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Abstract

Let G be a semisimple real algebraic Lie group of real rank at least two
and U the unipotent radical of a non-trivial parabolic subgroup. We
prove that a discrete Zariski dense subgroup of G that contains an
irreducible lattice of U is an arithmetic lattice of G. This solves a con-
jecture of Margulis and extends previous works of Selberg and Hee Oh.
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1 Introduction

In the mid 90's, G. Margulis raised the following conjecture.

Conjecture 1.1. Let G be a semisimple real algebraic Lie group of real rank
at least 2 and U be a non-trivial horospherical subgroup of G. Let T' be a
discrete Zariski dense subgroup of G that contains an irreducible lattice A of
U. Then T’ is a non-cocompact irreducible arithmetic lattice of G.

This conjecture is first quoted by Hee Oh in [23] and in [27]. Indeed
her work in [25] is a major contribution towards it (see Section 1.2). This
conjecture is also reported by Lizhen Ji in his summary [14, Section 7] of
the work of Margulis. The main feature here is that “I' is a lattice” is a
conclusion, not an assumption. The aim of this paper is to prove (Theorem
2.16) that Conjecture 1.1 is true.

1.1 Arithmeticity of discrete groups

We quickly recall the relevant definitions. See Chapter 2 for
more details and Section 2.3 for examples.

A semisimple real algebraic Lie group is a subgroup G C GL(N,R) which
is defined by polynomial equations with real coefficients and whose Lie alge-
bra g is semisimple. The real rank of GG is the dimension of the maximal split



tori of G. The group G is endowed with two topologies: the Lie group topol-
ogy and the Zariski topology. We denote by G, the connected component of
G.

A horospherical subgroup U of G is the stable group of an element g in G
le. U:={ued| 1i_)m g"ug™" = e}. The normalizer P of such a group U is
called a parabolic szbg;'oup, and the group U is the unipotent radical of P.

A lattice A of U is a discrete cocompact subgroup of U. It is said to
be irreducible if it intersects trivially every proper normal subgroup of G,
(see also Remark 4.4 for equivalent definitions). If such a lattice A exists,
the group U meets non-trivially all the simple normal subgroups of G.. In
particular, the group G. has no compact factors.

A discrete subgroup I' of G is said to be irreducible if, for all proper
normal subgroup G’ of G, the intersection I' N G’ is finite. A lattice I of G
is a discrete subgroup of G such that the quotient G/I" has finite volume.
For instance, discrete cocompacts subgroups of G are lattices of G. In this
preprint we will only deal with irreducible non-cocompact lattices of G.

If one can choose an embedding G — GL(N, R) and polynomial equations
defining G with rational coefficients, the group Gg := GNGL(N, Q) is dense
in (. This group G is then called a Q-form of G and the subgroup of
integral points Gz := G N GL(N,Z) is a lattice of G. When G is adjoint,
an irreducible non-cocompact lattice I' of G is said to be arithmetic if there
exists a Q-form of G such that I' and Gz are commensurable.

Remark 1.2. - When G is simple, every lattice of U is irreducible.

- The irreducibility assumption on the lattice A of U in Conjecture 1.1 can
be weakened to an indecomposability assumption (see Definition 2.14).

- A non-cocompact irreducible arithmetic lattice I' of G is always Zariski
dense and always intersects cocompactly at least one non-trivial horospheri-
cal subgroup U of G.

- The higher rank assumption in Conjecture 1.1 is necessary: In G = SL(2,R),

the subgroup of SL(2,7Z) generated by the matrices ((1) ‘Z’) and (é (1)) has

infinite index in SL(2,Z) and therefore is not a lattice in G. More generally
when G is a simple real algebraic Lie group of real rank one, when U, U~
are two distinct non-trivial horospherical subgroups of GG, and when A, A~
are lattices in U and U~ there always exist finite index subgroups A’ and
A’ in A and A~ that play ping-pong on the flag variety G/P. The group
generated by A’ and A’” is then a discrete subgroup of GG, isomorphic to the
free product A’ x A’", and of infinite covolume in G.



- When G isn’t adjoint, an irreducible non-cocompact lattice of G is arith-
metic if its image in the adjoint group of G is arithmetic.

1.2 Motivations and previous results

We present some history of Conjecture 1.1 and related ques-
tions, as well as previous partial results towards it.

The fundamental finiteness theorem of Borel and Harish-Chandra in [5]
in the 60’s tells us that in a real semisimple algebraic Lie group G defined
over Q the group Gy of integral points is a lattice.

The celebrated arithmeticity theorem of Margulis in [19] and [20] in the
70’s tells us that an irreducible lattice Ty in a real semisimple algebraic group
G with no compact factors and of real rank at least two is an arithmetic
group. This means that there exists a real semisimple algebraic group H
defined over Q and a group morphism 7 : H — G with compact kernel and
finite index image such that Iy is commensurable to m(Hz).

The proof was a fantastic application of ergodic theory. Before proving
the general case, Margulis first proved in [18] his arithmeticity theorem for
non-cocompact lattices and showed that, in this case, one can choose 7 to
have finite kernel. The strategy for this first case relied on a previous result of
Kazhdan and Margulis in [16], which implies that there exists a horospherical
subgroup U of G such that the intersection U NIy is an irreducible lattice
in U see [18, Theorem 7.1.1] and also [30]. It also used a previous result of
Borel in [3] which says that the lattice I'y is Zariski dense in G.

The Margulis arithmeticity theorem was the resolution of a conjecture of
Selberg. In fact A. Selberg, using tricky computations, was able to prove the
arithmeticity of non-cocompact irreducible lattices I'y when G is a product
of copies of SL(2,R) and SL(2,C). In the early 90’s A. Selberg announced
that his unpublished proof applied not only to irreducible lattices but also to
any discrete and Zariski dense subgroup I' of GG that intersects the maximal
unipotent subgroup U of GG in an irreducible lattice.

Moreover, by a previous result of Raghunathan and Venkataramana in
[31] and [36], it was known that Conjecture 1.1 was true for a subgroup of an
arithmetic group. Indeed, their results say that if G is an absolutely Q-simple
algebraic group of real rank at least two, and U, U~ is a pair of non-trivial
opposite maximal horospherical subgroups defined over Q then any subgroup
I' of Gz that contains lattices in both U and U~ has finite index in G7.



All these partial results lead G. Margulis to formulate his Conjecture.
The formulation of Margulis Conjecture as quoted in [23], [27] and [14] seems
slightly different from Conjecture 1.1: it deals with the arithmeticity of dis-
crete subgroups of G that contain lattices in a pair of opposite horospherical
subgroups. But Hee Oh has proved later in [26] that the two formulations
are equivalent (see also Section 5.1).

In her PhD thesis [25] in 1997, Hee Oh proved Conjecture 1.1 in many
cases where G is absolutely simple. For instance she proved it for all simple R-
split groups G, except for G = SL(3,R) and P a minimal parabolic subgroup.
Her proof relied on a clever combination of Ratner’s classification theorem
([32], [33]), Weil’s local rigidity theorem for lattices and a construction of
Q-forms of Margulis ([18]). The remaining unproven cases with G' absolutely
simple consisted of four infinite families of pairs (G, P) and two exceptional
cases. Among them was the pair G = SL(n,H), n > 3 and P the stabilizer
of a quaternionic line in H", and also the pair G = SO(2,n + 2), n > 2 and
P the stabilizer of an isotropic 2-plane. Neither can this method deal with
products G of real rank one groups.

Selberg’s preprint [35] became available only in 2008 (see also [11, Con-
jecture 1.7] for partial results towards Selberg’s theorem). After simplifying
Selberg’s ideas in [2], Benoist and Oh solved in [1] the last remaining R-split
simple group, i.e. when G = SL(3,R) and P is a minimal parabolic subgroup.

Motivated by these new results, the second author focused on Conjecture
1.1 in his PhD thesis. First, building on Selberg’s approach, S. Miquel solved
Conjecture 1.1 when G is a product of real rank one groups in [22]. Second,
in the unpublished part of his thesis, using a case by case analysis relying on
Hee Oh’s approach, he was able to deal with all simple algebraic groups GG
except for one family: when G = SO(2,4n+2), n > 1 and P is the stabilizer
of an isotropic 2-plane. Neither can these methods deal with groups G with
both real rank one and higher rank factors.

Pursuing our efforts on that family after the PhD defense, we found a
new strategy which does not rely on tricky computations, avoids the use of
Ratner’s classification theorem and Weil’s rigidity theorem and gives a full
and unified answer to Margulis Conjecture 1.1.

1.3 Strategy of proof

We now explain the strategy of the proof of Conjecture 1.1
and the organization of this paper.



1.3.1 Reflexive commutative and Heisenberg horospherical U

A horospherical subgroup U of G is said to be reflexive if U is conjugate
to an opposite horospherical group U~ (see §2.2.1). We will say that U is
Heisenberg if it is two-step nilpotent and if the group P acts on the center 3
of the Lie algebra u of U by similarities for a suitable Fuclidean norm. This
implies that U is reflexive. More details will be given in Chapter 2.
According to reduction steps due to Hee Oh in [25] and [26], which we will
recall in Chapter 5, it is enough to prove Conjecture 1.1 in two cases: when
U is reflexive commutative and when U is Heisenberg. One can also assume
that the discrete subgroup I' contains an element go such that U~ = goUgy .
Let A and A~ be lattices of u and u™ such that exp(A) C I and exp(A~) C I

1.3.2 Orbits of horospherical lattices

The reductive group L := P N P~ intersection of the normalizers of u and
u~, acts by conjugation both on the space of lattices X' (1) of u and X (u™)
of u™. In both cases, we will check in Chapter 3 (Proposition 3.15) that

the single L-orbit LA is closed in the space X' (u) and (1.1)
the double L-orbit L (A, A7) is closed in X'(u) x X' (u~). ’

We will be able to prove (1.1) without using Ratner’s classification theorem
or Weil’s rigidity theorem. This explains why we can work directly with the
group L instead of working as in [25] with the subgroup S of L generated by
its unipotent elements. Indeed the remaining open cases in [25] were exactly
those for which S is much smaller than L. For instance in the case where
G =S0(2,n+2), n > 4 and P is the stabilizer of an isotropic 2-plane, the
group S ~ SL(2,R) is much smaller than the group L ~ GL(2,R)xSO(n,R).

The strategy to prove (1.1) is to introduce a polynomial function ¢ on
G which is semi-invariant by multiplication by L and such that the sets
®(I") and ®(I'wy) are closed discrete subsets of R, where wy is the longest
element of the Weyl group (Corollary 3.9). We then focus on two polynomial
functions given by F(X) := ®(e*w) for X in u and G(X,Y) := ®(eXe¥)
for X in u and Y in u~. The former will be used to prove that the single
L-orbit is closed and the latter to prove that the double L-orbit is closed.
The two main properties of these polynomials are their L-invariance and the
discreteness of the sets F'(A) and G(A, A™).



1.3.3 Construction of the function ¢

Assume first that u is reflexive commutative. The key idea in order to con-
struct @ is to think of G as a group of 3 x 3 block matrices acting on the
natural 3-terms grading g = g_1 & go © g1, where u= = g 1, [ = gg and
u = g; are the Lie algebras of U™, L and U. We then extract the right-lower
block M(g) € End(u). The function ®(g) is nothing but the determinant
O (g) = det(M(g)). The fact that &(I') is a discrete set follows from an ap-
plication of the Bruhat decomposition of G and a repeated application of the
Mahler compactness criterion.

When u is Heisenberg, one uses the same construction relying on the
natural 5-terms grading g = g_o@® - - - @ go, thinking of G as a group of 5 x 5
block-matrices and extracting the right-lower block M(g) € End(3).

A key algebraic property of the function F' will be checked in Chapter
6. It says that the group L, seen as a subgroup of the group Autg, (u) of
graded automorphisms of u, is, up to finite index, equal to the subgroup H
that preserve F' up to a scalar multiple (Proposition 3.13). This property is
not surprising since, when g is absolutely simple, the group L is either equal
to Autg, (1) or is a maximal subgroup of Autg, (u) up to finite index.

1.3.4 Stabilizer of horospherical lattices and construction of Gg

In Chapter 4, we deduce from (1.1) that
the stabilizer Ly o- of (A, A7) is infinite, (1.2)

except in one case: when the restricted root system of G is of type As.
This exceptional case is dealt with in Lemma 4.16.2. When the parabolic
subgroup P is not minimal, the proof of (1.2) relies on Dani-Margulis’ recur-
rence theorem for unipotent flow (see Proposition 4.14). When P is minimal,
the proof of (1.2) relies once more on the Mahler compactness criterion (see
Lemmas 4.15 and 4.16). Note that when G is of rank one this stabilizer
L 5~ is always finite. The higher rank assumption is used here through the
non-compactness of the subgroup Lo := {¢ € L | det,(Adl) = 1}.

Once (1.2) is proven, we introduce the subgroup I'' C I' generated by
exp(A) and exp(A~) and its normalizer I'” := Ng(I") which is discrete and
contains this infinite group L r-. We denote by ) the Zariski closure of
[ N P. Tts Lie algebra q is endowed with a natural Q-form. We check that
the various Q-forms on the spaces Adg(q), for g in I'”, are induced by a



["-invariant Q-form on g. This tells us that I'” is included in a Q-form Gg
of G (Proposition 4.11). Using a result (Proposition 4.10) of Raghunathan
and Venkataramana, we then conclude that the group I" is commensurable
to Gz (Corollary 4.13). The group I too.

The above strategy can also be extended to products of semisimple groups
over various local fields (see Section 5.4).

2 Notation

We collect in this chapter a few definitions and notations that we will use
freely all over this paper.

2.1 Algebraic groups

Let G be a complex linear algebraic group. This means that G is a subgroup
of GL(V), for some finite dimensional complex vector space V' and G is the
set of zeroes of a family P of polynomials on V:

G={geGL(V)| P(g) =0 for all Pin P}

Given a basis B of V| we will say that G is defined over R (resp. Q) if
the family P can be chosen with polynomials with real (resp. rational)
coefficients in B. In that case, we will denote by Gg (resp. Gg) the set of
elements of G with real (resp. rational) coefficients. We will say that the
groups Gg and G are a real form and a Q-form of G, respectively. We also
call the group G = Gy a real algebraic Lie group and denote its Lie algebra
by the corresponding gothic letter g.

This naive approach of algebraic groups, avoiding functors and schemes,
will be enough for our purpose.

Let G be a semisimple real algebraic Lie group. This means that the Lie
algebra g is semisimple i.e. g is a direct sum of simple ideals g, where a runs
over a finite set A. Since the morphism G' — Aut(g) has finite kernel and
finite index image, we will often assume, without loss of generality, that G is
adjoint. This means that G is isomorphic to the Zariski connected component
of Aut(g).

The group G or the Lie algebra g is said to be absolutely simple if the
complexified Lie algebra g¢ is simple. When g is simple but not absolutely
simple it has a complex structure.



Ezample 2.1. - When G is the orthogonal group G = O(d,C), the groups
G = O(p, q), with p + ¢ = d are real forms of G.

- For any quadratic form @) with rational coefficients and signature (p, ¢), the
orthogonal group O(Q, Q) is a Q-form of O(p,q). Two quadratic forms @
and @)y give Q-isomorphic Q-forms if and only if they are proportional.

- When d = 2m, the quaternionic orthogonal groups G = O(m,H) is also
a real form of G. Using quaternion division algebras over QQ, one also con-
structs many Q-forms of this group G.

- More generally, by a theorem of Borel, every non-compact simple real al-
gebraic Lie group G admits at least one Q-form G containing non-trivial
unipotent elements.

- The semisimple real algebraic Lie group G' = SL(2,C) is simple but not
absolutely simple. Its complexified Lie algebra is g¢ ~ s[(2,C) & sl(2, C).

2.2 Parabolic and horospherical subgroups

We recall a few properties of parabolic subgroups.

2.2.1 Definition

Let G be a Zariski connected semisimple real algebraic Lie group. A unipotent
subgroup U of G is a subgroup whose elements are unipotent. Note that
the maximal unipotent subgroups are all conjugate. By definition, a minimal
parabolic subgroup Py of G is the normalizer of a maximal unipotent subgroup
Uy of G. A parabolic subgroup P of GG is a group that contains a minimal
parabolic subgroup Fy,. A horospherical subgroup U of G is the unipotent
radical of a non-trivial parabolic subgroup P i.e. the largest normal unipotent
subgroup of P. The parabolic subgroup P is both the normalizer of U and
of its Lie algebra p. This Lie algebra p of P is called a parabolic subalgebra
and the Lie algebra u of U is called a horospherical subalgebra.

A parabolic subgroup P~ is said to be opposite to the parabolic subgroup
P if the intersection L := P~ N P is a Levi subgroup for both P and P~. We
will also say that the unipotent radical U~ of P~ is opposite to the unipotent
radical U of P. One then has the equality P = LU and P~ = LU~. All
parabolic subgroups opposite to P are conjugate by an element of U. The
set Q:=U"LU = {g € G| P~ is opposite to gPg~'} is then a Zariski open
set in G. See [6] for more details.



The group U or the group P is said to be reflexive if there exists an
element g in G such that gUg™ ! is opposite to U. The set of such elements
g is also Zariski open in G.

2.2.2 Root systems

We recall the construction of the standard minimal parabolic subalgebra py.
Let A be a maximal split torus of G and a its Lie algebra. The real rank r of
G is the dimension of a. Let 3 be the set of restricted rootsi.e. of roots of a in
g, let X7 C X be a choice of positive roots and IT € X be the corresponding
set of simple roots. This set IT = {a,...,,} is a basis of a*. Let W be the
Weyl group of ¥ and wy be the element of W such that wy(II) = —II. For
every a € X U {0}, let g, be the corresponding weight space so that one has

g= @D gu, and u,:= P g, and p, = P ga

aexu{0} aext aeXTuU{0}

are respectively a maximal unipotent subalgebra and a minimal parabolic
subalgebra of g.

We now explain the construction of the finitely many parabolic subalge-
bras p containing p . They are parametrized by the subsets ¢ of II. For such
a subset 6 C II, we introduce the function ng : ¥ U {0} — Z defined by

ng( > ki) = > ki, forall k; in Z. (2.1)

i<r a; €0

The Lie subalgebras

U= P go and pp:= P 9o (2.2)

ng(o)>0 ng(a)>0

are the standard horospherical Lie subalgebra and the standard parabolic
Lie subalgebra associated to 6. The Lie subalgebras

U= D go and py = D ga (2.3)

ng(a)<0 ng(a)<0

are the standard opposite horospherical Lie subalgebra and the standard
opposite parabolic Lie subalgebra. The intersection [y := py N p, is a Levi
subalgebra of both pg and p, . The horospherical Lie subalgebra uy is reflexive
if and only if one has wy () = —0.

10



Note that any pair of opposite horospherical subalgebras (u,u™) of g is
equal to a pair (up, u, ) given by a suitable choice of A, ¥t and 6. The clas-
sification of reflexive commutative horospherical subalgebras will be recalled
in Section 6.1.

Definition 2.2. One says that the center 3 of u is a root space if the action
of A on j is scalar.

This means that u is included in a simple ideal of g and 3 is the root space
ga associated to the corresponding largest root a of X.

Definition 2.3. We will say that the horospherical group U is Heisenberg if
g is simple, u is two-step nilpotent and, the center 3 of u is a root space.

The Heisenberg horospherical Lie subalgebras are always reflexive. Their
classification will be recalled in Section 6.2.

2.2.3 Graded Lie algebras

The structure of horospherical Lie subalgebras can be understood using the
grading of g induced by the function ny. The following lemma on root systems
is classical.

Lemma 2.4. Assume g is a complex semisimple Lie algebra.

a) If a, B and o+ B are roots, then [ga, 85 = Ga+s-

b) For any positive roots 31, ..., B whose sum (1 + -+ + Py is a root, there
exists a permutation o of [1, k] such that all Byq) + - - - + By are roots.

c) If g is simple and B is a positive root, there erists a sequence [, ..., B
of simple roots such that all 3y + --- + [3; are roots and 31 + - -+ + By 1is the
largest root a.

Proof of Lemma 2.4. a) This is [8, Prop.4 §VIII1.2.2].
b) This is [7, Prop. 19 §VIL.1.6].
¢) The adjoint representation has a unique highest weight a. O

Fix a subset § C TI. Let s := max{ng(«) | « € X}. For j € Z, we denote
by g; := € ¢ga so that one has

ng(a)=j
9=0.0...000D...Dgs, (2.4)

lb=9g0, W=91D...Dgs, Po=1IlrDuy,

11



Uy =0 ®... 001, Py =lhDuy.

For latter use, the following lemma will be useful, in which g is a real
semisimple Lie algebra.

Lemma 2.5. a) One has the equality (g1, 9;] = gj+1 for all j > 1.

b) The Lie algebra uy is s-step nilpotent.

c) The center of uy is 3 = gs.

d) When g is simple, the Lie subalgebra g = g_sD[g_s, 95| D gs is also simple.

Proof. We can assume g complex and simple.

a) and b) follow from Lemma 2.4.a and 2.4.b

¢) follows from Lemma 2.4.a and 2.4.c.

d) The semisimplicity of g’ follows from [8, Prop.2 §VIII.3.1]. Let us prove
the simplicity. Since the Lie algebra gy normalizes g, and g_, it normalizes g’
and hence it also normalizes all the simple ideals i of g’. Such an ideal i must
intersect g;. According to Lemma 2.4.c, the subspace g, is an irreducible
go-module. Therefore the ideal i contains g, and hence is equal to g’. This
proves that g’ is simple. H

Remark 2.6. For 6 C II we introduce the element hy € a by
a;(hg) =1 ifa; €0 and «(hy) =0 if oy €6, (2.5)

so that one has the equality ng(a) = a(hg) for all & € ¥ U {0}. In the de-
composition (2.4) the spaces g; are the eigenspaces of adhy for the eigenvalue

yE

2.3 Examples of horospherical subgroups

To be concrete we now discuss explicit examples.

Let G = SL(d,R), d > 3 and a = {z = diag(z1,...,2q) / tr(z) = 0}. The
set of roots is X = {e —ej, 1 < i # j < d}. and the root spaces g.: _.: are one
dimensional with basis E; ; = e§®ei. We take X1 = {e} —ej, 1<i<j< d}
so that II = {a; := €;,; — e}, 1 < i < d}. The corresponding maximal

horospherical and minimal parabolic subalgebras are, say when d = 4,

) [0
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We now describe the horospherical Lie algebras uy in terms of block matrices.
When the set 6 contains only one simple root, § = {ay, }, one has a block
decomposition given by the equality d = dy+ds:

() v (G - ()

This horospherical Lie algebra uy is reflexive when d; = dy. Conjecture 1.1
for this case is already proven in [25], but our strategy for this reflexive
commutative case is new even when d; = dy = 2. The reader is advised to
keep this particular example in mind.

When the set 6 contains two simple roots, 8 = {ag,, @4, +4,}, One has a
block decomposition given by the equality d = dy+ds+ds:

() () ()

This horospherical algebra 1y is reflexive when d; = d3, and is Heisenberg
when d; = ds = 1. Conjecture 1.1 for this case is already proven in [1] when
dy = 1 and in [25] when dy > 2, but our strategy for this Heisenberg case is
new even for dy = 1 or 2.

Given a horospherical subgroup U of GG, there may exist many arithmetic
lattices I' that intersect U cocompactly. Here are a few examples:

Ezxample 2.7. When G = SL(4,R) and U = {( é )I( ) | X € M(2,R)}, the
following arithmetic lattices I' intersect U cocompactly:

(¢) I' = SL(4,2),

(i4) T = SU(h, Z[+/2]) where h is a non-degenerate hermitian form on Q[v/2]*.
(113) I' = SL(2, Hz) where Hg is a quaternion division algebra over Q.
Ezample 2.8. When G = SO(1,4) x SO(5,C) and P is the product of the
stabilizers of isotropic lines, the group U is commutative reflexive and isomor-
phic to R? x C3. The following group can be embedded in G as an arithmetic
lattice: I' = SO(q, Z[+/2]) where ¢ = 22 + x3 4+ 23 + 22 — 22.

2.4 Discrete subgroups

We now collect results on discrete subgroups of Lie groups.

13



2.4.1 Arithmetic lattices

Let G be a real algebraic Lie group and G, its connected component. Two
discrete subgroups I'; and I'y are said to be commensurable if the group
'y N T’y has finite index in both I'y and I';. A discrete subgroup I' of G is a
lattice if the G-invariant measures on the quotient G/I' have finite volume.
When G is semisimple, a discrete subgroup I' C G is said to be irreducible
if, for all proper normal subgroups G’ of G, the intersection I' N G’ is finite.

Assume now that G is semisimple adjoint. A non-cocompact irreducible
discrete subgroup I' of G is called an arithmetic subroup of G if there exists
a Q-form Gg of GG such that I' is commensurable with Gz. Such a subgroup
is always a lattice. See [4] for more details.

Remark 2.9. The definition of an arithmetic subgroup I' of a semisimple
adjoint real algebraic group G used in Margulis’ arithmeticity theorem is
more general. It uses an auxiliary compact semisimple real algebraic Lie
group K and a Q-form Hg of the product H := G x K. A group I is defined
to be arithmetic if it is commensurable with the projection in G of Hz. When
I is irreducible and the group K is non-trivial all the groups constructed in
this way are cocompact. This explains why no auxiliary group K is involved
in our definition.

Remark 2.10. When the semisimple group G is not adjoint, we define an
arithmetic subgroup of G as a subgroup whose image in the adjoint group is
arithmetic. Note that the Q-structure on the adjoint group might not lift to
G.

2.4.2 Nilpotent lattices

Lemma 2.11. Let U be a unipotent real algebraic Lie group, u be its Lie
algebra, and A a lattice of U.

a) There ezists a unique Q-form Uy of U such that A C Ug.

b) The set ug = log Uy is then a Q-form of the Lie algebra u.

¢) Two lattices A and A’ give the same Q-form iff they are commensurable.

Proof. See [29, Chapter 2] or [9, Chapter 5]. O

A lattice A in a Lie algebra u is a Lie lattice if [A, A] C A.
We denote by C*A and C*U the descending central sequences of A and
U.
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Corollary 2.12. a) There exists a Lie lattice A of u such that exp(A) C A.
b) For all k > 1, the group C*A is a lattice of C*U.

¢) Let U" C U be a subgroup such that ANU" is a lattice in U' and U" be the
centralizer of U in U, then ANU" is a lattice in U".

Proof. See also [29, Chapter 2]. ]
We will also need the following lemma.

Lemma 2.13. Let u be a nilpotent real Lie algebra, H be the group of auto-
morphisms of uw and A be a Lie lattice of w. Then the orbit HA is closed in
the space X (u) of lattices of u.

In this lemma, the topology on the GL(u)-homogeneous space X'(u) is
the quotient topology. It is well-known that for this topology a sequence of
lattices A,, converges to a lattice A, if and only if A, is the set of limits X,
of converging sequences X,, with X,, € A,,.

Proof. Let ¢, be a sequence of automorphisms of u such that the sequence
of Lie lattices A, := ¢,(A) converges to a lattice A. Since the lattices
A, are Lie lattices, the lattice A is also a Lie lattice. We want to find an
automorphism ¢ of u such that Ao = ¥(A).

Let (Xi,...,Xy) be a basis of A. For all j < d, there exists a sequence
X;n with X;,, € A, converging to X;. For n large the family (X,,...,X4,)
is a basis of A,,. For all 7, j < d, one has a relation

(X, X;] = ZkgdCiijk with cﬁij €.

Note that there exists a neighborhood €2y of 0 in u such that, for all n > 1,
one has A, Ny = {0}. Therefore, for n large, the same relations

[Xin, Xjn] = Zkgd Ci‘c,ijm

must be satisfied. The linear map v, : u — u given by ¢, (X;,) = X; for all
j < d is then an automorphism of u such that ¢, (A,) = Aw. O

2.4.3 Horospherical lattices

Let G be a semisimple real algebraic Lie group, G. its connected component
and U be a horospherical group of G.
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Definition 2.14. - A lattice A of U is irreducible if for any proper normal
subgroup G’ of G., one has AN G" = {e}.

- A lattice A of U is indecomposable if one cannot write GG, as a product
G = G'G" of two proper normal subgroups with finite intersection such that
the group (AN G")(A N G”) has finite index in A.

These notions depend on the embedding U — G.

For lattices A C U included in discrete Zariski dense subset I' of G, we
will see in Lemma 4.3 that these two notions are equivalent.

The following lemma tells us that when working with a Zariski dense
subgroup I' containing a lattice in a reflexive horospherical group, one can
assume that [' contains another lattice in an opposite horospherical subgroup.

Lemma 2.15. Let G be a Zariski connected semisimple real algebraic Lie
group, U a non-trivial reflexive horospherical subgroup, and I' a discrete sub-
group of G that contains an irreducible lattice A of U. Then G, has no
compact factors and one has the equivalence

i) I is Zariski dense,

i1) There exists a horospherical subgroup U~ opposite to U such that T also
contains an irreducible lattice A~ of U™.

Proof. Since A is irreducible, the group G, has no compact factors.

i) = 1) Since U is reflexive, the set {g € G | gUg ™" is opposite to U} is
non-empty and Zariski open in (G. Therefore it contains an element g of I’
and the group I' contains the lattice goAgy* of the opposite group goUgy '

i1) = i) The lattices A and A~ are Zariski dense respectively in U and
U~. Since A is irreducible, the groups U and U~ intersect all the simple
normal subgroups of GG, hence they generate the group G. m

We can now state the main theorem of this paper:

Theorem 2.16. Let G be a semisimple real algebraic Lie group of real rank
at least 2 and U be a non-trivial horospherical subgroup of G. Let I' be a
discrete Zariski dense subgroup of G that contains an indecomposable lattice
A of U. Then I is a non-cocompact irreducible arithmetic lattice of G.

3 Orbits of horospherical lattices

In this chapter we focus on lattices in reflexive horospherical subgroups which
are either commutative or Heisenberg. Our aim is to prove that the single
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L-orbit and the double L-orbit in the space of horospherical lattices are
closed (Proposition 3.15). More precisely we will explain in this chapter the
dynamical part of the proof, and postpone to Chapter 6 the algebraic part
(Proposition 3.13.a and Lemma 3.14).

We will keep the following notation throughout this chapter.

Notation 3.1. Let GG be a semisimple adjoint real algebraic Lie group. Let
P and P~ be two opposite parabolic subgroups, U and U~ be their unipotent
radicals, and L := PN P~ so that P = LU and P~ = LU~. Let g, p, p~,
u, u~ and [ be the corresponding Lie algebras. Let A be a lattice of U and
A~ be a lattice of U~ which are contained in the same discrete subgroup I'
of G. Let A and A~ be Lie lattices of u and u~ such that exp(A) C A and
exp(A™) C A™.

In the next two sections, we begin with generic constructions which do
not use the assumption that u is reflexive commutative or Heisenberg.

3.1 The matrices M(g)

The key idea is to think of the elements g of G as block ma-
trices and to extract a suitable block M(g).

Let 3 be the center of u and 7 : g — g be the L-equivariant projection
onto 3: in the decomposition (2.4), 7 is the projection on the last factor.

Definition 3.2. For g in G, we set M(g) := 7 Adg 7 € End(3).

This matrix M (g) is the lower-right block of Adg in the decomposition
(2.4). This is why we will think of M(g) as an element of End(3) Notice that
the map M : G — End(3) is a polynomial map.

Here are two important features of the projection 7 and the map M.

Lemma 3.3. a) For v in U~ and u in U, one has
7Adv=Adur =7. (3.1)

b) When g is in the Zariski open set Q := U~ LU, i.e. when g = vlu with
velU ,0eL,uelU, one has

M(g)X = Ad¢X, forall X in j. (3.2)
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Proof. a) Just notice that the image of Adv — Id is included in the Kernel
P g; of 7. Similarly, the operator Adu acts trivially on the image 3 of 7.

1<s
b) Just compute using a): 7 Adgm = 7 Adv Ad¢ Adunm = 7w Adl . O
Proposition 3.4. With the notation 3.1. The set
{M(@)X|gel'nQ, X e Anj;}

15 a closed discrete subset of 3.

Proof. Assume by contradiction that there exists a sequence of distinct ele-
ments
X! = M(g,)X, with g, e TNQ and X, € AN}

converging to an element X/ € 3. Since g, is in €2, one can write
Jn = Uplpu, with v, eU™, 0, €L, u, €U.
Since A~ is cocompact in U™, after extraction, we can write
v, = 0, " with 6, € A and v/, € U™ converging to v/ .

Remembering that 3 is the center of u and using (3.2), one computes

o Xn —1g—1 _ 7 Xnp—1,0r—-1 _ 1 X/ 1-1
Vo i= Opgne”"g, 6, =uvlpe" "l v = v, e ) (3.3)
: o X 1
Therefore this sequence -, of elements of I' converges to V., 1= v, _e*>v,

Since I is discrete, one must have v,, = 7, for n large. Since the exponential
map restricted to the nilpotent elements of g is injective, one deduces

Ad(v;,) X, = Ad(v.,) X, for n large. (3.4)

Applying the projection 7 to Equality (3.4) and using (3.1), one concludes
X, = X[ for n large. Contradiction. O

The following corollary is worth mentioning even though we will not use
it in the rest of the text.

Corollary 3.5. With the notation 3.1. The set M(I'N2) is a closed discrete
subset of End(3).

Proof. Since the intersection A N 3 is a lattice in 3, it contains a basis
Xy,..., X4 of 3. According to Proposition 3.4, for all j < d, the set of
vectors {M(g)X; | g € I'NQ} is a closed discrete subset of 3. Therefore, the
set of matrices {M(g) | g € ' N Q} is a closed discrete subset of End(3). O
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3.2 The function ¢(g)

We now introduce the polynomial function ® on G.

Definition 3.6. Let & : G — R be the function on G given by

®(g) = det,;(M(g))

Proposition 3.7. With the notation 3.1. The set ®(I' N Q) is a closed
discrete subset of R.

Proof. Assume by contradiction there exists a sequence of distinct real num-
bers ®(g,) with g, € [' N Q converging to ¢, € R. Since g, is in I' N, by
(3.2), the matrices M(g,) are invertible and, by Proposition 3.4, the following
union of lattices of 3

UnZl M (gn)(AN3)

is a closed discrete subset of 3. In particular, one has

inf mi M(gn)X . .

Inf min [M(g.) X[ >0 (3:5)
Since the determinants ®(g,) are bounded, one has a uniform upper bound
on the covolume of these lattices:

sup covol(M (gn)(AN3)) < oo. (3.6)
n>1
Conditions (3.5) and (3.6) tell us that this family of lattices of 3 satisfy the
Mahler compactness criterion. Therefore, after extraction, the sequence of
lattices M (g, )(A N 3) converges to a lattice A of 3. Let Xi,..., X, be a
basis of A,. For all j < d, there exists X, ; € AN 3 such that

M(gn)(X,,;) converges to Xj;.

Therefore, by Proposition 3.4, one has M (g,)X,; = X; for n large. Hence
one has the inclusion of lattices M (g,)(AN3) C Ay . Since this sequence of
lattices converge to A, this inclusion must be an equality, and computing
the covolume of these lattices gives for n large

|®(gn)| covol(A N 3) = covol(Aw).

Hence the sequence |®(g,)| is constant for n large. Therefore, ®(g,,) can take
only finitely many values. Contradiction. O
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3.3 The function ®(gwy)

We assume up to the end of this chapter that u is reflexive
commutative or Heisenberg. This allows us to say more on the
function .

We recall from Definition 2.3 that Heisenberg horospherical subalgebras
are always reflexive (a proof will also be given in Lemma 6.2). We will use
the notation of §2.2.2 and 2.2.3. We write u = uy for a subset 6 of the set
of simple roots and let wy be the longest element of the Weyl group so that

one has
Adwy(u) =u~ and Adwy(u™) =u. (3.7)

In this case, the parabolic subgroup P is maximal among the reflexive
parabolic subgroups of GG. Indeed, the set 6 contains either one simple root
invariant by —wg or a pair of roots exchanged by —wy.

Here are a few useful properties of the polynomial function ®. Let x be
the character of L given by, for ¢ in L,

x(€) = det;(Adl). (3.8)

Lemma 3.8. With the notation 3.1. Assume that u is reflexive commutative
or Heisenberg.
a) Forall g in G, ¢, ¢ in L, w in U, v in U™, one has

O(vlgl'u) = x(O)x (') 2(g) - (3.9)
b) For g € G, one has the equivalence: g € Q<= ®(g) #0.

Proof. a) By (3.1) one has the equality: M (vlgl'u) = Ad¢ M(g) Ad?.

b) If g is in €2, one can write g = vlu withv € U=, £ € L, uw € U, and one
has ®(g) = x(¢) # 0.

By the Bruhat decomposition, one can write ¢ = vwlu with v € U™,
weW, e L, ueU. If gisnot in €, one has Adwu # u. The normalizer
Q@ of 3 in G is a subgroup of G containing P. This group @) is a reflexive
parabolic subgroup of GG. Since the normalizer P of u is maximal among the
reflexive parabolic subgroups of G, one has P = (). Therefore, one also has
Adwjy # 3. Since W permutes the weight spaces g, this implies that the
matrix M(w) = 7 Adwm € End(3) is not invertible. Hence one has ®(w) = 0
and, by a), one also has ®(g) = 0. O
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Corollary 3.9. With the notation 3.1. Assume that u is reflexive commuta-
tive or Heisenberg, and that I' contains an element gy such that Adgo(u) = u~.
a) The set ®(T") is a closed discrete subset of R.

b) The set ®(T'wy) is a closed discrete subset of R.

Proof. a) This follows from Proposition 3.7 and Lemma 3.8

b) Even though the element wy might not be in I", we will deduce point b)
from point a). Since one has the equality Ad(gy'wy)(3) = 3 the following
endomorphism M, is invertible

My = 7 Ad(gy 'wo) ™ € GL(3)
and we compute, for all g € G,
M (gwo) = M(gg0) Mo.
Setting my := det;(My), we deduce

D (gwo) = mo P(gg0) -

Therefore the set ®(T'wg) = my ®(T') is a closed discrete subset of R. O

3.4 The polynomials F(X) and G(X,Y)

We introduce in this section the polynomials F'(X) on u and
G(X,Y) on u xu~. Most of this section focuses on the algebraic
properties of these polynomial F' and G and does not involve the
group I': we study the pairs of automorphisms of u and u~ that
preserve the polynomials F'(X) and G(X,Y).

We recall that u is reflexive commutative or Heisenberg.

Definition 3.10. Let F': u — R and G : u X u= — R be the polynomial
functions given by, for X inuand Y in u™,

F(X) :=®(e*wy) and G(X,Y):= d(eXe). (3.10)

Corollary 3.11. With the notation 3.1. Assume that u is reflexive commuta-
tive or Heisenberg, and that T' contains an element gy such that Adge(u) = u~.
a) The set F(A) is a closed discrete subset of R.

b) The set G(A x A7) is also a closed discrete subset of R.
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Proof. This follows from Corollary 3.9. O

The polynomials F' and G satisfy the following equivariant properties
with x as in (3.8):

Lemma 3.12. With the notation 3.1. For £ in L, X inu, Y in u~", one has
FAUX) = x(£)* F(X), (3.11)
GA X, AdlY) = G(X,Y). (3.12)

Proof. Since u is reflexive, the automorphism Adwg sends the center 3 of u
to the center 37 of u™. Hence, for all £ in L, one has

X(wo Lwy ') = x(0)™, (3.13)

where x is the character of L introduced in (3.8). One computes using (3.9)
FAALX) = d(le® wowy' 0 wy)
= X(O)®(e™ wo)x(wy" (™ wo) = x()* F(X).

Similarly, one computes

GACX,AdLY) = d(LeX e’ )
= x(OGX,Y)x(0)™" = GX,Y).

]

In the next proposition, we identify implicitly, using the adjoint action,
the group L as a subgroup of the group Aut(u) of automorphisms of u. Note
that when G is adjoint, the adjoint representation of L on u is faithful.

The following proposition and corollary are a converse to Lemma 3.12.

Proposition 3.13. Let G be an adjoint semisimple real algebraic Lie group.
Let U, U~ be opposite horospherical subgroups and L := P N P~ be the
intersection of their normalizers. We assume that U is reflexive commutative
or Heisenberg.

a) Let H := {p € Aut(u) | F o ¢ is proportional to F'}. Then the group L
has finite index in H.

b) Let £, V' be elements of L such that, for all X inu, Y in u~, one has

G(Adl X, Adl'Y) = G(X,Y) (3.14)

Then one has the equality £ = '
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We postpone the purely algebraic proof of Proposition 3.13.a to Section
6.3 and 6.4, splitting it according to the two cases: when U is reflexive
commutative and when U is Heisenberg. The proof of Proposition 3.13.b
will follow from the following lemma.

Lemma 3.14. With the notation as in Proposition 3.13. The bilinear form
onuxu- giwen, for all X inu, Y inu~, by

Go(X,Y) := try(madX adY 7) (3.15)
1s a non-degenerate duality between u and u~.

The proof of Lemma 3.14 will also be postponed to Section 6.3 and 6.4.
Proof of Proposition 3.13.b using Lemma 3.14. One has the equality

G(X,Y) = det;(1+nmadXadY 7+ O(]|X||||Y]))
= 1l+try(radX adY «) + O(|| XY -

Extracting the homogeneous component of degree 2 in (3.14), one gets
Go(Adl X, Adl'Y) = Go(X,Y) forall X inu, Y inu~.

Since, by Proposition 3.13, this bilinear form G5 is an L-invariant non-dege-
nerate duality, this implies Ad¢ = Ad¢ on u and therefore ¢ = ¢'. H

3.5 The single and double orbits are closed

In this section we prove that the single and the double L-
orbits are closed. Note that this fact does not use the higher
rank assumption on G nor the irreducibility assumption on A.

Recall that the single orbit is the L-orbit for the adjoint action of the
group L on the space X (u) of lattices in u, and the double orbit is the L-orbit
on the product space X'(u) x X'(u™).

Proposition 3.15. Let G be an adjoint semisimple real algebraic Lie group.
Let U, U™ be opposite horospherical subgroups and L = P N P~ be the
intersection of their normalizers. Let A, A= be Lie lattices of u and u™ such
that exp(A) and exp(A~) are included in a discrete subgroup T'.

We assume that w is either reflexive commutative or is Heisenberg, and
that T contains an element gy such that Adgo(u) = u~. Then,
a) the single L-orbit L A is closed in the space X (u) of lattices of u,
b) the double L-orbit L (A, A7) is closed in the product X (u) x X(u~).
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Proof. a) Let ¢,, € L be such that the sequence of lattices Ad¢,,(A) converges
to a lattice Ay, of u. We want to find ¢ in L such that A, = Adl(A).

The sequence of covolumes of these lattices also converges. Since the char-
acter x introduced in (3.8) and the character ¢ — det,(Ad{) are proportional,
the sequence x(¢,) also converges. Therefore, without loss of generality, we
can assume that

X(l,) =1.

By Lemma 2.13, there exists a sequence of automorphisms ¢, € Aut(u)
converging to e such that

Adl,(A) = pp(As) forallm > 1.
For every X in A, there exists X, in A such that
Adl, X, = op(X) foralln>1.
By Lemma 3.12, the elements /,, preserve the function F' and the sequence
F(X,)=F(Adl,X,) = F(p,(X)) converges to F(X).

This sequence F'(X,,) belongs to the set F'(A) which is closed and discrete by
Corollary 3.11. Therefore this sequence is constant for n large. Hence, for
all X in A, there exists an integer nx > 1 such that

F(on(X))=F(X) foralln >nx.

Since the degrees of the polynomials F o ¢, — F' are uniformly bounded, and
since the set A, is Zariski dense in u, one can find nyx independent of X,
that is, there exists ng > 1 such that

F(pn(X)) = F(X) foralln>mny and all X € u.

This means that ¢,, belongs to the group H of Proposition 3.13.a for n large.
Since the sequence ¢,, converges to e, this Proposition 3.13.a tells us that ¢,
also belongs to L for n large. Hence the single orbit L A is closed.

b) The proof is similar to the proof of a). Let ¢, be a sequence in L such
that the limits

A = lim Adl,(A) and Ay = lim Ad/l, (A7)

n—o0 n—oo
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exist. By a), there exist sequences ¢,, and ¢/, in L converging to e such that
Adl,(A) = Ade, (As) and Adl, (A7) = Adel (A).
For (X,Y) in Ay x A, there exists a sequence (X,,,Y,) in A x A~ such that
Adl, X, = Ade,, X and Ad/(, Y, = Ade] Y.
By Lemma 3.12, the elements /,, preserve the function G and the sequence
G(X,,Y,) = G(Ad(, X,,, Adl,.Y,) = G(Ade, X,,, Ade)Y,,)

converges to G(X,Y). Since this sequence G(X,,Y,) belongs to the set
G(A x A7) which is closed and discrete by Corollary 3.11, this sequence is
constant for n large. For all (X,Y) in Ay, x A, there exists nxy > 1 such
that

G(Ade, X, AdelY,) = G(X,Y) foralln>nxy.

As before, these nxy can be chosen independently of (X,Y"). Therefore, by
Proposition 3.13.b, one has ¢, = ¢/, for n large. Hence one has the equality
(Ao, Ay) = Ade, *Adl, (A, A7), and the double orbit L (A, A™) is closed. [J

4 Arithmeticity of I’

The aim of this Chapter is to deduce our main theorem 2.16 for horospherical
subgroups U which are either reflexive commutative or Heisenberg using the
closedness of the double L-orbit proven in Proposition 3.15. We will prove:

Proposition 4.1. Let G be a semisimple real algebraic Lie group of real rank

at least two, P be a non-trivial parabolic subgroup, U be its unipotent radical,

and I" be a Zariski dense discrete subgroup of G' that contains an irreducible

lattice A of U. Assume U is reflexive commutative or U is Heisenberg.
Then T" is an irreducible arithmetic lattice of G.

Remark 4.2. Without loss of generality, we can assume G adjoint. By Lemma
2.15, the group G has no compact factors and one can choose an element g
of I' such that the horospherical subgroup U~ := goUg,"' is opposite to
U. Therefore the group I' contains exp(A) and exp(A~) where A, A~ are
irreducible lattices in u and u~. Let L := P N P~ be the intersection of the
normalizers of U and U~. By Proposition 3.15, we know that the double
L-orbit L (A, A7) is closed. The proof of Proposition 4.1 will then be divided
into three cases which are studied separately in Sections 4.5, 4.6 and 4.7.
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4.1 Irreducible horospherical lattices

We first discuss the definition 2.14 of irreducible and indecom-
posable lattices of U

The following lemma tells us that for a lattice A C U that is included
in a discrete Zariski dense subgroup of G, being irreducible is equivalent to
being indecomposable.

Lemma 4.3. Let G be a semisimple real algebraic Lie group, U C G a non-
trivial horospherical subgroup, and A C U a lattice of U which is contained in
a discrete Zariski dense subgroup I' of G. Then the following are equivalent:
i) I is irreducible.

i1) A is irreducible.

i) A is indecomposable.

Remark 4.4. Let A be a Lie lattice of u such that exp(A) is contained in A.
The irreducibility of A is equivalent to the irreducibility of A:

i1)" For any proper ideal g’ of g , one has AN g = {0}.

And the indecomposability of A is equivalent to the indecomposability of A:
iii)" There does not exists a decomposition g = g’ @ g” as a sum of proper
ideals such that (AN g') @ (AN g”) has finite index in A.

Proof of Lemma 4.3. Without loss of generality, we can assume G adjoint.

Since A is torsion free, one has 1) = 1) = ii1).

Assume that Condition i) is not satisfied. Choose a non-trivial normal
subgroup G’ of G of minimal dimension such that the group IV := ' G’ is
non-trivial. We can decompose G as a product G = G'G"” where G” is the
centralizer of G'. We set A’ := ANG' and A” := ANG” and we want to
prove that the group A’A” has finite index in A.

Let p' : G — G’ be the projection on the first factor. Since the group
p/(T') is Zariski dense in G" and normalizes the group I, the Zariski closure
H' of T" is a normal subgroup of G’. Therefore, by minimality of G’, one
has H' = G’ and the group I" is Zariski dense in G’. Since the group p/(I")
normalizes I this group p/(I") is also a discrete subgroup of G'.

We decompose the horospherical group U as a product of normal sub-
groups U = U'U"” where U' := U NG and U” := U NG". We have just seen
that the group p'(A) is a discrete subgroup of U’. Since the group A is a
lattice of U, this implies that the intersection A” = ANU" is a lattice of U”.
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By the same argument as above the Zariski closure of the group I' :=
I'NG" is a normal subgroup H” of G” that contains U”. Let p” : G — H" be
the projection on the factor H”. By the same argument as above the group
p"(T') is a discrete subgroup of H”. In particular p”(A) is a discrete subgroup
of U"” and, as above, the intersection A’ = AN U’ is a lattice of U’.

Therefore the group A’A” is a lattice in U and has finite index in A. [

The following lemma tells us that the existence of an irreducible lattice
in U imposes compatibility conditions on the factors U,.

Lemma 4.5. Let G be an adjoint semisimple real algebraic Lie group and
U C G be a non-trivial horospherical subgroup. Let G, be the simple factors
of G and U, := UNG,. Assume that U contains an irreducible lattice /.
Then

a) If one group U, is commutative, all the groups U, are commutative.

b) If one group U, is s-step nilpotent, all the groups U, are s-step nilpotent.

Proof. The group U is s-step nilpotent for some integer s > 1. This means
that the s-th term C*U of the central descending sequence of U is the last
non-trivial one. By Corollary 2.12.b, the subgroup C*A is a lattice of the
group C*U. Hence it is non-trivial. By irreducibility of A, the projection of
C*A on each U, is non-trivial. Therefore the group C*U, is non-trivial. [

4.2 I'-proper and I'-compact subgroups

We recall in this section various lemmas due to Margulis in
[18] that focus on the intersection of a discrete subgroup of G
with closed subgroups of G. We give the proofs which are short.

Let H be a locally compact second countable group, let I' C H be a
discrete subgroup and H; C H be a closed subgroup.

Definition 4.6. H; is said to be I'-compact if I' N H; is cocompact in H;.
Hj is said to be T'-proper if the injective map H;/(I'N Hy) < H/T is proper.

Here is the interpretation: Let xy := I'/I" be the basis point of H/I.
- The group H; is I'-compact if and only if the Hi-orbit Hyzq is compact.
- The group H; is I'-proper if and only if the Hy-orbit Hyxg is closed in H/T.
Indeed, it is a classical fact that the topology induced on a closed orbit
Hizy coincides with the quotient topology on H;/(I' N Hy)
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Lemma 4.7. Let H be a locally compact second countable group, let ' C H
be a discrete subgroup and Hy, Hy be two closed subgroups of H.

a) If Hy and Hy are T'-proper, then Hy N Hy is I'-proper.

b) If Hy is I'-proper and Hj is I'-compact, then Hy N Hy is I'-compact.

Proof. a) By assumption, both orbits Hyxy and Haxo of the basis point
are closed. Since I' is discrete, all the H; N Hy-orbits in the intersection
Hixq N Hyx( are open in this intersection. Therefore these orbits are closed.
In particular, the orbit (H; N Hs)xg is closed in H/T.

b) Since Hyxg is compact, the orbit (Hy N Hs)xg is also compact. O

Lemma 4.8. Let G be a semisimple real algebraic Lie group, P and P~ be
opposite parabolic subgroups, U and U~ their unipotent radicals, and L :=
PN P~ sothat P= LU and P~ = LU~. Let Py :={p € P | det, Adp = 1}
and Ly := LN Fy. Let T be a discrete subgroup of G.

a) If U is T'-compact, the group Py is I'-proper.

b) If moreover U~ is I'-compact, the group Lg is also I'-proper.

c¢) In this case, the group (' N L)(I' N U) has finite index in I' N P.

Remark 4.9. The group P, is called the unimodular normalizer of U. Since
I' N P normalizes the lattice A:=T'NU C U, one has ' N P C F,.

Proof. a) Let p, € Py and v, € T' be sequences such that the sequence
Jn = Pp7Yn converges to g, € G. We want to find a sequence 6, € I' N F,
such that the sequence p,9, has a limit point p,, € Fy. Since the sequence
gn converges, there exists a neighborhood €2y of e in GG such that the groups
Al = p,Ap ! C g,Lg; ! intersect Qq trivially. Since these lattices of U have
the same covolume, by the Mahler compactness criterion, after extraction,
these lattices Al converge to a lattice A’ of U. Therefore the subgroups
A, = g tA! g, = v 1Ay, of T converge to the subgroup Ay := g1 AL geo.

Since I is discrete and A is finitely generated, there exists ng > 1 such
that A,, = A, for all n > ng. Therefore the elements §,, := 'yn%jol belong to
I' N Py and the sequence p,0,, converges to py, := goo’y,jol.

b) By point a), both groups Py and F, are I'-proper. Therefore, by
Lemma 4.7.a, the group Ly = Py N F, 1is also I'-proper.

¢) Assume by contradiction that the group (I' N Ly)(I' N U) has infinite
index in I' N Fy. Let v, = u,l, with ¢, € Ly, wu, € U be a sequence of
elements of I' N ) whose images in (I' N U)\G/(I' N Ly) are distinct. After
multiplying on the left by elements of the lattice A C U, one can assume
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that the sequence w,, is bounded. Then the sequence ¢, xy = u,, Loy is also
bounded in G/I'. Since Ly is I-proper, one can find a sequence 4, in I' N Ly

such that the sequence m,, := /,0, is bounded in Ly. Then the sequence
Vnln = uym, € I' N Py is also bounded. Since I' is discrete it can only take
finitely many values. Contradiction. [

4.3 The Raghunathan-Venkataramana theorem

The following result of Raghunathan and Venkataramana in
[31] and [36] says that in order to prove Theorem 2.16 for U refle-
xive, we only have to find a Q-structure on G such that I' C Gg.

Proposition 4.10. Let G be a semisimple real algebraic Lie group of real
rank at least two. Assume that G is defined over Q and is Q-simple. Let
U and U~ be opposite horospherical subgroups which are defined over Q and
A C Uz and A~ C U, be finite index subgroups. Then the subgroup T’
generated by A and A~ has finite index in Gy.

Proof. This proposition is proven in [31] and [36] for maximal opposite horo-
spherical Q-subgroups. But Hee Oh explains in [25, Corollary 2.2.2] how to
deduce the general case. Indeed U and U~ are normal subgroups in maximal
opposite horospherical Q-subgroups V and V~. Let L be the intersection of
the normalizers of U and U~ so that V = (LNV)U and V- = (LNV")U".
There exists a finite index subgroup A, C Lz that normalizes both A and
A~. By [31] and [36], the group generated by the lattices (Ay N V)A and
(AL NV7)A™ of Vz and V,; has finite index in Gz and normalizes I". There-
fore, by the Margulis normal subgroup theorem, I' has finite index in Gz. [J

4.4 Margulis’ extension of (Q-forms

In this section we introduce an important tool which allows us
to extend a pair of compatible Q-forms on u and u~ to a Q-form
on g. This tool (Corollary 4.13) tells us that in order to prove
Theorem 2.16 for a reflexive horospherical subgroup U, we only
have to find elements of L that normalize both lattices A and A~.

Proposition 4.11. Let G be a semisimple adjoint real algebraic Lie group,
P, P~ be two opposite parabolic subgroups, U, U~ be their unipotent radicals
and L = PN P~. Let I" be a discrete Zariski dense subgroup of G such that
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I'NU is an irreducible lattice of U and T'NU™ is an irreducible lattice of U™ .
Assume that the group I' N L is infinite.
Then there ezists a Q-form Gg of G such that I' C G

This proposition is an extension of a result of Margulis [18, Theorem 9.5.1]
where it is assumed that I' is a lattice in G. For the sake of completeness
we carefully check below the proof of this extension. Notice that in this
proposition there is no higher rank assumption. The proof relies on the
following lemma of Margulis [18, Lemma 8.6.2].

Lemma 4.12. Let V' be a real vector space, and W, W~ C V be two real
vector subspaces. Let G C GL(V') be a Zariski connected algebraic subgroup,
and Qg C G be a Zariski open subset such that:

i) The dimension d := dim(W~ N gW) does not depend on g € €.

i1) The vector subspaces gW for g in Qqy span V.

i1)" The vector subspaces g~*W = for g in Qg span V.

iii) The vector subspaces W~ N gW for g in Qg span W ™.

i11)" The vector subspaces g~ *W~ NW for g in Qg span W.

Let ' C G be a Zariski dense subgroup. We assume that W and W~
are endowed with Q-forms W and Wq satisfying the following compatibility
conditions:

iv) For all g in T'N Qg the subspaces W~ N gW of W~ are defined over Q.
iv)" For all g in T NQq the subspaces g W~ NW of W are defined over Q.
Then there ezists a Q-form Gg on G such that I' C G.

Proof of Proposition 4.11. We apply Lemma 4.12 with V' := g and with
Qo := U~ P. The vector subspaces W and W~ will be defined later. Let
Q, ~ and H be the Zariski closures of ' P, ' P~ and I'N L respectively,
and let q, g~ and h be the Lie algebras of ), @~ and H.

First step: we describe a Q-form on q and q~.

The group A :=I'NU is a lattice of U. Hence, by Lemma 2.11.a, there exists
a unique Q-form Uy on U such that A C Uy. The group Aut(Ugy) x Uy is
then a Q-form of the algebraic group Aut(U) x U. The group P = L x U is
naturally an algebraic subgroup of Aut(U) x U. This subgroup might not be
defined over Q. However the group I' N P is included in Aut(Ug) x Ug and
therefore its Zariski closure () is defined over Q. Let qg be the corresponding
Q-form of the Lie algebra q of Q). This Q-form is I' N P-invariant. We use a
similar construction for the Q-form on q~.
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Second step: we study the intersections q— N Adg(q).
For g in I' N €y, the parabolic subgroups P~ and gPg~! are opposite and
their intersection L, := P~ N gPg~' is a reductive group. Let [, be its Lie
algebra. The Zariski-closure H, of the group I' N L, is a subgroup of @~
which is defined over Q. Hence its Lie algebra b, is a subalgebra of q~ which
is defined over Q. Since the groups U~ and gUg ! are I'-compact, by Lemma
4.8, the group

(I'M Ly)(I'NU7) has finite index in I' N P~.

Therefore, the group H,U ™~ has finite index in )~ and one has ¢~ = h,Su~ .
By a similar argument with the element g~!, one gets ¢ = Adg~'(h,) & u.
Combining these last two equalities, one gets

by =q~ N Adg(q) . (4.1)

This proves that the dimension of this intersection is equal to dim q — dimu,
hence does not depend on g and that this intersection is a vector subspace
of g~ which is defined over Q.

Third step: we apply Lemma 4.12.

Let W~ C q~ be the vector space spanned by b, for g in I' N €y, and
W C q be the vector subspace spanned by Adg~'(h,), for g in I' N Q. The
subspace W~ of q~ is defined over Q. Similarly, the subspace W of q is
defined over Q. We can now check the assumptions of Lemma 4.12.

i) and v) By (4.1) one still has the equality

hy =W NAdg(W) forall gin I' N Q.

i1) By Lemma 4.3, the group I' N L intersects trivially every proper nor-
mal subgroup G’ of GG. Therefore, for any projection p, : g¢ — g, onto a
simple ideal, the Lie algebra p,(h) is non-zero. The subspace of g spanned
by Adg(W), for g € ' Ny, is an ideal of g that contains §. Therefore it is
equal to g.

ii1) follows directly from our choice of W~.

i1)’, 7i1)" and iv)’ are proven in a similar way.

By Lemma 4.12, there is a Q-form on G such that I' C Gg. n

Corollary 4.13. Let G be an adjoint semisimple real algebraic Lie group of
real rank at least two. Let T be a discrete subgroup that contains exp(A) and
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exp(A~) where A, A~ are irreducible lattices in opposite horospherical Lie
subalgebras uw and u~. Let L := PN P~ be the intersection of the normalizers
of u and u”. Assume that the stabilizer Ly o~ in L of the pair (A, A7) is
infinite.

Then I is an wrreducible arithmetic lattice of G.

Proof. Let T be the subgroup of I' generated by exp(A) and exp(A~). Let
[ be the normalizer of IV in G. Since the group I" is discrete and Zariski
dense in G, the group I'” is also discrete and Zariski dense in G. Since
this group I' contains exp(A), exp(A~) and the infinite group Lj -, by
Proposition 4.11, there exists a Q-form Gg of G such that I'' C Gg. In
particular, one has I C Gg. Since the lattice A is irreducible this Q-form
is Q-simple. By Raghunathan and Venkataramana’s Proposition 4.10, the
group I is commensurable to the lattice Gz. The discrete group I' is then
also commensurable to the lattice G. O

4.5 When P is not a minimal parabolic subgroup

We give the proof of Proposition 4.1 in the next three sec-
tions. In almost all cases we will prove that the stabilizer L a-
of (A,A7) in L is infinite and apply Corollary 4.13.

We first prove Proposition 4.1 when the parabolic P is not
minimal, i.e. when the semisimple group [L, L] is non-compact.

We use the notation of Remark 4.2. Let S be the product of the non-
compact simple factors of [L, L] and let H C L be the closure of the product
Lpa-S. Since S is a normal subgroup of L, H is a closed subgroup of L
containing S. By Proposition 3.15, the L-orbit L (A, A™) is closed. Hence
the closure of the S-orbit S (A, A7) is the orbit H (A, A™).

Note that the Radon H-invariant measure A\ on this orbit H (A, A7) is S-
invariant and S-ergodic. Let Xp(u) and Ay(u™) be respectively the spaces of
lattices of u and u~™ whose covolume is 1. Applying the following Proposition
4.14 to the finite volume homogeneous space Xy := Xp(u) x Xo(u™) tells us
that Ao has finite volume. This means that the stabilizer L - is a lattice in
H. Since H is non-compact this stabilizer L, 5~ is infinite and by Corollary
4.13, the group I' is an irreducible arithmetic lattice of G. This proves
Proposition 4.1 when P is not minimal.

We have used the following result due to Dani and Margulis.
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Proposition 4.14. Let Gy be a real algebraic Lie group, T'g be a lattice in
Go and Xy = Go/Ty. Let So C Gy be a semisimple subgroup then any Sp-
invariant and ergodic Radon measure \g on Xy has finite volume.

Proof. See [21, Theorem 11.5]. Write Sy = S35 where S{ and S are re-
spectively the product of the compact and non-compact factors of Sy. Let
Up be a one parameter unipotent subgroup of S{ which is not included in
a proper normal subgroup of S{. The Dani-Margulis uniform recurrence
theorem for unipotent flow on finite volume homogeneous spaces implies
that the Hilbert space L?(Xy, \g) contains non-zero Up-invariant functions.
Therefore the Howe-Moore theorem gives a non-zero S{-invariant function
¢ € L*(Xo, \o). One can assume ¢ > 0. Averaging Sj-translates of ¢ gives a
non-zero Sp-invariant function. By ergodicity this function must be almost
surely constant and hence )y has finite volume. O

4.6 When P is minimal and U is commutative

In this section we prove Proposition 4.1 when the parabolic
P is minimal and U is commutative.

In this case the group G is a product
G =1]11,G. where G, =PSO(d, +1,1) with d, > 1. (4.2)

This case is due to the second author in [22]. We present a short proof below
using our new approach. Let Ly := {¢ € L | det,(Ad¢) = 1}.

Lemma 4.15. With the notation of Remark 4.2. We assume that P 1is
minimal and U is commutative. Then the Ly-orbit Lo(A, A™) is compact

Proof. By Proposition 3.15, the Lg-orbit Lo(A, A7) is closed. We only need
to check that this orbit is relatively compact. By (4.2), u is a direct sum

u= @, u, where u, = Rd%
are Euclidean vector spaces and L is the product of groups of similarities
L =T], L, where L, = Sim(R%).

We use again the polynomial F'(X) introduced in (3.10). By Lemma 6.4.a, F’
is non zero. Since the group of similarities Sim(R?) has an open orbit on R?,
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the group L also has an open orbit in u, and the polynomial F'is up to scalar
the unique L-semi-invariant polynomial on u with character y? i.e. satisfying
the equivariance property (3.11). Therefore, there exists ¢ > 0 such that

F(X)=cl, | Xa|*® forall X = (X,) € u.
Since the lattice A is irreducible, one has
F(X)#0 for all X in AN{0} .

Lemma 3.11 tells us that the set F'(A) is a closed discrete subset of R. There-
fore the following constant is positive

m:= inf F(X)>0.
XeA{0}

Since the function F'is Lg-invariant, one computes, for all £ in Ly,

inf |JAdUX)|[* > ¢t inf F(A(X))=c'm >0, (4.3)

XeA~{0} XeA{0}
where d := ) d,. Since all the lattices Ad¢ (A), with £ € Ly, have the same
covolume, by the Mahler compactness theorem, the bound (4.3) tells us that
the orbit LA is relatively compact. For the same reason the orbit LoA~ is
also relatively compact. ]

We can conclude the proof of Proposition 4.1 in this case. Since the real
rank of G is at least two the group Lg is non-compact. Therefore, by Lemma
4.15, the stabilizer L, 5~ is infinite and by Corollary 4.13, the group I' is an
irreducible arithmetic lattice of G.

4.7 When P is minimal and U is Heisenberg

In this section we prove Proposition 4.1 when the parabolic
P is minimal and U is Heisenberg.

In this case the group G is a simple real Lie group and its root system
Y. is of type As. This means that the root system is ¥ = {£ay, an, tas}

with a3 = a; + as and the Lie algebra u is the sum

u=g;dge with g1 :=ga, B g0, and gs := ga, -
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One can give a list of such groups G: they are the groups PGL(3, K),
for the fields K = R, C, H, or the group Aut(P?*(0)) of collineations of the
projective plane over the algebra of octonions. We will not use this list.

The group L is a product L = M A where M is a compact group and A
is a two-dimensional split torus. The group Ly := {¢ € L | det;(Ad¥) = 1}
is equal to Lo = M Ay where Ag := Ly N A is a one-dimensional split torus.

For any root o we denote by GG, the unipotent group whose Lie algebra
is the root space g, and I', := ' N G,. All these root spaces have the same
dimension d = 1, 2, 4 or 8.

Lemma 4.16. With the notation of Remark 4.2. We assume that P 1is
minimal and U 1s Heisenberg. Then one has the dichotomy:

() either the Lo-orbit Lo(A, A7) is compact,

(i1) or Iy is a lattice in G, for all a € X.

Proof. When «,  are two non-opposite roots whose sum is not a root, the
product GG is a unipotent group. We distinguish two cases.

First case: Assume (I'N G, Gay) C Goy or (I'NGuyGay) C Gas,.
In this case we will prove (). Assume for instance the second inclusion

(I'N GayGay) C Gy . (4.4)

By Proposition 3.15, the double Lg-orbit Lo(A, A7) is closed. We only
need to check that both single orbits LoA and LoA~ are relatively compact.
Let t — b; be the one-parameter subgroup of Ly whose action on an element
X =X+ Xo+ X3 € uwith X; € g,,, is given by

Ad bt(Xl +X2+X3) = €t X1 + €_tX2 + X3 (45)

By contradiction, assume for instance that the orbit LoA is not relatively
compact. Since the orbit LoA is closed this implies that in both directions
n — oo the lattices Adb,(A) go to infinity. Since all these lattices have the
same covolume, by the Mahler compactness criterion, for all n > 1, one can
choose a non-zero element

Xy =Xp1+Xno+Xns € AN {0} with X,,; € g, - (4.6)
such that
lim ean71—|-€_an72—|—Xn,3 =0. (47)
n—oo
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We use again the polynomial F/(X) = det,(e***wyp) introduced in (3.10). This
polynomial has degree 4d and its homogeneous component Fyy; of degree 4d
is given in (6.7) by

F4d(X1 +X2 +X3) = detg3 (iad(Xl +X2)4w0).

According to Lemma 6.7.b, Fj; is non zero. Since L has an open orbit in
g1, this polynomial F}, is the unique L-semi-invariant polynomial on g; with
character x?. Therefore there exists ¢ # 0 such that

Fra(Xi+Xo+X3) =¢ ”X1”2d ”X2H2d )

where these norms ||.|| are M-invariant norms on g,,. By Corollary 3.11 the
set F'(A) is closed and discrete. Since

F(X,) = F(Adb,(X,)) converges to 0
One gets F(X,,) =0 for n large. The same argument proves that
F(pX,) =0 for n large, for all integer p > 1.
Therefore, for n large, one has Fy4(X,,) =0, i.e.
[ X1 || [[ X2l = 0. (4.8)

Since A is a lattice, combining (4.6), (4.7) and (4.8), one gets X,; = 0
Therefore, by (4.4), one also gets X, = 0. Using again (4.6), (4.7) one
finally gets X, 3 = 0. Contradiction.

Second case: Assume (I'NG,,Goy) € Goy, and (I'NGo,Goy) € Gas.
We choose elements g1 € (I'N Gy, Goy) N Loy and g2 € (I'N GoyGay) N Doy
We will prove (i7). By Corollary 2.12.c, we already know that I, is a lattice
in G,, and I'_,, is a lattice in G_,,.

We claim that I'y, is a lattice in G,, and I'_,, is a lattice in G_,,.

Let I'" be the discrete subgroup of G generated by g;, I',, and I'_,,. Let
G’ be the semidirect product G' = S’ x U’ where S’ is the simple Lie group
of real rank one generated by G,, and G_,, and U’ is the unipotent group
U’ = Ga,G_q,. Since the action of S’ on v’ is irreducible, the Zariski closure
of I'" is the group G'.

By Auslander’s Proposition 4.17 below, the projection of ' NG’ on S’ is
discrete. Since I',, is a cocompact lattice in G,,, the group I'y,I',, has finite
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index in I' N G\, G,,. The existence of ¢g; implies then that I',, contains an
element g; # e. The inclusion [g],[_,,] C I'_,, and the equality [¢], G_a,] =
G_,, imply that I'_,, is a lattice in G_,,. The inclusion [I'_,,,Ta,] C Ty,
and the equality [G_q,, Gas] = G, imply that T',, is a lattice in G, .
Replacing g1 by go, one deduces that I',, is a lattice in Gy, and I'_,, is
a lattice in G_,, which proves (ii). O

In this proof we have used the following classical result of Auslander which
can be found in [29, Thm 8.24].

Proposition 4.17. Let G be a real algebraic Lie group which is a semidirect
product G := S X U of a semisimple Lie group S and of a normal unipotent
subgroup U. Letp : G — S be the projection and I be a Zariski dense discrete
subgroup of G. Then the group p(I') is a discrete subgroup of S.

We now end the proof of Proposition 4.1 when P is minimal and U is
Heisenberg, distinguishing between both cases of Lemma 4.16.

In Case (i), since Ly is non-compact, the stabilizer Ly 5~ is infinite and
by Corollary 4.13, the group I' is an irreducible arithmetic lattice of G.

In Case (71), the group I intersects cocompactly the two opposite horo-
spherical subgroups U’ = G,,G_,, and U™ = G_,,G,,. Let L' := PPN P'~
be the intersection of the normalizers of U’ and U’~. The intersection I' N L/
is also infinite since it contains I',,. Therefore by the same Corollary 4.13,
the group I is an irreducible arithmetic lattice of G.

This finishes the proof of Proposition 4.1.

5 Reduction steps

The aim of this chapter is to prove our main theorem 2.16 for all horospher-
ical groups, relying on the special case when the horospherical group U is
either reflexive commutative or Heisenberg (Proposition 4.1). The reduction
process relies on the following three steps: Propositions 5.1, 5.2 and 5.3.
The first one deals with non-reflexive groups U, the second one with reflex-
ive non-Heisenberg U whose center is a root space, and the last one with
reflexive non-commutative U whose center is not a root space. For a simple
group G, this reduction process is due to Hee Oh in [25], [24] and [26]. We
extend it here to semisimple groups G. We include the proofs for the sake of
completeness.
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5.1 Non-reflexive horospherical subgroups

We first explain how to reduce the case of non-reflexive horo-
spherical groups to the case of reflexive horospherical groups.

Proposition 5.1. Let G be a semisimple real algebraic Lie group, U be a non-
reflexive horospherical subgroup, and I' be a Zariski dense discrete subgroup
of G that contains an irreducible lattice A of U.

Then there exists a larger reflexive horospherical subgroup U’ of G con-
taining U such that the group T' also contains an irreducible lattice A" of
U'.

Proof. We will find a larger horospherical subgroup V' 2 U of G such that
the group I' NV is also an irreducible lattice of V. If V' is reflexive we are
done. If not, we apply again this construction to V' until we get a reflexive
horospherical subgroup.

We use the notation of §2.2.2 and §2.2.3. We choose a maximal split torus
A of G, a set of simple root Il and a subset 6 C II such that the Lie algebra
u and its normalizer p are given by

u= @ g, and p=I[du with [:= P ga (5.1)

ng(a)>0 ng(a)=0

where ng is the function on ¥ U {0} given by (2.1). Let P = LU be the
normalizer of U and wy be the longest element of the Weyl group Wy =
Ne(a)/Zg(a) of G. Since T' is Zariski dense it contains an element gq in the
Zariski open set UwyP. After replacing I' by a suitable conjugate uol'ug*
with ug in U, we can assume, without loss of generality, that the element g is
in wo P so that the group goAg, ! is a lattice in woUw, '. Note that, since U is
non-reflexive, the conjugate wolwy * intersects P non-trivially. According to
Lemma 4.8.a the group P, := {g € P | det, Adg = 1} is I'-proper. Therefore,
since the group woUw; ' is I-compact, by Lemma 4.7, the group

V' = PyNwoUw,' is I-compact.

This non-trivial group V' normalizes U and both U and V' are I'-cocompact.
Hence the group V := V'U is also a unipotent group and is I'-compact.

We now check that V' is a horospherical subgroup. We compute its Lie
algebra v. The transformation ¢ := —w, induces a bijection of the set II of
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simple roots of G. One has the equality v = @, g, where the sum is over the
roots v € X such that

ng(a) >0 or (ng(a)=0 and n,@gne(a) <0 ).

We note that the set ¢ = II \ 6 is a set of simple roots for the group L. We
denote by wy, the longest element of the Weyl group Wy, := Np(a)/Z.(a) of
L. The transformation j := —wyj induces a bijection of the set §¢ of simple
roots of L. Therefore, one has the equality Adw((v) = B, go where the sum
is over the roots o € X such that

ng(a) >0 or (ng(a) =0 and njq@ne)(a) >0).
This tells us that this Lie algebra is a standard horospherical Lie algebra
Ad'lUé)(U) = Uy

with 6 = 60U j(c(0) N o).
By Lemma 4.3.7), the lattice Ay :=T' NV of V is irreducible. [

5.2 When the center of u is a root space

We now explain how to reduce the case of a reflexive horo-
spherical subalgebra u which is not Heisenberg but whose center
is a root space (see Definition 2.2) to the case of a reflexive horo-
spherical subalgebra 1’ whose center is not a root space.

Proposition 5.2. Let G be a semisimple real algebraic Lie group of real rank
at least two, U be a non-trivial horospherical subgroup, and I' be a Zariski
dense discrete subgroup of G that contains an irreducible lattice A of U.
Assume u is reflexive, not Heisenberg, and the center of u is a root space.
Then there exists a smaller reflexive horospherical subgroup U' C U of G
such that T' also contains an irreducible lattice A" of U' and the center of W
18 not a root space.

Proof of Proposition 5.2. We use the notation of §2.2.2 and §2.2.3 and write
U = Uy for a subset 0 of the set II of simple roots. Since A is irreducible
and since the center 3 of u is a root space, the Lie algebra g is simple. The
group U is s-step nilpotent, where s = ng(a) > 3. The last group C*U of
the descending central sequence is the center of U. Let

Op :={a; €Il | @ — o isaroot }.
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Since the center of u is equal to gg, one has the inclusion 6y C 6. Let U’ be
the centralizer of C*7'U in U. Since the Lie algebra of C*71U is g,_; @ gs,
the Lie algebra of U’ is u' = @, g, where the sum is over the roots « such
that

ng(a) >2 or (ng(a)=1 and ng,(a) =0).

This is also the set of roots « such that ng._g,(«) > 1. Therefore one has the
equality U’ = Up.y,. By Corollary 2.12, the group AN U’ is a lattice in U’
This lattice is automatically irreducible since g is simple. O

5.3 When the center of u is not a root space

The following proposition is the last of our three reduction
steps for Theorem 2.16. It deals with a reflexive non-commutative
horospherical subgroup whose center is not a root space.

Proposition 5.3. Let G be a semisimple real algebraic Lie group of real rank

at least two, U be a non-trivial horospherical subgroup, and I' be a Zariski

dense discrete subgroup of G that contains an irreducible lattice A of U.
Assume u is reflexive, non-commutative, and its center is not a root space.
Then the group I" is an irreducible arithmetic subgroup of G.

Note that in the following proof we use our main theorem 2.16 for a
smaller dimensional group G’. This is allowed by induction.

Proof. Since U is reflexive, by Lemma 2.15, there exists an opposite horo-
spherical subgroup U~ such that the group A~ :=T'NU" is a lattice in U~.
These groups are s-step nilpotent. Without loss of generality we can assume
that the group I' is generated by A and A™. By §2.2.3, there exists a grading

g=0 sP...0goP...dgs such that

uw =g:®...891, [=gp and u=g, b...dgs.
Let U' := Z and U'™ := Z~ be the centers of U and U~. The Lie algebras
of U and U™ areuw =3 =g, and v~ =3 = g_,. By Corollary 2.12.c, the
groups A" :=T'NU" and A’ :=T'NU'" are lattices in U' and U'".
Let I be the discrete subgroup of G generated by A’ and A’". The
Zariski closure of I' is the group G’ generated by U’ and U’~. This group G’
is a semisimple real algebraic Lie group whose Lie algebra is

g/ = g—S @ [/ @ gs Wlth [, = [9_5, gs] C gO M
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Since u’ = 3 is not a root space, the real rank of G’ is at least two. The groups
U’ and U’~ are opposite horospherical subgroups. They are commutative.
Since A is irreducible, by Lemma 4.5, for every simple ideal g, of g, the
intersection u/, := u’ N g, is non-zero and is the center of u, := unN g,.
According to Lemma 2.5, the intersection g/, := g’ N g, is also a simple ideal
of g’. Therefore, since the group A is an irreducible lattice of U, the group
A is an irreducible lattice of U’.

Using an induction argument, we can apply our main theorem 2.16 to the
smaller dimensional group AdG’": there exists a Q-form gg of g’ such that
I is commensurable with the stabilizer G7, of g/,. Let P’ and P~ be the
normalizers of U’ and U'™ in G’ and L' := P’ N P'". Since L normalizes U’
and U’ , this group L’ is a normal subgroup of L whose real rank is equal to
the real rank of G’ and hence is at least two. Moreover the group AdL’ is a
subgroup of AdG’ which is defined over Q. Let L{, be the intersection of the
kernels of all the characters of AdL’ that are defined over Q.

We claim that the group L{ is non-compact.

- In the case G is not simple, since the group A’ is an irreducible lattice,
the characters ¢ +— det,, (Adl) of AdL’ are not defined over Q. Hence Lj is
non-compact.

- In the case G is simple, the group G’ is simple too and since U is abelian,
the split center of L is one-dimensional and Lj, is a semisimple group of real
rank at least one. Hence Lj is non-compact.

Now, according to Borel and Harish-Chandra theorem, the discrete sub-

group Lg, = Lo N G7 is a lattice of Ly hence is an infinite group. This
group stabilizes A and A~. Therefore by Corollary 4.13 the group I' is an
irreducible arithmetic lattice of G. O

Remark 5.4. Note that in the previous proof, the horospherical subgroup U’
of G’ is not always reflexive. For instance when G = SO(d,C) and P is the
stabilizer of an isotropic p-plane in C¢ with 1 < p < n/2, then the group G’
is G’ = SL(p,C) and P’ := L'U’ is the stabilizer of a line in CP.

5.4 S-arithmetic setting

Our main result can be extended to product of simple groups over local fields.
We just quote the statement complementing our Theorem 2.16.

Proposition 5.5. let S be a finite set of valuation of Q including the archi-
medean valuation oo and at least one finite valuation. For p in S, let G,
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be the group of Q,-points of a connected semisimple algebraic Q,-group, and
U, be a horospherical subgroup of G, intersecting non-trivially all the simple
factors of G,. Let G =[], c5 Gy, U = [],c5Up- LetT be a discrete subgroup
of G whose image in every G, is Zariski dense. Assume that I' contains a
lattice A of U such that AN Uy is irreducible in Goy. Then T is a lattice in
G.

One can check that a proof similar to the real case works and ensures
that I' is S-arithmetic. Indeed the main tools we used for real Lie groups
have their counterparts on products of Lie groups over QQ,: the Raghunathan-
Venkataramana theorem, Margulis’ construction of Q-forms, the recurrence
of unipotent flow of Dani-Margulis (see [17, Thm 1.3]) and the Howe-Moore
decay of matrix coefficients. We are not going to write down the details here.

Partial results in this direction were obtained by Hee Oh in [27, Theorem
4.3] when G is a higher rank absolutely simple Lie group and by Benoist
and Oh in [2, Theorem 1.1] when all the groups G,, are products of SL(2,Q,).

6 Horospherical Lie subalgebras

We give the list of the horospherical Lie subalgebras that occur in Chapter 3
and 4, and we deduce from it a proof of Proposition 3.13.a and Lemma 3.14
which are the algebraic parts of the proof of our closedness result in Chapter

3.

6.1 Reflexive commutative horospherical subalgebras

The first class of horospherical subalgebras which play an im-
portant role are the reflexive commutative ones.

Let g be a semisimple real Lie algebra and u be a horospherical subalgebra.
We will use freely the notation of §2.2.2 and §2.2.3. One can choose a split
Cartan subspace a of g, a set of simple restricted roots Il and a subset 6 C II
such that u = uy. This Lie algebra uy is commutative if and only if it is the
component iy = g; of a grading

92971@90@917

One can easily reduce the classification of the reflexive horospherical sub-
algebras u of g to the case where g is a complex simple Lie algebras. Indeed,
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the horospherical subalgebra u of g is reflexive commutative if and only if
its complexification u¢ is reflexive commutative in gc. This horospherical
Lie algebra is then a direct sum of reflexive commutative horospherical Lie
algebras of the simple ideals of gc.

We assume now that the Lie algebra g is simple. The commutative horo-
spherical subalgebras uy are exactly those for which 6 contains only one
simple root # = {a} and such that ny(a) = 1, where & is the largest root of
3. This subalgebra is reflexive if and only if & = —wga. It is therefore very
easy to give the list of the reflexive commutative horospherical subgroups:
one expresses the largest root as a sum of simple roots & = ) |, n;a; and pick
out those simple roots for which n;, = 1 and —wyq; = «;.

g 1,1 F(X)
Simple roots u~u- G(X,Y)
(1) sl(C*™) n>3 |sl(C")@sl(CM) (det X )"
o o End(C") (det(1 4+ XY))*"
(2)  s0(C"™?) n>3 s0(C") q(X)"
© O O O : cr (1_b<X7 Y)+}LQ<X)Q(Y))R
(3) sp(C*™) n>3 s[(C™) (det X )™+
o —o S?(Cm) (det(1 + XY))"*H!
(4)  s0(C*) npair>4 s[(C™) (det X))
oo Te AZ(C™) (det(1+ XY))»!
(5) (47 (43 [3(X)18
’ ! ’ c G(X,Y)

Table 1: Reflexive commutative horospherical 1t in complex simple g

Remark 6.1. We want to point out that, when g is a complex Lie algebra,
the pair (g, go) is the complexification of a hermitian symmetric pair and the
map (g,u) — (g, go) induces a bijection between

{complex abelian horospherical algebras} and {hermitian symmetric spaces}.
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The reflexive commutative complex horospherical subalgebras correspond to
the hermitian symmetric spaces of tube type (see [13, p.528| or [12, p.97]).

We give in Table 1 this list of reflexive commutative horospherical Lie
algebras 1 in a complex simple Lie algebra g. The “grey” points e correspond
to the subset # of II. Choosing real forms for these pairs (g, u) gives all the
reflexive commutative horospherical Lie algebras u in a real absolutely simple
Lie algebra g. We give also the polynomials F' and G introduced in (3.10).
In this table, ¢ is a non-degenerate quadratic form on C?", b the associated
bilinear form and I3(X) a cubic form on C?7.

6.2 Heisenberg horospherical subalgebras

The second class of horospherical Lie subalgebras which play
an important role are the Heisenberg horospherical subalgebras.

Let g be a semisimple real algebraic Lie group and u be a horospherical
subalgebra. Using again the notation of §2.2.2 and §2.2.3, one can choose a
Cartan subspace a of g, a set of simple restricted root II and a subset 8 C II
such that u = uy. By Definition 2.3, a horospherical Lie subalgebra uy of g
is Heisenberg if g is simple and if uy is the sum uy = g; ® g of a grading

g=0 229 1DPgD g1 DYz,

where g; # 0 and g = g5.
The existence of a Heisenberg horospherical subalgebra implies that g is
not isomorphic to so(d, 1). The next lemma tells us that the converse is true.

Lemma 6.2. Let g be a simple real Lie algebra not isomorphic to so(d,1).
Then g contains a Heisenberg horospherical subalgebra w. This Lie subalgebra
is unique up to inner conjugation. In particular it is reflexive.

The Lie algebras g = so(d, 1) play a special role since they are the only
simple Lie algebras for which the largest root « is also a simple root and
hence cannot contain Heisenberg horospherical subalgebras.

Proof. 1f the horospherical Lie subalgebra uy is Heisenberg, one must have
9:{0@61_[|52—0zi62}. (61)

This proves that g contains at most one Heisenberg horospherical subalgebra
up to inner conjugacy.
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g (L 1]
Simple roots u~u-
(1) sI(C™T2) n>1 s[(C™)
o o C*pCreC
(2) s50(C") n > 2 sI(C?) @ so(C™
o ——0
o0 CeC'aC
O
(3) sp(C**?) n>1 sp(C*")
© 0 0 O0—¢0 CaC
(4) (4] 5[(@6)
O O
! ACHaC
(5) er s0(C™?)
© O
! C2aC
(6) €] (4r
O ©
! C*¥aC
(7) fa sp(C°)
O—O0=>—=0—0 Ag ((CG) & C
(8) g2 sl(C?)
S3(C*H @ C

Table 2: Complex Heisenberg horospherical u

Let us check that the horospherical subalgebra uy with 6 given by (6.1) is

Heisenberg. Indeed, one has (@, a;) = ||a||?/2 for a; € 0 and (&, ;) = 0 for
a; € 6°. One expresses the largest root as a sum of simple roots a = ), n;o;
and one computes Zaiee n =2y, nz(l‘l”‘a—ﬂ“g) = 2. O

In Table 2, we give the list of the pairs (g, u) where g is a complex simple
Lie algebra and u is a Heisenberg horospherical Lie subalgebra, the grey
points e correspond to the subset 6 of II.
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When u is a Heisenberg horospherical subalgebra in an absolutely simple
real Lie algebra g with dim 3 = 1, the pair (gc, uc) is still Heisenberg and is
in Table 2.

g Simple restricted roots [, 1]
gc Satake diagram u~u-
9) sI(H™+?2) o—0—0—o0 sI(H") & sl(H)?
n>1 s[(C* ) ® o 0 0 H™ ¢ H" ¢ H
(10)  sp(HPTLeE) o—0—05=0 sp(HP) & sI(H)
1<p<q sp(C¥r2atd) ® o o o= HP4 & Im(H)
(11) ¢6(~5) 50(8)
¢ R® @ R® @ R®

Table 3: Non-complex Heisenberg u with dim(3) > 1

In Table 3, we give the list of the remaining pairs (g,u), i.e. those for
which g is an absolutely simple real Lie algebra and u is a Heisenberg horo-
spherical Lie subalgebra with dimj > 1. The grey points e corresponds to
the subset 0 of II, and the black points e to the compact simple roots of gc.

Note that, as in Tables 1 and 2, the Lie algebra [ and the representation of
[ in u can easily be determined by a glance at the Dynkin or Satake diagram
(see [15, Prop. 3.1]).

Note that the set 6 in (6.1) is either a singleton § = {«a;} with —woa; = o
and n; = 2, or a pair § = {«;, a;} with —wooy; = a; and n; = n; = 1. This
second case occurs if and only if the root system X is of type A,., i.e. in Cases
(1), (9) and (11) of Tables 2 and 3.

Ezample 6.3. We have explicitely computed in Table 1, the polynomials F'(X)
for reflexive commutative Lie subalgebras. One can also explicitely compute
the polynomials F'(X) for the Heisenberg Lie subalgebras in Tables 2 and 3.
Here are three examples where F' is given up to a scalar multiple:

- Case (1): One has g = sl[(R""2), [ = sl(R") @ R?,

u={X=(fv,2) ER"®R" PR}, and F(X) ~ f(v)? — 22,

- Case (2): One has g = s0(2,n + 2), [ = s[(R?) @ so(R") & R?,
u={X=(V,2) e R2@R" PR}, and F(X) ~ det(VIV) - 22.
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- Case (3): One has g = sp(R**) [ = sp(R*") & R?,
u={X=(v,2) e R @R}, and F(X) ~ 2%.

6.3 When U is reflexive commutative

The aim of this section is to prove Proposition 3.13.a and
Lemma 3.14 for a reflexive commutative horospherical subgroup.

We first discuss a few facts about reflexive commutative horospherical
subalgebras. We use the notation of §6.1: one has [ = gy and u = g; for some
grading

g=0-1DgoD g1

We denote by hg the element of the center of gy inducing this grading, i.e.
such that adhg = +1 on g41.
We set u, :=ung, where g, are the simple ideals of g. The function

F(X) = dety(3(adX)?wo)
introduced in (3.10) for X € g; is also given by
F(X) = T, Fu(X,) (62)
where X =" X, with X, € u, and
Fu(X,) = dety, (2 (adX,)*wy) (6.3)

Lemma 6.4. With the notation of Proposition 3.13. We assume that u is
reflexive commutative. Then

a) The polynomial F is non-zero and homogeneous of degree 2d := 2 dim u.
b) There exists x(, € g1 and y, € g—1 such that hi = [x(,y5] = 2 he.

c) When g is absolutely simple, the Lie algebra | is mazimal in gl(u).

d) When g is a simple complex Lie algebra, the only intermediate Lie algebra
b between | and gl(u) is gl(u, C).

This triple (z(, h, yg) is an sly-triple, this means that one has the bracket
relations [hg, zg] = 224, [hy, Yol = —2yq and [z, yo] = hy.

Proof of Lemma 6.4. a) By (6.3) the polynomial F' is homogeneous of degree
2d. If F =0, using (3.9), one deduces that the polynomial ® is zero on the
open dense set P~UwgP, contradicting the equality ®(e) = 1.
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b) Without loss of generality, we can assume that g is simple. We give a
short proof adapted from [34]. Let z{, € u such that F(xj) # 0. Since F' is
L-semi-invariant with character x?2, for h € [, one has,

dF (xo)([h, zo]) = 2dx(h) F(xp).
The Killing form B identifies u~ with the dual of u so that

. B(ho,ho) dF(:cg)
Y7 Tax(he) Flap)

is an element of u~. One computes, for h € I,

B(ho, ho)

B[, o). h) = Bluo, [ho 10]) = 23 5

dx(h) = 2 B(h, h).

Therefore, one has [z, y(] = 2ho.

¢) Since gc is simple, the representation of L¢ in uc is irreducible. The
maximality follows from a direct analysis of each case occuring in Table 1.
This straightforward analysis can also be seen as a special case of Dynkin’s
classification of maximal semisimple Lie subalgebras of classical complex sim-
ple Lie algebras in [10] . Indeed, since none of the examples of Table 1 belong
to Dynkin’s list of exceptions [28, Table 7 p.236], we deduce that [¢ is a max-
imal subalgebra of gl(uc).

d) Since [ and u are complex Lie algebras, the complexified Lie algebra I¢ is
the sum of two ideals [ = [, @ [_ both isomorphic to [ and the representation
of [¢ in uc decomposes as the sum of two irreducible representations of [,
and [, uc =uy G u_. Therefore

Uc@up = Uy U, @ upul G u_ul & u-u

Since u is not self-dual as a representation of [, the two representations in
the middle are irreducible and inequivalent. Hence either hc contains both
of them, or h¢ is included in gl(u, ) @ gl(u_). This proves our claim since, by
¢), the Lie subalgebra [ is maximal in gl(u, C). O

Remark 6.5. We want to point out that the proof of d) is valid even in Case
(2) of Table 1. Indeed, in this case, the representation of [[,[] = so(n,C) in
u = C" is self-dual, but the representation of [ in u is not self dual.
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Proof of Proposition 3.13.a for u reflexive commutative .

Formula (6.2) implies that the group H permutes the factors u,. Hence
we can assume that g is simple. By Lemma 6.4.a, the function F' on u is
L-semi-invariant and non-constant.

Assume first that g is absolutely simple. Since SL(ut) has an open orbit in
u, this function F' is not GL(u)-semi-invariant. Therefore, by Lemma 6.4.c
the Lie algebra § of the group H is equal to [.

Assume now that g has a complex structure. Since SL(u, C) also has an
open orbit in u, this function F is not GL(u, C)-semi-invariant. Therefore,
by Lemma 6.4.d the Lie algebra b of the group H is equal to I. O]

Proof of Lemma 3.1/ for u reflexive commutative .

The bilinear form G5 introduced in (3.15) is non-zero. Indeed, using
the sly-triple (x(), by, yp) of Lemma 6.4.b, one has Ga(z(,y)) = tr;(adhy) =
2d. Since this bilinear form G5 is L-invariant and the action of L on u is
irreducible, this bilinear form is non-degenerate. O]

6.4 When U is Heisenberg

The aim of this section is to prove Proposition 3.13.a and
Lemma 3.14 for a Heisenberg horospherical subgroup.

We use the notation of §6.2: g is simple, [ = gg and u =uy = g P go for
some subset ¢ C 1l and some grading

g=92Dg-1DgoD g1 D go- (6.4)

We denote by hy the element of the center of gy inducing this grading, i.e.
such that ad hy = j on g; for all j.

In this case, the polynomial function F'(X) introduced in (3.10) is not a
homogeneous function anymore. Indeed for X =V + Z with V € v := ¢4
and Z € 3 := go, it is given by

F(V + Z) = dety(1(adZ)*wo + 2adZ (adV )*wp + 5 (adV)*wo)  (6.5)

1
2
Its homogeneous components of degree 2d and 4d, with d := dim 3 are

Foa(V+2) = dety(1(adZ)?w), (6.6)
Fu(V+2) = det,(5(adV)*wy). (6.7)

24
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Lemma 6.6. With the notation of Proposition 3.15. We assume that u = uy
1s Heisenberg. Then

a) The polynomial Fyy is non-zero.

b) There exists xy € go and yo € g_o such that [zg, yo] = ho.

¢) Every automorphism ¢ € H is graded i.e. ©(g1) = g1 and p(g2) = go.

d) The bilinear form Gy introduced in (3.15) is a non-degenerate duality
between gs and g_o

Proof of Lemma 6.6. a) The Lie algebra ¢ := g_o @ g{ & g2, with g =
[g_2, 92] is a simple Lie algebra of real rank one. Therefore its horospherical
subalgebra u’ := g, is reflexive commutative, and Lemma 6.4.a tells us that
the polynomial Fb; is non-zero.

b) The polynomial Fy; on g is L-semi-invariant. The existence of the
slo-triple (xg, ho, yo) follows as in the proof of Lemma 6.4.b.

¢) Since go is the center of u, one has p(g2) = go. Moreover, since u is
Heisenberg, the group L acts transitively on go \ {0}, and hence one has the
equality g3 = {X € u | Fyy(X) = 0}. Therefore, one also has ¢(g1) = g1.

d) This follows from Proposition 3.13 applied to the reflexive commutative
horospherical Lie subalgebra u’ of g’ introduced in a). O

Proof of Lemma 3.1/ for w Heisenberg. We have already seen that G, is a
non-degenerate duality between g_» and gs.

This bilinear form G5 is non-zero on g_; X g;. Indeed, for every simple
root a in @, there exists a sly-triple (x4, ha, Yo) With z, in g, and y, in g_,.
Since § := & — « is a root, one has [ga, §—o] = g3, and the action of h, on
gz is scalar and non-zero. Therefore, one has

G2, Ya) = tr;(adhy) # 0.

This bilinear form G, is L-invariant and the action of L on gy is either
irreducible or every irreducible component contains one root space g, with
a € 0. Therefore the bilinear form G5 is also a non-degenerate duality
between g_; and g;. O]

Remember that the set 6 contains either one simple root a with woax = «
or two simple roots o and —wga of the same length.

It remains to prove Proposition 3.13.a. We split the proof into two cases:
6.4.1: when the roots a € § have the same length as the largest root a.
6.4.2: when 6 contains a root o with is shorter than a.
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6.4.1 When U is Heisenberg and ||| = ||o||

This corresponds to all cases in Tables 2 and 3 except (3) and (10).

Lemma 6.7. With the notation of Proposition 3.13. We assume that u = uy
is Heisenberg and ||a|| = ||&|| for all « € 6. Then

a) There ezists xy € g1 and y, € g1 such that hy = [z, yp] = 2 ho.

b) The polynomial Fyq is non-zero.

c) The Lie algebra | is a maximal Lie subalgebra of the Lie algebra dery, (u)
of graded derivations of u, except in Case (11) of Table 3 where | = dery, (u).

Ezample 6.8. Let g be the simple Lie algebra g = sl(3,R), let u = g1 & go
be the upper triangular horospherical subalgebra and u™ = g_; & g_» be the
lower triangular horospherical subalgebra. A sly-triple (zg, ho, yo) satisfying
Lemma 6.6.b is

00 1 10 0 0 0 0
To=1|[0 0 0| €E€ga,ho=[0 0 0 |E€EGgo,Y=[00 0)€Ego.
0 0 0 00 —1 100

The corresponding grading (6.4) of g is given by this element hy. A sly-triple
(xg, h, yo) satisfying Lemma 6.7.a is

) 01 0 , 2 0 0 , 0 0 0
To=[0 0 1)€g,hy=[(00 0 |E€EGg,Y=[10 0)]Eg.
0 0 0 0 0 -2 01 0

Proof of Lemma 6.7. Since the subset § C II is given by (6.1), the difference
b := a — « is a root. Since the roots a and a have the same length, the
subset ¥ := {+a, £0, £a} C ¥ is a root system of type As. Let g’ C g be
the graded Lie subalgebra spanned by the root spaces giq, g+s and gig. It
is a simple real Lie algebra with root system >’. Note that by construction
gy = G2

By [6, Theorem 7.2|, there exists a split simple algebraic subalgebra g” C
g with the same real rank and same root system as g’. Therefore, this
subalgebra g” is a graded subalgebra of g which is isomorphic to s[(3, R) and
the intersections u” := uNg” and v~ := u~ N g” are the upper and lower
triangular horospherical subalgebras of sl(3,R) given in Example 6.8.

The first slo-triple (xq, ho, o) of g” in Example 6.8 is also the one given
by Lemma 6.6.b, and therefore hq is the element of gy inducing the grading
(6.4) on g. The second slo-triple (z(, hy, yj) of g” in Example 6.8 is the one
we are looking for since one has h{ = 2hy.
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b) We use this sly-triple (z(, hy, yj). The centers 3 and 3~ are respectively
the eigenspaces of adhj, for the eigenvalues 4 and —4. Therefore the theory
of sly-modules tells us that the map (adzj)? induces a bijection from 3~ to
3, and Fig(z}) = det; (53 (adzf))*wy) is non-zero.

¢) Recall that the Heisenberg horospherical subalgebra u is graded as
u = v @ 3. Therefore the group Aut,, (1) can be seen as a subgroup of GL(v).
The Lie bracket on u gives an antisymmetric bilinear map w : v X v — 3.

First Case When |0] = 1.

If g is absolutely simple we replace g by gc. Hence, without loss of generality,
we can assume that g is a complex simple Lie algebra. In this case, v is
a complex vector space and w is a complex symplectic form on v. The
representation of L in v preserves the complex structure on v and preserves
up to scalar the symplectic form w. This representation is irreducible. By
Lemma 6.9, every graded automorphism ¢ of the real Lie algebra u is complex
linear or skew-linear. The group of graded automorphisms of u is up to finite
index Aut,, (1) ~ Sp(v,w) x C*.

The maximality follows from a direct analysis of each case from (2) to
(8) occuring in Table 2. This straightforward analysis can again be seen as
a special case of Dynkin’s classification in [10]. Indeed, since none of the
examples of Table 2 belong to Dynkin’s list of exceptions [28, Table 7 p.236],
we deduce that [¢ is a maximal subalgebra of sp(v¢) @ C.

Second Case When |6| = 2.

This corresponds to Cases (1), (9) and (11) in Tables 2 and 3.

- Case (1). One has g = s[(C"*?) or gc = sl(C"™?). Using again Lemma
6.9, one sees that the Levi Lie algebra [ (resp. I¢) is isomorphic to gl(C™") & C
and hence is a maximal Lie subalgebra in devy, (1) (resp. ety (uc)), itself
isomorphic to sp(C*") & C.

- Case (9). One has gc = sl(C*™), ve = C2 @ C** ¢ C"* @ C*" and
3¢ = End(C?). Therefore the Levi Lie algebra Ic ~ gl(C?) & s[(C") & gl(C?)
is maximal in der,, (uc) ~ sl(C?) & sl(C?) & sp(C*") & C>.

- Case (11). One has gc = ¢4, bc = C®* @ C® and 3¢ = C®. The Levi Lie
algebra is [¢ ~ s0(C3)@C?. Here the three spaces C® are the three irreducible
8-dimensional representations of s0(C?), the standard one and the two half-
spin representations. Therefore [¢ is equal to det,, (uc) ~ s0(C¥) @ C% O

In the previous proof, we have used the following.
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Lemma 6.9. Let u be a complex Heisenberg Lie algebra. Fuvery automor-
phism ¢ of the real Lie algebra u is either complex linear or skew-linear.

Proof of Lemma 6.9. One checks it by direct computation. O

Proof of Proposition 3.13.a for uw Heisenberg, and ||af| = ||&|| -

By Lemma 6.7.a, the function Fj; on v is L-semi-invariant and non-constant.
When we are not in Case (11) of Table 3, the derived group of the group
Aut,,(u) has an open orbit in v, therefore this function Fj4 is not Autg, (u)-
semiinvariant. Therefore, by Lemma 6.7.c, the Lie algebra b of the group H
is equal to [ in all cases. O]

6.4.2 When U is Heisenberg and ||| < |||
This corresponds to Case (3) and (10) in Tables 2 and 3.

Lemma 6.10. With the notation of Proposition 3.13. We assume that u = uy
is Heisenberg and ||| < ||@||. Then the Lie algebra | coincides with the
algebra very,.(u) of graded derivations of u

Proof of Lemma 6.10. - Case (3). One has g = sp(C*"*2) or gc = sp(C*"2).
Using again Lemma 6.9, one sees that the Levi Lie algebra [ (resp. I¢) is
isomorphic to sp(C?") & C and equal to det,,.(u) (resp. dety, (uc)).

- Case (10). One has gc = sp(C*"8), oec = C? @ C*", 3¢ = S*(C?), and
the Levi Lie algebra I¢ ~ gl(C?) & sp(C?") is equal to det,, (uc). O

Proof of Proposition 3.13.a for u Heisenberg and ||a] < ||| -

By Lemma 6.6.c, the automorphisms ¢ € H are graded automorphisms of
u. By Lemma 6.10, the group L has finite index in the group Aut,,(u).
Therefore the group L also has finite index in H. O

6.5 Conclusion

We have now ended the proof of our main Theorem 2.16. To
help the reader, we recap the main steps of the proof in a rather
informal way.

We wanted to prove that a Zariski dense discrete subgroup I' of a higher
rank semisimple real algebraic group G that contains an indecomposable
lattice A = exp(A) in a non-trivial horospherical subgroup U is arithmetic.
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1. We have checked two reduction steps in Chapter 5. In Section 5.1, we
have recalled how to reduce this to the case where U is reflexive so that I"
contains also a lattice A~exp(A~) in an opposite horospherical subgroup U~.
In Sections 5.2 and 5.3, we have recalled how to reduce this to the case where
U is reflexive commutative or Heisenberg. This case occupies Chapters 3, 4
and 6.

2. In Chapter 3, we introduced the group L := P N P~ intersection
of the normalizers of U and U~ and we have proven that the L-orbit of
(A, A7) is closed. This proof relied on two algebraic facts that do not involve
['. These are Proposition 3.13.a and Lemma 3.14 which describe the linear
automorphisms of U and U~ that preserve two useful polynomials F' and G.

3. The proof of these two algebraic facts was postponed to Chapter 6.
Indeed Sections 6.1 and 6.3 deal with U reflexive commutative while Sections
6.2 and 6.4 deal with U Heisenberg.

4. In Chapter 4, we introduced the subgroup Lg of elements of L whose
action on U is volume preserving, so that [L,L] C Ly C L. The higher
rank assumption tells us exactly that this group Lg is non-compact. We also
introduced the normalizer I'” in G of the subgroup generated by A and A~.

In Sections 4.5, 4.6 and 4.7, we focused on the implication

The orbit L(A, A7) is closed = The group Lo NI is infinite?  (6.8)

In Section 4.5, we deal with the case where the parabolic P is not minimal,
i.e. when [L, L] is not compact. We used Dani-Margulis recurrence theorem
to check that the group [L, L] N T is a lattice in [L, L]. Hence (6.8) is true
in this case.

In Section 4.6, we deal with the case where P is minimal and U is com-
mutative. Using Mahler compactness criterion, we checked that Lo N T is a
lattice in Ly. Hence (6.8) is true in this case.

In Section 4.7, we deal with the case where P is minimal and U is Heisen-
berg. In this very special case G has real rank 2 and is of type Ay. Using
also Mahler compactness criterion, we check that (6.8) is true ... except in
the case where I' intersects cocompactly all the root subgroups of G. But
in this case, it is easy to check directly that I' is arithmetic. Note that this
exceptional case occurs for G = SL(3,R) and I' = SL(3,Z) which does not
satisfy (6.8).

In Sections 4.3 and 4.4, we conclude, using Raghunathan—Venkatara-
mana’s finiteness theorem and Margulis’s construction of Q-forms, by proving
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the implication
The group Lo N T is infinite => The group T" is arithmetic.
And this ends the proof of Theorem 2.16.

We conclude this paper by two open questions.

a —b 0
Question 6.11. Let G = SL(3,R) and B={( v a o | € G}. Does there
0 0

exist a Zariski dense discrete subgroup I of G of infinite covolume such that

I'N B s Zariski dense in B?

Question 6.12. Let G = SL(2,R) x SL(2,R) and H C G be the diagonal
copy of SL(2,R). Let T" be a discrete Zariski dense subgroup of G such that
'V H is a lattice in H. Is T a lattice in G?

More generally, let I" be a discrete subgroup of G whose projections on the
two normal SL(2,R) are dense. Is T a lattice in G?
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