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How
many electrons can dance

on a Riemann surface ( and on CIP
'

) ?

-



Laughlinstate

He Cz . . -→ zu ) -- c . En cz . - zap .
e-
¥ E. 'ai

( Z . . . . . ,
2-
n) e CIN

,
I
,

: CIN → Q

f E Rt
' Ip is " filling fraction

"

B > o " magnetic field
"

I
,
is a wave function ,

i.e
. given a configuration

of N points 47ns ,
Intact . i -→ 7h12 is its probability .



I Laughlin state on a genus -

g

Thiemann surface ( wi D . Zvoukiue )

* definition

* topological degeneracy

II Laughlin state in complex dim two

(w/ M - Douglas , I. Wang )

* definition

* first results



Quautumtlalettect ( QHE )

Precise quantization of Hall conductance 6+5 ¥
,

[ Laughlin state

corresponds to

this plateau
12×5-1
Ix 6h = I

B

= 13 = 0,3333 . . .



Fractional QHE ( Gtf Ip ) is a strongly - interacting system ( Coulomb )

I e L' ( GN )
, ⇐ It In t In Vczuizu ) ) H -

- o

D- = ( OE t Ez )

Longtin leg 83) :

' '

trial state
"

* holomorphic

X
,
= nniinczwzwyf . e

- ¥ I ' " " * Cautil symmetric
HEO

* vanishing conditions ⑤→←①

*

pet , Iancu
- zu) = dot ⇐

"

H!
.n= ,



Laughlin state on a Thiemann surface

[ smooth genus - g Riemann surface

[
N

its Nth power ,
Ia , . . . , In projections from E

"

to E
.

( → E is a positive degree - d line bundle

L
N

= I
,

* L ④ . . . ④ Stu L is the lice bundle ou E
"

Def Laughlin state for filling fraction I
, PELZ is a holomorphic

section ¥ of LAN
P

* vanishing to the order p along all diagonals Dnm = { zu -- 2-
a } C EN

A completely symmetric ( anti - symmetric ) for p even ( resp. odd )

H= I
,

Titu t Eam Vltuitu ) fi. C- ( L) → r
"'ll)



* Haldane - Rezagi
'
85

p - degeneracy
of Laughlin states on torus

translational symmetry
⑦ breaking

* Wen - Niu
'
90

Topologically on gems - g

p
't Laughlin States for 6µ=

'

Ip ( conjecture ) .

tf
Topological phases

of matter



Quantum optimal packing problem Dimension of the vector space

Haldane 1983 g=o Up IN ,
d ) of Laughlin states :

gHaldane - Dezayi ' 85 g
-

- e
o. p - topological degeneracy

Wen
- Niu 190 g > I completely filled ( dense )

states

µ NO LAUGHLIN STATES EXIST
"

Electron dancing patterns
"

G ( X.- G . Wen )

5 .µ weed + e.g . . .
i : : :

tenor - " ' " " ""' " LEI:
z . . o o o o - . . . . large ( depends on N

,
d )

d
.

O G g 12 ' 5 18

Mt
Illustrated for p

-

- 3
, g=2



Warm - up : examples of Laughlin states

* p - L , take N= d te- g and { Sus E Ho ( L ) ( d> 2g - e
,
N > g )

N

H
,
= det Su Izu) / (

"

Slater determinant
"

)
h
,
incl

* p > e
,
take Q → E

,
Q =L and { Gu 's C- HOC Q )

,
N= depth- g

II. = (det Guczu ) ) but there are more .
. .



Wen
-

Niu conjecture

Thur ( D.Zvouhiue
,

Sk)

I
.

(Wen
- Niu conjecture) Let N > g and N = f- te - g ( i.e

. pid )

Dimension of the vector space of Laughlin states is dim Up ( N , d)=p
't

II
.

Let p = d - p INT g - e) 70 ,
then

dim vein .d) = E: ( E) ftp.t.un-g/p
"

and dim Up IN, d)=o for p so .



( sketch of a ) proof :

I
.

Introduce the notations D= E Dum
Ucm

IL ( - Bb) = IFL ④ r . - ④ still C- pls )

Hence Laughlin states can be identified with completely

symmetric sections of LIC - PD ) over EN

Choose a line bundle Q
,

QR =L

then deg Q = Ntg - t



Consider line bundle ④ C - b) = IF Q④ . . - ④ Ii Q C - D)

Ou GaN

Consider the map fo : EN → Picg . . ( E ) ( in fact
,
58 → Pig..co)

(Zi , - r - itn) → QC- { Zu)

Ou Picg .. ( E ) there is a canonical bundle ① (O )

The line bundles l- D ) and fat 018 ) are

isomorphic



A useful way
to show this is due to Fay 4973)

( " bosouisabiou formula " )

det Guam)

dive; n O ( CQ] - En zu - D ) = divg.n.ME( 2- a. 2- m)
Mcm

Iti cm
, Tm) t ziti cm ,u)

where 0 ( re ,
t ) = E e ou Clod x Ng

ME 28

16ns e tic Q
.
E
'

)

and Prime - form E Cz ,w) = O(w-t = ay

hah) hah) Tda Vfw

x - odd spin structure and ha is a certain section of ik
.



We are interested in completely symmetric sections of

↳ C- pls) = (QC- D) ) = ft -" OCO) )
P

i. e
. sections of line bundle ILL-BD) ou SNS

.

The
map fo. : 58 → Picg . . ( Ei )

{Zi , . 2- n ) → Q (- E Zu)
n pn

- g

has projective spaces
P
" - I

as fibers § f) P
( corresponding to the linear systems of Q )

g- i



Thus every global section of (f 010))P is

constant on every fiber of f- Q and is equal

to pull - back of global section of O ( BO )

Thus we identified the space of completely symmetric

sections of LIC- PD )
and the space of global sections

of O ( PO ) .

The latter has dim = pot

(
"

level - p Thiemann Theta functions
"

,
see e. g .

Mumford
"

Tata lectures
"

)



In = Of ) ( p Eau
- CLI - D ) . 17! Ethan ,

zu)

fez g

e

" ikuta ) ,tlmtaD t Cmtb, my

✓ E Ce
,
. . -

,

8

Of G) lust) =

a. b E IRS

II
. p

-

- d - pint g - 1) so

strategy : - define Q as L = Q④fCpxo ) xoe E

- first Churu class of KC - PD) is pOtp }
where 3 C SNS is the divisor of the

configuration of N points w/ at least lpt coinciding w/ Xo .



-

apply HRR thin

f. Otp }
td T* 58⇐

o

c - ni din Hic sua
, KC

-pas) = J e
SNS

- show that Hi >0=0 by Kodaira vanishing :

C
, (Kl- bis ) ④ K

"

) so

dim tilsk.lu- pm) = dim Vein .d) = f! ( E) ftp.t.un-g/p
"



µ NO LAUGHLIN STATES EXISTS
1 electron .

G & . o

5

,

,

'

'

' ?) zoom
inµ V -- fsdte?

.
: : '÷ . .i÷÷÷i . . . .

2 a

d.
° 6 9 12 is is dim Up IN ,

d) = NTL - large !

Quasi hole states

Line bundle L → E is replaced Mtv
by L ( t w

,
+ wat . . - twp ) → I

Owe quasi hole state

N= did t t-g



Hence the dimension of p - quasihole Laughlin states

is again p
's !

Her = Of! ) ( p E tu
- [ LT t wit .- - twp TD )

• It,E( Zu , wi) . . - §
,

Elza
, Wp ) . 171 Elza , 't - IP

→ family of pod states over SPE
.



Families of Laughlin States over parameter spaces

Auron - Seiler - Zograt
'

95
flat bundle

←

* Hall conductance - transport ou L ④ Lol
E Pied

!
In = i Ii wait ; ol ;

c- coins
"
.
- Jack)

w = §
,

doe
; n

d 9-+g

% E

* transport ou M " ' !
(
"

geometric adiabatic transport
' '

) ,

-42 12

Conjecture (v.Read
'
08 ) Vector bundles of Laughlin states

over Pica
,
Mgm ,

SPE are projectively flat

(at least asymptotically as N→ - )
µ= dy t t - §
-



Laughlin States in complex dimension two
.

* let X be a compact complex manifold dim ,cX=2

* let L be a positive line bundle over X

and take its dth tensor power
Ld

* Choose PE 7+ ,

N particles
,

XN

Laughlin States are symmetric ( for p even ) or anti - symmetric ( p odd )

holomorphic section of STYX ④ . . . ④ stix on XN
,

I

which vanish to the order p ,
when Zn

-

- Zin
.

f-

'

HI - o th E
.

II.note
.
.

t ? Via .am)



In order to define ravishing ,
we consider N points P

. .
. . -

, Pn C- 42

with coordinates x, ,y, , .
. .

, Xu , you ; the polynomial ring Q[ x.y , , . . - , Xu ,yu ]

Let Vnm be a locus where Pu -- Pm
,
i.e . a codeine

- z subspace in ④2)
N

where Xu -- Xu and Yu
-
- gun .

The locus V -- Yan Vam is the zero locus of the radical ideal

I = ! ( xn - xn , y . - ya )

Order - p vanishing : I
,
E IP in a local coordinate ring



Bivariate Vanderwoude determinant

Let D be the set D= te la . ,p . )
,
. . .

,
can ,pn ) 's E IN x IN

B
• x.my? ' . . . xing Pu

z • Kuip 's
)

,

a o DD = Let
;

I • o

o . . xndiyn '
. . . ×jNynN

0¥52

Thin (M .
Hainan ) I = ( BD : IDI -- N )

IB = pan ( xn - Xu
, Yu- Yu)f = ( Dp : IDI -- N )P



We can projective't DD and get bivariate

Vanderwoude determinants on X= Clp
'

let cx.g.tl be homogeneous coordinates on Clip
'

and take d

large enough

D= { ( x . ,p , )
,
- r .

,
can ,pn ) f E IN x IN

d- 4- p, d -hip

x.
"

y?
'

. . . xing Pu Xing't ,
. . . xing Put ,

y

l

→ Let .

D
,
= det

: .

yd
-4- Pi

GN d-him
xndyaf ' . . . xjnynn XT' Yaf '

µ
. . - xingu tn



The matrix elements here a sections in Hof QB
'

,
Ock ) )

,
K - o

K -

Scap, = { xd
y
Bt
" P

,
cap) ED )

and thus (DD)
's

will be a Laughlin state for Ld -

- Olpk ) ( D= pie )

* Before we asked
,
for given p and d what is the maximal N for

which a Laughlin state ou X exists and how
many States are there ?

* We can equivalently ask
,
for given p and N

,
find minimal d for

which a Laughlin state ou X exists and how
many States are there ?



-

hose optimally - packed states correspond to diagrams D with completely

filled lower
- left corner

•

• Be 00

• a •
•

• •

• • • • • • • a •

N =3
,
Kee N=G

,
k=2 N = 10

,
U =3

Take hs.SI/=
,

a full basis of HOCQP'
,

01h))
,

N=ho= f- k't Iad

Then there is a unique Laughlin state for line bundle Old - pk ) and

p
same number of particles N : tf

,
= ( det Salam) )!

.

.

.

)

We checked this numerically for k£7 and f- 3 .



µ
N= # d't Ipd t d

For general X we expect

( o
NO STATES

.

Ne Cz d
'

t C. dt Co ( t )
D

- •
Questions

if

G . . .
* Find co

,
9,9 as functions of ↳ X , B .

° "

* How many Laughlin States are for
8 O

3 a • 8=3 ( Md) satisfying (* ) ?

3 G g d An observation Take ( Nid) as above-

and consider the quasi hole state at ( Nate )

It will have zeroes at d points wi , - - r , wa ou X and the parameter

space of these points will be Hieb
,
( x ) ( not sdx ) .



Thetford


