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Abstract

This report (a summary of the work done in Ecole Normale Superieure under the
guidance of Professor Olivier Wittenberg) presents Enrico Bombieri’s proof of the
Riemann Hypothesis for function fields.

The first section is devoted to introducing the notions of Picard group, divisors et
al, the second section derives the analogues of the various well known properties
of the Riemann-zeta function and the third section contains the actual proof which
largely relies on the clever use of the Riemann-Roch theorem, a proof of which
is included in the appendix. The Serre bound, an improvement of the Weil bound
with the latter being equivalent to the Riemann Hypothesis, is also presented at
the end.



Chapter 1

Preliminaries

1.1 Function fields

K is said to be a function field in one variable over F'if it is a finitely generated
field extension of transcendence degree 1 over F' (ie) 3z € K suchthat [K : F(z)]
is finite.

If F is algebraically closed in K, then F'is called the constant field of K. This
situation is useful because it implies that for any y € K \ F, [K : F(y)] is again
finite. To see this, note that as F' is the constant field of K, y is transcendental
over F' and since it is a one degree transcendental extension, y is algebraic over
F(z). This gives us that g(z,y) = 0 for some g € F[X,Y] but g ¢ F[Y].
Thus z is algebraic over F'(y) which implies [F(z,y) : F(y)] < co. We know
[K : F(z,y)] < [K : F(x)] < oo which proves that [K : F(y)] < occ.

This condition is not asking for much because F (denoting the algebraic closure of
F in K) is a finite extension of F' ([F : F] = [E(x) : F(z)] < [K : F(z)] < 00)
and so in most cases we can replace F' by E to get a function field K with the
base field as its constant field.

It turns out that we can always choose a w € K where K/F(w) is a separable
finite extension if F' is a perfect field of characteristic p > 0.

A proof would proceed as follows : K is finitely generated over F', say K =
F(z,xq,...,2,.). As the degree of transcendence of K/F is 1, x; is algebraic
over F'(x). Thus let g(¢,u) be an irreducible polynomial in F'[t, u] which satis-
fies g(z,7,) = 0. If only p'* powers of ¢, u occur in g, then as F' is perfect of



characteristic p, g is not irreducible in F'[t,u]. So, say ¢ doesn’t occur as a p'"
power somewhere. This implies that x is separable over F'(x;) as it is a root of
h = g(t,x1), a separable polynomial in F'(x)[t]. And as x is separable over
F(xy), it is also separable over F'(z1, s, ..., x,) . The number of generators of
F(z1,xq,...1x,)is lesser and one can induct on the number of generators.

A function field field in one variable over a finite constant field is called a global
function field.

Hereforth K will refer to a global function field over F', the field of ¢ elements
with characteristic p > 0. K as described above can also be realized as the func-
tion field of a smooth projective curve C' defined over base field F' and from now
on we switch back and forth between the language of function fields and curves as
and when is neccesary, though overall most of the proofs are in terms of finitely
generated function fields. The interested reader is invited to read the chapter enti-
tled Language of curves given in the appendix where we give a brief introduction
to projective curves and the correspondences between curves and function fields.

1.2 The zeta function

The Riemann-zeta function, named after the german mathematician Bernhard Rie-
mann, as is well known is defined to be

Here N refers to the set of strictly positive natural numbers, which can be realized
as the set of all non-negative combinations of primes under multiplication by using
the fundamental theorem of arithmetic. We would now like to analogously define
Riemann-zeta function for X which invokes the need to introduce the concept of
a prime of K.

1.2.1 Primes and Divisors

A prime of K refers to a pair (R, P) where R is a discrete valuation ring (which
is nothing but a principal ideal domain with unique maximal ideal) with maximal
ideal P such that the quotient field of 2 is K. This fits in with our usual notion of



a prime of Z as one can check that indeed the only discrete valuation rings with
fraction field Q are R, = {$| GCD(a,b) = 1,p fb} (where P N Z = pZ) for all
primes p.

It turns out that /' C R because any for f € F, we have f¢ = f. And hence
qu(f) = v(f) where v refers to the valuation' given by P on K which implies
that v(f) = 0 and hence it belongs to R.

We generally drop the 1R when referring to the prime and denote it by P instead.
Let Sk denote the set of all primes P of K.

To each prime , we assign a degree which is defined to be the degree of the field
extension £ /F (ie) [£ : F). The following proposition shows that this is indeed a
finite number.

Proposition 1.1. Degree of P, a prime of K is finite. In fact,

5] < F
foranyy #0 € P.

Proof. As remarked in the previous section,

[K: F(y)] < oovy & F,
and P N F = (0). Pick any m F-linearly independent elements of %, say
w1 + Pyug + P, ... uy, + P. We will show that uy, us . . ., u,, are F(y) linearly
independent, which will prove the proposition.

If they are not, let fiu; +. ..+ fu,, = 0for f; € Fly]. Without loss of generality
one may assume that y doesn’t divide f; for some ¢ (Divide through out by a power
of y if originally y|f; for all 7). As y € P and y doesn’t divide f;, we get a non
trivial relation for u; + P, ..., u,, + P over I’ which is a contradiction.

]

The free abelian group generated by primes of K is called the divisor group which
we shall denote by Dy. This is the exact analogue of the positive rationals Q7 .

IRefer to the chapter on discrete valuation rings in the appendix.
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Adivisor D =} o n(P)P is termed effective (or D > 0) if n(P) > 0 for all
primes . We can hence define a partial order on Dy as

D12D2 < Dl_DQZO

The degree of a divisor D can be defined by naturally extending the defintion of
the degree of primes as

D =) n(P)P = deg(D) =) n(P)deg(P).
P
To each effective divisor, we assign what is called a norm as follows :

ND = ¢%¢D) where |F| = ¢

Note that norm is multiplicative (ie) N(A + B) = N(A)N(B).And finally, we
define the zeta function for K to be

Cx(s) =

A>0

(NA)®

where A runs over all effective divisors of K.

Using the fact that Dy is the free abelian group generated primes of /K, we can
write down a formal expression of an eulerian product for (x as

1
CK(S) :Z (NA)S

A>0
1 1
_PI;IK (1+ NPy T NP +>
1
- I =

which matches with the eulerian product for the usual Riemann-zeta function.



1.2.2 The Picard Group

Any prime P of K gives a valuation on K as follows:

ordp(r) = max{n|r € P"} forr € R,

which can be extended to all of K naturally.

If ordp(a) > 0, then a is said to have a zero at P and if ordp(a) < 0, a is said to
have a pole at P.

Now, to every element of K™, we associate a divisor of K using the map below.

div: K* — Dg,a ~ Z ordp(a)P.

PeSk

We denote div(a) by (a). The image of the div map is called P which refers to
the group of principal divisors. 1t is apriori not clear that div is well-defined and
hence we state the proposition below and give an outline of a proof.

Proposition 1.2.

e Any a € K* has only finitely many zeroes and poles.
e (a)=0iffa € F".
e Any non constant a has atleast one zero and one pole.

o Degree of (a) = 0. In fact deg ((a)o) = deg ((a)s) = [K : F(a)] where

(a) = (a)g — (a) with
(a)p = Z ordp(a)P and

ordp(a)>0

(@)oo = — Z ordp(a)P.

ordp(a)<0

Proof. If a € F*, then it is clear that (a) = 0. If not, then K/F(a) is a finite
extension of degree n, say. Let U denote the integral closure of F'[a] in K. Then



U is a dedekind domain (Knapp, Basic Algebra gives a proof). Hence factorize
the ideal Ua as

Ua = PP . P,

e;s are called the ramification indices of FP;s.The localizations of R at the prime
ideals P; , denoted by Op, yield all the primes of K at which a has a zero. In fact
ordp,(a) = e;. Poles of a correspond to zeroes of % and hence we are done.

(Op,, P;) lies above (X, Y') where X is the localization of F'[a] with respect to the
multiplicatively closed set F'[a] \ (a) and Y its unique maximal ideal.

To see that [K : F'(a)] = deg((a)y) = deg((a)), note that we are working
over a finite field F' which is therefore perfect. Then by a well known theorem in
algebraic number theory, we have

k
n=> efi

=1

Op,

where f; = [? : %}, the relative degree of P, over the prime of F'(a) it lies

above. However Y has degree 1 and so all is well.

]

We introduce an equivalence relation ~ where

A~ B <= dae€ K"suchthat A — B = (a).

The Picard group denoted by Cl is 71;_? Note that if A ~ B, then degrees of A
and B are the same.

1.2.3 Riemann-Roch

With each divisor D, there exists an associated F' vector-space

L(D)={ke K*|(k)+ D >0}U(0)



We prove below, a little lemma, to show that it is indeed finite dimensional, whose
dimension denoted /(D) will be immensely useful later on. Before that, we would
like to remark that if A and B are two equivalent divisors, (ie) A = B + (h)
for some h € K*, then L(A) = L(B) by the isomorphism k& ~~ kh and hence
[(A) = l(B) (if it is finite). Thus one can talk about [(C') for C' € Cl.

Lemma 1.3. L(D) is a finite dimensional F-vector space.

Proof. If (D) > 0, there exists an f € K* such that D + (f) > 0 and we have
found an effective divisor equivalent to D. By the remark made above, L(D +

(f)) = L(D).

Hence without loss of generality, we can assume that D > 0. We will induct on
the number of primes (counting multiplicities) n in the prime support of D, (ie)
if D=3 pcg, n(P)P, thenn = >, s n(P). For the base case n = 0, the
divisor D = 0 and therefore L(D) = F which has dimension 1.

Now let D = A + P, where A > 0 and P is a prime of K. By induction, assume
[(A) is finite. Fix an f in L(A+ P)\ L(A). Note that it has to be non-zero. Given

any g € L(A+ P), ordp ( )

% > () and hence is in Op.

Let us construct an F'-linear map ¢ : L(D) — % which sends

g
g~ =+P
f
Since % is a finite dimensional F'-vector space (dimension is the degree of P), it

is enough to check that kernel(v)) is finite dimensional.

It turns out that the kernel is L(A). (It is easy to see that if g lies in the kernel,
% € Pandhence g € L(A)) and hence by our induction hypothesis, we are done.

O]
The following is an useful lemma which tells us that L(D) of any divisor D with
a negative degree is the zero vector space.

Lemma 1.4. Let A be a divisor. If deg(A) < 0and A # (a) for any a € K*, then
I(A) =0.If A = (a), thenl(A) = 1.



Proof. If A = (a), then by above remark, L(A) = L(0). If £ € L(0), then k has
no poles. Therefore k € F'. Andif k € F, then clearly, k € L(0). Thus L(0) = F’
and has dimension 1.

If deg(A) < 0, and if x € L(A), by definition of L(A), () + A > 0 which gives
us a contradiction that

deg((x) + A) = deg((x)) + deg(A) = deg(A) = 0.

If deg(A) = 0, and if = € L(A), by definition of L(A), (z) + A > 0. Thus, let
(x) + A=>_a(P)P where a(P) > 0 for all P. Now

> " a(P)deg(P) = deg((z) + A) = deg(A) =0

which implies that a(P) = 0 for all P. Thus A = (2).

O
Bombieri’s proof of the Riemann Hypothesis for function fields essentially hinges
on the crucial use of the Riemann-Roch theorem, independently an important tool

in complex analysis and algebraic geometry whose statement we give below and
the proof in the appendix.

Theorem 1.5 (Riemann-Roch). Given K, there exists an integer g > 0 and a
class C' of the Picard group Cly such that for any divisor D and any X € C, we
have

I(D)=UX—-D)+deg(D)—g+1

g is called the genus of K and C, the canonical class of K.

Corollary 1.6. Some immediate and oft used corollaries are

o I(C)=g.

o deg(C) =2g — 2.

o deg(D) > 29— 2 = I(D) = deg(D) — g + 1.

o Ifdeg(D) =2g—2and D & C, then I(D) = g — 1.



Proof.

e Take D = 0.
e Take D = X forany X € C.

e Forany X € C, deg(X — D) < 0 and thus by lemma 1.4, [(C'— D) = 0.
Now apply Riemann-Roch.

e Similar reasoning as above. Only note that X — D # (a) for any a ¢ K*

]

1.3 Notation

Here we fix the notations we will use in the remaining chapters.

F denotes the finite field of ¢ = p® elements where p is a prime.
e [ is a fixed algebraic closure of F.
e [, is the n'" degree extension of F' which therefore sits inside F'.

e K is a function field in one variable over F' with [ as its constant field. (ie)
K 1is a finitely generated one degree transcendental extension of /' where F'
is algebraically closed in K.

e K denotes the compositum of fields K and F, (ie) K = KF.

e [{,, denotes the compositum of K and F}, which sits inside K, (ie) K,, =
KF,.

e Sk is the set of all primes of K’
e Dy refers to the divisor group of K
e (g is the Picard group of K.

e Generally D refers to a divisor and P would mean a prime of K unless
otherwise specified.



Given a divisor D

L(D)={k € K*|(k) + D > 0} U {0}
[(D) = dimg(I(D))
ordp refers to the valuation on K given by a prime (Op, P).

g would in general mean the genus of K unless otherwise mentioned.
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Chapter 2

The zeta function

The first question to ask is whether the various properties which hold good for ¢
are true for (i as well. In this chapter, we investigate the radius of convergence
for (x and find a rational expression which gives rise to an analytic continuation
and find a functional equation satisfied by it.

(k(s) = Z (NA)™.
A>0€Dg

Let us introduce some notation now

e qa, is the number of primes of K which have degree n.

e b, is the number of effective divisors of degree n.

Cils) = 3 (VA)

A>0

_ Z qi deg(A)s

A>0
[e%9)
- E bnq_ns
n=0

Thus to get an estimate for the radius of convergence, we would like to bound b,,.
Apriori, it is not even clear whether the b,;s so defined are finite quantities or not
and hence we prove the following proposition:

11



Proposition 2.1. Number of effective divisors of K of degree n is finite and hence
number of primes of K of degree n is also finite.

Proof. If L is an extension of some field 7" and (R, P) and (.5, () are primes of
L and T respectively, then (R, P) is said to lie above (S,Q) if RNT = S and
PNT = Q. And equivalently, (S, @) is said to lie below (R, P).

As shown in 1.1, there exists an z € K such that K/F(x) is a finite separable
extension. If an effective divisor D = ), n(P)P has degree n, then clearly
n(P) < n for all primes P. Also if (S, Q) is the prime of F'(z) which lies below
(R, P), then as

= [8:1] [£:3] [ ] e

deg(Q) is also bounded above by n.

The idea now is to show that there are only finitely many primes in F'(x) of a
given degree, that over a given prime of F'(x) there lies only finitely many primes
of K and that every prime of K does indeed lie above a prime of F'(x). Showing
these concludes the proof of this proposition.

Claim: There are only finitely many primes of F(z) of degree n.
If (R, P) is a prime of F'(z), eitherz € Ror z ¢ R.

Consider the case when x € R. This implies F'[z] C R as F' C R. Therefore
P N F[z] is a non-zero prime ideal (nonzero because P # (0) and hence there
exists £ € P where r # 0,s € F[r] and hence s* = r € PN F'[x]). Since F[z] is
a principal ideal domain, P N F[x] = (f) where f € F[x] is a monic irreducible
polynomial.

As one would expect, the localisation of F'[x] at the set F'[z] \ (f) (the localized
ring, we shall temporarily call X) is R.

To see that, if possible take an element £ € X where r,s € F[z] and s & (f)
such that * ¢ R. As R is a DVR, this implies 2 € Randin fact is in P. As
r € Flr] C R, r? =s € PN Fz] = (f),acontradiction to the choice of s. This
shows that X C R.

To prove the other inclusion, if possible take an element = € R which is not there
in X where r, s € F'[z] and are coprime to each other (Note that one can do this as

12



fraction field of X and R are both F'(x) and F'[z] is a unique factorisation domain.)
As X is a DVR, this would imply # is in X and in fact in its maximal ideal. Thus
s is also in the maximal ideal of X and hence f|s. Since PN F[z| = (f),s € P
also and thus Zs = r € PN F[z] = (f) which gives us that f|r, a contradiction
to the coprime nature of r and s.

The degree of X is [% ; F} which is just the degree of the polynomial f.

For the second case, when = ¢ R, we have % € Rasitis a DVR. One can now use
the automorphism = ~~ % of F(z) to reduce to the case of a DVR R containing
x. Anyway, finally we find that F'1] localised at the set F[2] \ (1) is the DVR R.
And hence degree of (R, P) = 1. This prime is referred to as the prime at infinity.

Since there are only finitely many polynomials of degree n in F'[x] we are done
proving the claim.

Claim: If L is a finite separable extension of T, and (S, Q) is a prime of T, there
are only finitely many primes of L which lie above it.

Let U denote the integral closure of S in L. It is a well-known fact that U is a
dedekind domain with fraction field L (Knapp, Basic Algebra). Let / denote the
ideal generated by () in U. Since U is a dedekind domain, let us factorize I into
maximal ideals.

I=MPMy2 . M

It turns out that the only maximal ideals of U are M, Ms, ..., M,. To see this, if
M is any other maximal ideal of U, then M N S is a non-zero prime ideal of S.
(To see that it is non-zero, note that any m # 0 € M is integral over S and hence
mt+s,_ym!™t 4+ ...+ sy = 0 with sy # 0 € S and hence sy € M N S). The only
non-zero prime ideal of a discrete valuation ring is its maximal ideal and hence
M N S = @ which would mean I C M and hence M = M; for some i < r.

Let (R, P) be a prime of L which lies above (S5, Q). As R is a discrete valuation
ring with fraction field L, it is integrally closed in L. And R contains S which
implies that it contains U also.

P N U is a non-zero prime ideal of U. (For if U N P is the zero ideal, it means
that any v # 0 € U is a unit in R. The fraction field of U is L and hence R = L
which is not possible as R is a discrete valuation ring). Hence it is equal to M; for
some <.

13



We check that Uy, (which is the ring U localised with respect to the set U \ M;)
is the DVR (R, P).

A check: If £ € Uy, where r,s € U and s € M, such that £ ¢ R, then because
R is a DVR, f € R and in fact is in P. Thus rf = s € P which implies that

s € PNU = M, a contradiction to the choice of s. Thus U;;, C R.

To prove the other inclusion, if » € R and r ¢ Uy, then % € Uy, as the latter
is a DVR and in fact it belongs to the maximal ideal of Uj,,. Thus % = 7 where
se Mj,te U\ M;. AsUNP = M,;, s € P andhence rs = ﬁs:tePwhich

implies t € P NU = M;, a contradiction.

And to conclude, U, the localisation of U with respect to U \ M, is a discrete
valuation ring for any ¢ as U is a dedekind domain and }/; is one of its maximal
ideals.

If (R, P) is a prime of K, then it is a routine but weary check to see that (R N
F(z), PN F(x)) is a prime of F'(x) which lies below it and hence we leave it to
the conscientious reader to verify it.

O

To get a bound on b,,, we first estimate how many effective divisors are there in
a given equivalence class of divisors and then count the number of equivalence
classes of a given degree

Proposition 2.2. Number of effective divisors in an equivalence class of divisors
T g
Ais ——.
q—1

Proof. Without loss of generality, choose a representative A of A such that A % 0
(Choose an arbitrary representative B of the class and pick a prime P which does
not lie in the support of B and set A = B + (%) where f € K™ has a zero at P).

Now I(A) = 0 if and only if there are no effective divisors in A. For if [(A) > 0,
there exists an f € K* such that A + (f) > 0 and hence you have found an

equivalent effective divisor. And if there exists an effective divisor DD equivalent
to A, then D = A + (f) where f € K* as A Z 0 and thus f € L(A). Hence
[(A) > 0 and the proposition holds for I(A) = 0.

If it is not zero, then let us define a map v as follows :

¥ : L(A)\ {0} — Effective divisors of A

14



which sends f ~» A+ (f). v is well-defined and surjective. If ¢/(f) = 1(h), then
A+ (f) = A+ (h) and hence £ € F*. And conversely, 1() = (zf) when
feF

Number of elements in the domain of ¢» would be ¢'(Y) — 1 and each element in
the range has a preimage set of cardinality ¢ — 1 which gives us the required result.

]

Let the number of divisor classes of degree 0 be called A . This is called the class
number of K.

Proposition 2.3. Number of divisor classes of degree n is either 0 or h.

Proof. Construct the deg map which assigns to each equivalence class of divisors,
its degree

deg: Clx — Z,
and let the image of deg be 6Z. Note that § # 0 as deg(ﬁ) for any equivalence
class containing a prime P of K has degree atleast 1.

If n ¢ 67, then number of divisor classes of degree n = 0. If n is a multiple of §
and n > g where g is the genus of K, then by Corollary 1.6 of the Riemann-Roch
theorem, for any divisor D of degree n

(D) >deg(D)—g+1>1

Thus each divisor class of degree n has an effective divisor representative (Pick
f € K*N L(D) and look at D + (f)) and hence number of divisor classes of
degree n is atmost number of effective divisors of degree n which by proposition
2.1 is finite. Thus number of divisor classes of degree n for large enough n is
finite.

Pick an N > g and let A = {A;, As,..., Ay} be the set of all divisor classes
of degree N where h is the number of effective divisor classes of degree N. For
any other n € 0Z, let B = { B, }.cs for some index set I be the set of all divisor
classes of degree n. Fix a B in B.

Consider the set X = {B — B, + A; }acs. Clearly any element of X is a divisor
class of degree N and no two divisor classes in it are equivalent. Hence X is a

15



subset of A which tells us that [ is a finite set of cardinality atmost h. Similarly
we can prove h < |I|. Thus for any n € 0Z , number of divisor classes of degree
n is a constant and as 0 € §7Z, the constant is nothing but /g, the class number.

]

2.0.1 Convergence of the zeta function

Using the above propositions, we can, for large enough n (namely for any n >
2g — 1), give an exact expression for b,, (!) as follows :

qn79+1,1 . .
b, = { hk ifn € d%Z; @.1)

q—1
else.

This is because n > 2g — 1 implies that (D) = deg(D) — g + 1 by Corollary 1.6
of the Riemann-Roch theorem where deg(D) = n.

Since (i (s) = >.°7  b,q~ ™, one can see that (x converges absolutely for all s

n=0 """

where Re(s) > 1.

Let us now examine the convergence of the euler product. Re(s) > 1.

1
Cre(s) H T—(NP)-

Pe

Sk
H (1 . q—ns>—a"
1

n=

where recall that a,, is the number of primes of K of degree n. We now prove a

little lemma concerning the convergence of infinite products.

o
Lemma 2.4. If z1,22...,%,, ... are complex numbers then [[ _,(1 — x,) con-
. 00
verges to a non-zero value if >, |x,| converges.

Proof. As Y |z,| converges, for large enough n, |z,| < % and

16



IN
2
+
+

Thus Y 7 | [log(1 — z,,)| converges and hence the infinite product also converges

(to the exponential of ) log(1 — x,,)) to a non-zero value.

]

Thus for the euler product to converge for any s with Re(s) > 1, we would want
the following to converge :

o0

Zan’q—ns|

n=1

However 0 < a,, < b, for any n and >~ b,q ™ converges absolutely for
Re(s) > 1 and hence we are through. In fact, the lemma shows that (; has no
zeroes in the region Re(s) > 1.

2.0.2 A rational expression for zeta

Ck(s) = anq_m.
n=0

By a change of variable, namely u = ¢~*, we get

C(s) = Zi(u) =) buu".
n=0
Hereafter we shall interchangably use (i and Zx as and when is convenient.
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It is a well known fact that there exists an analytic continuation of the Riemann-
zeta function to all points of C except at s = 1 where it has a pole. The situation
for (i is even better as there exists a rational function which analytically extends
it to the whole of the complex plane. We prove this in a series of steps during
the course of which we shall also prove Schmidt’s theorem which says that there
exists a divisor of every degree.

Lemma 2.5. K denotes (as usual) a global function field over F, a finite field of
order q and characteristic p. Let 07 be the image of the map deg : Clx — Z

which assigns to each divisor class, its degree. Then there exists a polynomial
Lk u] € Z[u] with Lk (0) = 1 such that

Li(q™°)

N R al)

This holds for all s with Re(s) > 1. The right hand side provides an analytic
continuation to the whole of the complex plane and the poles of (i are simple.

Proof.

Zg(u) = anu".
n=0
Pick N € N such that N§ > 2g — 1 and (N — 1)0 < 2¢g — 1. So
N—-1 e
ZK(U) = Z bi(gui(s + Z biguw.
i=0 i=N

Let p(u) = Zij\;_ol bisu®. We have already shown that b, = %_f“_l) for any
n > 2g — 1 which is divisible by 4. Thus

hi =, i ;
Zie(w) = plu) + —=7 > (¢"" = Du”
i=N
hK chS—g+1uN§ uN(S
= p(u) + ( 5 5
g—1\ 1—(qu) 1—u

v hix r(u)
‘“>+q—1(a—mmwu—u%)
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for some 7(u) € Z[u] and one can check that ¢ — 1 divides r(u). Thus there exists
Lk (u) € Z[u] such that

Lk (u)
(1 =) (1~ (qu)°)’

Zk(u) =

From the rational expression , it is clear that the poles of Z are simple. We note
that w = 1 and u = % are indeed poles because L (1), L K(%) can be verified to
be non-zero.

O
It turns out that 6 = 1 and to prove it, we need to consider field extensions of F’
and the compositum of K with them. Let F;, denote the n-th degree field extension

of F and K,, = KF},. In terms of curves, if one extends the base field to F}, and
considers curve C' to be defined over F},, then the function field of C' so got is K,.

One can construct the corresponding zeta function to be

G (5) = D2 0E) (7))

where b;(K,,) refers to the number of effective divisors of K, of degree i. Simi-
larly we can define the corresponding Z5, and Lg, where

LKn (Ul>

7600 = T 1 ()

where ¢'Z is the image of the degree map deg : Clk, — Z. The crucial observa-
tion is that the poles of Zf, are again simple and v’ = 1,4 = qin are both simple
poles.

Zk and Zf, are related quite naturally as follows

Z, () =[] Zx(zu). 2.2)

{z€C|zn=1}
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For a proof, we refer the reader to look at Rosen’s book Number theory in function
fields.

Now we are in a position to prove that ¢ is indeed 1.

Theorem 2.6 (Schmidt). There exists a divisor of K of degree 1.

Proof.

Zi, () = [ Zx(zu)

{z|z7=1}

B Lk (zu)
- 1l (1= (zu)*)(1 = (gzu)’)

{z|zn=1}
If we take n = 4, then z runs over the d-th roots of unity and hence

H{z|z6=1} Lk (zu)
(1 —w)*(1 = (qu)’)*

ZK& (u6) -

As 2° = 1, it follows from the expression of Ly that L (zu) = L (u) and hence
Lx(z) # 0 for any z such that z° = 1. Therefore u = 1 is a simple pole of
Zx,(u’) . However the above expression implies that it is a pole of order § which
tells us that § = 1. O]

Thus we have

LK(U)

2k = T —

where Ly (u) € Zu]. (2.3)

2.0.3 The functional equation

Define £(s) = 97V (s) where g is the genus of K.

Lemma 2.7.

&(s) = €(1 - s).

Proof. Let us convert the function equation in terms of u = ¢~ °. Note that
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Cr(s) = bag ™ = byu" = Zk(u).
n=0 n=0
Thus

= —n+ns - 1\" 1
cxl1 -9 =300 = 3w (5] = ().

n=0

Thus the functional equation needed to be proved translates to

o= ()5 (3)

Set B(u) = (¢—1)u'"9Z(u). So what we need to show is that B(u) = B <

So let us actually expand out B(u). Let

Clf = {A € Clg|deg(A) > 0},

Clt == {A € Clg|0 < deg(A) < i}.
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B(u) = (¢ — Du'?Zk(u)

l(fl) -1 _
= (¢~ u'" quudeg(A)
Aecif;
:ul—g Z q deg Z udeg(A)
Aect); Aect};
— Z ql(/l)udeg(;l) + Z q I(A) deg(A Z udegA
Acoizd™? {A]| deg(A)>2g—1} Aect);
= Y ql(A)udeg(A)g+1+hk< > q"9+1u"+19—2u”+19> (Using (2.1) and 2.6)
Aecizg—? n=2g—1 n=0
_ Z G Ayydes(A)—gt1 | py ¢ou?  ulI |
= l—qu 1—u
Acczi™?

Let

Y Dy,

A 2g—2
Aecty!

qgug ulfg
=nh — )
S(u) K(l—qu 1—u)

It is a trivial check to see that S(u) = S (q%) Now ,

1 l(A) 1 deg(A)—g+1
R(—)= -
(00) = 2 s (qu)

Accrd?

_ 2 : q —deg(A)+g— 1ug 1—deg(A)
Accizd?

We now define a map ¢ on CI3¢~ which sends A — C' — A where C is the
canonical divisor class of K.

22



Note that by Corollary 1.6 of the Riemann-Roch theorem, deg(C') = 2g — 2 and
hence v is well-defined. In fact it is clear that ¢ is a bijection.

Using the facts that deg(C — A) = 29 — 2 — deg(A) and that [(C' — A) =
[(A) — deg(A) + g — 1 which are derived from the Riemann-Roch theorem, we
conclude as follows:

R(u) _ Z q deg —g+1

Aecd?

= g ¢ Oy deslC=D=9+1 () i a bijection)
Acoize™?

— § q —deg(A)+g— lug 1— deg(A).
Aecd?

O]
The functional equation translates to
1 —g, 2
L | — ) =q % ¥ Lg(u). (2.4)
qu

The above equation tells us the degree of Ly ! We know that Lk (0) = 1. So let

Li(u) =14 ru+ o+t where ry, 1y .. 1 € Z.
The functional equation implies that

r r
1+—+...—|——:u_zgq_g(1+7“1u+...+rkuk)
qu q

1 1 Tk

u2gq9 t u2g—1q9 Tt u29—kq9

Hence £ = 2g and ), = ¢9.

We summarize everything in the following theorem.
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Theorem 2.8. There exists a polynomial Li[u] € Zlu| of degree 2g where g is
the genus of K with Ly (0) = 1 and the coefficient of u* in Ly equal to q° such
that

Lk(q™°)

Cucls) = (1—g=)(1—qt=)

This holds for all s with Re(s) > 1. The right hand side provides an analytic
continuation to the whole of the complex plane and the only poles of (i are at
s = 0,1 which are simple.

(i satisfies a functional equation as described above.

2.0.4 A corollary of the functional equation
Since Ly is a polynomial of degree 2g with Ly (0) = 1, let

29

Li(u) = H(l — a;u)

i=1

be the factorization of Lk in C[u]. Thus the zeroes of Ly form the set {ai|1 <
i < 2g}.

The functional equation (2.4) implies that L (%) = 0 and hence aiz = «; for
some j.

Thus o; ~» £ is a permutation of the as. This fact shall be used crucially in the
proof of the Riemann Hypothesis.
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Chapter 3

Riemann Hypothesis for function
fields

Theorem 3.1 (Riemann Hypothesis for function fields). The zeroes of (i (s) lie
on the line Re(s) = 1.
First conjectured in 1924 by E.Artin for hyper-elliptic function fields, a proof for
the case g = 1 was given by Hasse in 1934. Later, in the early 1940s, A.Weil came
up with two different proofs which required some heavy machinery of algebraic
geometry.

However S.A.Stepanov found a proof in the 1960s, albeit in special cases, which
largely used just the Riemann-Roch. In this section, we present Bombieri’s proof
which used Stepanov’s ideas to prove the result for the general case.

u = q * gives Zx(u) = (x(s). Recall the rational expression for Z,

LK(U)

el = 01— quy

Using the fact that

L (u) = H (1 —asu),

and that the only simple poles are at u = 1, %, the zeroes of Zy are just {aq, aa, . .., (g}
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Thus the Riemann hypothesis reduces to proving

|ai| = \/qVi < 2g.

Equation (2.2) gives
ZKm H ZK zu
{zlzm=1}
SR

1 —zu)(1 — qzu)

Using the fact that [ ], .._;,(1 — 2t) = 1 — ¢" for any ¢, we have

2g

Ly, (™) = [[(1 = a"u™) (3.1)

i=1

The zeroes of Z,, for the function field K, over F,, correspond to al forall i <

2g. Thus if the Riemann Hypothesis holds for K, this would mean |a"| = ¢%
which implies |o;| = /g and thus Riemann hypothesis holds for K. We record
these observations below in the form of a lemma.

Lemma 3.2. If for some m € N, the Riemann Hypothesis holds for K,,, then the
Riemann Hypothesis holds for our given function field K over F.

3.1 The Weil bound

The euler product form for Z,
H (1-— u?
d=1

gives us another expression for Zx as follows:



where N, (K) = 3_,,, daq. Thus

Zk(u) = exp (Z %u”) :

m=1

The quantity N,,(K) so defined turns out to be equal to N;(K,,) (the number of
rational points in the corresponding curve when the base field is extended to F7,,)!
(For m = 1itis clear)

This remarkable fact we prove below by actually giving an expression in terms
of a;s for the two quantities which has an important bearing in the proof of the
Riemann Hypothesis for function fields.

Lemma 3.3.

N(K) = q"™ + 1~ <Zg @;”>

Proof.

2 —aw) (8 Nn(K)
ZK(“):u—u)(l—qu)‘eXp(Z m “)

m=1

Taking the logarithmic derivative for both the expressions, we end up with

29 [e'e)
Q; 1 q _
— = Ny (K )u™ 1.
(Zl—aiu>+1—u+1—qu Z (K)u

=1

Multiplying by u on both sides and expanding, we get
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o)

- (Z Z(%u)’"> YUY (qu) =Y N (K )u™

Equating the coefficients of u"™ gives us the neccesary equation.

Lemma 3.4.

2g
() =1 (Yt
i=1

Proof. This time, we consider the two expressions for the zeta function of the
function field K,,, = K F},, over the base field F;,,, which is the degree m extension
of the field F'.

Ly, ()
(1 —u)(1—qgmu)
[T, (1 — o)
(1 —w)(1 - gmu)

ZKm (Ul) =

(By equation (3.1))
and

Zic(u) =Y bp(Kop)u'™,

Taking logarithmic derivative for both the expressions and evaluating at 0, we get

S w o Zi () bi(K)
_<;ai>+1+q = 7 (0) (K

bo(K,,) is the number of effective divisors of K, of degree 0 and hence is equal
to 1. by (K,,) = a1(K,,) = Ni(K,,) and we are done.

O
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Note the implications of the above lemma when combined with the Riemann Hy-
pothesis. The latter tells us that |a;| = /g which therefore gives us what is known
as the Weil bound on the number of rational points of the smooth projective curve
whose function field is K, which we state below

Theorem 3.5 (Weil bound).

2g
INU(K) =g =11 <) |ail = 29v/4.
=1

3.2 Bombieri’s proof

Recall the expression for N,,(K) (refer to lemma 3.3)

and construct the following series

S Nu(K) =" = D = = > 3"

The radius of convergence of the series on the right side is the minimum of the
set {ﬁ}?i If we can show that there exist constants A, B such that N,,(K) =

Aq? + B + ¢™, then the radius of convergence of the series on the left is atleast
1

NG

1 1
>
lail — Va©

This would mean that for all + < 2g,
permutation of the a;s, we get

Using the fact that o; ~ L isa

ol 1

¢ V4

and hence /g < |a;| < /g for all + which induces equality and concludes the
proof of the Riemann Hypothesis !.

So all we are left to do is to show that N,,(K) = ¢™ + O(q™/?) for all m.
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Note that by X (u) = O(f(u)), we mean that there exist constants A, B such that
| X (u)] < A+ Bf(u). Since we have proved that N, (K,,) = N,,(K) in the
section on Weil bound, we need to prove that the number of rational points in K,
for any m is O(q? ) + ¢™.

In the next few sections, we find an upper bound and lower bound for N;(K)
by imposing certain conditions on K /F' (we will see that if they hold for K/F,
they will hold for K,,/F,, for any m) and finally find a constant field extension
K,/ F,, which satisfies these conditions. Having proved the Riemann Hypothesis
for K, /F,, we conclude using Lemma 3.2(which tells us that if the Riemann
Hypothesis holds for any constant field extension K,/ F,,, then the result will also
hold for K/ F).

3.2.1 Curves

In the following sections, we will switch to using the language of curves and we
again invite the reader to go through the chapter Language of curves given in the
appendix before going ahead. However below, we briefly summarize a few ideas
that we need for proving Bombieri’s lemma.

F is the finite field of order ¢ and characteristic p. F' denotes the algebraic closure
of F'and 7, its frobenius automorphism which sends z ~» z9.

Let PN = PN(F) be the projective space of F. The set of F-rational points of
PN (F') defined to be

PN(F) := {[ag, a1, .. .,ay] € PN (F)|a; € FVi < N}

is exactly the set of points fixed by the automorphism ¢ of PV (F') which sends

[ﬁo,ﬁla s 7ﬁN] ~ [6376(117 cee aﬁ}]\f]

LetC =C (F) be a smooth projective curve defined over I. Note that ¢ maps

C(F) to itself and the rational points of C' denoted C'(F') (which is the set C'N
PN (F)) are the fixed points of ¢ in C(F).

Define I(C) to be the ideal generated in F|xg,71,...7y] by the homogeneous
polynomials with coefficients in /' which vanish on C'.
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K consists of all rational functions g such that

e fand g are homogeneous polynomials of the same degree in F'[zg, 21, . .., Zn].

e gZ1(C)
e Two functions i and g—: are identified if f¢' — f'g € I(C).

Likewise any element of K looks like g where f, g are homogeneous polynomials

of the same degree, this time in F'[zq,Z1,...,2y] such that g does not vanish
entirely on C' with a similar identification process.

Given a point « of C', we can associate a prime of K with it as follows:

0u= (1 e Klgt) 20},

where its maximal ideal denoted by F, is

Pa:{i;ieoa,f(a):o}.
g g

There is a natural action of the Galois group of F over F on C. It turns out
that (O, Py) = (O, P3) if and only if there exists ¢ € Gal (F//F) such that
o(a) = (. Thus Galois orbits of C' are in one to one correspondence with primes
of K. Itis also a fact that deg (P,) = |{o () |0 € Gal (F'/F)}|, the cardinality
of the Galois orbit of a. Hence as F' rational points of C are fixed points of the
Galois group action, they correspond exactly to primes of degree 1 of K.

3.2.2 An upper bound for N;(K)

Theorem 3.6 (Bombieri). Let g be the genus of C where the following assump-
tions hold

e g = |F|is an even power of p, say q = p*® for some b € N,

e (g+1)'<q
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Then Ni(K) < q+ 14 (29+1),/3.

Idea of the proof : We find a function f with a zero at almost all rational points
but very few poles (that too, of small order). So for some small s,

(a1 + O(1)) < deg((f)o) = deg((f)s) < 5.
If we can construct a map ) which sends i o ¢ ~» h for h o ¢ in the domain of v

and if h o ¢ is in the kernel of ¢, then h o ¢(/3) = h(3) = 0 for any rational point
(3 where h is defined.

A good place to look for functions with very few poles (that too of low order) is
L(mP,) ={k € K*|(k) + mP, > 0},
for some rational point o. The detailed proof is given below.

Proof. 1f the number of rational points of C' = 0, then there is nothing to prove
as N;(K) is exactly the number of rational points in C. If not, let o be a rational
point of C' and (O, P,), the corresponding prime of K.

For every positive integer m, define an £ vector space,

R, = L(mP,) = {f € K*|(f) + mP, > 0} U {0}.

As shown in Lemma 1.3, it is finite dimensional. Also note that R, C R,,Vm < n.

Since the base field has characteristic p,

R =

fe R},

for any positive integer e, is also an F' vector space and is a subspace of R,,,c. To
see this,
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feER, = (f)+mP,>0
= p°(f) +mp°P, >0
— (f") +mp°P, >0
= f7" € Ryype.

Note that the dimension of RP, is equal to the dimension of R, as an F vector
space ( for the map from R,, to RP. given by f ~» f?" is bijective).

We define yet another F’ vector space

Ryo¢:={fo¢lf € Rn}.

This sits inside R7,,, as a subspace. To see this, pick any element f = g € R,
where H, G are homogeneous polynomials in F'[zg, ..., zy] and using the fact
that a = a? for any a € F', observe that f o ¢ = f1.

The above observation also shows that R,, =r R,, o ¢ by the isomorphism f ~~
f o@ = f9, which one can easily check is bijective.

Finally if A, B are subspaces of a vector space R, for any s, by AB we mean the
subspace generated by the set {abla € A, b € B}. Observe that R,,,R,, C Ry 11-

We would like to define a map ¢ : R’ (R,, o ¢) — R R,,, where the integers
[, e,m will be determined later. Note that the domain sits inside 2,4 and so
for any f in it, deg(f)e < [p® 4+ mgq. A naive but natural definiton for 1) would
be to send ¢g*" (f; o ¢) ~» ¢g** f; but this may apriori not be well-defined. So we set
up an isomorphism between R ®p (R, o ¢) and RY (R, o ¢) as explained in
the following lemma to prove that it is indeed well-defined.

Lemma 3.7. Rfe Qp (Rm o ¢) =p RfE(Rm 0 ¢)iflp® < q.

Proof. First we would like to find a suitable basis for R,,. Note that dim Ry = 1
as Ry = F.
Claim : dim Ry;; < dim R; + 1 for any t

If f and g are elements of R,,; with poles of order ¢ + 1 at «, then ordp, (g) =0

(ie) § € Op,. As P, is arational prime, [%Z“ : F} = 1 and thus
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ordp, (i — 7) > 1 for some v € F.
g

And hence,

o o2 )

which implies f — vg € R, as at all other primes, f — ¢ has no pole because
f,9 € Ry 1. Thus we can find a basis { f1, fo, ..., f;} for R, where ordp, (f;) <
ordp, (fi+1) for all ¢ < ¢ and dimension of R,,, =t < m + 1.

So any element of RY " ® (R, © ¢) can be written in the form
1

nge ® (fl o ¢)7
=1

where g; are elements of R;.

The natural map is

g @(fiog)~ Y g (fio)
i1 i=1

which is clearly surjective. If the kernel is non-zero, then we have a relation
S Y (fi o 6) = 0 for some g;s € Ry, not all zero. Choose 7 to be the smallest
integer such that g, # 0. Then we have

P (frod)==>_ g (fiod) (3.2)

i=r+1

Since f; o ¢ = f, we have

ordp, (fi o ¢) = qordp, (f;).

Thus taking order with respect to P, on both sides of 3.2 and noting that g; € R,
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p“ordp,(g-) + gordp, (f)
> min_ordp, (¢ (fi 0 ¢))

r+1<:<t

> —Ip° + qordp, (fri1)

Thus,

p®ordp,(g-) > g(ordp, (fr+1) — ordp,(f)) — Ip°
> q — Ip°® (as ord fiq > ord fy)
> 0 (by assumption).

Thus g, has a zero at P, but as it belongs to R,, it has no poles at any other prime,
so g € F and is equal to 0, which is a contradiction to the assumption that r is
the least integer for which is g, is nonzero.

Thus the natural homomorphism is also injective, which makes it an isomorphism.
]

Thus, our naive definition of the map ¢ : R (R,, o ¢) — R! R,, works by
sending

D (fiod) =D ¢ fi

Supposing that the kernel of ¢ is non-zero, then choose a nonzero element of the
kernel, say

F=> g (fiog).
=1

Note that f; s are functions well defined on all rational points except maybe « as
fi € Ry, for all ¢ < t.So for any rational point 3 # a,
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F(8) =3 _ a7 (8)(fi = 6(8))

t
= Z g" (8)£:(B) (as (3 is a rational point)
i=1

=¥(f)(P)
= 0.

So f has a zero at all the rational points except maybe at «.

Note that f; 0 ¢ = f1. Soif ¢ > p°, then f is a p® power and hence f has a zero of
order at least p° at all rational points except maybe « and therefore we have

deg(f)o = (N1 (K) — 1)p°
As already observed,

fe R?e (Rmog)C Ripe tmqgs

and thus deg(f)s < Ip® + mq. Equating deg(f)o and deg(f)~, we get

N(E)<1+1+™ (3.3)
pe

The Riemann-Roch theorem helps us ensure that the kernel is indeed non-zero by
giving us a handle on the dimensions of the domain and image of ).

¢ : R (R, 0¢) — RUR,,.

Using the Riemann inequality, we have

dlmFRlZl—g—i—l
dimp R,, > m—g+ 1.
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Thus, we can lower bound the dimension of the domain as follows:

dimp (B} (R 06)) = dimp (B @ (R0 0))
= dimp <R§’E> x dimp (R, 0 ¢)
>(l=g+1)(m—g+1).

If[,m > g, then [p® + m > 2g — 1, and thus using Corollary 1.6, we have

dlmF Rlpe+m - lpe + m — g + 17

and therefore, the dimension of the image can be bounded as

dimp (image(y)) < dimp(R" R,,)
S dimF(Rlpeer)
=Ilp°+m—g+1.

Hence our kernel is lower bounded as follows:

dimp kernel(y)) > (I —g+1)(m—g+1)— (Ip°+m —g+ 1),

and to make sure our kernel is nonzero, we just have to choose e, [, m suitably
so that the expression on the right hand side is positive. We have also made var-
ious assumptions about integers e, [, m on the way which have to be satisfied to
complete the proof of the theorem. These are enumerated below.

1. Ip® <q

2.l,m>g

3. l—g+1)(m—g+1) > Ip°+m — g+ 1 which on simplification yields
(l=g)(m+1—g)>Ip°

4. q > p°.
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Recall that ¢ = p?*. Put e = b, and m = p” + 2g. Now substituting these values in
the third condition, we find that we need (I — g)(p®+ 1+ g) > Ip® which translates
to

b 1 b
> W9t
g+1 g+1

Thus, put | = [5—_’;” + g + 1. Note that we also need to satisfy the first condition,

so [ should not be too big. These values of e, m, [ satisfy the last three conditions.

b
ap b 2
+g+1 +1) = +(g+1
(g 1 g )(9 ) ap (9 )

< gp® 4 p® (because (g + 1)* < ¢ = p®)
= (g+ 1)p".
Hence
gr° ,
+g+1<
g+1 7 p
= I <p

= =0’ <p?=q

and the first condition is also fulfilled.

Substituting these values into Equation 3.3 and using | < p°, we get

pb
=1+qg+q+29q
=q+1+(29+1)(Va)

Ni(K) < 1+p°+
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3.2.3 A lower bound for N;(K)

This method will involve consideration of Galois extensions of K and we give
below, a few important definitions whose usage will prove crucial later on.

e Let K/ F be a function field with constant field F' and L, a finite field exten-
sion of K. If I is algebraically closed in L, then L is said to be a geometric
extension of K/F.

e If S is a field extension of 7" and L is the smallest algebraic extension of S
which is Galois over 7', then L is called the Galois closure of S/T.

From now on until theorem 3.10, let L be a finite Galois extension of KX with
G = Gal (L/K) such that it is geometric over K /F. We introduce the following
notations:

e K = KF as denoted earlier.

= LF.

ol

Since L is geometric over K/F, the Galois group of L/K, Gal (L/K), can be
identified with G = Gal (L/K).

We now concern ourselves with certain sets of primes of the various fields which
are described below.

1. S is the set of rational primes (ie) primes of degree 1 of K.
2. T is the set of all primes of K which lie above a rational prime of K.

3. T refers to the set of all primes of L which lies above any one of the primes
inT.

Recall that the points of the smooth projective curve C' are in one to one corre-
spondence with the primes of K and every prime of K lies above a prime of K.
Also recall that the Galois orbits of C' correspond to primes of A and in particular,
rational primes of K are in one to one correspondence with the F' rational points
of C. Using all this, we conclude that || = Ny (K).
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Another way to characterise rational primes of K is by examining the action of
the Frobenius map 7 (which sends z € F to 279) on them. Any element of K
is of the form 5 where f,g € F[:pg, x1,...,2y| are homogeneous polynomials
of the same degree such that g does not vanish completely on C'. Note that the
Galois group of F' over F acts naturally on K, for instance we give below how
o € Gal (F/F) actson f = Y byz(’af" ... a3,

ap ..a1 an ag ,.a1 an
g N N Al (/) el A Al

It is easy to see that 7P, = Py,). And as F-rational points of C' are nothing but
fixed points of ¢, TP = P characterises the elements of 7.

In the following discussion, we use some very useful propositions from algebraic
number theogy. First, fix a P in 7" and denote the set of all primes in 7" which lie
above P as Tp. More specifically, let

TP = {(Ola ;’]31)}::1

be the primes of L which lie above P. It turns out that the Galois group G =
Gal (L/K) acts transitively' on T». We have already seen that 7P = P if and
only if P € T'. Hence 7'B; = ‘B, for some j < r. And due to the transitive action
of the Galois group, there exists a o € G such that 733, = o'13;.

Now look at the ideal generated by P in ;. Since the latter is a discrete valuation
ring with maximal ideal ®J3;, we have

POZ - ;}B?

e; is said to be the ramification index of J3;. Due to the transitive action of the
Galois group on Tp, o’ € G such that o’ (F;) = P, for any 4, j < r and hence
the integers e; = ¢; for all 4, j. Let us denote the common value by e.

We can assign another integer f; to each prime ‘B; as follows:

O; Op
o= 7]

!Given any two elements x, i of the set on which the group is acting, there exists a o € G such
that oz = y.
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However &: is an algebraic extension of F, an already algebraically closed field

and hence fZ =1forany: <.

By using the well known fact from number theory that ) 37, e; f; = n where n is
the degree of the extension L/K and the cardinality of the Galois group, since it
is a Galois extension, we get

re=n=|G|.

If ¢ = 1, the primes ‘3, are called unramified® and we find that |T| = |G|. Hence
given any unramified 3;, there exists a unique o € G such that 75, = ¢*13;.

The map 7

Let 7* denote the set of unramified primes in 7. We are now in a position to
define a map 7 as follows:

n:T* — G such that n (;) = o,

where o*13; = ;.

And now we introduce the notation V; (0, L/ F) forany o € GG as

Ny (0. T/R) i= I~ (o).
It is clear that 7* = | J, ., 7" (¢) and hence

7| =Y Ni(0,L/K).

oeG

However, we have also proved that number of primes which lie above an unrami-
fied prime in 7' is n = |G| and thus |T*| = |G| (N1 (K) + O(1)) where the O(1)
term is for the ramified® primes of K. Equating the two expressions for |T* , We
get the following very useful equality which we mark for later use.

2We sometimes also call P to be unramified
3primes which are not unramified
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Y N (0, L/K) = |G| (N1(K) + O(1)). (3.4)

ceG

The proof of the upper-bound for N;(K) with very little modification yields us
the following upper-bound for N; (o, L/K).

Proposition 3.8. Suppose that ¢ = |F| is an even power of the characteristic p
and that (G+1)* < q where § is the genus of L, then for any o € G = Gal (L/K),

N (0, L/K) <q+1+(25+1) /4.

The above proposition subjected to very simple manipulations gives us a lower
bound for NV, (U, L/K ) as we see below.

Proposition 3.9. Forall o € G = Gal (L/K),

g+ 14 (N (K)—q—1)|G|+0(/7) < N (0, T/K).

Proof. By proposition 3.8,

X(o)=q+1+(25+1)yq— M (o, L/K) > 0.

Summing over all elements of GG and using equation 3.4, we have

0< X(0) < 3 X(0) =[Gl (g +1+ (25 +1) V7 — Ni(K) + O(1).

oceG
Expanding this inequality out by substituting for X (o), we get
4+1+(25 + 1) - N, (0,T/K) < [G] (g + 1+ (2 + 1) g — Ny(K) - O(1)),

which on rearranging gives us the required equation.
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And finally we are ready to give a lower bound for N, (K).

Theorem 3.10. Let K/ F be a function field of genus g over a finite field F with q
elements with characteristic p. Suppose q is an even power of p. Suppose further
that 3z € K such that K/F(x) is separable and that the Galois closure , L, of
K/F(x) is a geometric extension of F(x). Finally assume that (g + 1)* < q.
Then,

Ni(K) > q+O(/q).

Proof. Let G = Gal (L/F(z)) and H = Gal (L/K). Thus H C G.

Applying our previous proposition 3.9 to the extension L/F(x), we get

g+ 14 |G (N(F(z)) —q— 1)+ O(/g) < Ny (0, T/F(x)) Vo € G.

However we have already proved in proposition 2.1 that all primes of degree 1
of F'(x) except one are in one to one correspondence with the monic irreducible
polynomials of degree 1 in F'(x), which are ¢ in number. (The remaining prime is
the prime at infinity). Thus N;(F(z)) = ¢ + 1 and hence,

g+ O(\/q) < N1 (0,L/F(x)).

Summing the above equation over all 7 € H, we get

H|(q+O0(v/7) <Y _ N (r,L/F(x)) .

TeH

Claim: Ny (1,L/F(z)) = N, (1,L/K) forany T € H.

Assuming this claim, we are but a step away from concluding as follows:

H| (¢ +O(/0) < Y Ni (r,L/F(x))

TeH

= Z N, (7’, Z/F)

TeH

= |H| (Ni(K)+ O(1)) (Using 3.4)
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Cancelling | H| from both sides, we get our lower bound.

The proof of the claim follows easily from the definition of N; (7, L/ 7) Let P
be a prime of L which lies above a rational prime P of F(z) such that 7 = 73
for some 7 € H. Let (Q be the prime of K lying under . Then 7Q = 7Q.
However as 7 € H, it fixes elements of K and thus 7Q) = (), which implies that
Q) = @ which shows that () is a rational prime of K. The other direction is clear.

0
We remark that if X/ F' satisfies the conditions explained previously so that NV, (K) =

q+0(,/q), then the constant field extensions K, / F;,, for any m satisfies the same
conditions thus bounding N;(K,,) as,

Nl(Km) =q" + O(q%).

3.2.4 The right constant field extension

We need to find an n € N such that the function field K,/ F,, (where F,, is the nth
degree extension of /' and K,, = K F})) satisfies the following properties:

1. |F,| = ¢" is an even power of p, so we will look for an even n.
2. (g+ 1)* < g™ where g is the genus of K,,/F},.
3. There exists an € K, such that K,/ F,,(x) is a separable extension and if

L is the Galois closure of K,/ F,,(z), then L is geometric over F),(z).

Note that the genus of K/ F is the same as genus of K,/ F,, for any n. (In terms of
curves, the genus of curve C' remains the same even if we enlarge the base field.)
Thus choose an r such that ¢>" > (g + 1)* where ¢ is the genus of K/F.

Consider the function field K5,./F5,.. As shown in section 1, we can find an = €
Ky, such that K5,/ Fy,.(z) is a finite separable field extension. Let L be the Galois
closure of Ky, /F5,.(x) with E denoting the algebraic closure of F5, in L.

E——1L

FQT — F2r($>
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[E: By <[E(z): For(z)] < [L: Fy(z)] < 0.

Hence F is a finite extension of F5, and is therefore equal to F;, for some n where
2r|n. Note that n is forced to be even and (g + 1)* < ¢*" < ¢". Thus K,,/F,
satisfies the first two conditions. Since K5, /F5,.(z) is a separable extension, so is
K, /F,(z). Also as L is the Galois closure of Ky,./F.(z)and E = F,, C L, itis
also the Galois closure of K,,/F,,(x) and by construction F,, = E is algebraically
closed in L.

And we have proved the Riemann Hypothesis for K,,/F, ! Use lemma 3.2 to
conclude the proof for K/ F.
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Chapter 4

Serre bound

Recall the Weil bound (Theorem 3.5)

2g
INU(K) =g =11 <) |ail = 29v/4.
=1

A slight improvement can be obtained by noticing that N (K ) —¢— 1 is an integer
and therefore

N1 (K) — ¢ — 1] < [29//4]

where [z] refers to the greatest integer less than or equal to x. The following
theorem due to Serre gives an improvement of the Weil bound.

Theorem 4.1 (Serre bound).
[N1(K) — ¢ — 1] < g[2/q]
Proof. Recall that

Li(u) = H(l — a;u)

i=1

Hence
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However Ly (u) € Zu] with Lk (0) = 1, so letit be 1 + rqu + ... + rou,
Therefore

1
uszK<—) :u29<1+r—1+...+r—§g>
u u u<9

=u¥ + P 4y, € Zu).

Hence «;s are all algebraic integers.

The Riemann Hypothesis tells us that |a;| = /g for all i. Hence o;a; = q. We
have already shown that the function equation for Ly gives us a permutation of
a1,09,. .. ,Oégg by

q

oy~ —.
Q;

Therefore @; = L is actually a; for some j. Thus we can pair up the ;s and
relabel them as follows :

{(alﬂal)v (052762)7 SR <a97ag)}

Now for all 7 < 2g, set

Vi =i +a; + [2¢/q] + 1
51:—az—az+[2\/§]—|—1

|oii| = \/q implies that ~;, §; are all strictly positive real numbers. Note that they
being combinations of algebraic integers are themselves algebraic integers. Set
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v = ﬁ'yi and 0 = ﬁéi
=1 i=1

which are also algebraic integers. Now any embedding o of Q (a1, @y, az, . . ., ay, @)
in C has to send «; to some «; or @; because they are roots of the polynomial
u® L (L) which has integer coefficients. Now

Thus o permutes {; }i<, and also {d; };<,. And therefore for any embedding o,

o(y) =~ and o(0) = 0.

This shows that v, 6 € Q. However they are also algebraic integers and therefore
they must actually lie in Z as Z is integrally closed in Q. Note that they are also
strictly positive and hence > 1.

Let us now apply the arithmetic-geometric mean to ;s.

9 )
Mzﬁzl
9

g
= Z&i+@i+g[2\@]+gzg
=1

— —_Nl(K)+q+1+g[2\/§] >0

Applying it to d;s gives us N1 (K) —q— 14 g[2,/q] > 0 and combining both these
gives us the improved Serre bound.

]
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Appendix A

Discrete valuation rings

Discrete valuation rings keep popping up innumerably often during the study of
curves and for the convenience of the amateur algebraist (like the author), we
devote this appendix for defining a DVR (as it shall be called henceforth) and
proving its basic properties.

Theorem A.1. Let R be a domain but not a field. The following are equivalent:

1. R is noetherian, local with principal maximal ideal M.

2. 3t € R, an irreducible element of R, such that any r # 0 € R can be
uniquely expressed as u,t"" where u, is a unit of R and n,, € NU {0}.

And any ring R which satisfies the above properties is called a DVR.

Proof. To show that the first condition implies the second, pick ¢ to be a principal
generator of the maximal ideal M. If pg = t, then as M is maximal and hence
prime, either p € M or ¢ € M, say p. Thus p = rt as M = (t). Therefore
t = pq = rtq which gives us that ¢(1 — rq) = 0 and because R is a domain and
M = (t) # 0, ¢ is a unit and hence ¢ is irreducible.

If r = ut" = vt™ for u, v units of R with n > m say, then & = "™ and as the
expression on the left hand side of the equation is a unit, it means that n = m and
hence expression in such a form is unique.

To show the existence of such an expression in this form, pick 0 # r € R. If r is
a unit, 7 = 7t°. If not, then r € M = (t), therefore = 71t. If r; is a unit, then
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done, else r; = rot and r = ryt? and so on with r,,, = r,,.1t and r = r,,t"™ if rp,
is not a unit and r,,, # 0. If none of the r;s are units, we get an ascending chain

(1) € (r2)...C(rpy) € ...

which should terminate because of noetherianess of the ring R. If (r,,) = (r,11),
then r,, .1 = r,& = r,11tx, which implies that ¢ is a unit, a contradiction.

For showing the other direction of equivalence, given any nonzero ideal I, pick N
to be the minimum of the set S = {n,|u,t"™ € I for any unit u, € R}.Then t"
generates the ideal I and thus I = (¢)V. Thus R is a principal ideal domain and
clearly the unique maximal ideal is (¢).

0
Quite often, we will denote a DVR by a pair (R, M), in which case R should be

taken to be the ring and M, its unique maximal ideal. Any principal generator of
M is referred to as a uniformizer.

Note that any nonzero element x of the fraction field K of R can be expressed
uniquely as ut” (If x = = where r, s € R such that r = ut" and s = vi"™, then
xr = 2¢"~™. That this expression is well defined is easily checked), with u an unit
of R and n € Z. This defines a valuation on the elements of K as follows :

v: K — 7ZU{oo} where v(0) = co and v(ut") = n with u a unit in R

v satisfies the following properties

o v(zy) =v(z) +v(y)Ve,y € K

e v(x +y) > min(v(x),v(y))Ve,y € K
Sometimes v(k) is also denoted by ord,, (k) if the maximal ideal in the DVR is to
be emphasised.

Corollary A.2. Thus a DVR is a local principal ideal domain which is not a field
and any non trivial ideal is a power of the maximal ideal. Therefore the only
nonzero prime ideal of the DVR is the maximal ideal.

Proposition A.3. If R is a DVR and K, its fraction field, then for any v € K,
either x € Ror% € R.
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Proof. If v ¢ R, then z = ut™" where n € N and v a unit of R. Thus 1 = 1¢" €
R. [

Proposition A.4. (R, M), a DVR, is integrally closed in its field of fractions K,
(ie) any element of K satisfying a monic polynomial equation with coefficients in
R belongs to R.

Proof. Letz"+a,_ 12" '+...+ay = Oforsomex € K and ag, ay,...,a,_1 € R.
If x € R, then % € R by the above proposition. Dividing the equation by 2"},
we get r = — (an_l +.o 2 1) The expression on the righthand side is in R

and hence = € R.

]

A ring R is said to be a Dedekind domain if it is a noetherian domain, integrally
closed in its field of fractions with every nonzero prime ideal being maximal. An
interesting property (which can even be used as an alternative definition) that it
enjoys is that every nonzero ideal of 12 can be uniquely factorised into prime ideals
(See Serre, Local fields for a reference). Not surprisingly, discrete valuation rings
and dedekind domains are interrelated as the next proposition shows.

Proposition A.5. If R is a dedekind domain and M, a nonzero maximal ideal,
then Ry, (which is the localization of R with respect to the multiplicatively closed
set R\ M) is a DVR.

Proof. Since R is a noetherian domain, so is ;. The latter is also clearly local.
By unique factorisation of ideals into prime ideals, M # M?. Hence choose a
y € M\ M?* As M?> C Ry+ M? C M, we find that M = Ry + M?>.

The maximal ideal m of R, is generated by M. Thus m = m? + R,y and so

m _RMy+mm_m< m )
Ry Ry Rmy)

Applying the nakayamma lemma, we get 2= y = 0 which implies that the maximal
ideal m = R,y is principal and hence Rj; is a DVR.

]
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Appendix B

Adele rings and Weil differentials

To define the notion of an adele ring, we need the concepts of completion of fields
and DVRs.

Completion of local rings

A purely algebraic way of completing local rings involves the construction of what
is known as an inverse limit which we describe below.

The inverse limit

A collection of rings { A; };c; where I is a poset along with ring homomorphisms
{fij - A; — A;]i < j} is said to be an inverse system of rings if the following
properties are satisfied:

e f;; is the identity map on A;.

o fijofix= fiforanyi < j <k.

The inverse limit of an inverse system of rings A; is then defined as follows:

A = hIIlAz = {(ai>iel S HAZ|fU<aJ> = CLl\V/j Z Z}

%
el
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Note that A acquires a ring structure (operations carry over component wise) and
comes with natural projection maps 7; : A — A; which satisfy 7; = f;; o 7;.

For the categorically minded, inverse limits satisfy the following universal prop-
erty:

If X is any ring with ring homomorphisms ;. X — A; for all i € I such that
m; = fijom; foralli < j, then there exists a unique ring homorphism 0 : X — A
such that 7w, = m; o 0 for every i.

In other words, the following diagram commutes:

To verify that our definition of inverse limit does indeed satisfy the above property,
let us construct the ring homomorphism 6. Note that if 0(x) = (a;);cs, then we
want 7;(0(x)) = 7i(x). So we are forced to define §(z) = (7}(z));es ( and hence
the uniqueness of # follows ). Now it is easy to check that (x) € A because

fij(w(x)) = mj(x) which is the i*" co-ordinate of 6(x). And clearly m; 0 6 = ;.

The property is universal because if there exists any other ring B with ring homo-
morphisms y; : B — A;Vi € I such that x; = x; o f;;Vi < j which satisfies the
property, then B is isomorphic as a ring to A, our inverse limit. This follows from
the commutative diagram below :
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(Since A, B both satisfy the property, we find ring homomorphisms ¢ : B — A
and ©» : A — B which makes the above diagram commute. Now 7; 0 § = y;
and x; oY = m; Vi € I. This implies that 7; o (f o)) = m; foralli € I. So
o1 : A — Ais the unique homomorphism that satisfies m; o (f 0 ¢)) = m;
for all ¢ € I. However the identity map /4 of A also does the job. Thus by the
uniqueness of the homormorphism, we get 6 o) = I,4. Arguing similarly, we find
1 o6 = Ig and thus A = B as rings and the ring isomorphism is compatible with
the homomorphisms ;s and 7;s.)

And finally, the completion of a local ring (R M) is defined to be the inverse
limit of the system (57), _ Where the fi; : 5 — §f; for j > 4 sends r + M7 ~

Mm MJ

r+4 M.
N . R
f=lmgn

Our original ring R (if it is noetherian) sits inside its completion Rasr — ¢ =
(r + M");en. Note that R so defined is a local ring itself. One can show this by
checking that the set of nonunits of R = {(@;)ien|a; € M} (where a; = a; + M?)
which is an ideal'. In fact, completion of a DVR turns out to be a DVR and we
record it as a proposition below:

Proposition B.1. If (R, M) is a DVR, then so is R.

Proof. If z = (a; + M");cy is a nonzero nonunit, then find the least integer N
such that ay 1 + MV £ 0. Let a; = u;t® where u;s are units of R. So clearly
forall: < N,z; > 1,and zxy.1 < N + 1. Note that

(@;)ien is a unit iff a; & M because if a; € M, then a4 is a unit of R and so is every a; and
hence (a;) ( ) =1eR. If (@;) is a unit, clearly a1 # 0 as 17 R 5 a field and so a; & M
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ut™ + MV = up tV0 4 MV > N 41

Hence z; < N forall ¢ > N. Also x; > x; if ¢ > j. This forces x,, = NVn > N.

Also because uy itV — uny it € MMV, we have uyy; — uny; € M7, Thus
u = (uny; + Mi)iel}] € Rand uth = z where t = (t + M%), anppn (for
z=(a;+ M")ien € R = a = (aj.; + M");ey for any J € N).

Observe that  is a unit of R as u N41 € M and £ is a uniformizer of R. The fact
that 1 is a domain should be clear from the above discussion.

We would also like to observe that ord (1) = ordy, (7) for 7 € R where M is the
maximal ideal of R.

]

Completion of fields

An absolute value on a field K is a function | | : K — R, U {0} such that it
satsifies the following properties :

o |z|=0iffz =0.
o |zy| = |x||y| forall z,y € K.

o |z +y| <|z|+|y|forall z,y € K.

The absolute value | | defines a metric on K given by

d(z,y) = |z —yl.

K is said to be complete under | | if all Cauchy sequences of K converge when K
is given the metric induced by | |.

A completion of K is defined to be a field K with an absolute value || || such that
K — K, ||||lx = ||, and K is dense is K under the metric induced by || ||.

Theorem B.2. Given any field K and an absolute value | | on it, there exists a
completion of it which is unique upto isomorphism.
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Proof. From now on, K will be given the metric induced by | |. Let S denote the
commutative ring? of all Cauchy sequences of K. Let

M = {(zp)nen| lim z, =0

Claim: M is a maximal ideal of S

It is clear that M is an ideal of S. To see that it is maximal, pick a Cauchy
sequence which doesn’t tend to 0, say © = (2, )nen. As the limit of this Cauchy
sequence is non zero, there exists an NV such that for all n > N, x,, # 0, in fact
Jr > 0 such that |z,| > r for large enough n. The sequence

1 1
y:(O,O7.-.,O,—7 gooee
TIKN TN11

is hence itself a Cauchy sequence. And the following equation shows that M is
maximal.

vy +(1,1,...,1,0,0,...,0,..) = (1,1,...,1,...)
——
N-1
. S
Define K := 3.
Note that K sits inside K as k < (k kK, ...k, ...).

The absolute value || || is given by ||(2,)nen|| = lim, . |2,|. Note that this exists
because (,)nen is a Cauchy sequence in K and hence (|z,|),en is a Cauchy
sequence in R, which is complete. That || || is well defined and indeed an absolute
value can be checked easily. And ||(k,k,k...)|| = |k| and hence is compatible
with | |.

Claim: K is complete with respect to || ||
This is proved by the usual diagonalisation trick.

Let X1 + M, Xs+ M, ... be a Cauchy sequence in K where each X is a Cauchy
sequence of A which represents the coset X; + M.

U2 Yn — TmYm| < [YnllTn — Tm| + |2m||Yn — Ym| and {2, } , {y,} being Cauchy sequences
are bounded.
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D S 2 S
Xy a2 a3 x?
.3 3 3
Xg: xy Ty ... m,
k k

Xp: xy x5 Ty

Assume that any two terms of X; lie within % distance of each other, (ie) |z% — x%| <
%. This can be done by chopping off the first few terms of each of the X;s. Note
that the chopped sequence also lies in the same coset as the previous one.

Construct a sequence & = (1, 23,...,2", ...) by the famed diagonalisation pro-
cedure.

¢ is a Cauchy sequence because given € > 0, for large enough n, m, you can
choose a large enough ¢ so that

d(zy, v) < d(zy, o)) + d(z}, z]") + d(z]", z7y)
1 € 1
<—+5+—=

n 3 m

We leave it to the reader to verify that £ + M is indeed the limit of the sequence
Xi+M, Xo+M,.... X, +M...

And finally, given any Cauchy sequence & = (&, )nen € K, given € > 0, there
exists an N such that for all n > N, v(x, — xy) < €. Hence the sequence
(xN, TNy oy TN...) € K — K lies in the € ball around z. This shows that K is
dense in K.

For the uniqueness part, if (7] |;) and (S, | |s) are two completions of (K, ||)
such that k£ € K sits as k; € S and k; € T', let us define a map ¢ : S — T which
sends k, € K ~~ k.

If x € S\ T, then as K is dense in S, there exists a Cauchy sequence (;,)nen
with x; € K — § for all ¢ such that x is the limit of the sequence. Now as
| sl = | ltlxk = | |, (¥(2n))nen is a Cauchy sequence in 7" whose limit is say y
(because 7' is complete). Define ¢ (z) = v.

This is well-defined because if (2, )nen, (Yn)nen With x;, y; € KVi tend to x, then

58



(5, — Yn)nen tends to 0 in S and hence (¢)(z, — Yn))nen tends to 0 in 7" also.

¥ is a field homomorphism by the way it has been constructed and can be shown
to be bijective by using the fact that K is dense in 7', S again.

]

Now let (R, P) be a discrete valuation ring with fraction field K. It defines an
absolute value | |p on K as given below :

|k|p =27 °4P®)yE =L 0 and |0p = 0

R, the completion of (R, P) as we have defined earlier, turns out to be the closure
of R — K , which we shall call R, under the topology induced by the abso-
lute value | | p.We will prove this by giving a bijective map ) between R and the
closure of R in K, which we shall denote by R.

Let S denote the ring of Cauchy sequences in K, M, the maximal ideal consisting
of all sequences which tend to 0. Firstly note that

R = {7 = (r;)ien + M|r is a Cauchy sequence in K, r; € RVi}?

Let & = (z; + P%);en be an element of R with xz; € R for all i. Define

V(1) = (2)ien + M

Observe that # € R implies that (z;);cy is a Cauchy sequence in K (as for large
enough m > n, x,,, — z, € P" implies d(z,,, z,,) = 27 °"P@n=n) < 97y,

To check that ¢/ is well-defined, it is enough to note that

(z; + Pi)ieN = (i + Pi)ieN €R
= T; —Y; € PZVZ

— lim |2; — y|p < lim 277 = 0.
1—00 1—00

3Given any sequence & = (7;);en + M which is the limit of the sequence f = 771,73,.. .,
where 7; denotes the coset containing the constant sequence (r;, 74, ..., 7, . . .), then afortiori f is
a Cauchy sequence and hence sois 7 = (r1,72,...,7p,...). Itis also clear that r + M is the limit
of fandhencer + M ==
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And as z; € R forall 4, (;)ien € R.
Claim: 1) is bijective

If & = (z; + P')ien and § = (y; + P');en map to the same element under ¢ in R,
this would mean that the sequence (x; — ;);en tends to 0. Thus given any integer
N, z; — y; € PY for suitably large i. However z; — zy € P’Vi > Nasz € R
and so also for y;. Thus zy — yy € PYVN, which means that z = 3 and hence 1)
is injective.

To show that it is surjective as well, take 7 = (7;);eny + M, r; € RYi, to be an
element of R. Pick a subsequence of 7, say § = (¢;);en such that d(g,, gn) < 27°
for all n, m > 4. This you can do because 7 is a Cauchy sequence. Note that g is a
Cauchy sequence itself as it is a subsequence of a Cauchy sequence and is in fact
equivalent to 7, (ie) ¥ — 5 € M.

The element § = (g; + P");en is in Rand ¥(q) = q.

As a final remark, we observe that K is indeed the fraction field of the DVR ]:2, as
one would expect.

The adele ring

Let us begin by fixing some notations :

e K is afinitely generated function field in one variable over F’ such that ' is
algebraically closed in K.

Sk denotes the set of all prime divisors of K

| |p is the absolute value on K as described in the previous section

K p refers to the completion of K with respect to the above absolute value

Op denotes the completion of the local ring Op under the same absolute
value and P - the maximal ideal of Op.

Now we are ready to define the adele ring Ak of K as:

A = {(ap)pesy € H Kplap € Op for all but finitely many Ps}

PeSgk
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Note that K sits inside Ax as k — (k,k,...,k...). Apart from a ring structure,
A also has a K vector space structure because k(zp)pes,, = (kxp)pes, . Hence
it is also an [’ vector space.

For each divisor D = 3, n(P)P of K, we associate an F' subspace® of Ag
as follows:

Ag(D) = {(wp)pesylordp(zp) > —n(P)}

The Welil differential

w : Ax — F, an F-linear map is said to be a Weil differential if the following
conditions hold

e WK)=0

e w(Ak(D)) = 0 for some divisor D of K.

The set of all Weil differentials will play an important role in the proof of the
Riemann-Roch theorem and hence we give it a name -

Qg = {w|w is a Weil differential }

It can be made into a K vector space by defining kw : Ax — F' to be a map which
sends & ~» w(k&). Note that kw is also a Weil-differential because

o kw(fé) =w(fké) = fw(ké) = f(kw)(§) and hence it is an F-linear map.
o kw(k') =w(kk') =0askk' € K and w € Q.

e We prove a little lemma first

Lemma B.3. ¢ € Ax((k) + D) iff k¢ € Ag(D)

4To see that this is indeed an F' vector space, it is enough to observe that if (zp)pes, €
Ak (D), then ordp(frp) = ordp(f) + ordp(xp) > —n(P) because ords(f) > 0 since F' C
Op C Op.

61



Proof. Let D =} p g n(P)P. Then

§ = (vp)pesy € Ax((k) + D)
<= ordp(xp)+ n(P)+ ordp(k) > OVP
<= ordp(kzp) +n(P) > OVP(ordp(k) = ordp(k))
< (kxp)pes, € Ax(D)

]

Since w is a Weil-differential, w(Ax (D)) = 0 for some divisor D, and
therefore kw(Ak ((k) + D)) = 0 (kw(&) = w(k€) = 0if £ € A ((k) + D)
because then k€ € A (D)).

Another object which will be of use to us is

Qx(D) = {wlw € O, w(Ag (D)) = 0}.
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Appendix C

Riemann-Roch

Let us define a quantity r(D) for each divisor D as follows:

r(D) := deg(D) — (D)
Note that if D ~ C, then (D) = r(C).

Lemma C.1. If D, C are two divisors of K such that D < C, then r(D) < r(C).

Proof.

Clearly dimp % =1(C)=1UD).

Claim: dimpg iiég)) = deg(C) — deg(D)

To see this first note that C' > D implies A (C) D Ag(D). As C is the sum of
D and finitely many primes, it is enough to show that for any prime P,

One way to show this is the following. Let D = 3 n(Q)Q. Choose t to be

a uniformizer of Op and define a map
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N

T: AK(D + P) — OISID by (aQ>Q€SK ~ aptn(P)Jrl + p

Note that

(aQ)qesk € Ax(D +P)
= ordp(ap) > —n(P) -1
— ordp(apt" ) >0

=4 CLPtn(P)+1 € OP

and hence 7" is well-defined. Any element a = (ag)ges, Which belongs to the
kernel of 7" must have ords ap > —n(P) which implies that a € Ax (D). The
other inclusion , namely A (D) C kernel(T') is clear.

Now let us do some algebraic manipulation of vector spaces to get a vector space
of dimension 7(C') — r(D). It should be clear that L(C) = Ax(C) N K and
similarly for D. However L(D) C L(C) C K and hence L(D) = Ax(D)NL(C).
Thus we have

Therefore we have,

Ak (O)

o Ax(0)
Ax(D)+L(C) —
DO~ Ae(D) + L(C)

with the dimension of this vector space being r(C') — (D) which hence has to be
non-negative.

]

Theorem C.2 (Riemann inequality). Let K be an algebraic function field over
F with the latter as its constant field (ie) I' is algebraically closed in K. Then
Alg € Z, U {0} such that deg(D) — g + 1 < I(D)VD, divisors of K.

This integer g is called the genus of K.
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Also there exists a constant ¢ such that for any divisor D with deg(D) > ¢, then
[(D) = deg(D) — g+ 1.

Idea of the proof : We construct an increasing sequence of divisors D),,, and show
that {r(D,,)} is uniformly bounded above. Thus r(D,,) will become a constant
for large enough m and the constant we call ¢ — 1. Then we show that for any
divisor D, there exists an equivalent divisor C' such that r(C') < r(D,,) for some
m.

Proof. Choose an x € K \ F. Thus K/F(x) is a finite extension of say, degree

n. Let B = (2). As proved in Proposition 1.2 in the first section deg(B) = [K :
F(z)]. Thus

r(mB) = deg(mB) — l(mB) = mn — [(mB)VYm € N.

We want to give an uniform upper bound for r(mB) and thus need a lower bound
for [(mB). We can do so by finding some F' linearly independent elements y; €
L(mB) which we recall is {0} U {k € K*, (k) + mB > 0}. If y € L(mB), then
(y) + mB > 0 which means that y should have all its poles (if at all) only at the
primes that are in the prime support of B.

A good place to look for such elements is in the integral closure of F'[z] (denoted
by R) in K because ordp(z) > 0 implies that x € Op which in turn implies
F[z] € Op. Hence R C Op as Op is integrally closed in K, which means that
ordp(y) > 0ify € R.

Let p1, p2, ..., pn be an F'(x) basis of K with p; € RVi (as the fraction field of R
is K). Choose mg big enough so that (p;) + moB > 0Vi < n. Thus

pi € L(mB)¥Ym > my.

In fact, we can find many more [’ linearly independent elements in L(mB),
namely

{27p;|0 < j <m—mg,1 < i <m}.

This is so because

65



j(x) 4+ (m —mo) B +moB + (pi)
j(x) + (m —mo)B(as p; € L(mgB))
O(as0<j<m-—mpand (z) = (x)y— B)

These are clearly F-linearly independent because {p;} forms an F'(x) basis of K.

Thus we have found (m —mg+1)(n) F linearly independent elements in L(mB)
which gives us that [(mB) > mn — mgn + n which implies that r(mB) <
mon — nvVm.

Thus we have an increasing sequence of divisors

and using lemma C.1 and the fact that r(mB) is uniformly upper bounded, choose
g — 1 to be the supremum of the set {r(mB)},>m,- As 0 < mB for any non
negative integer m, r(0) = —1 < r(mB) < g — 1 and hence g > 0.

Now given any divisor D, we would like to find an equivalent divisor C' such that
C' < mB for some m. This would imply that (D) = r(C) < r(mB) < g — 1.
Thus we want an element f € Flz| such that D < mB + (f) for some non-
negative integer m. This translates to finding an f such that 0 < mB + (f) — D.

Let —D = D; 4+ D, where x has no pole at any prime in the prime support of
D1, whereas z has a pole at every prime in the prime support of Dy. Now if P is
a prime in the prime support of Dy, then as ordp(z) > 0, x € Op and therefore
Flz] C Op. Let Flz] N P = F|x]gp where gp € F[z]. Thus ordp(gp) > 1 and
thus 3 some positive integer, say bp such that the coefficient of P in ( g?f )+ Dy is
non-negative. Also ordg(gp) > 0 for any prime ) which lies in the prime support
of Dy as again, F|x] € Og. Let

f= 11 o

Pe support of D1

Then if the coefficient of P, a prime, in (f) + D; is negative, then it has to lie in
the prime support of B. Since Dy’s prime support has only primes at which x has
a pole, we have that any prime for which (f) + D; 4+ Dy = (f) — D has a negative
coefficient lies in the prime support of B. And thus 3m € N such that
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(f)=D+mB >0

To find the constant ¢, find an m; large enough so that r(m;B) = g — 1. We want
to say that deg(D) > ¢ = r(D) > r(myB). So we would like to finday € K
such that D+ (y) —my B > 0 because D+ (y) ~ D and hence r(D) = r(D+(y)).
Thus we have to pick a 0 # y from L(D — m; B) and we are done.

So, finally, we want [(D — m; B) to be greater than or equal to 1. By Riemann’s
inequality, (D — m1B) > deg(D —m1B) —g+ 1> ¢—myn — g+ 1. Thus
choosing ¢ > m n + g does the job.

The uniqueness of g can be easily shown by taking a divisor D of degree greater
than ¢ (for example, one can take D = (¢ + 1) P for some prime P) and using the
fact that [(D) = deg(D) — g + 1.

]

The next step in proving the Riemann-Roch theorem is to convert the Riemann
inequality into an equation as seen in the proposition below :

Proposition C.3. Given any divisor D of K, Qi (D) is a finite dimension F vector

space and
[(D) = deg(D) — g+ 1+ dimp Qg (D).

Proof. For any divisor C' > D, we have

Ak (C)
Ak(D) + L(C)
Ak (C)
Ag(D) + (KN Ag(C))
Ak (C)

Ag(C) N (Ax(D) + K)
Ag(C)+ Ax(D)+ K
Ag(D)+ K
Ag(C)+ K
Ax(D)+ K

r(C) —r(D) = dimp

(Refer to proof of lemma C.1)

(As L(C) = Ax(C) N K)

= dlmF

AsP+(QNR)=QN(P+R)if PCQ)

= dlmF
= dlmF

Find a divisor Cy such that deg(Cy) > cand Cy > D. Let Cy = ZPGSK np(Cy)P.
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Therefore r(Cy) = g — 1 by Riemann’s inequality. This implies that

r(Co) —r(D) =9 —1+1(D) — deg(D) = dimp

This is because for any & = (2p)pes, € Ak, xp € Op for all but finitely many
Ps. Let mp = |ordp(xp)|.

Choose np(C') = max(mp,np(Cy)) and construct a divisor C' = > np(c)P.

Clearly C' > Cp and £ € Ag(C). Therefore r(C) = g — 1 and hence r(C) —
r(Co) = dimp 75EL = 0. This implies Ax (C) + K = Ak(Co) + K. Thus

Ak

D) = D) — 1 i R
[(D) =deg(D) — g+ +d1mFAK(D)+K

The dual of AK(A;W is nothing but the vector space Qx (D).

Ak

. /. | S
For any F'- linear map w' : A (DT

— F' defines an F'-linear map

w: Ax — F which sends £ ~ W'(§ + Ax (D) + K).

And given any w € Qg (D), w(K) = w(Ag(D)) = 0 and hence defines a well-
defined map

Ak
"t ————— suchth Ag(D) + K ~ :
w AK(D)+KsuC that § + Ag (D) + w(§)

Our task now is to associate a divisor to each non-zero Weil differential.

Lemma C.4. Given any w # 0 € Qg, there exists a ungiue divisor D such that
w(Ag (D)) = 0 and if for any other divisor D' w(Ax(D")) =0, then D" < D.

Such a D is denoted by (w).
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Proof. Consider the set S = {D'|w(Ak(D’)) = 0}.

It is non-empty because w is a Weil differential. Also if deg(D’) > ¢, then Ax =
Ak (D) + K and hence D' € S would mean w(Ag(D’)) = 0. w(K) is anyway
zero as it is a Weil differential and hence w(Ax) = 0 which means w = 0.

Picka D = ) g np(D)P € S with maximum degree. This we claim is the
required divisor.

For any other D' = .o np(D')P € S, construct the divisor

X = Z np([D, D']) P where np([D, D']) = max(np(D),np(D")).

PeSk

Ag(X) = Ax(C) + Ak(D).

(A verification : If £ = (zp)pes, € Ax(X), then define ¢’ = (yp) pes,. such that
yp = xp if ordp(xp) > —np(D) and 0 otherwise. Thus ¢’ € Ax (D). £ — ¢ is
then in Ax(C'). The other direction is clear).

Therefore X € S. However deg(X) > deg(D) and D has maximum degree in S.
Hence

deg(X) = deg(D)
— np(ID, D) = np(D) > np(D')
— D' < DVD €S.

The uniqueness of D follows immediately.

Lemma C.5. If k € K* and w € Q, then (kw) = (k) + (w).

Proof. Let (w) = D whichimplies w(Ag (D)) = 0. BylemmaB.3,¢ € Ax((k)+
D) iff k€ € A (D). Thus



Now w = k~'kw. Therefore applying the above inequality, we get

(71 + (kw) < (w)
= (W)= (k) + (k) + (w) < (k77) + (kw) < ().

Hence the inequalities in the above line are all equalities and (k) + (w) = (kw).

O

We will show the following:

Qg(D) 2 L((w) — D) forany w # 0 € Q.

And in addition we will also prove that there exists a divisor class C' which we
shall call the canonical class where C' = {(w)|w # 0 € Qk}.. These two together
with proposition C.3 will conclude the proof of the Riemann-Roch theorem.

Theorem C.6. )k is a one dimensional K vector space.
Proof. Given any non-zero w € {2 and any divisor D, L((w) — D)w C Qg (D)
forif k € L((w) — D), then (k) + (w) > D which gives us that (kw) > D and

hence kw vanishes on Ax (D) (D < (kw) = Ag(D) C Ax((kw)), and kw
vanishes on the latter).

Now if w and w’ are two non-zero Weil differentials, we will find a suitable divisor
D suchthat L((w)—D)wNL((w')—D)w" # (0) which will mean that 3k, &’ € K*
such that kw = k’w’. Hence the two Weil differentials will be K dependent.

The dimension arguement is used to say that the two vector spaces have non-zero
intersection.

dimp(Qx (D)) = 1(D) + g — 1 — deg(D) ( By proposition C.3)

Using Riemann’s inequality, we get

dimp L((w) — D)w = dimp L((w) — D) > deg((w)) — deg(D) — g+ 1
dimp L((w") — D)o’ = dimp L((w") — D) > deg((w')) — deg(D) — g+ 1
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Hence dimp L((w')—D)+dimp L((w')—D) > deg((w))+deg((w'))—2 deg(D)—2g+2.

From the theory of vector spaces, we know that if U, W are two subspaces of an
F vector space V/, then

dimp(V) > dimp(U + W) = dimp(U) + dimp(W) — dimp (U N W)
— dimp(UNW) > dimp(U) + dimp(W) — dimg(V)

Thus if we can find a divisor D such that

deg((w))+deg((w'))—2deg(D)—2g+2 > dimp Qi (D) = I(D)+g—1—deg(D),

then we are assured of a non-zero intersection. So we need a divisor D such that
—deg(D) > (D) + 3g — 3 — deg((w)) — deg((w')).

An ideal choice for D is —n P where n is a suitable large positive integer. Note
that /(D) = 0 because if y € L(—nP), then (y) — nP > 0, which means that y
has no pole and a zero at P and hence is 0.

]

The above theorem shows that if w,w’ are two nonzero Weil differentials, then
Jk € K* such that kw = w'. Hence (k) + (w) = (w’). and hence (w) ~ (/).
Also if D ~ (w), then D = (k) 4+ (w) and hence is equal to (kw) which is the
divisor of a Weil differential again.

Now in the course of the proof of the above theorem, we have shown that L((w) —
D)w C Qg(D). To show the other inclusion, pick any ' € Qg (D). Thus
D < (') = (k) + (w) for some k € K*. Therefore (k) > D — (w) and hence
k € L((w) — D). And thus we have shown that

L((w) = D) =p L((w) = D)w = Q2 (D)
And finally,
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Theorem C.7 (Riemann-Roch). Given K as above, there exists a unique integer
g > 0 and a class C of the Picard group Clk such that for any divisor A and any
X € C, we have

[(A) =1(X — A) +deg(A) — g+ 1.

g is called the genus of K and C, the canonical class of K.
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Appendix D

Language of curves

We assume that the reader has some familiarity with projective curves ((ie) knows
the definitions of a projective space and a smooth projective curve). In this ap-
pendix we give a very brief summary about the correspondence between primes
of a function field and points of a smooth projective curve.

Let F' denote the algebraic closure of finite field F'. Let C' C ]P’iv (F) be a smooth
projective curve defined' over F' with vanishing ideal I(C) C Flxg,z1, ..., zN].

I(C) is the ideal generated in F[zg, z1, . .. zx] by the homogeneous polynomials
with coefficients in F’ which vanish on C'.

K consists of all rational functions § such that

e fand g are homogeneous polynomials of the same degree in F'[z, x1, ..., Zy].

e g 1(C)

e Two functions § and g—: are identified if f¢' — f'g € 1(C).

Likewise any element of K looks like g where f, g are homogeneous polynomials

of the same degree, this time in F[zq,z1,...,2y] such that g does not vanish
entirely on C' with a similar identification process.

Given a point « of C', one can define a discrete valuation ring

I'That just means that the set of polynomials in F[zg, 1, ..., 2] which vanish on C is gener-
ated by homogeneous polynomials in F[zg, Z1,. .., ZN]
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9, = {L e igla) 0},

with maximal ideal 3, given by

Po = {g € Klgla) £ 0, f(a) = o}.

The fact that (O, B, ) is a discrete ‘valuation ring follows because C' is a smooth
curve. The fraction field of O, is K and thus we have found a prime of K for
every point « of C'! Let us give this association a name.

T : C — Primes of K which sends a ~ ,,.

It turns out that 7 is actually a bijective map and thus primes of K correspond
exactly to points of C'.

A natural step is to try to associate points of C' with primes of K by sending « to
the prime of K which lies below 7" («). Let (O,, P, ) denote the prime of K lying
under (O,, Pa). Then we have

T :C — Primes of K,

(6%} o
(6] o
[ ] [e)

Q. o

T is a surjective map but not injective. In fact, 7! (P,) is the Galois orbit of
a, where the group action is that of the Galois group Gal (F/ F ) naturally acting
on C and hence rational primes of K are in one one correspondence with Galois
orbits of C.
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It turns out that the degree of the prime P, is the cardinality of the Galois orbit
of a.. To see this , observe that (19)—2 is isomorphic to F'(1,a, s, . .., ay) wWhere
a=[1,01,q0,...,ay] say.

We reiterate,

deg(P,) = |[T~'(P,)| = | Galois orbit of a.

We will be primarily interested in rational primes of K, (ie) primes of K with
degree 1. Not surprisingly, they correspond exactly to what are called F' rational
points of C.

The set of F-rational points of the projective space PV (F) is defined as

PY(F) == {[ag, a1, ...,an] € PY(F)|a; € F¥i < N}.

It turns out that another characterisation for F'-rational points is to think of them
as the fixed points of the map ¢ : PV(F) — PY(F) which is the natural extension
of the Frobenius automorphism 7 of F'.

Recall that 7 sends © ~» z%. The fixed points of 7 form the field /' because
29 — x = 0 has exactly ¢ roots and elements of F' satisfy the afore mentioned
equation. 7 naturally defines an automorphism ¢ of the projective space PV (F)
by sending

[507617 e 76N] 2 [6376(117 v 76?\[]
Now pick a point a = [ay, . .., ax] € PN(F) which is fixed by ¢. One of the a;s

is nonzero, say ap. So a = [1, &, ..., %¥]. Since ¢(a) = a, the following tuples
are proportional

(1, <_)(_N>) and <1__N)
agp Qo ap Qg

Thatis I\ € F such that



q
Taking i = 0 gives A = 1 and thus (—) - (—) Vi which implies % € F which
gives us that a € PV (F'). That each point of PV (F) is fixed by ¢ is trivial to
check.

The set of rational points in C, denoted by C(F) is the set C' N ]P’i (F) for any
curve defined over F'. As C'is a curve defined over F', ¢ maps C'(F) to itself .
Thus the rational points of C' are nothing but the fixed points of ¢ in C'(F').

Since the Frobenius map 7 generates Gal (F'/F'), the fixed points of ¢ have Galois
orbits of size 1 and hence correspond to primes of degree 1 of K.

2C is the zero set of some homogeneous polynomials in F|zg,z1,...,7y] and
FUBe, ... 8% = (f([Bo,-..,0n]))4 if f is a homogeneous polynomial with coefficients in
F.
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