Gq, one has
GoNUgU =Tgl' and Ugl'=UglU.
Since I' = Gg N U, one has
Xo = U\Gy, = Xy,
and the I' orbits in Xq are in bijection with the U-orbits in Xy, .

For x = 7(g) in Xq ~ X}, we define the support of x or support of g:

(3.9) supp(x) = supp(g) == {p € P | 2, # m,(c)}.

Note that supp(g) = {p € P | g ¢ U,} for g € G(Q). We say that two elements g,
h of Gy, are relatively prime or that their images x = 7(g) and y = 7(h) in X, are
relatively primes if the supports supp(z) and supp(y) are disjoint.
We define the dot-product
Z2i=x-y

of two relatively prime points of Xg as the point z € Xg such that z, = z, for each
p € supp(x), 2, =y, for each p € supp(y) and =, = z( otherwise.

Remark The dot product z = z.y of two points © = 7(g) and y = 7(h) is not always
equal to m(gh). However, if one chooses the lift h of y such that, for all p in supp(z),
h, stabilizes x,, then one has x.y = w(gh).

The following well known lemma is a main tool for the commutativity of relatively
prime Hecke operators.

Lemma 3.10. Let g and h be two relatively prime elements of Gg.
a) The map (z',y') — 2" -y defines a bijection between T,(xo) x Ty(xo) and Ty (zo).
b) One has deg(gh) = deg(g)deg(h) and

I'ghl’ =Tgl’hl’ = ThI'gl' =Thgl.

c¢) One has the equality
Tn(wo) = Thy(@o)-
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d) Write I'gl' = I'g; and Thl' = I'h;. Then
J

1<i<deg(g) 1<j<deg(h)

TghT = | JTgih;.

4,
Proof a) Note that, by Lemma 3.8, one has

Ty(xo) =T\IgT ~U\UgU ~  [[  U\U, Uy

pesupp(m(g))

Since g and h are relatively prime, one has U, g,h,U, = U, g,U, for any p € supp(w(h))
and U, gph,U, = U, h,U, for any p € supp(n(g)).
The claims b), ¢) and d) can be proved similarly. O

We now explain the behavior of the multiplicities with respect to the decomposition
into relatively prime factors.

Lemma 3.11. Let x and y be two relatively prime elements of Xq, and A be a subgroup
of Gg. Then one has

a) m(z -y, A) =m(z, A)m(y, A).

b) mz -y, A) = max(m(z, A), m(y, A)).

c) If m(z,A) =1, then m(x -y, A) = m(y, A).

Proof a) This equality is a straightforward consequence of the definition of m.
b) By Lemma 3.10 and its remark, one can choose g,h € Gg such that 7(g) = z,
m(h) =y and 7(gh) = w(hg) = = - y. Hence one has

Th™'Th c Th™'Tg 'T'gh = I'(gh) 'Tgh .

Therefore
7(h~'Th) C n((gh) 'T'gh) and

YX(y,A) C X(z-y,A).

This proves the inequality m(y, A) < m(z -y, A) . The other direction is proved in the
same way.

c) We keep the notation of b) and introduce some new notations: for S C P and
z € Xg, let zg € Xg be the uniquely determined element with support S and its
p-component given by z, for each p € S. Let S := supp(x) and 7" := supp(y). One has
the implications

z € W((hg)_lfhg) = 29 € W(g_lfg)
and
zeXN(x-y,A) = zg € Sz, A).
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We now suppose that m(zx,A) = 1. By the above implication, any element z €
Y(z -y, A) satisfies supp(z) NS = (). Hence, one has successively that supp(z) C T,
z € n(h 'Th) and z € X(y, A). This proves

Yy, A) =X(z -y, A).

4. BOUNDED MULTIPLICITY

A commutative subgroup A of G is said to be reductive if all its elements are semisim-
ple.

In this section, we give, for such A, an upper bound for the multiplicity of any point
x € Xq depending only on #(supp(z)).

4.1. Local bound.

Proposition 4.1. Let k be a finite extension of Q,, G a connected semisimple k-group
and A C Gy a commutative reductive subgroup.

There exists an open subgroup Uy C Gy such that, for every compact open subgroup
U C Uy, there ezists a constant C' = C(U, A) such that

for any x € U\Gx one has my(z,A) <C .

Note that, in view of the restriction of scalars, Gy is also the group of Q,-points of
some semisimple Q,-group Ryg,(G). Hence this proposition is equivalent to the same
statement with k = Q,,.

We fix a k-embedding G C SLy. Let O be the ring of integers of k, M = wQ its
maximal ideal, ¢ := #(0/M) and |.| the absolute value on k such that || = ¢~!. Let
k' be a finite extension of k which splits all the matrices in A, O’ be the ring of integer
of k" and choose g, € SLn(k’) such that g, Ag " consists of diagonal matrices.

We will see in the proof that one can take

(4.2) Up = GopNg,'SLn(O)g, and
C(U,A) = N!CyCx  with
Cy:=[Gp:U] and Cj :=[SLn(O'):SLn(O') N g,SLn(0')g "]

Proof The crucial step is the following important example.

1%t case : G = PGLy, U = PGLN(O) and A = {diagonal matrices of Gy}.

We can identify the homogeneous space U\Gy with the space of lattices in k%, i.e.
of O-submodules of rank N, up to homothety by the multiplicative group k*.

The point x( corresponds to the lattice Ay := O and the point © = z(g corresponds
to the lattice A = g~ *(OY) up to homothety. We may and will choose this lattice A
to be a primitive sublattice of Ay i.e. A C Ag and A ¢ wAg. Let eq,...,eyx be the
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standard basis of the O-module Ag = OV. Since O is principal, there exists integers

0=m; <---<mpy and a basis fi,..., fxy of Ag such that
(4.3) A=0x™fid--- B O™ fy .
Set

a:=diag(w™™,...,w ™) € PGLn(k).
Then one has z € T,(xg). We will write equivalently A € T,(Ag). Recalling the
definition of ¥,(x, A), one sees that
Yo, A) = {Ay = O0whe; @ - @ Ow™Wey | d€ZV, AeT,(Ag)}/k* .

Any element of ¥, (x, A) has a unique representative Ay which contains A as a primitive
submodule. This submodule A; has same volume as Ag. This avoids the homothety
by k* and gives the identification

Ep(x,A) ~ {Ad = C’)wdlel b---D OdeeN ‘ de ZN s Ae Ta(Ad) s Zdl = 0} .

Note that this set 3,(x, A) does not depend on the choice of Ay, provided Ag is in
To-1(A) and Ay admits a O-basis with respect to which A is diagonal. Hence we are
allowed to replace Ay by any of the A; € 3,(x, A). We will do that later on.

To prove the desired inequality

#(E,(zr,A)) < N!
we will argue by induction on N.

Define for all i the integers n; by the equalities ke; N A = Ow™e;. By (4.3), they
satisfy the following inequalities

for any ¢, m; <mn; < my and there exists ko such that ng, = my .
For the same reason, using the equalities k we; N A = Ow™ % (wlie;), one gets the
inequalities, for any A, € ¥,(z, A),
for any 7, my; < n;—d; < my and there exists i such that n;,—d;, = my .
Fixing iy € {1,..., N}, it is enough to show that the set
Sio = {Aa € Zp(z,A) | nyy —diy = mn}

has at most (N — 1)! elements. Replacing Ay by any element A4 of S;, as explained
above, one can assume that Ay belongs to S;, and hence ky = ig. Therefore one has

(4.4) n, =my and foranyAge€ S, d;,=0.
Let p;, : k¥ — k™! be the projection which forgets the i coordinate, and set
A/0 = Pio (AO) ) A= Diy (A) ) AZl = Pio (Ad)
and o' = diag(cw™™,..., @ "™ -1). One has the following exact sequence of finite

O-modules
0— O/(Ow"o) — Ag/A — Ay/N — 0.
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Since, by (4.4), one has n;, = my = max(m;), this sequence splits and A’ is contained
in T,/ (Af). Similarly,

N eTy(A) forall AyeS;,.
Hence by induction hypothesis, there are at most (N —1)! such A/;. This concludes the
proof of this example.

274 case : We now reduce the proof of the general case to the above example.
Using the chosen k-embedding G C SLy, set

UO = G(g N g;lsLN(O')gA.

Using Lemma 3.4.a with U’ = U,, we can suppose that U = U’. This gives the factor
Cy in the constant C.

Using Lemma 3.4.c with G’ = SLy, and changing the base field k by k', we can
suppose that G = SLn, k' = k and U = Gp N g 'Gpg. This does not change the
constant C.

Using again Lemma 3.4.a with U’ = ¢g71Gp g we can suppose moreover that g = e.
This gives the factor Cx in the constant C'.

Using Lemma 3.4.b with A’ = {diagonal matrices}, we can suppose that A = A’
This does not change the constant C'.

Hence we have G = SLy, U = SLn(O) and A = {diagonal matrices} and our result
is a consequence of the first case. O

4.2. Independence of p. The following proposition is a global version of Proposition
4.1.
For z = m(g) € Xg, let

s(g) = s(x) := #(supp(z))
(roughly, this integer s(g) can be thought as the number of primes which appear in the
denominators of the coefficients of the matrix g).

Proposition 4.5. Let G be a connected almost Q-simple Q-group. Let A C Gg a
commutative reductive subgroup.

There exists a congruence subgroup I'y C Ggq such that, for every congruence sub-
group I' C T'g of the form I' = GQﬂHp Uy for compact open subgroups U, C Gq,, there
exists a constant C = C(I', A) such that, for each x € Xg, one has

m(z, A) < 5@
Proof We fix a Q-embedding G C SLy. By Proposition 4.1, for each prime p, there

exists a compact open subgroup Uy(p) of Gg, such that, for every compact open
subgroup V,, C Uy(p), there exists a constant C' = C(V,, A) such that

for any € V,\Gg, one has m,(z,A) <C .

Since one can diagonalize A on a finite extension of Q, it follows from (4.2) that
we can suppose Up(p) = Gz, for almost all p. More precisely, let us choose a finite
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extension L of Q and an element gn € SLn(L) such that gaAgx' consist of diagonal
matrices. For any p choose a finite extension k' of Q, containing an embedding of L.
The formula (4.2) gives Uy(p) = GoNg;'SLn(O')g, . But for almost all p the element
ga is in SLx(O’), hence one has Uy(p) = Gz,.

Now if we set I'g := GoN][, Uo(p), I' is a congruence subgroup. Since U, = Gz, for
almost all p, I" being a congruence subgroup, it follows from (4.2) that C(U,, A) = N!!
for almost all p. Therefore there exists C' = C(I', A) such that

my(z, A) < C

for all x € Xg and for all p € P.
Since m,(x) = 1, whenever p is not in the support of z, the claim now follows from
Lemma 3.7. O

5. EQUIDISTRIBUTION FOR FINITELY MANY PRIMES WITH [' GENERAL

5.1. Ergodicity argument. Let G, I', X and H, u, = X be as in Section 2. Let
zoH C X be an H-orbit with finite volume.

Lemma 5.1. Let S be a sequence of elements a in Gg with deg(a) — oco. Suppose that
H is non-compact and that

(5.2) sup( max m(xi,H)) < 00 .

aesS zieTa(:cO)

Then one has lirg i =y
ae

Proof Let P(X) be the space of probability measures on the one-point compactification
X := X U {oo} when X is non compact and on X := X when X is compact. By the
weak compactness of this space P(X), it is enough to show that each weak limit of a
subsequence of y, is equal to px. Let s be such a weak limit.
Let mg > 2 be an upper bound for all the multiplicities m(x;). One has, for all a in

S,

_deg(a) < dea(a)

—deg(a eg(a

—_ gla) >~ degla) ,
and if f € C.(X) is a non-negative function,

Tof <moTaf.

Applying Theorem 2.1 and Lemma 2.3.c, by integrating the previous inequality on Y,
one gets for the limit measures in P(X)

Moo < Mo flx -

In particular, the probability measure i, is supported on X. Since H is non-compact,
Moore’s ergodicity theorem (cf. [Zi]) tells us that the action of H on X is ergodic for
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ix. Hence px is an extremal point of the set of H-invariant probability measures on

X. The equality
1 m — oo 1
px = (1——) (70/”( a )+—uoo
mo mg — 1 mg

implies then po = px. O

5.2. Changing the congruence subgroup.
Lemma 5.3. [t suffices to prove Theorem 1.1 for a subgroup I of T of finite index.

Proof The main idea is to use the ergodicity argument of the proof of Lemma 5.1.
First, let us adapt the notations we have already introduced for the group I' to the
group IV by adding primes: set
X' =T\G,7":G— X" a,:=7"(g0),Y :=a(H ,T.(Y') := 7' (arx’ 1 (Y")).
Let px: denote the G-invariant probability measure on X', and A/, the measure on
T!(Y") which is locally equal to Ag. Also set
deg’a == N.(X") and g := (deg'a) '\,
Write I' = U g;I" where d = [I" : T"] is the degree of the covering p : X' — X.

1<j<d
Notice that the measures p*()\ggj) are locally equal to an integral multiple mAy of Ay,
for some m € {1,---,d} on each of the finitely many H-orbits in p(T,, (Y”)). As a
consequence, one has the inequality

Ao < Z p*()‘:lgj)
1<j<d
Since, for all 7, ép*()\ggj)(X) < Aa(X), one has the inequality
fa <d D palitt,) -
1<j<d
By hypothesis, for each 1 < 5 < d, one has
. / _
g, = -
Hence any weak limit p., of the sequence p, satisfies
fioo < dPpix

Such a weak limit is an H-invariant probability measure supported on X and absolutely

continuous with respect to px. Since px is an ergodic measure for the action of H, it

follows ftoo = px. This proves that 11121 Lo = X O
ac

Remark 5.4. Note that in the above proof we have not used any of the assumption G
simply connected, I" cocompact or H commutative reductive.
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5.3. Proof of Theorem 1.1 for #supp(a) uniformly bounded. We now prove
Theorem 1.1 in the case when # supp(a) is uniformly bounded. Note that we do not
need G simply connected or I' cocompact in this case.

Theorem 5.5. Let G be a connected almost Q-simple algebraic Q-group with G =
G(R)° and H a closed commutative reductive non-compact subgroup of G. Let I" be
any congruence subgroup in Gg and voH C X an H-orbit with finite volume. Let S be
a sequence of elements a € G such that # supp(a) is uniformly bounded for all a € S
and deg(a) — oo. Then for any f € C.(X), one has

: 1 o

s [ 7= [
Proof One can easily reduce our proofs to the case when zy = w(e): simply by
replacing the group H by go_lH g, for zg = m(go). Let Iy be a congruence subgroup as
in Proposition 4.5 with respect to A = HNGg. In view of Lemma 5.3 and Remark 5.4,
there is no loss of generality in assuming that I' C I'g and I' is of the form Go N[, U,
by replacing I" by a finite index subgroup if necessary. Since m(z;, H) = m(x;, A)
by the remark following Definition 3.1 and supp(a) = supp(z;) for any z; € T,(zo),
Proposition 4.5 implies that the multiplicities m(x;) are uniformly bounded for all
Uaes Tu(zo). Hence it only remains to apply Lemma 5.1, to finish the proof. O

6. HECKE POINTS WITH LOCAL MULTIPLICITY ONE

For a € Gg, p prime, and a subgroup A of Gg, set
Sa(l‘o,A,p) = {CL’ < Ta(xo> | mp(xv A) = 1}

which is the set of Hecke points with p-multiplicity one.
The entire section is devoted to a proof of the following theorem that most Hecke
points have p-multiplicity one for all p large.

Theorem 6.1. Let G be a connected simply connected almost Q-simple Q-group with
Gg non-compact and I' a congruence subgroup of the form I' = GQﬂHp U, for compact
open subgroups U, C Gg,. Let A C Gg be a commutative reductive subgroup.

Then there ezists a constant D = D(I'; A) > 0 such that, for all primes p and all
a € Gg, one has

#(Sa(r0, A p) > (1 - %) 4(T(x,)) -

6.1. Multiplicities and modules.

Lemma 6.2. Let H C SLy be a Q-torus. Then, for almost all prime p € P, there exist
N Z,-submodules A1, ..., Ax of Ay := (Z,)" of index p such that, for any h € Hg,
with h ¢ Hz,, one has

AN h(No) CA; for someie{l,--- N}
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Proof We first begin by a very simple example.
15¢ case : H = {diagonal matrices of SLx}.
In this case, one can take

A=A{(xy,...,zN) € Z;V | z; = 0 mod p}.
Let h € Hg,. Write
h = diag(p™uy, . .., p™uy),
where w; are units in Z,. Note that, since det(h) = 1, one has dy +--- + dy = 0.
Moreover, if h ¢ Hy,, at least one of the d; is negative. Hence one of the d;, say d;, is
positive. It follows that
AN h(Ao) C Aio .

General case The proof is along the same lines as in the first case except that we
will have to change the base field to diagonalize the torus. Here are the details.

Let E be a number field on which the torus H splits and g € GLN(F) a matrix for
which gHg™! is diagonal. We choose for each prime p a valuation v of E over p and
let £, D Q, be the completion of E, O, the ring of integers of E,, M, the maximal
ideal of O, and w a uniformizer in M,,. For almost all primes p, the matrix g belongs
to SLn(O,). In this case, one can take for A; any index p submodule of Z;V such that

A D ngv Ng '(M;,) where M;, :={(z1,...,2x5) € ON | z; € M,}.

Note that, since g(O)') = O}, the intersection Z) N g~'(M;,) is not equal to Z). Let
h € Hg, and h ¢ Hz,. One can write

1

ghg™' = diag(@™uy, . .., @™ uy),

where w; are units in O,. Note that, since det(h) = 1, one has d; + --- + dy = 0.
Moreover, since h ¢ Hp,, at least one of the d; is negative. Hence one of the d;, say
d;, is positive. This implies

Ao N h(Ao) C Aio .
O

Proposition 6.3. Let G C SLn be a connected semisimple Q-group, I' C Gg a
congruence subgroup of the formI' = G@ﬂnp U, for compact open subgroups U, C Gg,,
H C G a Q-torus and A a subgroup of Hg.

Then, for almost all primes p, there exist N Z,-submodules Ay,...,Anx of Ay =
(Z,)N of index p such that, for all a € Gg,, for all A € T,(Ao), one has the implication

my(A,A) >1 = ACA; forsomeie{l,---,N}.

In the above, we have identified, for almost all p, the homogeneous space U,\Gg,
with a subspace of the space PGLN(Z,)\PGLN(Q,). Note that the latter space can
be identified with the set of Z,-submodules of @;V of rank N up to homothety by Q.
Since Z, is principal, we may further identify PGLN(Z,)\PGLN(Q,) with the space
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of Z,-submodules A of finite index in Ay which are primitive, i.e. such that A ¢ pA,.
If a = diag(p™™,...,p~™) with m; < --- < my, one has the equivalence
A €Ty (Ng) <= Ag/AN = (Z)p™* ™Z) X -+ x (Z/p"N"™Z) .
Proof of Proposition 6.3 By Lemma 3.4.c, one can assume that G = SLy. Since
my(A, A) > 1, there exists h € Hg, such that
h(Ao) 7é Ao and A€ Ta(h(Ao))

Choose a scalar k € Q; such that the Z,-module kA is a primitive submodule of h(Ay).
One has

Since the Z,-modules Ay and h(Aq) have same volumes, it follows that the Z,-modules
A and kA have same volumes and hence A = kKA. Therefore one gets the inclusion

ACAgN h(AO)
It only remains to apply Lemma 6.2. a

6.2. Counting Hecke points. We will also need the following lemma in the proof of
Theorem 6.1.

Lemma 6.4. Let G C SLy be a semisimple Q-group. We suppose that this Q-
embedding of G is an absolutely irreducible Q-representation. Then there exists a
constant Dy > 0, such that, for almost all primes p, all a € Gg, and all submodule A,
of Ao := (Z,)N of index p, one has

#{A € T,(No) | A C Ay} < Dy
deg(a) T
The absolute irreducibility assumption in this lemma means the irreducibility over

the algebraic closure, which is stronger than the irreducibility over Q. It will be needed
to apply the fact 6.6.

To prove as well as to apply this lemma 6.4 we will need the following general four
facts.

Fact 6.5. Fvery connected semisimple Q-group G with trivial center has an absolutely
wrreducible faithful Q-representation p : G — SLy.

The term Q-representation means representation defined over Q.

Proof Recall that, according to the highest weight theory, the set R of “dominant
weights of the root lattice” parameterizes the set of (equivalence classes of absolutely)
irreducible representations of G. Since the action of the Galois group Gal(Q/Q) on
R* factors through the linear action of the finite group of exterior automorphisms of
G, there exist many fixed points for this action.
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Hence one can choose a faithful absolutely irreducible representation of G of highest
weight A which is equivalent to all its Galois conjugates. According to [Ti, Theorem
3.3], since A is in the root lattice, this representation is defined over Q. O

Fact 6.6. Let p : G — SLn be an absolutely irreducible Q-representation of a connected
semisimple Q-group G. Then for almost all primes p, one gets by reduction modulo p,
a representation Gy, — SLn(IF,) which is still absolutely irreducible.

Proof Let Ag € Mn(Q) be the Q-algebra generated by p(Gg), L C p(Gg) a
finitely generated subgroup generating the Q-algebra Ag and m an integer such that
L C Mn(Z[L]). By Wedderburn’s theorem, since the representation is absolutely
irreducible, one has Ag = Mxy(Q). Hence there exists an integer mq such that the
Z|x)-algebra A generated by L contains moM y(Z[]).

If one chooses p outside the divisors of mmy, the image of L in My(F,) generates
M (F,) and the representation Gg, — SLn(F,) is absolutely irreducible. O

Fact 6.7. Let G be a connected IFp-group and H a connected Fp-subgroup. Then one
has the equality

(G/H)g, = Gy, /Hg, .
Proof See Proposition 16.5 of [Bo]. O

Fact 6.8. For any absolutely irreducible projective F,-variety M C PN of dimension
D and degree d, one has

|#(Mg,) — p”| < ApP~2
where the constant A depends only on Ny, D and d.

Proof This generalization of Hasse’s theorem is due to Lang and Weil (see [LW]).

Proof of Lemma 6.4 The Lemma is clear if a is in Gz,. Hence we may suppose that
a & Ggz,. We introduce the map ® from the Hecke orbit T,(Ag) to the Grassmanian
Gry(F,) of F)) given by

O(A) := (A + pAo)/pAo.
Here, as in Proposition 6.3, A is viewed as a primitive Z,-submodule of Ay so that
®(A) # 0. Moreover, since a is not in Ggz,, ®(A) # Ag/pAo.

This map is Gz, -equivariant where the action of Gz, on Gryn(F,) is the one obtained
through the reduction modulo p map Gz, — Gg,, which is well-defined for almost all
primes p.

The image of this map ® is one G, -orbit and the cardinality of the fibers of ® does
not depend on the fiber when it is non-empty. Let v be a point in this image. The
stabilizer of v in the [F)-group obtained from G by reduction modulo p, is a parabolic
subgroup. Hence the orbit M of v is a projective [F,-variety. By Fact (6.7), one has

GIFP VU= MIFP .
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The condition A C Ay is equivalent to the condition ®(A) € My where M’ is the pro-
jective IF-subvariety of M consisting of elements included in the hyperplane determined
by A;. Since the Q-embedding of G is an absolutely irreducible Q-representation, by
Fact (6.6), for almost all p, the representation of G, in IF;,V is still an absolutely irre-
ducible representation. Hence, M is not included in any hyperplane (in particular, the
above parabolic is a proper parabolic subgroup) and one has

dim(M') < dim(M).

We want to apply Fact 6.8 to these projective [F)-varieties, for this we need to check
its hypothesis. Note first that these projective varieties are included in the Grassmanian
of IFZJ?V with N fixed, hence using Pliicker coordinates, in a projective space of dimension
Ny := 2" . The dimensions of M and M’ are also bounded by N,. The degrees of M
is bounded independently of p and a since these varieties are obtained by reduction
modulo p among finitely many flag subvarieties of the Grassmanian. Moreover M is
absolutely irreducible being a homogeneous variety of G. Since M’ is obtained from M
by intersection with hyperplanes, the degree of M’ is bounded by the degree of M. The
number and the degrees of irreducible components of M’ are bounded independently
of a, since the degree of M’ is the sum of the degrees of the irreducible components of
M'. Therefore, by applying Fact 6.8 to M as well as to the irreducible components of
M’; one has

#{A € T,(No) |AC N} #Mg _ Dy
deg(a) #Mg, — p
for some constant Dy independent of a. a

Remark The same argument proves that, if a is not in Gy,, then one has the inequality
deg(a) > p.

In fact, this proof shows that deg(a) = #7,(A¢) > #Mp,. But the number of F)-points
of a non trivial flag variety of a semisimple [F,-group is at least p.

Proof of Theorem 6.1 Later on, we will use this theorem only for a in Gz /. In
fact, the first part of the proof is to reduce it to the case where a is in Gy /p).

To explain this reduction, we recall that
- The quotient I'\Gg is the restricted product of the quotient spaces U,\Gg,, and
U, = Gy, for almost all p.
- The Hecke orbit T,(z) is a finite product ||
supp(a,) = {p} (Lemma 3.10.a) .
-If o = [[xp, € Ta(xo) with x, € T, (20) the multiplicities m,(z, A) and my(x,, A)
are equal.
It follows that

pEsupp(a) Tap (‘TO) where a = Hp Qap with

#Sa(lba A,p) _ #Sap(x()’ Avp)
deg(a) deg(ay)
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which allows us to replace a by a,. From now on, we may assume that a € Gz ).
By Lemma 3.2.b, we may replace A by the intersection of the Zariski closure of A
with Gg. Hence we assume A = Hg where H is a QQ subtorus of G.
We can also suppose that G has trivial center. In fact, for any semisimple QQ-group
G, its center Z is finite. Moreover for almost all primes p, one has

ZﬂGQp C GZp

and hence Gz,\Gg, injects in (G/Z)z,\(G/Z)q,. This allows us to replace G by G/Z.
Note also that the statement of Proposition 6.1 does not depend on any Q-embedding
of G. Hence using Fact (6.5), we may choose an absolutely irreducible Q-embedding
of G in SLy. Now Theorem 6.1 with the constant D = N Dy follows from Proposition
6.3 and Lemma 6.4. a
We note in the above proof that, if we exclude a finite set of primes S = S(I', A),
the constant D can be chosen independent of I' and A, i.e. depending only on G.

7. PROOF OF THEOREM 1.1
7.1. Approximation of the weighted Hecke operator.

Theorem 7.1. Let G, H be as in Theorem 1.1 and let xoH an H-orbit with finite
volume with o = 7(e). LetI' C Gq a congruence subgroup of the form I' = GgN[[, U,
for compact open subgroups U, C Gq,. Let a € Gg and p € supp(a). Write a = bc
with b and ¢ relatively prime and supp(c) = {p}. For any f € C.(X), one has

- - D,
[Taf = To(Te o < ?Hflloo
= =H ~  =H . :
where T, = T, and T, = T, are weighted Hecke operators with respect to H and

Dy = Do(I', HN Gg) > 0 is a constant.

Indeed, Dy = 2D where the constant D is as in Theorem 6.1.
Proof Set A = H N Ggq. Define §f € C(G) by

3f := deg(b) deg(c) To(T. f) — deg(a) Ta(f) -

Since b and ¢ are relatively primes, one has

-y ¥ ( : )f(x-y)-

2€Tp(zo) y€Te(z0) m(xy)

When y is in S.(zo, A, p), the local multiplicity m(y) = m,(y) is equal to 1, and by
Lemma 3.11.c, one has m(x.y) = m(xz). When y is not in S.(xg, A, p), it follows from
Lemma 3.11.b that

m(z)  m(z.y)

' 1 : 'Sm}m'
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Hence, using Theorem 6.1, one obtains

5f(e)] < gdeg@ S L fa)|

z€Ty(z0) m(x)

< gdeg< ) deg(0)]|flloo

By the G-equivariance, one gets the same upper bound at every point of G. Hence

D—
10flle < ;deg( ) deg(e)| flloe -

Applying this inequality to the constant function, one has

(deg(b) deg(c) — deg(a)]| < gd“eéw) deg(c)

Therefore,
I To(T. f) Toflls
f(z f
= =2 > IEIRDY
deg deg 2€Tp(z0) y€Te(z0) x deg zETb(zo y€Te(z0)
_ Il |, desw)
~ deg(b) deg(c) deg(b) deg(c)
2D
< —|flls
p
which is the bound we were looking for. O

7.2. Proof of Theorem 1.1. By Theorem 5.5, we only need to consider the case
when #supp(a) is not bounded. Letting p, := max(supp(a)), we may now assume
that p, — oo as deg(a) — oco. As in the proof of Theorem 5.5, we may assume that
zo = m(e) and I is of the form Go N [[, U,.

Let f € C.(X) with [, f dux = 0. Applying Theorem 7.1 with p,, one has, writing
a = be with b, ¢ relatively prime and supp(c) = {pa},

}zlensl ||Taf - Tb(Tc f)”oo =0
We note that, since X is compact, Theorem 2.1 implies that

(72) lim || Te f”oo = 0.

deg(c)—o0

It is easy to see that deg(c) > p, for all sufficiently large p,. Hence as deg(a) — oo,
deg(c) — 0.
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Since T}, decreases the sup norm, one has
. ~ < .
lim [ Toflloo < lim ] Te flloo
and hence
i [T, £l = 0.
This finishes the proof of Theorem 1.1 by Lemma 2.6. O

Remark The assertion (7.2) is the only place in the proof of Theorem 1.1 where
we use the cocompactness hypothesis on I'. Note that in the case when #supp(a) is
unbounded, our proof of Theorem 1.1 works for the case H compact as well.

—H
Since \o(X) = deg (a) - Ag(xoH), the following corollary shows that deg(a) — oo
if and only if A,(X) — oo as mentioned in the introduction.

Corollary 7.3. Let G, H be as in Theorem 1.1 and I be any congruence subgroup.
For a sequence {a € Gg}, one has the equivalence:

—_—

deg(a) — 00 <= deg (a) — 0.

—H
Proof Since deg (a) < deg(a) clearly, we only have to prove the implication =.
When #supp(a) is bounded, we have seen in Proposition 4.5 that the multiplicities

are bounded by some integer mg. Hence deg(a) < my deg(a) .
Suppose #supp(a) goes to infinity. By Lemma 3.7, one has

deg(a) > [ deg,(a)

—_— 1
where deg,(a) = Z @ H N Gg) Letting p, = max(supp(a)), one obtains
p\ <L)

x€Tay (z0)

from 6.1 that for p, > Dg
— = D 1
degla) 2 et (o) 2 (1- 2 ) dogla) > gies(an,) = paf2
DPa

To prove the last inequality, just use the remark following the proof of Lemma 6.4.
In both cases, deg(a) goes to infinity. O

8. DUALITY AND DOUBLE CLASSES

8.1. Hecke orbits on G/H. Corollary 1.2 will be a consequence of Theorem 1.1 and of
the following proposition. Recall that a Radon measure on a locally compact Hausdorff
space simply means a locally finite regular Borel measure.
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Proposition 8.1. Let G be a locally compact group. Let T' and H be two closed
subgroups of G. Fix a right Haar measure A\r on I' and a left Haar measure Ay on H.
Then there are homeomorphisms among the following spaces equipped with the weak %
topologies

right H-invariant left I'-invariant and left I'-invariant
Radon measures — right H- invariant > Radon measures
on "G Radon measures on G on G/H
M — v — P

given by, for any f € C.(G),

JoaUr F(vg) dAc (7)) d(Tg) = [, f(9) dv(g) = [, 5[y f(gh) dAu(h)) dp(gH)
This proposition follows immediately by applying the following general lemma twice.

Lemma 8.2. Let G be a locally compact group and H a closed subgroup of G. Fiz a
left Haar measure Ay on H. Then there is a homeomorphism between the following
spaces

right H-invariant - Radon measures
Radon measures on G on G/H
v — p

given by, for any f € C.(G),
Jo F(9)dv(g) = [ [y f(gh) dAr(h)) dp(gH)
Proof The map [ : C.(G) — C.(G/H) defined by
1)) = | Hah)ira(h)

is surjective [Ra, Lemma 1.1]. For a given right H-invariant Radon measure v on G,

define
- [ rwyivte) = v(s)
for f € C.(G). To check this is well defined, suppose that I(f) = 0. Then

/G 1(f)(gH)du(g) = 0.

By applying Fubini’s lemma, one has [}, [, f(gh)dv(g)d\g(h) = 0. Since v is right
H-invariant, it follows that f 1 V(f)dAg(h) = 0 and hence v(f) = 0. Hence p defines a
Radon measure on G/H. Now for a given p, one can define a right H-invariant measure
v on G as above. Clearly this map v — p is a homeomorphism. O
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Note that if I' is a closed subgroup of GG, then the left I'-invariant measures v cor-
respond to the left [-invariant measures p in the above lemma, and hence Proposition
8.1 follows.

Proof of Corollary 1.2 Let dg and dh denote the Haar measures on G and H
respectively so that I'\G and (I'M H)\ H have both volume 1. Let A be the G-invariant
measure A on G/H to be the “quotient” of dg by dh, i.e., for any f € C.(G), we have

/G fdg = /G B /H f(gh) dhdlg).

In this case, one has \,(X) = a\eE(a) and one can take
¢, = deg(a) .

In fact, according to the homeomorphism given in Proposition 8.1, each H-invariant
measure i, = ¢, '\, on X = I'\G correspond to the T-invariant measure p, on V =
G/H given by

pul) = —#(VN )

for any measurable subset 2 C V, and the measure px on X = I'\G correspond to
the measure A on V' = G/H. By Theorem 1.1, the sequence p, converges to uy, and
hence the sequence p, converges to . O

Remark 8.3. Corollary 1.2 is still true even if G is not necessarily simply connected
and T is not necessarily cocompact if one take G = G(R)? and a € Gg with #supp(a)
uniformly bounded. The same proof works, replacing Theorem 1.1 by Theorem 5.5.

Proof of Corollary 1.3 Denote by H the centralizer of s in G. Then H is a non-
compact torus, which is Q-anisotropic. The last condition is equivalent to saying the
H-orbit [e]H is compact in ['\G. The homogeneous space V = G/H can be identified
with C(s) via the map g — gsg~!, and this identification carries V, to the set

{t €C(s) |t = gsg~* for some g € T'al'}.

Hence this corollary is a special case of Corollary 1.2. O

8.2. Conjugacy classes of rational matrices. We can now come back to our con-
crete example.
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Proof of Proposition 1.4 Denote by M, the companion matrix associated to the
polynomial P(T) =T" +ax_ TNt + ...+ ay with N > 3:

0 1 .. 0
0 o .- 0
MO = .
1
—Gp —ai -+ —AanN-1

Let GL4(R) denote the subgroup of GLy(R) consisting of all matrices of positive
determinant. As is well known, V (resp. Vp) is the conjugacy class of My in GL{(R)
(resp. GLE(Q)). Note that the centralizer of My in PGLy is a maximal torus which
is R-isotropic since N > 3 and Q-anisotropic since P is irreducible (cf. [EMS]). Hence
if we set G = PGL}(R) and H to be the centralizer of My in G, then G and H satisfies
the assumptions in Theorem 5.5 (with G = PGLy) and we may identify V with G/H
via the map gMyg~—' — gH. Now by Remark 8.3, we may apply Corollary 1.2 to this
case with I' = PGLY,(Z) = SLy/(Z), provided # supp(a) are uniformly bounded.

Set a,, = diag(my, ..., my). The condition on m in Proposition 1.4 is equivalent to
saying that # supp(a,,) are uniformly bounded for all m. Therefore we only need to
check that

(8.4) Vin = Ad(SLn(Z)am SLy (Z))(Mo).
Set
L := {A | finite index Z-submodule of Z[a]}/ ~

where Ay ~ Ay if and only if A; = uA, for some non-zero u € Q(«).
In the space £, we may define, for each m = (mq, - -- ,my), the Hecke orbit T,,(Z[a])
of Z[a] to be
To(Zla)) i= {[A] € £| Zia)/A = &, Z/mZ}.
Define the map ¢ : Vo — L by M — [Ag,,] where &y = (&,...,¢n) € Z[a]V
is an eigenvector of M for a. Since the eigenvector &y, of M for a is unique up to
multiplication by Q(«), ¢ is well defined. Observing that

Vin = ¢_1(Tm(Z[O‘]))7

the following lemma provides (8.4).

Lemma 8.5. The map ¢ : Vo — L is a surjection such that for anym = (mq,--- ,my)
with m; € N, m;1|m; for all i and my = 1,

Ad(SLy(Z)ay, SLn(Z))(Mo) = ¢~ (Tw(Z[a)))

Proof If we set & := (1, ..., a1 € Z[a]V, then My, = a&. Let [A] € L. Since
(1,c,...,aN71) is a basis of the Z-module Z[a], there exists g = (g;;) € GLL(Q) N
My (Z) such that (&,---,€&n) is a basis for A where (&, ,&y)" = g&. Clearly,

g&y is an eigenvector for M := gMyg~!' with respect to the eigenvalue o. Hence
é(gMog~"') = [A]. This shows ¢ is surjective.
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By the elementary divisor theory, any g € GLL(Q) belongs to SLy(Z)a,, SLy(Z)
where a,, = diag(my,--- ,my) is the unique diagonal element with the property that
m; € N, m;q1|m; for all i and my = 1. Moreover, by the structure theorem for Z-
submodules of ZV, for ¢ = g&, with g € GLL(Q), the quotient Z[a]/A is isomorphic to
BN, Z/m;Z for some A € [A¢] if and only if g € SLy(Z)a,, SLy(Z). This finishes the
proof. O

It is easy to see that the same proof holds for N = 2 and a € R as well. However
the arguments in this paper does not prove the case of N = 2 with a € C, which we
believe to be still true.
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