Pre-notes for Sapporo seminar, March 2011
De Rham-Witt complexes and p-adic Hodge theory

Luc Illusie

1. Historical sketch

1956 : e Cartier isomorphism
e Serre’s Witt vector cohomology,
e Dieudonné’s theory of Dieudonné modules

1963-65 : e Manin’s work on formal groups,
e Gauss-Manin connection

1967 : e Cartier et al. : big Witt vectors, Cartier modules
e Tate : p-divisible groups, Hodge-Tate decomposition

e Monsky-Washnitzer’s cohomology

e Grothendieck : crystalline cohomology

1970 : e Berthelot’s thesis
e Grothendieck’s crystalline Dieudonné theory, problem of the mysterious

functor

e Mazur-Ogus : slopes of Frobenius (Katz inequality)

1974 : e Bloch : complex of typical curves on K-groups

1975 : e Deligne-Illusie : de Rham-Witt complex

1980 : e Fontaine’s p-adic period rings B..;s, Bar

1980-85 : e fine study of de Rham-Witt (Nygaard, Illusie-Raynaud,

Ekedahl)

e Bloch-Kato’s proof of Hodge-Tate decompositions (good ordinary case)
e Fontaine-Messing’s proof of C..s (dim X < p, e < p — 1), syntomic

cohomology

e Faltings’s almost étale theory, tentative proofs of C,.;s, Cyqr in general

1988 : e Fontaine-Jannsen’s Cy; conjecture

e Fontaine-Illusie-Kato : log schemes

e Hyodo-Kato log crystalline cohomology, log de Rham-Witt complex
e Kato’s proof of Cy (2 dim X <p—1)

1988 - ... : e Berthelot’s rigid cohomology, arithmetic D-modules

1997 : e Tsuji : proof of Cy in the general case
e Faltings : sketch of corrected proof of almost purity lemma and Cy

(details worked out by Gabber-Ramero)

1998 : e Niziol’s proof of C.,;s using K-theory
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2000 : e Fontaine, Colmez, André, Kedlaya, Christol-Mebkhout, ....
proofs of main conjectures on p-adic representations (weakly admissible <

admissible, dR < pst, p-adic local monodromy conjecture, finiteness of rigid
cohomology)

2004 : e Hesselholt-Madsen’s absolute de Rham-Witt complex / Z )
e Langer-Zink’s relative de Rham-Witt complex / Z,
e Zink’s theory of displays

2007 : e Olsson : stack theoretic variants of de Rham-Witt

2008 : e Niziol’'s K-theoretic proof of Cy;
e Davis-Langer-Zink : overconvergent de Rham-Witt complex

2011 : e Beilinson : new proof of Cyr using derived de Rham complexes

Witt vector H*

de Rham — Witt complex

/\

de Rham and crystalline H* Hodge H*

=T -

p — adic étale H*

2. Witt vectors

2.1. Witt polynomaials, ghost components
p = prime number _
wn(Xo, e X e ) = ZogignpiXpn_l .
Wy = XO

wy = X§ +pXi

wy = X{ +pXY + X,

Theorem 2.1.1. For a set A, let

W(A) = AN = {(ag, - ,an,---),a; € A}.

There exists a unique functor A w— W (A) from rings to rings such that
w: W(A) — AN
is a homomorphism of rings, where AN is equipped with the product structure.
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Proof. [CL, II, §§ 5, 6]. Alternate proof : use Dwork’s lemma : If
f:A—= A f(a) =a” mod p, (z = (29, ) € w(AN)) & (2; = f(x;_1) mod
p' Vi > 0). See also : [Demazure, III].

Ghost map, ghost components. 1 = (1,0,---,0,---), 0 = (0,---,
S,(a,b), Pu(a,b), So = ag+bo, Sy = ar +by — Zo«pp Hp!/il(p —1)Dagby
PO = CLobo, Pl = bg(ll -+ blag —|—pa1b1.

2.2. Operators R, F', 'V

W,.(A), R, V, short exact sequences, [z] = (z,0,---)

There exists a unique F' : W(A) — W(A) functorlal in A such that
w(Fa) = (w(a),wy(a),--+).

Fa = (fO(a)a e 7fn(a>7 e )7 fn(a) = fTL(aOa T 7an+1>7 fO(a) = ag + pay,
fn(a) = a2 mod p

F o Wy (A) = W1 (A)

FV =p, 2Vy=V((Fx)y), Flz] = [2?], VF =p) < (p=0in A).

p=0in A= Fa=(ag,---,ab;---).

m € Z invertible in A = m invertible in W,,(A) ; in particular, if A is a
Z,)-algebra, so is W, (A).

2.3. Exzamples

o W, (A), A perfect of char. p

V =pF~t W, (A) = W(A)/p"W(A), W(A) = the (unique) strict p-ring
B of residual ring A (W(A) = B, a — >.r(a,)? "p", r : A — B (the)
system of multiplicative representatives)

k perfect field of char. p = W (k) = (the) Cohen ring of k ; W(F,) = Z,.

o W, (F,[t])

Wa(F,[t]) = E°/V"E”,
where E° C Z,[t? ~] is the set of > keN[1/p] at® such that the denominator

of k divides ay for all k, with F', V induced by F, V on Q,[t* "] given by
Ft=t V =pF L

(see [DRW, 12.3] : E° = > V"Z,[t] ; there’s a unique Z,-algebra homo-
morphism E° — W (F,[t]) compatible with V', sending ¢ to [t] ; it is injective
and induces an isomorphism on gr,.)

Gives a decomposition

Wa(Fp[t]) = @ (Z/pnz)[t]k@ @ V“(’f)(Z/p"*u(k)z)[t]p“<’“>k7

k integral k not integral

(p“*) being the denominator of k, and [t] the Teichmiiller representative).
A similar description holds for F,[ty,--- ,t,] (loc. cit.).
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o W.(Z))

WaZw) = [ ZpVt
0<i<n—1
(as a Zg)-module), with V1.V71 = p'Vi1 (0 <i < j < n.
(see [Hesselholt-Madsen, 1.2.4] : gryW,,(Z,)) free over Z,, (V1) split
the filtration ; Y o, V'[ai] = > g<;c, b:V'1, with a;, b; in Z,) (and the 1-1
correspondence (a;) <+ (b;) given by complicated functions))

2.4. Link with big Witt vectors

W(A) = (1+A[[t])*, u+wv:=uv, (1—at) "W (1—bt)"" := (1 —abt)™*

AlZy) = W(A) C W(A), W(A) =W (A), nz = E(t)z,

E(t) = eXp(ano " pt) = HnEI(p)(l — )T/ e W(Z,)) (Artin-
Hasse exponential)

a=(ag, ) [1,0 E(ant?"), W(A) = 7W(A)

(see [DRW 0 1.2], [Demazure], [Bloch]).

2.4. Sheafification

For A aring in a topos T, and n € N, n > 0, the presheaf U — W(A(U))
(resp. U — W,,(A(U))) is a sheaf of rings, denoted W (A) (resp. W, (A). If
X is a scheme, the underlying space of X together with the sheaf W, (Ox)
is a scheme, denoted W, (X) (LZ, Appendix). If p is nilpotent in A, VW, A
is nilpotent (since it’s a DP-ideal, see 3.2). If p is nilpotent on X, W, (X) is
a thickening of X.

3. Crystalline cohomology

3.1. Inputs from complex analytic geometry : Poincaré lemma, Gauss-
Manin connection

e Poincaré lemma

analytic : X/C smooth analytic space : C — /c = quasi-isomorphism

formal : k = field of char. 0,1 = ({1, ,ta) : kK = Qjyy, = quasi-
isomorphism

algebraic : k = field of char. 0, t = (t1, -+ ,t,) : k — Qk[t]/k = quasi-
isomorphism

(n=1;0—k— k[t] = k[t]Jdt — 0 exact, t' — it" *dt (1 > 1)

char(k) = p > 0 = Q1 quasi-isomorphic to k[t?] @ (k ® kt~'dt[-1])
(generalization : Cartier isomorphism)

e Gauss-Manin

relative Poincaré lemma : f : X — Y smooth morphism of complex
analytic spaces = 1Oy — Qy Iy quasi-isomorphism.



If f proper, then R'f,C = local system, and
wr(X/Y) = Rif*QX/Y = Oy ® R'f.C.

= For Y/C smooth, get integrable connection V = d ® Id : Hix(X/Y) —
0 @ Hip(X/Y), with horizontal sections R’ f,C.
If Y = smooth C-scheme, f: X — Y proper smooth, by GAGA

ar(X/Y)™ = Hap(X™"/Y"),
and by Manin there exists a canonical integrable connection
Vou : Hap(X/Y) = Qy @ Hop(X/Y)

such that (Vga ) = V. Purely alg. construction. Variants : Katz-Oda,
Grothendieck.

= Grothendieck’s observation : k = perfect field of char. p > 0, W =
W(k), t = (t1,- - ,tn), X/S = SpecW]|[t]] proper smooth such that H},(X/S)
free of finite type Vi. Let u : SpecW — S, v : SpecW — S such that u = v
mod p. Get : X, :=u*X, X, :=v*X such that X, ® k=X, ®k =Y, and
Hip(X,/W) = wHi(X/S), Hip(X,/W) = 0" (X/S). By V = Ve, get
1somorphism

X(u7 U) : H(ZJR(XU/W) :> H(ZiR(Xv/W)a
w(@) = Y (/mb)(ur(t) = o ()" (V(D)"x)

m>0
(x € HyR(X/S), D = (Dy,---,D,), D; = 9/dt;), with x(v,w)x(u,v) =
X(u,w), x(u,u) = Id (NB. (1/m!)(u*(t) — v*(t))™ € W ; series converge
p-adically : p > 2 easy, by Berthelot in general).

= question (Grothendieck) : for Y/k proper, smooth, X, X, proper
smooth liftings /W, can one hope for an isomorphism (generalizing y(u,v))

X12; HcilR(Xl/W) = Hle(XQ/W)

with x23X12 = x13 7 (Monsky-Washnitzer : analogue in the affine case OK)
Answer : Yes : solution : crystalline cohomology H'(Y /W) (depending
only on Y, with no assumption of existence of lifting), providing can. iso :

X H'(Y/W) = Hyp(X/W)

for any proper smooth lifting X/W of Y, such that for X;, X, as above,
X2 = X12X1-



Berthelot-Grothendieck’s definition : H*(Y/W) = proj.lim,, H(Y/W,,),
H(Y/W,) = H((Y/W,)eris, O), (Y/Wy)eris : crystalline site, O = structural
sheaf of rings.

Later : H(Y/W) = H (Y. ar, WQ3.), WQs = de Rham-Witt complez.

3.2. Divided powers

I C A = ideal ; divided powers on I = family v, : I — A, n € N,
satisfying formally the properties of 2™ /n! :

Yo(x) =1, vi(z) =z, ya(x) € I for n > 1,

V(T +Y) = D4 gmn Ww(®) Ve (Y),

Tn(Az) = A (),

Yo (2)7e(7) = ((p + 0)!/P'g) Vp1q(T)
W (Ya(2)) = (pa)!/ PN (") Ypq()-
In particular,
nly,(x) = z".

DP-ideal, DP-structure.
Ezamples

o [ =pW CW (W =W(k), k perfect, char. p > 0). Then : Vn € N,
p"/nle W.
Proof. vy(n!) = (n — Y ocicp @i)/(p — 1), with n = 37 . ap’, 0 < a; < p,

hence
v /n) = (n(p—2)+ > a;)/(p—1) >0,

and > 0 if n > 0).

Note : p > 2 = lim,,_,p"/n! =0

p=2:1v(2"/n!) => a; (=1 for n =2™)

Induced DP on W,,.

A/W finite totally ramified, [A : W] = e, 7 € A uniformizing parameter,
then (7A has a DP structure) < (e < p—1).

e M an A-module,
M =@, sI"M =AdMeT*Mc---

the DP-algebra on M, T M = @®,-oI" M (if M is locally free of finite type,
"M = (S"(MV))Y =TS"M). ! There exists a unique DP on I'* M extend-
ing M — T"M, x> zl",

A< tl, s ,tr >i= F(@lgigrAti) = @k:(kl,m,kr)At[k}-

ITS"M = (M®™)% is the submodule of symmetric tensors of degree n.
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Divided power Poincaré lemma. There exists a unique integrable connection d
on the A[t] module A < ¢ > such that dtl” = " "dt and d(zy) = dz.y+y.dz,
and A > A<t> ®QA[t] /a4 ls a quasi-isomorphism.

o A a Z)-algebra = (v,)n>1 on I is determined by 7, (or (p — 1)!y,).
(see [Grothendieck, p. 74] or [LZ, 1.2]). 2

o RaZg)-algebra =, (Vz) = (p"'/n)Va™isin VIV(R) for x € W(R),
n >0, and (v,) (n > 0), v =11is a DP on VW(R), called canonical.

Divided power envelope (Berthelot’s construction). For (B, J), J an ideal
in B, there exists a (unique) pair (Dg(J),J), J, an ideal in Dp(.J) equipped
with DP v and a morphism (B, J) — (Dg(J), J) universal for morphisms in
(C, K), with K a DP-ideal. Called DP-envelope of (B, J).

Variant for B an A-algebra, with a PD-ideal I in A, with v on J made
compatible with the DP on I (i. e. PD of I extend to I Dg(.J) and compatible

with the DP of J on the intersection). Case of interest : A = W, (k), I = (p).
Example. M = A-module, B = SM = ®,en5"M the symmetric algebra

on M, J=StM = (Dg(J),J) = (TM,TTM).

3.3. The crystalline site.

X/W,,, W,, = W,(k), k perfect of char. p > 0

Crys(X/W,,) crystalline site : objects : (U, T,~), U Zariski open (or étale)
in X, U — T closed immersion /W, with DP v on I = Ker(Or — Oy)
compatible with the canonical DP on pW,, (NB. p* = 0 = [ = nilideal :
U — T a thickening) ; morphisms : obvious ; covering families : (U;, T;) —
(U,T) such that (T; — T) covering (Zar or étale). Zariski (resp. ¢tale)
crystalline site.

Sheaf on Zar (resp.ét) Crys(X/W,,) <> compatible family of Zar (resp.
ét) sheaves F(y ) and maps ay : f*Fiy.z) — Fygp) for f: (U, T) = (V, Z)
such that ay = iso if f : T" — Z open (resp. étale). Topos of sheaves on
Crys(X/W,,) denoted (X/W,,)eys. Functorial in X/W,,. In particular, the
absolute Frobenius of X and ¢ : SpecW,, — SpecW,, o(ag,--- ,a,-1) =
(ag,- - ,ab_y), induce a morphism F' : (X/W,,)erys = (X/Wi)erys-

Ezample : (U, T) — Or is a sheaf of rings, called structural sheaf, denoted
OX/Wn-

Canonical maps.

i X = (X/W)erys

2S. Yasuda observes that in fact the datum of a dp-structure is equivalent to that of
a single function g (= (p — 1)ly,) satisfying g(Az) = APg(x), pg(x) = zP, and g(z +y) =

9(z) + 9(y) + X<, (1/p)(0!/il(p — 1) 2'yP~".



(X = X.ar or Xg), a closed immersion of ringed toposes,
0 — Jx/w, — Oxyw, — .0x — 0,
and a morphism of toposes (ringed by the constant ring W,,)
u=uxw,  (X/Wp)erys = X,

LU, u ) :=T((U/Wh)eryss F).
Crystalline cohomology

HZ(X/Wn) = Hi((X/Wn)crys’ OX/Wn)a
a W,,-module. In derived style
RF(X/Wn) = RF((X/Wn)CryS, OX/Wn) = RF(X, RU*O)(/W")

Remark. Crystalline site, topos, structural sheaf O, canonical map u
generalize to X — (S,1,7), p nilpotent on S, I C Og ideal with DP ~
extendable to X.

3.4. Calculation of H*(X/W,)
Assume we have a closed embedding i : X — Z, of ideal I, with Z/W,,

smooth. Let (Op,I) be the DP-envelope of I (compatible with the DP on
(p)), so that X — Z factors as

X —=>D—Z

with X — D a thickening. Then Op has a canonical integrable connection
d:Op = Op @ QY such that d(z"™) = 2™ dz for 2 € I. Consider the
corresponding de Rham complex of Z/W,, with coefficients in Op :

Theorem 3.4.1. (Berthelot-Grothendieck) There exists a canonical isomor-
phism

in D(X,W,).

(In fact, there is constructed a transitive system of isomorphisms for
variable embeddings X C Z.)

Corollary 3.4.2.
H*(X/W,) = H*(Z,0p @ Q. ).
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In particular, for X/k smooth, Z /W, a smooth lifting,
H*(X/W,) = Hip(Z]/W,).

Proof of 3.4.1. The (sheaf defined by the) single DP-thickening X C D

covers the final object of (X/W,,)crys, its powers D" (= DP-envelope of X
diagonally embedded in (Z/W,)") are acyclic for u,, and u,(Ox,w,|D") =
Opr. Therefore

with

C(D,0)=(0Op = Opz — - Opr — ---).

Using the DP-Poincaré lemma one shows that the above complex (called
the Cech-Alexander complex) is isomorphic in D(X,W,,) to the de Rham
complex Op ® Q'Z/Wn.

Remark. Th. 3.4.1 generalizes to X — (S,1,7), with an embedding
X — Z into Z smooth over S (see [B], [BO]).

3.5. Crystalline cohomology for X/k proper and smooth
For X/k proper and smooth,

H'(X/W) := proj.lim, H'(X/W,,)

is a finitely generated W-module for all 7. In fact, H(X/W) = H' of the
perfect complex RI'(X/W') := Rproj.lim, RT'(X/W,). If Z/W is a proper,
smooth lifting of X/k, then

RU(X/k) = RU4g(Z/W) := RU(Z, Q).

For A/W finite, totally ramified, with e = [A : W], and Z/A a proper,
smooth lifting of X (i. e. Z ®4 k = X), one still has

H*(X/W)@w A= Hin(Z/A)
if e<p—1;in general, only
H*(X/W)ow K = Hjp(Z/A) @4 K,

for K = Frac(A) (Berthelot-Ogus).

For X/k proper, smooth, X — H*(X/W) ® Ky (Ko, = Frac(IV)) is a
Weil cohomology : Kiinneth, Poincaré duality, cycle class, with “correct”
Betti numbers, i. e. dimH(X/W) ® Ky = dimH* (X%, Q) (k an algebraic
closure of k, ¢ # p), at least if X/k is projective (Katz-Messing) or liftable
to char. 0 (i. e. to A as above) (Berthelot-Ogus + Artin-Grothendieck).
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For k = F,, ¢ = p®, by Berthelot,
Z(X/Fqt) = [ [ det(1 — Ft, H'(X/W) @ Ko) V™,

with det(1 — F, H'(X/W)) ® Ky) = det(1 — F, H(X%, Qu)) if X/k is
projective (Katz-Messing). *

3.6. Slopes of Frobenius

Assume k algebraically closed, let X/k be proper, smooth, fix i € Z, and
let H := H(X/W)® Ky. Let ¢ : H — H be the o-linear endomorphism
defined by F': (X/Wy)erys = (X/Wh)erys. Poincaré duality = ¢ is bijective,
i. e. H is an F-isocrystal. By Dieudonné-Manin,

with Hy pure of slope A, 1. e. adirect sum of m) copies of M := Ky ,[F]/(F*—
P, A=1/s>0,(r,s) =1, FA = og(A\)F (the slopes 0 < A\; < --+ < A of
H are the A for which my # 0) (= p-adic valuations of “eigenvalues” of ¢).
Newton polygon Nwt;(X) = Nwt(H) : slope \; with horizontal length m,, s
(r/s = X\;). Hodge polygon Hdg;(X) = slope r with multiplicity the Hodge
number K™, W' = dimH*(X, QY ;). Basic inequality :

Theorem 3.6.2. (Mazur-Ogus) Nwt;(X) lies above Hdg;(X).

In particular, for k = F,, if H(X,0) = 0, all eigenvalues of F* on
H(X/W) are divisible by gq.

The proof of 3.6.2 uses the Cartier isomorphism as an essential tool. See

4.5.3 for a key lemma.
Remark. Assuming only k perfect, H decomposes as in (3.6.1) with H)

the largest sub-F-crystal such that the slopes of Hy ® Ky(k) are all A, and
3.6.2 is still valid.

Remark. Suppose X = Z ®4 k, Z/A proper, smooth as above. Then
h#(X) > h*(Zk) (Zxk = Z ® K) (semi-continuity). Hence Hdg,(Zk) is
above Hdg;(X). p-adic Hodge theory (Ceis theorem) implies : Nwt;(X) lies
above Hdg,(Z k).

4. The de Rham-Witt complex

4.1. Witt complexes : the Langer-Zink construction

32011/3/14 : 1 just received a preprint by J. Suh, Symmetry and parity of slopes of
Frobenius on proper smooth varieties, in which he shows that this result and the one above
still hold in the proper smooth, not necessarily projective case.
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Definitions. (1) B an A-algebra (in some topos T'), I C B an ideal with
DP ~,, M a B-module. An A-dp-derivation D : B — M is an A-derivation
such that Dy, () = v,-1(z)Dx for x € I (i. e. local section of I). Denote
by d: B — Q}B/Aﬁ (or QIB/A) the universal A-dp-derivation

Hom(Qj4, M) = Dera, (B, M).

(2) A B/A-dga is a strictly anticommutative graded B-algebra P = @®,eNnP",
equipped with an A-linear map d : P* — P""! such that d> = 0 and d(zy) =
dr.y + (—1)'x.dy for x € P,y € P/. A B/A-dp-dga is a B/A-dga such that
B — PY — P! is a dp-derivation. Initial B/A-dp-dga denoted

Q.B/A>
with QF = A'Q!, a quotient of Qg a-
(3) For A a Z,)-algebra, a Witt complex over B/A is a projective system
of W, (B)/W,(A)-dga P, forn > 1

o= Py = Py— - — Py

equipped with maps F' : P, — P,, V : P, — P,.1, satisfying :
W,B — P? compatible with F, V ;

Fx.Fy= F(xy) ;
x2Vy=V(Fz.y) :
FV =p;

FdV =d ;

Fd[x] = [zP7Y)d[z] for x € B

(here [z] = [z].1po by abuse).

A map of Witt complexes is a map of projective systems compatible with
all the structures.

(NB. The terminology Witt complex is borrowed from [HM] ; a Witt
complex is called an F-V-procomplex) in [LZ].)

Standard formulas in any Witt complex : dF = pFd, Vd = pdV,
Vzdy, -+ dy,) = VedVy. - .dVy,,
(e. g. Vdr =VFdVe =V1dVe =d(V1Vz) =d(V(FVzx)) = pdVz).

Theorem 4.1.1. (Langer-Zink). For A a Zy)-algebra, the category of Witt
complexes over B/A admits an initial object, denoted

WQB/A)

called the de Rham-Witt (pro)-complex of B/A. Moreover :
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(a) W Q4 = WoB for alln ;
(b) The de Rham-Witt complex of B/A is a projective system of dp-dga,
for the canonical DP structure on VW, _1B. The (unique) map of dp-dga

Qi gywaa = Wallp/a
s surjective, and an isomorphism forn =1 :

(c) Ifp=0in A, then VF = p.

Proof. One first checks the following two key points :
(i) If P is a Witt complex, then, for alln, d : W, B — P! is a dp-derivation
(and hence P, is a dp-dga)

(. g forz € B, dy(Viz]) = 5,1 (V[z])dVla] & p* *dV[x]P = pr*V]z]P" dV[a],
and already dV[z|P = d([z]V1 ) Vid[z] = VFdz] = V([z]P7ld[z]) =
Vi[zP=tdV[x])

(i) If D : W, A — M is a dp-derivation into a W, A-module M, then
FD:W, 1A — F,M defined by

FDz = [a?" ! D[a] + DV'b

for x = [a] + Vb, is a dp-derivation.

It follows from (ii) that the projective system Q'Wn B/W,A Acquires maps
(of graded algebras) F' : Q'W" B/waa — Q'anl B/w, 4 Satisfying some of the
formulas in (3) (FdVz = dx for x € W,,B, Fd[z] = [zP71]d[z] for z € B,
dFx = pFdx, for © € W,;1B). The projective system WQ'B/A is then
constructed inductively as a quotient of QWn B/W A-

In (ii), the fact that F'D is a derivation (already is additive) makes crucial
use of the fact that D is a dp-derivation. Compare with the definition of the
Cartier operator C~!, sending dx to the class of zP~!dx, which is additive
(modulo boundarles) For A of char. p, F': W2QB/A — QB/A lifts the Cartier

operator C~1: Qp ) — Qp,,/dB.
For a morphism f : X — S of schemes over Z,),
Weks = Woy/r-104)

is called the de Rham-Witt (pro)-complex of X/S.
Obvious functoriality in B/A and X/S. We are mainly interested in the
case where p is nilpotent in S, and even S = Speck, k a perfect field of char.

p.
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4.2. Other constructions

e If Ais a perfect ring of char. p, VV_Q'B/A coincides with Illusie’s de Rham-
Witt complez constructed in [DRW] (if I is the latter, /. is a Witt complex
over B/A, and the corresponding map W Qy /A~ I is an isomorphism, as
the universal property of 1. as a V-pro-complex yields an inverse to it). This
isomorphism is compatible with F', V. Langer-Zink’s approach simplifies the
construction of F' on I..

e For k a perfect field of char. p > 2 and X/k smooth of dim. < p, it
is shown in [DRW] that W.ky , coincides with Bloch’s complex of typical

curves on SKjq, - = C'X — ---. (Kato [K1] sketched how to remove the
restrictions p > 2 and dimX < p in Bloch’s construction, and presumably
the isomorphism extends.)

e For X /k smooth as above, it is shown in [DRW] that
Wy = proj.limW,,(ry

is the quotient of proj.lim{2;;, ,, by the closure (for the canonical filtration)
of the p-torsion, a quotient considered first by Lubkin.

e For B a Z,)-algebra, Hesselholt-Madsen [HM] define a Witt complex
over B as a projective system of strictly anticommutative W,, B-graded al-
gebras E,, with operators F, d, V as in (3) above, (with d> = 0 and
d(zy) = dv.y + (=1)'x.dy), forgetting the W, A-linearity of d. They show
that the category of Witt complexes over B has an initial object, called the
(absolute) de Rham-Witt complex of B,

W Q.
They study it for p > 2. The Langer-Zink complex W /4 18 a quotient of
W Qp, studied in [He].

e Other variants : Olsson’s variant of the Langer-Zink construction for
certain morphisms of algebraic stacks [O], Davis-Langer-Zink overconvergent
de Rham-Witt complex for X/k smooth [DLZ].

4.3. Local description of Wy, s (smooth case)

e Etale extensions

(1) For X/S, W, s is quasi-coherent on W, (X) for all 4, n.

(2) Assume p nilpotent on S. Then, for Y an S-scheme and X — Y étale,
Wo(X) = W,(Y) is étale, and

WnOX ®Wnoy WnQ%//S — WanX/S

13



is an isomorphism.

Proof. The main point is to show the first assertion of (2). See [LZ, appendix].
Much easier if p = 0 (cf. [DRW]). It is shown in [LZ] that (2) holds if,
instead of assuming p nilpotent on S, one assumes that Y is F-finite, i. e.
the absolute Frobenius of Y ® F), is finite.

e Canonical bases
For X/S smooth, the determination of the local structure of W,y g is
reduced by (2) to that of W,,(2y , for a polynomial algebra B = A[T1, -, T;].
Case A = F,. We have the following description of W,,Q05 := W, (), /R,
due to Deligne :
W,Qp=E/(V'E +dV"E"),
where E- is the so-called complex of integral forms, defined by

E CQq,, C=QIT - TF 7],
with
V=pF ' FT, =17,

where (w € E') & (w and dw integral) (i. e. coefficients in Z,).

Proof. As E°/V"EY =W, (B), E := (E'/(V'E + dV"E")),>; is a Witt
complex over B/F,,, so we have a natural map W.Qy /F, E of Witt com-
plexes. To show that it’s an isomorphism, one uses :

As a complex of Z,-modules, E' has a natural grading by the group

I'=(Z[1/p]>0)",

E = @per v F,

where x = > a;(T)dlogT; belongs to p F, i. e. is of homogeneous of degree k,
if and only if the polynomials a;(T") are (here ¢ = (iy < - -+ < i,,), dlogT; =
dlogT;, - --dlogT}, ).

Each pE™ has a canonical basis consisiting of elements e;(k) (i = (i; <
-+ <'i,,)) sent to specific elements in the de Rham-Witt complex.

Ezample : v = 1, B = F,[T], tE° = Zyeo(k), xE' = Z,e;(k), with
eo(k) = p*®T* if k ¢ Z where p*® is the denominator of k, ey(k) = T*
otherwise, e;(k) = T*dlogT (k > 0). Then ey(k) is sent to [T]* if k € Z, to
VER [T Ok f | ¢ Z, ey(k) to [T]Fdlog[T] = [T]F1d[T] if k € Z (k > 0),
AV O[Tk if | ¢ Z. One gets direct sum decompositions

W.(B)= P @prorte @ veE@p @zttt

k integral k not integral
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WQpe, = @ (Z/p"Z)[T) dlog[T]

k>0, k integral

o @ OOz,

k not integral
i . .
[’[nQB/Fp—O, Z>1.

Key observation (Deligne) : WnQB/Fp contains the de Rham complex Q'(Z/an)[T]
as a direct summand:

WHQB/FP = Q.(Z/p”Z)[T] D (WnQB/Fp)not integral

and the complement (WnQB/Fp)not integral 45 acyclic.
The limit
WQg = proj.lim. W, Q5,

can be described as

WB={ > a&T"ac Z, den(k)|ax vk, lim ay = 0}
— 00

keN[1/p]

Wop={ Y aT"dl/T),a € Z,, lim den(k).a = 0}
k—ro0
k>0,keNI1/p]
W, =0,i > 1.
All this is generalized to any r in [DRW] and to any A in [LZ]. In particular

WnQA[Tlv"'vTr]/A - QWTL(A)[le"'yTT]/Wn(A) D (WTLQIA[TLW,TT]/A)not integral s

with the not integral part acyclic. And for X/S smooth of relative dimension
d:

WSty = (0 = W,0x = WoQk /g — -+ — Wanl(‘/}g — WaQ2%s — 0).

e The canonical filtration
WQX/S = proj.limanQ‘X/S,
Fil"WQ'X/S = KerWQ'X/S — WnQ'X/S
Then ([LZ)) : For X/S smooth,
Fil'WQy s = VW QY g+ dV" WAL .
Moreover ([DRW] for S perfect, [BER] in general) : For S/F,, X/S smooth,
gr”WQé(/S is an extension of Q;;/ls/ZnQ;/g by QfX/S/BanX/S :

0— Q}/S/Bnﬂ}/s — gr"WQfX/S — Qi);/ls/Zan;/{q —0
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In particular, gr” is locally free of finite type, of formation compatible
with base change.

Here, Z, and B, are the iterated cycles and boundaries of Q'X/S de-
fined inductively by the Cartier isomorphism, from Zy = Qf, By = 0, C~! :

4.3. De Rham-Witt complex and crystalline cohomology

Theorem 4.3.1. k perfect field of char. p, X/k smooth. There exists a
canonical isomorphism of projective systems of D(X, W,,) :

(notations of 3.4.1).

This isomorphism is compatible with the multiplicative structures, and
functorial in X/k. It induces isomorphisms

RT(X/W,) = RT(X, W, Qy 1),

H*(X/W,) = H*(X, WSy p.)-
Proof. First, suppose X affine. Choose an embedding i : X — Z into a

smooth W-scheme Z. Let Z, .= Z ® W,,. Construct inductively a com-
patible system of W,-extensions u, : W,X — Z, of the inclusion %, :
X — Z, Let X — D, — Z, be the dp-envelope of i,. As the ideal
of X — W, X has divided powers, u, uniquely factors through D,. We
get maps €, W Oy x W WLy e whose composite factors through
D, ® QZn/Wn = an/Wn as d : W,0x — WnQ}(/k is a dp-derivation. The
resulting map
does not depend on the choice of the embedding. To check it’s an isomor-
phism, we may assume Z, lifts X, and even reduce to X = Speckl[ty, - ,t,],
Zn, = SpecW,[t1, -+ ,t;]. Then the result follows from the fact that the
inclusion
Q'Zn/wn - WnQ'X/k

is a quasi-isomorphism (cf. 4.3, end of Canonical bases).

General case : hypercover by open affines, use cohomological descent.

Comparison th. 4.3.1 extended by Langer-Zink to X /S smooth, p nilpo-
tent on S :
RU*OX/WTL(S) — WHQX/S'

Same proof.
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Remark. The proof actually gives an isomorphism in the derived category
of projective systems of W,,-modules over X (this is finer, and needed to apply
Rlim functors).

4.4. The slope spectral sequence
4.4.1. Suppose now X/k proper and smooth. Then 4.3.1 gives :

RT(X/W) 5 RT(X, Wy,

and RT(X/W) is a perfect complex, with RU(X/W) @k, k — RI'(X, Qy/p)-
Moreover :

e The (o-linear) endomorphism ¢ of RI'(X/W) induced by the absolute
Frobenius of X is induced by the endomorphism & of WQX/k such that
® = p'F in degree i.

o F: WQ4 I WO /1, 18 bijective, which yields a o~ -linear endomor-
phism v of RI'(X/W) such that v = vy = p?.

The next result is deeper :

Theorem 4.4.2. For any (i,7), the canonical map
HY (X, W) — projlim, H’ (X, W, )

is an isomorphism, H7(X, WQ’)(/k) i1s separated and complete for the V-
topology, its subgroup T of p-torsion is killed by a power of p, and

HY (X, W) /T
is a free W-module of finite rank.

Proof. The argument in [DRW], imitated from Bloch, consists in study-
ing H*(X,WQ="), with the operator V; given on WQ=! by p 7V in de-
gree j. Using the structure of gr"W.Q:, one shows that H*(X,WQS') is
finitely generated over W, [[V]] and of finite length modulo V. Using ® (with
OV, = V;® = p'™, this implies that H*(X, WQ=?) is sum of a free W-module
of finite rank and a p-torsion module killed by a power of p, and 4.4.2 follows
by dévissage.

Remark. As observed in [BBE], the proof shows that the conclusion of
4.4.2 holds for i = 0 and X/k proper, not necessarily smooth.

Corollary 4.4.3. H/(X, WQf'X/k)/T"’j, with the operators F', V induced by
F,V on WQ, is the Cartier module of a smooth formal p-divisible group.
Equipped with the operator p'F, it’s an F-crystal of slopes in [i,i + 1[.
Corollary 4.4.4. The (P-equivariant) spectral sequence

EY = HI(X, W Q) = H™ (X, W Q) (= B (X/W))
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degenerates at Ey modulo torsion and gives isomorphisms
HI(X, V) @ Ko = (H(X/W) © Ko)jiitap,

where (H™ (X /W)®Ko)jiit1( is the part of the F-isocrystal H™ (X /W)@ K
of slopes in [i,i+ 1]

The spectral sequence of 4.4.4 is called the slope spectral sequence.
In particular :

Corollary 4.4.5. There is a natural isomorphism, for all j,

Hj(X, WOX) ® K = (HZ(X/W) ® KO))[OJ[

Remark. It was recently shown by Berthelot, Bloch and Esnault [BBE]
that 4.4.5 extends to the proper, possibly singular case, provided that H*(X/WW)®
Ky is replaced by Berthelot’s rigid cohomology Hﬁigid(X/Ko).

Remark. The slope spectral sequence is studied in more detail in [DRW],
[IR], and by Ekedahl [E]. See also the survey [I]. One application, described
in [DRW, II 5.12], is the (refined) Igusa-Artin-Mazur inequality : if k is
algebraically closed, and X/k projective, smooth, then

p=>by—2h—r,

where p = tkNS(X/k), by = dimH*(X/W) ® Ko, h = dim(H*(X/W) @
Ko)pa), and r = 1kT, H*(X, G,,). When Artin-Mazur’s formal Brauer group
®? of X is representable by a smooth formal group, h is the dimension of its
p-divisible part. The projectiveness assumption is used in loc. cit. to ensure
a symmetry property of slopes of Frobenius on H?. This property has been
shown by J. Suh to actually hold in the general proper smooth case as well
(see footnote 2).

4.5. Higher Cartier isomorphisms, alternate construction of the de Rham-
Witt complex

For X/S smooth, S/F,, the Cartier isomorphism is an isomorphism of
graded algebras . '
Cxls  ®xan s = OH Flyys,
where X®) = pull-back of X by the absolute Frobenius of S, F': X — X®
the relative Frobenius, such that C~! sends a ® 1 € Oy to a? and da ® 1
to the class of a?~da.

Suppose S = Speck, k perfect of char. p. Then F : WoQy — Q% lifts
the absolute Cartier isomorphism C'~! (composed of C)_(/ls and the canonical
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isomorphism Q% = Qy@) (cf. 4.1.1 (ii)). (We drop j for short.) More
generally :

Theorem 4.5.1. Forn > 1, F™ : Wy,Q% — W, Q% induces an isomorphism
W, Q% = HW,Qxy,
compatible with products, and equal to C~* forn = 1.

Proof. Main point : show : F"Wy,Q% = ZW,Q%. The proof given in
[DRW] is insufficient, corrected in [IR]. Makes crucial use of the description
of W,y for X = Speck][ty,--- ,t,] in terms of the complex of integral forms
(4.3) and, of course, of the Cartier isomorphism.

By 4.3.1, F™ induces W,,-linear isomorphisms

~

(4.5.2) W,y = ot 1 (X/W,),

where H'(X/W,); = R'u,Ox w,

Assume X lifted to formal smooth Z/W, let Z, = Z @ W,,. Then
H(X/W,) = Hin(Z,/W,) (3.4.1), and (4.5.2), for i = 0 and i = 1 are
given by :

i=0:a=(a, - ,an_1) € W,Ox sent to b5’ +pb’1’"_1 +oeepm i
in HYx(Z,/W,), where b; in Oy lifts a;,

i=1:d(ag, a1 in W,Q% sent to SO T by in Hip(Zn )W),

For i = 0, (4.5.2) factors the n-th ghost component w,, : W,4+1(Oz,.,) —
Oz,.., and, for i = 1, the composite map (4.5.2)dR : W,11Ox — Q}, /dOy,
lifts F*d : W,,;10 — Q% /dOx.

= reconstruction of W (suggested by Katz) :

W, QY = ol H (X/W,),
F W — W04

given by the restriction H'(X/Wy11) — H(X/W,),
d: W, — W, 1 Q5

given locally by the Bockstein operator associated with the exact sequence

0= Qy w, = Qg wa = 2w, — 0,

where the first map is multiplication by p",

Vo WL — W Q%

19



induced by multiplication by p on an+1 SWoir-

To reconstruct R : W, 1 Q% — W,Q%, suppose Z/W admits a formal
lifting @ of Frobenius (exists if X/k affine). Then, ®* is divisible by p’ on
QZZ/W> let f =p~® on sz/w- For z € %Z(X/Wnﬂl) = HfiR(ZnH/WnH)»
there exists y € QiZ/W, unique modulo p”QiZ/W + dQZZ_/%,V, such that x = fy
mod p"“Q"Z/W + dQZZ_/%M Then, for y, the image of y in Qizn/wnﬂ dy, = 0,
and x — class of y,, in H}z(Z,/W,,) defines R.

Existence and uniqueness of y rely on the following key lemma :

Lemma 4.5.3. (Ogus). With the above notations, let L C Qy, be the
subcomplex defined by
L' = {x € p'Qyylde € p”lQiZJﬁV}.

Then ®* : Q'Z/W — Q'Z/W factors through L and induces, for eachn > 1, a
quasi-isomorphism
Q. w, = Ln =L W,.

(To get y from z, apply 4.5.3 to the class of p'Z in H'(L,), for T € QiZ/W
lifting x.)

Proof. . [BO, 8.8] : dévissage, reducing to Cartier isomorphism. Lemma
4.5.3 is the crucial ingredient in the proof of the Mazur-Ogus theorem 3.6.2.

Applications.

e Structure (for X/W proper and smooth) of the conjugate spectral se-
quence

EY = proj imH (X, H? (X/W,))) = H™(X/W)
(degenerates at Fy modulo torsion), and analysis of the log-Hodge- Witt groups
HY (X, W) = projlimH? (X, W, Q% 1,,),
where W, Q% ., C W, Q% is the additive subsheaf étale locally generated by
the forms dlog[z4] - - - dlog[x;], for x,, € O%, 1 < m <.

e Construction of W, via (4.5.2) works in the log context, see §6
(Hyodo-Kato).

5. Review of log schemes

Pre-log structure, log structure, log scheme
Examples : trivial log str., Ox N j.Opy
Morphisms ; {schemes} C {log schemes}
Associated log structure M* : push-out of

0 «— a7 (0") — M
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((u,a) = (v,b) & e, d € a1 (O*)]ad = be,cu = dv for (u,a) and (v,b) in
(O*, M)), universal property

f*M = (f~*M)*, strict morphism

Chart P — M, X — SpecZ|P] ; chart of a morphism

Examples : SpecOg[Ty,---,T,], (t1---t, = 0) C SpecA, A regular lo-
cal, (t;) regular parameters ; trait, standard log point (N — &k, 1 — 0),
semistable reduction

P — P9 _integral, fine, fs monoid (resp. log scheme)

Examples : dnc, affine toric variety, toric variety (torus embedding),
toroidal embedding

Fiber products, base change, strict case

Qxan/sw): 4 dlog, a(a)dloga = da(a)

Qxan sy = Uy ® (Ox @z MP)/ < (da(a),0) — (0, a(a) ®a), (0,1®
b) > (a € M be NP)

w}(/s, Qli/ﬁ, Qx an/(s.0)0 10g AR complex Qi 1) /5.1y (OF Wy /g, or Ly /g,
or y/s)

Examples : relative dnc : {2y ¢(logD), semistable reduction : Q2 4(log(D/E)),
toric varieties

Exact closed immersion, log thickening

Log smooth, log étale ; strict case ; chart characterization

Examples : toroidal embeddings, relative dnc, semistable reduction, Speck[z, y/x] —
Speck[z, y], log blow-up

Cartier isomorphism :

e semistable type : (s = Speck, L) standard log point, (X, M) of semistable
type over (s, L) : étale loc. X = Specklty,--- ,t4]/(t1---t.), with charts

k[tlv"' 7td]/(t1"'tr)<;Nr

T T1H(1,-..,1)

Lk 1—0 N

(e. g. special fiber of semistable scheme over trait).

e more generally, log smooth Cartier type : f : (X,M) — (S,L), S/F,,
log smooth and saturated morphism of fs log schemes (saturated = (log)
integral + reduced geometric fibers). (< (log) integral and in the Frobenius
diagram (with cartesian square)

(X, M) <~— (X', M) <E“— (X, M)

oA

Faps

(S,L)<—=—(S, L)
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the relative Frobenius F is ezact, see [K2], [Ts, I 3.1]) (Fyps : a — a” on Og

and on L). Examples : (poly) semistable reduction, log smooth saturated

toric morphism SpecA[P] — SpecA[Q] ; Kummer étale (e. g. z" = t,
(n,p) = 1) : not Cartier type.
log smooth, Cartier type = Cartier isomorphism

-1 . 7 ~ 10)-
C™ s Yoo anyps,n) = FH Qx s,y

(a ® 1)dlogz, - - - dlogz, — aPdlogz; - - - dlogz,,
a € O/\/, x, € M.

(= decompositions of Deligne-Illusie type of F*HiQ'( xan)/(s,n) 1 situa-

tions lifted mod p? and dimf < p. Applications to (classical) Hodge theory
(e. g. [IKN]).

Definitions of integral and exact : P, ) fine monoids, h : () — P integral
if Z[Q] — Z[P] flat ; h exact if Q = (h9)"1(P)in Q% ; f: (X, M) — (Y, N)
integral (resp. exact) if (f*N), — M, integral (resp. exact) Vx € X.

6. De Rham-Witt complex and log crystalline cohomology
See slides.
7. The Hyodo-Kato isomorphism

See [HK] and slides Illusie-Sapporo-Hyodo-Kato.pdf. See also [Nak, §7]
for complements and corrections to [HK]. For a new approach to the Hyodo-
Kato isomorphism, see [Be].

8. Rational points over finite fields for regular models of algebraic
varieties of Hodge type > 1, after P. Berthelot, H. Esnault and K.
Riilling

8.1. Slopes of Frobenius and rational points

Recall : For ¢ = p*, k =F,, Y/k separated, finite type,

Z(Y,t) = exp()_ [V (Fyn)

n>1

t"/n) = [J(1 = t*¢@)~" € (14 ¢Z][t]) N Q).

(Dwork), hence

Z(Y,t) = [J(0 = ast)/ ] (1 = B1),
«;, f; algebraic integers, a; # f3; for all (i, j). By Grothendieck,
1+1

2(Y,1) =[] det(t = e, HI(, Qo)
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with inverse roots of det(1 — F¢, H' (Y%, Qq)) algebraic integers (Deligne),
but we won’t use these results in this section. The next statement is an easy
consequence of the slope spectral sequence :

Proposition 8.1.1. Assume : (i) Y/k geometrically connected,
(ii) Y/k proper and smooth,
(iii) H(Y,WOy) @ Q =0 for all i > 0.

Then :
() For all finite extensions k' =F g of k, |Y(K')] =1 mod ¢".

Proof. Recall Berthelot’s formula

(+) =[[roO"

Pi(t); = det(1 — F*, H'(Y/W)).
As H(Y,WOy) ® Q = (H(Y/W) ® Q)jo,1, (iii) = all slopes of Frobenius

on H™(Y/W) for m > 0 are > 1, hence (Dieudonné-Manin) all «;, 3; above
appearing in P,,, m > 0 are divisible by ¢q. As Py(t) =1 —t by (i),

722 =) [Y(F" " =D at",

n>1 n>1
with a,, = |Y/(F4| = 1 mod ¢".

In [BBE], Berthelot, Bloch and Esnault show that (i) and (iii) suffice
for (iv) to hold. By Etesse-Le Stum, Berthelot’s formula (*) holds with
crystalline cohomology replaced by Berthelot’s compactly supported rigid
cohomology H( . (Y/Kj), and it is proven in [BBE] that a suitably defined
cohomology group with compact supports H:(Y, W) ® Q is finite dimen-

sional and, again, calculates the part of Y/K,) of slope < 1.
8.2. Berthelot-Esnault-Rulling’s theorem

cmg(

Suppose now that Y = X}, is the special fibre of a scheme X over a dvr
R of mixed char. (0,p), with perfect residue field k& and fraction field K.

Theorem 8.2.2. ([BER]) Assume :
(i) X regular, and proper and flat over R ;
(i) Xk geometrically connected ;
(iii) H (X, Ox, ) =0 for all i > 0.
Then, if k =F,, | X, (Fg)| =1 mod ¢" for all n > 1.

Remarks.
(1) Esnault proved the conclusion of 8.2.2 assuming (i), (ii), and instead

of (iii), that Xk is of coniveau > 1 in degree > 0, i. e. for each i > 0, there
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exists a dense open U in X such that the restriction map H*(X%, Q¢) —
H'(Uw, Q) is zero. By mixed Hodge theory this condition implies (iii), and
should be equivalent to it according to Grothendieck’s generalized Hodge
conjecture.

(2) By Zariski connectedness theorem (i) and (ii) in 8.2.2 imply YV = X,
is geometricall connected. Therefore, by [BBE] 8.2.2 follows from :

Theorem 8.2.3. ([BER|) Under the assumptions (i), (ii), (iii) of 8.2.2 one
has (forY = Xy) :
(iv) H(Y,WOy) ® Q =0 for all i > 0.

Actually, an even stronger result is proven in [BER] :

Theorem 8.2.4. ([BER]) Let X be regular and proper and flat over R. If,
for one q € Z, H1(Xg,O) =0, then (for Y = X;,) HI(Y, WOy) @ Q = 0.

Note : base changing by Specﬁ changes neither assumptions nor conclu-
sions so we may and will assume R complete.

Particular cases.

(a) Assume X/R smooth. Then the conclusion of 8.2.4 means that the
slopes of Frobenius on H4(Y /W) are > 1. Assume furthermore :

(al) HI(X,0) = H™(X,0) = 0.

Then, by base change, H/(Y,O) = 0, so, by the Mazur-Ogus inequality,
the slopes of H7(Y /W) are > 1 (One can also show by induction H4(Y, W,,0) =
0, hence HY(Y,WQO) = 0.)

Without the assumption (al), it may happen that H4(Y, Q) # 0 (Serre’s
examples of failure of Hodge symmetry in char. p). In this case, the Mazur-
Ogus inequality says nothing. However, as observed in 3.6.2, p-adic Hodge
theory (the C..;s theorem) implies that the Newton polygon of HY(Y/W) is
above the Hodge polygon of Hf, (Xk), hence the slopes of H(Y/W) are
> 1.

(b) Assume X/ R has semistable reduction. By the slope spectral sequence
for the log de Rham-Witt complex, the conclusion of 8.2.4 still means that
the slopes of Frobenius on HY(Y/(W,W (L)) ((Speck, L) the standard log
point) are > 1, and this is true by the Cy theorem.

8.3. Strategy of proof of 8.2.4.

The general idea is to reduce to the semistable case by using de Jong
alterations and cohomological descent.

e Use of de Jong alterations
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Starting point : because X is integral and flat over R, by de Jong, there
exists a finite extension K of K, with ring of integers R;, and a commutative
diagram

X Z
SpecR <—— SpecR;

with Z integral, semistable over R;, and Z — X a projective alteration.
The morphism Zx, — Xk, may not be surjective, but passing to a Galois
extension K’ of K containing K; and taking a disjoint sum X, of translated
by the Galois group of pull-backs of Z/SpecXg, to SpecR’, (Xo)g — Xk is
surjective.

Iteration : Fix m > q. Iterating the process, one constructs an augmented
m-~truncated simplicial scheme

5:X.—>XR/

(R’ the ring of integers of a suitable extension K’ of K'), such that :

- each X,, is a sum of pull-backs of semistable schemes over rings of
integers of subextensions of K’

- gt (Xo)gr — Xgo is a proper m-truncated hypercovering

- X is, as above, the disjoint sum of base changes of a semistable Z/R;,
with f: Z — X a projective alteration, Z integral.

e Use of cohomological descent and classical Hodge theory

Since ¢ < m, as each (X,)x is smooth over K’ and e/ is a proper
m-truncated hypercovering, it follows from Deligne’s mixed Hodge theory
that

Hq(XK/a QXK//K’) - Hq((X'>K/’ Q.(X')K’/K,)

is an isomorphism of filtered spaces (for the Hodge filtration). In particular,
HY((Xe)g, O) =0.

e Use of p-adic Hodge theory

By the Cy theorem for truncated simplicial semistable schemes (Tsuji),
it follows that the slopes of Frobenius on H?((X.)r /(W (K'),W(L))) are >
1. By a generalization of de Rham-Witt theory to the truncated simplicial
semistable case, this means that

e A trace argument
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If the map
Ek’ . (X.)k/ — X

was a truncated proper hypercovering, cohomological descent for rigid co-
homology (Tsuzuki) - and its compatibility with slopes - would give the
vanishing of H1( Xy, WO) ® Q, hence that of HI(X;, WO) ® Q. However,
€x 18 not in general a truncated proper hypercovering. Still, the functoriality
map

(8.3.2) HI(X,, WO) © Q — HI((Xo)w, WO) ® Q

is zero, as it factors through H9((Xe)w, WO)® Q = 0. Therefore it’s enough
to show that (8.3.2) is injective. By the construction of X, as a sum of
pull-backs of Z, it’s enough to show that

(8.3.3) fi  H(Xp, WO)® Q = HY(Z,, WO) ® Q

is injective. This is achieved by a trace argument. One constructs a trace
map

Tf HYZ,,WO)®Q — HI(X;,, WO) ® Q
such that

(8.3.4) Tr fr = r1d,

where r is the generic degree of the alteration f.
8.4. The trace map

As X and Z are regular, integral, with dimZ = dimX, f : Z7 — X is
a complete intersection morphism of virtual relative dimension zero (i. e.
locally defined by a regular immersion of codimension d in a smooth X-
scheme of relative dimension d). Moreover, f is projective (in the sense that
7 is a closed subscheme of some projective space P%). The construction of
7, and the proof of (8.3.4) uses essentially only these facts. There are three
steps. Denote by (=), the reduction mod p™*i.

o Step 1

Construction of (compatible) trace maps
Trs, : Rfn.Oz, — Ox,
with
(8.4.1) Try fr=rld
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(where f¥ = Ox, — Rf,.Oz, is the adjunction map).
This is more or less standard Grothendieck duality [Ha] (with signs made
precise by Conrad [C]). In terms of a factorization

Z—LpP=Pi

|

X
(with ¢ a regular immersion of codimension d), Try, is the composition
Try, = Try, Ty,

with Trr, given by the canonical isomorphism Rm,.Qf, /%0 = O, and
Tr;, by the cohomology class of i,,.
o Step 2

Construction of (compatible) trace maps, for n > 1,
(Tf())n : R(fO)*WnOZQ — WnOXQ

This is a new construction, similar to the previous one, but using the de
Rham-Witt complex (of Langer-Zink) of Fy/X,.
e Step 3

Comparison of trace morphisms and proof of the key formula

(8.4.2) (70 )n(fo)y, = r1d,

where (fo)! : W,Ox, — R(f0):W, Oy, is the adjunction map. (This formula
implies (8.3.4) because Zj, C Zy, X C X, are nilpotent immersions, and (by
aresult of [BBE]) the restriction maps H7(Xy, WO)®Q — HI(X;, WO)®Q,
HY(Zy,WO)® Q — HY(Z;,, WO) ® Q are isomorphisms.)

This is the most ingenious part of the proof of 8.2.4. The basic tool is
the unique factorization of the n-th phantom map

wy, = F": WnJrl(OXn—l) - OXn—l’

wn(bO; “ e 7b7’l) — bg _|,_ .. +pn_1bﬁ_1 +pnbn — bgn + . +pn—1bn_17

into

Wit (OXn—1)IL> OXn—l .

.

WTL(OXO)
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Comparing cohomology classes of a regular immersion in both theories, one
shows the commutativity of the diagram

HO(r
FoeWn(O2) e Wi (04,)

J/ HO (TI‘) l

Jn-1:0z, , ——Ox,_,

where the vertical maps are given by F™. Tt follows that (74,),(fo)% is the
multiplication by a class ¢, € H°(Xy, W, (Ox,)) such that ¢ := proj.limc, €
H°(Xy, WOyx,) has the following two properties :

(i) Fe=c,

(i) F™(c — ) = 0 for all n > 1.

One shows that this implies that ¢ — r = 0, hence ¢, = r. One shows
more generally that Ker(F — 1) N Nyx1Ker(F" : WOy, — Ox,_,) = 0.
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