On the rate of exponential decay of
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Abstract

For any homogeneous space of a real semisimple algebraic group
G, we define an exponent with multiple interpretations from rep-
resentation theory and group theory. As an application, we give a
temperedness criterion for L?(G/H) for any closed subgroup H of G,
which extends the existing ones of Benoist-Kobayashi for connected
subgroups and Lutsko-Weich-Wolf for discrete subgroups.
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1 Introduction

As a cornerstone in the harmonic analysis on semisimple groups, the no-
tion of tempered representations was pioneered by Harish-Chandra in the
1960s and has later become a major tool in establishing uniform decay of
coefficients which has found a multitude of applications.

Compared with the long-standing development of tempered representa-
tions, the notion of tempered homogeneous spaces is rather recent, initiated
by Benoist and Kobayashi in [BK15] and further developed in a series of



subsequent works [BK22, BK21, BK23]. More recently, this line of research
has been extended by other works including [EO23, LWW24, FO24] which
studied temperedness in the complementary context of Riemannian locally
symmetric spaces.

Let G be a real semisimple algebraic group and H be a closed subgroup
in the analytic topology. The homogeneous space G/H admits a G-quasi-
invariant Radon measure, giving rise to the unitary representation A\g/y of
G on the Hilbert space L?(G/H) of square-integrable functions on G/H.

In this paper, we study the exponential decay property of Ag/m after
[BK15, BK22, LWW24] and extend their results to any closed subgroup
H. More precisely, we establish a direct relationship between the following
four quantities associated with the homogeneous space G/H.

Definition 1.1. The uniform decay exponent 0g,py is defined to be the
infimum of # € [0, 1] such that for all fi, fo € C.(G/H), there exists a
constant C' > 0 such that uniformly for all g € G, we have

|(A/u(9) fr, f2)] < Cexp{2(6 — 1)pr(g)},

where the map k : G — a™ is the Cartan projection to the positive Weyl
chamber a® of a Cartan subspace a of g, and the linear form p : a — R
is the half sum of positive restricted roots of (a;g). This number does not
depend on the choice of the Cartan decomposition of G.

Remark. For a discrete subgroup I', the exponent 6/ is related to the
number 6(L?(G/T')) defined in [LWW24, §1] via

0(L*(G/T)) = max{20q,;r — 1, 0} .

Definition 1.2. The optimal integrability exponent pg,g of the homoge-
neous space GG/ H is defined by the infimum of p € [1, oo] such that for any
compact subset B of G/H, we have

(Me/u(-)1p, 1) € LP(G).

Remark. Our definition of pg/ g coincides with the number pg/y defined in
[BK15, §4.2] when H is a reductive subgroup. Compared with the exponent
q(G;G/H) in [Kob25, Def 7.12], our definition is more natural when G/H
only admits quasi-invariant measures.

Definition 1.3 (Definition 4.11). The volume growth exponent 6y of H
inside G is defined by

5 { 0 I log vy (H N BgB) }
= max4q U, sup limsu ,
G Bt gt logva(BgB)



where B ranges over compacta of nonempty interior, the measure vq is
the Haar measure on &, and dvy(h) = (det Ady h)"/? dh is the symmetric
measure on H (cf. Section 2.1). This number also equals (the positive part
of) the abscissa of convergence for the following analogue of Dirichlet series
(cf. Proposition 4.13)

tr—>/ e~ 2% quy (R).
H

Definition 1.4 (Definition 4.8). The local volume decay exponent Bg/u,

which is mainly of interest for connected subgroups, is defined by
p

ﬁG’/H ‘= sup _b7

h Py

where the functions py, py : h — RT are respectively the half sum of absolute
values of the real parts of complex eigenvalues for the adjoint action of ) on
the Lie algebras b, g, as defined in [BK22]. By convention, we set 0/0 = 0.

Related results. By definition, a unitary representation of the semisimple
group G is tempered if it is weakly contained in the regular representation of
G. The fundamental work [CHHS88] characterized the tempered represen-
tations for semisimple groups via the uniform decay property and uniform
integrability, which in particular implies that

1
L*(G/H) is tempered < 0g/y < 5 = Do <2. (1.5)

In [BK15], Benoist-Kobayashi proved for any reductive subgroup H that
1

pG/H.

Oc/n = Bayp =1 — (1.6)

Going further in [BK22], they then proved for any closed subgroup H with
finitely many connected components that

1
L*(G/H) is tempered < fBg/g < 3" (1.7)

In a complementary direction, other authors studied the case when H is
a discrete subgroup. First by Edwards and Oh in [EO23] for Anosov sub-
groups and eventually by Lutsko, Weich, and Wolf in [LWW24] for the
general case, it has been proven for any discrete subgroup I' of G that

1 1
max{@c;/p, 5} = max{s(}ip g}—;, 5}, (1.8)

where Yr : a¥ — RU{—o0} is the growth indicator function first introduced
in [Qui02], so in particular L?(G/T) is tempered iff ¢r < p.
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Statement of results. Let G be a real semisimple algebraic group. Our
first main result contains a response to the optimal integrability problem
[Kob25, Prob 7.13] for all homogeneous spaces of G.

Theorem A. Let H be a closed subgroup of G. Then
1
pG/H.

Oc/u = oc/m =1 —

As an immediate consequence of Theorem A and the uniform decay
characterization (1.5) of temperedness, we obtain the following tempered-
ness criterion, in response to [Kob25, Prob 7.18].

Corollary B. Let H be a closed subgroup of G. Then
1
L*(G/H) is tempered < dq/p < 3"

Meanwhile, Theorem A unifies the previous results (1.6) of Benoist-
Kobayashi and (1.8) of Lutsko-Weich-Wolf in that it recovers them as the
following corollaries.

Corollary C. Let H be a reductive subgroup of G. Then
Oc/o = 0a/u = Ba/u-
Corollary D. Let T" be a discrete subgroup of G. Then
Oa/r = dayr = max{sup E, O} .
ot 2P

Our second main result extends the equivalence in Theorem A and
Corollary C to all algebraic subgroups.

Proposition E. Let H be an algebraic subgroup of G. Then

1 1 1
max{Qc;/H, 5} = max{ég/H, 5} = max{ﬂg/H, 5}

In particular,

max{p(;/H, 2} = max{;, 2}.
1 — Ba/u

Proposition E extends the criterion (1.7) of Benoist-Kobayashi. Indeed,
given any closed subgroup H with finitely many components, Chevalley’s
théorie des répliques yields the existence of two algebraic subgroups Hy, Hs
of G which satisfy

H, C HC Hy, by =[b,b] = [h2,bo.

Then Herz’s principe de majoration implies that the unitary representations
L?(G/H),L*(G/H,),L*(G/H,) are all tempered as long as one of them is
so; cf. [BK22, §2.4]. As a result, Proposition E implies (1.7).
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Remark 1.9. The results above carry through to G being a real reductive
group without modification for 0g,y,dq/u, Ba/u, but for pg,r one needs
to replace L?(G) by LP(Gys) in the definition.

Outline of the paper. In Section 2, we recall some fundamental elements
in the analysis on real semisimple groups. In Section 3, we recall some
basic definitions and facts about unitary representations. In Section 4, we
establish the fundamental tools to address the growth and decay of volume
in real semisimple groups, which are indispensable to the proofs of the
main results. In Section 5, we prove Theorem A by following the strategy
of [LWW24] and then deduce Corollary C and Corollary D. In Section 6,
we prove Proposition E by following the strategy of [BK22] with input from
the method of [LWW24].

2 Analysis on semisimple Lie groups

The general references for this section include [Kna86, HelO1].

2.1 Measures on homogeneous spaces

In this subsection, let G be a locally compact group and dx be a left Haar
measure on G. The modular function Ag : G — R is a continuous group
morphism defined by

(Ry-1)«dz = Ag(g)dz, or d(zg) = Ag(g)~" dz.
If the group G is a Lie group and g its Lie algebra, then
Ag(g) = det Adg(g) "

A locally compact group G is said to be unimodular if Ag = 1. In general,
a right Haar measure on GG can be defined by

d(z™!) = Ag(x)*da.
What will play a role later is the symmetric measure vg on G defined by
dvg(z) = Ag(]})_% dz.

The symmetry can be seen from the fact that dvg(z™!) = dvg(z).

Now let H be a closed subgroup of G and G/H be the associated ho-
mogeneous space. The invariant measures on G/H are characterized as
follows. It should be noted that the integration formula holds up to nor-
malization of Haar measures. On locally compact groups, we take the left
Haar measures by default.



Lemma 2.1 ([BAIHVO08, Lem B.1.3]). The homogeneous space G/H always
admits a G-quasi-invariant Radon measure. More precisely, the following
data are equivalent:

(1) a function ¢ : G — Rsq which is continuous and satisfies

6(gh) =

forallge G and h € H;
(2) a quasi-invariant Radon measure p on G/H.
The connection between these two items is given by

/Gf(g)5(g) dg:/G/H/Hf(gh) dhdu(gH) (2.3)

for all f € C.(G). Moreover, the Radon-Nikodym derivative is given ex-
plicitly by
d(g.pt)

dp
forallge G and x € G. O]

(xH) =

In particular, when there exists a G-invariant Radon measure on G/H,
i.e. when Ag|p = Ap, such a measure is unique up to scalar. The following
lemma is a key tool to produce integration formulae on Lie groups, while
being general itself.

Lemma 2.4. Let S, T be closed subgroups of G so that the complement of
ST in G has zero Haar measure, while K = S NT is a compact subgroup.
Then we can normalize the Haar measures so that

~ Ag(t)

19="30

dsdt.

In other words, for all f € C.(G) we have

Lf(g)dg—ééf(st)iigis ds dt.

Proof. Let d(st) = Ap(t)/Aq(t). We claim that this is well defined on
G. Indeed, since the group K = S N T is compact, the restrictions of
both Ag and Ar to K are trivial. If sit; = sats, then t;ltl € K; hence
Ar(t) = Ar(te) and Ag(t;) = Ag(ta). Since 0 satisfies (2.2), we obtain a
quasi-invariant Radon measure p on G/T = S/K with

/G 7(9)5(g) dg = / B / F(st) dt du(sK).
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Since 0 is S-left-invariant, the left hand side is invariant if we replace f(-)
by f(so:) for any sy € S, whence the measure p is S-left-invariant. With
K compact, another application of Lemma 2.1 yields

/S/K/Tf(st)dtd,u(sK) :/S/K/K/Tf(Skt)dtdde(SK)

:/S/Tf(st)dtds. =

2.2 Decomposition and integration

From now on, G will always denote a semisimple real algebraic group.
The results carry through to real reductive groups with mild modification.
The rich decomposition theory of these groups gives rise to a variety of
integration formulae.

The semisimple group G comes with an analytic involution © : G — G
so that its differential 6 : g — g is a Cartan involution. Let the correspond-
ing Cartan decomposition be g = €& p. Then g is naturally equipped with
an adjoint-invariant inner product By(X,Y) = —By(X,0Y), where By is
the Killing form of g.

Let K be the maximal compact subgroup of G with Lie(K) = €. Let
a be a Cartan subspace (i.e.a maximal split abelian subspace) of p and
A = exp a the Cartan subgroup. Let X = 3(qa; g) denote the set of restricted
roots. The corresponding root space decomposition can be written as

=00+ Y o Go=a+m,

a€Y

where m = Zy(a). Fix a positive system X7 C X. Then the closed positive
Weyl chamber is given by

at:={Xe€a:a(X)>0, Vae Xt}.

and denote by AT = expa™ its exponential. The Killing form induces an
inner product on a so that a* is identified with a and we denote by |-| the
induced Euclidean norm on a. The linear form p € a* is defined to be the
half sum of positive roots:

1 )
p=5 D (dimg)o.

aext

Let M and M’ be respectively the centralizer and normalizer subgroup
of Ain K. Then Lie(M) = Lie(M’) = m and the finite quotient group
M'/M = W (a;g) =: W is the (restricted) Weyl group which acts simply
transitively on the set of Weyl chambers of a™.
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2.2.1 Integration from Iwasawa decomposition Let G = K P be the
Iwasawa decomposition, where P = MAN is a minimal parabolic sub-
group. Denote by 1 : G — a the Iwasawa projection so that g € Ke"9N.
Then we have the following result.

Proposition 2.5. For any f € C.(G), we have

/f dg—//fkp 2en() 4k dp. O]

2.2.2 Integration from Cartan decomposition

Proposition 2.6. For any f € C.(G), we have

f(g)dg = f(k1eXky) sinh®™ 8 o(X) | dky dX dky. O
froao= [ [ [ roesna (11 )

ext

2.2.3 The Bruhat decomposition For each group element w € Wg, fix
a representative m,, € ]\i’ . Let w* be the unique element of W which maps
at to —a*. Denote by N := N¥" = ON.

Theorem 2.7. Write NV := m,Nm,'. Then

G = |_| Bm,B = |_| MANNYm,,.

weWag weWag

Moreover, the term Bm~B = NMAN is an open submanifold of G, while

the other terms are submanifolds of strictly lower dimensions. ]

Hence, NM AN is an open submanifold of G whose complement has zero
Lebesgue measure. Moreover, multiplication map N x MAN — NMAN
is a bijection. We also have the following formula.

Proposition 2.8. For any f € C.(G), we have

/Gf(g)dg:/N/M/A/]Vf(ﬁman)e2p1°g“dﬁdmdadn. O

2.3 Parabolic subgroups

The closed subgroup P = M AN is a minimal parabolic subgroup of G.
Let @) be a parabolic subgroup of G containing P and Q = MgAqgNg be
the Langlands decomposition of ). Then Mg, is a reductive subgroup. Set
L = MgAg which is the Levi factor of @) so that () = L x Ng gives the
Levi decomposition.



2.3.1 Subgroups and subalgebras The choice of G = KAN fixes the
set X of restricted roots, the subset X1 of the positive ones, and the subset
IT of the simple ones. Write

gaéﬁnaaanaquthaaQ>nQ
respectively for the Lie algebras of the Lie subgroups
G,K,M,A,N,Q,L,Mg,Aq, Ng.

By the classification of parabolic subgroups, there exists a subset II' C II
such that
ag={X€a:a(X)=0,Vaell'}.
Write (IT') for the span of II'. Define ¥, := ¥\ (Il') and X3, := ST N(IT').
Recall that the space a has a Euclidean structure induced by the Killing
form. Let
ay = aé ina, ny = @ Jo-

+
a€¥y,

Then as vector spaces, we have

mgzm@aMGBnM@@nM, ng = @ga, Cl:ClM@ClQ, n:nM@nQ.
aEEE

Let Ky = KN Mg and Ay, Ny be the analytic subgroups corresponding
to ay,na. Then Mg = Ky Ay Ny is an Iwasawa decomposition of M,
A=ApyAg = Ay X Ag, and N = Ny Ng = Ny x Ng. We remark that
all the groups discussed here are closed subgroups of G.

Notation. For a € X, let m,, := dim g,. Define

: 1 :
PQ =35 Z (dimgq)a, py = B Z (dim g4 )a.

+ +
aEEQ €y,

Sometimes pys is denoted by pr. For X € a, write X, Xy respectively for
the orthogonal projection of X to the subspaces ag, ay;.

Lemma 2.9. For every X € a, we have po(Xn) = pu(Xg) = 0.

Proof. That py(Xg) = 0 follows directly from the definition. To prove
po(Xar) = 0, let us assume that II' # @; otherwise, there is nothing to
prove. Dually, this is equivalent to a L pg for all o € II'. But any o € II'
is a simple root, so the a-reflection s, preserves setwise ¥ N (II') and hence
also X7\ (II'). But that means s,(pg) = po, i.e.a L pg. O



2.3.2 Integration Let the map 7 : G — a denote the Iwasawa projection
so that g € Ke"9N for all ¢ € G. The modular function of @ is given by
Ag(q) = exp{—2pgn(q)}, whence the symmetric measure is given by

dvg(q) = AQ(q)_% dg = (@) dqg.
Following Lemma 2.4, we have the following analogue of Proposition 2.5.

Proposition 2.10. For any f € C.(G), we have

/f dg—//fkq 20Q(9) 4k dgq. O]

2.4 The Cartan projection

Let x : G — a® denote the Cartan projection, so that g € Ke®9 K for all
g € G. Recall that the Euclidean norm |-| on a is invariant by the Weyl
group Wg. Denote by a(r) the closed metric ball centered at 0 of radius 7.

We say that a sequence (g, )nen of elements in G go to infinity (write
gn — 00), if they eventually leave every compactum of G. This is equivalent
to saying that |k(g,)| — 400 as n — 0.

Lemma 2.11 ([Ben96, Prop 5.1]). For any compact subset B of G, there
exists r > 0 such that kK(BgB) C k(g) + a(r) for all g € G. O

2.5 Spherical functions

To each linear form y € a*, we associate the following function on G:

Ef(g) ;_/ e~ Oxto)n(g™1k) dk,
K

where 77 : G — ais the Iwasawa projection. Such functions are called spher-
ical functions. They are K-bi-invariant, smooth, and decay exponentially
fast at infinity. In fact, using tools from hypergeometric functions, one can
obtain precise information of their asymptotics, but for us the following
results suffice.

Lemma 2.12 ([Kna86, Prop 7.15]). For any x € a* and w € W, we have

G _ =G
¢ _gC O

—_
—
—

Recall that the Cartan subspace a is naturally identified with its dual
space a*. Let the positive Weyl chamber a* correspond to (a*)*.

Lemma 2.13 ([NPP14, Thm 3.4]). For each x € (a*)t, there exists a
polynomial p(-) on a such that for all g € G, we have

exp{(x — p)r(9)} < Z(g) < p(r(g9)) exp{(x — p)K(9)}- O
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3 Unitary representations

The general references for this section include [Kna86, BAIHV08g].

3.1 Unitary representations

Let G be a locally compact group. A unitary representation of G is a pair
(m, H) where H is a complex Hilbert space and 7 : G — U(H) is a group
morphism from G to the group U(H) of unitary operators on H, such that
7 is strongly continuous in the sense that for any v € H, the map G — H,
g — m(g)v is continuous. A matriz coefficient of m is a map of the form

G—=C, g (r(g)or,v2),

where v1,v9 € H. By strong continuity, matrix coefficients are bounded
continuous functions on G.

Two unitary representations (my, H;) and (mq, Hy) are equivalent if there
exists a G-intertwining isomorphism between H; and H,. Equivalent uni-
tary representations are automatically unitarily equivalent, i.e. we can ad-
ditionally require the intertwining isomorphism to be a unitary operator.
We will not distinguish equivalent representations.

Example 3.1. Let dz be a left Haar measure on G. The convention for
the L2-scalar product of functions is

<f1> f2>L2 - / f1($)f2(.1') dz.
G
The left reqular representation Ag of G on the Hilbert space L?(G) acts by

Aa(9)f :x = f(g7la), for f e L*(G).

Then (Mg, L?(G)) is a unitary representation of G. The unitarity of Ag
follows from the left invariance of dx, and the strong continuity follows
from the fact that C.(G) is dense in L?(G). The right regular representa-
tion comes with an extra factor from the modular function and turns out
equivalent to the left one.

3.2 Induced representations

Let G be a locally compact group, H be a closed subgroup of G, and (o,V)
be a unitary representation of H. Let u be a quasi-invariant Radon measure
on the homogeneous space GG/H and § be the associated function satisfying
(2.2) (cf. Lemma 2.1).
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We describe the induced unitary representation (7, ) = Ind% (o, V).
Elements of H are measurable vector-valued functions f : G — V with
o-equivariance

f(zh) =a(h)™" f(z)
for all z € G and h € H, and L2-integrability

12 = /G U Sy duat) < o0

where (f(x), f(z))y does not depend on the representative of zH since o
is unitary. The induced action of G is given by

et = st o) () = sty (72)

Here, the cocycle term ensures that 7(g) is a unitary operator. Although a
priori this definition depends on the measure p, it turns out that different
choices of p will give unitarily equivalent representations. In particular, if
o = 1y, then 7 is the quasi-reqular representation g,y on L*(G/H).

There is a simple way to produce elements in H. For ¢ € C.(G) and
v € V, define the map 14 (p,v) = I(p,v) : G — V by

I(p,v)(z) ::/ng(a:H)a(h)vdh.

We only specify I when necessary. The equivariance property follows from

I(p,v)(zhy) = / o(zhoh)o(h)vdh = a(he) 1(p,v)(z)

H

for all z € G and hy € H, and the L2-integrability from

(g, 0)[? = /G B

< [0l / / () dh du(zH)
G/HJH

2
du(zH)
v

/H o(xH)o(h)vdh

— ol3 / 0(g)P5(g) dg < +oo.

Hence, the function I(p,v) belongs to H. We have the following fact.

Lemma 3.2 ([BAIHV08, Lem B.1.2]). Let o = 1y. Then the map C.(G) —
C.(G/H) given by ¢ — I(p,1) is surjective. O

Lemma 3.3. Given any neighborhood Bg of e in G and any v € C.(G),
there exists finitely many @; € Ce(G) with (supp p;)(supp ;) ™' C Bg such
that v =Y. ¢;.
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Proof. Since Bg is a neighborhood of e, we can find a relatively compact
open neighborhood B of e with BB~ C Bg. Now {Bg:g € supp}
gives an open cover of suppv. By the compactness of supp, there ex-
ists a finite subcover {Bg; : ¢ € I} for some finite index set I. Then we
can find a finite partition of unity {x; € C.(Bg;)},c,; subordinated to this
cover, so that 1 = )., x; over supp®. Then ¢; := ¥x; € C.(G) satisfies

(supp ;) (supp ;) ™' C B and ¢ = 3=, ;. O
Corollary 3.4. Let 0 = 1y. For any neighborhood B¢ of e in G, the set

{l(g.1) : ¢ € Ce(G) with (suppp)(supp) " C Be}
spans C.(G/H) and hence is a total subset in L2(G/H).

Proof. The corollary follows from Lemma 3.2 and Lemma 3.3. O]

3.3 Weak containment

For unitary representations of noncompact groups, the notion of contain-
ment is too strong to work with. Instead, we introduce the notion of weak
containment. Let G be a locally compact group.

Definition 3.5. Let (0,V) and (7, H) be two unitary representations of
(GG. Say that o is weakly contained in m, if every diagonal matrix coeffi-
cient (o(-)v,v) can be approximated, uniformly on compacta, by convex
combinations of diagonal matrix coefficients of .

Fact 3.6. Weak containment is preserved under induction and restriction
of unitary representations.

Fact 3.7. A locally compact group G is amenable iff the trivial represen-
tation 14 is weakly contained in the regular representation Ag.

Example 3.8. Let G be a real semisimple algebraic group and P be a
minimal parabolic group. As P is amenable, the trivial representation 1p is
weakly contained in the regular representation Ap. Hence, the quasi-regular
representation Ag/p = Indg 1p is weakly contained in Indg Ap = Ag.

3.4 Tempered representations
Now let G be a real semisimple algebraic group.

Definition 3.9. A unitary representation 7 of G is tempered if 7 is weakly
contained in the regular representation (Ag, L?(G)).

Example 3.8 implies that (Ag/p, L*(G/P)) is tempered. The tempered
representations of G admit nice equivalent characterizations.
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Theorem 3.10 ([CHHSS8]). Let G be a real semisimple algebraic group and
K be a maximal compact subgroup of G. Then for any unitary representa-
tion (m,H) of G, the following statements are equivalent:

(i) 7 is tempered;
(i) for all K-finite vectors vy, vy in H, we have

[(m(g)vr, va)| < /dim(Kvy) dim(Kvy) [|val vzl 5 (9);

(iii) there exists a dense subspace Hy of H, such that for all vi,ve € Hy,
the coefficients (m(-)vy,v9) € L*(G) for any e > 0. O

In view of Lemma 2.13, the optimal decay of spherical functions is given
by Z§. Meanwhile, it follows from Lemma 2.13 and Proposition 2.6 that
we have Z§ € L?*¢(G) for any € > 0. For a closed subgroup H of G, we
have the following consequence.

Corollary 3.11. The quasi-regular representation (Mg u, L*(G/H)) is tem-
pered iff we have Og/p < 1/2. ]

4 Volume growth and volume decay

The goal of this section is to establish some fundamental tools to address
the growth and decay of volume in real semisimple groups, which will play
a key role in the proof of the main theorems. Let GG be a real semisimple
algebraic group and v be its Haar measure.

4.1 Local volume decay in G

Recall that the Bruhat decomposition (Theorem 2.7) asserts that the mul-
tiplication map N x M x A x N — G is a diffeomorphism onto an open
subset of full measure.

Lemma 4.1. For any compact subset B of NM AN, there exists a constant
C > 0 such that for alla € AT we have vg(aBa™ N B) < Cexp{—2ploga}.

Proof. By the Bruhat decomposition, there exist compact sets
By CN,B4C A ByCN

such that B C ByMB4By. From Proposition 2.8 we deduce

Vg(aBalﬂB)g/ // / 1z(a 'Aamaina) €8 dn dm da, dn.
By JM By JBy

14



Since @ normalizes both N and N, and since M A centralizes a, we have
furthermore

/ / / / 1g(a 'nmayna) e2Ploea qn dm day dn
- Ba J By
/ // / ILB (a~'na)may(a™ lna)) e2roe 1 qn dm day dn
_ Ba J By
/ dn/ dm/ 2"log‘”da/ dn
BxNaByra~1! By By

< / e~%loga qp/ C(By, By)
~1ByanB
< C(By, Ba, By) exp{—2ploga},
where we set 7/ = a~'na and get dn’ = e*1°8% dnq. O

Lemma 4.2. There exists an open neighborhood B of e in G, such that
for all k € K we have kBgk™ C NMAN.

Proof. Since NM AN is an open neighborhood of e, and since the map
KxG—G, (kg)— kgk™*

is continuous, we deduce that for each k € K, there exists a neighborhood
Vi of k in K and an open neighborhood Uy of e in GG, such that

korky' € NMAN, Vko € Vi, Yo € Uy,

By the compactness of K, there exists a covering by a finite collection
Vieys - -y Vi, for some ky, ..., k,, € K. Let Bg be the intersection of all the
Uy, for i = 1,...,m. Then B is an open neighborhood of e in G which
satisfies the statement of the lemma. m

Now we can upgrade the statement of Lemma 4.1 from A™ to all of G.

Proposition 4.3. Let Bg be given as in Lemma 4.2. Then for any p1, g €
C.(Bg), there exists a constant C' = C(p1, p2) such that

§ e1(97 " 2g)p2(x) dz| < Cexp{—2pr(g)}

uniformly for all g € G.

Proof. For i = 1,2, define ¢;(x) := supyer [pi(kek™")|. Then ¢y, P, are
continuous functions compactly supported in NM AN by Lemma 4.2. For
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g € G, we can write g = kyeXk; for X = k(g) and some ki, ky € K. By
the unimodularity of GG, we have

/ e1(g ' zg)pa(x) da
G

/ 901(kfle_Xk:Q_lxk:geXkl)goz(x) dz
a

/ o1(ky e X yeX ki) o (kayks ) dy’
G

< / 1l yeX)aly) dy,
G

which is bounded from above by C exp{—2p(X)} by Lemma 4.1. O

4.2 The rho-function and volume decay

Let H be a real algebraic group, b be its Lie algebra, and 7: H — GL(V)
be an algebraic representation on a d-dimensional real vector space V. By
abusing the notation, denote by 7 : h — End(V) the differential map
which is a representation of the Lie algebra . To these data we associate
the following rho-function py : h — R™T.

Definition 4.4. For each Y € b, the action of 7(Y) on V ® C admits a
Jordan normal form over C with diagonal elements Aq, ..., A\y. We define

d
1

It follows from the definition that py is a continuous homogeneous func-
tion which is invariant by the adjoint action of H.

Let ay be a maximal split abelian subalgebra of ). Since 7(ay) is a split
abelian subalgebra of End(V), the action of ay is jointly diagonalizable over
R. Then the restriction py|q, is the half sum of the absolute values of the
eigenvalues and therefore is a piecewise linear, continuous, convex, homo-
geneous function. As V is finite-dimensional, the function py is uniformly
Lipschitz on ay. If 7 is faithful, then py|,, is a polyhedral norm on ay.

By the Jordan decomposition, every element Y € h splits uniquely as a
sum of commuting elements Y = Y, + Y}, + Y, and Y}, conjugates into ay.
Since py(Y') = py(Y3), the function py is determined by py|q, .

Example 4.5. Let H be a reductive group and (7,V) = (Ad, h) be the
adjoint representation. Fix a positive system X" (ay; h) and let py be the
usual half sum of positive roots. Then the convex function py coincides
with the twice of the linear form pgy on the positive Weyl chamber a;;. If
Wy = W(ay; b) denotes the Weyl group, then for all X € ay,

py(X) = max 2pp(wX).

In particular, py is Wg-invariant.
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Let Vol be the Lebesgue measure on the vector space V = RY. The
following lemma shows that the function py reflects the volume decay of .

Lemma 4.6 ([BK22, Lem 2.8]). For any compact neighborhood B of 0 in
V', there exist constants ¢, C' > 0 such that

cexp{—py(X)} < e~ Trr(0/2 Vol(r(eX)B N B) < Cexp{—pv(X)}
uniformly for all X € ay. O
This result can be reframed in terms of unitary representations.

Corollary 4.7. Let H be a real reductive group and 7 : H — GL(V) be an
algebraic representation. Consider the unitary representation (T,L*(V)) of
the group G induced by

T(9)f(v) = f(r(9)"'v) (det 7(g)) 2,

for f € LA V) and v € V.. Then for any compact neighborhood B of 0 in
V', there exist constants ¢, C' > 0 such that

cexp{—pvru(h)} < (T(h)Lp,1p) < Cexp{—pvrn(h)}

N[

uniformly for all h € H, where ky : H — a; is the Cartan projection.

Proof. Let H = KHAJI;KH be the Cartan decomposition of H associated
with ky. Let D = 7(Kpy)B which is still a compact neighborhood of 0 in
V. Then for any ki, k; € Ky and X € a;, we have

<T(k16Xk:2)ILD, ILD> = ¢ Tr7(X)/2 Vol(T(eX)D N D) ,
whence we conclude by applying Lemma 4.6. O

Now we can define the relative local volume decay exponent associated
with a homogeneous space.

Definition 4.8. Let GG be a real semisimple algebraic group and H be an
algebraic subgroup of G. The relative decay exponent B g is defined by

Py

BG/H :=sup
b P

where g, h are viewed as h-module through the adjoint action. We take
0/0 = 0 by convention.

Remark 4.9. (1) By definition, the number fS¢/ g lies in [0, 1].
(2) If H is an algebraic subgroup of G, then the Jordan decomposition
implies that

B/ = sup 3
ay Py
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4.3 Volume growth in G

By B € G we denote that B be a compact subset of G of nonempty interior.

Proposition 4.10. For any B € G, there exist constants ¢,C > 0 such
that

cexp{2pr(g)} < va(BgB) < Cexp{2pr(g)}
uniformly for all g € G.

Proof. Let X = k(g). For the upper bound, by Lemma 2.11, there exists
r > 0 such that k(BgB) C k(g) + a(r) for all ¢ € G, whence we have
BgB C KeX*t*" K. By Proposition 2.6,

V(;(BgB)S// /er(Y)ddedk'SC’exp{Zp(X)}
K JX+a(r) JK

uniformly for g € G.

For the lower bound, first note that by Lemma 2.11, up to translation we
can suppose that B contains a neighborhood of e € G. Then we can find a
small neighborhood B’ of e with kB’k™! C B for all k € K (cf. Lemma 4.2).

Write g = k1eXky. By the unimodularity of G,
va(BgB) = vg((ki'Bki)e™ (koBky ")) > v (B'e* B').
Up to further shrinking B’, we can assume B’ C NMAN. By the Bruhat
decomposition (Theorem 2.7), there exist compact neighborhoods of e in
the respective subgroups By € N, Byy € M, By € A, and By € N such
that ByByBaBy C B'. Hence by the unimodularity of G, we deduce
Ve (B'eXB') =g (B'eXB'e_X)
> v (By (eX ByBuBaBye™))
= Vg((BNGXBNG_X) BMBA (GXBNG_X)) .
By further applying Proposition 2.8, we obtain
VG (B’eXB/) >c W(BNGXBN(Z*X) VN (eXBNe*X)
> cvy(By) €My (By) = ¢ exp{2p(X)},

uniformly for g € G. ]

4.4 The volume growth exponent of closed subgroups

We define the volume growth exponent of closed subgroups of the real
semisimple group G and relate it to certain series. Then we determine
its value for reductive subgroups and discrete subgroups. Recall that the
symmetric measure is given by dvy (h) = Ag(h)~2 dh for a locally compact
group H. If H is either reductive or discrete, then vy is just the Haar
measure.
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Definition 4.11. The growth exponent of H inside G is defined by

5 {0 i logl/H(HﬂBgB)}
:= max4 0, sup limsu ,
G/H Bt gose logug(ByB)

where B ranges over compacta of G of nonempty interior.

Remark 4.12. In the definition of dg/y, we can restrict B to a cofinal sub-
family of subsets, for example by additionally requiring B to be symmetric
and K-bi-invariant.

Proposition 4.13. For any closed subgroup H of the real semisimple group
G, we have

d¢/u = inf {t € [0,00] : / e~ 2t duy (h) < oo} :
H

Proof. Denote the right hand side by 7. First show dg/x < 7. Let B € G.
Then by Lemma 2.11, there exists R > 0 such that x(BgB) C x(g) + a(R)
for all g € GG, whence for all h € H N BgB we have

2pn(h) < 2pr(g) + C1,

where the constant C7 = sup, gy 2p is uniform. Since for any ¢ > 7,

/ e~ 2P duy (h) < oo,
H
we then have

vg(H N BgB) < Cy 62“’“(9)/ e~ 2PN Ay (h)

HNBgB

< Oy 627&%(9)/ e 2tpr(h) dvg (h)

H
< 4 e2trr(g) :

uniformly for all ¢ € G. From the definition of the growth exponent dg/xu
we deduce that ¢ > g/, whence we have 7 > d¢/q.

Next we show dg/m > 7. Let £ be a lattice of a and £ = £LNa™. Then
there exists some r > 0 such that a® is covered by the balls of radius r
centered at elements in L*. Fix any number ¢ > 0,y and then fix a small
number € > 0 so that t —e > dq/n.

Define the subset B = Ke™K € G. Lemma 2.11 yields a constant
¢ > 0 such that whenever h € Be* B, we have 2p(X) < 2pk(h) + ¢, whence

/ 6—2t/m(h) dl/H(h) < 04 e—QtP(X)VH (H M BGXB)
HNBeXB
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uniformly for all X € a®. But since t — & > 0g/n, we deduce from Propo-
sition 4.10 that
Vg (H N BBXB) S 05 62(t78)p(X)

uniformly for X € a*, whence for all X € a* we have
/ e~ 2ter(h) dvg(h) < Cg e~ 2er(X)
HNBeX B

Since the construction implies that the subset BeX B contains KeX+4" K
for all X € a™, we obtain

/62’”’”(") dvg(h) < Z / e~ 2ter(h) dvy(h)
H e+ JHNBeXB

S CG Z 672EP(X)7

Xelt

which is finite as the lattice £ grows polynomially, so ¢ > 7. We obtain
dg/r = 7 and thus conclude the proof. O

4.4.1 The case of reductive subgroups

Proposition 4.14. If H is a reductive subgroup of G, then

da/u = Bayn-

Before going into the proof, we make several preliminary remarks. Let
Apg be a Cartan subgroup of H. Extending Ay to a Cartan subgroup A of
G, we have Ay = AN H. By the reductiveness of H, there exists a Cartan
decomposition G = KAK of G such that the subgroup Ky := KN H is
a maximal compact subgroup of H, with the Cartan decomposition of H
given by H= KHAHKH

Let a, ay denote respectively the Cartan subspaces and W, Wy denote
respectively the associated Weyl groups. Since the Killing form is adjoint-
invariant, the induced Euclidean norm |-| on a is Wg-invariant and its
restriction to ay is Wy-invariant.

By the Cartan decomposition of H, we have for all h € H that

h € Ky etvrthweWelnay gr (4.15)
Lemma 4.16. For any B € G, there exists a constant C > 0 such that

vg(H N BgB) < CeXp{QﬁG/HP"?(Q)}

uniformly for all g € G.
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Proof. Write X = k(g). By Lemma 2.11, there exists a constant r > 0
such that k(BgB) C k(g) + a(r) for all g € G. Then (4.15) yields

HNBgB C | ) KyeXrenmg,, (4.17)

weWa

Hence, by Proposition 2.6 and Example 4.5, we have

ZUREZED Dl N UG AR CE
wX+a(r))Nay,

weWa

Since py < Ba/upg by the definition of S x, and since py is We-invariant
and uniformly Lipschitz on a;, we have

exp{py(Y)} < exp{Bo/upe(Y)} < Crexp{Ba/mps(wX)}
= Crexp{ Bayupy(X)} = Crexp{26a/up(X)}

uniformly for Y € wX + a(r). By feeding back to (4.18), we conclude the
proof. O

Proof of Proposition 4.14. For B € G, Proposition 4.10 and Lemma 4.16
yield
log vy (H N BgB) < C1 + 28a/upr(g)
logvg(BgB) —  Co+2pr(g)

uniformly for all g € G. Since pr(g) = 0o as g — 00, we get dq/u < Ba/n-

To show dq/g > Pa/u, let B € G and By :== BN H & H. Then
the intersection H N BhB contains ByhBy for all h € H. Now Propo-
sition 4.10 applies to the real reductive group H without modification,
whence vy (H N BeXB) > cexp{py(X)} for all X € ay. By the continuity
and homogeneity of py, p; on ay, there exists X € ay \ 0 with

Bayapy(X) = py(X).

Setting g, := e € H with g, — oo in G, we obtain

_ logvy (H N Be™B) _ log cexp{npy(X)}
0 >1 >1 =
G/H = lgljip logvg(BenXB)  — linj;ip log C' exp{npy,(X)} bej

by applying the lower bound of Proposition 4.10 to H and the upper bound
to G. [

4.4.2 The case of discrete subgroups For a discrete subgroup I', recall
that the growth indicator function ¢r : a* — R U {—oc} is defined by

i . —tls ()|
Yr(X): ]X|(gl)f(1nf teR: Z e <00 g,

~vel, k(v)eC
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where € ranges over open cones in a which contain X. It is easy to see that

(cf. [Qui02, §I.1])

sup? = inf {t eR: 26_2“’“(7) < oo} .

+
a P Ser

As an immediate consequence of Proposition 4.13, we have the following.

Proposition 4.19. If ' is a discrete subgroup of G, then

dqr = max{sup ﬁ, 0} ) ]
at 210

Example 4.20. When I is a discrete subgroup of G = SL(2, R), the expo-

nent g, coincides with the usual critical exponent dr. In general, when

the semisimple group G is of real rank one, these two exponents coincide

up to renormalization.

5 Decay of coefficients and volume growth

The goal of this section is to prove Theorem A on the equality between
the exponents #, §, and p. The upper bounds on ¢ and p from the uniform
decay exponent # are rather straightforward. The main difficulty, which
we will start with, is to establish uniform decay estimates from other data,
but the method in [LWW24] has already paved the way.

Let GG be a real semisimple algebraic group and H be a closed subgroup
of G. Then by Lemma 2.1, the homogeneous space G/H admits a G-quasi-
invariant Radon measure d(¢gH) and a continuous function § : G — R*
which satisfy (2.2) and (2.3) in Lemma 2.1.

5.1 Matrix coefficients of induced representations

As a preliminary step, we transform the matrix coefficients of L*(G/H)
into more accessible terms. For later applications as well, we address more
generally the coefficients of an induced representation (7, ) = Ind% (o, V).
Setting o = 1y will recover L*(G/H).

Given @1, ¢y € C.(G) and vy, vy € 'V, consider the equivariant functions
fi = I(pi,v;) € H for i = 1,2 (see Section 3.2). To study the matrix
coefficient (m(-) f1, f2), we first expand it with the expressions of the vectors
f1, fo- By using the unitarity of the representation o, the o-equivariance of
the vectors f1, fa, the integration formula (2.3) on the homogeneous space
G/H, Fubini’s theorem, and the fact that 6(xh) = 0(x)Ay(h) forallh € H,
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we can transform the matrix coefficient as follows:

(m(9) f1, f2)
- <f1(g_1x),f2($)>v <

G/H

5(g~'x)\ ? .
0@ > dp(zH)

= [ ] ot tamaton. e, ("2

/G/H/ (o1, fa(zh))y 1 (g~ zh) <5(5g(;§)h)>1dhdu(x}[)
= [t @y alo™a) (500150

// o, 0 (h)vs)y 01(9~ ) @a(ah) (39" 2)8(x))? dh da

= [ (o, / (g™ 2)pa(ah) (89~ 2)0(x)
= [ ooty [ orla e ol (5 a)8ah) de dva ()

1‘”)) : dh dp(zH)

ol
(oM
8
[oN
>

where dvg(h) = Ag(h)~Y2dh is the symmetric measure on H. By chang-
ing h to h™!, we obtain

(r(9) i, fo) = /H (0(h)or, va)y ®(h, g) dvg (h), (5.1)

where we define
Bllng) = [ oo 0aleh D) (Slg )k ) e (52)
G
Using the volume decay in G, we can obtain the first estimates for decay
of coefficients.

Lemma 5.3. Let Bg be the open neighborhood of e € G given in Lemma 4. 2.
For any vi,ve € V and any o1, p2 € Ce(G) whose supports B; := supp ¢;
satisfy B;B;* C Bg, let f; :=1(ps,v;) € H for i =1,2. Then there exists
a constant C' > 0 such that

[(m(9)f1, f2)| < Cexp{—2pr(g)} [{o(R)v1, va)y| dvs (h),

HA(By ' 9B1)
uniformly for all g € G.

Proof. 1f ®(h, g) # 0, then there exists € G such that g7'z =: b, € B;
and xh™! =: by € By, so h = b, gb; € By 'gB,. By using the unimodularity
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of G, we deduce

®(h,g) = /G o1 @)y g by) (3(g ™ w)S(ah ™)) ? da

N[

- /G o1 (97 ygb ) oalubs) (39 ygb)Swb)) P dy  (5.4)

by setting y = xb;'g~! = xhby'. For i = 1,2, define

i(x) == sup |p;(zb)] 5(xb)%.
beB;

Then ¢; € C.(Bg) by the hypothesis on B;. Applied to @1, P2, Proposi-
tion 4.3 yields

/ ¢1(97'yg)2(y) dy < Cexp{—2pr(g)}
G
uniformly for all g € G. Feeding back to (5.4), we deduce

|®(h,g)| < Cexp{—2pr(g)} ﬂBglgBl(h)

uniformly for g € G and h € H. We conclude by feeding back to (5.1). [

5.2 From volume growth to uniform decay
Proposition 5.5. 0q/p < dq/u.

Proof. Apply Lemma 5.3 to the induced representation Ag/p = Indfl 1y
and we obtain

|(Aayu(9) 1, f2)| < Cexp{—2pr(g)} vir (H N By 'gBy).

Let B € G contain B,' U B;. By the definition of dg/n and by Proposi-
tion 4.10, for any 6 > dg /i, there exists C; = C1(d) > 0 such that

vi(HN By gBy) < vy(H N BgB) < Cy exp{26pr(g)}
for all g € G, whence

|(Ac/m(9) f1, f2)| < Coexp{—2(1 — 6)pr(g)} (5.6)

uniformly for ¢ € G. By Lemma 5.3, this uniform decay holds for all
functions fi, fs in

{I(¢,1) : ¢ € Cc(G) with (supp p)(supp )~ C Bg},

which spans C.(G) by Corollary 3.4. Hence, (5.6) is valid for any functions
f1, f2 € Ce(G) and any number 6 > dg,/ g, which yields dg/g > 0g/. O
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5.3 From uniform decay to integrability

Recall that the integrability exponent pg,y optimizes the condition that
for all fi, fo € C.(G/H) (or equivalently in L°(G/H)), we have

Aa/u()fi, f2) € ﬂ LP(@G).

P>PG/H
Proposition 5.7. pg/y < 1/(1 —0q/u).

Proof. Suppose Og/y < 1. For any § > 0g/y and any fi, fo € Co(G/H),
we obtain from Theorem A that

[(Acym(9)f1, f2)| < Cexp{(20 — 2)pr(g)}

uniformly for g € G. Then by applying Proposition 2.6, we have

/G [eym(9) 1, fo) P dg < © / exp{(20p — 20 + 2p(X)} X,

which is finite as long as p > 1/(1 — 6). By the arbitrariness of § > 0¢/n,
we conclude that pe/p < 1/(1 —0c/m). O

5.4 From integrability to volume growth

Lemma 5.8. Let B be a symmetric compact neighborhood of e in G. For
faH) = /H Ly(xh)d(xh) 5 dh € L2 (G/H),
we have for any g € G that
[ Qam()f. f)de =velBY va(H O BgB), (59
BBgBB

where dx denotes the Haar measure of G.

Proof. Let us apply the preliminary computations in Section 5.1 to the
induced representation A\g /g = Indg 15 and the functions

p1(2) = a(z) = 1p(2)d(2) "7 € LX(G),

so that the functions f; = fo = f. Then (5.2) gives ®(h,g) = vo(gB N Bh)
and (5.1) gives

(Aayu(9)fu, f2) = ve(9B N Bh)dvg(h).

HNBgB
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Let B, := BBgBB for g € G. Then by Fubini’s theorem,

/ <)\G/H(:E)f1, f2> dr = / / va(xB N Bh)dx dvg(h).
By HNBgB J B,

Then Fubini’s theorem further yields, for any h € H N BgB that
[ vetaBrBmds = [ [ 15,00 1m() dedy
By GJG

_ /G /G Ly, (2)Lag(2h) Lp(z) do dz = /B ve(B, M 2hB)dz = ve(B)?,

where z := yh~! and for the last equality we note that B, D zhB for any
z € B and h € BgB. We conclude by combining the equations above. [J

Proposition 5.10. pg/g > 1/(1 — 6¢/m).

Proof. By the definition of dg/y and by Remark 4.12, for any number
0 < dg/m there exists a symmetric, K-bi-invariant, compact neighborhood
B of e in G, and a sequence (X,,) in a® going to infinity, such that

log vy (H N BeX"B) > dlog VG(BeX”B) + ¢
uniformly for n € N, whence we can deduce from Proposition 4.10 that
vir(H N Be*"B) > ¢y exp{26p(X,,)} (5.11)

uniformly for n € N. By passing to a subsequence, we can assume that the
subsets BBe*" BB with n € N are pairwise disjoint.

Let f € L?(G/H) be given as in Lemma 5.8. We proceed to study
the integrability of the matrix coefficient <)\G ) f > By applying the
Holder inequality to (5.9), we obtain for p > 1 that

/BB - |y (@) f, )| dv > va(BBgBB)' ™" (/BB . Aayu(@)f, f) dx)p
> czexp{2(1 — p)pr(g)} vu(H N BgB)?,

where the last inequality follows from Proposition 4.10. By substituting
g = e* and applying (5.11), we obtain

/BB XnBB |<)\G/H($)f’ f>‘pdx > cyexp{(2 — 2p + 2pd)p(Xn)}

uniformly for n € N. Hence, for any p > pg/u, from (Ag/u(-)f, f) € LP(G)
we deduce

> exp{2(1 — p+ pd)p(X,)} < o0,

neN

which implies that p > 1/(1 — ). By the arbitrariness of p > pg/n and
d < dq/m, we conclude that pe/g > 1/(1 = dg/m)- O
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5.5 Conclusion of proofs

Proof of Theorem A. The concatenation of Proposition 5.5, Proposition 5.7,
and Proposition 5.10 yields

da/a > O0g/m > 1—

> G /H-
b/

Hence, they are all equal. O
Applications to special classes of subgroups are immediate.

Proof of Corollary C. When the subgroup H is reductive algebraic, it fol-
lows from Theorem A and Proposition 4.14 that

Oc/n = da/un = Bayn- []

Proof of Corollary D. When the subgroup I' is discrete, it follows from
Theorem A and Proposition 4.19 that

Yr
0 =, = sup —. O
G/T G/T Sﬁp 20

6 Uniform decay of induced representations

The goal of this section is to prove Proposition E. We will prove the equiv-
alence between the exponents ¢ and 5 above 1/2; and then the equivalence
between the four exponents will follow from Theorem A.

Let G be a real semisimple algebraic group and H be an algebraic sub-
group. For a preliminary reduction, we can assume the algebraic subgroup
H to be Zariski connected. Indeed, the values of these exponents remain
unchanged if we pass to an open subgroup of finite index.

Following the strategy of Benoist-Kobayashi in [BK22|, we will examine
the uniform decay property along a sequence of induced representations.
Let us begin with two ingredients therein.

6.1 Key ingredients from Benoist-Kobayashi
The first ingredient is the existence of nice intermediate subgroups.

Lemma 6.1 ([BK22, Lem 4.1]). There exist two intermediate algebraic
subgroups H C ' C (Q C G with the following properties:

(1) Q is a parabolic subgroup of G of minimal dimension containing H.

(2) Let U be the unipotent radical of Q. There exist a Levi decomposition
Q = LU such that L is a mazimal reductive subgroup of () and that
H=(LNnH)(UnNH).
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(8) S =LNH is a mazimal reductive subgroup of H and W =U N H is
the unipotent radical of H.

(4) F=SU.
That is to say, we have a chain of algebraic subgroups with compatible Levi
decompositions

H=SWcF=5S5UcC@=LUCAQG. O

The notation of these groups will be standing throughout this section.
We can suppose that ) # G, for otherwise the algebraic subgroup H is
already reductive and we can conclude by Corollary C.

The second ingredient is the domination of group actions. On the ho-
mogeneous space U/W, the reductive group S acts by conjugation and the
unipotent group U acts by left translation.

Lemma 6.2 ([BK22, Prop 4.4]). Let U/W be equipped with a U-invariant
Radon measure Vol. Then for every compact subset D C U/W | there exists
a compact subset Dy C U/W such that for all s € S and v € U, we have

Vol(suD N D) < Vol(sDy N Dy). O

Since F'//H = U/W, this lemma says that the coefficients of the unitary
representation (Ap/y, L*(F/H)) are majorated by those of the unitary rep-
resentation (oo, L?(U/W)) whose action is given by og(su) = Ap/u(s) for
all s € S and u € U. This corresponds to the concept of domination in
[BK23, Def 4.2].

Now this majoration carries to induced representations (cf. [BK23, §4.2]),
which implies that the coefficients of A\g/y = Indg Ar/n are majorated by
those of the induced representation mg := Indg 09. Since the unitary repre-
sentation oy is trivial on the unipotent radical U, the induced representation
To is also trivial on U, whence we have 7|, = Ind%(0o|s). What we have
obtained can be precised as the following proposition, which is also implied
by the proof of [BK22, Prop 4.9].

Proposition 6.3. For any fi, fo» € C.(Q/H), there exist v1,p2 € Cc(L)
and D1, Dy @ U/W such that

|<)\Q/H(Q)f17 f2>| < <7T0<ZQ)I§<9017 ]101)7 Ié((p% 1D2)>

uniformly for all ¢ € Q), where I, is the L-component of q. O

6.2 Uniform decay of reductive induction

For the next step, we inspect the uniform decay of 7|, = Ind5(oo|s). The
real reductive group L admits the maximal compact subgroup Kj; which is
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contained in K and the Cartan subgroup A which is also a Cartan subgroup
of G (cf. Section 2.3). The Cartan projection of L is denoted by

KJLZL—)G/WL.

The Weyl group W, can be identified with a subgroup of W. The following
decay estimates bring the local decay exponent B¢,y into play. The proof
relies on a refined control of the preliminary decay estimates in Section 5.1.

Proposition 6.4. Given any ¢1,p2 € C.(L) and D1,Ds € V', we form
fi =1&(¢i, 1p,) for i =1,2. Then there exists a constant C > 0 such that

[(mo (D) f1, fo)| < CGXP{% (—p1 + (2Bc/m — 1)09)(/%(1))}

uniformly for all l € L.

Proof. By unipotency, the exponential map identifies the homogeneous
space U/W with the vector space u/to equivariantly with respect to the
adjoint action of S. By identifying (o¢|s, L*(U/W)) with (o¢|s, L*(u/w)),
we can apply Lemma 5.3 the induced representation 7|, = Ind5(ogls).
Together with Lemma 3.3 applied to ¢1, 2, we have

[(mo(D)fr, f2)] < Crexp{—pirL(g)} SmBlBI(Uo(S)JlDu]lDszS (6.5)

uniformly for all [ € L, for some given B € L.

For the reductive group S, fix a Cartan decomposition S = KgAgKg
with the Cartan projection kg : S — a,/Ws. By applying Corollary 4.7 to
the algebraic S-module u/to, we deduce that

[{o0(5)Lp,, 1p,)| < Caexp{—puwrs(s)} (6.6)

uniformly for all s € S.

Since L conjugates the subspace a, into its Cartan subspace a, we can
identify a; with a subspace of a. Write X = k(). Asin (4.17) in the proof
of Lemma 4.16, we have for some uniform constant r > 0 that

SNBIB C U Kgexp{(wX +a(r)) Nas} Ks.
weWr,
Combining this with (6.6) yields the following uniform estimates

/ [(o0(s)1p,, 1p,)|ds < 02/ exp{ —puwhs(s)} ds
SNBIB

SNBIB

<

weWr,

<Cs ) / exp{ps(Y) = pusw(Y)} dY,

weW, (wX+a(r))Nag

/ exp{—pu/mf@g(s)} ds
Kgexp{(wX+a(r))Nas } Kg
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where the last inequality follows from Proposition 2.6. But since

Ps = Pujo = Ps + Pro — Pu = Py — (pa — p0)/2 < (Baym — 1/2) pg + p1/2,

we deduce, by the uniform Lipschitz property of pg, py on a, that

Z / eXp{Pﬁ(Y) — Pu/ro (Y)} dy

wewy, X+a(r))N
1
< Oy exp{§ (p[ + (QﬁG/H - 1)Pg)(X)}

uniformly for all [ € L. We conclude the proof by feeding back to (6.5). [

Recall from Section 2.5 that the spherical functions of the real reductive
group L = K AK); are given for y € a* by

Ei(l):/ e*(XJFPL)W(l_lkM)dkM_
Ky

Corollary 6.7. Let x = (28¢/m—1)"p := max{28g/n — 1,0}p € a*. With
the same assumptions as Proposition 6.4, we have uniformly forl € L,

(mo(1) f1, f2)] < C Z =
weWqg

Proof. If Bcu < 1/2, then Proposition 6.4 implies that mo|., is tempered.
We have x = 0 and we conclude by Theorem 3.10.

From now on assume fBg /g > 1/2. Since py = 2max,ew, wp on a by
Example 4.5, the uniform estimates of Proposition 6.4 gives

[(To(D 1, f2)] < C max exp{ (—pr + (2Ba/m — Dwp) (1 (1))},

where kT : L — a is the Cartan projection for the positive system X7, and
pr = pu as in Section 2.3. We have also used the fact that pky = 2pL/£JLr.
Then Lemma 2.13 provides the uniform majoration by spherical functions

{mo() i £2)] < C max Sh @) <0 3 = .

weWag

Now the domination of Ag/u by my (Proposition 6.3) and the uniform
majoration of 7y (Corollary 6.7) yields the following majoration of Ag/u.

Corollary 6.8. Let x = (28c/u — 1) p. Then for any &,& € Co(Q/H),

there exists a constant C' > 0 such that

|(Aq/u(9)é1, &) < C Z =

weWea

uniformly for all ¢ € Q, where I, is the L-component of q. O
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6.3 Uniform decay of parabolic induction

With the premise of Corollary 6.8, the last piece of the proof is to establish
uniform decay estimates for a unitary representation of GG which is induced
from the parabolic subgroup ). We will establish a variant of [Kna86, Prop
7.14], highlighting the compatibility of spherical functions with parabolic
inductions.

Theorem 6.9. Let x = (26g/u — 1)Tp. Then for any fi, fo € C.(G/H),
there exists a constant C' > 0 such that uniformly for all g € G, we have

|(Aaym(9) i, f2)] < CES(9).

Proof. Since Aqg/g = Indg Ag/H, we can dominate the coefficient on the
left hand side by passing to some positive functions f; = Ig(goi, &;) for some
01,02 € Ce(G) and &,& € C.(Q/H). Lemma 5.3 and Lemma 3.3 yield

{<Ag/H(g)f1, f2>‘ S Cle—pri(g) /Q' BB |<§17 AQ/H((]_I)£2>‘ dVQ(Q)
NBg

uniformly for g € G, for some given B € GG. Next Corollary 6.8 yields

(&, Ao/m (a7 h)é)| < Co Z 2L (Y

weWa
uniformly for ¢ € @), whence
[Ny (9) frs f2)] < Cze2r9) Z / Eun () dvg(a)

uniformly for ¢ € G. Since K, normalizes Ng and since 7(-) is Ng-right-
invariant, for ¢ € ) we always have

Eix(lq_l):/K 6—(wx+pL)77(lqu)dkM:/K 6_(wX+PL)77(qu)dkM7
M M

whence from dvg(q) = €*?"@ dgq (cf. Section 2.3) we obtain

|(Acyu(9) f1. f2)]
§C3e—2/m(g) Z/ / e—(wx+pL)n(qu)+an(q)dk»qu' (6.10)
QNBgB J Ky,

weWag

Up to enlarging B, we can assume B to be K-bi-invariant. Note that
e K(QNBgB)= BgB, and
oz | Ky e~ (wxtpLn(@ka)+ron(@) qf:, - is a K-left-invariant function.
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Then Proposition 2.10 yields

/ / e~ wxte)n(aka)+eon(@) gk, - dg
QNBgB J Ky

:/ / e~ (wxtpr)n(zkar)—pon(z) dkyy dr,
BgB J Ky

and then with BgB C K9+ K (Lemma 2.11), Proposition 2.6 gives

/ / e~ (wxtpr)n(zkar)—pgn(z) dkys dz

BgB J Ky

S// // o~ (WxtpL)n(kie kakar)—pon(kieY ka)+2p(Y) dkys dks dY dky
K Jr(g)+a(r) JK J Ky

:/ // o~ (wxtpr)n(e kkar)—pon(e’ k)+2p(Y) dkys dk dY
k(g)+a(r) J K J K

< C4€2pn(g)/ / / e~ (wxtpr)n(e kkar)=pan(ek) g, -k dY;
k(g)+a(r) JK J Ky

uniformly for all ¢ € G. But since K); normalizes both Ay and Ng, we
have pon(zkar) = pon(x) for any ky € Ky and « € G, whence by Fubini,

// 6—(wx+pL)n(eykkM)—an(eYk) dkyy dk
Ky

:/ /6—(wx+pL)n(eyk)—pcgn(eykk;f)dkdkM
Ky

:/ e~ (Wx+pL+pQ)n yk)dk_/ —(wx+p)n Yk)dk
K K

= =6 (") = 2¢(e),

where the last equality follows from Lemma 2.12. But any Y € k(g) + a(r)
satisfies n(e¥ k) = n(e?k')+n(e*9k) for some Z € a(r) and k' € K, whence

=0(e") < GEY(E?) = G5 =Y (g)
uniformly for all Y € k(g) + a(r). Chasing back to (6.10), we have proven

‘<)\G/H(9)f1>f2>| < Cs Ef(g)
uniformly for all g € G. m

6.4 Putting all together

Proof of Proposition E. First by Theorem 6.9 and Lemma 2.13, we have
for any € > 0 and any fi, fo € C.(G/H) the uniform decay

|(Ac/m(9) 1. fo)| < Cexp{—2(1 — & — max{Be/u,1/2})pr(g)}
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for all g € G. By the definition of O, y, we get Oq,p < max{ﬁg/H, 1/2}.

For the other direction, we follow the proof of [BK22, Prop 3.7]. Choose
an A-invariant decomposition g = h @ v with v = g/h. There exists a small
neighborhood D of 0 in v such that the exponential map from D to G/H,
which maps Y to e¥ H, is a homeomorphism onto its image B € G/H. By
taking into account the Radon-Nikodym derivative and the A-invariance of
v, we deduce that

Oy (eX)1p, 15) > ere” ™2 Vol (Ad(e™)D N D)

uniformly for X € ay. Applying Lemma 4.6 to ad : h — GL(g/b) yields

TOVNGI(AA(E)D 1 D) > cpexp (X))},

whence uniformly for all X € ay,

(A/m(e¥)1p, 1) > csexp{—pys(X)} .

But the definition of 6,y implies the uniform decay of coefficients

(Ae/m(€X)1lp, 1) < Crexp{—(1 — 0)ps(X)}.

Thus by the homogeneity of the rho-functions, we must have

—(1=0)pg = —pgsy on ay.

Since pg/y = pg — py, We have py < p,, whence Bq g < 0g/r. We obtain
max{ﬂg/H, 1/2} = max{é’g/H, 1/2}. Then we conclude by Theorem A. [
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