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Abstract: We consider the quantized hyperbolic automorphisms on the 2-dimensional
torus (or generalized quantum cat maps), and study the localization properties of their
eigenstates in phase space, in the semiclassical limit. We prove that if the semiclassical
measure corresponding to a sequence of normalized eigenstates has a pure point com-
ponent (phenomenon of “strong scarring”), then the weight of this component cannot
be larger than the weight of the Lebesgue component, and therefore admits the sharp
upper bound 1/2.

1. Introduction

We are interested in the semiclassical properties of quantum maps on the two-
dimensional torus T

2, that is the unitary transformations M̂h which quantize a sym-
plectic mapM on T

2 (h = 2π� is Planck’s constant). More precisely, we focus on maps
M having a chaotic dynamics (that is, at least ergodic w.r. to the Lebesgue measure),
and investigate the phase space properties of the eigenstates of M̂h in the semiclassical
limit h → 0. To any sequence of eigenstates {|ψh〉}h→0 corresponds a sequence of
probability measures on the torus {µh}h→0. In the weak-∗ topology, the set of Borel
probability measures on the torus is compact so the sequence {µh}h→0 admits at least
one accumulation pointµ; such aµ is called a “semiclassical measure” (also a “quantum
limit”) of the mapM , related with the sequence {|ψh〉}h→0. From Egorov’s theorem, the
measure µ is invariant through the classical mapM . A natural question is the following:

«For any M-invariant probability measure ν, does there exist a sequence of
eigenstates of the quantized map M̂h admitting ν as a semiclassical measure ?»

If the answer is negative, then one wants to determine the set of semiclassical measures
generated by all possible sequences of eigenstates.
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If the map M is ergodic (w.r. to the Lebesgue measure on T
2), it admits a unique

absolutely continuous invariant measure, namely the Lebesgue measure itself (which is
also the Liouville measure on the symplectic manifold T

2). On the other hand, each peri-
odic orbit of M supports an invariant Dirac (atomic, pure point) measure. As a result, if
M is an Anosov map (i.e. uniformly hyperbolic on T

2), the space of invariant pure point
measures is infinite-dimensional (its closure yields the full set of invariant probability
measures MM [19]).

We now review some results obtained so far on this issue. Schnirelman’s theorem
provides a partial answer to the above question, in the case of an ergodic map: “almost all
sequences” of eigenstates admit for semiclassical measure the Lebesgue measure [18, 5,
21, 3]. This phenomenon is called “quantum ergodicity” in the mathematics literature.
Still, this theorem does not exclude “exceptional sequences” of eigenstates converging
to a different semiclassical measure.

Extensive numerical studies have shown that many eigenstates of quantum hyper-
bolic systems show an enhanced concentration on one or several (unstable) periodic
orbits [9]. Still, it is commonly believed that this enhancement (called “scarring”) is
weak enough to allow the concerned eigenstates to converge (in the weak-∗ sense) to
the Liouville measure. Thus, “scarring” must not be mistaken with “strong scarring”,
that is the existence of a sequence of eigenstates, the semiclassical measure of which
contains a pure point component on some periodic orbit.

“Quantum unique ergodicity”, that is, the absence of any exceptional sequence of
eigenstates, was proven for some families of ergodic linear parabolic maps on T

2

[3, 15], using the fact that for these maps the Lebesgue measure is the unique invariant
measure. On the other hand, a special class of ergodic piecewise affine transformations
on T

2 have been studied and quantized in [4], for which every classical invariant measure
is a semiclassical measure. In both these cases, the maps are only “weakly chaotic”, in
particular they are not mixing and have no periodic point.

In the continuous-time framework, precise results have been obtained for the eigen-
states of the Laplace-Beltrami operator on arithmetic manifolds of constant negative
curvature in dimension 2 or 3 [17, 13, 16, 10]; the corresponding classical dynam-
ics, namely the geodesic flows on the manifolds, are known to be of Anosov type.
E. Lindenstrauss [12] recently proved quantum unique ergodicity for sequences of joint
eigenstates of the Laplacian and the Hecke operators on arithmetic surfaces (all eigen-
states of the Laplacian are conjectured to be of this type).

In this paper, we restrict ourselves to a very special family of Anosov maps on the
torus, namely the linear hyperbolic automorphisms of the 2-torus, also called generalized
Arnold’s cat maps. For any automorphism A of the form A ≡ Id mod 4 and any value
of h, Rudnick and Kurlberg have defined a family of “Hecke operators” commuting
with the quantum map Âh, and proven unique quantum ergodicity for the sequences
of joint eigenstates [11]. However, as opposed to the case of arithmetic surfaces, many
eigenstates of Âh are not Hecke eigenstates, leaving open the possibility of exceptional
sequences. In [2], Bonechi and De Bièvre have shown that for any automorphism A, a
semiclassical measure of A cannot be completely localized (or completely “scarred”),

in that the weight of its pure point component is bounded above by
(√

5 − 1
)
/2 � 0.62

(their proof also applies to ergodic automorphisms on higher-dimensional symplectic
tori). In [7], sequences of eigenstates of Âh were explicitly constructed, for which the
semiclassical measure has a pure point component of weight 1/2 localized on a finite
set of periodic orbits, the remaining part of the measure being Lebesgue. In this paper
we improve the results of [2] as follows:
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Theorem 1.1. LetA be a hyperbolic automorphism of T
2, and µ be a normalized semi-

classical measure ofA. Splittingµ into its pure point, Lebesgue and singular continuous
components,µ = µpp+µLeb+µsc, the following inequalities hold between the weights
of these components: µLeb(T2) ≥ µpp(T

2), which implies µpp(T2) ≤ 1/2.

The states constructed in [7] saturate this upper bound: they are “maximally scarred”.
After recalling the definition of the quantized automorphisms (Sect. 2), we prove in

Sect. 3 two “dynamical” propositions (the first one was proven in [2, Sect. 5] in a more
general context). They both deal with the evolution through Âh up to the “Ehrenfest
time” T ∼ | logh|/λ, of quantum states with prescribed initial localization properties.
Using these propositions, we then show in Sect. 4 that for any finite union S of periodic
orbits, any semiclassical measure µ of A satisfies µ(S) ≤ µLeb(T

2) (Theorem 4.1),
from where the above theorem is a straightforward corollary. In final remarks, we draw
consequences of the above theorem, concerning the determination of the set MA,SC of
semiclassical measures for the automorphism A. We also discuss possible extensions of
these results to a broader class of Anosov systems.

Let us mention that our methods are quite similar to the one used in [2]. The reason
why we obtain a sharper bound lies in a cautious use of the Cauchy-Schwarz inequality.
In the proof of [2, Thm. 1.2], this inequality is directly used to estimate the localization
properties of the eigenstate, thereby introducing a loss of information. On the other hand,
we apply this inequality in Sect. 3 to obtain sharp estimates on the localization of “partial
eigenstates”, while Eqs. 4.5–4.7 dealing with the full eigenstate remain equalities.

2. Quantum Hyperbolic Automorphisms on T
2

2.1. Quantum mechanics on T
2. We briefly describe the quantum mechanics on the

2-torus phase space as defined in [8, 6]. The Hilbert space of quantum states corre-
sponding to Planck’s constant hwill be called Hh: quantum states can be identified with
distributionsψ(q) ∈ S ′(R) such thatψ(q+1) = ψ(q) and (Fψ)(k+h−1) = (Fψ)(k),
where F is the Fourier transform. Hh is a nontrivial vector space iff h−1 ∈ N

∗, and then
Hh � C

(h−1). In what follows, h will always be taken of that form; the semiclassical
limit is therefore defined as the limit h → 0, h−1 ∈ N.

For any classical observable f ∈ C∞(T2), we note respectively f̂ = Oph(f ) its
Weyl quantization and f̂ AW = OpAWh (f ) its anti-Wick quantization on Hh [3]. The

anti-Wick quantized operator satisfies the property ‖f̂ AW‖ ≤ ‖f ‖∞ = supT2(|f |). To
any state |ψh〉 ∈ Hh correspond the Wigner and Husimi measures µ̃h, µh defined as [3]

µ̃h(f ) =
∫

T2
dx Wψh(x) f (x) = 〈ψh|f̂ |ψh〉, (2.1)

µh(f ) =
∫

T2
dx Hψh(x) f (x) =

∫

T2

dx

h
|〈ψh|x〉|2 f (x) = 〈ψh|f̂ AW |ψh〉. (2.2)

The ket |x〉 denotes the (asymptotically normalized) coherent state in Hh localized
at the point x = (q, p), with widths �q ∼ �p ∼ √

�/2. While the Husimi density
Hψh(x) is a non-negative smooth function on T

2, the “Wigner function” Wψh(x) is a
finite combination of delta peaks with real (possibly negative) coefficients.

We now consider an infinite sequence of states {|ψh〉 ∈ Hh}h→0. By definition, the
corresponding sequence of Husimi measures {µh} weak-∗ converges to µ iff for any
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smooth observable f , one has µh(f )
h→0−−→ µ(f ). The sequence of signed measures

{µ̃h} then admits the same weak-∗ limit (µh is the convolution of µ̃h by a Gaussian
kernel of width ∼ √

�). The limit (Borel) measure µ is then called the semiclassical
measure of the sequence {|ψh〉}h→0 (by a slight abuse of language, we also say that the
sequence of states {|ψh〉}h→0 converges to µ).

If the states |ψh〉 are (normalized) eigenstates of a quantized map M̂h, thenµ is called
a semiclassical measure forM . In that case, Egorov’s property, that is the semiclassical
commutation of time evolution and quantization:

∀t ∈ Z, ‖M̂−t
h Oph(f )M̂

t
h −Oph(f ◦Mt)‖ h→0−−→ 0, (2.3)

implies that µ is an invariant measure for the classical map M .
A sequence of states {|ψh〉}h→0 is said to be equidistributed if it converges semi-

classically to (a multiple of) the Lebesgue measure on T
2 (noted dx), i.e. iff for a certain

C>0 and for any observablef ,µh(f ) (equivalently µ̃h(f )) converges toC
∫
T2 dx f (x).

On the other hand, a sequence {|ψh〉}h→0 is called localized iff it converges to a pure
point measure on T

2, that is if there exists a countable set of points {xi} and weights

αi > 0,
∑
i αi < ∞ such that for any observable f , µh(f )

h→0−−→ ∑
i αif (xi).

2.2. Quantum yperbolic automorphisms. An automorphism of T
2, or generalized cat

map, is the diffeomorphism on T
2 defined by the action of a matrixA ∈ SL(2,Z) on the

point x = (
q
p

) ∈ T
2. The map itself will also be denoted byA. It is uniformly hyperbolic

on T
2 (therefore of Anosov type) iff |tr(A)| > 2. Depending on the sign of the trace, the

eigenvalues ofA are of the form {±eλ, ±e−λ}, where λ > 0 is the Lyapounov exponent.
The corresponding eigenaxes define the unstable/stable directions at any point x ∈ T

2,
and their projections on the torus make up the unstable and stable manifolds of the origin
(which is an obvious fixed point). We will use the property that the slopes of these axes
are irrational, so that both manifolds are dense on T

2.

Under the conditionA ≡
(

1 0
0 1

)
or

(
0 1
1 0

)
mod 2, the linear automorphismA can be

quantized on any Hh, yielding a unitary matrix Âh of dimension h−1 [8, 6]. For simplic-
ity, we will assume in the following sections that A is of that form. Yet, this restriction
can easily be lifted: any matrix A ∈ SL(2,Z) can be quantized on Hh if we restrict h−1

to take even values, or extend the definition of Hh to allow nontrivial “Bloch angles”
[6, 3]. All our results can be straightforwardly generalized to those cases.

Let us call Tv the classical translation by the vector v ∈ R
2. It can be naturally quan-

tized as a unitary matrix T̂v on Hh iff v belongs to the square lattice (hZ)2, that is iff
v = hk for a certain k ∈ Z

2. The operator T̂hk can also be interpreted as the Weyl quanti-
zationOph(Fk) of the complex-valued observable Fk(q, p) = exp

(−2π i(k1p−k2q)
)

on T
2.

For any h, the following intertwining relation holds between the quantum automor-
phism Âh and the quantized translations:

∀k ∈ Z
2, Â−1

h T̂hkÂh = T̂hA−1k ⇐⇒ Â−1
h Oph(Fk) Âh = Oph(Fk ◦ A). (2.4)

Comparing with Eq. (2.3), we see that the above identity realizes an exact Egorov
property: quantization exactly commutes with time evolution, for arbitrary times t and
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arbitrary h [8]. This exact equality is characteristic of linear maps, and will be crucial
in the next sections.

3. Localized States Evolve into Equidistributed States

We define the Ehrenfest time or log-time corresponding to the quantum map Âh by

T =
[ |logh|

λ

]
,

where [.] denotes the integer part (we will always omit indicating the h-dependence of
T ).

Consider a set of n points S = {xi}i=1→n on T
2, such that for a certain integer d > 0,

all vectors (xi − xj ) belong to the lattice 1
d
Z

2. Assign to each point xi a weight αi > 0,
with

∑
i αi = 1, and define the Dirac probability measure δS,α = ∑n

i=1 αi δxi on the
torus.

Proposition 3.1. Suppose that a sequence of states {|ϕh〉 ∈ Hh}h→0 converges to the
measure δS,α . Then the sequence of states {|ϕ′

h〉 = ÂTh |ϕh〉} is semiclassically equidis-
tributed.

This property has been proven in a more general setting (higher dimensional auto-
morphisms, time T replaced by a time interval) in [2, Theorem 5.1]. To be self-contained,
we give below a “fast” proof of this proposition for our case.

Proof. As a first step, we draw consequences from the assumption µh
h→0−→ δS,α , where

µh is the Husimi measure of |ϕh〉. Denoting by D(xi, a) the disk of radius a > 0 cen-

tered at xi , and by D(S, a) def= ∪ni=1D(xi, a) the corresponding neighbourhood of S,

the weak-∗ convergence of µh implies that µh(T2)
h→0−→ 1 and that for any a > 0,

µh
(
T

2\D(S, a)) h→0−→ 0. From a standard diagonal argument, one can then construct a

decreasing sequence ah > 0, ah
h→0−→ 0 such that

|µh
(
T

2) − 1| ≤ ah and µh
(
T

2 \D(S, ah)
) ≤ ah. (3.1)

In a second step, we remark that proving the equidistribution of the sequence
{|ϕ′

h〉
}

amounts to prove that for any fixed k ∈ Z
2,

µ̃′
h(Fk) = 〈ϕ′

h|T̂hk|ϕ′
h〉

h→0−−→
∫

T2
Fk(x) dx = δk,0. (3.2)

The case k = 0 is obvious since µ̃′
h(T

2) = µ̃h(T
2) = µh(T

2)
h→0−→ 1 by assumption. We

now select a fixed wave vector 0 �= k ∈ Z
2, and study the above LHS. The intertwining

relation (2.4) allows us to rewrite it as

〈ϕ′
h|T̂hk|ϕ′

h〉 = 〈ϕh|Â−T
h T̂hkÂ

T
h |ϕh〉 = 〈ϕh|T̂hk′

h
|ϕh〉, (3.3)
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with the vector k′
h = A−T k. From the definition of the Ehrenfest time, the “large” eigen-

value ofA−T is (±eλ)T = ±C(h) 1
h

, where the prefactor satisfies e−λ ≤ C(h) ≤ 1. The
decomposition of that vector in the eigenbasis of A then reads:

hk′
h = ±eλT hkstable ± e−λT hkunstable = ±C(h)kstable + O(h2). (3.4)

The vector hk′
h thus has a finite length (bounded from above and from below uniformly

in h), and is asymptotically parallel to the stable axis. Because the slope of that axis is
irrational, the distance between hk′

h and the lattice 1
d
Z

2 is bounded from below by a
constant c(k) > 0 uniformly w.r. to h.

To finish the proof, we write the above overlap as a coherent state integral:

|〈ϕh|T̂hk′
h
|ϕh〉| =

∣∣∣∣
∫

T2

dx

h
〈ϕh|x〉〈x|T̂hk′

h
|ϕh〉

∣∣∣∣ ≤
∫

T2

dx

h
|〈x|ϕh〉| |〈x − hk′

h|ϕh〉|.
(3.5)

We then split the integral on the RHS betweenD(S, ah) and its complement. The integral
on D(S, ah) is estimated through a Cauchy-Schwarz inequality:

∫

D(S,ah)
dx

h
|〈x|ϕh〉| |〈x − hk′

h|ϕh〉| ≤
√
µh

(
D(S, ah)

)
µh

(
D(S, ah)− hk′

h

)
.

Due to above-mentioned property of hk′
h and the fact that xi − xj ∈ 1

d
Z

2, for small
enough ah the setD(S, ah)−hk′

h has no intersection withD(S, ah). As a consequence,
using (3.1), the second factor under the square-root on the RHS is bounded above by ah,
and the full RHS by

√
ah(1 + ah). The remaining integral over T

2\D(S, ah) admits the
same upper bound for similar reasons. ��

Proposition 3.2. Let (S, α) be a finite weighted set of A-periodic points, and ν an
A-invariant probability measure satisfying ν(S) = 0. Suppose that the sequence
{|ϕS,h〉}h→0 converges semiclassically to the measure δS,α , and that a second sequence
{|ϕν,h〉}h→0 converges to ν. Then the states |ϕ′

S,h〉 = ÂTh |ϕS,h〉, |ϕ′
ν,h〉 = ÂTh |ϕν,h〉

satisfy:

∀k ∈ Z
2, 〈ϕ′

S,h|T̂hk|ϕ′
ν,h〉

h→0−−→ 0.

Proof. We use similar methods as for the previous proposition. Namely, as in Eq. (3.3)
we rewrite the overlap as

〈ϕ′
S,h|T̂hk|ϕ′

ν,h〉 = 〈ϕS,h|T̂hk′
h
|ϕν,h〉 =

∫

T2

dx

h
〈ϕS,h|x〉〈x|T̂hk′

h
|ϕν,h〉 (3.6)

with hk′
h given by Eq. (3.4). We want to cut this integral into two parts. Using the

same notations as above, the assumptions of the proposition imply the existence of a

decreasing sequence ah
h→0−−→ 0 such that the Husimi measures of |ϕS,h〉 and |ϕν,h〉

satisfy

µS,h
(
T

2 \D(S, ah)
) ≤ ah, µS,h

(
T

2) ≤ 1 + ah and µν,h
(
T

2) ≤ 1 + ah.
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These inequalities also hold if we replace ah by any decreasing sequence bh ≥ ah,
bh → 0. We can now bound the part of the integral (3.6) over the set T

2\D(S, bh):
∣∣∣∣
∫

T2\D(S,bh)
dx

h
〈ϕS,h|x〉〈x|T̂hk′

h
|ϕν,h〉

∣∣∣∣ ≤
√
µS,h

(
T2\D(S, bh)

)
µν,h

(
T2

)

≤
√
bh(1 + bh)

h→0−−→ 0.

The second part of the integral is also estimated by Cauchy-Schwarz:
∣∣∣∣
∫

D(S,bh)
dx

h
〈ϕS,h|x〉〈x|T̂hk′

h
|ϕν,h〉

∣∣∣∣ ≤
√
µS,h

(
T2

)
µν,h

(
D(S, bh)− hk′

h

)
.

We now show that the sequence bh can be chosen such that the second factor under the
square root vanishes in the semiclassical limit, so that the full RHS vanishes as well.
Indeed, using Eq. (3.4) and the bound on C(h), one realizes that for h small enough, the
set D(S, bh)− hk′

h is contained in the thin “tube”

Tbh
def= D(S, 2bh)+ (

[−1,−e−λ] ∪ [e−λ, 1]
)
kstable.

As bh → 0, this tube decreases to T0 = S + (
[−1,−e−λ] ∪ [e−λ, 1]

)
kstable, that is

a union of segments of the stable manifold (T0 = S if k = 0). The following simple
lemma is proven in Appendix B.

Lemma 3.3. For any invariant probability measure ν, any finite set of periodic points
S and any 0 < a < b < ∞, one has ν(S + [a, b]estable) = 0, where estable is a unit
vector in the stable direction.

This lemma implies that ν(T0) = 0 in the case k �= 0, the case k = 0 being trivial.
Since bh ↘ 0, the regularity of the Borel measure ν entails:

lim
bh→0

ν(Tbh) = ν(T0) = 0.

Since by assumption the Husimi measures µν,h converge towards ν, one can by a diag-
onal argument choose the sequence bh ↘ 0 (making sure that bh ≥ ah) such that:

µν,h
(
Tbh

) h→0−−→ 0.

This finally implies that µν,h
(
D(S, bh)− hk′

h

) h→0−−→ 0. ��

4. Maximal Localization of the Semiclassical Measures

We call τ a periodic orbit of A of period Tτ , and denote its associated measure by

δτ = 1

Tτ

∑
x∈τ

δx.

We consider a finite set F of periodic orbits, associate a weight wτ > 0 to each orbit
(
∑
τ∈F wτ = 1), and construct the pure point invariant measure

δF ,w =
∑
τ∈F

wτ δτ .
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All periodic points ofA have rational coordinates, so this measure is a particular instance
of the measure δS,α considered in Proposition 3.1. Indeed, grouping the periodic orbits
of F together yields the set of rational points S = SF = ∪τ∈F τ = {x1, . . . , xn}, and
the weight allocated to each point xi reads αi = wτ

Tτ
. From now on, the two notations

δF ,w and δS,α will refer to the same invariant measure. We now state the central result
of this article.

Theorem 4.1. Let µ be a normalized A-invariant Borel measure of A, and (F, w) a
finite weighted set of periodic orbits.µmay be decomposed intoµ = βδF ,w+ (1−β)ν,
where ν is a normalized invariant measure satisfying ν(SF ) = 0. If µ is a semiclassical
measure of A, then its Lebesgue component has a weight ≥ β, which in turn implies
β ≤ 1/2.

Any invariant Borel measure µ ∈ MA can obviously be decomposed in the above
way, with 0 ≤ β ≤ 1. We do not assume the measure ν to be continuous, but allow it
to contain a pure point component localized on a (possibly countable) set of periodic
orbits disjoint with F . The statement of the theorem is of course stronger if we include
in (F, w) as many orbits as possible. By a simple limit argument, one may eventually
take for ν the continuous component of µ, allowing (F, w) to be a countable weighted
set of orbits (still taking

∑
τ∈F wτ = 1): one then obtains Theorem 1.1 as a simple

corollary of the one above.

Proof of Theorem 4.1. There are two steps in the proof. Let {|ψh〉}h→0 be a sequence of
eigenstates of Âh admittingµ as a semiclassical measure. Our first objective is to decom-
pose the state |ψh〉 into |ψS,h〉+ |ψν,h〉, such that the sequence {|ψS,h〉} (resp. {|ψν,h〉})
converges to the measure βδS,α (resp. the measure (1−β)ν). This decomposition will be
obtained by “projecting” |ψh〉 on appropriate (h-dependent) small neighborhoods of S.

In the second part we will be guided by the following simple idea. Because |ψh〉 is an
eigenstate of Âh, |ψh〉 ∝ Âth|ψh〉 = Âth|ψS,h〉 + Âth|ψν,h〉 for any t ∈ Z, in particular

for the Ehrenfest time t = T . From Proposition 3.1, the sequence of states {ÂTh |ψS,h〉}
is equidistributed; together with Proposition 3.2, that implies that the semiclassical mea-
sure of ÂTh |ψh〉 (that is, µ) contains a Lebesgue part of weight ≥ β.

First part. Splitting the eigenstates. To “project” the eigenstates in a small neighbour-
hood of S, we will use a function ϑ ∈ C∞(R2) satisfying 0 ≤ ϑ(x) ≤ 1 on R

2,
ϑ(x) = 0 outside the disk D(0, 2) and ϑ(x) = 1 inside the disk D(0, 1).

For any (small) r > 0, and any point xi ∈ S, let ϑi,r (x) = ∑
n∈Z2 ϑ

(
x−xi−n

r

)
, which

can be seen as a smooth function on T
2, localized around xi . We will also need the

function ϑr = ∑n
i=1 ϑi,r to take all points of S into account: this function is supported

in the neighborhood D(S, 2r) of S. There is an r0 > 0 such that the disks D(xi, 2r0)
do not overlap each other, which implies ϑi,rϑj,r ≡ 0 if i �= j .

Fixing 0 < r ≤ r0, we consider the anti-Wick quantization of these functions, ϑ̂AWi,r
and use them to decompose |ψh〉. We first observe that for any xi ∈ S,

〈ψh|ϑ̂AWi,r |ψh〉 h→0−−→ βδS,α(ϑi,r )+ (1 − β)ν(ϑi,r ) = βαi + (1 − β)ν(ϑi,r ).

Furthermore, one has for any pair xi, xj ∈ S,

〈ψh|ϑ̂AWi,r ϑ̂AWj,r |ψh〉 h→0−−→ βδS,α(ϑi,rϑj,r )+ (1 − β)ν(ϑi,rϑj,r )

= δij

(
βαi + (1 − β)ν(ϑ2

i,r )
)
.
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On the other hand, the regularity of the (Borel) measure ν entails:

∀xi ∈ S, ν(ϑi,r )
r→0−−→ ν({xi}) = 0 and similarly ν(ϑ2

i,r )
r→0−−→ 0.

From the above limits, one can construct by a diagonal argument a decreasing sequence

of radii r(h)
h→0−→ 0 such that

∀xi, xj ∈ S, 〈ψh|ϑ̂AWi,r(h)|ψh〉
h→0−−→ βαi and 〈ψh|ϑ̂AWi,r(h)ϑ̂AWj,r(h)|ψh〉

h→0−−→ δijβαi.

(4.1)

We now show that the two sequences of vectors

|ψS,h〉 def= ϑ̂AWr(h) |ψh〉, |ψν,h〉 def= (
Id − ϑ̂AWr(h)

)|ψh〉 (4.2)

provide the desired decomposition of |ψh〉, that is the corresponding sequences respec-

tively converge to the measures βδS,α and (1−β)ν. The first statementµS,h
h→0−→ βδS,α

seems quite natural: the operator ϑ̂AWr(h) acts as a “microlocal projector” onto the set S.
This property is precisely expressed in the following lemma, which we prove in
Appendix A.

Lemma 4.2. For any f ∈ C∞(T2), xi ∈ S and any decreasing sequence r(h)
h→0−→ 0,

one has
‖f̂ AW ϑ̂AWi,r(h) − f (xi) ϑ̂

AW
i,r(h)‖

h→0−−→ 0,

where ‖.‖ is the operator norm on Hh.

This lemma together with the properties (4.1) immediately yield the required limits:

∀f ∈ C∞(T2), 〈ψS,h|f̂ AW |ψS,h〉 h→0−−→
∑
i

βαif (xi) = βδS,α(f ), (4.3)

〈ψν,h|f̂ AW |ψν,h〉 h→0−−→ µ(f )− βδS,α(f )=(1−β)ν(f ). (4.4)

Second part. Playing with time evolution. We will follow a strategy close to the one
used to prove Proposition 3.1. We consider a fixed k ∈ Z

2, and focus on the overlap
〈ψh|T̂hk|ψh〉. From the semiclassical assumption on {|ψh〉}, one has

〈ψh|T̂hk|ψh〉 h→0−−→ µ(Fk) = βδS,α(Fk)+ (1 − β)ν(Fk). (4.5)

On the other hand, since |ψh〉 = |ψS,h〉+ |ψν,h〉 is an eigenstate of Âh, one may rewrite

〈ψh|T̂hk|ψh〉 = 〈ψh|Â−T
h T̂hk Â

T
h |ψh〉 (4.6)

= 〈ψ ′
S,h|T̂hk|ψ ′

S,h〉 + 2�
(
〈ψ ′

ν,h|T̂hk|ψ ′
S,h〉

)
+ 〈ψ ′

ν,h|T̂hk|ψ ′
ν,h〉, (4.7)

with the notation |ψ ′
S,h〉 = ÂTh |ψS,h〉, |ψ ′

ν,h〉 = ÂTh |ψν,h〉 and T is the Ehrenfest time.
We are now in position to collect the dynamical results of Sect. 3:

• From the asymptotic localization (4.3) of |ψS,h〉 and Proposition 3.1, the first term in
(4.7) converges to βdx(Fk) = βδk,0 as h → 0.
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• From the properties (4.3–4.4) and Proposition 3.2, the cross-terms in (4.7) vanish in

the semiclassical limit: 〈ψ ′
ν,h|T̂hk|ψ ′

S,h〉
h→0−−→ 0.

Using Eq. (4.5), the last term in (4.7) has therefore the semiclassical behaviour

〈ψ ′
ν,h|Oph(Fk)|ψ ′

ν,h〉
h→0−−→ µ(Fk)− βdx(Fk).

Since this limit holds for any k ∈ Z
2, it means that the sequence {|ψ ′

ν,h〉}h→0 admits the
semiclassical measure µ − βdx. Because semiclassical measures are limits of Husimi
measures, they cannot contain any negative part. Therefore, µ − βdx must be a posi-
tive measure, which implies that the Lebesgue component of µ has a weight ≥ β. This
component being contained in (1 − β)ν, one has finally (1 − β) ≥ β ⇔ β ≤ 1/2. ��

5. Remarks and Comments

5.1. On the set of semiclassical measures. Theorem 1.1 constrains the set of semiclas-
sical measures MA,SC to be a proper subset of the set MA of invariant Borel measures.
One can easily show that MA,SC is a closed set of MA. Indeed, if for any n > 0 the
sequence Sn = {|ψh,n〉}h→0 converges towards a normalized semiclassical measure µn,
and that in turn the measures µn weak-∗ converge to a measure µ, then one can extract

a function n(h)
h→0−→ ∞ such that {|ψh,n(h)〉}h→0 converges to µ.

Every open neighbourhood of MA contains a pure point measure of type δτ (τ a
periodic orbit) [19, 14], therefore Theorem 1.1 implies that the set MA,SC is nowhere
dense in MA (i.e. its interior is empty).

On the other hand, the results of [7] show that MA,SC contains all measures of the
type δτ+dx

2 . Since the measures {δτ } are dense in MA and the set MA,SC is closed, this
implies

∀ν ∈ MA,
ν + dx

2
∈ MA,SC.

This inclusion together with the constraint imposed by Thm. 1.1 do not suffice to fully
identify the set MA,SC. We do not know if a singular continuous invariant measure can
be a semiclassical measure. The set of invariant continuous measures is dense in MA

[19], so in any case MA,SC cannot contain all continuous invariant measures.

5.2. About the Ehrenfest time. Proposition 3.1 means that any sequence of localized
states {|ϕh〉}h→0 evolves towards a sequence of equidistributed states at the Ehrenfest
time T = | logh|

λ
+O(1). To achieve this goal, the prefactor 1/λ defining T is crucial, and

cannot be modified without stronger assumptions on the localization of |ϕh〉. Indeed,
for any ε > 0, one can construct a sequence of states |ϕh〉 semiclassically localized
at the origin, such that the evolved states |ψh〉 = Â(1−ε)T |ϕh〉 are still localized at the
same point. Explicitly, consider the coherent state at the origin |0〉 = |0〉h, and take the
sequences

|ϕh〉 def= Â
−(1−ε)T /2
h |0〉, |ψh〉 = Â

(1−ε)T
h |ϕh〉 = Â

(1−ε)T /2
h |0〉.

At the “microscopic scale”, the states |ϕh〉 and |ψh〉 are very different: the former is
stretched along the stable axis, the latter along the unstable axis. However, the “length”
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of both states is of the order hε/2, so this difference of shape is invisible at the measure-
theoretic level, and both sequences admit the semiclassical measure δ0.

On the other hand, there exist an infinite sequence of Planck’s constants h−1
k ∈ N,

hk → 0 such that starting from the states {|ψhk 〉} defined above (localized at the origin),
the evolved states {Â(1+ε)T |ψhk 〉} are localized at the origin as well. These special values
of h correspond to “short quantum periods” of the quantized cat map [1]. Let us remind
that for any h−1 ∈ N, the quantum cat map Âh is periodic, meaning that there exists
Ph ∈ N and θh ∈ [0, 2π ] such that ÂPhh = eiθh Idh [8]. Besides, there exists an infinite
subsequence hk → 0 for which these periods are as short as Phk = 2Thk + O(1). As a
result, one has

Â
(1+ε)T
hk

|ψhk 〉 = Â
3(1+ε)T /2
hk

|0〉 = eiθhk Â
3(1+ε)T /2−Pk
hk

|0〉 = eiθhk Â
(−1+ε)T /2+O(1)
hk

|0〉.
The state on the RHS is close to |ϕhk 〉 at the microscopic level, and therefore admits
δ0 for semiclassical measure. In conclusion, the time (1 − ε)T can be too short, and
(1 + ε)T too long to produce the transition localized → equidistributed described in
Prop. 3.1.

5.3 More general maps? Proposition 3.1 can be extended to a broad class of quantized
automorphisms on tori of dimension 2d with d > 1 [2, Thm. 5.1]. Let eλ be the maxi-
mal modulus of the eigenvalues of A, Eλ the direct sum of the generalized eigenspaces
corresponding to eigenvalues of modulus eλ, and E<λ the direct sum of the remaining
eigenspaces. The precise conditions on the automorphism A for the proposition to be
satisfied are the following:

(1) A is ergodic, meaning that λ > 0 and that none of its eigenvalues is a root of unity.
A is then automatically mixing, but need not be hyperbolic (it may have eigenvalues
on the unit circle).

(2) the subspace E<λ has a trivial intersection with Z
2d .

(3) A restricted to Eλ is diagonalizable.

The two last conditions are always satisfied for ergodic automorphisms in the case d = 1,
but not necessarily in higher dimension. They are needed to obtain the crucial estimate
(5.37) of [2]. One easily checks that Proposition 3.2 (and Lemma 3.3 which it depends
on) also holds for higher-dimensional automorphisms satisfying the above conditions.

As opposed to the proof of [2, Thm. 1.2], our Thm. 4.1 crucially relies on the two
dynamical propositions of Sect. 3, while the remaining ingredient in the proof of the
theorem (namely, the splitting of eigenstates into two parts) can be straightforwardly
transposed to higher dimension. Therefore, Theorems 4.1 and 1.1 also hold in higher
dimension for the class of ergodic automorphisms described above. We do not know if
the upper bound 1/2 is sharp in dimension d > 1; in fact, the periods Ph of the quantized

automorphisms then satisfy Ph
| logh|

h→0−→ ∞ ([5′]), which makes the construction of [7]
impossible to generalize.

Back to the 2-dimensional torus, a natural extension of the above results would con-
cern the perturbations of the linear mapA of the formM = e−tXH ◦A, whereXH is the
vector field generated by a HamiltonianH ∈ C∞(T2). For t sufficiently small, this map
is still Anosov. The challenge consists in generalizing Propositions 3.1 and 3.2 to those
maps, with an appropriate definition of the Ehrenfest time. The trick (3.3) used in the
linear case to prove these propositions cannot be used for a nonlinear perturbation, the
problem starting from the poor control of Egorov’s property (2.3) for times of order T .
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Finally, one may also try to prove a similar property for chaotic flows, e.g. the geodesic
flow on a compact Riemann surface of negative curvature. In such a setting, some inter-
esting results have been recently obtained by R. Schubert, pertaining to the long-time
evolution of Lagrangian states, which is a first step towards the proof of Proposition 3.1
in this setting.

Appendix A. Proof of Lemma 4.2

We start by showing that for x outside a small disk around xi , the state ϑ̂AWi,r(h)|x〉 is
asymptotically small (|x〉 is a torus coherent state at the point x). More precisely, there
exists a sequence of radiiR(h) ↘ 0 such that, for any xi ∈ S and any sequence of points
{xh ∈ T

2} satisfying xh �∈ D(xi, R(h)), then ‖ϑ̂AWi,r(h)|xh〉‖ ≤ h2 for sufficiently small h.
First of all, we recall a couple of estimates on torus coherent states, valid for small

enough h.

• For any x ∈ T
2, ‖|x〉‖ ≤ 2.

• For any x, y ∈ T
2, one has |〈x|y〉| ≤ 5 exp{π |x− y|2/2h}, where |x− y| denotes the

torus distance between the points x, y.

Now, the operator ϑ̂AWi,r(h) is a combination of projectors |x〉〈x| for points x in the disk

D(xi, 2r(h)). Therefore, taking R(h) = 2r(h) + √
2h|logh| will do the job: any

xh �∈ D(xi, R(h)) and any x ∈ D(xi, 2r(h)) satisfy |x − xh| ≥ √
2h|logh|, which

implies for h small enough |〈x|xh〉| ≤ 5 exp(−2πh|logh|/2h) ≤ h3. One finally gets

‖ϑ̂AWi,r(h)|xh〉‖ ≤
∫

D(xi ,2r(h))

dx

h
‖|x〉‖ |〈x|xh〉| ≤ 2h2 V ol(D(xi, 2r(h))) ≤ h2.

We are now in position to estimate the operator product

f̂ AW ϑ̂AWi,r(h) =
∫

T2

dy

h
|y〉f (y)〈y| ϑ̂AWi,r(h)

by separating the integral into two parts. On the one hand, the integral over T
2 \

D(xi, R(h)) is bounded above by 2h‖f ‖∞ from the above results. On the other hand, on

D(xi, R(h)) the function f (y) is equal to the function f (xi)+ gh(y), where gh(y)
def=

(f (y)−f (xi))ϑi,R(h)(y). Since gh(y) is uniformly bounded on T
2, the same arguments

as above yield

f̂ AW ϑ̂AWi,r(h) = f (xi)ϑ̂
AW
i,r(h) + ĝAWh ϑ̂AWi,r(h) + O(h).

The function gh actually decreases uniformly with h due to the smoothness of f :

‖gh‖∞ ≤ sup
|y−xi |≤2R(h)

(|f (y)− f (xi)|
) ≤ 2 ‖df ‖∞R(h).

This upper bound also applies to the anti-Wick quantization of gh, so that

‖ĝAWh ϑ̂AWi,r(h)‖ ≤ 2‖df ‖∞R(h)
h→0−→ 0. ��
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Appendix B. Proof of Lemma 3.3

We first replace S by the finite invariant set it generates, S ′ = ∪n∈ZA
n(S). We then

want to prove that if I0
def= S ′ + [a, b]estable with 0 < a < b, then ν(I0) = 0 if ν is an

invariant probability measure. Let n0 be an integer such that aeλn0 > b. Then, the sets

Ij
def= Ajn0(I0) = S ′ + [aeλjn0 , beλjn0 ]estable, j ∈ Z

are pairwise disjoint. The invariant measure ν will satisfy for any J ≥ 0:

ν

( J⋃
j=−J

Ij

)
=

J∑
j=−J

ν(Ij ) = (2J + 1)ν(I0).

Since ν(T2) = 1, one must therefore have ν(I0) = 0. ��
This lemma can be easily generalized to the case of the higher-dimensional ergodic

toral automorphisms satisfying the conditions stated in Sect. 5.3. It can also be extended
to any Anosov map M on T

2, the straight segments making up I0 being replaced by
segments of the stable manifolds of a set of periodic points.
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