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��º 6 m LNMKJIDKOt^�[\[ZJIH>S�J/¶�W�L.[ ^�LR¶�JeJ�M�Y\LR¶�J�DKMKY\MKQRSEJTSVU QRLPJ'HoMGY\vw^�MKJ�QRD ºeº/ºeº/º/ºeº/º�º/ºeº/º/ºeº/ºeº/ºeº 6H;
�Eº 6Rº ³ m LNMGJ�DGO ^�[\[ZJIHlS�JT¶�W�L.[�^�LR¶�J�MGuEF�W�DKY±xNQEJIH ºeº/º�º/º/ºeº/ºeº/ºeº/º/ºeº/º�º/ºeº/º/ºeº/ºeº/ºeº 6�·
�Eº 6Rº � h DKW�¶�F'S�QEDGJIHlS�J/X�WiW�MGH|MKDÃ^�CPC�W�QED>[5U J'HoMGY\vw^�MKYZW�L@SVU QRLEJ/Y\L ¶�J�DKMKY\MKQ S�J º�º/ºeº/º/ºeº/ºeº/ºeº 6<Z

��º : m LRSEYZ¶I^tMKJIQEDÃH>S�FI¶�YZHKY\W�LELEJI[ZH>S�Je[5U ^�LR^�[Z¹�HoMGJeY\LRSEQRHoMGDKYZJ�[ º/º/ºeº/ºeº/ºeº/º/ºeº/º�º/ºeº/º/ºeº/ºeº/ºeº :<:
��º\; � CECE[ZYZ¶I^tMKYZW�L HlLNQRvµFIDKY±xNQEJIH º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/º/ºeº/º�º/ºeº/º/ºeº/ºeº/ºeº :�·

�Eº ;Eº ³ h DKF'H|JIL�MÃ^tMGY\W�L�S�J'H�S�W�LRLEF�J'HlJ�M�JIH|MKYZvw^tMGY\W�LRH>S�JIHlC ^�DÃ^�v ��MGDKJ'H ºeº/º�º/ºeº/º/ºeº/ºeº/ºeº :�·
�Eº ;Eº � � CECE[ZYZ¶I^tMGY\W�LP^�Q�v²W�S���[ZJ/J É C�W�LEJILNMKYZJ�[ ºeº/º�º/º/ºeº/ºeº/ºeº/º/ºeº/º�º/ºeº/º/ºeº/ºeº/ºeº :i�
�Eº ;Eº 6 � CECE[ZYZ¶I^tMGY\W�LP^�Q�v²W�S���[ZJTS�J Å J�YZXEQE[Z[ ºeº/º�º/º/ºeº/ºeº/ºeº/º/ºeº/º�º/ºeº/º/ºeº/ºeº/ºeº ;��
�Eº ;Eº : j O ^�[\Q ^tMKYZW�L@S�J'HlvµF�MKuEW�S�J'H>CR^�D � ^�¶�MGJ�QED�SqU JIDKDGJ�QED º/ºeº/ºeº/º/ºeº/º�º/ºeº/º/ºeº/ºeº/ºeº ;��

��º · k W�LR¶�[ZQRHKY\W�L º/ºeº/ºeº/º/ºeº/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/º/ºeº/º�º/ºeº/º/ºeº/ºeº/ºeº ;76
��º � � LELEJ É J'H º/ºeº/ºeº/ºeº/º/ºeº/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/º/ºeº/º�º/ºeº/º/ºeº/ºeº/ºeº ;#:

]_^`�	�a&0(*�	+�$,����-.� �,(/�)���a$bJ5���2QE��!c� �����`�����	���"� !#����$�$,�`���d����!#-.eV��$,�F��+ fWY
6Eº ³ m LNMKDGW�S�QR¶�MKYZW�L º/ºeº/ºeº/º/ºeº/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/º/ºeº/º�º/ºeº/º/ºeº/ºeº/ºeº ;7Z
6Eº � s W�S�FI[\Y±HG^tMKYZW�LPLEW�L�YZL�� W�DGvw^tMGY\O�J ºeº/ºeº/º/ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/º/ºeº/º�º/ºeº/º/ºeº/ºeº/ºeº · ³

6Rº �Eº ³ s W�MKYZOt^tMGY\W�LRH º/º/ºeº/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/º/ºeº/º�º/ºeº/º/ºeº/ºeº/ºeº · ³
;



6Eº ��º � � CRCE[\Y±¶�^�MKYZW�L@^�Q É vµW�S��I[\J'H�S�J/S�QEDGF�JTSEJ�OiYZJ ºeº/ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º ·N�
6Eº 6 ½ LEJ/v²W�S�FI[\Y±HK^�MKYZW�LPY\L � W�DGv²^�MKYZO�J/S�J'HlCR^�DÃ^�v ��MGDKJ'HlS�J Å JIY\XEQR[\[ º/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º ·�;

6Eº 6Eº ³ s W�MKYZO ^�MKYZW�LRH º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º ·�;
6Eº 6Eº � p ^µv²W�S�F�[ZY±HK^�MKYZW�L ºeº/ºeº/º/ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º ·�·
6Eº 6Eº 6 r DG^�S�QR¶�MGY\W�LPSEJ�[5U J É C JID|MGYZHKJ/xNQR^�LNMKY\MG^�MKYZO�J º/ºeº/ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º �76
6Eº 6Eº : k ^�[ZYZXEDG^�MKYZW�LPS�J/[ U J É C�J�DKMKY±H|J/xNQR^�L�MGYÁMÃ^tMGY\O�J º/ºeº/ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º ��·
6Eº 6Eº\; � J'¶�^�[ZYZXEDG^�MKYZW�L [RLR^�[ZJ/S�J/[5U J É C�J�DKMKY±HKJ º/º/ºeº/ºeº/ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º Z ³
6Eº 6Eº · k ^�DÃ^�¶�MKFIDKY±HoMGYZxNQEJ'H�J � J'¶�MGY\O�JIH>S�J/[±^µvµW�S�FI[\Y±HG^tMKYZW�L º/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º Z�;

6Eº : � LR^�[\¹�HKJ ����� �� ����� ����� º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º Z�·
6Eº :Rº ³ k W�L H|Y±HoMÃ^�LR¶�JÈJ�M�¶�W�LNO�J�DG]�JILR¶�J ºeº/º�º/º/ºeº/ºeº/ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º Zi�
6Eº :Rº � » ^�YZL@SVU YZL�� W�DKvw^tMGY\W�L ºeº/º/ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º Z ´
6Eº :Rº 6 j MGQRS�JTS�JTHKJ�LRHKYZXEY\[ZY\MKF º/º/ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º ´R³

6Eº\; m LRS�Y±¶�^�MKJ�QRDGH>S�JeMÃ^�YZ[\[ZJ/S�JIH�S�W�LELRF�JIHlW�XRHKJ�DGO�F�J'H º/ºeº/ºeº/ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º ´ 6
6Eº\;�º ³ r ^�YZ[\[ZJeJ � JI¶�MGY\O�JTS�JIH>SEW�LELEFIJIH ºeº/º�º/º/ºeº/ºeº/ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º ´ 6
6Eº\;�º � ½ L@YZLRS�Y±¶�^�MKJ�QRD�^�CECEDGW É Y\vw^�MKY'� ºeº/º�º/º/ºeº/ºeº/ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º ´ :

6Eº · � LELRJ É JIH º/ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º ´ �
6Eº ·Eº ³ h DGJ�QEO�JIHlJ�M�¸oQ HoMGY [ ¶I^tMGY\W�LRH ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º ´ �
6Eº ·Eº � k ^�H>SqU QELRJ/J É C JID|MGYZHKJeCR^�DÃ^�v²F�MKDGYZxNQEJ º/º/ºeº/ºeº/ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º ³ �7:

��� ��- � �	!#���
	 -�	P!#����&)��� �ReK�H��G������Q	!#�,(P! -P�	�d��-.� - ��� Y
:Rº ³ s W�MGY\Ot^�MKYZW�L º/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º ³ �<Z
:Rº � h DGJ�OiY\W�QRH��©W�D��iH º/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º ³ � ´

:Rº ��º ³ � L@YZLNMKQEY\MKYZO�JeMGWNW�[ º/ºeº/º/ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º ³�³ �
:Rº ��º � � vw^�DG]�YZLR^�[~OiYZJ��>C�W�YZL�M º/ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º ³�³ �

:Rº 6 r uEJ À���k ¶�DGYÁMGJ�DGY\W�L º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º ³�³�³
:Rº 6Eº ³ r uEJ � W�DGvw^�[qS�J"[RLEY\MKYZW�L º/º/ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º ³�³�³
:Rº 6Eº � s ^�Y\L � JI^�MKQEDGJIH º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º ³�³ 6
:Rº 6Eº 6 À Y 4 ¶�QR[ÁMGY\J'H>W&��¶�W�vµCRQ�MG^�MKYZW�L º/ºeº/º�º/º/ºeº/ºeº/ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º ³�³ 6

:Rº : ¼�É ^�v²CE[ZJIH>W
�¯Y±S�JI^�[q¶�^�H|J'H º/ºeº/º/ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º ³�³ :
:Rº :Rº ³ À YZHG¶�DGJ�MGJ�v²W�S�JI[ZH ºeº/ºeº/º/ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º ³�³ :
:Rº :Rº � � ¶�W�LNMKYZLNQRW�QRH©X�W�QELRSEJISPv²WiSEJ�[ º/º�º/º/ºeº/ºeº/ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º ³�³ ·

:Rº\; � L@YZL�MGDKYZLRHKYZ¶e^�SE^�C�MÃ^tMGY\W�L�W
� À���k ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º ³�³ �
:Rº\;�º ³ m LNMKDGW�S�QR¶�YZLE]µMKuRJ/Y\LNMKDGYZLRH|Y±¶�uEJ�QRDKY±HoMGYZ¶ º/º/ºeº/ºeº/ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º ³�³ �
:Rº\;�º � � SE^�C�MKYZLE] À���k ºeº/ºeº/º/ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º ³ ���
:Rº\;�º 6 � DGJI^�[~J É ^�v²CE[\J��>Y\MKuPMKuRJ Å JIY\XEQR[\[�S�YZH|MKDGYZXEQ�MKYZW�L º/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º ³ �#:

:Rº · h DGY\W�D�¶�^�[ZYZXEDG^�MKYZW�L��>YÁMGu À���k º/º/ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º ³ ��·
:Rº ·Eº ³ � CRCE[\Y±¶�^�MKYZW�L�MKW²MGuEJ/J É C�W�LEJIL�MGYZ^�[qS�Y±HoMGDKYZXEQ�MGY\W�L ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º ³ ��·
:Rº ·Eº � � CRCE[\Y±¶�^�MKYZW�L�MKW²MGuEJ Å JIY\XRQE[\[¯S�YZH|MKDGYZXEQ�MKYZW�L ºeº/ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º ³ ���

:Rº � � C WNHKHKYZXE[\JeYZv²CEDKWtO�J�v²J�LNM º/ºeº/º/ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º ³ � ´
:Rº Z k W�LR¶�[\Q H|YZW�L º/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º ³ 6 ³
:Rº ´ � CEC�J�L S�Y É ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º ³ 6 ³

:Rº ´ º ³ h DGW�C�W�HKYÁMGY\W�LRHl^�LRSPCEDGWiW&� H ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º ³ 6 ³
:Rº ´ º � � QE[Z[\X ^�¶�NÇ p J�YZXE[ZJ�DlS�Y\O�J�DG]�JILR¶�J'H º/º�º/º/ºeº/ºeº/ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º ³ 6H;
:Rº ´ º 6 h W�H|MKJIDKYZW�DlCEDGY\W�DGH ºeº/ºeº/º/ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/ºeº/º/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/º ³ 6�·



f � +�� I�(*�����R���aN<-P$�N<��$ e�- � +�������� ��]��
;�º ³ m LNMKDGW�S�QR¶�MKYZW�L º/ºeº/ºeº/º/ºeº/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/º/ºeº/º�º/ºeº/º/ºeº/ºeº/ºeº ³ :��
;�º � � [\]�W�DGYÁMGuEv²JIH>SVU FI¶ÃuR^�LNMKYZ[\[ZW�LEL ^�]�J ºeº/ºeº/º/ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/º/ºeº/º�º/ºeº/º/ºeº/ºeº/ºeº ³ :N�

;Eº �Eº ³ s F�MKuRWiSEJIH s k s k º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/º/ºeº/º�º/ºeº/º/ºeº/ºeº/ºeº ³ :N�
;Eº �Eº � s F�MKuRWiSEJIH>SVU FI¶ÃuR^�LNMKYZ[\[ZW�LEL ^�]�J�CEDGF*� FIDKJIL�MGY\JI[ º/º/ºeº/ºeº/ºeº/º/ºeº/º�º/ºeº/º/ºeº/ºeº/ºeº ³ :�;

;�º 6 p U ^�[\]�W�DGYÁMGuEv²J Âl� s¬� QELRJ�F�MKQRSEJT¶�DGYÁMGYZxNQEJ ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/º/ºeº/º�º/ºeº/º/ºeº/ºeº/ºeº ³ :i�
;Eº 6Rº ³ À F [ LEYÁMGY\W�L�S�Je[Z^²v²F�MGuEW�S�J º/ºeº/º/ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/º/ºeº/º�º/ºeº/º/ºeº/ºeº/ºeº ³ :i�
;Eº 6Rº � À Y54w¶�QE[\MKFIH�J�M�CEDGFI¶I^�Q�MGY\W�LRH º/ºeº/º/ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/º/ºeº/º�º/ºeº/º/ºeº/ºeº/ºeº ³ :HZ
;Eº 6Rº 6 ½ LEJTS�JILRH|Y\MKFeYZLRH|MKDGQEv²J�LNMG^�[\J/S�J/DGF*� FIDKJILR¶�J º�º/º/ºeº/ºeº/ºeº/º/ºeº/º�º/ºeº/º/ºeº/ºeº/ºeº ³ : ´
;Eº 6Rº : k W�v²CR^�DÃ^�Y±H|W�LRH º/ºeº/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/º/ºeº/º�º/ºeº/º/ºeº/ºeº/ºeº ³ : ´

;�º : p U ^�[\]�W�DGYÁMGuEv²J h W�CRQE[Z^�MKYZW�L s W�LNMGJ�Ç k ^�DG[\W ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/º/ºeº/º�º/ºeº/º/ºeº/ºeº/ºeº ³ ;��
;Eº : º ³ À F [ LEYÁMGY\W�L ºeº/º/ºeº/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/º/ºeº/º�º/ºeº/º/ºeº/ºeº/ºeº ³ ;��
;Eº : º � � CECE[ZYZ¶I^tMGY\W�L � W�DKv²J�[Z[ZJe^�Q@vµW�S��I[\J B(η0, η1, β) ºeº/ºeº/ºeº/º/ºeº/º�º/ºeº/º/ºeº/ºeº/ºeº ³ ;��
;Eº : º 6 � CECE[ZYZ¶I^tMGY\W�LRHlLiQEv²F�DGYZxNQEJ'H º/ºeº/º/ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/º/ºeº/º�º/ºeº/º/ºeº/ºeº/ºeº ³ ; ´

;�º\; k W�LR¶�[ZQRHKY\W�LRH º/ºeº/ºeº/º/ºeº/º�º/ºeº/ºeº/º/ºeº/ºeº/º�º/º/ºeº/ºeº/ºeº/º/ºeº/º�º/ºeº/º/ºeº/ºeº/ºeº ³ ·7:
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º ³ � CEC�J�L S�Y É � CEDGWiW&�¯W
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p J'H�YZLE]�FILEYZJ�QEDÃH�Q�MGY\[ZY±H|JIL�Me^�[ZW�DÃH�	 S�J � ^�Ë�W�L ¶�DKW�YZHGHK^�LNMKJ
	 S�JIH�vµF�MKuEW�S�J'H�H|MG^�MKY±HoMGYZxNQEJ'H�C�W�QED�CEDGF�O�W�Y\D>[ZJ®¶�W�vµÇ
C�W�DKMKJIvµJILNMnS�JIHn¶�W�vµC�W�HG^�LNMÃH�Y\L S�QRH|MKDGY\JI[ZH 	�xNQEJ�¶�J�HKW�Y\MnH|W�QRH�[5U ^�LE]�[\J [ ^�XEYZ[\Y±HoMGJ�W�Q S�QEDÃ^�XEYZ[\Y±H|MKJ º p ^/S�Y54 ¶�QE[\MKFÈW�Q[5U YZv²C WNHKHKYZXEY\[ZY\MKFTSVU W�X�MGJ�LEYZD�¶�JeMo¹NC�JTS�JTDGFIHKQE[\MG^�MlC ^�D�S�J'H>DGFIHKW�[ZQ�MKYZW�LRHlSVU FIxNQR^�MKYZW�LRH�S�J/[Z^²CRuN¹�HKYZxNQEJeJIL�JIH|M�QELEJ
DÃ^�Y±H|W�L YZvµC�W�DKMG^�LNMKJ º ½ LEJwH|W�[\Q�MGY\W�L#¶�W�LRHKYZH|MKJ?8�vµW�S�FI[\Y±HKJ�De[Z^@S�Y±H|MKDGY\XEQEMKYZW�L#SEJIH�MKJIv²CRH/S�JwS�F*� ^�Y\[Z[±^�LR¶�JµS�J²¶�J'H
¶�W�v²C WNHK^�LNMGH�CR^�D�QELEJw[ZW�Y�H|MG^�MKY±HoMGYZxNQEJ º ¼ L�S�F"[RLEY±HKHG^�LNMTS�J�� ^�Ë�W�L � W�DGv²J�[Z[\J SEJIH/]�DG^�LRS�J�QRDGHe¶�W�v²CEDKFIuEJ�L H|YZXE[ZJIH
CR^�De[\J'H/Y\LR]�F�LRY\JIQEDGH 	�MKJI[\[ZJIHTxNQEJ²[±^PCEDKW�XR^�XRY\[ZYÁMGFwS�J S�F*� ^�Y\[Z[±^�LR¶�JµW�Q#[±^@S�QEDGF�JwS�J HKQEDGONYZJ²^�CED��IHeQEL#MKJIv²CRH9[ É F
> CR^�DµJ É J�v²CE[ZJPQEL7MGJ�v²CRHwS�JPvw^�YZLNMKJ�L ^�LR¶�J�@�	¤CEQRYZHµJ�L8[\J'HµJIH|MKYZv²^�LNM²^�Q7v²Wt¹�JIL8S�Q �>¼�¾ 	�[ZJIH²H|MG^�MKY±HoMGYZ¶�Y\JILRH
� W�QEDKLRYZHGH|JILNMÈS�JIH�W�Q�MGY\[±H�S�J�CEDGY±H|J�SEJ®S�F'¶�Y±H|YZW�L C�W�QRD�[±^ vw^�YZLNMKJ�L ^�LR¶�J�S�JIH�¶�W�v²C WNHK^�L�MÃH º ¼ L�O�J�DKMKQ S�J®LEW�DGv²JIH

´



S�JTHKFI¶�QRDKY\MKFeJ�M�S�JT¶�^�[Z¶�QE[ZH©MGJI¶ÃuELRYZ¶�W�ÇcFI¶�W�LEW�v²Y±xNQEJIH 	iQELEJ�H|MKDÃ^tMGF�]�YZJ/S�J/DGF�LEWtOt^tMGY\W�L£W�Q@SEJ/DKJIvµCR[Z^�¶�J�v²JIL�M>C�J�Q�M
��MGDKJeF�MÃ^�XE[ZYZJ º

� QEJ�[Z[\J'H/H|W�LNMe^�[\W�DGHÈ[\J'HeCEDGY\LR¶�Y\C ^�[ZJIHe¶�^�QRH|J'HeS�JwS�F*� ^�Y\[Z[Z^�LR¶�J²SVU QEL ¶�W�v²C�W�HG^�LNM�� ¿ W�QRH/¶�W�LRHKYZSEF�DGJ�DGW�LRHÈx�QRJ
[\J�vµF'¶�^�LEYZHKv²JTS�J�S�FI]�DÃ^�SE^�MKYZW�L��ÈS �#^�Q@OiY\JIY\[Z[\Y±HGH|JIvµJILNM�DKJICEDGFIHKJ�LNMKJe[5U W�DKYZ]�YZLEJ/[±^²CE[\Q H�CEDGW�XR^�XE[ZJTSVU QRLEJTCR^�LELEJ ºh J�QEO�J�LNM�H�U ¹£^t¸oW�Q�MKJID�S�YZO�J�DÃHKJIHl¶�^�QRH|J'Hl^�¶�¶�YZSEJ�LNMKJI[\[ZJIH 	iMKJI[\[ZJIH>xNQqU QELEJ/JIDKDGJ�QEDluiQEvw^�YZLEJeW�QPQELEJ � ^�XEDGYZ¶I^tMKYZW�L@S�F�Ç
� JI¶�MKQEJIQRH|J�� º À J�LEW�v�XEDGJ�Q É ^�Q�MKDGJIHµ¶�W�LNMKJ É MGJIH®Y\LRSEQRHoMGDKYZJ�[±HµH|JPDKFIO
�I[\JIL�M²^�SE^�C�MKF'HR8#¶�J@¶�^�S�DKJ�SVU F�MKQRSEJ���^�YZLRHKY
J�L8JIH|M|ÇcY\[!	¤CR^�DµJ É J�v²CE[ZJ
	�SEJ�[5U YZLRS�Q HoMGDKYZJP^�Q�MKW�v²W�XEYZ[\J º p ^ CR[\QRH²¶�F�[���XEDGJPSEJIHµv²WiSEF�[ZYZHG^tMGY\W�LRH®H|MG^�MKY±HoMGYZxNQEJ'H²S�QOiY\JIY\[Z[\Y±HGH|JIvµJILNMÈJIH|M/[Z^£[\W�Y�S�J Å J�YZXEQE[Z[!	q¶�J�[Z[ZJµS�Jµ[±^�S�F�� ^�YZ[\[±^�L ¶�JµCR^�De^�¶I¶�Y±S�J�LNMÈF�MG^�L�Me[±^£[ZW�Y¤J É C�W�LEJILNMKYZJ�[Z[\J º ½ Lv²WiS ��[ZJ�v²J�M|MG^�LNM�J�L�¶�W�vµC�F�MGYÁMGY\W�L�¶�JIH>SEJ�Q É DGY±HKxNQEJ'H>S�JTS�F*� ^�Y\[Z[±^�LR¶�JIH>^µF�MGF�CRDKW�C WNH|FeCR^�D Â JID|MGuEW�[ZW�L > ����� ³c@ º
k J�HKW�QR¶�Y�SEJÈv²W�S�F�[ZY±HK^�MKYZW�L£J�MlSEJÈCEDGF�OiY±H|YZW�L£CEDKJILRSwQELPDGJ�[ZY\J��qCR^�DKMKY±¶�QE[ZYZJ�D©[\W�DGHGxNQEJ�[ZJIHl¶�W�v²C WNHK^�L�MÃH�F�MKQRS�YZFIH

^�CEC ^�DKMKYZJ�LELEJILNM 8wSEJIH�HK¹�HoM���v²JIH>¶�W�v²CE[ZJ É JIH 	iMKD��IH�¶�W���MGJ�Q É 8µMKJIH|MKJID�J�M�C�W�MGJ�LNMKYZJ�[Z[ZJ�v²J�LNM�SE^�LE]�JIDKJIQ É º p JIH�C W�Ç[\Y\MKY±xNQEJIH©S�JÈv²^�Y\LNMGJ�LR^�LR¶�J�C ^�HGH|FIJIH�W�LNMn¶�W�LRS�QEY\M 8�F�OiYÁMGJ�Dn[\J'HnS�F�� ^�YZ[\[±^�L ¶�JIH 	�J�Mn[ZJIH �>¼�¾ S�Y±H|C�W�LEYZXE[ZJIH©H|W�LNMn^�[ZW�DÃH
S�J�MÃ^�YZ[\[ZJ � ^�Y\XE[ZJ�J�M©¶�W�LNMKYZJ�LELRJ�LNMnS�J'HnS�W�LELEFIJIH�C ^�D"� W�Y±H�uEF�MKF�DGW�]���LEJ'H�J�MlH|W�QEO�JILNMn¶�JILRH|QRDKFIJIH 	�xNQEY�¶�W�DGDKJ'H|C�W�L S�J�LNM
CE[ZQRH 8£S�JIHÈS�QEDGF�JIHÈS�J � W�LR¶�MGY\W�LELEJIvµJILNM�^ Ot^�LNMÈ^�DKD���M�S�F"[RLEY\MKY'�nxNQqU 8 S�JIHÈS�QEDGF�J'H�S�J®ONYZJ�DGF�JI[\[ZJIH	� º p J'H�¶�W�v²C W�ÇHK^�LNMGHlLiQR¶�[ZFI^�Y\DGJIHl^�CECR^�DKMKYZJ�LRLEJ�LNM>¶�[±^�YZDKJIvµJILNM 8²¶�J�M|MGJT¶�^�MKF�]�W�DGY\J º
r D��IHnDG^�CEY±S�J�v²J�LNM 	�[5U ^�CEC�J�[V^�Q É HKJ�QE[ZJIH©S�W�LELEF�J'HnSEJ �>¼�¾ W�Q£SVU JIHGHK^�YZH�LEJ�HKQ.4²MlCR^�HnC W�QED©CEDKFIO�W�Y\D�CRDKF'¶�Y±H|F�Ç

v²J�LNM�[ZJ®¶�W�v²C W�D|MGJ�v²J�LNMÈS�J'H�¶�W�v²C WNHK^�LNMGH 	EJ�M�Y\[�JIH|M�LEF'¶�JIHGHG^�YZDKJTS�J � ^�YZDKJ�^�CEC�J�[V8wQELEJ�¶�W�LEL ^�Y±HKHG^�LR¶�JT^�LELRJ É J
S�J�[±^TS�QRDKFIJÈS�JÈONYZJÈSEQ vw^tMKFIDKYZJ�[ º k J�M|MGJÈ¶�W�LELR^�YZHGHG^�LR¶�J>JIH|MnJ�L£]�F�LRF�DÃ^�[ ^�CEC�W�DKMKF�J�CR^�D©S�JIHnJ É C�J�DKMGH�YZLRS�Q HoMGDKYZJ�[±H�	xNQEY�C�J�QEO�J�LNMÈHKJ�HKQEX�SEY\OiY±H|JID�J�L�CR[\QRHKYZJ�QEDÃH�¶�^�MKFI]�W�DGYZJIH � [\J'H�J É CE[ZW�Y\MG^�LNMGH > x�QRY¯¶�W�LELR^�YZHGH|JILNM�[\J � W�LR¶�MGY\W�LELEJIvµJILNM
]�[ZW�XR^�[ESVU QELEJ�YZLRH|MG^�[Z[±^tMKYZW�L²CR^�D|MGYZ¶�QE[ZY'�IDKJc@�	t[ZJIH � W�QEDKLRYZHGH|JIQEDÃH > xNQEY ¶ÃuRJ�DÃ¶ÃuEJ�LNM 8eDKJ'H|C�JI¶�MKJID�QEL ¶�^�uEYZJ�D�S�J'H�¶ÃuR^�DG]�J'H
H|QRD�S�JIHTCEDKW�¸oJ�MÃH/CEDGFI¶�Y±HA@�	q[ZJIH�Y\LE]�F�LEYZJ�QRDTvw^tMKFIDKY±^�Q É J�M�[ZJIHTCEui¹iHKY±¶�YZJ�LRHS> xNQEYn¶�W�LELR^�YZHGHKJ�LNMT[\J'H/CEDGW�CEDGYZF�MKF'H/S�JIH
vw^tMKFIDKY±^�Q É J�M�S�Je[\JIQEDÃHnYZLNMKJIDG^�¶�MKYZW�L H @*	N[ZJIH©YZLE]�FILEYZJ�QEDÃHlH|¹�H|M"��v²J'H�> xNQEYVMKYZJ�LRLEJ�LNM�¶�W�vµCEMKJ/S�JIHl¶�W�LRS�Y\MKYZW�L H>SVU J É Ç
CE[ZW�Y\MG^tMGY\W�L/@�	¯J�MÃ¶ º À Y54w¶�Y\[ZJ�v²JIL�Mµx�Q ^�LNMKY5[ ^�XR[\J�	¯¶�J�M|MGJ£¶�W�LELR^�Y±HGHK^�LR¶�J²JIH|M®S�W�LR¶²JIHGHKJ�LNMKYZJ�[Z[\JIv²J�LNM®HKQEX�¸oJI¶�MKYZO�JwJ�MS�W�Y\M>H�U ^�SESEYÁMGY\W�LELEJ�Dl^ O�J'¶�CEDGFI¶I^�Q�MGY\W�L 8®[Z^µ¶�W�LELR^�Y±HGHK^�LR¶�J�W�X�¸oJI¶�MKYZO�Je^�CEC�W�DKMKFIJ�CR^�Dl[\J'H©SEW�LELEFIJIH©S�J �>¼�¾ º � MG^�ÇMKY±HoMGYZxNQEJIv²J�LNM�CR^�DG[±^�LNM 	�¶�J�M|MGJ/C WNHKHKY\XRY\[ZYÁMGF/JIH|M>W � J�DKMKJeCR^�D>[ZJIH>MKJI¶ÃuRLEYZxNQEJ'H>SVU Y\L�� FIDKJILR¶�JeXR^ ¹�FIHKY\JILELEJ º

k J®MGDG^ Ot^�Y\[�S�JµMKu��IHKJµJ'HoM/J'HKHKJ�LNMKYZJ�[Z[ZJ�v²J�LNMevµF�MKuEW�S�W�[\W�]�Y±xNQEJ º ¼ L_HIU YZLRHG¶�DGY\Ot^�LNMB8£[±^@H|QRYÁMGJ²SEJµLRW�v�XRDKJIQRH|J'H
F�MGQRS�JIH�S�J�v²W�S�FI[\Y±HK^�MKYZW�L1J�M@SVU ^�LR^�[\¹�HKJ S�J�v²W�S���[ZJIH�S�J�S�QRDKFIJ�S�J�OiYZJ
	nY\[�^_C W�QED£W�X�¸oJI¶�MKY'��S�J � W�QEDKLRY\D�QEL
J�LRHKJ�v®XE[ZJ@SqU W�Q�MKYZ[ZH²X ^ ¹�FIHKYZJ�LRHµC�J�DGvµJ�M|MÃ^�LNMS8#[5U Y\LE]�F�LEYZJ�QRD SVU J'HoMGY\v²JID S�J � ^�Ë�W�L%HG^tMGYZH � ^�Y±HG^�LNMKJP[\J'H²]�DÃ^�LRSEJ�QEDÃH
Mo¹iCEYZxNQEJ'H/S�J²[Z^�[ ^�XEYZ[\Y\MKFwJ�M�S�J²[Z^@S�QEDÃ^�XRY\[ZYÁMGFwY\L S�QRH|MKDGY\JI[\[ZJIH º h ^�D � HK^�MKY±H � ^�YZHG^�LNMKJ � 	�LEW�QRHeJ�LNMKJILRS�W�LRH/^ O�J'¶�QELRJCEDGFI¶�Y±HKY\W�L@HKQ.4 HG^�LNMKJ�^�Q�DKJI]�^�DGSPS�JIHÈLEW�DKv²JIH�S�J�HKFI¶�QRDKY\MKF º ¿ W�QRH�SEW�LELEW�LRH�FI]�^�[\JIvµJILNM 8 ¶�J�MKJ�DGv²JT[ZJ�H|JILRH�SEJ
� ¶�W�v²CEDGF�uEJILRHKY\XE[ZJ ��º ¿ W�MKDGJ�S�FIvw^�DÃ¶ÃuEJ/^�QEL@XEQEM�S�YZSR^�¶�MGYZxNQEJ�	E¶�JI[\QEY¯S�J/H|JILRH|YZXEYZ[\Y±HKJ�Dl[ U YZLE]�FILEY\JIQED�^�Q É S�Y54w¶�QE[\MKFIHS�J�[5U ^�CECEDGW�¶ÃuEJ>XR^ ¹�F'H|YZJ�LRLEJ>J�L [ZQEY�CEDGW�C�W�HG^�LNM�QELEJ�]N^�v²v²J�SVU Y\L S�YZ¶I^tMGJ�QEDÃH�v²JIHKQEDÃ^�LNM�[ZJIH�xNQR^�LNMKY\MKFIHnSVU Y\L�� W�DKvw^�Ç
MKYZW�LRHlW�X�¸oJI¶�MKYZO�JeJ�M�HKQEX�¸oJ'¶�MGY\O�J�QEMKYZ[\Y±H|FIJIH º ¿ W�QRH©MKJILNMKW�L H>S�W�LR¶
	ESE^�L H�¶�J�MKDÃ^ Ot^�YZ[ 	ESqU F'¶�[±^�YZDG¶�Y\D>^�QPvw^ É YZv�QEv [\J'H^�HKC J'¶�MÃHeMKJ'¶ÃuELEY±x�QRJIHTS�J£[ U ^�LR^�[\¹�HKJ²XR^ ¹�F'H|YZJ�LELRJ > QEL_]�[ZW�HGHG^�YZDKJµJ É CE[ZYZxNQR^�LNM�x�QRJ�[±x�QRJIH/MGJ�DGv²JIHTH|MG^�MKY±HoMGYZxNQEJ'HeMo¹NÇ
CEY±x�QRJIH�vw^�Y±H�C�J�QwJ É CR[\Y±¶�Y\MKJ'H�JIH|M�CEDGW�C�W�HKF>J�Lw¶�JÈH|JILRH�	H8e[Z^�[RL SEQ S�W�¶�QEv²J�LNM
��Y\[ DG^�CEC JI[\[ZJ>F�]N^�[ZJ�v²J�LNM�xNQEJI[ZxNQEJ'H
S�F [ LEYÁMGY\W�LRHlLEW�DKvw^tMGY\O�JIHlS�QPO�W�¶�^�XEQE[±^�YZDKJ�S�J/[±^G[�^�XEYZ[\Y\MKFeJ�M�S�Je[Z^²S�QEDÃ^�XRY\[ZYÁMGF�@ º p JIHlCRDKYZLR¶�YZCR^�[\J'H©¶�W�LNMKDGYZXEQ�MKYZW�L H
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S�J/¶�JeMKDÃ^ O ^�Y\[VHKW�LNM>[\J'H>H|QRY\Ot^�LNMGJIH º
����� ()� �&(��&%�� ��� �$�����*�� ��(�()� �
�*� ��� ���*%���� �� � % � � �*� �
�&( � %'� #$�����"� ��� �
	 ���*�� � ��� ���"�� ��� � � �&�>��
�� > ¶ÃuR^�CEY\MKDGJ 6 �QELP^�DKMKY±¶�[ZJÈDGJ�CRDKJILR^�LNMn[ZJIHlCRDKYZLR¶�YZCR^�Q É C W�Y\LNMÃH©SEJe¶�J�¶Ãu ^�CEY\MKDGJÈJ'HoM � W�QRDKLEYVJIL � LELEJ É J'H Â @ º ¿ W�Q H>¶�W�L HoMGDKQEY±HKW�LRHQELRJ®v²W�S�F�[ZY±HK^�MKYZW�L � �)��� ����� 	qC�W�QRD�[ZJIH�CR^�DG^�v ��MKDGJIHÈS�JIH�� ^�vµYZ[Z[\J'H�SEJ®[ZW�Y±HeS�J Å J�YZXEQE[Z[!	qx�QRY¤MKYZJ�LNMe¶�W�v²C�MGJµS�J'HC�W�YZLNMGH>HKQEY\Ot^�L�MÃH �
³ º C W�QED®¶ÃuR^�xNQEJ CR^�DG^�v ��MKDGJ
	�HKW�L�HKJ�L H ������% �  �� � �S> [ZYZF£^�Q�¶�W�v²C W�D|MGJ�v²J�LNM®SEQ7¶�W�vµC�W�HG^�LNM 	�CR^�DTJ É J�v²CE[ZJ
H|W�L�OiYZJ�YZ[\[ZYZHGHKJ�v²J�LNMA@©W�Q ������(� �  �� � ��> [ZY\F 8²S�J'HlO ^�[\JIQEDÃHlDKJICEDKF'H|JILNMG^tMGY\O�JIH©S�J/[±^µSEQEDKFIJ/S�J/OiY\Jc@C�

�Eº [Z^²¶�W�LELR^�YZHGHK^�LR¶�J�J É C�J�DKMKJ/S�Y±H|C�W�LRY\XE[ZJ
	 x�Q ^�[ZYÁMÃ^tMKYZO�JeJ�M�x�Q ^�LNMKY\MG^�MKYZO�J��
6Rº [Z^²¶�W�DKDGF�[±^tMGY\W�L£JIL�MGDKJeCR^�DG^�v ��MKDGJIH º
¼ L�CR^�D|MGYZ¶�QE[ZY\JID 	R¶�J�MKMKJ/v²W�S�F�[ZYZHG^tMGY\W�L ���)��� ����� JIH|M�HKQ.4 HK^�vµv²JIL�M�HKW�QRCE[\J/C�W�QRD ��MGDKJT¶I^�[ZY\XEDGF�JeCR^�D�QEL�^�L ^tÇ[Z¹�HoMGJ£XR^ ¹�FIHKY\JIL�S�J�� ^�Ë�W�L8¶�W�v²CEDGF�uRJ�LRHKY\XR[\J º k JI[\QEY\Ç ¶�Y¯¸oQE]�J�[ U J É C�J�DKM²xNQR^�L�MGYÁMÃ^tMGY ��¶�W�v²v²J£QEL � W�QEDGLEY±HKHKJ�QEDµS�J

S�W�LELEFIJIH� [ ¶�MGY\O�JIH��	�^�Q�MGDG^ O�J�DÃH�SVU QEL�ui¹iC JIDKC ^�DÃ^�v ��MGDKJ a ¶�W�DKDGJIHKC W�LRSE^�L�M 8£[Z^wMG^�YZ[Z[\J²S�J®¶�JIH�S�W�LRLEF�J'H º ¿ W�Q HCEDGW�C�W�HKW�L H/^�[ZW�DÃH/QELEJ D���]�[\J SEJ£¶�^�[\YZXEDÃ^tMKYZW�L CR^�D�S�F�� ^�Q�M 	¯JIL [ É ^�LNM a JIL � W�L ¶�MKYZW�L�SEJ [Z^ CEDKF'¶�Y±H|YZW�L_S�J£[ U Y\LEÇ
� W�DKvw^tMGY\W�LPxNQEJ/[5U J É C JID|M�YZLRS�Y±xNQEJ º ½ L�J�L H|JIv�XE[ZJTS�JTxNQEJIH|MKYZW�L H>W�QEO�J�DKMKJ'HnJ'HoM�CRDKW�C WNH|F/^#[ L@SqU ^�vµFI[\YZW�DGJ�D�¶�J�MKMKJ¶I^�[ZY\XEDÃ^tMGY\W�L º ¼ L.[RL 	�� � � a 	�[ U YZL�� W�DGvw^tMKYZW�LPS�Je[ U J É C�J�DKMKY±H|J�C�J�Q�M ��MKDGJ�¶�W�v²CR^�DGF�J�8µ[ U Y\L � W�DGv²^�MKYZW�LP^�CEC�W�DKMKFIJÈCR^�D
[ZJIHÈS�W�LELRF�JIH�DKFIJ�[Z[\J'H > [ZJ ��¼�¾ @*	~^�Q�v²Wt¹�J�L�SVU YZLRS�Y±¶�^tMGJ�QEDÃH�SEJTMG^�Y\[Z[ZJ º � L�C JIQ�M�S�W�LR¶/DGJ�C�F�DGJ�D�HKYZLEW�L@MGJ�v²C FIDKJID[ZJIH>¶I^�HlW�� 	 ����� �� ����� ����� 	�[5U J'HoMGY\vw^tMGY\W�L�DGJIH|MKJevw^t¸oW�DKY\MG^�Y\DGJ�v²JIL�M>HKQEX�¸oJI¶�MKYZO�J º
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	 ���*�� � ��� > ¶ÃuR^�CEY\MKDGJ : @ º p J�¶I^�S�DGJTCE[ZQRHÈ]�F�LRF�DÃ^�[�S�J®¶�J�MKMKJµ¶�W�LNMGDKYZXEQ�MGY\W�L�JIH|M�¶�JI[\QRY�SVU QELEJ®F�MGQRS�JTXR^ ¹�FIHKY\JILELEJ¶�W�LR¶�D"��MKJ
	NW���[Z^µ¶�W�LELR^�YZHGHK^�LR¶�J � ����� �&��� J'HoM>vw^t¸oW�DKY\MG^�Y\DGJ�v²JIL�MlH|QRX�¸oJI¶�MKYZO�J º � ^®v²W�S�F�[ZYZHG^tMGY\W�L 	iLEFI¶�JIHGHK^�Y\DGJ�v²JIL�M^�DKXEY\MKDÃ^�YZDGJ
	�C JIQ�M£H|J@DGF�O�F�[ZJ�D®MKD��IH²F�[ZW�YZ]�LRF�J@S�J@[ U Y\L � W�DGv²^�MKYZW�L%W�X�¸oJ'¶�MGY\O�JP^�CEC W�D|MGF�J@CR^�Dµ[ZJIHwSEW�LELEFIJIH 	�J�M²MKF�Ç
v²W�YZ]�LRJ�D 	RCR^�D�J É JIvµCR[\J�	�SVU QELEJ®v²WiSEF�[ZYZHG^tMGY\W�L � ����� ����� v²FIS�YZW�¶�DGJTW�Q�SqU QELRJ®uEF�MKFIDKW�]�F�LRF�Y\MKF�S�J®[ U YZL�� W�DGvw^tMKYZW�L^�CEC W�D|MGF�JwCR^�D�[5U J É C JID|M�OiY±HoÇ 8tÇcOiYZH/SEJ£[±^@LR^tMGQEDKJ�S�JIH®S�W�LELRF�JIH�> YZLNMKJ�DGDGW�]�F HKQEDTQRL7¶�W�vµC�W�HG^�LNM ∑

1
	�H|W�L�^ ONY±H

C�J�Q�MlCE[ZQ�M
 �M©C�W�DKMKJID©HKQEDlQELP¶�W�v²C�W�HG^�LNM ∑
2
CRDKW�¶ÃuEJ�S�J ∑

1
	iCE[±^�¶�FÈSE^�LRH©S�JIHl¶�W�LRS�Y\MKYZW�LRH©S�J�� W�LR¶�MKYZW�LELRJ�v²J�LNM

S�Y � F�DGJ�LNMKJ'H @ º k J�MnF�[ZW�YZ]�LEJIvµJILNM 	�xNQEJ�[5U W�LwC�J�DÃË�W�Y\M�CR^�D � W�YZH�YZLNMKQEY\MKYZO�JIv²J�LNM 	NS�W�Y\M ��MGDKJÈS�F�MGJI¶�MGF�^ Ot^�LNM�[5U YZL�� F�DGJ�L ¶�JJ�Ml[5U ^�¶�¶�J�C�MÃ^tMGY\W�LPS�J'H>DGFIHKQE[ÁMÃ^tMÃH ��� ���� ����� ����� º
p ^#CEDGF�OiY±H|YZW�L%S�J@[Z^ S�QEDGF�J�S�J@OiY\JPYZLRS�QRH|MKDGY\JI[\[ZJ@JIH|MwCR^�DKMKY±¶�QE[ZY���DGJ�v²J�LNMw¶�W�L ¶�J�DGLEFIJ�CR^�Dw¶�J�Mo¹NC�J�S�J@CEDGW�Ç

XE[���v²J º h ^�DlJ É J�v²CE[ZJ
	�[ZJIHlS�W�LELEF�J'H>S�J �>¼�¾ C�J�QEO�J�LNM�¶�W�DGDGJIHKC W�LRS�DGJ 8®[Z^²S�QEDGF�JeS�JeOiY\J/S�J/¶�W�v²C WNHK^�LNMGH©S�W�LNM[5U ^�DKD���M/SVU J É CE[ZW�Y\MG^�MKYZW�L�L�U J'HoMTCR^�H�ONDÃ^�YZv²J�LNM/Y\v²CEQEMG^�XR[\Jw^�Q OiY\JIY\[Z[ZYZHGH|JIv²J�LNM/v²^�YZHeCR[\Q�M! �MG8PS�JIHeW�CEC�W�DKMKQELEY\MKF'H
S�J/DGJ�v²CE[±^�¶�J�v²J�LNM 	RS�JIHÈS�Y54w¶�QE[\MKFIHÈSVU J É CE[ZW�Y\MG^tMGY\W�L 	RS�J'H>CEDGW�XE[���v²J'H�S�J�¶�W�v²C WNHK^�LNMlW�Q�S�JIH�vµW�S�Y5[ ¶I^tMKYZW�L H�S�J
¶�W�LR¶�J�C�MGY\W�L º k J�DKMG^�Y\LEJ'HlSVU JILNMKDGJ/J�[Z[\J'HlC JIQEO�JIL�M�HKJ/DKFIO�FI[\JID©C�J�Q@DGJ�CEDGFIHKJ�LNMÃ^tMKYZO�J'HnSEJ/[Z^²S�QEDGF�J/S�J/OiYZJ/S�JIH�¶�W�vµÇC�W�HG^�LNMGHÈ^�¶�MKQEJI[\[ZJ�v²J�LNM�Q�MKYZ[\Y±HKFIH º h W�QRDÈS�J'H�DÃ^�Y±H|W�LRH�SVU F�O�W�[ZQ�MKYZW�L@MGJI¶ÃuELRYZxNQEJ®W�Q�S�JµS�Y � FIDKJILR¶�JµS�J®¶�W�v²C WNHK^�LNM 	QEL£J É C JID|M>S�J�vw^�YZL�MGJ�LR^�LR¶�JÈC JIQ�M � W�QEDGLEYZD 	NCR^�D©J É JIvµCR[\J�	�QELP^ OiYZH 8T[±^ � W�YZH�MKD��IHnY\L � W�DGv²^�MKY'��J�M©MKD��IHnW�CEMKYZvµY±H|MKJ
OiY±HoÇ 8tÇcOiYZH©S�JTS�W�LELEF�J'H>S�JeMKJIv²CRH�S�J/S�F�� ^�YZ[\[±^�LR¶�J º
À ^�LRHµ[ZJIH�� ^�Y\MGH 	¤SEW�LR¶
	¯[ZJIH²¶�W�LELR^�YZHGHK^�LR¶�J'H � ����� �&��� J�MµW�X�¸oJI¶�MKYZO�J£DGJ�[±^tMGY\O�JIHR8 QELEJ@xNQEJIH|MKYZW�L8S�J � ����� % �  ��S�W�Y\O�J�LNM ��MGDKJµ¶�W�uEF�DGJ�LNMKJ'H�	 H|YZLEW�L�YZ[¤H|QEX H|Y±HoMGJTQEL CRDKW�XE['�Iv²J�S�J�Ot^�[\Y±SE^tMGY\W�L S�J®SEW�LELEFIJIH�W�Q SVU J É C�J�DKMKY±H|J º p W�DÃHoÇxNQqU J�[Z[\J'H®HKW�LNM²DKJI[Z^�MKYZO�J'HR8�QELEJ�xNQEJIH|MKYZW�L7SEJ �&���"����� % �  �� 	�¶�J£Mo¹iC�JPSEJ�CEDGW�XR['�IvµJ@^�CRCR^�DÃ^��±M®v²W�YZLRH®JIHGH|JILNMKYZJ�[ �YZ[nHIU ^�]�Y\M�S�J£CRDKFIO�W�YZD/QELEJ�S�QEDGF�J£S�J£ONYZJ DGJIH|MG^�L�MGJ
	�^�CED��IH/QELRJ�H|MKDÃ^tMKFI]�YZJ S�J vw^�YZLNMKJILR^�LR¶�J xNQEY�MGY\JILNM®¶�W�vµCEMKJ

S�Jµ[5U FIO�W�[ZQ�MGY\W�L�MKJ'¶ÃuELEY±x�QRJ º =�Y±HoÇ 8tÇcOiYZH�S�Q �>¼�¾ S�Y±H|C�W�LEYZXE[ZJ
	V[5U J É C JID|MGYZHKJ�C�J�Q�MTS�W�LR¶®CR^�DÃ^��±MKDGJ�W�C�MKYZv²YZH|MKJ²HK^�LRH



xNQqU QRL ¶�W�L��RYÁM�J � J'¶�MGY\O�J�v²J�LNMÈS�F�MKJ'¶�MKF®H|W�YÁM 8²CEDGJ�L S�DKJ/JIL ¶�W�vµCEMKJ/CR^�D�[ U ^�L ^�[Z¹iH|MKJ/X ^ ¹�FIHKYZJ�L º p ^%[R]�QEDGJw³/C�J�DKÇ
v²J�M�SVU Y\[Z[ZQRHoMGDKJIDeXEDKY���O�J�v²J�LNMT¶�J�M|MGJwYZS�FIJwS�Fo¸b8@J É CRDKYZv²F�J²x�QRJw[\Jw¶�W�LNMKJ É MGJ²SEJw[ U F�MGQRS�J²v²WiSEY [RJw[±^PC JID|MGY\LRJ�LR¶�J
S�JIHµW�Q�MKYZ[ZHwH|MG^�MKY±HoMGYZxNQEJ'H º k JIC JILRSE^�L�M 	�QEL1¶�DGYÁM���DGJ�v²JIHKQEDÃ^�LNM²[Z^ S�YZO�J�DG]�JILR¶�J�J�LNMKDGJ�¶�J'Hµ¶�W�LEL ^�Y±HKHG^�LR¶�JIH®DKJ'HoMGJY\v²C�W�DKMG^�L�M>C�W�QED>Ot^�[\Y±S�J�D>[ZJeMKDÃ^ Ot^�YZ[VSVU YZLiO�J'HoMGY\]N^tMKYZW�LPS�J/[5U J É C�J�DKM º
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θ

������� ³�� � J�CEDGFIHKJ�LNMÃ^tMKYZW�L H�HKY\v²CE[ZY [ F�JIH¤S�JlS�Y±HoMGDKYZXEQ�MGY\W�LRH¯W�X�¸oJ'¶�MKYZO�J�> � W�QEDKLRY\JnCR^�D�[Z^�¶�W�LELR^�YZHGHK^�LR¶�J�SEJIH¤S�W�LRLEF�J'H
S�J �>¼�¾ @�J�M � ����� �&��� H|QRD�QELwCR^�DG^�v ��MKDGJ�SVU Y\LNMGF�D���M θ º�� ]�^�QR¶ÃuEJ�	�[\J'H�S�JIQ É ¶�W�LRLR^�Y±HKHG^�L ¶�JIH¤DGJIH|MKJILNMn¶�W�uEF�DGJ�LNMKJ'HxNQEJ®[ZJ²C W�Y\LNMTS�J²OiQEJ²H|W�YÁM9[ ^�XEY\[ZY±HoMGJ®W�Q S�QRDG^�XEY\[ZY±HoMGJ º�� S�DKW�YÁMGJ
	~J�[Z[ZJIH/HKW�LNM�YZLR¶�W�uEFIDKJIL�MGJIHeSVU QEL C W�Y\LNMTS�JµONQRJ
[ ^�XRY\[ZYZH|MKJ º À U QEL£C�W�YZLNMlSEJÈOiQEJeS�QEDÃ^�XEYZ[ZYZH|MKJ�	NQRL MKJI[~F�[ZW�YZ]�LEJIvµJILNMnLqU JIH|M©C ^�H©DKF'S�uEYZXEY\MKW�YZDGJ�CEQEY±HGx�QRJ�[±^�OiY±H|YZW�L£SEJ[Z^²S�QRDKFIJeSEJ/ONYZJeJIH|M�CEDGF�OiYZHKYZW�LELEJI[\[ZJ º

p J�¶�DGY\M"��DGJ À���k C�J�QEM�F�]N^�[ZJ�v²J�LNM ��MGDKJlQ�MGY\[ZYZHKF�¶�W�v²vµJlQEL²W�Q�MKYZ[RS�J�¶I^�[ZY\XEDÃ^tMGY\W�L�CR^�D�S�F*� ^�Q�M 	�[\W�DGHGxNQEJn[5U ^�LR^�Ç
[\¹�H|MKJ/XR^ ¹�FIHKY\JIL 	EDGJI¶�QEJ�YZ[\[±^�LNM�J�M�v²WiSEF�[ZYZHG^�LNM�[5U ^ OiY±H�S�JT[5U J É C JID|M 	RHK^�YÁMÈLEJTCR^�H�S�Y±H|C�W�HKJ�D�SqU YZL�� W�DGvw^tMGY\W�L #�� �$� � ��%'�H|QRD®[5U YZLR¶�J�DKMKY\MKQRS�J@S�J@¶�J�MµJ É C�J�DKM º m [>H�U ^�]�YÁM²S�W�L ¶£S�JPCEDGW�C�W�HKJ�D 	qMo¹iCEY±x�QRJ�v²J�LNM 	¤QELRJ�Ot^�[ZJ�QRD®W�X�¸oJI¶�MKYZO�J�SEJ�[±^Ot^�DGYZ^�LR¶�J ���)��� ����� 	~SVU ^�Q�MG^�LNMlCR[\QRH�[Z^�DK]�J�xNQEJe[5U F'¶�^�DKM>J�LNMKDGJeJ É C�J�DKMKY±H|JeJ�M�SEW�LELEFIJIHlJ'HoM�]�DG^�LRS º

¼ L�Y\LNMGDKW�S�QR¶�MKYZW�LO8w¶�J'H�S�JIQ É ¶�W�LNMKDGY\XRQ�MKYZW�LRH 	�[ZJ�¶ÃuR^�CRYÁMGDKJ²³/W � DGJ/QELEJTS�F"[RLEY\MKYZW�L�]�FILEF�DÃ^�[ZJeS�Q ¶�^�S�DKJ/H|MG^�Ç
MKY±HoMGYZxNQEJ£J�M®S�J'H/v²W�S���[ZJIH®^�Q É xNQEJ�[±HeLEW�QRHTLEW�QRH/YZLNMKF�DGJIHGHKW�LRH º ¿ W�MKW�L H/J�L � LELEJ É J'H � QEL�^�D|MGYZ¶�[\J ¶�WNF'¶�DGYÁMTJIL¶�W�QEDGH²S�JPMGu �IHKJ�H|QEDw[ZJ@v²WiS ��[ZJ 8#DGYZHGxNQEJIHw¶�W�LR¶�QEDKDGJ�LNMÃH�CEDGW�C�W�HKFPCR^�D Â J�DKMKuEW�[\W�L > ����� ³�@ º k J�M ^�DKMKY±¶�[ZJ@HKJ�DÃ^
� DKF'xNQEJ�v²v²J�LNM/¶�Y\MKF²^�Q#¶�W�QEDÃH�S�J®[5U F�MKQ S�J º p Jµ¶ÃuR^�CEY\MKDGJ � HKJµO�J�QEM�� W�QEDKLRY\DeQEL#CR^�LEW�DG^�vw^ S�JIH�v²F�MGuEW�S�JIH � � ���
�*����(� � �� �*� QRHKQEJI[\[ZJIH 	�xNQEYnHKW�LNMTS�J'H/v²F�MKuRWiSEJIHTSVU JIH|MKYZvw^tMGY\W�L W�X�¸oJI¶�MKYZO�J'HTS�JIHTvµW�S��I[\J'HTH|MG^tMGYZH|MKY±xNQEJIH'> � W�LRSEF�JIH
QELEY±xNQEJ�v²J�LNM/H|QRDÈ[5U YZL�� W�DKvw^tMGY\W�L�^�CRC W�D|MGF�JµCR^�D�[\J'HÈSEW�LELEFIJIHeS�J �>¼�¾ @ º p U W�XE¸oJI¶�MGY �nJIH|M�S�Jµv²JIHKQEDKJIDÈ[±^�[\YZv²YÁMGJS�J�¶�JIH�v²F�MKuEW�S�J'H�J�L²MGJ�DGv²JIH�S�JÈCEDGFI¶�Y±HKY\W�L²SqU J'HoMGY\vw^tMGY\W�L º ¿ W�Q H�CEDGW�C�W�HKW�LRH¤CR^�D�J É JIv²CE[\J�[ U J�v²CE[ZW�Y�¶�W�L�¸oW�YZL�M�SEJCE[ZQRH|YZJ�QRDGH¤^�[Z]�W�DKY\MKuRvµJ'H¯SEJ �$� �� �� �"�� C W�QED�H�U ^�HGH|QRDKJID�xNQEJl[5U ^�CEC JI[�^�Q É MGJI¶ÃuELRYZxNQEJ'H¯X ^ ¹�FIHKYZJ�LELEJ'H�J'HoM�LEF'¶�J'HKHG^�YZDKJ º
s F�MGuEW�S�W�[ZW�]�YZxNQEJIv²J�LNM/CR^�DG[Z^�LNM 	q¶�J�M|MGJ O�FIDKY5[ ¶�^�MKYZW�L#LEW�QRHTCR^�DÃ^��±MTQ�MKYZ[ZJ
	qF�MG^�LNM�S�W�LELEF [±^@S�Y54w¶�QE[\MKF£xNQEJwC�J�Q�MDKJIO
��MKYZD©[ZJeMKDÃ^ Ot^�YZ[~CEDKFICR^�DÃ^tMGW�YZDKJ�8µ[ U Y\L � F�DGJ�LR¶�J/XR^ ¹�F'H|YZJ�LELRJ�xNQqU JIH|M�[Z^²¶I^�[ZY\XEDÃ^tMGY\W�L ������� ����� º
p J�¶ÃuR^�CRYÁMGDKJ ; J'HoM²JIHGHKJ�LNMKYZJ�[Z[\JIv²J�LNMµQRL8DGFI¶I^�CEY\MKQE[±^tMGY ��S�JIH²CEDGYZLR¶�YZCR^�[ZJIH®MGJI¶ÃuELEY±xNQEJIH²S�J@¶�^�[Z¶�QE[>XR^ ¹�FIHKY\JIL ºr ¹iCEY±xNQEJ�v²JIL�M 	iW�L@¶ÃuEJ�DÃ¶ÃuEJ98®^�CECEDGW É YZv²J�D©QELEJeJ É CEDGJIHGHKY\W�L Y\LNMGF�]�DÃ^�[ZJe¶�W�DGDGJIHKC W�LRSE^�LNMK8µQELRJ�v²Wt¹�J�LELEJ � ��� ���

 ����� ����� º ¿ W�QRH�LEW�QRH � W�¶�^�[\Y±H|W�LRH�JIL CR^�DKMKY±¶�QR[\YZJ�D©H|QED©S�JIH©^�[Z]�W�DKY\MKuRvµJ'H�SVU �$# ����(� � % %'�&(�(�� ������� � � ���"�*(� � ��% 	iCEDGF*� FIDKF'H



^�Q É v²F�MGuEW�S�JIH s k s k MGDG^�S�YÁMGY\W�LELEJI[\[ZJIH º p U ^�[Z]�W�DKY\MKuEv²J Âl� s >�� ���
�*�� �&(�� �*�$ ������ � ��(�� � 	 � � ��� �� � ��( 	 Â ^tÇ¶ÃuR^£³I´�´ · @*	�Q�MGY\[ZY±H|FeSE^�L H©SEJÈDGFI¶�J�LNMGH�[\W�]�Y±¶�YZJ�[±HnS�J [ ^�XEY\[ZY\MKF
	 � ^�YÁMl[ U W�XE¸oJ�M>SVU QRLEJÈF�MKQRSEJe¶�DKY\MKY±xNQEJ�C ^�DKMKY±¶�QE[ZY'�IDKJ�xNQEY¶�W�LRS�QRYÁM?8�[\J�DKJ|¸oJ�MGJ�D�C�W�QRD®S�J'H�DÃ^�Y±H|W�LRHeMGuEF�W�DKY±xNQEJIH�J�M®CRDG^�MKY±x�QRJIH º p J£MKD��IH�DKF'¶�J�LNM�J�M®CEQRYZHGHK^�LNM®^�[Z]�W�DKY\MKuEv²Jh s k >�� ���)��%'�� � ��(�� �&(� � � �&��%'� 	 k ^�CEC�F �� ��%�	������7: 	 k J�[ZJ�Q É �* �&%�	�������· @¯J'HoM�CR^�D�^�YZ[Z[\JIQEDGH�S�F�MÃ^�YZ[\[ZF�SE^�LRH�QELXEQEMÈS�Y±SE^�¶�MKY±x�QRJ
	RJ�MÈS�J'H�J É JIvµCR[\J'H�SVU F�MGQRS�J�HKW�LNM�CEDGW�C�W�HKFIH 	�C�W�QEDÈ[\J'H�HG¶ÃuEF�vw^�H�XR^ ¹�F'H|YZJ�LRHlFIvw^�LR^�L�M�SEJIH�¶Ãu ^tÇ
CEY\MKDGJIH�CEDGFI¶�FIS�JILNMGH º p 8�JILR¶�W�DKJ�	tH|JI[\W�L�[ZJ©XRQ�ME8È^�M|MGJ�YZLRS�DGJ
	tLEW�QRH � W�QEDGLEY±HKHKW�LRH¯QELEJ>¶�W�LR¶�[\QRHKYZW�L�v²F�MKuEW�S�W�[\W�]�Y±x�QRJ º
p JT¶Ãu ^�CEY\MKDGJ · 	R¶�W�LRHG^�¶�DKF98wxNQEJ�[±xNQEJIH>C�J�DÃHKC J'¶�MKYZO�J'H>S�J/DGJI¶ÃuEJIDG¶ÃuEJ�	E¶�[  �M�¶�JeMKDÃ^ O ^�Y\[ º ¿ W�QRH>LEW�QRH � W�¶�^�[\Y±H|W�LRHJIL#CR^�D|MGYZ¶�QE[ZY\JIDeHKQEDe[ZJ²¶ÃuRW�Y É S�JIHeui¹iC JIDKC ^�DÃ^�v ��MGDKJ'H�SVU QELEJ S�Y±H|MKDGY\XEQEMKYZW�L � ����� �&��� ^�DKXRYÁMGDG^�Y\DGJ
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	VMGuEYZHTCEDKYZW�DeY±H/JI^�H|¹ MKW@QRHKJ^�LRS QEL S�J�DÃHoMÃ^�LRSR^�XE[ZJÈXi¹ ^�L Y\L S�QRH|MKDGYZ^�[~^�LR^�[Z¹�HoM��>Y\MKuEW�Q�Ml^�S�Ot^�LR¶�JIS�HoMÃ^tMKY±H|MKY±¶�^�[ �iLEW �>[ZJIS�]�JIHF��MKu ^tM��©^�H
^²vw^�YZLPvµW�MKYZOt^tMKYZW�LPW&��MKuRJT¶ÃuR^�C�MGJ�D º

��º�� � ���
� � ( �  � �&( ��(��� �� � �� !����� � �  ����
���� #����  ����� ��( > k u ^�C�MGJ�D : @ º r uEY±Hn¶Ãu ^�C�MGJ�D�Y±HnY\L ¼ LE]�[ZYZHKu º À���kY±HT^@¶�DGYÁMGJ�DGY\W�L �>uEY±¶Ãu_S�J [ LEJIH/^�H|MG^�HoMGYZH|MKY±¶�^�[¤^�]�DGJ�JIvµJILNMeX�J�M �©J�JIL ^PCEDGYZW�D/YZL�� W�DGvw^tMKYZW�L ^�LRS#MGuEJ SE^tMÃ^
YZL�� W�DGvw^tMGY\W�L º r uEJ�H|J�M|MGY\LE]�W&�VMKuRYZH �nW�D �®YZH�v²W�DGJ�]�JILEJ�DÃ^�[�MGuR^�L£DKJI[\Y±^�XEYZ[ZYÁMo¹²^�LRSw¶�W�LR¶�J�DGLRH�^�Li¹ Â ^ ¹�J'H|Y±^�LHKJ�MKMKYZLE] �>uEJIDKJ>^/HKQEX�¸oJI¶�MKYZO�J>CEDGYZW�D�¶�^�L²X J � ^�D � DGW�v MGuEJ�SE^�MG^eYZL�� W�DGvw^tMKYZW�L º�� W �©J�O�J�D 	IMGuEY±H�Y±H�JIHKC J'¶�Y±^�[Z[\¹DGJ�[ZJ�Ot^�LNM>YZLPYZLRS�Q HoMGDKY±^�[ Â ^ ¹�JIHKYZ^�L�^�L ^�[Z¹iHKY±H º�Ê W�D>Y\L HoMÃ^�LR¶�J
	E[ZY � J�MKYZv²JTSE^tMÃ^w¶�^�LPDGJ��RJ'¶�M>MKuRJ/CR^�H|M�^�LRS�MKuRJJ É C�J�DKM>W�CEYZLEYZW�LRHl¶I^�L£DGJ�� JI¶�M©MKuRJ�� QEMKQEDGJ
	 � W�D©DGJI^�H|W�LRHnW&��MGJI¶ÃuELRYZ¶I^�[~J�O�W�[ZQ�MKYZW�L�W�D©v²^�MKJIDKY±^�[VS�YZO�JIDK]�J�LR¶�J��
MGuEJ�DGJÈY±Hl^�DGY±H �µMKWµW�XEMG^�YZL�^TMKYZv²J�YZLR¶�W�uEJIDKJILR¶�¹²X�J�M �©J�J�L£MKuEJÈM �©WµHKW�QEDÃ¶�J'H�W
��Y\L � W�DGv²^�MKYZW�L º � MGuEJ�DlS�Y54µÇ¶�QE[ÁMGY\J'H�^�DGJe[\Y±H|MKJIS£MKuRDKW�QE]�uPDKJ'^�[q^�LRS�HKYZv�QE[±^tMGJIS�J É ^�v²CE[ZJIH º
¿ W�MKJeuEW �©J�O�J�DnMKuR^�MlMKuEJeLEW�MKYZW�L£W
�¯DGJ�[ZYZ^�XEYZ[\Y\Mo¹wYZHlS�Y � J�DGJ�LNM � DKW�v �����"��� � % �  �� 	��>uRYZ¶ÃuPYZHnMGuEJ/HoMGQRS�¹ W
��MKuRJDGJ�vw^�YZLEYZLE] > W�D�DKJ'H|Y±S�QR^�[ @�[\Y'� J�MGY\v²J²W&�©^�Li¹ �nW�D �iYZLE]£HK¹iH|MKJIv 	�YZL�]�Y\O�J�L�¶�W�LRSEYÁMGY\W�LRH�W
��QRHKJ®^�LRS vw^�YZLNMKJ�Ç
LR^�LR¶�J º � JI[\Y±^�XEYZ[ZYÁMo¹~U H>^�YZv Y±HlMKW²DGJ�CEDGJIHKJ�LNMlMKuEJT¶�W�v²CE[ZJ�MGJ/[\Y'� J�MGY\v²JTCEDGW�¶�J'HKHnMKWwJ'HoMÃ^�XE[ZY±H|u 	RY\LPMKuRJ � Q�MKQEDGJ
	HKW�v²J�HoMGDG^�MKJI]�YZJIHµW&��QRH|J ^�LRS8v²^�Y\LNMGJ�LR^�LR¶�J º r uNQ H�	 � DGW�v ^ S�QRDG^�XEY\[ZY±HoMwOiY\J �>C W�Y\LNM 	�^�L%J�LE]�Y\LEJIJ�D ¶I^�L
LR^�MKQEDÃ^�[Z[Z¹²MG^ ��JÈYZLNMKW²^�¶I¶�W�QRL�M©MKuRJÈMGJI¶ÃuELRYZ¶I^�[~J�O�W�[ZQ�MKYZW�LP^�LRS�^�C�W�HGH|YZXE[ZJÈCRDKYZW�DKÇcSR^tMG^®¶�W�L �RY±¶�MlYZHlLEWµv²W�DGJ
DGJ�[ZJ�Ot^�LNM º r uEY±H�¶I^�L_X�J£YZL�MGQEY\MKYZO�J�[Z¹ Y\[Z[\Q HoMGDG^�MKJIS Xi¹ Ê Y\]�QEDKJ �Eº r uEJIL_MKuRJ£¶�W�L�MGJ É M�W
�©MGuEJ�H|MKQ S�¹#v®QRH|M¶�[\J'^�DG[\¹ X�JTS�J"[RLEJIS�MGW �iLEW � Y � À���k ]�YZO�JIH>^�L�Q H|J�� QE[qYZL�� W�DGvw^tMKYZW�L º
Â JIHKY±S�JIH 	RMGuEJ À���k ¶�DGYÁMGJ�DGY\W�L ¶�^�L X J®QRHKJIS�^�H�^ MKWiW�[�W&��S�J�� ^�QE[\MeCEDKYZW�D�¶�^�[\YZXEDÃ^tMKYZW�L 	 �>uEJIL LEW #��"�$� � ��%'�YZL�� W�DGvw^tMGY\W�L�^�X�W�Q�MTMGuEJ DGJI^�[�J É C�J�DKM�QELR¶�J�DKMG^�Y\LNMo¹�Y±H�^ Ot^�Y\[±^�XE[ZJ²MKW MKuEJ Â ^ ¹�JIHKYZ^�L ^�LR^�[Z¹�HoM º r ¹NCRYZ¶I^�[Z[\¹�	
�>uEJIL ^PCEDGYZW�D/¶�JIL�MGDG^�[¤W�CEYZLEYZW�L�Y±He]�YZO�JIL 	 À���k ¶I^�L X J²QRHKJIS�MKW@CEDGW�C�W�HKJ²^�L W�X�¸oJ'¶�MKYZO�JµOt^�[ZQEJ�� W�DeMKuRJ
CEDGYZW�D>Ot^�DGYZ^�LR¶�J�	��>uEY±¶ÃuPYZLR¶�DKJ'^�HKJIH �>YÁMGuPMKuEJ�SEY � J�DGJ�LR¶�JeX J�M �nJIJ�LPMKuEJ�J É C JID|M>W�CEY\LRY\W�L@^�LRS�MKuEJ/[ZW�¶�^�MKYZW�L
W
�¯MGuEJTSE^tMÃ^ º
r uEJIL À���k ^�CEC J'^�DÃH>MGW X Jµ^�L�^�[ÁMGJ�DGLR^tMGY\O�JT^�LRS vµW�DKJ�C W �©J�D"� QE[¯^�CECEDGW�^�¶Ãu�MGW£^ CRDKW�¶�J'S�QEDGJ/CEDGW�C�W�HKJIS
Xi¹ ¼ O ^�LRH Ì s WNH|uEW�LEWtO)> ������; ^H@ÈO�J�DG¹ DKJ'¶�JIL�MG[\¹�	)� W�D�SEJ�MKJ'¶�MGY\LE] ^�¶�W�L � YZ¶�MTX J�M �nJIJ�L_CEDGY\W�DT^�LRS SE^�MG^ º



� W�v²JTW�MKuEJID � JI^�MKQEDGJIH�vw^ ��J�QRH�¶�W�LRHKYZSEJ�D�MGuEY±H�¶�DGY\MKJ�DGYZW�L ^�HÈ^wCEDÃ^�¶�MKY±¶�^�[�vµJ�MKuEW�S�YZL�MGuEJTMGWNW�[ �iY\M�W&��MGuEJÂ ^ ¹�JIHKYZ^�L�^�LR^�[Z¹�HoM º

� [ ���42/.� D7� � [ ���42/.� D7�

θ

Z �������

θ

Z �������

����� � � � m SEJI^�[�ONYZJ��gW&��MKuRJ�CEDKW�XR^�XRY\[ZYZH|MKY±¶�S�Y±HoMGDKYZXEQ�MGY\W�LRH²W�L�^ CR^�DG^�v²J�MKJIDwW&�eY\LNMGJ�DGJIH|M θ ¹iYZJ�[±S�JIS%Xi¹�MGuEJW�X�¸oJI¶�MKYZO�J��iLEW �>[\J'S�]�JeW
��SR^tMG^w^�LRS�MKuEJ�CEDKYZW�D �iLEW �>[ZJISE]�J � DKW�vg^�L@J É C JID|M º p J�� M 	 X W�MKu �iLEW �>[ZJIS�]�JIHlDGJ�vw^�YZLRH¶�W�uEJIDKJIL�M � DGW�v DGJ�[ZY±^�XEYZ[\Y\Mo¹ ^�L SPSEQEDG^�XEYZ[\Y\Mo¹ OiY\J �>C W�Y\LNMÃH º � YZ]�uNM 	�MKuEJI¹�^�DKJ�W�LE[Z¹£YZLR¶�W�uEJIDKJIL�M � DGW�v ^µDGJ�[ZYZ^�XEYZ[\Y\Mo¹OiYZJ��>C�W�YZL�M º�Ê DGW�v ^µS�QEDÃ^�XEYZ[\Y\Mo¹wOiY\J �>C W�Y\LNM 	iHKQR¶ÃuP^®S�Y±HG¶�DGJ�CR^�LR¶�¹²Y±HnLRW�M>QELEDGJI^�H|W�LELR^�XR[\JÈX J'¶�^�Q H|J�MKuEJ/HKY\]�u�MlW&�MGuEJ/[\Y'� J�MGY\v²J/Y±H � W�D��©^�DGS�Ç5[ZWiW �iY\LR] º

k uR^�C�MKJIDGH�³�^�LRS � > YZL Ê DGJ�L ¶Ãu/@VW
�NMGuEJ�MGuEJIHKY±H¯^�DKJ�YZLNMKDGW�S�QR¶�MGW�DG¹È¶ÃuR^�C�MKJIDGH 	IHKQEv²vw^�DGY\ÄIY\LR]lMKuEJnv²^�Y\L � JI^tMGQEDGJIHW
� MGuEJ�YZLRS�QRH|MKDGYZ^�[ ¶�W�LNMKJ É M 	tMKuRJ�HoMÃ^tMGYZH|MKY±¶�^�[ HKJ�M|MGY\LR]T^�LRSµMGuEJ�CEDGJI¶�YZHKY\W�LwS�J*� J'¶�MGH�W&�~MKuRJ � DKJ'xNQEJ�LNMKY±H|M�CEDKW�¶�JIS�QEDGJIH ºk uR^�C�MKJID ; > Y\L Ê DKJILR¶Ãu/@lY±H�J'HKHKJ�LNMGYZ^�[\[Z¹P^£H|QEv²vw^�DG¹£W
�¤MKuEJ®v²^�Y\L Â ^ ¹�JIHKYZ^�LP¶�W�v²CEQ�MÃ^tMKYZW�L ^�[qMGJI¶ÃuELRYZxNQEJ'H>MKu ^tM^�DKJeLEJ'¶�JIHGHG^�DG¹ � W�D>MGuEJTW�MGuEJ�D�¶Ãu ^�C�MGJ�DÃH º r ¹iCEYZ¶I^�[Z[\¹�	��©JT^�DGJ�[ZWiW �iYZLE]µMKW ^�CRCEDKW É YZvw^tMKJ/^�LPYZLNMKJI]�DÃ^�[VJ É CEDGJIHGHKY\W�L¶�W�DGDKJ'H|C�W�LRSEY\LE] MKW@^£C�W�H|MKJIDKYZW�D�v²JI^�L º ¼ H|C�JI¶�YZ^�[\[Z¹
	 �©J�� W�¶�QRHeW�QED/^�M|MKJILNMKYZW�L�W�L � � � �&�� �&(�#$� ���&� �)% � ( � ^�[\]�W�ÇDGYÁMGuEvwH�	 �>uEY±¶Ãu£¶�^�LwX JÈCEDKJ�� J�DGDKJ'SµMKW/MGDG^�S�Y\MKYZW�LR^�[ s k s k v²J�MKuEW�SEHnY\L£W�QED©¶�W�LNMGJ É M�W&�quRY\]�uE[\¹NÇ ¶�JILRH|W�DKJ'S®HKvw^�[Z[HG^�v²CE[ZJIH º Å J�vw^ ��JP^ ¶�DKY\MKY±¶�^�[l^�LR^�[Z¹�H|Y±HµW&�ÈMKuEJ � ���
�*�� �&(1������ ���"�& � �&( � � 	 � � ��� �& � �&( > Âl� s @µ^�[\]�W�DGYÁMGuEv
> Â ^�¶ÃuR^#³I´�´ · 	 Â ^�¶ÃuR^ Ìgk JI[\JIQ É ³I´�´ · @�	 �>uEY±¶Ãu#Y±HeQRHKJIS#Y\L_HKJ�O�JIDG^�[¯DGJI¶�J�LNM/DKJI[\Y±^�XRY\[ZYÁMo¹ HKW&� M �l^�DGJIH º Å J²DGJo¸oJ'¶�MY\M � W�D�MKuEJIW�DGJ�MGYZ¶I^�[�^�LRS�CEDÃ^�¶�MGYZ¶I^�[�S�J�� JI¶�MÃH/^�LRS#¶�W�LRH|Y±S�JIDÈMGuEJ²O�JIDK¹@DGJI¶�JILNMe^�LRS�C�W �©J�D"� QE[ � ���)��%'�� � ��( � �&(� �
� ����%�� > h s k @©^�[Z]�W�DKY\MKuRv > k ^�CEC�F �* ��%�	 �����<: 	 k J�[ZJ�Q É �� ��% 	R������· @ º m MGHl¶�W�LRHoMGDKQ ¶�MKYZW�L£YZHlS�J�MG^�YZ[ZJIS£^�LRS£HKW�v²J^�CECE[ZYZ¶I^tMKYZW�L H©^�DKJ/S�W�LEJ
	RQRH|YZLE]µMKuRJ/CEDKYZW�D>HG¶ÃuEJ�v²J'H>¶�W�L H|Y±S�J�DGJIS�YZLPCRDKJIONYZW�Q H>¶ÃuR^�C�MGJ�DÃH º � ¶I¶�W�DÃS�YZLE]µMKWµMKuRJT^�YZvW
��MKuRJ Â ^ ¹�JIHKYZ^�L�^�LR^�[Z¹�HoM 	i^µv²J�MGuEW�S�W�[ZW�]�YZ¶I^�[V¶�W�LR¶�[ZQRHKY\W�L�Y±H>]�Y\O�J�L º
k uR^�C�MKJID · YZHlS�J'S�Y±¶�^tMGJIS MKW²H|W�vµJ � Q�MKQRDKJ/^ O�JILiQEJIH�W&��DGJIHKJI^�DG¶Ãu ^�LRS£¶�W�LR¶�[\QRSEJIH�MKuEY±HnMKuEJ'H|Y±H º m L�CR^�DKMKY±¶�QE[±^�D 	

�©J�CRDKW�C WNH|J£MKW ^�SE^�C�MwW�QEDµv²J�MKuRWiSEW�[ZW�]�¹ MGW ^ HKuEW�¶�_vµW�S�JI[ � W�Dw^�HGHKJIHGH|YZLE]�¶�W�v²C W�LEJ�LNMw^�]�Y\LE] DGJ�[ZYZ^�XEY\[ZY\Mo¹
	
�>uEY±¶Ãu YZH/W
�nYZLNMKJ�DGJIH|M � W�D/LiQEv²J�DGW�Q HeY\LRSEQRHoMGDKY±^�[ZY±HoMÃH º r uEY±H �©W�D�� H|uRW�QE[±S#¶�W�LNMKYZLiQEJµMKuEJwCRDKJICR^�DÃ^tMGW�DG¹ �©W�D���W&�k JI[\JIQ É�Ì � W�S�YZW�LEWtO'> �����N� @ º � HKJI¶�W�LRS�^ O�J�LiQEJnYZH�MGWÈCEDGW�C�W�HKJn^Èv²J�MGuEW�S�W�[ZW�]�¹/W&� HKQEX�¸oJ'¶�MKYZO�J©CEDGY\W�D¯JI[\Y±¶�Y\MG^�MKYZW�L
�>uEY±¶Ãu�]�JILEJ�DÃ^�[ZYZÄ�JIH>MKuEJ®QRH|J®W&��OiY\DKMKQ ^�[¯SR^tMG^ º�Ê W�D�MKuEY±H �©JTCEDGW�C�W�HKJeMKWP¶�W�LRH|Y±S�JID�CEDGY\W�DGH�MKuR^�M�¶�^�L�X J �>DKY\M|MGJ�LQEL S�J�DlMGuEJ � W�DGv > W�D�¶�[ZW�HKJ�MKWµMKuEJ � W�DKvS@©W
� �!	����$#* �$�����*�����
�� ���� ����� ��� ����� ���$��º
r uEJ®MKWiW�[±He^�LRS�v²J�MKuRWiSRHeCEDKJ'H|JILNMKJIS Y\L#MKuEY±H�MKuRJIHKYZHe^�DGJ®¶�W�v²CE[ZJ�MGJIS Xi¹�CEDGW�]�DG^�vwHG> YZL k 
t� 
�� CE[ZQRH @�MKu ^tM

HKuEW�QR[ZS£X J�Y\LNMGJ�]�DÃ^tMGJIS£Y\LNMKW²^µH|W
� M �©^�DKJ�C ^�¶�t^�]�J � W�D©MGuEJÈW�¶I¶�^�HKYZW�LR^�[ QRHKJ�W&�¯^�L£J�LR]�YZLEJ�JID �>Y\MKuP[ZY\v²Y\MKJISPH|MG^tMGYZH|Ç
MGYZ¶I^�[ �iLEW �>[ZJIS�]�J º
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p ^�S�F [ LEYÁMGY\W�L�S�J'H�LEW�MG^�MKYZW�LRHÈH|QEYZOt^�LNMKJ'H�HKJ�DÃ^wDÃ^�CEC�J�[ZF�JG8£[\JIQED�CEDKJIv²Y'�IDKJTW�¶I¶�QEDGDKJILR¶�JTSR^�LRHÈ[\JµS�W�¶�QEv²JIL�M 	
J�M®J�[Z[ZJIHµH|JIDKW�L�MTDGF�QEMKYZ[\Y±H|FIJIH®CR^�D®[Z^�H|QEY\MKJ@HG^�LRH�DG^�CEC JI[�W�XE[\YZ]�^�MKW�Y\DGJ º À U QELEJPv²^�LEY���DGJ ]�FILEF�DÃ^�[ZJ
	¯[\J'HTOt^�DGYZ^�XE[ZJIH^�[\F'^�W�YZDGJIH > O º ^ º @�HKJ�DGW�LNM�LRW�MKFIJIH�J�L£vw^�¸oQRHK¶�QE[ZJIH 	�[ZJIHnDKF'^�[ZYZHG^tMGY\W�LRH�S�Je¶�J'H�Ot^�DGY±^�XE[ZJIH�JIL£v²YZLNQ HK¶�QE[\J'H º � ^�CEC JI[\W�LRHxNQqU QEL » [ZW�HGHK^�Y\DGJ�J'HoM>S�Y±H|C�W�LEYZXE[ZJ 8�[Z^ [RL�S�Je¶�J�MKDÃ^ Ot^�YZ[�> C ºE� ³ � @�	�J É CE[ZYZxNQR^�L�Ml¶�JID|MÃ^�YZLRH�MGJ�DGv²JIH©HoMÃ^tMKY±H|MKY±x�QRJIHnJ�MSVU YZLE]�FILEY\JIDKYZJ º � DGF*� �IDKJIL�M>[ZJIHlMGJ�DGv²JIH>HKQEY\OiY±H>SVU QEL ∗ SE^�L Hl[\JeMGJ É MKJ º

���a��	������D���

X Ot^�DGYZ^�XE[ZJ�v²W�S�FI[\Y±HK^�LNMl[±^²S�QEDGF�J/S�J/OiYZJ?> J�L@]�FILEF�DÃ^�[ @©SVU QEL�¶�W�v²C�W�HG^�LNMlY\LRSEQRHoMGDKYZJ�[ ∑
Y Ot^�DGYZ^�XE[ZJ�W�XRHKJ�DGO�F�J�DGFIHKQE[ÁMÃ^�LNM>S�J/[Z^²H|MKDÃ^tMGF�]�YZJ/S�J/¶�JILRH|QRDKJ/S�J X
C Ot^�DGYZ^�XE[ZJ�v²W�S�FI[\Y±HK^�LNMl[±^²¶�JILRH|QRDKJ/S�J X
i.i.d. Y\L S�F�C�J�LRSR^�LNMKJ'H>J�M�Y±S�J�LNMGYZxNQEJIvµJILNM�S�YZH|MKDGYZXEQEF�J'HB> JILPC ^�DG[Z^�L�M>S�J'H>DKF'^�[ZYZHG^tMGY\W�LRHSVU QELEJ/O º ^ º @��¼�¾ FI¶Ãu ^�LNMKYZ[\[ZW�L H>SVU W�XRHKJ�DGO ^�MKYZW�LRHlS�J Y > DKJ�MKW�QRDlSqU J É C�F�DGYZJ�LR¶�J/Y\LRSEQRHoMGDKYZJ�[ @

���������J�������V� �V�"!H���	$#&%V��� �H'�a	��O���	$��%��	$�b�V�(�a�)�����&�*����	$�J	^ !

M(θ) v²WiS ��[ZJTHoMÃ^tMKY±H|MKY±x�QRJeSEJT¶�W�v²C�W�DKMKJIvµJILNM 	ES�J/CR^�DG^�v ��MKDGJ θ ∈ Θ
Θ JIHKCR^�¶�JeCR^�DÃ^�v²F�MKDGYZxNQEJ
E(η) v²WiS ��[ZJ/J É C W�LEJ�LNMGY\JI[\[
W(η, β) v²WiS ��[ZJTS�J Å JIY\XRQE[\[
B(η0, η1, β) v²W�S���[ZJTS�JT¶�W�v²C F�MKY\MKYZW�L Å JIY\XEQR[\[�¶�W�LNMGDKJ�J É C�W�LEJIL�MGY\JI[E> Â JID|MGuEW�[ZW�L/@
N (µ, σ2) v²W�S���[ZJ/LEW�DGvw^�[VS�J/v²Wt¹�JILELEJ µ J�M�S�J/Ot^�DGYZ^�LR¶�J σ2

U [a, b] v²WiS ��[ZJ/QELEY'� W�DGvµJ/HKQED [a, b]

Pθ
v²JIHKQEDGJeSEJ/CEDKW�XR^�XRY\[ZYÁMGF/¶�W�L S�YÁMGY\W�LELEJI[\[ZJB8 θ

hM(x|θ) MG^�Q É S�J/S�F�� ^�YZ[\[±^�L ¶�J/S�Q@v²WiS ��[ZJ M(θ)
f(x|θ) S�J�L H|Y\MKFTS�J X HG^�¶ÃuR^�L�Ml[ZJ/CR^�DÃ^�v ��MGDKJ θ
F (x|θ) � W�LR¶�MKYZW�L�S�J/DGF�CR^�D|MGYÁMGY\W�L�S�J X HG^�¶ÃuR^�L�Ml[ZJ�C ^�DÃ^�v ��MGDKJ θ
S(x|θ) � W�LR¶�MKYZW�L�S�JTHKQEDGONYZJ?> W�Q � ����� % �  �� @>S�J X > = 1 − F (x|θ) @�HG^�¶ÃuR^�LNM©[ZJ/CR^�DÃ^�v ��MKDGJ θ
π(θ) S�J�L H|Y\MKFTS�Q@CR^�DG^�v ��MKDGJ θ HIU Y\[qJ'HoM�HKQECEC�W�HKF/^�[ZFI^tMGW�YZDKJ

+-, �"���&�D��� ���Q ./!����Q�	$#&%9���

L−→ ¶�W�LNO�J�DG]�JILR¶�JÈJ�L@[\W�Y
p.s.−−→ ¶�W�LNO�J�DG]�JILR¶�JÈCEDKJ'HKxNQEJ/H �EDGJ� QECEC (f) H|QRCEC W�D|M�SEJ�[±^ � W�L ¶�MKYZW�L f0
{A}

YZLRS�Y±¶�^tMGDKY±¶�J/S�J/[5U F�O
�ILEJ�v²JIL�M A
log � W�LR¶�MKYZW�L@[ZW�]�^�DKY\MKuRvµJ�LEFIC FIDKYZJ�L > [ZL/@



� �a� �V�"��������

η CR^�DÃ^�v ��MKDGJ�SVU FI¶ÃuRJ�[Z[\J'> v²W�S��I[\J'H E 	 W 	 B @
λ (= 1/η) C ^�DÃ^�v ��MGDKJeSVU FI¶ÃuEJI[\[ZJeY\LiO�JIDGHKJ
β CR^�DÃ^�v ��MKDGJ�S�J � W�DKv²J'> v²W�S��I[\J'H W 	 B @
µ (= η−β) CR^�DÃ^�v ��MKDGJ�S�JTHKYZvµCR[\Y5[ ¶�^�MKYZW�L > v²W�S���[ZJIH W 	 B @

+ 	�� �D��� �H �����/!�� �Q�	$�b�9�

¼ s = 
 s p�¼ JIH|MKYZvw^tMKJIQED�S�Q@vw^ É YZv�QEv SEJ/ONDÃ^�Y±HKJ�v�XR[Z^�LR¶�J?> � DÃ^�LRËI^�Y±H 
 ^�LE]�[Z^�YZHA@À�m h MKJ'HoM�SVU QELEYZv²W�SE^�[ZYÁMGFTSVU � ^�DKMKYZ]�^�L > ¶ÃuR^�CEY\MKDGJ 6 @*	RS�JTH|MG^tMGYZH|MKY±xNQEJeLEW�MGF�J À Y\CÀ���k ¶�DGYÁM���DGJ/S�JeCEDKW É YZv²YÁMGF�JILNMKDGJ ������� �&��� J�M�S�W�LELEF�J'HB> ¶ÃuR^�CEY\MKDGJ : @¿�¼ Ê 	 �& ���"�&% ��	 � �&(���(� � ��% � �&� � %�� 	RW�Q � ^�v²YZ[\[ZJeJ É C W�LEJ�LNMGY\JI[\[ZJ/LR^tMGQEDGJ�[Z[\J'> ¶Ãu ^�CEY\MKDGJ : @s r�� � � ( � ����% � �"� � ( � ( ��� ��� ��%'� 	EW�Q �$# ����(� � % %'�&( � � ( � ����% �q� ��(� !�"��� ()�*����(� > ¶ÃuR^�CEY\MKDGJIH : J�M · @

	 �
� �b��	^ .V�����

¿�� ^�[Z]�W�DKY\MKuEv²JeS�JTS�J'HK¶�J�LNMKJ/S�JeMo¹iC�J ¿ J��lMGW�L�Ç � ^�CRuRH|W�L > ¶ÃuR^�CRYÁMGDKJ � @¼ s ^�[Z]�W�DKY\MKuEv²J ��	 � �$#� �& � �&( � � 	 � � ��� �� � ��( > ¶ÃuR^�CEY\MKDGJ � @�i¼ s ^�[Z]�W�DKY\MKuEv²J �� � # � ���� � #/��	 ����#� �� � ��( � � 	 � � ��� �� � ��( > ¶ÃuR^�CRYÁMGDKJ � @Âl� s ^�[Z]�W�DKY\MKuEv²J � � �
����� �&(������� ���"�& � �&( � � 	 � � ��� �& � �&( > ¶Ãu ^�CEY\MKDGJ ; @h s k ^�[Z]�W�DKY\MKuEv²J � ���)��%'�� � ��( � ��(� � � ����%'� > ¶ÃuR^�CRYÁMGDKJ ; @
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¿ W�QRHe¶ÃuEJ�DÃ¶ÃuEW�LRH 8�v²W�S�F�[ZYZHKJ�De[±^�SEQEDKFIJµSEJ®OiYZJ²SqU QEL ¶�W�vµC�W�HG^�LNMeY\L S�QRH|MKDGY\JI[ ∑ º h W�QED/¶�J � ^�Y\DGJ
	�LEW�Q HÈ[±^HKQECEC�W�HKW�LRH�DGJ�CEDGFIHKJ�LNMÃ^�XE[ZJ�CR^�D�QELEJlOt^�DGYZ^�XE[ZJl^�[\F'^tMGW�YZDKJ X HKQEYZO ^�LNM¤QRLEJl[\W�YEHoMÃ^tMKY±H|MKY±x�QRJ M(θ) S�W�LNM θ JIH|M¤[ZJ>CR^�ÇDÃ^�v ��MGDKJ 8�JIH|MKYZv²J�D º k Jl¶ÃuRW�Y É S�J>v²W�S�F�[ZYZHG^tMGY\W�L�CR^�DG^�v²F�MKDGY±x�QRJnJ'HoM�YZLNMKF�DGJIHGHG^�LNM¤SEJ©C ^�D�[±^ÈC�W�HGHKY\XEYZ[ZYÁMGFlSqU F�MG^�XR[\YZDQELRJ®H|MKDÃ^tMKFI]�YZJ�S�J®v²^�Y\LNMGJ�LR^�LR¶�J®CEDKFIO�JIL�MGY\O�J ∗ > CR^�D�J É JIvµCR[\J�	 [ZW�DÃHKxNQEJ�[Z^£CEDKW�XR^�XRY\[ZYÁMGF�S�JµS�F*� ^�Y\[Z[Z^�LR¶�J®JIH|MKYZv²F�J
J'HoM©[Z^/CR[\QRH � W�D|MGJ�@¤W�Q£S�J�CRDKFIO�W�YZDnSEJIH�¶�W�v²C�W�DKMKJ�v²JIL�M � Q�MKQRDGH 	�MGJ�[Z[\J'HnxNQEJÈ[Z^®H|QRDKOiYZJ�W�Q [±^�SEQEDKFIJ�S�J�OiY\J�xNQEJ ∑
C�J�Q�MÈJ�LR¶�W�DGJ�J'H|C�F�DGJ�DÈ^�CED��IH>QRL@¶�J�DKMG^�Y\LPMKJIv²CRHG> CR^�D�J É J�v²CE[ZJTQEL@MKJIv²CRH�SVU ^�DGD���M�S�FI¶�YZSEF�^�QEC ^�DÃ^ O ^�LNMA@ º k u ^tÇ¶�QEL�S�J'H¯^�H|C�JI¶�MGH2[�^�XEYZ[\Y±H|MKJIH¯J�M¤S�QEDÃ^�XEYZ[ZYZH|MKJ'H�S�Jn[Z^ÈH �EDGJ�MGF�S�J � W�LR¶�MKYZW�LELEJIv²J�LNM ∗ C�J�Q�M¤S�W�LR¶�J�L ��MKDGJ�X�F�LEF"[ ¶�Y±^�YZDGJ º
p U J�L�¸oJ�Q7SVU QELEJ£MKJI[\[ZJ�S�FIvw^�DÃ¶ÃuEJ JIH|M®XRY\JIL�J�LNMKJILRS�Q�QRLEJ�^�vµFI[\YZW�DÃ^tMGY\W�L_S�J£[±^ ¶�W�LELR^�YZHGHK^�LR¶�J SEQ7¶�W�vµC�W�DKÇ

MGJ�v²J�LNMPSEJIH vw^�MKF�DGYZJ�[±H º � [±^�¶�[ZF
	©Y\[eHIU ^�]�Y\M£S�J�O�F�DGY [RJID [ZJ�XEYZJ�L�Ç!� W�L S�F�S�J'H�SE^�MKJ'H£S�J#v²^�Y\LNMGJ�LR^�LR¶�J W�Q S�J
DGJ�v²CE[±^�¶�J�v²J�LNM 	RO�W�YZDGJTS�JT[ZJIH�DGJI¶�MKY5[RJ�D º h ^�D�^�YZ[\[ZJ�QRDGH 	E[ZJTDKJ'H|C�JI¶�MÈS�JTLRW�DGvµJ'H�S�JµH|F'¶�QEDGYÁMGF/JIH|M�JIHGHKJ�LNMKYZJ�[ �RYZ[�JIH|MS�W�LR¶�YZLRS�Y±HKC JILRHK^�XE[ZJÈSVU W�X�MGJ�LEYZD©[Z^�vµJIY\[Z[ZJ�QEDGJ�CEDGFI¶�YZHKYZW�L C�W�HGH|YZXE[ZJÈHKQEDn¶�JIH©JIH|MKYZvw^tMGY\W�LRH�	N^#[RLPS�JÈ¶�W�LR¶�Y\[ZYZJ�DK[ ^�XEY\Ç
[ZYÁMGF/J�M>v²W�S�F�DÃ^tMGY\W�LPS�J/[5U J � W�DKMlYZLRS�Q HoMGDKYZJ�[�SqU JIL�MGDKJ�MKYZJ�LPJ�M�S�J/DGF�C ^�DÃ^tMKYZW�L º
¿ W�QRHeCEDGW�C�W�HKW�LRH�SVU ^�X�W�DÃS QELRJ²SEJIHG¶�DGY\C�MGY\W�L#HKQR¶�¶�Y\L ¶�MKJwS�Q ¶�W�LNMKJ É MGJ®YZLRS�QRH|MKDGYZJ�[�SE^�LRHe[\J'xNQEJ�[�HKJµCR[Z^�¶�J²¶�J

MGDG^ Ot^�YZ[�S�J£MKu �'H|J º � Yl¶�JPS�J�DGLEYZJ�D�^ F�MKF�DKF'^�[ZYZHKF JIL�¶�W�[Z[±^�X�W�DÃ^tMKYZW�L_^ O�JI¶ ¼�À Ê 	�[ZJ£¶�W�LNMKJ É MGJ£S�J�[ U F�MGQRS�J£DGJ�O���MQEL ¶�^�S�DKJ®X J'^�QR¶�W�QEC�CE[\Q HÈ[±^�DG]�J�	�xNQEY¤J'HoM/¶�JI[\QEY¤S�J'H�¶�W�v²C�W�HG^�LNMGHÈY\L S�QRH|MKDGY\JI[ZH�H|W�QEv²YZH98�S�Q�OiYZJ�YZ[\[ZYZHGHKJ�v²J�LNMeJ�M
S�J'HeS�F*� ^�Y\[Z[Z^�LR¶�J'H�CR^�D/^�¶I¶�Y±S�J�LNM 	�J�M�C�W�QRD/[\J'HKxNQEJI[ZH�[ZJIHe¶�W���MGHeS�J²DGJ�v²CE[±^�¶�JIv²J�LNM 	VS�Jµvw^�YZL�MGJ�LR^�LR¶�JµJ�MTSVU JIHGHG^�Y
HKW�LNM>F�[ZJ�O�FIH º ¼ L H|J'¶�W�LRSP[\YZJ�Q 	RLEW�QRH�Y\LNMKDGW�S�QEY±H|W�LRHl[ZJIH>v²W�S���[ZJIH>H|MG^�MKY±HoMGYZxNQEJ'H>Q�MGY\[ZYZHKFIH>MKW�QEMÈ^�QP[\W�LE] S�JT¶�JeMKDÃ^tÇOt^�YZ[!	�S�W�LNM�LRW�QRHT¶ÃuRJ�DÃ¶ÃuEW�LRHB8@J'HoMGY\v²JID�[ZJIH/CR^�DG^�v ��MKDGJIH º =�Y±H|ÇM8�Ç5OiY±H/S�JIH®¶�^�DÃ^�¶�MKFIDKY±HoMGYZxNQEJ'HeS�JIH®S�W�LELRF�JIH ¼�À ÊS�Y±HKC W�LEY\XR[\J'H�	~S�JIH�v²WiS ��[ZJIH�MKDGW�C�¶�W�v²CE[ZJ É JIHÈS�W�YZO�JIL�M���MKDGJ®^�XR^�L S�W�LELRFIH º ¼ L.[ L 	~LEW�QRHÈ¶�W�LR¶�[ZQEW�L H�¶�Jµ¶ÃuR^�CRYÁMGDKJYZLNMKDGWiSEQR¶�MGY �¤CR^�Dl[±^ � W�DGvw^�[ZYZHG^tMGY\W�L£vw^tMGuEF�vw^tMGYZxNQEJ/S�Q�¶�W�LNMKJ É MGJ/S�J/[ U F�MGQRS�J º

� ³
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½ L%]�DÃ^�LRS7LEW�v®XEDKJPS�J�S�W�LRLEF�J'HµSEJ@SEF*� ^�YZ[Z[Z^�LR¶�J@S�J ∑ JIH|M²HKW�QEO�J�LNM²DKJ'x�QRYZH®C W�QED²W�X�MGJ�LEYZD S�J'H®J'HoMGY\vw^�Ç
MKYZW�LRH [ ^�XR[\J'H�S�Q�C ^�DÃ^�v ��MGDKJ θ 	�S�J�xNQR^�LNMKY\MKFIH � W�LR¶�MKYZW�L�S�J θ J�M®SEJIHTYZLNMKJIDKOt^�[Z[ZJIH�SEJ�¶�W�L.[ ^�LR¶�JwC�W�DKMG^�L�MµH|QED¶�J'H>x�Q ^�LNMKY\MKF'H º À JeMKJI[ZH>LRW�v�XRDKJ'H©SEF�CR^�HKHKJ�LNM>vw^�[ZuEJ�QEDGJ�Q H|JIvµJILNMl[ZJ/LEW�v�XEDGJ/S�JeDKJ�MKW�QRDGH>SVU J É C�F�DGY\JILR¶�J'> �>¼�¾ @
S�Y±H|C�W�LEYZXE[ZJIH 	�[ZW�DÃHGx�QRJ ∑ ^�CECR^�D|MGY\JILNM 8TQRL�HK¹iH|M"�Iv²J�YZLRS�QRH|MKDGY\JI[�¶�W�v²CE[ZJ É J�C�W�QRD©[ZJIxNQEJI[ [ZJIH©¶�W���MGHlS�JÈDKJI[\JIO�FÈW�Q
SVU JIHGHK^�YqH|W�L�MlMGD"�'Hl[\W�QEDGSRH º p J'H�¶�W�v²C WNHK^�L�MÃHlS�J/¶�J�LNMGDG^�[\J'HlLNQ ¶�[ZFI^�YZDGJIH©J�L@H|W�LNMlQRL�MGD"�'HlX W�L@J É J�v²CE[ZJ º
h ^�D�^�YZ[\[ZJ�QRDGH 	�S�JeCR^�Dl[ZJ�QED>DÃ^�DGJ�MGF
	�¶�J'H©SEW�LELEFIJIHluEF�MKFIDKW�]
��LRJIH©H|W�L�M>CR^�D � W�YZH©DGJ�]�DKW�QEC FIJIH©^#[RL@S�J/¶�W�LRH|MKY\MKQEJID

S�JIH�F'¶ÃuR^�LNMKYZ[Z[\W�LRHÈSEJ�MGDG^ Ot^�YZ[ º À Y � FIDKJILR¶�J'H�SEJ®vw^tMGF�DGYZ^�Q É 	VS�Jµ¶�W�LR¶�J�C�MGY\W�L 	VS�J®Mo¹NC�JwSVU J�v²CE[±^�¶�JIv²J�LNM�]�F�W�]�DÃ^tÇCEuEY±xNQEJ
	�S�J/¶�W�LRS�Y\MKYZW�LRHlSVU J É CE[ZW�Y\MG^�MKYZW�L � ¶�JIHlS�W�LELEF�J'H©LEW�LPYZSEJ�LNMKY±xNQEJ�v²J�LNM>S�Y±HoMGDKYZXEQEFIJIH©DKJILRS�JIL�M>[5U J'HoMGY\vw^�MKYZW�LCE[ZQRH>S�W�QEMKJ�Q H|J�	NJ�M>Y\[VJ'HoM>CR^�D � W�YZH�¸oQRS�Y±¶�YZJ�Q É SVU JIL  �MKJIDl¶�J�DKMG^�Y\LEJ'HlS�Je[ U FI¶ÃuR^�LNMKYZ[\[ZW�L º ½ LEJe[\Y±HoMGJ�¶�F�[���XEDGJ
	�DGJ�]�DKW�Q�ÇCR^�LNM�S�J'H76�]�JIHlSVU ^�CECR^�DKY\MKYZW�L@S�J � QEY\MKJ'H�¶�^�QRHKF�JIHlC ^�D>[±^�� ^�MKYZ]�QEJeMGuEJ�DGv²YZxNQEJ�	R^µCR^�D>J É J�v²CE[ZJ/F�MKFeDGJI¶�J�LRHKF�JeCR^�D� M �nWiW�S �� ��% 	 >o³'´�´�´H@¤J�M©Q�MGY\[ZY±H|FIJÈCR^�D Â JID|MGuEW�[ZW�L > ����� ³�@�C W�QEDn[5U JIH|MKYZv²^�MKYZW�LPSVU QRL£v²W�S���[ZJ�SEJ�S�QRDKFIJÈS�J�OiY\J98
DKY±HGx�QRJIH�¶�W�LR¶�QEDGDKJIL�MÃH º p J'HnSEW�LELEFIJIHnW�LNMlF�MKF�DGJ�[ZJ�O�FIJIHnH|QEDlS�J'H©¶�J�LNMKDÃ^�[ZJIH �>¼�h SE^�L H�[ZJÈv²W�LRS�J�J�LNMKYZJ�D 	N^�Q É ¶�^�ÇDG^�¶�MGF�DGYZH|MKY±xNQEJIH�C ^�D"� W�Y±H�S�Y � FIDKJILNMKJIH º � ¸oW�QEMKW�L HE8�¶�J�[±^/[±^TC�W�HGH|YZXEYZ[\Y\MKF�x�QRJÈ¶�JID|MÃ^�YZLEJIHnS�QEDGF�J'H�S�JÈONYZJ�MGD"�'H�¶�W�QEDKMKJ'H
¶�W�DKDGJIHKC W�LRS�JIL�M�CR[\Q�M! �MB8£S�J'H�MGJ�v²CRH�S�JµDKW�SE^�]�JTS�J ∑ 	~W�Q ��� � ����� � ()� � � 	VJ�M�LRJ®HKW�LNMÈCR^�H�DGJ�CEDGFIHKJ�LNMÃ^tMKY'� H�SEJ[Z^²S�QRDKFIJeSEJ/ONYZJ/S�J ∑ º
¼ L.[RL 	�X�JI^�QR¶�W�QEC£S�JeS�W�LELEF�J'HnSEJ �>¼�¾ HKW�LNM #$��( ����� �$�*��8����"� �  ��º ¼ [Z[\J'H©¶�W�DGDKJ'H|C�W�L S�J�LNMK8®S�JIH©SE^tMGJIH©SVU ^�DKÇ

D"��M�S�J ∑ J�M�LEW�L`8wSEJIH>S�F�� ^�YZ[\[±^�LR¶�JIHlDGF�JI[\[ZJIH º À QRJIH 8wS�J'HlC W�[\Y\MKY±xNQEJIH�SEJ�vw^�Y\LNMKJILR^�L ¶�JeW�Q@S�J/DGJ�v²CE[±^�¶�JIv²J�LNMW�Q�HKY\v²CE[ZJ�v²JIL�M%8�[ U ^�DGD���M�S�J [±^ ¶�W�[Z[\J'¶�MKJ SEJIH�SEW�LELEFIJIH 	¯¶�JIH�SEQEDKFIJIHTSEJ£OiY\J£Y\LRSEYZxNQEJIL�M®QELEY±x�QRJ�v²J�LNM®xNQEJ�[\J'H
MKJIvµC HnS�JÈS�F*� ^�Y\[Z[Z^�LR¶�J�DKFIJ�[±H�xNQqU J�[Z[\J'H�vw^�HGxNQEJ�LNM�[ZJ�QED©H|W�LNMnH|QRC FIDKYZJ�QEDÃH º À ^�LRHn[\J�DGJIH|MKJÈS�JÈS�JÈS�W�¶�QEv²J�LNMÃH�	NLEW�Q HCR^�DG[ZJ�DGW�LRH©^�[ZW�DÃHlS�J �
�&(�( �$�*� � (�#$��� ��% �� ����º
k J�C�J�LRSE^�LNM 	�SE^�LRH²LEW�MGDKJ@¶�^�S�DGJPSVU F�MGQRS�J�	�[\J'HwS�W�LRLEF�J'HµHKW�LNMw]�FILEF�DÃ^�[ZJ�v²JIL�M²H|W�QEv²YZHKJIH'8#QEL%MKDÃ^�Y\MKJIv²J�LNM

CR^�DKMKY±¶�QR[\YZJ�D�^ O ^�LNMÈSVU ��MKDGJTv²Y±H|J'H 8 SEYZHKC WNH|Y\MKYZW�L#S�J�[5U ^�LR^�[Z¹�HoMGJ�H|MG^tMGYZH|MKY±¶�YZJ�L º p ^e¸oQRH|MKJIHGHKJ�J�M�[Z^ C JID|MGY\LEJILR¶�JµS�JIHS�W�LRLEF�J'H�H|W�LNM�J É ^�v²YZLEF�J'H�^ O�J'¶/H|W�Y\L 	RJ�L�CR^�D|MGYZ¶�QE[\YZJ�D�[\W�DGHGxNQqU JI[\[ZJIH�CEDKWtOiYZJ�LELRJ�LNM�SVU J É C FIDKYZJ�LR¶�JIHÈ¶�W��EMKJ�Q H|J'H º p 8J�LR¶�W�DGJ
	�[ U W�X�¸oJ'¶�MGY ��S�J�[5U F�MKQRS�JÈJIH|MnCEDGY±H�JIL£¶�W�vµCEMKJ � [ ^�XEYZ[\Y±HoMGJ�W�Q S�QEDÃ^�XEYZ[\Y±H|MKJ�� k J�DKMG^�Y\LRJIH�SEW�LELEFIJIH©^�LR¶�Y\JILELEJ'HC JIQEO�JILNM ��MKDGJ� �MKF�J'HÈ¶I^�D�C JIQ#DGJ�CRDKF'H|JIL�MÃ^tMGY\O�JIH�SEQ � W�L ¶�MKYZW�LRLEJ�v²J�LNM/^�¶�MKQEJI[ > C W�Y\LNMTS�JµOiQEJµSEQEDG^�XEYZ[\Y±HoMGJ�@ º À JIHDKJILRHKJ�YZ]�LEJIvµJILNMGHTxNQR^�[\Y\MG^�MKY'� H�^�¶I¶�W�vµC ^�]�LRJ�LNM/[\J CR[\QRH®H|W�QEO�JILNMT[\J'H/MG^�XE[ZJI^�Q É S�J �>¼�¾ �¤SE^�L H/[\JP¶�^�HTSVU ¼�À Ê 	QELEJTSE^�MKJ/SVU ^�DGD"��M>W�Q@S�J/S�F*� ^�Y\[Z[Z^�LR¶�J/C�J�QEM�C W�MKJ�LNMGY\JI[\[ZJ�v²J�LNM ��MKDGJ�� W�QEDGLEY\J/^ O�JI¶
• [±^²v²J�LNMKYZW�L@S�J/[±^µSEQEDKFIJ/S�J/OiY\J/^�¶�MKYZO�JeJ�L@QELRYÁMGFIH�S�J � W�LR¶�MGY\W�LELEJ�v²JIL�M��
• [ZJ/v²WiSEJTS�J/S�F*� ^�Y\[Z[Z^�LR¶�J ∗ W�QPQELEJ/J É CE[\Y±¶�^�MKYZW�L@S�Je[ U W�DGYZ]�YZLEJ/S�Je[ U ^�DGD"��M>W�Q@S�J/[Z^²S�F�� ^�YZ[\[±^�L ¶�J��
• [ZJIHlM�6�¶ÃuEJ'HlS�J/vw^�YZL�MGJ�LR^�LR¶�JeC�W�HGH|YZXE[ZJ�v²J�LNM>DGFI^�[ZY±H|FIJIHlH|QRD>[ U J É J�v²CE[±^�YZDGJeSEQ@¶�W�v²C�W�HG^�LNMl¶�W�LRHKY±S�F�DGF º
¿ W�Q HT¶�W�LRH|Y±S�FIDKW�LRH/S�W�L ¶wSE^�LRH�¶�J²MKDÃ^ Ot^�YZ[�xNQEJ [ZJIHTS�W�LELEFIJIHTS�Y±HKC W�LEY\XR[\J'H/W�LNM � ^�Y\M�[5U W�X�¸oJ�M�SqU QEL�¶�W�LNMKD! �[ZJ

xNQR^�[ZYÁMÃ^tMGY � 	~J�M/xNQEJ�[ZJIH�CEDGW�XR['�IvµJ'H � W�LRSE^�v²JIL�MÃ^�Q É xNQEJµC WNH|J®[\JIQED�MKDÃ^�Y\MKJIvµJILNM�HKW�LNM�S � H�8£[Z^ � ^�YZXE[ZJ�MÃ^�YZ[\[ZJ®SEJ
[ U FI¶Ãu ^�LNMKYZ[\[ZW�L²J�M�[Z^TCEDKW�C W�D|MGY\W�L®FI[\JIO�FIJ�S�J�¶�JILRHKQEDKJ'H º � QEDn¶�J�DKMG^�Y\LRHV¸oJ�Q É S�J�S�W�LELEFIJIH�DGJI¶�W�LRH|MKY\MKQEF'H�	�¶�J�C�J�L SE^�LNM 	LEW�Q H�YZLRS�Y±x�QRJ�DGW�LRH�xNQR^�[\Y\MG^�MKYZO�JIvµJILNM�x�QRJ�[Z[\J'H�v²JIHKQEDGJIH>C�W�QEDGDÃ^�YZJ�LNM ��MGDKJTJILNMKDGJ�CEDGYZHKJIH�C W�QED�[ZJIH � FICEQEDGJ�D �Ãº À ^�LRH[Z^µHKJI¶�MGY\W�LPHKQEYZOt^�LNMKJ�	NLRW�QRHlYZLNMKDGWiSEQEYZHKW�L Hn[ZJIH©v²W�S���[ZJIH 8®JIH|MKYZv²J�D º p ^µS�YZvµJILRHKY\W�LPS�QPO�J'¶�MGJ�QED>S�J'HlCR^�DÃ^�v ��MGDKJ'HDKJ'HoMGJ � ^�Y\XE[ZJX> S�J%³ 8 6 @*	©C�J�DGv²J�MKMG^�LNM�S�J LEJ#C ^�HP^�¶�¶�DKW �ZMGDKJ�[Z^%S�Y54w¶�QE[\MKF_S�J [ U JIH|MKYZvw^tMKYZW�L º h ^�D@[±^7HKQEY\MKJ
	LEW�Q H � W�QEDKLRYZHGH|W�LRH�QRLP¶I^�S�DGJ�H|MG^tMGYZH|MKY±xNQEJ�C W�QEDnJILNMKDGJ�CEDGJ�LRSEDKJ�SVU YZL�� FIDKJID©HKQEDl¶�JIH©CR^�DG^�v ��MKDGJIHnSE^�L Hn¶�J�¶�W�LNMKJ É MGJ
Y\L S�QRH|MKDGY\JI[ º



���������
	 ���	��������	���������������������	������ ���"!#��� $�%����&���'�(��	)�*��	,+ - ��� 3P]
���. / �>�¯§�¢¤��«�¯��¨T�:�© ���®¯�l¢�«�¢¤�©¯�e¯��¨T�d�P�>� ª ¨w�10>���>�°�V��e¯���q¯��2²¡��>�
p J'HPvµW�S��I[\J'H M(θ) ¶�W�LRH|Y±S�FIDKF'H£HKW�LNM@SEF [RLEY±HPCR^�DP[ZJ�QEDPMG^�Q É S�J S�F*� ^�Y\[Z[±^�LR¶�J ∗ hM(x|θ) º k J#MG^�Q É S�JS�F�� ^�YZ[\[±^�L ¶�JeJIH|M>QELEJ/v²JIHKQEDGJeSEJ/[Z^µCEDGW�XR^�XEYZ[\Y\MKFeYZLRHoMÃ^�LNMG^�LEF�J/SVU QELEJTSEF*� ^�YZ[Z[Z^�LR¶�J/S�Q�HK¹iH|M"�Iv²Je^�Q£MGJ�v²CRH x �

hM(x|θ) =
dPθ (x < X < x+ dx)

dxm [VC�J�DGv²J�M�S�JTS�F"[RLEYZD>[Z^µCEDGW�X ^�XEYZ[\Y\MKF/S�JTSEF*� ^�YZ[Z[Z^�LR¶�J/^ Ot^�LNM x > [±^�� W�LR¶�MKYZW�L�S�JeDKFICR^�DKMKY\MKYZW�L F @
Pθ(X ≤ x) = FM(x|θ) = 1 − exp

(
−
∫ x

0

hM(u|θ) du
)
.

xNQEYVJI[\[ZJ�Çcv ��v²J/Y\L S�QEY\M�[Z^µDGJ�CEDGFIHKJ�LNMG^�MKYZW�L�J�L�S�J�L H|Y\MKF/S�J/CEDGW�X ^�XEYZ[\Y\MKF/S�J/[±^µ[\W�YqS�JT¶�W�v²C W�D|MGJ�v²J�LNM
fM(x|θ) =

dPθ(X < x)

dx
= hM(x|θ) exp

(
−
∫ x

0

hM(u|θ) du
)
.

¿ W�QRHÈ^�[Z[\W�LRH�JIL CR^�DKMKY±¶�QR[\YZJ�DÈLEW�QRH�Y\LNMGF�DGJIHGH|JID 8²MGDKW�YZH�vµW�S��I[\J'H�JIv�X�W �±MKF'H�	~S�W�LNM�[ZJIH�S�JIQ É CEDKJIv²Y\JIDGHÈH|W�L�M�¶�J�DKÇ
MÃ^�YZLEJ�v²J�LNMe[\J'HeCE[ZQRHeQ�MKYZ[ZYZHKFIHeJIL S�QRDG^�XEY\[ZY\MKFµJ�M9[ ^�XRY\[ZYÁMGF º ½ LEJwDKF�� F�DGJ�LR¶�J�vw^t¸oJIQEDGJ®JIL#[±^Pv²^�MKY���DGJ®J'HoM/[ZJ²[\YZOiDKJS�J p ^ �>[\J'HKH9>o³'´ ZN� @ º ¿ W�QRH � W�¶�^�[\Y±HKW�LRH©LEW�MKDGJ�F�MKQRSEJeHKQED>QEL�¶�W�v²C WNHK^�LNM ∑ 	RH|W�QEv²YZH 8®QELEJ/O�W�YZDKJeS�JIQ É ¶�^�QRHKJIH
S�J/S�F�� ^�YZ[\[±^�L ¶�J
	iJ�M�LEW�L 8�QRL@HK¹�HoM���v²Jev�QE[\MKY±¶�W�v²C WNHK^�L�MÃH º p JIHnMG^�Q É S�JTS�F�� ^�YZ[\[±^�L ¶�JeH|W�L�M�S�W�LR¶eS�JIH � W�LR¶�MGY\W�LRHHKY\v²CE[ZJIH>SEJ x 	RS�JeMo¹iC�JeC W�[\¹iL  �vµJeW�QPJ É C W�LEJ�LNMKYZJ�[ º
34�5"463 7 }98;:��6<=<?>9@/}BA&<CAEDEzF<��
� ^�¶ÃuR^�LNM λ > 0 	�[\J/v²W�S��I[\JeJ É C�W�LEJILNMKYZJ�[ E(λ) 	 S�J/S�JILRH|Y\MKF

f(x|λ) = λ exp(−λx) 0 {x≥0}

v²W�S�F�[ZY±H|J®[Z^PS�QEDGF�J²S�JµONYZJ²SVU QRL#HK¹iH|M"�Iv²J ∑ H|W�QEv²YZH98�S�JIHeS�F�� ^�YZ[\[±^�LR¶�JIH �
#$#�� �
��(� �*% %���� SEJµC ^�DeH|W�L�MG^�Q É S�JS�F�� ^�YZ[\[±^�L ¶�J/¶�W�LRHoMÃ^�LNM hE(x) = λ º p ^²S�QEDGF�J/S�J/OiYZJ/vµWt¹�J�LELRJÈJ'HoM�[5U J'H|C�F�DÃ^�L ¶�J ¼ [X ] = η = 1/λ º
34�5"4,G 7 }98;:��6<H8&<=IJ<�zFKML��K�
� ^�¶ÃuR^�LNM (η, β) > 0 	E[ZJev²WiS ��[ZJTS�J Å JIY\XEQR[\[ W(η, β) ^²C�W�QED�S�JILRHKYÁMGF

f(x|η, β) =
β

η

(
x

η

)β−1

exp

{
−
(
x

η

)β
}
0
{x≥0}.

� W�L�MG^�Q É S�J²S�F*� ^�Y\[Z[±^�LR¶�J hW (x) = (β/η)(x/η)β−1 JIH|Me¶�DKW�YZHGHG^�LNM�Ç>J�Mev²WiSEF�[ZYZHKJµSEW�LR¶®QEL ∑ xNQEY¤OiY\JIY\[Z[ZYÁM�Ç
xNQR^�LRS β > 1 º m [�J'HoM®SEFI¶�DGW�Y±HGHK^�L�MeÇ�J�M�v²W�S�F�[ZY±H|J QRL ∑ xNQEYnDG^�¸oJ�QELEY\M/Ç�xNQR^�LRS β < 1 º m [�J'HoM®J É C W�LEJ�LNMGY\JI[xNQR^�LRS β = 1 º � LµLRW�MKJÈ^�QRHGH|Y λ = 1/η 	�J�M�[±^/CR^�DG^�v²F�MKDGY±HK^�MKYZW�L µ = λβ H|JIDG^eX�JI^�QR¶�W�QEC²Q�MKYZ[\Y±HKF�J�SE^�LRH�[ZJ�DGJIH|MKJS�J/¶�JTS�W�¶�QEv²J�LNM º
� U Y\[R¹�^�OiYZJ�YZ[\[ZY±HKHKJ�v²J�LNM 	�¶�J�[ZQEY\Çc¶�YEH�U ^�¶I¶�FI['�IDKJlxNQR^�LRS β > 2 º ¼ LµJ � J�M 	�[±^�OiYÁMGJIHGH|JlS�Q²OiY\JIY\[Z[\Y±HGH|JIvµJILNM�C�J�Q�M ��MKDGJC�J�DÃË�QEJ�CR^�Dn[±^®SEF�DGY\O�F�JÈSEQ£MÃ^�Q É S�JeS�F�� ^�YZ[\[±^�LR¶�J h′W (x) 	RxNQEY~JIH|M>^�[ZW�DÃH�C�W�HKYÁMGY\O�J º � YZLRHKY 	�[±^®¶�W�LEL ^�Y±HKHG^�LR¶�J�S�J βW � DGJ�QELRJ®YZLRS�Y±¶�^�MKYZW�L�S�JµLR^�MKQEDGJ ������% �  �� � � � H|QED�[ZJµ¶�W�v²C W�D|MGJ�v²J�LNMeS�J ∑ 	~CEQEY±HKxNQqU Y\[¤C�J�DGv²J�M/S�JµSEYZH|MKYZLE]�QRJ�D

QELP¶�W�vµC�W�HG^�LNMlx�QRY�OiYZJ�YZ[\[ZY\M � W�D|MGJ�v²J�LNMlSVU QRLP¶�W�v²C WNHK^�LNMnXEYZJ�L�J�LNMKDGJ�MGJ�LiQ 	�S�W�LNMl[\J'HlS�F*� ^�Y\[Z[Z^�LR¶�J'HnHKW�LNMlH|QEDKMKW�Q�M
^�¶�¶�Y±S�JIL�MGJ�[Z[\J'H?> β ' 1 @*	qx�QRJ�[Z[\J xNQEJwHKW�Y\MT[Z^POt^�[ZJ�QEDTSEQ C ^�DÃ^�v ��MGDKJ²SVU FI¶ÃuEJI[\[ZJ η º k J S�J�DGLEYZJ�D/JIH|MTxNQR^�LNMG8P[\QRY
uEW�v²W�]
�ILEJ98 X 	R^�[ZW�DÃHlxNQEJ β JIH|M�HK^�LRH�S�YZv²J�LRHKYZW�L 	EJ�M�¶�W�DKDGJIHKC W�LRS£^�Q ·<6ON P�QR C�J�DÃ¶�JIL�MGY\[ZJTS�J/[±^wS�Y±HoMGDKYZXEQ�MGY\W�L 	HKW�Y\M

P (X < η) = 0.63.
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p J²[ZY\OiDGJ²SEJ À W�SEHKW�LX> ������· @�¶�W�LRH|MKY\MKQEJ²QELRJwDKF�� F�DGJ�LR¶�J®YZLNMKF�DGJIHGHG^�LNMKJµCEQEY±HKxNQqU YZ[ � W�QEDGLEY\MeQRLEJwDKJIOiQEJµ¶�W�v²CE[���MGJS�JIH®CEDGW�CEDGYZF�MKF'H®SEQ7v²W�S���[ZJ£J�M²S�J@HKW�L�JIvµCR[\W�Y©SE^�LRH²S�J£LRW�v�XRDKJIQRH|J'HTF�MKQRS�J'H²S�J [�^�XEYZ[\Y\MKF º ¿ W�MGW�LRHµxNQEJP[\J'Hv²WiS ��[ZJIHl]�^�v²v²^µJ�Ml[ZW�]�LEW�DGvw^�[!	�S�JTS�J�L H|Y\MKF'HlDKJ'H|C�JI¶�MKYZO�JIH
f(x|α, γ) =

γα

Γ(α)
xα−1 exp (−γx) 0 {x≥0},

f(x|m,σ) =
(
xσ

√
2π
)−1

exp

{
− log2(x/m)

2σ2

} 0
{x≥0}

H|W�LNM�J�Q É ^�QRHKHKY�MGD"�'HqQ�MGY\[ZY±H|F'H�	 H|W�YÁM¯C W�QED¯v²W�S�FI[\Y±H|JID�[ZJ�OiY\JIY\[Z[ZYZHGH|JIv²J�LNM 	 H|W�YÁM¯C W�QED¯v²W�S�FI[\Y±H|JID�[ZJ�MKJIv²CRH�vµWt¹�J�Lev²YZH
C W�QED¤DKFICR^�DGJ�D¯QEL®HK¹�HoM���v²J©J�L�C ^�LELEJ9> s r>r>� @ º k JIC JILRSE^�LNM 	t[\JlH|JILRH�S�JIH�CR^�DG^�v ��MKDGJIH¯JIH|M�XRY\JIL�v²W�YZLRH�F�OiY±S�J�LNM º
����� �����
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#$��( � �$�����*()#����q� ��()� � �*��� � �
� �
����� � ����� � (�� � � �
�&( � %'� � � � �
� ∑ ��� �q� ��()� ��� � (� ��(��&(�#$� �)� � � ��(� � � � ∗ �
� ∑

�*��� ��( ��� �*()��� �*()� ��� � ��� �*��� � ����%�	 ���!�����������&���  � � �"�*����(� �� ()��� � #$��(���� �����"��(�� �
�&( � #$�  !�"� � � � % ����� ∑ �����
� � ��� % % � �$���*(� �	

34,5"4�5 7 }98&:��F<���RzK��� L&<��7{~}EA�{?L�����<CAEDE�
½ LEJ�Ot^�DGYZ^�XE[\JÈ^�[ZFI^tMGW�YZDKJ X H|QRY\Ot^�LNM©[\J�v²WiS ��[ZJ 8TDGY±HKxNQEJ'Hn¶�W�LR¶�QEDKDGJ�LNMÃH B(η0, η1, β) F�MGQRS�YZF�W�DGYZ]�YZLEJ�[Z[\JIv²J�LNMCR^�D Â JID|MGuEW�[ZW�L > ����� ³c@�J'HoM�S�F"[RLEYZJ/CR^�D

X = min(E,W )

W��
E ∼ E(1/η0),

W ∼ W(η1, β)

Y\L S�F�C�J�LRSR^�v²v²J�LNM>[ U QELEJTS�Je[5U ^�Q�MKDGJ º p J�MG^�Q É S�J/S�F*� ^�Y\[Z[±^�LR¶�J�S�JT¶�JÈv²W�S��I[\JT¶�W�LRHKYZH|MKJ�J�LP[±^µHKW�v²v²J/S�JIHnMÃ^�Q ÉS�J/S�F*� ^�Y\[Z[±^�LR¶�J/J É C W�LEJ�LNMGY\JI[VJ�M�S�J Å J�YZXEQE[Z[ �

hB(x|η0, η1, β) = η0 +
β

η1

(
x

η1

)β−1 0
{x≥0}.

� YZLRHKY 	i[ZW�DÃHKxNQEJ β ≥ 1 	�¶�JÈvµW�S��I[\J�C�J�DGvµJ�MlSEJÈv²W�S�F�[ZY±H|JIDnQEL ∑ H|W�QEv²YZH 8®SEQ£OiY\JIY\[Z[ZYZHGH|JIv²J�LNMnvw^�Y±HnF�]�^�[\JIv²J�LNM
H|Q HK¶�J�C�MGY\XE[ZJ�S�J>MGW�v®X JID�J�L²CR^�LELEJ�C ^�D�^�¶�¶�Y±S�JIL�M º p U ^�DKMKY±¶�[ZJ�S�J Â JID|MGuEW�[ZW�L 	 Â W�QRHKxNQEJ�M Ì k J�[ZJ�Q É > ������· @�	�CE[±^�¶�FJ�L � LRLEJ É JIH � 	qW � DGJwQEL_DGFIHKQEv²F S�JIHTCEDKW�CEDGY\F�MKFIH/SEJ£¶�J�M|MKJ SEYZH|MKDGY\XRQ�MKYZW�L_J�M�F�MGQRS�YZJw[ U JIH|MKYZvw^tMKYZW�L�SEJIH/CR^�DG^�Ç
v ��MKDGJIH>SR^�LRHlQEL�¶I^�S�DGJ/S�QEDÃ^�XEYZ[\Y±H|MKJ'> CR^�D>vw^ É Y\v²Y±HK^�MKYZW�LPS�J/[Z^µOiDÃ^�Y±H|JIv�XE[±^�LR¶�JÈJ�M�Y\L � F�DGJ�LR¶�J�X ^ ¹�FIHKYZJ�LELEJc@ º
À ^�LRH�¶�J�M®^�D|MGYZ¶�[\J�	q[\J£ONYZJ�YZ[Z[\Y±HKHKJ�v²JIL�MµS�J [5U W�X�¸oJ�M®SqU F�MKQRS�J£JIH|M�C JIDGË�Q�¶�W�vµv²J [±^@CEDGY\L ¶�YZCR^�[ZJ ¶�^�QRH|J�S�J£S�F�Ç

� ^�YZ[\[±^�L ¶�J º � YZLRHKY 	¯W�L�HKQECEC�W�HKJ β > 1 J�M η0 > η1
��¶�J£xNQEY©YZvµCR[\Y±xNQEJ£xNQEJ£[±^ S�QRDKFIJ S�J£OiYZJ v²Wt¹�J�LRLEJ ^ Ot^�LNM

^�¶I¶�Y±S�J�LNMlJIH|MlCR[\QRHl[ZW�LR]�QEJ/xNQEJe[Z^µS�QEDGF�J/S�JeOiYZJ�v²Wt¹�J�LELEJe^ Ot^�LNM>S�F*� ^�Y\[Z[Z^�LR¶�J�CR^�D>QRH|QRDKJ º � LPv²W�LNMKDGJ
	 � � � S�JIHMKJ'HoMÃHeLNQRvµFIDKY±xNQEJIH�J�M/SEJIH�v²JIHKQEDKJ'HeS�J²]�DÃ^�LRS�JIQEDÃH�CEDGFISEYZ¶�MKYZO�JIH 	VxNQEJw¶�J�MKMKJ²v²W�S�F�[ZYZHG^tMGY\W�L � ^�YÁM�HKJ�LRHeSE^�LRHeS�JIH
¶�^�H�W�� 	VCR^�D�uR^�XEYÁMGQRS�J�	qH|JIQE[\Jµ[±^�[ZW�Y�S�J Å J�YZXEQE[Z[�JIH|M�QEMKYZ[\Y±H|FIJ º p U YZLNMKF�D���MeJIH|M/S�W�LR¶²SVU ^�v²FI[\YZW�DGJ�D � W�DKMKJ�v²JIL�M/[±^CEDGFIS�Y±¶�MGY\W�LPS�Q�¶�W�v²C W�D|MGJ�v²J�LNM�S�J ∑ º
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����( � ���$� ��� ���*%'�*� � ()��� � � � � �*�&( �  ��� ���&���$��%|� � ������ �� �*��� ����� %'�
� � � � % % � ������� ��(� 	 �&� %'� �"� ���*��( � �$�*�����*(� � #$�&�����*()#$� ���  �*� ����� 	 ���� !�"��� ��(� �� �  �� #$�*� ��� ���*%'�*� ()� #��&� �
������ �*(� ��� ���
�� �*������������� ���  � ��( 	

¿ W�MKW�LRH®¶�J�C�J�LRSR^�LNM²xNQEJPSE^�L H�[ZJPH|MKDGY±¶�Mµ¶I^�S�DGJ�SqU ¼�À Ê 	�¶�JPvµW�S��I[\J�JIH|M²^�CECR^�DKQ_C�J�Q8Q�MKYZ[\J@^�Q%¶�W�QEDGH®S�JLEW�MKDGJlF�MKQ S�J���JIL²J � J�M 	N¶�W�vµv²J�CRDKF'¶�Y±H|F>^�QRCR^�DÃ^ Ot^�LNM 	 [ZJIH�S�W�LELEFIJIH ¼�À Ê H|W�LNM�]�F�LRF�DÃ^�[ZJ�v²J�LNM¤MKDGY\FIJIH�^�Q²HKJ�L H�W��[5U W�L�¶�W�LELR^ �ZM 	�S�J�� ^�Ë�W�L�^�HKHKJ�Ä�CEDKF'¶�Y±H|J�	 [ZJ�QRDÈW�DKYZ]�YZLEJ º À U ^�Q�MKDGJIH�S�W�LRLEF�J'H�YZLRS�QRH|MKDGYZJ�[Z[\J'H�W�L�MeC�J�DGvµY±H�SVU QEMKYZ[\Y±H|JID¶�JÈv²W�S���[ZJe^ O�JI¶ÈH|Q ¶�¶*�'H�	iJIL£CR^�D|MGYZ¶�QE[\YZJ�DlS�J'H>S�QEDGF�JIH©S�JeOiY\JeS�J�v²Wt¹�J�L HnS�J�MGDG^�LRH|C�W�DKM�> ��¿�k Ê 	�JIL�MGDKJICEDGYZHKJIH©S�J[ZW�¶�^tMGY\W�L�S�J/O�W�Y\MKQEDGJIHA@ º
���� � ¨T¢¤ª �T�������e���¨T�*�q¯�e¯���V¯��2²¡P����¡d§n���£¢¤�¥�	�|�©¯¡��P�
34�
;463 � � �Rzo� KÈ�6<=8&< 8 L���C< 8&<���z6<
p J'HnSEW�LELEFIJIH©H|W�LNMlS�F"[RLEYZJIH©H|QRDnQEL�JIHKCR^�¶�J�v²JIHKQEDÃ^�XE[ZJ (χ,A) 	�xNQEJÈ[5U W�L v®QELEY\MlSVU QELEJev²JIHKQEDGJÈS�W�v²Y\LR^�LNMKJ

ν C�W�HKYÁMGY\O�J º À ^�LRH�LEW�MKDGJ/F�MGQRS�J
	 A JIH|M�[±^µMKDGY\XRQ X W�DKFI[\YZJ�LRLEJ ∗ B(χ) J�M ν JIH|M%> [\JTCR[\QRHÈH|W�QEO�JILNMA@l[±^²v²JIHKQEDKJ®S�Jp J�X�JIHK]�QEJ º À ^�LRHl[\JT¶I^�S�DGJeS�J/[Z^²S�QRDKFIJeSEJ/ONYZJ
	 χ = IR+ º
� L�LRW�MKJl^�[ZW�DÃH X QELEJ©O ^�DKY±^�XR[\J©^�[ZFI^tMGW�YZDKJnS�F [RLRY\JlH|QRD�[5U JIHKCR^�¶�J�CEDGW�XR^�XEYZ[\Y±H|F (χ,A,Mθ : θ ∈ Θ ⊂ IRd) º � LLEW�MKJIDG^�CE[\Q H�HKYZvµCR[\JIvµJILNM X ∼ M(θ) J�M M(θ) HKJ�DÃ^�S�F'H|YZ]�LEFIJ©HKW�Q H�[ZJ©MKJ�DGv²J©SEJ � � �� ��� ���� � �&( > S�JlCEDGW�XR^�XEYZ[\Y\MKFc@

S�J X º k J�MKMKJ�Ot^�DGYZ^�XE[\J�^�[ZFI^�MKW�YZDGJÈHKJ�DÃ^�^�HGHKWi¶�Y\FIJ�JIL£]�FILEF�DÃ^�[ 8®QELEJeS�QEDGF�JeS�JeONYZJ
	iJ É ¶�J�C�MGF�^�Q�¶ÃuR^�CEY\MKDGJ : W��£[ZJ¶I^�S�DGJTS�J�[5U F�MKQ S�JµHIU F�[±^�DG]�Y\MG> J�M�LEJ®¶�W�LR¶�J�DGLEJTCE[ZQRH�H|JIQE[ZJ�v²J�LNMÈ[±^ S�QRDG^�XEY\[ZY\MKF�@ º p ^ S�JILRH|Y\MKFµS�J X C ^�D�DÃ^�CRC W�D|M
8 ν H|JIDG^�LRW�MKFIJ f(x|θ) J�M²HK^ � W�LR¶�MKYZW�L�S�J�DKFICR^�DKMKY\MKYZW�L F (x|θ) º p ^ � W�LR¶�MGY\W�L7S�JPH|QEDGOiY\J > W�Q � ����� % �  �� @®HKJ�DÃ^S�F'H|YZ]�LRF�J�CR^�D

S(x|θ) = Pθ(X > x) = 1 − F (x|θ).
½ L®F'¶ÃuR^�LNMKYZ[Z[\W�L

xn = (x1, . . . , xn) Y º Y º S º J'HoM�^�[\W�DGH¯[Z^ÈDGJ�CEDGFIHKJ�LNMG^�MKYZW�L�SEJ Xn = {Xn} 	'QRLEJ>H|QEY\MKJ>S�J©Ot^�DGYZ^�XE[ZJIH^�[\F'^tMKW�Y\DGJIH�Y\LRSEF�C�J�LRSE^�LNMKJIHnJ�MlY±S�J�LNMKY±xNQEJ�v²JIL�MlS�Y±HoMGDKYZXEQEFIJIH©S�J (χ,A,Mθ)
º À ^�LRHn[\J'Hn^�CECE[ZYZ¶I^tMKYZW�L H�	�W�L LEW�MKJIDG^HKW�QEO�J�LNMlCR^�D�¶�W�v²v²WiSEYÁMGF

x1, . . . , xn
i.i.d.∼ M(θ).

34�
;4,G ���  A�}�� :CA&<H8&<!{�< A�� L���<�� 8�}EA&A�C<��7z�A�{~}�� @È�6:?D(<����
p J�CEuEF�LRW�v ��LEJ�S�J�¶�J�LRHKQEDGJ�C JIQ�M©HKJ>MGDG^�S�QEYZDKJ�¶�W�v²v²J�HKQEYÁM º � L SEF [RLEY\M Yn = Ψ(Xn,C) ¶�W�vµv²J�[±^THKQEY\MKJS�J�O ^�DKY±^�XR[\J'H�^�[ZFI^�MKW�Y\DGJIHlDGF�JI[\[ZJ�v²J�LNM�W�XRHKJ�DGO�F�J'H�	RLEW�L�Y±S�J�LNMGYZxNQEJIvµJILNM�S�Y±HoMGDKYZXEQEFIJIH 	RW�� Ψ(., C) DGJ�CRDKF'H|JIL�MGJ/QELv²FI¶I^�LEY±HKvµJTSEJT¶�J�L H|QEDGJ 8wS�DGW�Y\MKJeMGDG^�LRH � W�DKvw^�L�M>QELRJTS�W�LELRF�JT¶�W�v²CE['��MKJ xi

J�L�QRLEJTW�X H|JIDKOt^tMGY\W�L�C ^�DKMKYZJ�[Z[\J yi
ºÀ U QRLEJ � ^�Ë�W�L ]�FILEF�DÃ^�[ZJ
	�W�L LEW�MKJIDG^

yn
[ZJIHnFI¶ÃuR^�L�MGY\[Z[ZW�LRH©S�JÈSEW�LELEFIJIHlS�Y±H|C�W�LRY\XE[ZJIH�> ��¼�¾ W�Q£HKY\v®QE[±^tMKYZW�L H @ º � LHKC F'¶�Y5[RJ/S�J�Q É Mo¹iC J'H>S�J/v²FI¶I^�LEY±H|v²J'H �

³ º � ��( �����"� �
�  ������������"�!�
�"���$��� � ��º m [nH�U ^�]�YÁMTS�Q v²FI¶I^�LEY±H|v²J²CEDGF�C�W�LRSEF�DÃ^�LNMeSR^�LRH/¶�J�M|MGJwF�MGQRS�J
	¯x�QRY�¶�W�DKÇDKJ'H|C�W�LRS 8�QELEJ S�QEDGF�J SVU W�XRHKJ�DGOt^tMKYZW�L�CRDKF'S�F [RLRY\J º � W�YÁM C = {Cn} QELEJ HKQEYÁMGJ SEJ�Ot^�[ZJ�QEDÃH [ É JIH�J�M
Y\LRSEF�C�J�LRSE^�LNMKJIHeS�J

Xn
º � L#S�F"[RLEY\MT^�[ZW�DÃH Yi = min(Xi, Ci) ∀i ∈ {1, . . . , n} º p W�DGHGxNQEJ®¶�JIHe¶�JILRH|QRDKJ'HH|W�L�MlQELEY±xNQEJIH 	iW�L�CR^�DG[\JIDG^�H|YZv²CE[\JIv²J�LNMlSEJ r ¹iC J m º À U QELPC W�Y\LNM>S�J�ONQRJÈYZLRS�QRH|MKDGYZJ�[!	�[\J �>¼�¾ S�J r ¹iC�J m¶�W�DGDGJIHKC W�LRSO8 S�J'H�W�XRH|JIDKOt^�MKYZW�LRH�CEDKWtO�J�LR^�LNM�SVU YZLRH|MG^�[\[±^tMGY\W�LRH�v²Y±H|J'H�JIL�H|JIDKOiY±¶�J�^�Q v ��v²J�v²W�vµJILNM º p J



3�� ������� � ³ − �	��
��������������������� ��� � �!�#"%$&�('�� � ��)*�+� $,�-�.�/)��0� �.�+� 1����

�>¼�¾ SEJ�Mo¹iC�J m CEDGW�]�DKJ'HKHKY'� > W�Q �$# � ��%'��(�( � @nJIH|M©CE[ZQRHnDKF'^�[ZYZH|MKJ�	N^�Q£HKJ�LRHnW��P¶�JIHnYZLRHoMÃ^�[Z[Z^�MKYZW�LRH©HKW�LNMnv²Y±H|J'HJIL@HKJ�DGOiYZ¶�J�8wSEJIH>SE^�MKJIH>SEY\O�J�DÃH|J'H º
��º � ��( �����"� �
�� ��� � ����º � LwS�F [ LEYÁMnQEL²LEW�v®XEDKJ [ É J r ∈ {1, . . . , n} YZLRS�FIC JILRSE^�vµv²JIL�M©S�J Xn

º � LwS�F"[RLEY\M^�[\W�DGH
C = {X∗

r } [\J�HKYZLE]�[ZJ�MGW�L/DGJIH|MKDGJ�YZL�M�8>[Z^�HoMÃ^tMKY±H|MKY±x�QRJ�SVU W�DÃS�DKJ r S�J X º h QEYZH Yi = X∗
i ∀i ∈ {1, . . . , r}J�M Yj = X∗

r ∀j ∈ {r + 1, . . . , n} º k J/Mo¹iC JµS�J�¶�J�LRHKQEDGJT^�[ZFI^tMGW�YZDKJ/¶I^�DÃ^�¶�MGF�DGYZHKJeJ�L vw^�¸oW�DGYÁMGFTS�JIH�JIHGHK^�YZHS�J/[±^�X�W�DÃ^tMGW�YZDKJ�	NxNQEJ/[5U W�L@HoMGW�CEC�JT^�QPX W�Q�M�S�J/[±^ r N P�QR SEF*� ^�YZ[Z[Z^�LR¶�J/¶�W�LRH|MG^tMGF�J º

34 
;4�5 � D�� L�{�D�L���<  8�}BA&A  <�� � �A � L��ABD(<��
p ^²HoMGDKQ ¶�MKQRDKJeS�JIHlS�W�LELEFIJIHlW�X H|JIDKOt^�XR[\J'H�YZLRS�QEY\M�S�W�L ¶ÈJIL�]�F�LEFIDG^�[ [5U J É YZH|MKJILR¶�JeSVU QEL@J�LRHKJ�v®XE[ZJ�S�J ����(�( �$���

� �&(�������(� �*� 	NLRW�MKFe[ZJeCE[\Q H>H|W�QEO�JIL�M z
	�J�M�S�W�LNM>[Z^µS�JILRH|Y\MKF/¶�W�LRS�Y\MKYZW�LRLEJ�[Z[\JIv²J�LNM 8�[5U F'¶ÃuR^�LNMGY\[Z[\W�L£W�XRH|JIDKO�F�HKJ�DÃ^

LEW�MGF�J k(z|θ,yn) º k J�M�J�LRHKJ�v®XE[\J/S�Y � ��DGJTS�J � ^�Ë�W�L � W�LRSE^�vµJILNMG^�[ZJ/H|JI[\W�L�[ZJIH�vµW�S��I[\J'H º
³ º À ^�LRH®[ZJ�¶�^�H�SVU QEL�v²W�S��I[\JPH|W�QEv²YZHR8�QELEJPH|W�QEDG¶�JwQELEY±xNQEJ�S�JPS�F*� ^�Y\[Z[±^�LR¶�J > J É C�W�LRJ�LNMKYZJ�[©J�M Å JIY\XEQR[\[ @�	
¶�JIH�SEW�LELEFIJIH�v²^�LRxNQR^�LNMGJIH�HKW�LNM�[ZJIH�O ^�[\JIQEDÃH�S�J�S�F�� ^�YZ[\[±^�L ¶�J�¶�J�LRHKQEDGF�JIH 	RHKW�Y\M�[ZJIH�SEW�LELEFIJIH>YZLR¶�W�v²CE[���MKJ'H º� Y\LRHKY

z ∼ M(θ) º
��º p W�DÃHKxNQEJn[\J©v²WiS ��[ZJnJ'HoM 8�DGY±HKxNQEJ'H¯¶�W�LR¶�QEDKDGJ�LNMÃH�	'¶ÃuR^�xNQEJlS�W�LRLEF�J � 	 � 	 � 	 W�XRHKJ�DGO�FIJ�JIH|M�^tM|MGDKYZXEQEFIJ 8È[5U QELµS�JIHv²W�S���[ZJIHeJIL_¶�W�L ¶�QEDGDKJILR¶�J º ¼ [\[ZJ ¶�JILRH|QRDKJwS�W�LR¶²S�JIHeDGFI^�[\Y±HK^�MKYZW�LRHÈCEDGWtO�JILR^�LNM�SqU ^�Q�MKDGJIHev²W�S���[ZJIH º � YZLRHKY 	SE^�LRHn[\J�¶�^�H©S�Q�vµW�S��I[\J B(η0, η1, β) 	iQELRJ�Ot^�[ZJ�QEDlS�J�S�F*� ^�Y\[Z[Z^�LR¶�JÈW�XRHKJ�DGO�FIJ
	NSVU W�DKYZ]�YZLEJ�^�¶�¶�YZS�JILNMKJ�[Z[ZJR> J É Ç
C�W�LEJILNMKYZJ�[Z[\Jc@�	 � ¶�^�¶ÃuRJ � QELEJ>S�W�LELEFIJ©S�J>S�F�� ^�YZ[\[±^�L ¶�JlS�JlONYZJ�YZ[Z[\Y±HKHKJ�v²JIL�M > SEJ Å J�YZXEQE[Z[ @�	�J�M�DGFI¶�Y\CEDGW�xNQEJ�v²J�LNM ºh W�QRD�¶�JwMo¹iC�J S�J v²W�S���[ZJ
	¯[\J'HTS�W�LELEF�J'H/vw^�LRxNQR^�LNMKJIH�H|W�L�MTFI]�^�[\JIvµJILNMe[ZJIH�W�DGY\]�Y\LRJIH/S�J'HTS�F*� ^�Y\[Z[±^�LR¶�JIH ºÂ YZJ�L�F�OiY±S�J�v²v²J�LNM 	R[ZJIH�S�W�LELEFIJIH�S�JT¶�J�LRHKQEDGJ/LEJTC�J�DGv²J�M|MGJ�LNM�CR^�H�S�JTC�W�QRO�W�YZD�S�Y±HoMGY\LR]�QEJID�[Z^wHKW�QRDG¶�JeSEJ
S�F�� ^�YZ[\[±^�L ¶�J/xNQEY�^�QRDG^�YÁM>CEDGW�S�QEY\Ml[±^wS�W�LELEF�JeYZLR¶�W�LELiQEJ º

p JµMKJIDKv²J �
��(�( �$�*� ����()�*���&(� ��� > � � �$��� ( � �
�& � @�J'HoMTHKW�QEO�J�LNMeY\LNMKDGW�S�QEY\MeSR^�LRHe[ZJIHe^�DKMKY±¶�[ZJIHeHG¶�YZJ�LNMKY5[ xNQEJ'HC W�QED>YZLR¶�[ZQEDGJ�[5U QEL@W�Q@[ U ^�QEMKDGJeSEJT¶�JIHlCRDKW�¶�J'HKHKQRHlSE^�LRHlQELEJT¶�J�DKMG^�YZLEJe]�FILEF�DÃ^�[ZY\MKF º À ^�L Hl[Z^²HKQEYÁMGJTS�JT¶�J�MGDG^ Ot^�YZ[!	W�L�MKJIL�MGJ�DÃ^²SVU QEMKYZ[\Y±H|JID�^�Q@vw^ É YZv�QEv [ZJeMKJIDKv²J � (�#$�&� �)%'�* C W�QED�F�OiY\MKJID>[\J'H>¶�W�L � QRH|YZW�L H º
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2 �  � �®�¢¤¨w��¡P§�¯��¨T�
p U W�X�¸oJ'¶�MKY'�>S�Jw¶�Jw¶ÃuR^�CRYÁMGDKJµJIH|MTS�JwCEDGFIHKJ�LNMKJID�QRL ^�C JIDGË�Q#]�[\W�XR^�[�S�J'H/S�Y � F�DGJ�LNMGJIHÈMKJ'¶ÃuELEY±x�QRJIH/SVU Y\L � F�DGJ�LR¶�J

S�Y\MKJIH #�%'� �$��� ������� MGDG^�S�Y\MKYZW�LELEJI[\[ZJ�v²JIL�M©v²YZHKJIHnJ�L��/QEOiDKJÈC W�QEDnJ'HoMGY\v²JID©[ZJIHnCR^�DG^�v ��MKDGJIHnS�JIH©v²W�S���[ZJIHnCEDGFIHKJ�LNMKF'H
^�Q£¶Ãu ^�CEY\MKDGJT³ º h ^�D #*%�� �$��� �*���*� 	�LEW�QRHnJ�LNMGJ�LRS�W�LRHn[\J'H�v²F�MGuEW�S�JIHlxNQEY~H|J � W�LRSEJ�LNMlHKQED©QELEJ�^�CECEDGW�¶ÃuEJ�LEW�L �$�������
��� �*(�(�� S�J©[Z^ r uEF�W�DKYZJnSEJn[±^ À FI¶�YZHKYZW�L 	t^�QµH|JILRH¯W���[ZJ©CR^�DÃ^�v ��MGDKJ θ J'HoM�H|QRCEC WNH|FK[ É J
	 J�M�W��®HKJ�QE[ZJn[5U Y\L�� W�DKvw^�MKYZW�L
CEDGWtO�J�L ^�LNMlSEJIH�S�W�LELEFIJIH>J'HoM�CRDKY±H|JeJIL ¶�W�v²C�MGJ º ¿ W�QRH�DKJILNO�Wt¹�W�LRHl^�Q�¶ÃuR^�CRYÁMGDKJ � S�Q�[ZY\OiDGJTS�J � W�X JID|MR> ����� ³�@*	xNQEY¤CEDKF'H|JILNMKJ�JIL#S�F�MG^�Y\[¤[ZJIHÈXR^�HKJIH�S�Jµ[Z^ r uEF�W�DKYZJ�S�Jµ[±^ À FI¶�YZHKY\W�L J�M/C�J�DGv²J�M/SVU ^�CECEDGF�uEJILRS�JID�¶�[Z^�Y\DGJ�v²J�LNM�[\J'H
S�Y � FIDKJIL�MGJIH�^�CECEDGW�¶ÃuEJIHlC�W�HGH|YZXE[ZJIHÈS�JT¶�J�M|MKJ�MKuEFIW�DGY\J º � Q HKJ�L H�¶�W�vµv®QELEFIvµJILNM�Q�MKYZ[ZYZHKF
	 [ U ^�CECRDKW�¶ÃuEJT¶�W�LRHKYZSEF�DGF�JYZ¶�Y¤JIH|M/xNQR^�[\Y5[RFIJµS�J � � �$�����*(� � �� � � 	VCEQEY±HKxNQqU J�[Z[\JwHKJ�� W�LRS�JµY\LNMGDKYZLRH"�IxNQEJ�v²JIL�M/HKQEDe[Z^PDGF�CR^�D|MGYÁMGY\W�L J�L � DKF'xNQEJ�LR¶�J
S�JIH>SEW�LELEFIJIH 	�DKFICR^�DKMKY\MKYZW�LPYZL�MGJ�DGCEDGF�MKFIJeCR^�Dl[±^ � W�LR¶�MKYZW�L F (x|θ) = P (X < x|θ) º
k J�M|MGJ�CEDGFIHKJ�LNMÃ^tMKYZW�L²HKQR¶�¶�Y\LR¶�MKJ�HKJ>O�JIQ�Mn¶�DKY\MKY±xNQEJ�OiYZH|Ç 8tÇcONY±H�S�J�[5U J�v²CE[ZW�YRS�JÈ¶�JIH�v²F�MKuRWiSEJIH�SR^�LRH�[ZJ�¶�W�LNMKJ É MGJ

CR^�DKMKY±¶�QR[\YZJ�D©SVU F'¶ÃuR^�LNMGY\[Z[\W�LRH
yn
S�J � ^�Y\XE[ZJ�MÃ^�YZ[\[ZJ�J�M©¶�J�LRHKQEDGFIH º p ^�CE[ZQECR^�DKMnS�J'H�F�MKQRSEJIHnC W�D|MÃ^�LNM©HKQED�[5U Y\v²CR^�¶�M©SEJ[Z^µ¶�JILRHKQEDKJ/HKQEDl[ U JIH|MKYZvw^tMGY\W�LPS�J/xNQR^�L�MGYÁMGFIH [ ^�XEYZ[\Y±HoMGJIH©W�Q@S�QEDÃ^�XRY\[ZYZH|MKJ'HlH|JeCE[±^�¶�J�LNM�SE^�LRHlS�J'H>¶�W�LRS�Y\MKYZW�LRHlW��£[ZJ

LEW�v®XEDGJ�S�JÈ¶�J�LRHKQEDGJIH�F�O�W�[\QRJ�CR^�DÃ^�[Z[���[ZJ�v²J�LNMn^ O�JI¶l[ZJ�LEW�v�XEDGJ�S�J�S�W�LELRF�JIH n 	NJ�MnW�� [±^/Ot^�[ZYZS�Y\MKF�S�JIHnYZL�MGJ�DGOt^�[Z[\J'HS�JT¶�W�L.[ ^�LR¶�JeJIH|M�S�Y±HK¶�Q�MKFIJ�^�HK¹iv²C�MKW�MKY±x�QRJ�v²J�LNM º ¼ L@MKF�v²W�Y\]�LEJ/CR^�D>J É J�v²CE[ZJ/[ U ^�DKMKY±¶�[ZJTS�J � ^�DGSEJ�D >o³'´�´ � @©H|QRD[Z^eOt^�[\Y±S�Y\MKFÈSEJ>MKJI[ZH�Y\LNMKJIDKOt^�[\[ZJIH�¶�W�LRH|MKDGQEY\MGHK8eCR^�DKMKYZD�S�J�S�W�LELRF�JIH�J É C W�LEJ�LNMGY\JI[\[ZJIH � W�DKMKJ�v²JIL�M�¶�J�LRHKQEDGF�J'H > n = 50^�Q_v²YZLEY\v®QEvS@ º À J£LEW�v�XEDGJ�Q É ^�DKMKY±¶�[ZJIH®¶�W�v²v²J£¶�J�[ZQEY©SEJ r Y\LR]�[ZJ�¹ Ì Ê YZJ�[±Sd>o³'´�´ � @/^�X W�DGS�JILNMT[\J�CEDKW�XE[���v²JSVU FI¶ÃuR^�L�MGY\[Z[ZW�LRH�X�JI^�Q ¶�W�QRC#CE[ZQRH/CRDKW�¶ÃuEJ'H�SEJIHT¶�W�LRS�Y\MKYZW�L HeDKFIJ�[Z[\J'HÈDGJ�L ¶�W�LNMGDKFIJIHeSE^�L He[ U Y\L S�QRH|MKDGY\JO>�8@C ^�DKMKYZDeSEJ
n = 5 @�	�vw^�Y±H�HK^�LRH¤YZL�MGDKW�S�QRY\DGJ�S�J�¶�J�LRHKQEDGJ º � Y\LRHKY!	�[\J'H�¶�W�LRS�Y\MKYZW�L H�W�C�MGY\vw^�[\J'H�SVU QEMKYZ[\Y±HK^�MKYZW�L S�J�¶�JIH�MKJI¶ÃuRLEYZxNQEJ'H�	SE^�L H�QELP¶�^�SEDKJ � DGFIxNQEJILNMKY±HoMGJ
	NLEJÈHKW�LNM|ÇcJ�[Z[ZJIH~¸|^�v²^�YZHnDGFI^�[ZY±H|FIJIH�SE^�LRHnLEW�MGDKJ�F�MKQRSEJ��iW�D�[ZJIH�[\YZv²YÁMGJIHlSVU ^�CECR[\Y±¶�^�MKYZW�L
S�J²¶�JIH�v²F�MGuEW�S�JIH�DGJIH|MKJIL�M �RW�QEJIH º m [�YZv²C W�D|MGJµSEW�LR¶µS�J�� W�QEDGLEYZDeSEJIH�W�Q�MGY\[±H�C JIDKv²J�M|MG^�LNMeS�J�¸oQE]�J�D�[Z^�Ot^�[ZYZSEYÁMGF
S�J²MKJI[\[ZJ W�Q MKJ�[Z[ZJwvµF�MKuEW�S�J�SVU J'HoMGY\vw^�MKYZW�L 	¯J�M®S�Jw[ZJIH®^�CECR[\Y±xNQEJ�D�HKQED�SEJIH/J É JIv²CE[\J'HeMo¹iCEY±x�QRJIHTSVU FI¶Ãu ^�LNMKYZ[\[ZW�L H
Y\L S�QRH|MKDGY\JI[ZH º
½ LEJ/CEDGJ�v²Y���DGJeCR^�DKMKYZJeJIH|M�¶�W�L HK^�¶�DGF�JÈ^�Q É v²F�MGuEW�S�JIH�SVU J'HoMGY\vw^�MKYZW�L@S�J θ CEDKW�CEDGJ�v²J�LNM>S�YÁMGJIH º
• � LwDÃ^�CEC�J�[Z[ZJ>MKW�Q�M©SVU ^�X�W�DÃS²xNQEJ�[±xNQEJIH�vµF�MKuEW�S�J'H�	NxNQR^�[ZY [ F�JIHnSVU �*� � � ��� �� ��� ¶�^�D � W�L S�F�J'H�QELEY±xNQEJ�v²JIL�MlH|QED[±^�Ot^�[\JIQED�S�JIH¤S�W�LELEF�J'H�J�M�LEW�LµH|QRD�QRLEJ©¶�W�v²CEDGF�uEJILRHKY\W�LB[RLEJ>S�Jl[ZJ�QED�H|MKDGQR¶�MGQEDKJ º k J'H�MKJ'¶ÃuELEY±x�QRJIH¤H|JIDKO�J�LNM]�F�LEFIDG^�[\JIvµJILNMnS�J�v²F�MKuEW�S�J'H�CEDGFI^�[Z^�XE[ZJIH 	�^�Q�H|JIY\L S�J�[±^T¶�W�vµv®QELR^�Q�MKFÈY\LRSEQRHoMGDKYZJ�[Z[ZJ
	�8T[±^ � W�Y±H�C�W�QRDnW�C F�Ç
DGJ�D/QEL ¶ÃuEW�Y É SEJµv²W�S��I[\J'H/S�Jw¶�W�v²C�W�DKMKJIvµJILNM�Ç�HKYZLEW�L [\Jw¶�W�L.[RDGv²J�DeÇ�J�MeCRDKW�¶�F'S�J�DB8PQELEJwJ'HoMGY\vw^�MKYZW�L
^�HKHKJ�Äe]�DGW�HGHKY'�IDKJ º ¼ [Z[ZJIH>DGJIH|MKJIL�M�SVU Q�MGY\[ZYZHG^tMGY\W�L£MGD"�'Hl[\YZv²YÁMGF�J�SR^�LRHlLEW�MKDGJ/¶�W�LNMGJ É MKJ/SVU F�MGQRS�J º

• h ^�Dn[Z^�H|QEY\MKJ�	�LRW�QRH � ^�Y±H|W�LRH�[ZJ�DÃ^�CEC�J�[�S�J�v²F�MGuEW�S�JIHn¶�[±^�HGH|Y±xNQEJIH�S�J�vw^ É YZv²YZHG^tMGY\W�L S�J�[±^/OiDG^�YZHKJ�v�XR[Z^�LR¶�J º¼ [Z[ZJIHµH�U ^�CECRQEY\JILNM®H|QRD�[±^ HoMGDKQ ¶�MKQRDKJ vw^�LRxNQR^�LNMKJ SEJIH�SEW�LELEFIJIH�J�M®C ^�DÃ^�Y±HKHKJ�LNM/X J'^�QR¶�W�QEC_CR[\QRHµ^�CEMKJIHR8
� W�QEDKLRY\DeS�JIHÈJIH|MKYZvw^tMGY\W�LRH�DÃ^�Y±HKW�LELR^�XE[ZJIH�SEJ θ º k JIHÈv²F�MGuEW�S�JIH�� J�DGW�LNM�[ U W�X�¸oJ�M�SVU QELEJ²^tMKMKJIL�MGY\W�L#¶�DKY\MKY±xNQEJSE^�LRHl[ZJ/DKJ'HoMGJeSEQ@¶Ãu ^�CEY\MKDGJ º

p ^�H|J'¶�W�L S�JnC ^�DKMKYZJ©S�J>¶�Jl¶Ãu ^�CEY\MKDGJnHKJ�DÃ^ � W�¶I^�[ZYZHKF�JlH|QRD�[±^�¶�W�L HoMGDKQR¶�MKYZW�LµSVU YZLNMKJIDKOt^�[Z[ZJIH¤S�Jl¶�W�L [ ^�LR¶�JnC�W�QRD�[\J'H
JIH|MKYZvw^tMKYZW�L HnCRDKF'¶�FISEJ�LNMKJ'H�	�J�M>SqU YZLRS�Y±¶�^�MKJ�QRDGH>^�¶�¶�JIC�MG^�XE[ZJIH©C JIDKv²J�M|MG^�LNM�S�J©¸oQE]�JID>[Z^µOt^�[ZYZSEYÁMGFeSEJe¶�JIHlv²F�MGuEW�S�JIH
SE^�L Hl[\JT¶�W�LNMKJ É MGJeY\LRSEQRHoMGDKYZJ�[qSqU ¼�À Ê©º
¼ L.[RL 	¤xNQEJ�[±xNQEJIH/MKJIH|MGHTLNQRvµFIDKY±xNQEJIH�H|W�L�MTCRDKF'H|JIL�MGFIH 	VC JIDKv²J�M|MG^�LNM®SVU Y\[Z[\Q HoMGDKJIDT[\J'HT¶�DGY\MKY±x�QRJIH/YZv²C W�D|MÃ^�LNMKJ'H
� /.�4��56�@/.����0*� /�����)*)*�4� �4) ��/��	/�����/���G3-��&�&8#5W�����M��56�*�����*�����&)1�+��)*=�-*��R �.��)��&���������*���@/��4��56��24�������42/@�4��/�� ������������ 
!��"#" �& 
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� ^�YÁMGJIH�H|QEDe[ZJIHÈv²F�MKuRWiSEJIHe¶�[±^�HGH|Y±xNQEJIH�SVU JIH|MKYZvw^tMKYZW�L º h JIQ�W�Q�CR^�He^�SR^�C�MGF�JIH�8 LRW�HeS�W�LRLEF�J'H�	�J�[Z[\J'HeH|J®DKFIO
��[ZJ�LNM
HKW�QEDÃ¶�J'HlS�J�¶�W�L�� QRHKY\W�LRHlJ�M�SqU YZLEJ É ^�¶�MKY\MKQ S�JIH º À U ^�Q�MKDGJIH©MGJI¶ÃuELRYZxNQEJ'H�S�W�YZO�JILNM�^�[ZW�DÃH ��MKDGJ/J�v²CE[ZWt¹�FIJIHlC�W�QED�^�v²F�Ç[ZY\W�DKJIDl[ U Y\L � F�DGJ�LR¶�J
	ExNQEYqLEF'¶�J'HKHKYÁMGJ�LNM�S�J/v²W�S�Y [ J�D>LEW�MKDGJe¶I^�S�DGJ/SVU ^�LR^�[\¹�HKJ º
2 ��2 / �>�¯§�¢¤��«�¯�����P�>�°«�¢¤���P§n��«P�T���>�gª �©��P¨w�P�>� ���o�>�q¯��ª �e���¨T�
G"4�G"463 7 ?D � }98;<¯� < � @Èz �Rz|� D(<��

� SEYZHKC WNH|Y\MKYZW�L�SEJIH®Y\LE]�F�LEYZJ�QRDGH�J�L7S�QRDG^�XEY\[ZY\MKF J�MG[ ^�XEY\[ZY\MKF
	�QEL7¶�J�DKMG^�Y\L_LEW�v�XEDGJ£S�J�v²F�MKuRWiSEJIH�HKW�LNM®SEYZH|Ç
C�W�LEYZXE[ZJIH 	 � W�L S�F�J'HwJ�L1]�FILEF�DÃ^�[�HKQEDwQELRJ�^�CECRDKW�¶ÃuEJ@YZL�MGQEY\MKYZO�J S�Q�CEDGW�XR['�IvµJ º ¼ [Z[\J'H Q�MGY\[ZYZHKJ�LNM [±^ DKFICR^�DKMKY\MKYZW�LJIvµCRY\DGYZxNQEJwS�J'HeOt^�[ZJ�QEDÃH�Ç�HK^�LRH�v²J�M|MGDKJS8PCEDGW7[RMe[ZJ�QRDTHoMGDKQR¶�MKQEDGJ²F�O�J�LNMKQEJI[\[ZJ�v²JIL�MT¶�J�LRHKQEDGF�JµÇ�C W�QED/CEDGW�C�W�HKJ�D
S�J'H¤JIH|MKYZvw^tMKYZW�L H�SEJ θ 	�J�LµDGJ�[ZYZ^�L�M�¶�J�M|MGJlDKFICR^�DKMKY\MKYZW�L%8È[±^�DKFICR^�DKMKY\MKYZW�L�� DGFIxNQEJ�LNMGYZH|MKJ º � YZLRH|Y!	tQELEJ>DGJ�CRDKF'H|JIL�MÃ^tMGY\W�LJIvµCRY\DGYZxNQEJ®LEW�v²v²F�J �&��������� ��� � ��� �*��% % JIH|M�¶�W�QEDÃ^�v²v²J�LNM�Q�MGY\[ZY±H|FIJ º ¼ [Z[\J²^ [5U ^ Ot^�L�MÃ^�]�JTS�J®CRDKF'H|JIL�MGJ�D�H|QED�QEL]�DG^�CEuEJ>QELEY±xNQEJ�[ZJIHnCEDGY\LR¶�Y\C ^�[ZJIH¤MGJ�LRSE^�LR¶�J'H�S�Q�¶�W�v²C�W�HG^�LNM ∑ ^�Q ¶�W�QEDÃH�S�QwMGJ�v²CRH º ¼ [Z[ZJ�C�J�DGvµJ�Mn[±^TS�F�MKJI¶�MKYZW�LSVU QEL�OiYZJ�YZ[\[ZYZHGHKJ�v²J�LNM�W�Q@SqU QEL�DG^�¸oJ�QELEY±HGH|JIvµJILNM 	RSVU QELEJ�F�O�W�[\QEMKYZW�L@[\YZLEF'^�YZDKJTS�Q@MÃ^�Q É S�J�SEF*� ^�YZ[Z[Z^�LR¶�J > LEY�DÃ^t¸oJIQ�Ç
LEY±HGH|JIvµJILNM 	qLEY©OiY\JIY\[Z[ZYZHGH|JIv²J�LNMA@eW�Q J�LR¶�W�DGJ SVU QRLEJ�¶�W�v²C F�MKY\MKYZW�L_JIL�MGDKJ£CE[\Q H|YZJ�QEDÃH/v²W�S�JIH®S�J£S�F�� ^�YZ[\[±^�L ¶�J º h ^�DS�J'H>^t¸oQRH|MKJIv²J�LNMGHl[ZY\LRFI^�YZDGJIH 	E¶�J�MKMKJeDGJ�CEDGFIHKJ�LNMG^�MKYZW�L�C JIQ�M � W�QRDKLEYZD>S�JIH�O ^�[\JIQEDÃH©SEJ θ º
3�� 3�������� ��!#-.QVI	���S��� � ���FeV��$�$
p U FI¶ÃuEJI[\[ZJ�S�JIH¯^�X~¶�Y±HKHKJIHVSEQ/]�DÃ^�CEuEJ�S�J Å J�YZXEQE[Z[�J'HoM logx xNQR^�LRSe¶�J�[Z[\J�S�J'HVW�DÃS�W�LELEF�J'H~JIH|M Q(x) = log(logS(x))W�� S(x) JIH|M�[Z^ � W�LR¶�MKYZW�L S�J�HKQEDGOiY\J º k W�LRLR^�Y±HKHG^�LNM�[ZJIH�SEW�LELEFIJIH (y1, . . . , yn) 	NW�LwC�J�Q�M©J�L � W�QEDKLRY\D�[5U JIH|MKYZv²^�MKYZW�LJIvµCRY\DGYZxNQEJ/HG^�LRHlXRYZ^�YZH>S�J � ^�CE[Z^�L�Ç s J�YZJ�D

Sn(x) =
∏

i∈{1,...,n}, yi≤x

(
n− i

n− i+ 1

)δi

W�� δi = 1 H|Y yi
L�U J'HoM�CR^�H�¶�J�LRHKQEDGFTJ�M � H|YZLEW�L º =�W�Y\DÈF�]�^�[\JIv²J�LNM p W �� ��%�	 >o³I´ Z ´�@©C W�QED�QELRJTDKJ'S�F [ LEYÁMGY\W�L S�J¶�J�MlJIH|MKYZv²^�MKJIQED 	E^�Y\L H|YVxNQEJ Â YÁMGW�QEÄIF �� �&%�	 >|³I´�´�´H@�C W�QEDlQELEJev²JIHKQEDGJ�S�Je[±^²¶�W�L ¶�J�LNMGDG^�MKYZW�L£S�J/¶�J�M>JIH|MKYZvw^tMKJIQEDOiY±HoÇ 8tÇcOiYZH¤S�J>[±^/S�Y±HoMGDKYZXEQ�MGY\W�LµDGF�JI[\[ZJ
	�SR^�LRH�QRL²¶I^�S�DGJlLEW�Lw^�H|¹iv²C�MKW�MKY±xNQEJ º ¼ L ¶�W�v²CR^�DG^�LNM Sn(x) ^�Q®MGDG^�¶�F>S�J>[±^HKQEDGONYZJlMKuRF�W�DGY±x�QRJ S(x|θ) 	�� W�LR¶�MGY\W�L SVU QEL ¶ÃuEW�Y É S�J�v²W�S���[ZJ�J�M©SVU QRLEJ�W�QwCE[\Q H|YZJ�QEDÃH�Ot^�[ZJ�QRDGHnS�J θ 	�[Z^TSEF�vw^�DÃ¶ÃuEJJIvµCRY\DGYZxNQEJ/¶�W�LRH|MKY\MKQEJeQEL@X�W�L@CEDGFI^�[Z^�XE[\Je^�Q�¶ÃuEW�Y É SEJ/vµW�S��I[\J º

� Y�[ZJIH/SEW�LELEFIJIH/HKQEYZO�J�LNM/[ZJwvµW�S��I[\JwS�J Å J�YZXEQE[Z[ W(η, β) 	�[ZJ�QRD/DKFICR^�DKMKY\MKYZW�L H|QEY\M�^�CRCEDKW É YZvw^tMKYZO�JIv²J�LNMÈ[±^S�DGW�Y\MKJÈSVU F'xNQR^tMGY\W�L Q(x) = β logx−β log η 	iSEJÈ¶�WiJ"4w¶�Y\JILNMnS�YZDKJ'¶�MKJIQED β º ½ L�^�¸oQRHoMGJ�v²J�LNM©[\YZLEFI^�Y\DGJ�HKJ�¸oQRH|MKY5[RJS�W�LR¶ÈC W�QED>JIH|MKYZv²J�Dl[\J'HlCR^�DÃ^�v ��MKDGJIH º � Yi¸|^�vw^�Y±Hn[ZJIH>SEW�LELEFIJIH©CEDGWtOiY\JILELEJ�LNM>S�QPvµW�S��I[\JB8®DKY±HGx�QRJIHl¶�W�LR¶�QEDGDGJ�LNMGH
B(η0, η1, β) 	E[5U F'x�Q ^tMKYZW�L Q(x) = log

(
x/η0 + (x/η1)

β
) JIH|M�¶�J�[Z[ZJTSVU QRLEJT¶�W�QEDKX�J/¶�W�LNO�J É J º

h W�QEDnY\[Z[ZQRHoMGDKJID�¶�J'H�S�JIQ É ¶�W�v²C�W�DKMKJIvµJILNMGH 	�[\J�]�DÃ^�CEuEJ�SEJ Å JIY\XRQE[\[~S�J�SEW�LELEFIJIH�SEJ�S�QEDGF�J�SEJ�OiY\J�CRDKWtO�J�LR^�L�M
S�J Â JID|MGuEW�[ZW�L �* ��% 	 > ������· @nJ'HoM>MGDG^�¶�F/H|QRD�[Z^R[R]�QEDGJ ��º ³ º p U ^t¸oQ HoMGJ�v²J�LNM�[ZY\LEF'^�YZDKJB8²[±^µDKFICR^�DKMKY\MKYZW�LPJ�v²CEYZDKY±xNQEJ
S�J'HlS�W�LELRF�JIHnLEJ�MKYZJ�LNMlOiYZHKY\XR[\JIvµJILNM©CR^�Hl¶�W�v²C�MGJ�SEJIH©CEDGJ�v²Y'�IDKJ'HnSEF*� ^�YZ[Z[Z^�LR¶�J'H�	.8®[Z^µS�Y � FIDKJILR¶�JeS�Q MGDG^�¶�FeSVU QELEJ
S�Y±H|MKDGY\XEQEMKYZW�L B(η0, η1, β) 	�xNQEYnCR^�DÃ^��±MTXEYZJ�L_CE[ZQRH�^�SE^�CEMKF�J º ¼ L7Q�MKYZ[\Y±HG^�LNM®¶�Jwv²W�S��I[\J�	¯[±^�¶�W�vµC�F�MGYÁMGY\W�L�J�LNMGDKJMo¹iC�JIH�S�J>S�F�� ^�YZ[\[±^�LR¶�JnJ'HoM�v²Y±H|JlJ�LµF�OiY±S�J�L ¶�JlCR^�D¤[ZJ � ¶�W�QRSEJ � S�J>[±^ÈSEYZH|MKDGY\XRQ�MKYZW�L 	�^�Q É ^�[\JIL�MGW�QEDÃH�S�J logx ' 3.8 º

���*� ��� ��� ��� � �*��� � (�� ��� 	 ½ L MGJ�v²CRHTSEJ S�F�O�J�DGvµYZLR^�]�JµC W�MKJ�LNMGY\JI[�C JIQ�M���MKDGJ S�F�MGJI¶�MGFwCR^�D/[5U Q�MKYZ[\Y±HG^tMKYZW�L_S�J'H
]�DG^�CEuEJIHVSEJ Å JIY\XRQE[\[ º m [�MKDÃ^�LRH � W�DGv²J�J�LeJ � J�M�[\J'HqS�DGW�Y\MKJ'HVJ�v²CEYZDKY±H|MKJIH�S�J Å J�YZXEQE[Z[�JILT¶�W�QRDKX�JIHq¶�W�LR¶I^ O�J'H�¸oQ HKxNQqU ^�Q
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������� �Eº ³ � » DG^�CEuEJ'H©SEJ Å JIY\XEQR[\[�SEJTS�W�LELRF�JIHlCRDKWNH|C�JI¶�MKYZO�JIHlS�JTSEQEDKFIJ/S�J/OiY\JeuiQEvw^�YZLEJ º

[\W�]�Ç5MKJIvµC HnW���¶�W�v²v²J�L ¶�JeO�FIDKY\MG^�XE[\JIv²J�LNM©[ZJ/OiY\JIY\[Z[ZYZHGH|JIv²J�LNM > W�Q@[ZJeDG^�¸oJ�QELEY±HGH|JIvµJILNMA@©S�J ∑ º
 � � �  �& � �&( � 	 k J�MKMKJ²S�F�vw^�DÃ¶ÃuEJTJ'HoMe¶�JIC JILRSE^�LNM�J É MKD���v²J�v²JIL�M�[\YZv²YÁMGF�J º ¼ L#J � J�M 	�[5U JIH|MKYZv²^�MKJIQEDÈS�J � ^�CR[Z^�L�Ç
s J�YZJ�D 	 H�U Y\[NJIH|M�HG^�L H�XEY±^�Y±H 	IJ'HoM¤H|JILRH|YZXE[ZJK8�[Z^ � ^�YZXE[\J�MG^�Y\[Z[\JnJ�M 8�[±^�¶�J�LRHKQEDGJ�S�J©[ U FI¶ÃuR^�LNMKYZ[\[ZW�LS> O�W�YZD¯^�Y\L H|Y h J�MKJIDGHKW�L 	
³I´ ��� 	NJ�M k uRJ�L 	 � W�[Z[Z^�LRS�J�D Ì p ^�L S�X JIDK]�	V³I´ Z�� @M��[±^µCEDKF'H|JILR¶�J/SVU QELPC W�Y\LNM�^�Mo¹NCRYZxNQEJ�	NC ^�D>J É JIvµCR[\JeJ�L@xNQEJ�QRJS�J S�Y±HoMGDKYZXEQ�MGY\W�L > S�FIO�J�DGv²Y\L ^�]�J@W�QEXE[ZY\F�	�S�W�LRLEF�J ¶�J�LRHKQEDGF�JO8_S�DGW�Y\MKJ@J�LX[RL�SVU FI¶Ãu ^�LNMKYZ[\[ZW�L 	�J�MG¶ º @*	�C�J�DKMKQEDGX�J¶�W�LRH|Y±S�FIDG^�XE[\JIv²J�LNM©[5U ^t¸oQRH|MKJIvµJILNMl[ZYZLEFI^�Y\DGJ º
� � � �*���*()#��*� 	 p JIH/v²F�MKuEW�S�J'He]�DÃ^�CEuEY±xNQEJIHeDGJIH|MKJILNMeCR[\QRH�S�JIH/CRDKF'^�[±^�XE[ZJIHe^�Q É MKJ'HoMÃHT¶�[±^�HGHKYZxNQEJ'H�SqU ^�S�FIxNQR^�MKYZW�L
S�J�v²W�S���[ZJR> CR^�DnJ É J�v²CE[ZJ � W�[Zv²W�]�W�DKWtONÇ � v²Y\DGLEWtO)	 k DÃ^�v²JID|ÇcO�W�L s Y±HKJIHA@�xNQEJÈS�J'H�v²F�MGuEW�S�JIH©SVU JIH|MKYZvw^tMKYZW�L º À JLEW�v®XEDGJ�QRHKJIH©DGF*� F�DGJ�L ¶�JIHlHKW�LNM�S�Y±H|C�W�LEYZXE[ZJIH>C�W�QRD>[ U ^�CECR[\Y±¶�^�MKYZW�L@S�J/¶�JIH�vµF�MKuEW�S�J'H>¶�W�vµv²J/CEDGFI^�[Z^�XE[ZJ�^�QP¶ÃuEW�Y É
S�J>v²W�S���[ZJ º À ^�LRH�[ZJ�¶�W�L�MGJ É MKJ�SEJ�[Z^/SEQEDKFIJ�S�J�OiYZJ
	�¶�YÁMGW�LRH p ^ �>[\J'HKH >|³I´ Z�� 	�¶Ãu ^�C º�· @�	 À U � ]�W�H|MKYZLEW Ì0� MKJ�CRuEJ�LRH
>o³'´ Z�· @�J�M Â J�DKMKuEW�[\W�L > ����� ³
	iCR^�]�JIH ��� Ç ��� @ º
3 � 3 �,� � 3 � +�� I�(*�����R���O&)(W&)��� � �G���'12��- � � �,$����
½ LEJw^�QEMKDGJ � ^�Ë�W�L�HKYZvµCR[\J²S�JR[ É J�D�[\J'HÈC ^�DÃ^�v ��MGDKJ'H�S�J'H�v²W�S���[ZJIH�J'HoM/SVU JIH|MKYZvµJIDeJ�v²CEYZDKY±xNQEJ�v²J�LNM�[\J'HÈv²W�Ç

v²J�LNMGH/W�Q_[\J'HTxNQR^�LNMGY\[ZJIHTSEJ [Z^�SEYZH|MKDGY\XRQ�MKYZW�L�S�J X ∼ M(θ) º p JwC ^�DÃ^�v ��MGDKJ η S�Q_v²WiS ��[ZJ£S�J Å J�YZXEQE[Z[�J'HoM^�YZLRHKY�[ZJ 63 P�QR C�J�DÃ¶�J�LNMGY\[ZJ£S�J�[Z^ SEYZH|MKDGY\XRQ�MKYZW�L º k J�C�J�LRSR^�LNM 	¤¶�JwMo¹iC�J�SVU JIH|MKYZvw^tMGY\W�L_JIH|MµHKW�QEv²Y±HG8�CE[ZQRHKY\JIQEDÃH
S�Y54w¶�QE[\MKFIH �

• [5U J É CEDKJ'HKHKYZW�L1S�JIH xNQR^�LNMKYZ[\J'H²W�Q�S�JIH vµW�v²J�LNMGHwL�U J'HoM CR^�H � W�DÃ¶�FIv²J�LNMwJ É CE[ZYZ¶�YÁMGJ���¶�U JIH|M [ZJ ¶�^�H£^ O�JI¶�[ZJv²W�S���[ZJ B 8µDKY±HKxNQEJ'Hl¶�W�L ¶�QEDGDKJILNMGH9> Â J�DKMKuRW�[ZW�L �� �&%�	~������· @ º h ^�D>^�YZ[\[ZJ�QEDÃH 	N[5U JIH|MKYZv²^�MKYZW�LPJ�v²CEYZDKY±xNQEJ/S�JIHxNQR^�L�MGY\[ZJIHlJ'HoM � ^�QRHGH|FIJ�C ^�D>[±^®CRDKF'H|JILR¶�JeS�JT¶�JILRHKQEDKJ º
• [ZJIH�Y\LNMKJIDKOt^�[\[ZJIH>S�J®¶�W�L [ ^�LR¶�JTS�JeMKJI[ZH�JIH|MKYZvw^tMKJIQEDÃH>J�v²CEYZDKY±xNQEJIH�H|W�L�M�]�F�LEFIDG^�[\JIv²J�LNM�^�HK¹Nv²C�MGW�MGYZxNQEJ'H > J�M
S�W�LR¶eLEW�LP^�SE^�C�MGFIH 8µLEW�MKDGJe¶�W�LNMKJ É MKJeY\L S�QRH|MKDGY\JI[ @ º
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3�� 3������U] � +���I	(*�����?�	���?&)(W������!#���GNH-.!c!c+��
p J'H�v²F�MGuEW�S�JIHnS�JIHnv²W�YZLRS�DGJIH�¶I^�DGDKF'H�W�LNM�C�W�QRD�W�X�¸oJ'¶�MGY ��SVU JIH|MKYZv²J�D θ J�Lwv²YZLEY\v²Y±HK^�LNMnQELEJ�J É CEDGJIHGH|YZW�LµMKJI[\[ZJxNQEJ

φ =

n∑

i=1

[ψ∗(X∗
i ) − ψ(X∗

i |θ)]2

W�� X∗
i
JIH|M�[Z^�HoMÃ^tMKY±H|MKY±x�QRJ�SVU W�DGSEDKJ ∗ i S�J>[5U FI¶ÃuR^�L�MGY\[Z[ZW�L 	 ψ(x|θ) JIH|M�Mo¹iCEYZxNQEJIv²J�LNM�QELEJ � W�LR¶�MGY\W�LwSVU FIO�W�[\Q�MGY\W�LwS�J

X > S�J�LRHKY\MKF
	�� W�LR¶�MGY\W�L�S�J�DGF�C ^�DKMKY\MKYZW�L 	 º\ºZº @lJ�M ψ∗(x) J'HoMÈC ^�D�J É J�v²CE[ZJ�QEL�JIH|MKYZv²^�MKJIQEDÈLRW�L�CR^�DG^�vµF�MKDGYZxNQEJ®S�J
ψ(x|θ) º k ^�L.[RJI[ZS Ì<Â W�DK]�v²^�LO>o³I´ �7; @¤W�LNMnCRDKW�C WNH|FÈ[\J�¶ÃuEW�Y É ψ(x|θ) = logS(x|θ) W�� S(x|θ) J'HoM©[Z^ � W�LR¶�MKYZW�LS�J®H|QEDGOiY\J�	RS�W�L�M�[Z^wHKQEDGOiY\JTJIv²CEY\DGY±x�QRJTJIH|M�QEL J'HoMGY\vw^�MKJ�QRDÈHG^�LRH>XRYZ^�YZHÈS�YZHKC�W�LEYZXE[ZJ
	RYZLRS�FIC JILRSE^�L�MeS�Q�¶ÃuEW�Y É S�J
v²W�S���[ZJeCR^�DÃ^�v²F�MKDGYZxNQEJ º
k JIH�v²F�MKuRWiSEJIH®CEDKF'H|JILNMKJ�LNM®¶�J�DKMG^�Y\LEJ'H�S�Y54 ¶�QE[\MKF'H�	V8 ¶�W�v²v²J�LR¶�J�D�C ^�D�[ZJ£]�DG^�LRS LEW�v®XEDGJ£S�J�HKW�[ZQ�MGY\W�LRH 8

DGJo¸oJ�MKJ�D�¶�^�D�LqU ^�CEC ^�DKMKJ�L ^�LNM�CR^�H 8 Θ > CR^�DÃ^�v ��MGDKJ'H�SVU FI¶ÃuEJI[\[ZJ�LRF�]�^�MKY'� H�	 J�MG¶ º @ º m [¯J'HoMeS�W�LR¶TLEFI¶�JIHGHK^�Y\DGJTS�J�[ZJ�QRDDÃ^t¸oW�Q�MKJIDeSEJ LEW�v®XEDGJ�QRHKJIH/¶�W�LNMKDÃ^�YZLNMKJIH º Â JI^�QR¶�W�QEC SqU ^�Q�MKJIQEDGHTW�LNMTF�v²Y±H 8@[\JIQED�HKQt¸oJ�MµS�J�� W�DKMKJ'HeDKJ'HoMGDKY±¶�MGY\W�LRH
SVU J�v²CE[ZW�YqSR^�LRH>S�J'H�¶�^�H>S�J � ^�YZXE[ZJeMG^�YZ[Z[\J/J�M>¶�J�LRHKQEDGFIHB> p ^ �>[ZJIHGH�	~³I´ Z�� 	NC ^�]�J'H 6<6N� Ç 6<6<6 @C��C ^�D>J É JIvµCR[\J�	 Ê DGY\J'SiÇvw^�L Ì » JID|MÃH|XR^ �iu >o³'´ Z�� @�Y\LRSEYZxNQEJIL�M xNQEJ@[5U J'HoMGY\vw^tMGY\W�L%SEJIH²v²W�YZLRS�DGJIH²¶�^�DKDGFIHµSVU QEL%vµW�S��I[\J B 8#DKY±HGx�QRJIH
¶�W�LR¶�QEDKDGJ�LNMÃH�Ç©W��@[5U QEL SEJIH>CR^�DG^�v ��MKDGJIHlJ'HoM [ É FeÇ�JIH|M�XEYZJ�L�CE[ZQRH>XRYZ^�YZHKF�JTxNQEJT[5U JIH|MKYZv²^�MKYZW�L�S�Q�vw^ É YZv�QEvgS�J
OiDÃ^�Y±H|JIv�XE[±^�LR¶�Ja> O�W�YZD § �Eº �Eº �Eº ³c@ º m LRS�Y±x�QRW�LRH®¶�J�C�J�L SE^�LNMµxNQqU QELEJPCEDGW�¶�FISEQEDKJ�S�J£v²W�YZLRS�DGJIH®¶�^�DKDGFIH�C W�QED®S�J'HS�W�LELEFIJIH�vw^�LRxNQR^�LNMKJ'H�CRDKW�C WNH|FIJ�CR^�D � J'^�[Z¹ Ì!Å JIH|MKvw^�¶�W�MKM�>|³I´ ;�· @�HIU ^�CECR^�DKJILNMKJ 8�QEL£^�[Z]�W�DKY\MKuRvµJ ¼ s > O�W�YZD
§ �Eº �Eº �Eº � @ º � L²MKDGW�QRO�J�DÃ^ÈCE[\Q H�S�J�CRDKF'¶�Y±H|YZW�L²H|QRDn¶�J�HKQt¸oJ�MnSE^�L H s ¶ p ^�¶ÃuE[±^�L Ì � DKY±HKuELR^�L >o³'´�´ � 	�CR^�]�J'H ; ³�Ç ;�· @ º
3�� 3������ � �R(W�	NH$���� �,(/�
� Yn[\J'H/v²F�MKuRWiSEJIH/]�DG^�CEuEY±x�QRJIHeC�J�QEO�J�LNM®^�Y±S�JID 8@[Z^@Ot^�[ZY±SE^tMGY\W�L SEQ�¶ÃuEW�Y É SVU QELEJ�� ^�v²Y\[Z[\J�S�Jwv²WiS ��[ZJIH 	q[\J'H

v²F�MGuEW�S�JIH¤SVU JIH|MKYZvw^tMGY\W�L®CR^�D¤DKFI]�DGJIHGH|YZW�L/W�Q®CR^�D¤vµW�v²J�LNMGH�LEJ>HKW�LNM�C ^�H�Q�MKYZ[ZYZHG^�XE[ZJIH¤SE^�LRH¤LEW�MKDGJ©¶I^�S�DGJnSVU F�MGQRS�J�	
SVU ^�QEMG^�LNM/CE[ZQRH/xNQqU J�[Z[\J'HeLqU QEMKYZ[\Y±H|JILNM�x�Q�U QELRJwCR^�DKMKYZJµSEJw[ U Y\L � W�DGv²^�MKYZW�L#MKDÃ^�LRHKv²YZHKJµCR^�D/[5U F'¶ÃuR^�LNMGY\[Z[\W�L º p J'HevµF�ÇMGuEW�S�JIH�S�J�vw^ É YZv²YZHG^tMGY\W�L�S�J�[±^ OiDÃ^�Y±H|JIv�XE[±^�LR¶�J
	EFI[Z^�X W�DKFIJIH>JIL � W�L ¶�MKYZW�L#S�J�[±^£H|MKDGQR¶�MGQEDGJ�S�JIH�S�W�LELEF�J'H�	 CEDGW�Ç
v²J�MKMKJIL�M 8µCEDGJ�v²Y���DGJeONQRJeSqU ��MKDGJ/X J'^�QR¶�W�QECPCE[ZQRHlJ 4 ¶�^�¶�J'H º
G"4�G"4,G 7 � >>z � z|�N� D�z|}BA 8&<<�o� � �E��z|� < � KÈ�o�AÈ{�<
3�� 3�� 3���� �9!#����N<��QE�
p ^7OiDG^�YZHKJ�v®XE[Z^�LR¶�J L(yn; θ) ¶�W�DKDGJIHKC�W�LRSd87[Z^%S�J�L H|Y\MKF S�J [Z^8CEDGW�XR^�XEY\[ZY\MKF ¸oW�Y\LNMGJ S�J'H�SEW�LELEFIJIH

yn =

(y1, . . . , yn) S�J�CRDKWtO�J�LEYZDwS�Q1vµW�S��I[\J M ��JI[\[ZJ�DGJ�CEDGFIHKJ�LNMKJ@S�W�LR¶PMKW�Q�MKJ�[±^ ¶�W�LEL ^�Y±HKHG^�LR¶�J�W�X�¸oJI¶�MKYZO�J�HKQED θ^�CEC W�D|MGF�JµCR^�D/[±^@HoMGDKQ ¶�MKQRDKJwS�J'H/S�W�LELRF�JIH º ¼ L_S�YZOiYZHG^�LNM/[ U FI¶Ãu ^�LNMKYZ[\[ZW�L yn
J�L S�W�LRLEF�J'HeLEW�L ¶�JILRH|QRDKFIJIH xr

J�M
¶�J�LRHKQEDGJIH 8²S�DKW�YÁMGJ cn−r

¶�W�v²v²JT^�Q § ³ º : 	�W�LPW�XEMKYZJ�LNM 	RSR^�LRHlQEL�¶I^�H>S�JT¶�J�LRHKQEDGJ�S�JeMo¹iC�J m CEDGW�]�DKJ'HKHKY'� �

L(yn, θ) =

[
r∏

i=1

f(xi|θ)
]


n−r∏

j=1

S(cj |θ)



 .

À ^�LRHl[ZJT¶�^�HlS�JT¶�JILRH|QRDKJ/S�JeMo¹iC�J mKm 	EW�L@W�X�MKYZJ�LNM
L(yn, θ) = f(x∗1, . . . , x

∗
r |θ) (S(x∗r |θ))n−r

W�� x∗i J'HoM�[±^TH|MG^�MKY±HoMGYZxNQEJ�SqU W�DGS�DGJ i SEQ H|W�QRHoÇcFI¶Ãu ^�LNMKYZ[\[ZW�L xr
> O�W�YZD�CR^�D�J É J�v²CE[ZJ » ^�Q S�W�YZL �����N� C W�QED�S�J'H�FI¶�DKY\ÇMGQEDKJ'H�CE[\Q HÈJ É CE[\Y±¶�Y\MKJ'H @ º � L S�F'¶�DGYÁM/SE^�LRH�[\J®MG^�XE[\J'^�Q ��º ³�[±^£OiDÃ^�Y±H|JIv�XE[±^�LR¶�J�W�XRH|JIDKO�F�J�SEJµS�W�LELEFIJIHe¶�JILRH|QRDKFIJIH
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H|JI[\W�L�[ZJIH©MGDKW�YZHlv²W�S��I[\J'HlQ�MKYZ[\Y±HKFIH > [U8µJ�L ¶�W�DGJeC W�QED>QELEJT¶�J�LRHKQEDGJ/S�J�Mo¹NC�J m CEDKW�]�DGJIHGH|Y'� @ º

��;��O��,*��,3��!+�%&
E(η) η−r exp

(
−

n∑
i=1

yi/η

)

a��%!+0*��&+&
W(η, β)

[
βrη−r

r∏
j=1

xβ−1
j

]
exp

(
−

n∑
i=1

(yi/η)
β

)

B(η0, η1, β)

[
r∏

j=1

(
1/η0 + (β/η1) (xj/η1)

β−1
)]

exp

(
−

n∑
i=1

yi/η0 −
n∑

i=1

(yi/η1)
β

)

� ��� � ��º ³ � =�DG^�YZHKJ�v®XE[Z^�LR¶�JeS�J'H>S�W�LELRF�JIH>¶�J�LRHKQEDGF�J'HB> Mo¹iC J m CEDGW�]�DGJIHGHKY � @nC�W�QED>[ZJIH©MGDKW�YZHlv²W�S��I[\J'HlF�MKQ S�Y\F'H º

p J�vw^ É YZv�QRv0S�JnOiDG^�YZHKJ�v®XE[Z^�LR¶�J θ̂ML
JIH|M¯[±^�HKW�[ZQ�MKYZW�LTSEJIH¯FIxNQR^tMGY\W�LRH�SEJ�OiDG^�YZHKJ�v®XE[±^�LR¶�J ∂l(yn, θ)/∂θ = 0W�� l(yn, θ)

J'HoM©[Z^/[ZW�]�Ç5OiDÃ^�Y±H|JIv�XE[±^�L ¶�J º � W�QRHnS�JIH©¶�W�LRS�Y\MKYZW�LRHnS�J�DGF�]�QE[Z^�DKY\MKFÈ^tM|MGJ�YZLNMKJIH�C W�QED©[\J'H�MKDGW�Y±H�v²W�S��I[\J'H�	
θ̂ML

JIH|M>QELEY±xNQEJ/J�M>MGJ�[�xNQEJ
√
n
(
θ̂ML − θo

)
L−−−−→

n→∞
N
(
0, I−1(θo)

)

W�� θo
JIH|Ml[±^µOiDG^�Y\JeOt^�[ZJ�QED > Y\L ¶�W�LRLNQRJ�@©S�Q@CR^�DÃ^�v ��MKDGJ θ J�M I(θ) J'HoM>[±^µv²^�MKDGYZ¶�J/SVU YZL�� W�DKvw^tMGY\W�LPSEJ Ê Y±HKuEJ�D�S�Qv²WiS ��[ZJ M(θ) ¶�W�LRHKYZS�FIDKF �

I(θ) = − ¼ θ

[
∂2f(x|θ)
∂θi∂θj

]

i,j∈{1,...,d

.

À J'HµY\L�� W�DKvw^�MKYZW�LRHµCE[ZQRHµCEDGFI¶�Y±HKJIHµH|QEDw¶�J�M|MGJ@W�C�MGY\vw^�[ZY\MKF@^�HK¹Nv²C�MGW�MGYZxNQEJ�	¤SR^�LRHµQEL%¶�^�SEDKJ@S�J@S�W�LELRF�JIHµvw^�LEÇ
xNQR^�LNMKJ'H�J�M/C W�QEDe[\J'HÈv²W�S��I[\J'HeQ�MKYZ[\Y±HKFIHeSE^�L H�¶�JµSEWi¶�QEv²J�LNM 	qHKW�LNMeCEDGFIHKJ�LNMKFIJIH�SE^�LRH � W�^�SE[\JI¹)>o³I´ � ³c@�	 Â ^�¶ÃuR^
>o³'´�´ · 	iCR^�]�JIH ;7Z Ç ·H6 @�	 Â J�DKMKuRW�[ZW�L �� ��%�	 > ������· @ º

3 � 3 � 3 � 3 C JU- $ 	W(/!c��� I�&)�` �D�H�'��(/�X��+�!c� �/+a� � (�N�I�- � � �,12�	�
p W�DÃHGx�Q�U YZ[¤LqU ¹#^�C ^�HeS�J HKW�[ZQ�MKYZW�L#J É CE[ZYZ¶�YÁMGJ²^�Q#CRDKW�XE['�Iv²J²SEJµvw^ É YZv²YZHG^tMGY\W�L 	~[ U J�v²CE[ZW�Y�SqU QELRJµCRDKW�¶�F'S�QEDGJ

LiQEv²F�DGYZxNQEJ>SVU JIH|MKYZvw^tMKYZW�L²J'HoM�LRFI¶�J'HKHG^�YZDGJ º p U ^�[Z]�W�DKY\MKuEv²J ¼ s > ��	 � �$#� �& � �&( � � 	 � � ��� �� � ��( � À JIv²CRHoMGJ�D 	 p ^�Y\DÃSÌ � QRXEY\L 	�³I´ ��� @�J'HoM�¶�J�DKMG^�YZLEJIvµJILNM�[Z^µCEDGW�¶�FISEQEDKJ/SVU JIH|MKYZvw^tMGY\W�LP[±^²CE[ZQRH>Q�MGY\[ZY±H|FIJTSE^�LRH�[\JT¶I^�S�DGJ/S�JIH>v²W�S��I[\J'H
8²S�W�LELRF�JIH©vw^�L x�Q ^�LNMKJ'H º ¼ [Z[ZJT^®S�W�LELEFe[ZY\JIQ 8µ[5U FI[Z^�X W�DG^�MKYZW�LPS�JeLEW�v®XEDKJIQ É ^�[Z]�W�DKY\MKuRvµJ'HlS�F�DGY\O�FIHl^�v²FI[\YZW�DÃ^�LNM
H|J'HlC JID � W�DKvw^�LR¶�J'H º
p U ^�¶�¶�F�[ZF�DÃ^tMGY\W�L S�JIH�^�[Z]�W�DKY\MKuEv²J'H ¼ s J�M�SEJ®HKJIH�S�F�DGY\O�FIH 	R[ZJIHÈLEW�v®XEDGJIH�SVU Y\MKFIDG^�MKYZW�LRH 	R[±^£H|MG^�XEYZ[\Y\MKFµS�J®[5U JIH|Ç

MKYZvw^tMKYZW�L+ONY±H|ÇM8�Ç5OiY±H£S�J#[ U Y\LRYÁMGYZ^�[\Y±HK^�MKYZW�L0S�JIHP^�[Z]�W�DKY\MKuEv²J'H�	n[Z^8H|JILRH|YZXEYZ[\Y\MKF S�J ¶�J�[Z[ZJ�Ç ¶�Y98�[±^�DGF�]�QR[Z^�DKY\MKF�SEJ#[±^
OiDG^�YZHKJ�v®XE[Z^�LR¶�JµW�LNM � ^�YÁM�[5U W�X�¸oJ�M�S�J²MKD��IH/LRW�v�XRDKJIQRH|J'HeDKJ'¶ÃuEJ�DÃ¶ÃuEJ'H�	~YZvµC�W�HGHKY\XE[ZJIHG8@[\Y±HoMGJ�D/v ��v²J£SR^�LRH/[ZJ S�W�Ç
vw^�YZLEJTDGJIH|MKDGJ�YZL�M�S�J�[±^ S�QEDÃ^�XRY\[ZYÁMGF º � Y¯[ZJ�[ZYZONDGJ�S�J s ¶ p ^�¶ÃuE[±^�L Ì � DGYZHKuELR^�L)>o³I´�´ � @l¶�W�L HoMGYÁMGQEJTQELEJ®DKF�� F�DGJ�LR¶�Jvw^t¸oJ�QRDKJ£HKQED®[ U J�v²CE[ZW�Y©]�FILEF�DÃ^�[ZYZHKF S�J'H®^�[\]�W�DGYÁMGuEv²JIH ¼ s 	�QRL_MKDÃ^ Ot^�YZ[�YZvµC�W�DKMG^�LNM®H|QRD�[5U JIvµCR[\W�Y©SVU ¼ s J�MµSEJ
H|J'H�S�FIDKYZO�F'H>H|QED>[ZJIH�vµW�S��I[\J'H�S�J Å J�YZXEQE[Z[�J'HoM�^�QRHGH|YqCRDKF'H|JIL�MGF/SE^�LRH�[Z^µMGu �IHKJTS�J Â ^�¶Ãu ^�>|³I´�´ · 	E¶ÃuR^�C º ³/J�M � @ º½ LEJwDGJ�OiQEJ²]�F�LEFIDG^�[\J²S�Jw[±^�¶�W�L HoMGDKQR¶�MKYZW�L J�M�S�J'HeCEDGW�CEDGY\F�MKF'H/^�HK¹Nv²C�MGW�MGYZxNQEJ'H/S�Q_S�F�DGY\O�FwHoMGWi¶Ãu ^�H|MKY±x�QRJ ��¼ sJIH|M>CEDKF'H|JILNMKF�J/SE^�LRH ¿ Y\JI[ZHKJ�L > ������� @ º ¿ W�QRH � ^�YZHKW�LRHlY±¶�Y�[\J/DÃ^�CEC�J�[qSEJIH>¶�^�DG^�¶�MGF�DGYZH|MKY±xNQEJIH©JIHGHKJ�LNMKYZJ�[Z[\J'H>S�JIH>SEJ�Q ÉCEDGY\LR¶�Y\C ^�[ZJIH©v²F�MKuRWiSEJIH º
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�9!#(*NH+����	!c�  � � ¼ [Z[ZJ ¶�W�L H|Y±HoMGJ`8#vw^ É YZvµY±HKJ�D²[ U JIHKC�F�DÃ^�LR¶�JPS�J@[±^�OiDÃ^�Y±H|JIv�XE[±^�L ¶�J�¶�W�v²CE[���MGJ@SEQ8v²W�S���[ZJ
¶�W�LRS�Y\MKYZW�LRLEJ�[Z[\JIv²J�LNMn^�Q É S�W�LELEFIJIH�W�XRH|JIDKO�F�J'H�J�MK8TQELEJ�Ot^�[\JIQED�S�J θp

¶�W�QEDG^�LNMKJ º � L ¶ÃuEW�Y±H|Y\M�QELRJ�YZLEYÁMGYZ^�[\Y±HG^tMKYZW�L
θ0
º p U YÁMGF�DÃ^tMKYZW�L p→ p+ 1 HIU F'¶�DGYÁM
���������
	�������
�������
���

θp ��� ������������� �!�#"$���%	�& '��
�(�
�)� � ��*(+��,+ � �-���������

θ → Q(θ|θp) =

[l(xn, θ)|yn, θp].

./�������
	���0�� � �1*�& ��� '�23+%���
θp+1 = arg max

θ∈Θ
Q(θ|θp)

�

p ^�HKQEYÁMGJ {θp} ^�YZLRHKY�CEDGW�S�QEY\MKJ � ^�Y\M�¶�DGW �±MKDGJ�[±^�OiDG^�YZHKJ�v®XE[±^�LR¶�J�J�M�¶�W�LiO�J�DG]�J�O�J�DÃH θ̂ML
	 v²Wt¹�JILELR^�LNM¤x�QRJ�[±x�QRJIH

ui¹iC W�MKu �'H|J'H º ¼ LP]�F�LEFIDG^�[~[Z^w¶�W�LiO�JIDK]�J�LR¶�JÈS�FIC JILRS � W�DKMKJ�v²JIL�M�SEJ/[ U Y\LRYÁMGYZ^�[\Y±HK^�MKYZW�L θ0 > S�J'H�^�v²F�[ZYZW�DÃ^tMKYZW�L H©HKW�LNM
C�W�HGH|YZXE[ZJIH>JIL@YÁMGF�DÃ^�LNM ¼ s HKQED�QEL�]�DG^�LRSPLEW�v®XEDGJeSqU YZLEY\MKY±^�[ZYZHG^tMGY\W�LRH @*	RJ�M�[Z^²v²F�MKuEW�S�JTL�U FIONY\MKJ�CR^�H>[ZJTCEY���]�JTS�J
vw^ É YZvw^�[ZW�¶�^�Q É S�J/[±^®OiDÃ^�Y±H|JIv�XE[±^�L ¶�J�J�M�C�J�Q�M�S�W�LR¶�CEDGWiSEQEY\DGJ/S�JIHlDGFIHKQE[\MG^�MGHlF�[ZW�YZ]�LRFIH>S�J θ̂ML

> Å Q 	¯³I´ Z<6 @ º

�9!#(*NH+����	!c� �*�� � p JTS�FIDKYZO�FTH|MKW�¶ÃuR^�HoMGYZxNQEJ/S�J ¼ s 	R[5U ^�[Z]�W�DGY\MKuEv²J �i¼ s > �� � # � ���$ � #/��	 � �$#� �& � �&( � � 	 � �
� ��� �� � ��( � k J�[ZJ�Q É/Ì�À YZJ�X�W�[\M©³'´ Z7: 	�³'´�´ � @V^�^�[\W�DGH�F�MGF©¶�W�LRË�QTC W�QED¤H|QEDGv²W�LNMKJID¯¶�JIH�S�Y 4 ¶�QE[ÁMGFIH > W�DKYZ]�YZLEJI[\[ZJ�v²J�LNMSE^�LRH/QEL�¶�W�LNMKJ É MKJ S�J v²FI[Z^�LE]�J'HTS�Jw[ZW�Y±HTS�J CEDGW�X ^�XEYZ[\Y\MKFc@ º � W�L CEDGY\L ¶�YZC J J'HoMµS�J£¶�W�LRH|MKDGQEY\DGJ²QELEJ£¶Ãu ^�� LEJ S�J
s ^�D ��WtO²uEW�v²W�]���LEJeJIDK]�WiSEYZxNQEJ�	E¶�W�LiO�J�DG]�J�LNMGJÈO�J�DÃHlQELEJ/[ZW�Y�H|MG^�MKYZW�LELR^�Y\DGJeQELEY±xNQEJ�S�J/v²Wt¹�JILELEJ θ̂ML

	EJ�L�DGJ�vµÇ
CE[±^�ËI^�LNMl[\J'H�S�W�LRLEF�J'Hlv²^�LRxNQR^�LNMGJIH©CR^�D�SEJIH>C�J�DKMKQEX ^tMKYZW�L H>^�[ZFI^tMGW�YZDKJ'H º
� L@¶ÃuEW�Y±HKYÁM>QELEJ/YZLEY\MKY±^�[ZYZHG^tMGY\W�L θ0 º p U YÁMGF�DÃ^tMGY\W�L p→ p+ 1 J'HoM
���������
	�����4	 � ��' i ∈ {1, . . . , n} � ������������� �)���!*��
�,��+%��&5� � ��*�+��,+ � �������-���6*����

* � �-��&-����2,�
��7 ���
�������
ki(X |Y = yi, θp)

�
./�������
	��)89�4	 � ��' i ∈ {1, . . . , n} � ���-+:2�������*-���<;������
�-'(�

X̃i ∼ ki(X |Y = yi, θp)
�

=/�������
	���0�� � ��2,� >(+:23+��
�����1� � ?,@ ;-'���+��
��2�A����
���
�B� � 2�	�� & ��&-�C� � ��'��
�-���D�

θp+1 = arg max
θ∈Θ

n∑
i=1

log f(X̃i|θ) �

� L CEDGW�C�W�HKJµ^�[\W�DGH θ̂SEM =
∑P

i=m+1 θi/(P −m) 	 m � P ^ O�JI¶ m J�M P HKQ.4 HG^�v²v²J�LNMT]�DÃ^�LRSRH�	V¶�W�v²vµJ
J'HoMGY\vw^tMGY\W�L�S�J θ̂ML

º Â ^�¶Ãu ^ �� ��%�	 >|³I´�´ Z 	�C ^�]�J : ´H@l¶�W�LRHKJ�YZ[Z[\JIL�M�SEJ/MKW�Qt¸oW�QEDÃH�¶ÃuRW�Y±H|YZD P > 300 J�M m > 100 º� JI[\W�L#[±^@S�YZvµJILRHKY\W�L S�J θ 	VCE[\Q H|YZJ�QEDÃHeJIHGHG^�Y±H�HKQED P J�M m HKW�LNM�LRFI¶�J'HKHG^�YZDGJIHe^ Ot^�LNMeSqU W�X�MKJILEY\D/[±^�H|MG^�XRY\[ZYÁMGFwS�J
[±^w¶ÃuR^�� LEJTS�J s ^�D���WtO º k J�MKMKJTv²F�MGuEW�S�J�YZLNMKQEY\MKYZO�J/vw^�YZHÈS�Y 4 ¶�Y\[ZJG8²F�MGQRS�YZJ�D�MKuEFIW�DGYZxNQEJIvµJILNM 	R^ � ^�YÁM�[5U W�X�¸oJ�MÈS�J
LEW�v�XEDGJ�Q É MKJ'HoMÃH > Â ^�¶ÃuR^ ³I´�´ · 	 � WiSEY\W�LEWtO �����H; @exNQEY�W�L�MTC�J�DGv²YZH®S�J£¶�W�LRH|MG^�MKJ�D®x�Q�U JIL_D"�I]�[ZJw]�F�LRF�DÃ^�[ZJµJI[\[ZJ^�vµFI[\YZW�DGJ�[±^ÈCEDKF'¶�Y±H|YZW�L�J�M�[\JlDGFI^�[\Y±H|v²J©S�Jl[ U JIH|MKYZvw^tMKYZW�LµS�J θ̂ML

> k JI[\JIQ É�Ì+À Y\JIX W�[ÁM>³'´�´ : 	 À YZJ�X�W�[\M Ì m C�³'´�´ · @ º
k J�C�J�L SE^�LNM 	�[ U F�MÃ^�C�J HoMGWi¶Ãu ^�H|MKY±x�QRJ²SEJ H|YZv�QE[±^tMGY\W�L SEJw[ U Y\L � W�DGv²^�MKYZW�L vw^�LRxNQR^�L�MGJ²CR^�DÃ^��±MTH|QRHG¶�JIC�MKYZXE[ZJ S�J

� LEWt¹�JID � [ U YZL�� W�DGvw^tMKYZW�LwCRDKF'H|JIL�MGJ
	NH|Y [Z^T¶�J�LRHKQEDGJ�JIH|MnCR[\QRHnYZvµC�W�DKMG^�LNMKJ�xNQEJ�[ZJIH©S�W�LELEF�J'H�DGF�JI[\[ZJIH�J�MnxNQEJÈ[ U FI¶ÃuR^�L�ÇMGY\[Z[\W�LwJIH|MnS�J � ^�Y\XR[\J>MÃ^�YZ[\[ZJG> [Z^/Ot^�[\JIQED�S�J�H|YZv�QE[±^tMGY\W�Lw¶�W�QRDG^�L�MGJ θp+1
DKY±HGx�Q ^�LNM�SVU ��MKDGJ>MGD"�'H�J�DGDGW�LEFIJ�@ º � WiSEY\W�LEWtO

> ������; @©YZLRS�Y±xNQEJ®C ^�D�J É J�v²CE[ZJ®xNQEJ�[5U ^�CECE[ZY±¶�^tMGY\W�L ^�Q v²W�S��I[\JµS�J Å J�YZXEQE[Z[¤DKJ'HoMGJ®^�¶I¶�JIC�MG^�XE[\J�¸oQRHKxNQqU 8 n = 20 	C�W�QED/QRL MG^�Q É S�J ¶�J�LRHKQEDGJµLRJ S�F�CR^�HKHG^�LNM/CR^�H 10% ºqs ^�[\uRJ�QEDGJ�QRHKJ�v²JIL�M/C�J�Q�SVU JIHGHG^�Y±H/H|QEDTSEJIH/F'¶ÃuR^�LNMKYZ[Z[\W�LRHYZLRS�QRH|MKDGYZJ�[±H > S�J�[ U Y\L S�QRH|MKDGY\JTLiQR¶�[\F'^�YZDKJc@lH|W�LNM�O�J�LiQRH�¶�W�L � W�DKMKJ�DÈ¶�J�MKMKJTY±S�FIJ º k JTxNQEY � ^�Y\M�[5U FI[\FI]�^�L ¶�J/J�MÈ[ U Y\LNMGF�D���MCEDÃ^tMGYZxNQEJlS�J �i¼ s SE^�LRH�QELµ¶I^�S�DGJ©]�F�LRF�DÃ^�[NDKY±HKxNQEJlSVU J�L�� ^�YZDKJ©QELEJlv²F�MGuEW�S�J 8�[Z^ÈCEDGFI¶�Y±HKY\W�L �RW�QEJ�> J�M 8�[ U ^�CRC W�D|M
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v²Y\LEYZv²J/CR^�D>DÃ^�CRC W�D|M 8 ¼ s @�	�SE^�L HlLEW�MGDKJ/¶�^�S�DGJeSqU F�MKQRS�J/C ^�DKMKY±¶�QE[ZY\JID º

3 � 3 � 3 � ] 
 Q�QV$���NH-.� �,(/�X- �	�X&)(*����$,��� ������$,����+��
� L DG^�CEC�J�[Z[\J�¶�YÁÇ ^�CRD"�'H�[ZJIH�C�W�YZLNMGHÈY\v²C�W�DKMG^�L�MÃH�S�J®[Z^£vw^ É Y\v²Y±HK^�MKYZW�L S�J®OiDG^�YZHKJ�v®XE[Z^�LR¶�JTSEJIH�v²W�S��I[\J'H�Q�MGYÁÇ

[\Y±HKFIH º � YZLE]�CEQRD �l^�[Z[Z^ �� ��%�	 >|³I´�´�´H@©¶�W�LRH|MKY\MKQEJ�QELEJTDGF*� FIDKJILR¶�J/CEDÃ^tMGYZxNQEJ/C�W�QRD�[ZJIH�v²W�S��I[\J'H>J É C�W�LEJIL�MGY\JI[ZH�J�MÈSEJÅ JIY\XRQE[\[ º h W�QRD�[ZJ²v²WiS ��[ZJ?8PDGYZHGxNQEJIHe¶�W�LR¶�QEDKDGJ�LNMÃH B(η0, η1, β) 	qW�L C�W�QEDGDG^PHKJ®DGF*� FIDKJID98 Â J�DKMKuRW�[ZW�L > ����� ³�@*	Â W�QRHGxNQEJ�M > �����<6 @VJ�M Â JID|MGuEW�[ZW�L �* ��%�	 > ������· @�	tS�W�L�M�[ZJIH¯MKDÃ^ Ot^�Q É SqU J'HoMGY\vw^tMGY\W�L®HIU YZLRHG¶�DGY\O�J�LNM�SE^�LRH�[ZJlCEDKW�[\W�LE]�J�Çv²J�LNM�S�JIH¤F�MKQRS�J'H�S�J » YZJIHKXEDKJ'¶ÃuNM Ì � J�v²C�MKuRW�DGLEJ�>|³I´ �t· @�J�M Ê DKYZJIS�vw^�L Ì » J�DKMGHKXR^ �iu�>|³I´ Z�� @ º ¼ L²CR^�DKMKY±¶�QE[ZYZJ�D 	W�L C�J�Q�MµCEDKW�QEO�JID�xNQEJ
	�C W�QED®¶�JIH�SEJ�Q É S�J�DGLEYZJ�DÃH/v²W�S���[ZJIH 	¯xNQEJw[ZJIH®S�W�LELRF�JIH®H|W�Y\JILNM�¶�J�L H|QEDGF�J'H/W�Q_LRW�L 	¯[\J'H
FIxNQR^�MKYZW�LRHlS�J/OiDÃ^�Y±H|JIv�XE[±^�LR¶�J�^�S�v²J�MKMKJ�LNM�QELRJeHKW�[ZQ�MGY\W�L�QELRYZxNQEJ/J�M�¶�W�L H|Y±HoMÃ^�LNMKJ º

• � � ����%'� �!	 � �&(���(� � �*% 	 � W�YÁM T =
∑n

i=1 xi
º � [ZW�DÃH η̂ML = T/r J�MµJ'HoM HG^�LRH®XEY±^�Y±H²H|Y r = n > CR^�H²S�J

¶�J�LRHKQEDGJ�@ º
• � � ����%'���
� � ��� �*��% % 	 θ̂ML = (η̂ML, β̂ML) J'HoM�HKW�[ZQ�MKYZW�L@S�J'HlFIxNQR^tMGY\W�LRH>S�J/OiDÃ^�Y±H|JIv�XE[±^�LR¶�J

1

β
=

n∑
i=1

xβ
i logxi

n∑
i=1

xβ
i

−

r∑
i=1

log yi

r
, η =

(
n∑

i=1

xβ
i

)1/β

r1/β
.

k J�M|MKJ�HKW�[ZQ�MKYZW�L%JIH|MµMKDÃ^�S�Y\MKYZW�LELRJ�[Z[\JIvµJILNMw^�CECEDGW�¶ÃuEF�J�CR^�DwS�J'H²vµF�MKuEW�S�J'H²S�J�S�JIHG¶�JIL�MGJPMo¹NC�J ¿ J �lMKW�LEÇ� ^�CEuRHKW�L º p U J'HoMGY\vw^�MKJ�QRD>W�X�MGJ�LiQ@JIH|MlLRW�MKF θ̂NR
º

• � � ����%'� 8 ��� �*�����*� #$�&(�#������"�*(� � B(η0, η1, β) 	 θ̂ML = (η̂0,ML, η̂1,ML, β̂ML) J'HoM�[±^wHKW�[ZQ�MKYZW�L�S�J'H>FIxNQR^�ÇMGY\W�LRH�S�JeOiDG^�YZHKJ�v®XE[±^�LR¶�J

η0 =

r∑
i=1

xi

r∑
i=1

p̃E(xi)
,

1

β
=

n∑
i=1

(yi)
β

ln (yi)

n∑
i=1

(yi)
β

−

r∑
i=1

p̃W (xi) ln (xi)

r∑
i=1

p̃W (xi)
,

η1 =




n∑
i=1

(yi)
β

r∑
i=1

p̃W (xi)




1
β

,

^ O�JI¶ { p̃E(xi) = hE(xi)/[hB(xi)],
p̃W (xi) = 1 − p̃E(xi),

p̃E(xi)
J�M p̃W (xi)

F�MG^�LNM�[ZJIHnCEDGW�XR^�XEYZ[\Y\MKF'H�C�W�QED©QELEJ�S�W�LELRF�J�LRW�L£¶�J�LRHKQEDGF�J xi
SEJ�CEDGWtO�JILEY\DnS�J�[5U QRL£S�JIH

v²W�S���[ZJIH�J�L ¶�W�v²C F�MKY\MKYZW�L º p J'H�HKW�[ZQ�MKYZW�L H�S�J�¶�JIH�F'xNQR^tMGY\W�LRH�HKW�LNMÈ^tMKMKJIY\LNMKJ'H�^�QPX�W�QEM�SVU QELEJTCRDKW�¶�F'S�QEDGJY\MKFIDG^�MKYZO�J
	 W���[5U W�DKYZ]�YZLEJTS�J®¶ÃuR^�xNQEJTS�W�LELEFIJTJIH|M�DGFI^�¶�MKQR^�[\Y±HKF�J/CEQEY±H�W���[ U W�L�CRDKW�¶�F'S�JG8wS�JIQ É vw^ É Y\v²Y±HK^�Ç
MGY\W�LRH�J É C W�LEJ�LNMKYZJ�[Z[ZJ®J�M�S�J Å JIY\XRQE[\[�HKF�CR^�DKFIJIH º θ̂ML

C JIQ�M/^�[ZW�DÃH ��MGDKJ®JIH|MKYZv²F®CR^�D θ̂EM
J�M θ̂SEM

º =�W�YZD[5U ^�D|MGYZ¶�[\J/S�J Â JID|MGuEW�[ZW�L �* ��%�	 > ������· @*	�� W�QEDGLEYVJ�L � LRLEJ É JIH � 	EC�W�QED�CR[\QRH>SEJ/CEDKF'¶�Y±H|YZW�L º
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3�� 3�� 3�� � � ���)NH�	$�� +��?�H�'$,��&)��� ��� ���2QE+�!#��&)��� � -P$����
� [±^�HKQEY\MKJ�S�J'HqF�MKQRS�J'H¯SEJ Â ^�YZL Ì8¼ LE]�JI[\uR^�DGS�MK>o³'´�´E³c@�	 Â ^�¶ÃuR^ �* �&%�	 >|³I´�´ Z @�YZLRS�Y±xNQEJ�LNM�CE[ZQRHKY\JIQEDÃH�^�v²FI[\YZW�DÃ^tÇMGY\W�LRH�C�W�HGHKY\XE[ZJIH¤S�J©[5U J'HoMGY\vw^tMGJ�QED¤S�Q®v²^ É Y\v®QEv S�J©ONDÃ^�Y±HKJ�v�XR[Z^�LR¶�J º ¼ LµCR^�DKMKY±¶�QR[\YZJ�D 	IYZ[±H¯W � DGJ�LNM�QELEJnMG^�XRQE[Z^�MKYZW�LS�J�¶�WiJ 4 ¶�YZJ�LNMGH > JIH|MKYZv²FIH�CR^�D�HKYZv�QE[±^tMGY\W�LRH�S�J s W�LNMKJ�Ç k ^�DG[ZW�@¯C JIDKv²J�M|MG^�LNM�SVU FI[\YZv²Y\LRJ�D�[ZJ�XEY±^�Y±H�S�J>[5U JIH|MKYZv²^�MKJIQEDS�Q8CR^�DÃ^�v ��MKDGJ�S�J � W�DGv²J β S�Q%vµW�S��I[\J@S�J Å J�YZXEQE[Z[>J�L � W�LR¶�MGY\W�L8S�J@[±^ MÃ^�YZ[\[ZJPJ�M S�JIH²¶I^�DÃ^�¶�MGF�DGYZH|MKY±xNQEJIH®S�J

¶�J�LRHKQEDGJ�S�J/[5U FI¶ÃuR^�L�MGY\[Z[ZW�L º
¼ L.[ L 	 ^�CED"�'HlS�J/LEW�v®XEDGJ�Q É MGJIH|MGH�HKQED�S�J'HlFI¶ÃuR^�L�MGY\[Z[ZW�LRH>HKY\v®QE[ZFIHlJ�M>DGF�JI[ZH 	�J�M�JIL@HKJeDKF�� F�DÃ^�LNM>^�Q É MGDG^ Ot^�Q É

S�J p ^�LRLEWt¹ Ìgh DGW�¶�^�¶�¶�Y±^)>|³I´�´ : @*	�¶�J'H�^�QEMKJ�QRDGH�CEDKF'¶�W�LEYZHKJ�LNM�[5U Q�MKYZ[\Y±HG^tMKYZW�L8S�JIH�vµF�MKuEW�S�J'H®SEJ£vw^ É YZvµY±HG^tMKYZW�LS�J/[±^²OiDG^�YZHKJ�v®XE[±^�LR¶�JÈC�W�QED�[\J'H>FI¶ÃuR^�LNMKYZ[\[ZW�LRH>SEJ Å JIY\XRQE[\[�S�W�LNM�[ZJIH�¶I^�DÃ^�¶�MKF�DGY±HoMGYZxNQEJ'H©HKW�LNM�CEDGFIHKJ�LNMGF�JIH>SR^�LRH>[ZJ
MÃ^�XE[ZJI^�Q ¶�Y\ÇcS�J'HKHKW�Q H º p J®HKYZ]�[ZJ ¿�� S�FIHKYZ]�LEJT[5U ^�[Z]�W�DGY\MKuEv²J�S�J²S�J'HK¶�J�LNMKJµS�J ¿ J��lMKW�L�Ç � ^�CEu H|W�L)> HKW�Y\M ¼ s C W�QED
[ZJevµW�S��I[\JTSEJ Å J�YZXEQE[Z[ @ º

�)GL!+&#&+�
n
4���&?E 1%')(SGI,-��!+&+&+��,

�)GL��;f4���'%�%,*�������
τ 6 < n ≤ 20 20 ≤ n ≤ 40 40 ≤ n ≤ 80 n ≥ 80

τ = 0%
n�l '%�I����!+]I1 n�l n�l n�l

τ ≤ 50%
p�BJ� p�BJ� p�B:� p�BJ�

50% ≤ τ ≤ 75%
p�BJ� p�BJ� n�l n�l

τ ≥ 75%
p�BJ� p�BJ� p�B:�	�Un�l n�l

� � � � �Eº � � � MGDG^�MKF�]�Y\J'H�S�J�¶ÃuEW�Y É SEJ©[±^ev²F�MGuEW�S�J�S�J>vw^ É YZvµY±HG^tMKYZW�L²S�Jl[±^eONDÃ^�Y±HKJ�v�XR[Z^�LR¶�J©C W�QED�QEL²FI¶Ãu ^�LNMKYZ[\[ZW�L
S�J Å J�YZXEQE[Z[ º
p J'H�¶�^�DG^�¶�MGF�DGYZH|MKY±xNQEJIH�[ZYZH|MKFIJIH�SE^�LRH�[ZJlMG^�XE[\J'^�Q ��º � DGJIH|MKJ�LNM�¶�J�C�J�LRSE^�LNM�S�JIH�v²Wt¹�J�LELEJ'H¤J�M�QRLEJ�¶�W�vµC ^�DÃ^�Y±H|W�LS�J/CR[\QRHKYZJ�QEDÃH>v²F�MGuEW�S�JIH�SEJTvw^ É Y\v²Y±HK^�MKYZW�L@S�JT[±^²OiDG^�YZHKJ�v®XE[Z^�LR¶�J�JIH|M�MGW�Qt¸oW�QEDGHlLRFI¶�J'HKHG^�YZDGJ�C�W�QRD�F�Ot^�[ZQEJID>[\JIQED

C�J�DKMKYZLEJ�L ¶�J
	�[ZW�DÃHKxNQEJw[ZJIHµS�W�LRLEF�J'H�Q�MGY\[ZY±H|FIJIHµH|W�L�M®DKFIJ�[Z[\J'H º ¼ LNMKDGJ�S�JIQ É JIH|MKYZv²^�MKYZW�LRHµS�J θ 	¯W�L7¶ÃuEW�YZHKY\DÃ^�¶�JI[\[ZJC�W�QED>[±^�xNQEJI[\[ZJe[Z^µOt^�[ZJ�QRD�S�J/[Z^ � �"� � ����� ��%'�&(�#$� ���*�*��� � ��� JIH|M>[Z^µCE[ZQRH>FI[\JIO�F�J º
h ^�D�^�Y\[Z[\JIQEDÃH�	tQELRJ©J'HoMGY\vw^�MKYZW�L²C W�LR¶�MGQEJ�[Z[ZJ�S�W�Y\M�LEFI¶�JIHGHK^�Y\DGJ�v²J�LNM ��MGDKJ�^�¶�¶�W�v²CR^�]�LEF�J©SVU QRLEJ>Y\L S�YZ¶I^tMGY\W�LµC�J�DKÇ

v²J�MKMG^�L�MTS�Jµv²JIHKQEDGJ�De[Z^�DGJ�CEDGW�S�QR¶�MGY\XRY\[ZYÁMGFwS�Jw¶�JµDKF'H|QE[\MG^�M º � YZLRHKY 	V[5U ^�LR^�[\¹�H|MKJ²S�W�Y\M/CEDKW�C WNH|JIDÈQRLEJ²vµJ'H|QRDKJ²S�J[5U YZLR¶�J�DKMKY\MKQRS�J�S�J�¶�J�M|MGJ�JIH|MKYZvw^tMKYZW�L º À ^�LRHµ[Z^ HKQEYÁMGJ S�J�¶�J�¶ÃuR^�CEYÁMGDKJ�	¤LEW�QRH � ^�YZHKW�L H�MGW�Q�M SVU ^�X�W�DÃS%x�QRJ�[±x�QRJIHDÃ^�CEC�J�[±H/HKQEDT[ZJIH/YZLNMKJ�DGOt^�[Z[\J'HTS�J ¶�W�L.[ ^�LR¶�J ∗ º h QEY±HTLEW�QRHeY\LNMGDKW�S�QEY±HKW�LRH/QRL ¶�DKY\M"�IDKJwLRW�v²v²F � �
#� ����� �q� �����"����� 	MGDG^�S�YÁMGY\W�LELEJI[\[ZJ�v²J�LNMeQ�MKYZ[ZYZHKF²CR^�De[ZJIHeYZLRS�QRH|MKDGY\JI[ZH�C�W�QEDeJ'HoMGY\v²J�DTHKY�[±^£CEDGFI¶�YZHKYZW�L#SqU QELRJµJ'HoMGY\vw^�MKYZW�L�J'HoMT^�¶�¶�JIC�Ç
MÃ^�XE[ZJ º ¼ L.[ L 	qLEW�QRHe^�CECE[ZY±x�QRW�LRHe¶�J'H�W�Q�MGY\[±H98�xNQEJI[ZxNQEJ'HÈF'¶ÃuR^�LNMGY\[Z[\W�LRH�J É C�W�LEJIL�MGY\JI[ZH�J�M/SEJ Å J�YZXEQE[Z[�HKQECEC�W�HKFIH
DGJ�CEDGFIHKJ�LNMÃ^tMKY'� HlS�JIHlF�MKQRSEJIH>YZLRS�QRH|MKDGYZJ�[Z[\J'H>x�QRYqW�LNM>v²W�MKYZO�F/¶�JeMKDÃ^ O ^�Y\[VS�JeMGu �IHKJ º
2 ��. � ����l¢¯¦��T�����>� ���¥§©¨T��
@�T�P§n�¥�© ���P§©�l¢�¯��¯¡��P� ���o¡P� �>�V���ª �e¯�>¡�¢
p W�DGHGxNQEJ θ J'HoM�H|QRCEC WNH|F [ É F�	'XRY\JIL®CE[ZQRH�xNQqU QELEJlJIH|MKYZvw^tMGY\W�L®C�W�LR¶�MKQEJI[\[ZJ>S�J>¶�J©CR^�DÃ^�v ��MKDGJ
	 [Z^�¶�W�LELR^�YZHGHK^�LR¶�JSVU QEL@YZL�MGJ�DGOt^�[Z[\JeS�JT¶�W�L.[ ^�LR¶�J/HKQED θ W�Q�H|QEDlQELRJ � W�LR¶�MKYZW�L�SVU Y\LNMKFID"��M�S�J θ > ¶�W�v²v²J/[±^µSEQEDKFIJ/S�J/OiY\Jev²Wt¹�JILELEJ

W�Q7[±^ HKQEDGOiY\JPJ�L%QELEJ@Ot^�[ZJ�QEDwS�JPMGJ�v²CRH%[ É F�Jc@®JIH|M²QRLEJ�^�Y±S�JO8�[±^ CEDKY±HKJPSVU QELEJ�S�F'¶�Y±H|YZW�L1S�J@vw^�YZLNMKJ�L ^�LR¶�J ºp W�DÃHKxNQqU QELEJÈJIH|MKYZv²^�MKYZW�LPC W�LR¶�MGQEJ�[Z[ZJ θ̂ S�J θ JIH|MlLRFI¶�J'HKHG^�YZDGJR> ¶�U J'HoMKÇM8�ÇcSEY\DGJÈJIL�[5U ^�XRHKJ�LR¶�J�SEJ�DGFIHKQE[\MG^�M©MGuEF�W�DKY±xNQEJ
YZLRS�FIC JILRSE^�LNMÈSqU QELRJTJIH|MKYZvw^tMKYZW�LW@�	�W�X�MGJ�LEYZD�QELEJ�vµJ'H|QRDKJ�SEJT[ U YZLR¶�JID|MGYÁMGQRS�J�S�Jµ¶�J�M|MKJ�JIH|MKYZv²^�MKYZW�L�J'HoM�YZLRS�Y±HKC JIL�Ç
HG^�XE[ZJ º p JwH|W�QEuR^�Y\M/Y\LNMGJ�DGLEJ'8�[5U J�LNMKDGJ�CEDGY±H|JwS�J HKJ%[ É J�DTS�J'HeXR^�DGDKY���DGJIHÈMGJI¶ÃuELEY±xNQEJIHeLRFI¶�J'HKHKY\MKJw^�[ZW�DÃHeS�JwDKJ|¸oJ�MGJ�D
S�J'Hlv²F�MKuRWiSEJIH�SVU JIH|MKYZvw^tMGY\W�L£MGDKW�C�YZv²CEDKF'¶�Y±H|J'H º
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m S�FI^�[\JIvµJILNM 	�QRL Y\LNMGJ�DGO ^�[\[ZJ�S�J�¶�W�L.[�^�LR¶�J�JIH|M�CEDGW�S�QEY\M�CR^�D�QELEJ�v²F�MKuEW�S�J�SEJ�� ��()#* � ��( � � � �& �&%'� ∗ 	�Y\L S�F�C�J�L�ÇSE^�v²v²J�LNM�SVU QELEJ/J'HoMGY\vw^tMGY\W�L�C�W�L ¶�MKQRJ�[Z[\JTS�J θ º m [qJIH|M�^�[ZW�DÃHnSEYÁM  �� �$����� ������º ¼ L�¶�J/HKJ�LRH 	�YZ[�¶�W�LRHoMGYÁMGQEJeQEL@W�Q�MGY\[CEDÃ^tMKY±xNQEJTCEQRYZHGxNQqU YZ[¤F�Ot^�¶�QEJT[ZJIH�S�Y54w¶�QE[\MKFIHeS�Q#¶ÃuEW�Y É SEJ�[±^ v²F�MGuEW�S�JµSqU J'HoMGY\vw^tMGY\W�L º p J�CRDKJIvµYZJ�DÈCR^�DÃ^�]�DG^�CEuEJS�J�¶�J�M|MGJ®HKJI¶�MKYZW�L@JIH|M�¶�W�LRHG^�¶�DKFB8w[5U F�MG^�XE[\Y±HGH|JIvµJILNMÈS�J/MGJ�[±H�YZL�MGJ�DGOt^�[Z[\J'H º k J�C�J�LRSE^�LNM 	 HKW�L�Q HK^�]�J/DGJIH|MKJ/[ZY\v²Y\MKF �[ U F�MÃ^�XE[ZYZDnLEF'¶�J'HKHKYÁMGJ�S�Je¶�W�LELR^��±MKDGJ�J É CR[\Y±¶�Y\MKJIvµJILNM©[±^/[ZW�Y~SVU QRLEJ�H|MG^�MKY±HoMGYZxNQEJ ��()# � % %'� � �"� 	�> ¶�U J'HoMKÇM8�ÇcS�YZDGJ�S�W�LNM©[Z^�[\W�YJIH|M>Y\LRSEF�C�J�LRSE^�LNMKJTS�J θ @*	R¶�JTxNQEYVJ'HoM>MGD"�'Hl[\YZv²YÁMÃ^tMGY � º
����� �����
	 � 6Rº � (�� ���� !�"� � � � #*��%  �� � ��� ��� ����� %'��� � (� �*� � ��% %'�*� ��� #$�&( � �&(�#$� ���� �
� �"�$��� �*��� � ��(�� ���*�*��� � ��(�#$�
�� ��� #� ���
�*� � ������ �� �*����� �� �� � �$ � ��������� %|� �$# ����(� � % %'�&( yn

�
� �  ��� �$#� � � �*����(� #$�&���"��� ����()���"� 8���( �*(��*��� �*%'� �
�
� �$��% � ���& � �&( � �
� %'� %'� � M(θ) � #$� �*��� �*�� ���*% � #$�& � � � �"��� � � ���$�� ��%'� 8 � ����� � ��� �
�&( ��%'�*��#$��� � ()��� �� !��� �*%+� �����
(��&� � �)� �$� #$#�� � ��(� �� ��� %'�*� �$# ����(� � % %'�&( ��#$��(� � ��(�()�*(� ����������(�( �$����#$�*(������ �$��� � � � # � %�� 8�����( � �*� 	�� � ��� � ���� 
� ���� ��� !�"�  �*� � �*� � �
�&( ��#$�*�� � � (���#���� � ���  !�"� � �*�$����� �* !���
�*���*� � � ��� ������� 	 � � � � § 	 	�
 	� � 	
À ^�LRHµLEW�MGDKJ@¶�W�L�MGJ É MKJPYZLRS�QRH|MKDGY\JI[>S�J£MGJ�[±HµY\LNMKJIDKOt^�[\[ZJIH 	¯[ZW�DÃHGx�Q�U YZ[ZHµHKW�LNM²SEYZHKC W�LEYZXE[\J'H�	�HKW�LNM²]�F�LRF�DÃ^�[ZJ�v²J�LNM

MKD��IH�[±^�DG]�J'H�	�¶�W�v²v²J>LEW�QRH�[5U YZ[Z[\QRH|MKDGJ�DGW�L H�SE^�L H�[Z^�H|QEY\MKJÈS�Q£¶ÃuR^�CEYÁMGDKJ º m [±H � W�QRDKLEY±HGH|JIL�M�SEJIH�[ZYZvµY\MKJ'H�DÃ^�Y±H|W�LELR^�XE[\J'HC W�QED�[±^wDGJI¶ÃuEJIDG¶ÃuEJ/SVU QELEJ�JIH|MKYZv²^�MKYZW�L θ̂ S�J θ 	RJ�M�MKF�v²W�Y\]�LEJ�LNMÈS�J�[ U Y\v²CEDGFI¶�YZHKYZW�L�¶�JID|MÃ^�YZLEJTS�J/MGW�Q�MGJ/MKJIL�MÃ^tMGY\O�JSVU JIH|MKYZv²^�MKYZW�L@S�J θ XR^�HKF�J/HKQED>[ZJ�DGJIHKC�JI¶�M�SEJIHlui¹iC W�MKu �'H|J'H>HoMÃ^tMKY±H|MKY±x�QRJIH>¶�[±^�HGHKYZxNQEJ'H º
p W�DÃHGx�QRJ�¶�JIH�Y\LNMKJIDKOt^�[\[ZJIH¤MGuEF�W�DKY±xNQEJIH�LEJ�HKW�LNM�CR^�H�¶�W�LRHoMGDKQ ¶�MKYZXE[ZJIH�W�Q²[\JÈH|W�L�M©^ O�JI¶lS�Y54 ¶�QE[\MKF%> ¶�W�v²v²J�SE^�L H

[\J ¶I^�H Å J�YZXEQE[Z[ @�	�QRLEJ v²F�MGuEW�S�J£^�[\MKJIDKL ^tMKYZO�J²J'HoM/MGDG^�S�YÁMGY\W�LELEJI[\[ZJ�v²J�LNMTQ�MGY\[ZY±H|FIJ º � Y�[ U W�L_LRW�MKJ Yn
[ U J�L H|JIv�XE[ZJ

S�JIH�Ot^�DGYZ^�XE[\J'HT^�[ZFI^�MKW�Y\DGJIHT^�HKHKW�¶�YZF�J'H 8�[5U F'¶ÃuR^�LNMKYZ[Z[\W�L W�XRHKJ�DGO�F
yn

	�W�L_C�J�Q�M²¶ÃuEJ�DÃ¶ÃuEJIDG8�JIH|MKYZv²J�D®[Z^�O ^�DKY±^�L ¶�J
σ̂2 SVU QEL�JIH|MKYZvw^tMGJ�QED θ̂ = θ̂(Yn) º � J�CEDGW�S�QEYZDKJTHKY�C�W�HGHKY\XE[ZJ/[ZJIH�¶�W�LRS�Y\MKYZW�L H�S�JT[5U J É C FIDKYZv²J�LNMG^�MKYZW�L@v²J�LR^�L�M�^�Q�>¼�¾ 	q^�Q MGDG^ O�J�DÃH�S�Jµ[±^£DGJI¶�W�LRH|MKY\MKQ�MGY\W�L�S�J M FI¶Ãu ^�LNMKYZ[\[ZW�L HÈS�J²v ��v²J'H�¶I^�DÃ^�¶�MKF�DGY±HoMGYZxNQEJ'H�xNQEJ yn

	�� ^�Y\M/HKJ�L H
C W�QED>W�XEMKJ�LRY\D�QRLEJTS�Y±HoMGDKYZXEQ�MGY\W�L@SqU F'¶ÃuR^�LNMKYZ[Z[\W�LELR^�]�J/S�JT¶�J�M�JIH|MKYZv²^�MKJIQED º ¼ vµCRY\DGYZxNQEJIv²J�LNM 	 W�L@C JIQ�M�^�[ZW�DÃHlW�XEÇMKJILEY\D�QELEJ/JIH|MKYZvw^tMGY\W�L@SEJ σ̂2 º ¼ L � ^�Y±HK^�LNMlC ^�D�J É JIv²CE[\J/[5U uN¹iC�W�MGu �IHKJTSVU QELEJ/DGF�CR^�D|MGYÁMGY\W�LP]N^�QRHGHKY\JILELEJ/S�JT¶�J�M|MGJ
S�Y±HoMGDKYZXEQ�MGY\W�LPSVU FI¶Ãu ^�LNMKYZ[\[ZW�LRLR^�]�J%> [\FI]�Y\MKYZvµFIJTH|W�QRHl¶�JID|MÃ^�YZLEJIH>¶�W�LRS�Y\MKYZW�L HlCR^�Dl[ZJeMKuEFIW�D���v²J/¶�J�LNMGDG^�[�[ZYZvµY\MKJc@�	 W�L
C JIQ�M�W�XEMKJ�LRY\D>QEL@YZLNMKJ�DGOt^�[Z[\J/S�JT¶�W�L.[�^�LR¶�J�^�Q�MKW�QED�S�J/[5U J'HoMGY\v²F θ̂(yn) º
p ^�DKJICEDGWiSEQR¶�MGY\W�L�S�J>S�W�LRLEF�J'H¤CEDKW�¶ÃuEJ'H¯SEQ �>¼�¾ JIH|M�SEW�LR¶©QELEJ>^�[ÁMGJ�DGLR^tMGY\O�J�Ot^�[±^�XE[ZJ©C W�QED�CR^�[Z[ZY\JID�[5U ^�XRHKJ�LR¶�J

S�JIH�Y\LNMKJIDKOt^�[\[ZJIH�SEJ�¶�W�L [ ^�LR¶�JlMKuEFIW�DGYZxNQEJ'H º k U JIH|M�LEW�MG^�vµv²JIL�M�[5U J�Lt¸oJIQ S�JIH�v²F�MKuEW�S�J'H�S�J �$� �� �� �"�� 	�CRDKF'H|JIL�MGF�J'H^�Q § ��º 6Eº ��º À ^�LRH²¶�J�M|MKJ�C ^�DKMKYZJ
	¤LEW�Q H²CEDKW�C WNH|W�LRH®CE[\Q H|YZJ�QEDÃH²C�W�HGH|YZXEYZ[\Y\MKF'H²C W�QED²DKJICEDKW�S�QRY\DGJP¶�JIHw¶�W�LRS�Y\MKYZW�L HSVU J É C FIDKYZv²J�LNMG^�MKYZW�LRHl[ZJeCE[ZQRH [ S��I[\JIv²J�LNM�C WNHKHKYZXE[\J º

G"4,5"4�3 � ABD(< �������|�6<�� 8;<<{~}BA��È�A�{�<HD � �} �Rz �"L&<��
¿ W�Q H � W�QEDGLEYZHGHKW�LRH�YZ¶�Y~SEJIH©Y\LNMGJ�DGO ^�[\[ZJIH©S�Je¶�W�L.[ ^�L ¶�J�MGuEF�W�DKY±xNQEJIHnC�W�QED©[\J'H©CR^�DÃ^�v ��MGDKJ'H�S�J'H�v²W�S��I[\J'HnJ É C W�Ç

LEJ�LNMGY\JI[ J�MnS�J Å J�YZXEQE[Z[!	iSR^�LRH�QEL£¶�W�LNMKJ É MGJ�LEW�L ^�H|¹iv²C�MGW�MKY±xNQEJ�J�M©¶�JILRHKQEDKF�	�¶�W�LRH|MKDGQEY\MGH�SqU ^�CED"�'H�S�J'H�v²F�MGuEW�S�JIH
S�J�� W�LR¶�MGY\W�LRHTCEYZO�W�MG^�[\J'H ∗ º � Yn[\J CRDKJIvµYZJ�D�vµW�S��I[\J�	qMGD"�'HTXEYZJ�L�¶�W�LELiQ 	�^ � ^�Y\M�[ U W�XE¸oJ�M®S�J�LEW�v®XEDGJ�QRHKJIHeF�MKQRS�J'H�	
[\J'HlDKF'¶�JIL�MÃHlDKF'H|QR[ÁMÃ^tMGH>SEYZHKC W�LEYZXE[\J'H>H|QRD>[\JTHKJI¶�W�LRS�DKJ'HoMGJ�LNM>J�v²CE[ZWt¹�F'H©SEJ/v²^�LEY���DGJ�vw^�DK]�Y\LR^�[\J º � QR¶�QEL@DKF'H|QE[\MG^�MLqU JIH|M�S�YZHKC�W�LEYZXE[ZJeHKQED>[ZJ/v²WiS ��[ZJ98²DGY±HKxNQEJ'H©¶�W�LR¶�QEDGDKJIL�MÃH B(η0, η1, β) 	RSEJ/CR^�D�HG^²¶�W�v²CE[ZJ É Y\MKF º
3 � ]��,� �,� � (*����$�� ���2QE(W�	��� � �,��$
� L�H|QRCEC WNH|Jnx�QRJ�[ZJIH�SEW�LELEFIJIH�LEW�L�¶�J�LRHKQEDGF�J'H xr

H|W�LNM¯S�JIH¯DGFI^�[ZY±HK^�MKYZW�LRHqSEJ�[Z^�Ot^�DGYZ^�XE[\J�^�[\F'^tMGW�YZDKJ X ∼ E(η) º� L£¶�W�LRHKYZS��IDKJÈ[\J'Hl¶�J�L H|QEDGJIHnS�JÈMo¹NC�J m > [ É Jc@�J�MlSEJ�Mo¹iC�J mKm > ^�[\F'^tMKW�Y\DGJ�@ º p JIHnDKF'H|QR[ÁMÃ^tMGH©HKQEY\Ot^�L�MÃHlH|W�L�M©YZHGHKQRHnSEJ



�����'�������O% %���� � � ������� �O�?���M���	��?����� ��	��6-(� � � � -O�������,	 ! �(����-O� ]WY

[±^²¶�W�LRLR^�Y±HKHG^�L ¶�JeS�QP¶�W�v²C�W�DKMKJ�v²JIL�M>JILP[ZW�YqSEJ/[Z^µOt^�DGYZ^�XE[ZJ
2

r∑

i=1

xi/r ∼ χ2
(2r).

� L MKDGW�QRO�J�DÃ^PCR^�D®J É J�v²CE[ZJ£SE^�LRH p ^�LELEWt¹�>o³'´�´ ; 	qCR^�]�JIH ZH6 Ç Z7: @eS�JIH/CRDKF'¶�Y±H|YZW�LRHTJ�MµSEJIH/J É JIv²CE[\J'H�¶�W�LR¶�DKJ�MGHHKQEDl[Z^�¸oQRH|MKY5[ ¶�^�MKYZW�L@SVU J�LR¶I^�S�DGJ�v²J�LNMÃH©¶�W�v²CR^�DG^�XE[\J'H�[ZW�DÃHKxNQEJeHKJ�QE[ZJÈQRLEJevµJ'H|QRDKJeS�Q�MKJ�v²CRHlF'¶�W�QE[\F T C�J�L SE^�LNM[5U J É C FIDKYZJ�LR¶�JeJIH|M>SEYZHKC W�LEYZXE[\JS> H|W�YÁM�[ZW�DÃHGx�Q�U ^�QR¶�QELRJÈOt^�[ZJ�QRD�S�J/S�F*� ^�Y\[Z[Z^�LR¶�JeCR^�HKHKF�JeLqU JIH|M�¶�W�LELiQEJ�@ º
� ��( �����"� �
�  ��� � � 	 � L�C�W�HKJ T =

∑n
i=1 yi

º � L+LEW�MGJ χ2
(2r),α

[ZJ#xNQR^�L�MGY\[ZJ�SVU W�DÃS�DGJ α S�J�[±^�[ZW�Y χ2
(2r)> H|W�YÁM P (T ∼ χ2

(2r) ≤ χ2
(2r),α) = α @ º � JI[\W�L � QEL S�X JIDK] > ����� ³�@*	�[5U J�LR¶I^�S�DGJ�v²J�LNMeLEW�L ^�HK¹iv²C�MKW�MKY±x�QRJ®[ZJ²CE[\Q HJ"4w¶I^�¶�JÈS�J�[Z^®Ot^�[ZJ�QEDlS�Q�CR^�DÃ^�v ��MGDKJ η JIH|M � W�DKv®QE[ZF�SE^�LRHn[Z^®CEDGW�C�W�HKYÁMGY\W�L£S�J k W É >|³I´ ;76 @ � W�L£^�S�v²J�M>¶�W�v²v²J^�CECEDGW É YZvw^tMGY\W�L 2r(η̂/η) χ2

(2r+1)
º � L�W�X�MKYZJ�LNM>[ U YZL�MGJ�DGOt^�[Z[\J/S�JT¶�W�L.[ ^�LR¶�J 1 − α C W�QED η
[

2T

χ2
(2r+1),1−α/2

,
2T

χ2
(2r+1),α/2

]
. > ��º ³�@

� ��( �����"� ���  ������ � � 	 m ¶�Y T =
∑r

i=1 xi + (n − r) xr
º � W�QRHTQELEJ ui¹iC W�MKu �'H|J SqU YZLRS�FIC JILRSE^�L ¶�J£S�J'H yi

	�QEL
YZLNMKJ�DGOt^�[Z[\J SEJ£¶�W�L.[ ^�L ¶�J 1 − α C W�QED η 	�LRW�L�^�HK¹iv²C�MKW�MKY±x�QRJ
	�FI]�^�[\JIvµJILNM�¶�W�L H|Y±S�F�DGF ¶�W�v²vµJ£[\J v²JIY\[Z[\JIQED�JIL]�F�LEFIDG^�[¤SR^�LRHe[5U F�MKQRSEJ²SEJ � QELRS�X�J�DG] > JIL HKJ²XR^�HG^�LNMTHKQEDe[\J ¶I^�DÃ^�¶�M���DGJ�FIO�J�LNMGQEJ�[Z[\JIv²J�LNMT¶�J�L H|QEDGF²J�MTJIL � ^�Y\XE[ZJ
LEW�v�XEDGJeS�JIH�SEW�LELEFIJIHA@�	�J'HoM

[
2T

χ2
(2r),1−α/2

,
2T

χ2
(2r),α/2

]
. > ��º � @

3��U]������ 3 � (�� ��$�� ����� ���FeV��$�$
� L HKQECEC�W�HKJ�x�QRJ>[\J'H�S�W�LELEF�J'H�LEW�L²¶�J�LRHKQEDGF�J'H

xr
H|W�L�M�SEJIH�DGFI^�[\Y±HG^tMKYZW�L H�S�J>[Z^TO ^�DKY±^�XR[\J>^�[ZFI^�MKW�Y\DGJ W(η, β) º� LPS�YZHKC�W�HKJ�HKJ�QE[ZJ�v²JIL�M�S�JeDGFIHKQE[\MG^tMÃH�LRW�L@^�HK¹Nv²C�MGW�MGYZxNQEJ'HnJ É ^�¶�MÃHlH|QED>S�J'HlS�W�LELRF�JIHl¶�J�LRHKQEDGF�JIHlS�J�Mo¹iC�J mKm > J�M

S�J�Mo¹iC�J m|m CEDKW�]�DGJIHGH|Y'� 	iLEW�L�MKDÃ^�Y\MKFeY±¶�Y @ º
� ��( �����"� �
�  ������ � � 	�� Å Q 	 ���������5º � L8HKQECEC�W�HKJPxNQEJ r > 2 º ½ LEJP^�Y\DGJ@S�JP¶�W�L.[�^�LR¶�J�¸oW�Y\LNMKJ 1 − α > LEW�L
^�H|¹iv²C�MKW�MKY±xNQEJ�@nC�W�QED>[ZJIHlCR^�DG^�v ��MKDGJIH (η, β) JIH|M�S�F�MGJ�DGv²Y\LEFIJ/CR^�D>[ZJIHlYZLEFI]�^�[ZY\MKFIH>HKQEYZOt^�LNMKJ'H �

ϕ
(
x1, . . . , xr, F((1+

√
1−α)/2)(2r−2,2)

)
< β < ϕ

(
x1, . . . , xr, F((1−

√
1−α)/2)(2r−2,2)

)
,




2
n∑

i=1

yβ
i

χ2
(2r),(1−

√
1−α)/2




1/β

< η <




2
n∑

i=1

yβ
i

χ2
(2r),(1+

√
1−α)/2




1/β

W�� Fα(δ1,δ2)
JIH|M/[\JwxNQR^�LNMGY\[ZJµSqU W�DGS�DGJ α SEJµ[±^�[\W�Y�S�J Ê Y±HKuEJ�DKÇ � LEJIS�J'¶�W�DÈS�JwS�JI]�DGFIHeS�Jµ[\YZX JID|MGFIH δ1 J�M δ2 > Y º J º

P (X  F(δ1,δ2) ≥ Fα(δ1,δ2)) = α @�	RJ�M ϕ(x1, . . . , xr, t)
JIH|Ml[±^²H|W�[\QEMKYZW�LPQELEY±x�QRJ/J�L β S�J/[ U FIxNQR^�MKYZW�L

r∑
i=1

xβ
i − nxβ

1

n(r − 1)xβ
1

= t W�Q�JILR¶�W�DKJ r∑

i=1

(
xi

x1

)β

= n(1 + t(r − 1)).

k J�M|MKJTHKW�[ZQ�MGY\W�L�J'HoM � ^�¶�YZ[\JIvµJILNM�JIH|MKYZv²^�XE[ZJ 8²[ U ^�Y±S�JTSVU QELEJ/v²F�MGuEW�S�J�S�J ¿ J��lMGW�L�Ç � ^�CRuRH|W�L º � L@S�FIS�QRYÁMÈSEJT¶�JDGFIHKQE[\MG^tM�S�JIH�Y\LNMKJIDKOt^�[\[ZJIHÈS�J�¶�W�L.[ ^�LR¶�J 1 − α C�W�QED�¶ÃuR^�¶�QEL S�JIHÈCR^�DG^�v ��MKDGJIH º À ^�LRHÈ[Z^wCRDG^�MKY±x�QRJ
	R[±^wv²Y±H|J®J�LWiJ�QRONDGJeS�J/[Z^µv²F�MGuEW�S�J/DGJIH|MKJ/¶�JIC JILRSE^�LNM>MGD"�'H>¶�W��EMKJ�Q H|J º



] � ������� � � − � ��" � ���!� �(��� " '!����$&�(��� ��� ����� '�� ���
	���	�� )��/�+� 1��������$ �(����� )����(� � 	�)��0� $ �-���������.�!��� ��� � �

� � ��% � �!�&��������� � 	 ½ LEJn¶�F�[���XRDKJ�v²F�MGuEW�S�JnSqU ^�CECEDGW É YZvw^tMGY\W�L�S�FIO�JI[\W�CEC FIJ�J�v²CEYZDKY±xNQEJ�v²JIL�M¯C JIDKv²J�M�S�J�¶�W�LRH|MKDGQEY\DGJ
S�JIHlYZLNMKJIDKOt^�[Z[ZJIH>S�JT¶�W�L.[ ^�LR¶�JeC�W�QED β HG^�¶ÃuR^�LNM β̂ML

> MKW�Q�¸oW�QEDÃHlC W�QED>[ZJeMo¹NC�J m|m @M�EW�L�HKQECEC�W�HKJexNQqU YZ[qJ É Y±HoMGJ hJ�M g S�JIQ É � W�LR¶�MGY\W�LRH�S�J'H>¶�^�DÃ^�¶�MKFIDKY±HoMGYZxNQEJ'H n J�M r S�J/[ U FI¶Ãu ^�LNMKYZ[\[ZW�L�MKJI[\[ZJIH>xNQEJ
g

β

β̂ML

∼ χ2
h.

p ^ �>[ZJIHGHS>o³'´ ZN� 	qCR^�]�J'H ³ ;N� ÇÃ³ ; ´H@ � W�QEDGLEY\MµS�J'HTMÃ^�XEQE[±^tMGY\W�LRH�SEJ g J�M h º h ^�D®^�YZ[\[ZJ�QEDÃH 	�[5U W�QEOiDG^�]�J S�J p ^ �>[ZJIHGHCEDGW�C�W�HKJ�QELEJ�OiYZHKYZW�L£[±^�DG]�J�S�JIH©CEDGW�XR['�IvµJ'H�YZLEuEFIDKJILNMGH 8T[±^®¶�W�LRH|MKDGQR¶�MKYZW�L�SqU YZLNMKJ�DGOt^�[Z[\J'HnSEJ�¶�W�L.[ ^�LR¶�J�C�W�QEDlS�JIH
v²WiS ��[ZJIH�SEJnS�QEDGF�JnS�J�OiYZJ�J�M¤¶�W�L HoMGYÁMGQEJ�QELRJ�DGF*� F�DGJ�L ¶�J�YZvµC�W�DKMG^�LNMKJ�S�J©¶�J�SEW�vw^�YZLEJ º ¼ L.[ L 	'SqU ^�Q�MKDGJIH�vµF�MKuEW�S�J'H�	MKD��IHÈH|W�QEO�JIL�M�Q�MKYZ[ZYZHKF�J'HÈSE^�LRHÈ[ U Y\L S�QRH|MKDGY\J`> CR^�D�J É JIvµCR[\J²SE^�L H h J�DGDKW�QRS Ì s W�QEDKJ'^�Q 	 �����7: @*	 � W�QEDKLRYZHGH|JILNMÈS�JIHY\LNMGJ�DGO ^�[\[ZJIH/SEJ£¶�W�L.[ ^�L ¶�JwXEYZ[Z^�MKFIDG^�Q É HKQEDT[ZJIHTSEJ�Q É CR^�DÃ^�v ��MKDGJIHeJ�L LEF'¶�J'HKHKYÁMÃ^�LNMT[ZJ£¶�^�[Z¶�QE[�S�J [5U Y\L�� W�DKvw^�MKYZW�L
S�J Ê Y±HKuEJ�D²J�L θ̂ML

º p U QEMKYZ[\Y±HK^�MKYZW�L1S�JP[Z^#v²F�MKuRWiSEJ@SqU m C > O�W�YZD § ��º 6Eº ��º\; @TJIH|Mw^�[\W�DGH®¶�W�LRH|JIY\[Z[ZF�J º h DGFIHKJ�LNMÃ^�LNMQELEJ£HKJ�L H|YZXEYZ[\Y\MKF FI[\JIO�FIJ?8 [Z^@CEDGFIHKJ�L ¶�J S�J£¶�J�LRHKQEDGJ
	�¶�JIH/v²F�MKuEW�S�J'HTDGJIH|MKJ�LNMT]�F�LEFIDG^�[\JIvµJILNMTDKJ'HoMGDKJIY\LNMKJ'HB8�S�JIH
FI¶ÃuR^�LNMKYZ[\[ZW�LRHlS�J/]�DG^�LRS�JÈMG^�Y\[Z[\J º
G"4,5"4�G � �E}>{ C8&L ��<�� 8&<HK/}l}DE� D �E� @ @/}BL�������<�� DEz�� � D�z|}BA 8���L&A&< z6A�{�<��(DEz�D�L&8&<
3 � ]�� 3 �,� �9!#+�� ��� � - � ��(W�
p JIH©CEDGW�¶�F'S�QEDGJIH�SEJ �$� �� �$ !�"�� 	iY\LNMGDKW�S�QEY\MKJ'H©CR^�D ¼ � DGW�L >|³I´ Z�� @�J�M>S�J�CEQRYZHl¶�W�QEDÃ^�v²v²J�LNMnQ�MGY\[ZY±H|FIJIH9> r YZLE]�[ZJ�¹Ì Ê YZJ�[±S ³I´�´ � @*	NC�J�DGv²J�MKMKJ�LNM�S�J�CR^�[Z[\YZJ�D>[5U ^�XRHKJ�LR¶�JeW�Q�S�J/CEDGW�C�W�HKJ�DlQELEJT^�[ÁMGJ�DGLR^tMGY\O�JB8®[±^w¶�W�LRH|MKDGQR¶�MGY\W�L£MGuEF�W�Ç

DKY±xNQEJ²SVU YZLNMKJIDKOt^�[Z[ZJIH�S�Jw¶�W�L [ ^�LR¶�J º k W�v²v²JµY\LRSEYZxNQEFµCEDGFI¶�F'S�J�v²v²J�LNM 	V[Z^�Ot^�[ZYZS�Y\MKF²S�Jw¶�J'HeS�J�DGLEYZJ�DÃH�C�J�Q�M ��MKDGJDKJIv²YZHKJeJ�L xNQEJIH|MKYZW�L 	R^�Q�HKJ�LRH>W��@[\J'H�S�W�LRLEF�J'H>S�J �>¼�¾ Q�MKYZ[\Y±HKF�JIH�DKJ'H|C�JI¶�MKJ�LNM�C�J�Q�[ZJIH�¶�W�LRSEYÁMGY\W�LRH�SVU Y\L S�F�C�J�L�Ç
SE^�L ¶�J
	 S�J�S�Y±HoMGDKYZXEQ�MGY\OiY\MKF®J�MÈS�JTMo¹NC�J�S�J®¶�J�L H|QEDGJTW�XE[\YZ]�^�MKW�Y\DGJ�v²J�LNM�HKQECEC�W�HKF�JIH�^�Q § �Eº 6Rº ³ º k W�LNMKDÃ^�YZDKJIv²J�LNM 8¶�J�M|MKJe¶�W�LRH|MKDGQR¶�MGY\W�LwMKuEFIW�DGYZxNQEJ�	N¶�JIHnCEDGWi¶�FIS�QRDKJ'HnHKW�LNMn[ZYZF�JIH 8®QEL£J'HoMGY\vw^tMGJ�QED θ̂ = θ̂(Yn) 	�S�W�L�MlJ�[Z[ZJIHnJIH|MKYZvµJILNM[Z^µOt^�DGY±^�LR¶�J σ̂2 º
½ LEJ � W�Y±H [5U W�XRH|JIDKO�F θ̂(yn) W�XEMKJ�LiQ�CR^�D vw^ É YZvµY±HG^tMKYZW�L SEJ [Z^�ONDÃ^�Y±HKJ�v�XR[Z^�LR¶�J�� 	n[ZJ�HG¶ÃuEF�vw^ ]�FILEF�DÃ^�[ÈS�QX WiW�MGH|MKDÃ^�C�¶�W�LRH|Y±H|MKJG8wHKY\v®QE[ZJ�D�QRL�]�DÃ^�LRSPLEW�v�XEDGJ M SVU FI¶ÃuR^�L�MGY\[Z[ZW�LRH�SEJ�¶�^�DG^�¶�MKFIDKY±H|MKY±x�QRJIH>HKJ�v�XR[Z^�XE[\J'H 8

yn
	

xNQEY)� W�QEDGLEY±HKHKJ�LNM 8µ[\JIQED>MGW�QED M JIH|MKYZv²^�MKYZW�LRH θ̂i
S�Q@vw^ É YZv�QEv S�J/OiDG^�YZHKJ�v®XE[Z^�LR¶�J º p U JIH|MKYZv²^�MKJIQED>J�v²CEYZDKY±xNQEJ

σ̂2
M =

1

M − 1

M∑

i=1

(
θ̂i −

1

M

M∑

i=1

θ̂i

)2

W � DKJ ^�Y\L H|Y�QRLEJ JIH|MKYZvw^tMGY\W�L�S�J [±^@O ^�DKY±^�L ¶�J S�J [5U JIH|MKYZv²^�MKJIQED θ̂(Yn) º p JIH>¸oQ HoMGY [ ¶I^tMGY\W�LRHTS�J£¶�J£HG¶ÃuEF�vw^ > JIL
CR^�DKMKY±¶�QR[\YZJ�D/[±^@¶�W�L H|Y±HoMÃ^�LR¶�Jw^�HK¹Nv²C�MGW�MGYZxNQEJc@eH|W�L�M/CEDGFI¶�YZHKF�J'HeCR^�D/J É J�v²CE[ZJ²SR^�LRHB=�^�L_S�J�D Å ^�^�D|M >|³I´�´ Z 	~CEC º
6���· Ç 6<6 ³c@ º À ^�LRHe[\J'HeCEDGWi¶Ãu ^�YZLRH�CR^�DÃ^�]�DG^�CEuEJIH 	�LEW�QRH�DGFIHKQEv²W�LRHeJ�M � W�DGv�QE[ZW�LRHexNQEJI[ZxNQEJ'HeCEDKW�C WNH|Y\MKYZW�L H�HKQED/[±^DKJ'¶�W�LRHoMGYÁMGQ�MKYZW�L@S�J/¶�J'HlFI¶ÃuR^�LNMKYZ[\[ZW�LRH º h ^�D>^�YZ[Z[\JIQEDGH 	�QELEJ/v²F�MKuEW�S�JT^�[ÁMGJ�DGLR^tMGY\O�J�¶�W�LRHKYZH|MKJB8µJIH|MKYZv²J�D>[±^µv²^�MKDGYZ¶�J
S�J>¶�WtOt^�DGY±^�LR¶�J�S�Jl[ U JIH|MKYZvw^tMGJ�QED θ̂(Yn) JIL�YZLiO�J�DÃHG^�LNM¯QELRJ©J'HoMGY\vw^�MKYZW�L²S�Jl[Z^Èvw^tMKDGY±¶�J>SVU Y\L�� W�DKvw^�MKYZW�L®SEJ Ê Y±H|uRJ�D ºk J�[Z[\J�Çc¶�YVJIH|M>CEDKF'H|JILNMKF�J/^�Q § �Eº 6Rº �Eº ;Eº
½ LEJ�� W�Y±H�CEDGW�S�QEY\MÈ[5U J'HoMGY\vw^tMGJ�QED σ̂M

	RCR[\QRHKYZJ�QEDÃH�v²F�MGuEW�S�JIH�C JIDKv²J�M|MKJILNM�S�Jµ¶�W�L HoMGDKQEYZDGJTS�JIH�Y\LNMKJIDKOt^�[\[ZJIH�SEJ
¶�W�L.[ ^�L ¶�J�C�W�QRD θ > J�MlC�W�QRD�MGW�Q�MGJ�� W�LR¶�MGY\W�L�S�J θ @ º ¿ W�QRHnDGFIHKQEv²W�LRHnYZ¶�YVQEL£FIO�JIL�MÃ^�YZ[�SEJÈv²F�MGuEW�S�JIH©CEDGFIHKJ�LNMGF�JIHJ�M�S�Y±HG¶�Q�MGF�JIH>SR^�LRH ¼ � DGW�L Ì r Y\XRHKuEYZDG^�LEY >o³'´�´ Z 	iCR^�]�JIH�³ ;<Z ÇÃ³ ��· @ º

A�� ��/���)*��G3-�� 24�/�/��65W�	O���56���.�	/.����) 0*� �+�6D��������.�45\[*�+��)*24� �(�4-�/��+NW�&)�2&�������/.���W���*�*���9O3��56?4� �#��������-*�.���4-*����56?/.U*�E0*�4���SI	� 8

 I	� 87�/.2� �� �KX �&��/.��5W�	/��4-*�

θ̂(Yn)
?4/.��)7/F[*���4)6�&)7/��&)�0*-1��)�0*?4�P�4)*0*��)E/M0���24�/�/���56?/�U*�30��78E)*��-��C�*�����P������)*�M0!X -�/��������.�4�K���&�K�4��/���5W���

/�����)*��[(�E��/.��/.����� �*���30*-�� /.�4�@�#���
�SX �4)*�.�45\[*����0*�4��56?/�U*�30��&��0*���.�(��)*��[����&���	>#) 0��\)*���#�����.��-*��� �4��/���56�4�
24�/�/.�,��)*24�4��/�� /.-�0*�� :I )E/����
�*��-��.���4-*�����4��/���5W�	/�����)*�983��) 2�U������.����� 24�&������GE-*�:5W�	O3��56���.�
�+�,D3�������.�45 [*�+��)�2&����[��.�4��D7?4�,0*���SX ?42�U#��)7/.��������)1[(�3��/���/��.���  



�����'�������O% %���� � � ������� �O�?���M���	��?����� ��	��6-(� � � � -O�������,	 ! �(����-O� ]��

 � � �
�*���
�"��()� � (���� ���"��� 	 � Y σ̂M
J'HoM©CEDKW�S�QRYÁMlCR^�Dn[ U Q�MGY\[ZYZHG^tMGY\W�L�SVU QEL�]�DÃ^�LRS²LEW�v�XEDGJ�SVU FI¶Ãu ^�LNMKYZ[\[ZW�L H�X�WiW�MGH|Ç

MGDG^�CEC F'H�	�W�L QEMKYZ[\Y±H|J�J�L£]�F�LRF�DÃ^�[R[5U ^�CECEDGW É Y\vw^�MKYZW�L (θ − θ̂)/σ̂M ∼ N (0, Ip)
W�� Ip JIH|Mn[5U Y±S�J�LNMGYÁMGF�SE^�LRH IRp º ½ LYZLNMKJ�DGOt^�[Z[\JeS�JT¶�W�L.[ ^�LR¶�JeC�W�QED θ 	EXEYZ[Z^�MKF�DÃ^�[VJ�M�S�JTH|JIQEYZ[ α 	EJ'HoM�^�[\W�DGH

[
θ̂(yn) − uα/2σ̂M , θ̂(yn) + uα/2σ̂M

] > ��º 6 @
W�� uα

JIH|M�[\JTxNQR^�L�MGY\[ZJ/SVU W�DÃS�DKJ α S�J/[±^µ[\W�Y N (0, 1) 	RHKW�Y\M P (X ∼ N (0, 1) ≤ uα/2) = α/2 º
�  � �� �����*(� � ���� � ��(�� 	 p U ^�CECEDGW É Y\vw^�MKYZW�LX> ��º 6 @/LqU J'HoM²¶�JIC JILRSE^�LNM�Ot^�[\Y±S�J�xNQEJ£[\W�DGHGxNQEJ n JIH|M�]�DÃ^�L S�> Mo¹iCEYZxNQEJ�Ç
v²J�LNM 	 n ≥ 30 @ º p W�DÃHKxNQEJ n J'HoM�C�J�MKY\M 	È[ U ^�CRCEDKW É YZvw^tMKYZW�L S�J � MKQRSEJ�LNM � W�QEDGLEY\M S�J_v²J�YZ[\[ZJ�QEDÃH@DGFIHKQE[ÁMÃ^tMÃH �
(θ − θ̂)/σ̂M ∼ Stn−1

W�� Stn−1
DKJICEDKF'H|JILNMKJ£[±^ [ZW�Y>S�J � MGQRS�J�LNMw^ O�J'¶ n − 1 S�J�]�DKF'H®SEJ�[ZY\X�J�DKMKF�	¤F�[±^�DG]�YZJ 8

[±^²S�Y\v²JILRH|YZW�L p º ¼ L@LEW�MÃ^�LNM t(α)
n−1

[ZJTxNQR^�LNMKYZ[ZJeSqU W�DGS�DGJ α S�J Stn−1
	�W�LPW�X�MKYZJ�LNM>QEL@YZL�MGJ�DGOt^�[Z[\J/S�JTHKJ�QEYZ[ α

[
θ̂(yn) − t

(α/2)
n−1 σ̂M , θ̂(yn) − t

(1−α/2)
n−1 σ̂M

]
. > ��º : @

�  � �$� �& �� !�"��� � � ( ��� 	 � [RL SVU F�OiY\MKJID MKW�Q�MKJ ^�CECEDGW É Y\vw^tMGY\W�L%HKQED [ZJ�¶�W�v²C W�D|MGJ�v²J�LNM S�J [±^ Ot^�DGYZ^�XE[ZJ ^�[ZFI^tMGW�YZDKJ
(θ − θ̂)/σ̂M

	 QELEJTv²F�MKuEW�S�J�HKYZvµCR[\JTJ'HoM�S�JT]�FILEF�DGJ�D>C�W�QRD�¶ÃuR^�xNQEJ/F'¶ÃuR^�LNMGY\[Z[\W�L@X WiW�MÃHoMGDG^�CEC�F�SVU JIH|MKYZv²^�MKYZW�L θ̂i[±^�Ot^�[ZJ�QRD zi = (θ̂i−θ̂)/σ̂i W�� σ̂i JIH|M¤[ U FI¶I^�DKM|Ç5Mo¹NC�J�X�WiW�MÃHoMGDG^�C�S�J θ̂i
> ¶�J�MKMKJ©v²F�MKuRWiSEJ©LRFI¶�J'HKHKY\MKJnSEW�LR¶nQEL®SEW�QEXE[ZJ

X�WiW�MGH|MKDÃ^�CW@ º � L�DGJ�v²CE[±^�¶�J�^�[ZW�DÃH t(α)
n−1

SE^�L HG> �Eº : @lCR^�D�[\J®x�Q ^�LNMKYZ[\J�J�v²CEYZDKY±xNQEJ�SVU W�DÃS�DGJ α S�J�[Z^ SEYZH|MKDGY\XRQ�MKYZW�LS�J'H (z1, . . . , zM ) º k J�MKMKJ©vµF�MKuEW�S�J>^È¶�J�C�J�L SE^�LNM¤[\JlS�F*� ^�Q�M�S�J � W�QEDGLEYZD�S�J'H�DKF'H|QE[\MG^�MGH¯CR^�D"� W�Y±H¯J�DGDG^�MKY±x�QRJIHqJ�M¤MKD��IHYZL �RQEJILR¶�F'H>CR^�D�S�JIH�]�DGW�QEC�JIH>SEJ�S�W�LRLEF�J'H�^tMo¹iCEY±xNQEJIH 	E¶�J®x�QRY¯¶�W�LRH|MKY\MKQEJTQRL�uR^�LRSEYZ¶I^�C�H|FIDKYZJ�Q É ^�QPMGDG^�YÁMGJ�v²J�LNM
S�J/S�W�LELEFIJIHlYZLRS�QRH|MKDGY\JI[\[ZJIH�J�L � ^�YZXE[\J/LRW�v�XRDKJ º
� �"�
#� � %'������� � � ��� �*���*���
�*������ � � �& � �&( � �$� �& �� !�"��� 	 ¼ L.[RL 	R[\J'H � DG^�¶�MGY\[ZJIH©W�Q�xNQR^�L�MGY\[ZJIHlJIv²CEY\DGY±x�QRJIH>S�Je[±^µSEYZH|Ç
MGDKYZXEQ�MGY\W�L S�J'H (θ̂1, . . . , θ̂M ) C JIDKv²J�MKMKJIL�M�SEJ�� W�QEDGLEY\D/S�J'HeÄ�W�LEJIHeS�Jw¶�W�L.[ ^�LR¶�J²¶�W�vµC ^�DÃ^�XE[ZJIH�^�Q É YZLNMKJIDKOt^�[Z[ZJIH
CEDGFI¶�FIS�JIv²vµJILNMGH�S�F"[RLEY±H º À U ^�CED"�'H�[ZJIH�MKJIH|MGHÈLiQEv²F�DGYZxNQEJ'H�SVU ¼ � DGW�L Ì r YZXRH|uRY\DÃ^�LEY >o³'´�´ Z 	R¶ÃuR^�CEYÁMGDKJw³ 6 @*	R[ZJ�DGJ�Ç¶�W�QEOiDGJ�v²J�LNM>S�J/[ U YZL�MGJ�DGOt^�[Z[\JeJIH|M>]�FILEF�DÃ^�[ZJ�v²J�LNMlX W�LO8µ¶�W�LRSEYÁMGY\W�L@xNQEJe[ZJ/v²WiS ��[ZJ�C ^�DÃ^�v²F�MGDKY±xNQEJ�HKW�Y\M�¶�W�DKDGJI¶�M º� JIvw^�DÃx�QRW�LRH�xNQEJ�SE^�L H�[±^�H|MKDGYZ¶�MKJÈ^�¶�¶�J�C�MÃ^tMKYZW�L SEQwMKJIDKv²J � YZL�MGJ�DGOt^�[Z[\J�SEJÈ¶�W�L.[ ^�LR¶�J � 	N¶�J�MKMKJ�S�F [RLRYÁMGY\W�L£H|JIv�XE[ZJ[±^ CE[ZQRHÈOt^�[ZYZS�J � H|QED M JIH|MKYZvw^tMKYZW�L H�C�W�HGH|YZXE[ZJIH 	 100(1 − α)% HKW�LNMeH|Y\MKQEFIJIHÈJ�LNMKDGJ�[ZJIH�xNQR^�LNMGY\[ZJIHÈJ�v²CEYZDKY±xNQEJIH
S�J/HKJ�QEYZ[ α/2 J�M 1 − α/2 º
k J�C�J�L SE^�LNM 	©YZ[�J'HoM�MKD��IH�¶�[±^�YZD�xNQEJ#¶�J�MKMKJ S�F [RLRYÁMGY\W�L+S�W�Y\M ��MKDGJ�v²W�S�QE[ZF�J � MGW�Q�M�SVU ^�X�W�DÃS 	�[±^�v²F�MGuEW�S�JSVU JIH|MKYZvw^tMGY\W�L�CEDGW�S�QEY\M�QEL � � � � � J'HoMGY\v²FeCR^�D

bM (θ̂) =
1

M

M∑

i=1

θ̂i − θ̂(yn) > ��º\; @
xNQEY�Y\v²CE[ZY±x�QRJÈxNQEJÈ¶�JIH � DG^�¶�MGY\[ZJIHnJ�v²CEYZDKY±xNQEJIHnS�W�YZO�JILNM ��MGDKJ�S�F�XRYZ^�YZHKFIH�ONY±H|ÇM8�Ç5OiY±H�S�J�[ U JIH|MKYZvw^tMKYZW�L£Y\LEY\MKY±^�[ZJ θ̂(yn) 	JILw[\JIQED  �MG^�LNM�[±^TxNQR^�L�MGYÁMGF bM (θ̂) º k JÈXEY±^�Y±H�HKJ�DÃ^e]�DÃ^�CEuEY±xNQEJ�v²JIL�M�v²Y±H�JILwF�OiY±S�J�LR¶�J�SE^�LRH�[ZJIH�J É J�v²CE[ZJIHn¶�[  �MKQEÇDÃ^�LNM�¶�J�¶Ãu ^�CEY\MKDGJ º ¼ L.[RL 	~¶�J�M|MKJ�vµF�MKuEW�S�J®^µMKJ�L SE^�LR¶�J 8 HKW�QRH|Ç5J'HoMGY\v²JID>[ U Y\L ¶�J�DKMKY\MKQ S�JTDGF�J�[Z[ZJTH|QED�[\J'H�xNQR^�LNMGYÁMGFIH
J'HoMGY\v²F�J'H�	�CEQEY±HGx�Q�U JI[\[ZJ®LRJ®DGJ�v²J�MeCR^�HÈJIL#¶I^�QRHKJ�[ZJ®v²W�S��I[\J º k J�M|MGJ®v²F�MGuEW�S�J²JIH|MeSEW�LR¶�J É MKD���v²J�v²JIL�M/S�FIC JIL�ÇSE^�LNMKJ/S�J/[±^�¸oQ HoMGJIHGH|J/S�Q@v²W�S���[ZJ/CR^�DÃ^�v²F�MKDGYZxNQEJe^�YZLRHKYqx�QRJeSEQ �)%'��( �q� �$# � �&(� � % %'��(�(�� � � ∗ S�Q@X�WiW�MGH|MKDÃ^�C º

3��U]�� 3�� 3 � � QE���S��� eE(*(/� � �"!#-.Q
À J�Q É Mo¹iC�JIH²S�J@X�WNW�MGH|MKDÃ^�C�C�J�QRO�J�LNM���MGDKJ@¶�W�LRHKYZS�FIDKF'H º p JPX�WNW�MGH|MKDÃ^�C �	(W� Q�- !c-P&)+��"!#��12��� H|YZv�QR[\J@S�J

LEW�QEO�J'^�Q É FI¶Ãu ^�LNMKYZ[\[ZW�L H�J�L£CEY\W�¶ÃuR^�LNM©^�[ZFI^�MKW�Y\DGJ�v²J�LNMnSEJIH©S�W�LELRF�JIHnSE^�L H yn
^ O�JI¶�DKJIvµY±HKJ º p ^>¸oQ HoMGY [ ¶I^tMGY\W�L£S�J
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¶�J�M|MKJ�MKJ'¶ÃuELEY±x�QRJ�DGJ�C�W�HKJÈHKQED�[±^�¶�W�LiO�JIDK]�J�LR¶�J�^�HK¹Nv²C�W�MGYZxNQEJ�SEJÈ[5U J'HoMGY\vw^�MKJ�QRDnJIvµCRY\DGYZxNQEJ�S�J�[±^ � W�LR¶�MGY\W�L£S�JÈDKF�Ç
CR^�DKMKY\MKYZW�L º p U Y\LNMKFID"��M�S�J�¶�J�M|MKJ>CRDKW�¶�F'S�QEDGJnJ'HoM�SqU FIONY\MKJID�[Z^eHKC F'¶�Y5[ ¶�^�MKYZW�LµF�O�J�LNMKQEJI[\[ZJ>SVU QEL²CEDKW�¶�JIHGH|QRH¤S�J�¶�J�LRHKQEDGJ]�FILEF�DÃ^�[ZJ�v²J�LNM�Y\LR¶�W�LELiQ º k U JIH|M¤^�QRHGH|YiQEL²S�F*� ^�Q�M�SE^�L H�[±^�vµJ'H|QRDKJnW��®¶�JlCEDKW�¶�JIHGH|QRH�S�Jl¶�JILRH|QRDKJ�	 SR^�LRH�[ZJIH�F�MGQRS�JIHY\L S�QRH|MKDGY\JI[\[ZJIH 	�JIH|M>[\J � DGQEY\M�SVU QRLEJ/HoMGDG^�MKF�]�Y\JeDGF��RF'¶ÃuEYZJ�xNQEYqL�U J'HoM>CR^�H � W�DÃ¶�F�v²JIL�M>YZLRS�FIC JILRSE^�LNMGJTS�QP¶�W�v²C�W�HG^�LNM
∑ S�W�LNM/W�L#v²JIHKQEDKJ²[±^@S�QEDGF�J²S�JwOiY\J º � J�[ZW�L s J�J ��JID Ì ¼ HK¶�W�XR^�D'>o³I´�´ Z 	�C ^�]�J'H ����· Ç ���<Z @�	 ¶�J�MKMKJµMKJ'¶ÃuELEY±x�QRJLqU JIH|M�Ot^�[ZYZS�J®x�QRJTC W�QEDÈSEJIH�F'¶ÃuR^�LNMGY\[Z[\W�LRHlLEW�L ¶�J�L H|QEDGFIH�S�JTMÃ^�YZ[\[ZJTJ�L�v²Wt¹�J�LELEJTHKQEC�F�DGY\JIQEDGJ 8�³ � > ^�Q HKJ�LRH�W��
J�[Z[\JlS�W�LELEJ>S�JIH�DGFIHKQE[\MG^tMÃH�CEDKW�¶ÃuEJ'H¯SEJ©[5U ^�CECEDGW�¶ÃuEJ�C ^�DÃ^�v²F�MGDKY±xNQEJnSE^�LRH¤S�JIH¤¶�W�LRS�Y\MKYZW�L H�SEJlHKYZv�QE[±^tMGY\W�L�Y±S�FI^�[\J'H @ º
h W�D|MGJ�D �* ��%�	 >o³'´�´ � @¤W�LNMlDKJ'¶�JILRH|FÈ[\J'H©CEDKYZLR¶�Y\CR^�[\J'H�CRDKW�CEDKYZF�MGFIHnJ�M�S�F�� ^�Q�MÃH©SEJIH©Y\LNMGJ�DGO ^�[\[ZJIH©S�Je¶�W�L.[ ^�L ¶�JÈSEJMo¹iC J �
 � ��� �� �� ����� � � ( ��� ¶�W�LRH|MKDGQEYÁMÃHlS�J � ^�Ë�W�L£LEW�L£CR^�DG^�v²F�MKDGY±x�QRJ���YZ[±H>H|W�L�M � W�DKMKJIv²J�LNM�H|JILRH|YZXE[ZJIH 8®[Z^�MG^�Y\[Z[\JeJ�M[\J'H�FIO�J�LNMGQEJ�[Z[\J'H�S�Y±HGH|¹iv²F�MGDKYZJIHnS�J�[±^TS�Y±HoMGDKYZXEQ�MGY\W�L J�v²CEYZDGYZxNQEJ�SEJIH�SEW�LELEFIJIH º p J�Y Ì � v²YÁMGu > �����<6 @�	�CR[\QRHnDGFI¶�JIvµÇv²J�LNM 	 W�LNM¤CEDGFIHKJ�LNMKF©QELEJ©F�MGQRS�JlJ�v²CEYZDKY±xNQEJlS�JIH�CEDGY\L ¶�YZCR^�[ZJIH¯CEDGWi¶�FIS�QRDKJ©S�JlX WiW�MÃHoMGDG^�CTLEW�L�CR^�DG^�vµF�MKDGYZxNQEJ©^�YZLRHKY

xNQqU QRLEJlDKJIONQRJ©S�J'H¤CEDGY\LR¶�Y\C ^�[ZJIH�CEQEXE[ZY±¶�^tMGY\W�LRH�HKQED¤[\J�HKQt¸oJ�M º ¼ L²CEDGW�C�W�HG^�LNM¯CE[ZQRHKY\JIQEDÃH¤vµF�MKuEW�S�J'H�SVU ^�v²F�[ZY\W�DG^�MKYZW�LS�JT¶�J'H�CEDGW�¶�F'S�QEDGJIH 	�Y\[±H>MGF�v²W�YZ]�LEJILNM�¶�J�C�J�L SE^�LNM�S�JT[ZJ�QRD � ^�YZXE[ZJTDKJILNMG^�XRY\[ZYÁMGFTH|QRD�S�JTC�J�MGYÁMÃH�FI¶Ãu ^�LNMKYZ[\[ZW�L H�	EC�W�QRD
[\J'HKxNQEJI[ZH�[\J'H>Y\LNMGJ�DGO ^�[\[ZJIH�S�J�¶�W�L.[ ^�LR¶�JeCEDGW�S�QEY\MGH�DGJIH|MKJILNM � DG^�]�YZ[\J'HlJ�M�CR^�D � W�YZH � W�D|MGJ�v²J�LNM�JIDKDGW�LRFIHlOiYZH|Ç 8tÇcONY±HlS�JIH
Y\LNMGJ�DGO ^�[\[ZJIHnMGuEF�W�DKY±xNQEJIH>S�Y±HKC W�LEY\XR[\J'H º

������� ��� � ³ º �)� �  �%K� ��# � �&(� � % %'��( �!	 � �&(���(� � �*% #$��( ����� � �
�  ������ � ���"�!�
�"���$��� � y0
n = (x0

r , c
0
n−r)

� � �$# n = 9 �
r = 6 � x0

r = (63, 109, 140, 21, 58, 67) ∼ E(ηo = 100) �* cn−r = (50, 100, 150) %'��� � ��%'�����$� �
� #$�*(��$����� 	
 � � � 	 � ����� �
� � �"� � ���*� �*%���(�#$� ���� η̂ = 126.33 	  � �$� �& �� !�"��� (���( � �&�"��� �* !��� ����� �� ��% � �*� � 8 %|� �$# � �&( �
 � % %���( y0

n
#��&( ��� �� � 8 �� � ��%'��� M (���� � �$����	 �$# � �&(� � % %'��(�� {yi

n = (xi
r, c

i
n−r)}i∈{1,...,M}

� � {xi
1, . . . , x

i
r} ⊂

{63, 109, 140, 21, 58, 67} � � �$# � � � �* �  � �&( � �� {ci1, . . . , cin−r} � ���� �� !�"� ��%  �*��()�� � � �����*(�  � � � ��� {50, 100, 150}
� � �$# � � � �* �  � �&( �&� ��%'�&�$��# ��� � ��� �
������( � �*�"� #$��(��*��� � �� � � � 	 ci

n−r = c0
n−r ∀i ∈ {1, . . . ,M} � 	 �

� FI¶�J�v²v²J�LNM 	tCE[ZQRHKY\JIQEDÃHqMGDG^ Ot^�Q É HKJlH|W�L�M¤^tMKMG^�¶ÃuRFIH�8ÈS�FIO�JI[\W�CEC JID�SEJIH¤^�CECRDKW�¶ÃuEJ'H�LEW�LTCR^�DG^�vµF�MKDGYZxNQEJ'H�C�W�QRD
S�JIHlCRDKW�XE['�Iv²JIH>SVU JIH|MKYZvw^tMKYZW�L@S�J/C�J�MGYÁMÃH>FI¶ÃuR^�LNMKYZ[\[ZW�LRH º � YZLRHKY 	 h W�D|MGJ�D �� �&%�	 >|³I´�´ � @
p J�X WiW�MÃHoMGDG^�C Q�- !c-P&)+��"!#��12��� > Ê Y\] º �Eº � @�	NCEDGF*� F�DÃ^�XR[\J�SE^�LRHn[ZJÈ¶�^�S�DGJ�S�J�C J�MKY\MGH©FI¶ÃuR^�LNMKYZ[\[ZW�LRH � 	 � 	 � 	 	 DKJ'¶�DGF�JY\LNMGF�]�DÃ^�[ZJ�v²JIL�M©S�JIH©FI¶Ãu ^�LNMKYZ[\[ZW�L HnHKJ�[ZW�L [ZJ�vµW�S��I[\J M(θ̂) º p ^�SEY 4 ¶�QR[ÁMGF�J'HoMl^�[ZW�DÃHnSEJ�DGJ�CEDGW�S�QEYZDKJÈ[\J�CEDGWi¶�JIHGH|Q HS�J�¶�JILRH|QRDKJ@H|W�QRH|Ç\¸|^�¶�J�LNM º p JIHw¶I^�HwS�J�¶�JILRHKQEDKJ@^�[ZFI^�MKW�Y\DGJ > Mo¹iC J m|m @µJ�M£S�J@Ot^�[ZJ�QEDwQELRYZxNQEJ`[ É J > Mo¹iC�J m @�LRJ

CEDGFIHKJ�LNMKJIL�M�C ^�H�S�JÈS�Y 4 ¶�QE[ÁMGFIH 	�vw^�Y±H�SEJIH�S�W�LELEFIJIH�SEJ�¶�JILRH|QRDKJ>F'¶ÃuEJ�[ZW�LELRF�JIH�SR^�LRH
yn

> Mo¹iC J m CRDKW�]�DGJIHGH|Y'� @¤HKW�LNM
CEDGW�XE[ZF�vw^tMGYZxNQEJ'H º
r DÃ^�S�Y\MKYZW�LRLEJ�[Z[\JIv²J�LNM 	qW�L_H|J ¶�W�LNMKJIL�MGJwSVU YZLR¶�[\QEDGJ YZLNMKF�]�DG^�[\JIv²J�LNM�[ZJIH�¶�J�L H|QEDGJIH�SE^�LRHe[5U FI¶ÃuR^�L�MGY\[Z[ZW�L X WiW�MGH|Ç

MKDÃ^�CEC�F
	NW�Q�SVU JIL£YZLR¶�[ZQEDGJ�[±^Tv²Wt¹�JILELEJ�	�[±^Tv²FISEYZ^�LEJ�W�Q [\JÈvw^ É Y\v®QEv > k ^�HoMÃ^�LEYZJ�DÈ³I´�´ � @ º [ZJIH�FI¶ÃuR^�LNMKYZ[\[ZW�LRHn^�YZLRHKYX WiW�MGH|MKDÃ^�CEC�FIH©LEJe¶�W�DKDGJIHKC W�LRS�JIL�M©CR^�Hl^�Q É DKF'^�[ZYZHG^tMGY\W�LRH©SVU QRLEJeO ^�DKY±^�XR[\Je^�[ZFI^�MKW�YZDGJ�v²YZHKJ�J�L@¶�W�v²C�F�MGYÁMGY\W�LP^ O�JI¶
QEL£CRuEF�LEW�v ��LEJ�S�J�¶�J�LRHKQEDGJ º ½ LEJ�v²F�MGuEW�S�J�MGJ�LNMG^�L�M>S�J�DKJICEDGWiSEQEY\DGJ�[ZJIH©¶�W�LRS�Y\MKYZW�LRH©SVU W�X�MGJ�LNMKYZW�L£SEJIHlS�W�LRLEF�J'HJIH|M�S�W�LR¶eCRDKW�C WNH|FIJ
	�xNQEY�HKJ�DÃ^®¶�W�v²CR^�DGF�J�CR^�D>[Z^²HKQEYÁMGJ 8²¶�JIHlv²F�MKuEW�S�J'HlMKDÃ^�S�Y\MKYZW�LRLEJ�[Z[\J'H º
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θ̂M

```θ̂1

σ̂2
M = 1

M−1

M
P

i=1

“

θ̂i −
¯̂
θM

”2

GU.��%' ¯̂
θM = 1

M

M
P

j=1

θ̂j

`

�
��� ��� ����"�"#���
yn ∼ M(θ)

(y
(1)
1 , . . . , y

(1)
n ) ∼ M(θ̂)

(y
(M)
1 , . . . , y

(M)
n ) ∼ M(θ̂)

θ̂(yn)

������� �Eº � � � ¶ÃuEFIv²^²S�Q@X�WiW�MGH|MKDÃ^�CPCR^�DG^�vµF�MKDGYZxNQEJ�C�W�QED>[5U J'HoMGY\vw^�MKYZW�L@S�JB=�^�D (θ̂(yn)) º

� ����� � � � �Eº > HKQEY\MKJ S�J [ U J É º ³�@  � �$� �� �$ !�"�� � �&�"��� �* !��� ����� ��� �)% � ��� � 8 %|� �$# � ��(� � % %���( y0
n

#$��( ��� �� � 8 �� �
� ��%'��� M (��&� � �$�&��	 �$# ����(� � % %'�&( � {yi

n = (xi
r, c

i
n−r)}i∈{1,...,M}

��� xi
r ∼ E(η̂ = 126.33) �� ci

n−r
�)�"� �

� � �*(� ��q� ��(�� � � �$# � � #��& � �&( ��� � � ��(��&� ��(�� ��� #���( �����"� 	 � � %|� �$# � ��(� � % %���(��� � �  �
�  ��� � � � � �&( # ��� � ��� �"� �  
ci
n−r = (xi

r, . . . , x
i
r)
	 n − r � � � � %�� �
����( � ���"� � ��%��*��� �
� ��� � � � % %'�&(�#$� � 	È
��&( � #�� #$� � � �&�� � #���% � ��� �
�  �����

�����"�!�&�����$��� � �����&( � ���� !�"� #��&(�()� � �$����(�#$� ��� %K� ���� ��(� � ��( �
�*� � ��%'�����$� �
� #$�*(������"� ���&( �)�"����� ��� ����� �!	 �*� ��%��
cij =

∑n−r
k=1 c

0
k/(n − r) ∀j ∈ {1, . . . , n − r} � ∀i ∈ {1, . . . ,M} 	 #$��( �����"���$� �� �� �"�� #$��(��� �&(� �������&%'� 8 %'�

�����
��(�()��������#$�*(������"����� ( �  � ��%���� � 	
�

3��U]�� 3��U] ^`�	� !#�HQ�!#(*���	N<� ��(W�X�	�XQ�!#(*N<����� ���?�	�ONH���	����!#� �TeE(*(/� � �"!#-.QXQV-.!#- &)+��"!#��12�����
� L1H|QECRC WNH|J�xNQEJ@CE[ZQRH|YZJ�QRDGH²Ot^�[ZJ�QRDGH²S�J ¶�J�LRHKQEDGJIH²S�Y � FIDKJIL�MGJIHw^�Q%HKJ�YZL%SqU QEL1F'¶ÃuR^�LNMKYZ[Z[\W�L7C�J�QEO�J�LNM���MKDGJ

¶�W�LRHKYZSEF�DGF�JIHÈ¶�W�vµv²J²S�JIHÈDGFI^�[ZY±HK^�MKYZW�LRHÈSVU QRLEJ²O ^�DKY±^�XR[\J�^�[\F'^tMGW�YZDKJ C 	~SEW�LNM�W�L Ot^£J'HoMGY\v²JID�JIv²CEY\DGY±x�QRJ�v²J�LNMÈ[±^
DGF�CR^�D|MGYÁMGY\W�L ¶�W�LRS�Y\MKYZW�LELEJI[\[ZJ�v²JIL�M 8T[±^/MÃ^�YZ[\[ZJÈS�J'HnSEW�LELEFIJIH©S�Y±H|C�W�LEYZXE[ZJIH º h ^�DnQEL£CEDKW�¶�FIS�F�SVU YZLiO�JIDGHKY\W�LwS�J�¶�J�MKMKJDGF�CR^�D|MGYÁMGY\W�L 	�W�L7HKY\v®QE[ZJ�DÃ^ QEL8FI¶ÃuR^�L�MGY\[Z[ZW�L7S�J@¶�JILRHKQEDKJ@S�J�MG^�Y\[Z[\J n xNQEJ�[ U W�L8vµJ�M|MGDG^#J�L #��&(�#������"��(�#$� ^ O�JI¶QEL_F'¶ÃuR^�LNMGY\[Z[\W�L_S�J MÃ^�YZ[\[ZJ n H|YZv�QR[\F£SqU ^�CED"�'H θ̂ º p J'H�¶�W�LRS�Y\MKYZW�LRH®S�J [5U J É C FIDKYZJ�LR¶�J£^�X�W�QEMKY±HKHG^�LNM�^�Q É S�W�LELEFIJIH
xn

HKJ�DGW�LNM²^�[\W�DGHwHKQECEC�W�HKF�J'H²DKJ'¶�DGF�FIJIH º ¿ W�MGW�LRHwxNQqU QELEJ S�FIvw^�DÃ¶ÃuEJ�H|YZv²Y\[±^�YZDKJ�S�J�HKY\v®QE[±^tMKYZW�L�S�J@[±^_¶�JILRH|QRDKJHKJ�[ZW�L²QELEJ�[\W�Y H|MG^tMGYZH|MKY±xNQEJ�HKW�QRH|ÇZ¸|^�¶�JILNMKJ
	�CEDKF'H|JILNMKF�J�SR^�LRH À WNHKH Ì k uEY±^�LR]S>o³I´�´ : @�	�C�J�DGv²J�Mn[±^/¶�W�LRHKYZH|MG^�LR¶�J�S�J'HJ'HoMGY\vw^tMGJ�QEDÃH©X WiW�MGH|MKDÃ^�C º
� �� � � �& ����� ���'& ����%���( ��� ��� �*� 	 �(& � � ��������%�� � � ������ �  � ��( �
�*� #$��( �����"�*� 	 � L�LEW�MGJ c∗1 < . . . < c∗q

> q ≤
n− r @�[Z^®H|QRYÁMGJ�W�DÃS�W�LELEF�J�CR^�D©W�DÃS�DGJ�¶�DGW�Y±HKHG^�LNM�S�J'H q O ^�[\JIQEDÃH�S�Y � FIDKJILNMKJIH©S�J�¶�J�L H|QEDGJ º � L LEW�MKJ f1, . . . , fq

[\J'H
� DGFIxNQEJILR¶�J'H�DGJ�[±^tMGY\O�JIH�SEJ©¶�JIH¯O ^�[\JIQEDÃH º ¼ [Z[\J'H¯O�F�DGY [ J�LNM ∑q

j=1 fj = (n−r)/n. � LTC�W�HKJ�F�]N^�[ZJ�v²J�LNM cmin
J�M cmaxS�JIQ É Ot^�[\JIQEDGH�S�JT¶�JILRH|QRDKJ'H�S�F [ LEY\J'H>CR^�D cmin ≤ c∗1 < . . . < c∗q ≤ cmax

º p U J'HoMGY\vw^tMGJ�QEDÈS�J � ^�CR[Z^�L�Ç s J�YZJ�D>S�J[±^�� W�LR¶�MKYZW�L@S�J/DKFICR^�DKMKY\MKYZW�L FC
S�Je[Z^²S�Y±HoMGDKYZXEQ�MGY\W�L�S�J C HKJ/S�F [ LEYÁM�C ^�D




P (C < cmin) = F0 = 0,
P (C < c∗1) = F1 = f1,
P (C < c∗2) = F2 = f1 + f2,ººº
P (C < c∗q) = Fq = r/n
P (C < cmax) = Fq+1 = 1.

� Y©[ZJIH®CEDKW�CEDGY\F�MKFIH®S�J@¶�W�L H|Y±HoMÃ^�LR¶�J£S�J�[ U ¼ �/s C�W�QRDµS�J�]�DÃ^�LRSRHTFI¶Ãu ^�LNMKYZ[\[ZW�L H�HKW�LNM®XEYZJ�L%¶�W�LELiQEJIH�> QELEJPOiQEJ
]�F�LEFIDG^�[\J@J�L1J'HoM£CRDKF'H|JIL�MGF�J�CR^�D h J�MGJ�DÃH|W�L0³'´ ��� @�	�YZ[�J'HoM LRFI¶�J'HKHG^�YZDGJ@SEJ�H|QRCEC WNH|JID 	nSE^�LRH£¶�J�¶I^�HwS�J C�J�MGYÁMGJ
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����� � ��º : � Ê W�LR¶�MKYZW�L²S�J>DKFICR^�DKMKY\MKYZW�L®C J'HKHKYZvµY±H|MKJ�S�J>[±^¶�J�LRHKQEDGJ º

MG^�Y\[Z[\J�	�x�QRJP[ZJIHµOt^�[ZJ�QRDGH²S�J�¶�JILRHKQEDKJPW�X H|JIDKO�F�JIH®H|W�LNMµO�F�DGYÁMÃ^�XE[ZJ�v²J�LNMwS�JIHµDGFI^�[\Y±HK^�MKYZW�LRH � 	 � 	 � 	 SVU QELEJ@Ot^�DGY±^�XE[ZJ^�[ZFI^�MKW�YZDGJ>C W�QEDnW�X�MKJILEYZDnQEL�XEY±^�Y±H � ^�YZXE[ZJÈJ�Mn[±^�¶�W�LRHKYZH|MG^�LR¶�JÈS�JIH©H|YZv�QR[Z^�MKYZW�LRHnCR^�DnY\LiO�J�DÃH|YZW�L S�J FC
> O�W�YZD k uEJIL

�* ��%�	 ³'´ Z�� @ º p JwCEDGW�¶�J'HKHKQRHeS�J ¶�JILRHKQEDKJµLqU ^@CR^�H/SEJµDÃ^�Y±HKW�L�C ^�DKMKY±¶�QE[ZY'�IDKJwSVU ��MGDKJw^�[\F'^tMKW�Y\DGJ
	~vw^�Y±HeW�L [ZJwDKJI[\YZJ
8wQEL#CEDKW�¶�JIHGH|QRH�^�[ZFI^tMGW�YZDKJ/YZLR¶�W�LELiQ�HKQRHG¶�J�CEMKYZXE[\JµS�J � W�QEDGLEY\DÈ[\J'H�DGFI^�[\Y±HG^tMKYZW�L H (c1, . . . , cn−r)

º ½ L�FI¶ÃuR^�L�MGY\[Z[ZW�L
c̃n = (c̃1, . . . , c̃n) S�J/¶�JILRH|QRDKJ'HlC JIQ�M�^�[ZW�DÃH ��MKDGJ/DGJI¶�W�LRH|MKDGQEYÁM>S�JTS�JIQ É vw^�LRY'�IDKJ'H>S�Y � F�DGJ�LNMGJIH º
� � #$�*(������"�����) � � � �� � 	 � L�¶ÃuEW�Y±HKYÁM cmin = c1

J�M cmax > cq
> ¶I^�H�J É MKD���v²J cmax → ∞ @ º p ^�� W�LR¶�MKYZW�L�S�J

DKFICR^�DKMKY\MKYZW�L�JIv²CEY\DGY±x�QRJ�CEDGJ�LRS�[Z^�� W�DGv²J®S�Jµ[Z^S[R]�QRDKJ ��º 6Eº k J²¶ÃuEW�Y É JIH|M�¶�W�LRHKY±S�F�DGF®¶�W�v²v²J�W�CEMKYZvµY±H|MKJ²¶�^�DÈY\[[Z^�YZHGHKJ©[±^/C�W�HGH|YZXEYZ[\Y\MKF 8/SEJ�]�DÃ^�LRSEJIH¤Ot^�[ZJ�QEDÃH�S�J>[5U FI¶ÃuR^�L�MGY\[Z[ZW�L²X WiW�MGH|MKDÃ^�CwSVU ��MKDGJ>LEW�L ¶�J�L H|QEDGF�J'H º k J�M|MGJ�vw^�LEY���DGJSVU Y\LiO�JIDGHKJ�De[±^PDKFICR^�DKMKY\MKYZW�L S�JIHT¶�J�LRHKQEDGJIHe^PMKJILRSE^�LR¶�J'8@H|W�QRH|Ç5FIO ^�[\QRJ�De[ U YZLR¶�JID|MGYÁMGQRS�J HKQED/[Z^POt^�[ZJ�QRD9[RLR^�[ZJwS�JIH
CR^�DÃ^�v ��MKDGJIH º ½ Lµ¶ÃuEW�Y É SEJ cmax

DÃ^�Y±H|W�LELR^�XE[\JIv²J�LNM¯]�DG^�LRS/JIH|M�CR^�D¤J É JIv²CE[\J cmax = 2cq
	�x�QRYEH|Q.4²M 8ÈCEDKW�S�QRY\DGJ

DG^�CEY±S�J�v²J�LNMTS�J'H/FI¶ÃuR^�LNMKYZ[\[ZW�LRHeX�WiW�MÃHoMGDG^�C S�W�LNMT[\J²MÃ^�Q É S�J ¶�JILRH|QRDKJwS�Y � �IDKJ SEJwvµW�Y\L HTS�J�³ ��� S�Q MG^�Q É SEJ
¶�JILRH|QRDKJ/S�Je[5U F'¶ÃuR^�LNMKYZ[Z[\W�L�YZLEY\MKY±^�[ º
	 � #$�*(��$����� ���*����� � � �� � 	 � L ¶ÃuEW�Y±H|Y\M cmin = 0 J�M cmax = cq

º p ^ � W�LR¶�MKYZW�L S�JÈDKFICR^�DKMKY\MKYZW�L²JIvµCRY\DGYZxNQEJ>CRDKJILRS[Z^ � W�DGvµJ�S�J�[±^B[R]�QEDGJ ��º :Rº k JÈ¶ÃuEW�Y É JIH|M ��#$��(� �"�&��� � ¶�W�LRHKYZSEF�DGF�¶�W�vµv²J�C�JIHGHKY\v²Y±HoMGJÈ¶�^�D�YZ[ YZLNMKJIDGS�Y\M©SEJ�]�DÃ^�L SEHMKJIvµC H�S�J/S�F*� ^�Y\[Z[±^�LR¶�J�LRW�L�¶�JILRH|QRDKF'H º � L@C JIQ�M�^�YZLRHKYV[\JT¶�W�LRHKY±S�F�DGJ�D>¶�W�v²vµJe[ZJ/CE[ZQRHlDG^�YZHKW�LRLR^�XE[ZJeS�JIH>S�JIQ É º
p JIH�� DGFIxNQEJILR¶�J'H�CEDGFIHKJ�LNMGF�JIH�HKQEDe[\J'H [ ]�QEDGJIH ��º 6 J�M ��º : HKW�LNM�FI]�^�[\J'H�^�Q É DG^�CEC W�D|MÃHÈ¶�QEv�QR[\F'H�SEQ�LEW�v�XEDGJS�JÈ¶�J�LRHKQEDGJIH�FI]�^�[\J'H�HKQED�[±^eMG^�Y\[Z[ZJÈS�J�[5U FI¶ÃuR^�L�MGY\[Z[ZW�L º p J�QRDnHKW�v²v²J�LEJ�Ot^�Q�M©S�W�LR¶�C ^�H 1 	�CEQRYZHGxNQqU YZ[�� ^�Q�MnCRDKJILRS�DGJ^�QRHGHKY�J�L8¶�W�v²C�MGJ [ZJIH®O ^�[\JIQEDÃHTLEW�L�¶�J�L H|QEDGF�J'H�S�J�[ U FI¶Ãu ^�LNMKYZ[\[ZW�L YZLEY\MKY±^�[ º p W�DÃH�S�J�[ U Y\LiO�J�DÃH|YZW�L_S�JP¶�J�MKMKJ � W�LR¶�Ç

MKYZW�L�SEJ�DGF�CR^�D|MGYÁMGY\W�L 	RW�L C JIQ�M�MGY\DGJ�DeS�J'HÈ^�[\F'^�H�HKQEC�F�DGY\JIQEDGH 8 [±^�� DGFIxNQEJILR¶�JTvw^ É YZvw^�[ZJ®¶�QEv�QE[ZF�J®S�JIH�¶�JILRH|QRDKJ'H
> � ������� ��� @*	�^�Y\LRHKYRxNQEJ�SEJIH�^�[\F'^�H¤YZL�� F�DGY\JIQEDÃH 8e[Z^ � DGFIxNQEJILR¶�J>v²YZLEYZv²^�[\JÈ¶�QEv®QE[\FIJ > � ������� �
	 @ º p ^ev²F�MKuRWiSEJSVU Y\LiO�JIDGHKYZW�L£J'HoM>CEDGFIHKJ�LNMGF�J/¶�Y\ÇcSEJIHGH|W�QRH º
� � ��' i = 1, . . . , n
� ���� ��+:2���� �

Ui ∼ U [0, 1]
�

. � 8 � +�� j
������7 ���

Ui ∈ [Fj , Fj+1]
�



�����'�������O% %���� � � ������� �O�?���M���	��?����� ��	��6-(� � � � -O�������,	 ! �(����-O� �W]

• 8�+
0 < j < q � � � ��+:2������

c̃i ∼ U [cj , cj+1]
�

• 8�+
j = q ��� � ��+:2���� �

c̃i ∼ U [cq , cmax]
�

• 8�+
j = 0 ��� ����+ 2������

c̃i ∼ U [cmin, c1]
�

� CRD"�'H/^ O�W�YZDeH|YZv�QE[ZF²QEL FI¶ÃuR^�L�MGY\[Z[ZW�L#SEJ ¶�J�L H|QEDGJ
c̃n = (c̃1, . . . , c̃n) 	qCEQRYZHeQEL F'¶ÃuR^�LNMKYZ[Z[\W�L�LEW�L ¶�J�LRHKQEDGF
	

x̃n ∼ M(θ̂) 	EW�L�¶�W�LRH|MKDGQEY\Ml[5U FI¶ÃuR^�L�MGY\[Z[ZW�L@X WiW�MGH|MKDÃ^�CEC�F {ỹi} = {min(x̃i, c̃i)} 	 i ∈ {1, . . . , n} º k J � ^�Y±HK^�L�M 	�[Z^¶�J�LRHKQEDGJwJ�M�[ZJIHTSEF*� ^�YZ[Z[Z^�LR¶�J'HTH|YZv�QR[\FIJIH�HKW�LNMTv²Y±H|J'H/J�L�¶�W�LR¶�QEDKDGJ�L ¶�J º ¼ L.[RL 	¯W�L � ^�YÁM�[ZJ£¶ÃuEW�Y É S�J LEJ�¶�W�L H|JID|Ç
O�J�DwxNQEJ�[\J'H²FI¶ÃuR^�LNMKYZ[\[ZW�LRHw¶�J�LRHKQEDGFIHwS�W�LNM²[ZJ@MG^�Q É SEJ@¶�J�LRHKQEDGJ@JIH|MwMKD��IH²C�J�Q�F�[ZW�YZ]�LRFPS�Q%MÃ^�Q É S�J ¶�JILRH|QRDKJ
S�Jw[5U FI¶ÃuR^�L�MGY\[Z[ZW�L DKFIJ�[ > v²W�Y\LRH�S�J@³ � � S�J S�Y � FIDKJILR¶�Jc@ÈC W�QED�^�v²FI[\YZW�DGJ�De[5U FIO ^�[\Q ^tMKYZW�L S�Jw[5U ^�[\]�W�DGYÁMGuEv²JwH|QED/[ZJ
Mo¹iC�J�S�J/S�W�LELEFIJIH 8�QEMKYZ[\Y±H|JID º k J�M|MKJ�MGJI¶ÃuELEY±xNQEJ�C JIQ�M�^�v²J�LRJ�D 8�DGJo¸oJ�MKJ�D>¶�J�DKMG^�YZLEJ'H©¶�W�L.[ ]�QEDÃ^tMGY\W�LRH�S�J/¶�J�LRHKQEDGJ
	J�MTY\[�J'HoMTS�W�LR¶²LEF'¶�JIHGHG^�YZDKJ²S�J HKY\v®QE[\JIDTS�JwLEW�v�XEDGJ�Q É FI¶ÃuR^�L�MGY\[Z[ZW�LRH/HKJ�[ZW�L M(θ̂) C�W�QED®^tM|MGJ�YZLRS�DGJ²[\JwLEW�v�XEDGJSVU FI¶Ãu ^�LNMKYZ[\[ZW�L HÈX�WiW�MÃHoMGDG^�CEC F'HT¶�W�LRHKJ�YZ[\[ZF²CR^�DTS�JwLRW�v�XRDKJIQ É ^�QEMKJ�QRDGH'> J�LNMKDGJ ������� J�M ;������ J�L ]�FILEF�DÃ^�[�HKJ�[ZW�L
s JIJ���J�D Ì ¼ HG¶�W�XR^�D/³'´�´ Z @ º
À F [RLEYZD£[ZJ CEDGW�¶�J'HKHKQRH S�J#¶�J�L H|QEDGJ�¶�W�v²v²J ^�[ZFI^tMGW�YZDKJ�J'HoM�DKY±HKxNQEF�	�¶�^�D [±^_C J�MKY\MKJ�MG^�YZ[Z[\J�SEJ [ U FI¶Ãu ^�LNMKYZ[\[ZW�L

LqU W � DGJ�xNQqU QRLEJÈJ'HoMGY\vw^�MKYZW�L²MKD��IHnYZvµCRDKF'¶�Y±H|J�SEJ�HG^ � W�L ¶�MKYZW�L�S�J�DGF�CR^�D|MGYÁMGY\W�L º ¼ L£CR^�D|MGYZ¶�QE[\YZJ�D 	�[±^TOt^�DKY±^�LR¶�J�S�J�¶�JCEDGW�¶�J'HKHKQRH>J'HoMeC JIQ OiYZHKYZXE[\J º ½ L DGFIHKQE[\MG^tM�JIH|M�¶�J�C�J�LRSE^�LNM�S�Y±H|C�W�LRY\XE[ZJµC W�QEDÈ[ZJ�v²W�S��I[\J®J É C W�LEJ�LNMGY\JI[ 	�CE[±^�¶�F®J�L^�LELEJ É J/S�J/¶�JT¶Ãu ^�CEY\MKDGJ º
3��U]�� 3�� � �R(W�	���F����(W�	�?���%�����)NH�	$�� +��?�EJU������$,����-.� �,(/� �	�XeE(�(P���"� !c- Q�QV-.!#- &)+�� !c�,12�	�
p U YZLNO�J�DÃH|YZW�L SEJ�[±^�¶�JILRHKQEDKJ�J�Ml[Z^®H|FI[\J'¶�MKYZW�L�SVU F'¶ÃuR^�LNMGY\[Z[\W�LRH�SEJ�MG^�Q É S�JÈ¶�J�LRHKQEDGJÈ¶�W�LRH|MG^�L�MnW�Q C�J�Q�O ^�DKY±^�XR[\J

J'HoMTQEL � ^�¶�MGJ�QED/MGD"�'He[\YZv²YÁMÃ^�LNM®S�Jw[5U ^�[Z]�W�DGY\MKuEv²J S�JwX�WiW�MGH|MKDÃ^�C 	�S�W�LNMT[ZJ ¶�W���MTJIH|M®S�F|¸b8@[\W�QEDGS º p JwX�WiW�MGH|MKDÃ^�CCR^�DG^�v²F�MKDGY±x�QRJ²¶�J�LRHKQEDGFwLqU JIH|Mµ^�YZLRHKY�Q�MGY\[ZYZHG^�XR[\J£xNQEJ£C W�QED®S�J'HTv²F�MGuEW�S�JIH®^�Q�MGW�vw^tMGYZxNQEJ'H/DÃ^�CEY±S�JIH 	VMGJ�[Z[\J'H�xNQEJ¼ s W�Q �i¼ s_º
À ^�LRH©[ZJ�¶I^�HlSVU QELEJ�CEDKW�¶�FIS�QEDGJ�W�C�MKYZv²YZH|MKJ�	�W�L�CEDKW�C WNH|J�S�Je¶ÃuEW�Y±H|YZD©QEL£F'¶�^�DKMlv²^ É Y\vw^�[~S�J�C W�QEDÃ¶�J�LNMÃ^�]�J�S�J

¶�J�LRHKQEDGJ�J�LNMGDKJ®[ U FI¶ÃuR^�LNMKYZ[\[ZW�L#Y\LEY\MKY±^�[¤J�M�[ZJIH�FI¶Ãu ^�LNMKYZ[\[ZW�L HÈS�JµX�WNW�MGH|MKDÃ^�C�SEJ®[5U W�DGSEDKJµS�J�³ � �£º h W�QEDe¶�JI[Z^�	�W�L�^¶�W�LRH|MG^�MKF�xNQEJ 4 000 ≤M ≤ 10 000 HKQ.4²M�JILw]�F�LRF�DÃ^�[ 8T¶�W�LRHKJ�DGO�JID�CR[\QRHnS�J 3 000 FI¶ÃuR^�L�MGY\[Z[ZW�LRH�¶�W�DGDKJ'¶�MKJIv²J�LNMX�WiW�H|MKDÃ^�CEC�FIH º À ^�LRHÈ[ZJ®¶�^�H�C�JIHGH|YZv²YZH|MKJ�	~W�L ¶�W�LRHKJ�YZ[\[ZJ M ' 10 000 ¶�JµxNQEY¯C�J�DGv²J�MeSVU W�X�MKJILEYZDÈCE[ZQRH�S�J 2 500F'¶ÃuR^�LNMKYZ[Z[\W�LRH�X WiW�H|MKDÃ^�CRC F'H�	VS�JµMG^�Q É S�J ¶�J�LRHKQEDGJµSEJwvµW�Y\L H/S�J ; � S�J SEY � F�DGJ�LR¶�Jw^ O�JI¶®[ZJ®MÃ^�Q É Y\LEY\MKY±^�[ º ¿ W�ÇMGW�LRH�¶�J�C�J�LRSR^�LNM�xNQEJ�[±^/HoMÃ^�XEYZ[\Y±HG^tMKYZW�L²S�J'H�FI¶I^�DKMGH|Ç Mo¹iC�JIH¤X�WiW�MGH|MKDÃ^�CµC�J�Q�M ��MKDGJ�^�HGHKQEDKFIJ>H|QEDn¶�J�DKMG^�Y\L H¤J É J�v²CE[ZJIH 	
[ZW�DÃHKxNQEJ�[Z^µS�YZvµJILRHKY\W�L p S�Q�v²W�S��I[\J�JIH|M©C�J�MGYÁMGJ
	E^ O�JI¶�xNQEJI[ZxNQEJ'Hl¶�J�LNMÃ^�YZLEJIH©SVU FI¶ÃuR^�L�MGY\[Z[ZW�LRHnX WiW�MGH|MKDÃ^�CEC�FIH9> C ^�D
J É JIv²CE[\JeC�W�QED>[ZJIH�vµW�S��I[\J'HlJ É C�W�LEJIL�MGY\JI[VJ�M�S�J Å J�YZXEQE[Z[ @ º
� CRD"�'HTMGJIH|MGH 	�[ZJIH®v²F�MGuEW�S�JIHµW�CEMKYZvµY±H|MKJIH®J�M²C�JIHGH|YZv²YZH|MKJ'H � W�QEDKLRYZHGH|JILNMµS�J'H�J'HoMGY\vw^tMGY\W�LRHµS�JIHµFI¶I^�DKMGH|Ç Mo¹iC�JIH

xNQEY�SEY � ��DGJ�LNM�C�J�Q 	�HK^�Q��>SE^�LRHT[\J£¶I^�H/C ^�DKMKY±¶�QE[ZY\JIDTSVU FI¶ÃuR^�L�MGY\[Z[ZW�LRHTSEJ²MG^�YZ[Z[\JwMGD"�'H � ^�YZXE[ZJ > n ≤ 15 @�� W�DKMKJIvµJILNM¶�J�LRHKQEDGFIH 	�W��1[Z^ v²F�MKuEW�S�J�C�JIHGH|YZv²YZH|MKJ#^�CEC�W�DKMKJ�S�J'HwDKF'H|QR[ÁMÃ^tMGH CE[\Q H HK^�MKY±H � ^�YZHG^�LNMÃH º p ^ ¶�J�LRHKQEDGJ�F�MÃ^�LNM CE[ZQRH¶�W�LNMKDÃ^�YZ]�LR^�LNMKJ
	t[5U FI¶�^�D|MKÇ Mo¹iC�J�C�JIHGH|YZv²YZH|MKJ�H|JIDG^eJIL v²Wt¹�J�LRLEJ�CE[ZQRH�]�DG^�LRS 	N¶�JÈxNQEY JIH|M©^�CECEDGFI¶�Y±^�XR[\J º ¼ L J � J�M 	N[\J'HCEDGW�¶�F'S�QEDGJIH¤S�J>X�WNW�MGH|MKDÃ^�CµCR^�DÃ^�v²F�MKDGYZxNQEJ©LEJlDKJIv²J�M|MGJ�LNM�CR^�H¤J�Lw¶�^�QRH|Jl[ZJ>v²WiS ��[ZJ©C ^�DÃ^�v²F�MGDKY±xNQEJlQ�MKYZ[\Y±HKF©J�M�W�LNM
]�F�LEFIDG^�[\JIvµJILNM�MKJILRSE^�LR¶�JB8²H|W�QRH|Ç5J'HoMGY\v²J�Dl[5U YZLR¶�J�DKMKY\MKQRS�JeDGF�JI[\[ZJ/H|QED θ̂ º ¿ W�Q H>¶�W�L H|JIY\[Z[\W�LRHlS�W�L ¶�HKW�L�Q�MKYZ[ZYZHG^tMGY\W�L º
3��U]�� 3�� f ^`� N<-P�?Q�-.!c����N<��$��,��! �	� eK(*(P���"� !#-.Q � $,- &0+H��I	(��	�`�EJ�� Q � � �&(� � � ����%�� � � �& �� !�"��� �

p ^#HoMGDKQ ¶�MKQRDKJ£SEJIHµS�W�LELRF�JIH®CEDGFI¶�YZHKF�J£^�Q § ³ º : C JIDKv²J�MwSVU J�LiOiYZHG^�]�J�DT[5U JIH|MKYZv²^�MKYZW�L�C ^�D s W�LNMKJ�Ç k ^�DK[ZW S�J[±^²vw^tMKDGY±¶�JTSVU Y\L � W�DGv²^�MKYZW�L@S�J Ê Y±H|uEJID Iobs(θ̂|yn) S�J'H�S�W�LELEFIJIH>W�XRH|JIDKO�F�J'H yn
º p U YZLNO�J�DÃH|YZW�LPS�J�¶�J�M|MGJTvw^tMGDKY±¶�J



� � ������� � � − � ��" � ���!� �(��� " '!����$&�(��� ��� ����� '�� ���
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� W�QEDGLEY\M�QELEJ®JIH|MKYZvw^tMKYZW�L SEJT[Z^£vw^tMKDGY±¶�JTS�Jµ¶�WtOt^�DGYZ^�LR¶�J/S�J θ̂ º p U J'HoMGY\vw^�MKYZW�L S�J Iobs(θ̂|yn) 	 CEDKW�C WNH|FIJ/CR^�D m C>o³'´�´ : @�	iDGJ�C�W�HKJeHKQED>[5U QEMKYZ[\Y±HK^�MKYZW�L@S�J/[5U Y±S�J�LNMGYÁMGFTS�J p W�QEYZHB>|³I´ Z�� @ º
Iobs(θ̂|yn) = Ic(θ̂|yn) − Im(θ̂|yn)

W�� Im(θ̂|yn) JIH|M�[5U YZL�� W�DGvw^tMGY\W�LTS�J Ê Y±H|uEJID¯S�J'H�S�W�LELEFIJIHqvw^�LRxNQR^�LNMKJ'HVJ�M Ic(θ̂|yn) JIH|M�[ U YZL�� W�DGvw^tMKYZW�LTSEJ Ê YZHKuEJIDS�JIH®S�W�LRLEF�J'H�¶�W�v²CE['��MKJ'H º p U YZSEF�J£S�J m C 	�CEDKF'¶�Y±H|FIJwLEW�MÃ^�v²v²J�LNM®C ^�D k ^�HoMÃ^�LEYZJ�D�>o³I´�´ � @�	qJ'HoM²S�J DGJI¶�W�LRH|MKY\MKQEJID
s H|W�QRHoÇcFI¶Ãu ^�LNMKYZ[\[ZW�L H©SEJ�S�W�LRLEF�J'H>vw^�LRxNQR^�L�MGJIH (z

(i)
n−r)i∈[1,...,M ] ∼ M(θ̂) xNQEY¯¶�W�v²CE[���MGJ�LNM�[\J'H�S�W�LELEFIJIHlLEW�L¶�JILRH|QRDKFIJIH xr

> JIL®¶�J�[±^ 	 [Z^�v²F�MKuRWiSEJlHIU ^�CECR^�DKJILNMKJK8�QELEJlv²F�MGuEW�S�J©SEJnX�WiW�MGH|MKDÃ^�C®CR^�DÃ^�v²F�MKDGYZxNQEJ�¶�W�LRSEYÁMGY\W�LELEJ�[ @ º½ L@JIH|MKYZvw^tMGJ�QED>LR^�MKQEDGJ�[qSEJ Iobs(θ̂|yn) JIH|M

Îobs,M (θ̂|yn) = −


 1

M

M∑

i=1

∂2lc

(
θ;xr, z

(i)
n−r

)

∂θ∂θ′
+

1

M

M∑

i=1

∂lc

(
θ;xr, z

(i)
n−r

)

∂θ

∂lc

(
θ;xr, z

(i)
n−r

)

∂θ′




θ=θ̂

> �Eº · @
W�� lc(θ;xn) JIH|M�[Z^µ[ZW�]�Ç5OiDÃ^�Y±H|JIv�XE[±^�LR¶�J�¶�W�v²CE['��MKJTSVU QEL@FI¶Ãu ^�LNMKYZ[\[ZW�L � 	 � 	 � 	 xn

HKJ�[ZW�L M(θ) º
p J�]�DKWNHq^ Ot^�LNMG^�]�J�S�Jn¶�J�MKMKJ�v²F�MGuEW�S�J�J'HoM�SVU ��MKDGJ�v²W�YZLRH�¶�W���MGJ�QRHKJ�xNQEJ�[ZJ�X�WiW�MÃHoMGDG^�C�C ^�DÃ^�v²F�MGDKY±xNQEJ�¶�JILRH|QRDKF º¼ [Z[\JPY\LNMGDKW�S�QEY\Mµ¶�J�C�J�LRSR^�LNMµQRLEJ�S�Y54 ¶�QE[\MKF@xNQEYlJIH|MµSVU ^�HGHKQEDKJID®S�J'H�DGJI¶�W�LRH|MKY\MKQEMKYZW�LRHµSVU FI¶ÃuR^�L�MGY\[Z[ZW�L�HKJ�[ZW�L�QELRJ

JIH|MKYZvw^tMKYZW�L θ̂ J�L#H|YZv�QE[±^�LNMe^�Q�Ç S�JIHGHKQRH�S�Jµ[±^£¶�JILRHKQEDKJ º p J�DGJo¸oJ�MeSVU QEL�MKJ�[�MGY\DÃ^�]�JTC JIQ�M ��MKDGJ�C ^�DKMKY±¶�QE[ZY'�IDKJIv²J�LNM[\W�LE] º À JnCE[ZQRH�	'H|YN[5U J'HoMGY\vw^tMGY\W�L θ̂ S�QTvw^ É YZv�QRv0S�JnOiDG^�YZHKJ�v®XE[Z^�LR¶�J�J'HoM¯v²^�QEOt^�Y±H|J�	 θ̂ LRJ�C�J�Q�M�CE[\Q H ��MKDGJ�H|W�[\QEMKYZW�LS�JIH�F'x�Q ^tMKYZW�L H�SEJµOiDÃ^�Y±H|JIv�XE[±^�L ¶�J
	�[±^�HKY\v²CE[ZY5[ ¶�^�MKYZW�LX> ��º · @�LqU JIH|M/CR^�HÈMKW�Qt¸oW�QRDGH�C�W�HGH|YZXE[ZJµJ�M Iobs(θ̂|xn) SEW�Y\M
��MGDKJeJIH|MKYZv²F�J/CR^�DB> k ^�H|MG^�LEYZJ�D 	V³I´�´ � @

Ĩobs,M (θ̂|yn) = Îobs(θ̂|yn) +
1

M2








M∑

i=1

∂lc

(
θ;xr, z

(i)
n−r

)

∂θ






M∑

i=1

∂lc

(
θ;xr, z

(i)
n−r

)

∂θ′




T




θ=θ̂

.

� L_C JIQ�M®^�Y\LRHKYnHIU ^tM|MGJ�LRSEDKJ�	qC W�QED®SEJIHTv²W�S��I[\J'H�S�W�L�M®[\J'H/FIxNQR^�MKYZW�LRH®S�J OiDG^�YZHKJ�v®XE[±^�LR¶�JµL�U W�L�M®CR^�HTSEJ£H|W�[\QEÇ
MKYZW�LRHÈJ É CE[ZY±¶�Y\MKJIH%> ¶�W�v²v²J Å J�YZXEQE[Z[�J�M B @*	�¶�J�M|MGJµ¶I^�DÃ^�¶�MKF�DGY±HoMGYZxNQEJT^�[\[±^�LNM�SEJ�CR^�Y\De^ O�J'¶/[ U ^�¶I¶�DGW�Y±HKHKJ�v²JIL�M�SEJ®[±^
S�YZvµJILRHKY\W�L SEJ θ 	�8@DGJ�LR¶�W�LNMKDGJ�D/S�J'HTS�Y54w¶�QE[\MKFIH�SE^�LRHe[5U Q�MKYZ[\Y±HG^tMKYZW�L_S�Jw[±^@v²F�MGuEW�S�J SVU m C 	¯^�X W�Q�MKY±HKHG^�LNM 8@S�JIH
JIH|MKYZvw^tMKYZW�L HlJ�DGDKW�LEF�J'H º
2 � � � �P����§n�e��>¡£¢¤� �P�>§n������¨T�P�P�>��� �P�¥� �o�T�P�T���w�q¯�¥�����P¡P�V�¢¤���>�
� Q H|Q�SqU QELRJµJ'HoMGY\vw^�MKYZW�L ĥyn

= h(θ̂(yn)) SVU QELEJ�� W�LR¶�MKYZW�L�SVU YZL�MGF�D���M h(θ) J�M/SVU QRLEJ®v²J'H|QEDGJ®SEJµHKW�L YZL�Ç¶�JID|MGYÁMGQRS�J
	�[ U ^�L ^�[Z¹iH|MKJ>YZLRS�Q HoMGDKYZJ�[~S�W�Y\Mq¸oQE]�J�D�HKYR[±^/v²F�MGuEW�S�J�QEMKYZ[\Y±H|FIJ�JIH|M�C�J�DKMKYZLEJ�LNMGJ º ¼ L CR^�D|MGYZ¶�QE[\YZJ�D 	�xNQEJI[ZxNQEJ'HY\L S�YZ¶I^tMGY\W�LRHlY\v²C�W�DKMG^�L�MGJIH>HKW�LNM � W�QEDGLEYZJIHlCR^�Dl[\J'H>]�DÃ^�LRSEJ�QEDÃHnHKQEYZOt^�LNMKJ'H �
• %'� ��� � � ���
��%|� �*�$ � ���� �*��� ����()#* !���*% � ĥYn

= h(θ̂(Yn)) �EYZ[VC JIQ�M ��MGDKJ�JIH|MKYZv²F�C ^�Dl[\JeXEY±^�Y±H>S�QPX WiW�MGH|MKDÃ^�CJIL£Q�MGY\[ZYZHG^�LNMl[Z^�� W�DGv�QR[\J%> ��º\; @n^�CRCE[\Y±xNQEF�J�8�[±^�� W�LR¶�MKYZW�L h(θ) 	�J�L�HKQRHlS�J'H©¶�W�DGDKJ'¶�MGY\W�LRH � W�QEDKLRY\J'H�JIL£DGF*� F�ÇDGJ�LR¶�JIH©^�Q § ��º ��º ��º :Rº � YV¶�J�XRYZ^�YZHnJIH|MnYZv²C W�D|MÃ^�LNMnOiY±HoÇ 8tÇcOiYZHnS�J�[±^TOt^�[ZJ�QRD©S�JÈ[ U JIH|MKYZv²F ĥyn

	�YZ[~Y\LRSEYZxNQEJ�x�QRJ
[ZJTvw^ É YZv�QEvgS�J/OiDG^�YZHKJ�v®XE[Z^�LR¶�J�	iJ�LPMG^�L�M�xNQqU JIH|MKYZvw^tMGJ�QED�C�W�L ¶�MKQRJ�[!	RC�J�YZLEJ 8²v²WiSEF�[ZYZHKJ�D�¶�W�DGDKJ'¶�MGJ�v²J�LNM
[ZJT¶�W�vµC�W�DKMKJIv²J�LNM�HoMÃ^tMKY±H|MKY±x�QRJeSEJIH�S�W�LELEFIJIH º

Y � ��/���)*�
G3-!X -�)*����[(��)*0#��)7/.�,��� /�/.?4���	/.-*�����.24���4)E/�� >#GE-*���9X �4��/MR ��� /M�SX ?42�U*� 0*�4�
0�� �624-*� /.?4�F0!X �4��/���5W�	/�����)10*- [*�+�����&8��4) �*����/���24-*�����4�
'��456�*��/.�4�48 � ������0�� HF-*[*��) ��$&%���� ��8 � �4)*=�� H
-*[���) ��$&%�%�$ ��8����4)*)*����2�U	�
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��$&%�%�� � �� �@0�?4/��42/.����)W0*-<[��+�������4��/K���F�.- ���/�0*�F)*��5\[*���&-3O /��.�4D���-�O624��565W��)*0�?&� �#��� ���4������=7��)*���.56�4�K>�O*��)7/C���4� ��V4=����4�C)#�	/�����)#�����4�
�/
��)E/��4��)*�	/.����)#�����4�@0������*���/.?�� D7�������#���F�O3�&56������H
�E0*����)*�&D "������ �� 
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k J�M|MGJ®J'HoMGY\vw^�MKYZW�L S�Q#XEYZ^�YZH�Ot^�DGY\J�SEW�LR¶®H|JI[\W�L [\J�Mo¹iC JµS�J�X�WiW�MGH|MKDÃ^�C�QEMKYZ[\Y±H|F º p JIHÈ^�CECR[\Y±¶�^�MKYZW�LRH�LNQRvµF�ÇDKY±xNQEJIH�vµW�LNMKDGJ�DGW�LNM®xNQEJ [ZJ£X�WiW�MGH|MKDÃ^�C8¶�J�L H|QEDGF CEDGW�C�W�HKF£^�QECR^�DÃ^ Ot^�LNMS> ^ O�JI¶ HKY\v®QE[±^tMKYZW�L_YZLNMKFI]�DÃ^�[ZJ£S�J
[Z^w¶�J�LRHKQEDGJ�@nW � DKJ/QRLEJ/JIH|MKYZvw^tMKYZW�L@S�Q�XEY±^�Y±Hl]�FILEF�DÃ^�[ZJ�v²JIL�M�HKQEC�F�DGY\JIQEDKJ'> J�L@Ot^�[ZJ�QED�^�XRHKW�[ZQEJ�@©^�Q@X�WiW�MGH|Ç
MKDÃ^�C S�JµMo¹NC�J m 	q¶�[±^�HGH|Y±xNQEJ�v²JIL�MeQ�MGY\[ZYZHKF º � Y�[ U W�L C�J�Q�MTHKC F'¶�Y5[RJ�D/[ZJ²CEDKW�¶�JIHGH|QRHeS�Jw¶�J�LRHKQEDGJ
	~Y\[�J'HoMTS�W�LR¶Y\LNMKFIDKJ'HKHG^�LNMeSVU QEMKYZ[\Y±H|JIDe[\JµX WiW�MGH|MKDÃ^�C�¶�J�LRHKQEDGF�C�W�QED/S�F�MKJI¶�MKJID�[±^£HKQEDGJIH|MKYZvw^tMKYZW�L�W�Q�[±^PH|W�QRHoÇcJIH|MKYZvw^tMGY\W�L
H|¹�H|MKF�vw^�MKY±x�QRJPSVU QELEJ�v²F�MKuEW�S�J@OiYZH|Ç 8tÇcONY±HµSVU QRL7Mo¹iC�J@SqU F'¶ÃuR^�LNMKYZ[Z[\W�L8S�W�LELEF º p J@X WiW�MÃHoMGDG^�C8S�JPMo¹iC�J m^�CECR^�DG^ �ZM©¶�W�v²v²J�QEL£¶ÃuEW�Y É ¶�W�LRHKJ�DGO ^�MKY'�qC W�QED©[ U JIH|MKYZvw^tMKYZW�L�S�JIH©CR^�DG^�v ��MKDGJIH�SEJ � W�DKv²JÈSR^�LRHnQELEJ�F�MGQRS�J
[ ^�XEYZ[ZYZH|MKJ���JIL�J � J�M 	E¶�J�Q É Ç ¶�YVH|W�LNM©JIL�]�F�LEFIDG^�[~HKQEDGJIH|MKYZv²FIH 	i¶�J�xNQEYVYZv²CE[ZYZxNQEJeQELEJ/HKW�QRH|ÇcJIH|MKYZv²^�MKYZW�LPS�JÈ[±^
S�QEDGF�JwS�J²OiY\JwSVU QEL ¶�W�v²C�W�HG^�LNM º À U QRL C�W�YZLNM�S�J²OiQEJ%[ ^�XEYZ[ZYZH|MKJ�	VQEL�MGJ�[�DGFIHKQE[\MG^tM/LqU JIH|M/CR^�H � W�DG¶�F�v²J�LNM
DKF'S�uEYZXEYÁMGW�YZDKJ º

• %'���)�"� 	 � � �  �� �
�*� � (� �*� � ��% %�������� #$�&( � �&(�#$� ���� ����� �
��%|� �*�$ � ���� �*��� �EQELRJ � W�DKMKJTS�YZO�J�DG]�JILR¶�J?> JIL@CR^�DKMKY\Ç
¶�QE[ZY\JID�^ O�JI¶�[\J'H�YZLNMKJ�DGOt^�[Z[\J'H�MGuEF�W�DKY±xNQEJIH 	 HIU Y\[±H�J É YZH|MKJILNMA@�Y\LRSEYZxNQEJ®[Z^ � ^�YZXE[ZJ�DGJ�CEDGW�S�QR¶�MGY\XRY\[ZYÁMGFµSEJµ¶�J�CE[±^�L
SVU F'¶ÃuR^�LNMGY\[Z[\W�LELR^�]�J º

• [\J � ��#* �*��� ��� �*���"����� S�J�[Z^ S�Y±H|MKDGY\XEQEMKYZW�L�SVU FI¶ÃuR^�L�MGY\[Z[ZW�LELR^�]�J@^�Q�MGW�QEDwS�J�[5U JIH|MKYZvµF ˆh(θ)yn

º p J � ��#* �*���
�q� �����"�*��� ρ JIH|MTQEL_W�Q�MGY\[�MKD��IHTHKY\v²CE[ZJ
	�¶�W�QEDG^�v²vµJILNMeQEMKYZ[\Y±H|F C ^�D/[ZJIHTYZLRS�Q HoMGDKYZJ�[±H/C�W�QED�¶I^�DÃ^�¶�MKF�DGY±H|JIDÈ[±^CEDKF'¶�Y±H|YZW�L#S�J®¶�J�M|MGJ®v²F�MKuEW�S�J²SVU JIH|MKYZv²^�MKYZW�L º Â YZJ�L#xNQEJ®CE[ZQRH|YZJ�QRDGH�S�F [ LEYÁMGY\W�LRH�J É Y±HoMGJ�LNM%> p ^�LRLEWt¹ ³I´�´ ; 	CR^�]�JIH Z�; Ç ZN� 	 Â W�LELRJ�OiYZ^�[\[ZJ Ì Â YZ[\[Z¹ ������· @*	�[±^ DGF�]�[\JIvµJILNMG^tMGY\W�L�SVU ¼�À Ê S�JIH®F�MGQRS�JIHµCEDGW�X ^�XEYZ[\Y±H|MKJIH®S�JH �EDGJ�MGF'> ¼�hn� @>CEDGFI¶�W�LEY±H|JeSVU Q�MKYZ[ZYZHKJ�D>[±^ � W�DGv�QE[ZJ � �
#� �������q� �����"����� HKQED h(θ) ¶�W�v²v²J

ρ(h) =

√

max

(
q50%
q5%

,
q95%
q50%

) > ��º � @
W�� qα J'HoMÈ[\JTxNQR^�L�MGY\[ZJTSVU W�DÃS�DGJ α S�JT[±^wS�Y±HoMGDKYZXEQ�MGY\W�L@SqU F'¶ÃuR^�LNMKYZ[Z[\W�LELR^�]�J�� º r ^�¶�Y\MKJ�v²JIL�M 	R[ZJIH>YZLE]�F�LEYZJ�QEDÃH��Ì/À SVU ¼�À Ê ¶�W�LRHKYZS ��DGJ�LNMlxNQqU QELEJ/J'HoMGY\vw^�MKYZW�L@S�J h(θ) JIH|M>MKDGW�CPY\v²CEDGFI¶�YZHKJ/H|Y ρ(h) ≥ 3 º
k J�C�J�LRSE^�LNM 	�¶�J � ^�¶�MGJ�QED©JIH|M � W�LRS�FÈW�DGY\]�Y\LEJI[\[ZJ�v²JIL�MlH|QRD�[±^Tvw^�LEYZCEQE[±^tMGY\W�L£S�JeS�Y±HoMGDKYZXEQ�MGY\W�LRHnHK¹iv²F�MKDGY±x�QRJIH
> J�MnYZS�F'^�[ZJ�v²J�LNM�]N^�QRHGHKY\JILELEJIHA@ º � YRLEW�QRH¤MGJ�LNMKW�LRH�S�J�[5U ^�CECE[ZY±x�QRJ�DE8/L�U YZv²C W�D|MGJ�xNQEJ�[�Mo¹iC�J�S�J�SEYZH|MKDGY\XRQ�MKYZW�L
x�QRJ�[±x�QRJ�C�J�Q�S�Y±HGH|¹iv²F�MGDKY±xNQEJ/Ç©¶�J®xNQEY�JIH|MÈCR^�D � ^�YÁMGJ�v²J�LNMÈHKQRHG¶�JIC�MKYZXE[ZJ�S�J®HKJ�CRDKW�S�QEYZDGJT[\W�DGHGxNQEJ/[±^ � W�LR¶�Ç
MKYZW�L#SqU YZLNMKF�D���M h(θ) JIH|M�LEW�L�[ZY\LRFI^�YZDGJ
	~¶�W�LNMGDG^�¶�MG^�LNMKJTW�Q#^£SEJIH�CEDGW�CEDGY\F�MKF'H�S�J²S�YZ[Z^�MG^tMGY\W�L�Ç�¶�J�M|MKJµD���]�[ZJJ�v²CEYZDKY±xNQEJ�C ^�DÃ^��±M�� DÃ^�]�Y\[ZJ º � CED��IH²S�J'H²S�YZHG¶�Q HKHKY\W�LRH²^ O�J'¶ [ZJIHµY\LR]�F�LRY\JIQEDGHµSVU ¼�À Ê 	�LEW�QRH²^ O�W�LRH®DKJ�MKJILNQ¶�W�v²v²JPD"�I]�[ZJPSVU ^�SEvµJ�M|MGDKJ@xNQEJ�[±^#vµF�MKuEW�S�J�SVU JIH|MKYZvw^tMGY\W�L7JIH|M ^�¶I¶�J�CEMG^�XR[\JPH|Y ρ(h) ≥ 2.5 º � YZLRHKY 	�¶�J
� ^�¶�MGJ�QEDeC�J�DGv²J�M/S�J®LRJ²¶�W�LRHKY±S�F�DGJ�D�x�QRJµS�J'HeS�YZH|MKDGYZXEQ�MKYZW�L HÈDÃ^�Y±HKW�LELR^�XE[ZJ�v²J�LNM�F'x�QRY\[ZY\XRDKFIJIH 	~^�Q É xNQEJ�QEJ'H
[\FI]
��DGJIH º m [�^�]�YÁM�¶�W�v²v²J�QRL@SEF�MKJ'¶�MGJ�QED�SEJ #$�&(�#$�*(� ���� � ��( S�Je[5U J'HoMGY\vw^tMGY\W�L º
À ^�LRH¤[Z^�HKQEYÁMGJ>S�J>¶�JnMKDÃ^ O ^�Y\[!	 [\Jl¶�^�[Z¶�QE[ES�Jl¶�J � ^�¶�MKJIQED�SVU JIDKDGJ�QRD�J'HoM¤DGFIHKJ�DGO�Fn^�Q É S�JIQ É CEDGJ�v²YZJ�DÃH�v²W�v²JIL�MÃH
S�J>[Z^eOt^�DKY±^�XE[ZJ>^�[ZFI^�MKW�YZDGJ X DGJ�CEDGFIHKJ�LNMG^�LNM�[±^/S�QEDGF�J�S�J>OiYZJ º m [±H�¶�W�LRH|MKY\MKQEJ�SEW�LR¶lQELwHG¶�W�DKJlC�J�DGvµJ�M|MÃ^�LNM�S�J¸oQE]�JIDnHKY [ZJIHnDKFIC JIDG¶�QRHGH|YZW�LRH�S�J�[5U JIDKDGJ�QRD�SVU JIH|MKYZv²^�MKYZW�L£SEJ θ HKW�LNM©^�¶�¶�J�C�MÃ^�XE[ZJIH�W�QwLEW�L C W�QED�[5U JIH|MKYZv²^�MKYZW�LS�J ¼ [X ] J�M�S�JB=�^�D [X ] º

�7BC�/�/.��0*?>#)*� /�����) �4��/�0���)*2,���*�*����2&��[*����0#��)*�
-*)12&��)7/��4OE/�� ��-�/.��)7/�R ��?4GE-*�4)E/�����/���G3-*��[*���7?4�.���4)! 
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2 ��� � «P«@����§©�e¯��¨T�P�g�µ¡@ª �l¢¤��2²¡��>�
k JIH>^�CRCE[\Y±¶�^�MKYZW�LRH©LiQEv²F�DGY±x�QRJIH©W�LNMlC W�QED>XEQ�M�SVU Y\[Z[ZQRHoMGDKJID 	 8�MKDÃ^ O�JIDGHn[ZJÈMGDG^�YÁMGJ�v²J�LNM>SVU FI¶ÃuR^�L�MGY\[Z[ZW�LRHlS�J/S�Q�Ç

DKFIJIH®S�J OiY\J£Mo¹iCEYZxNQEJ'H�S�J'H�F�MKQRSEJIH ¼nÀ Ê 	¤[Z^�v²F�MKuRWiSEW�[ZW�]�YZJwCEDGFIHKJ�LNMKFIJwMKW�Q�Mµ^�Q_[\W�LE]�S�JP¶�J£¶Ãu ^�CEY\MKDGJ
	¯J�MµSEJv²W�LNMKDGJ�DT[5U Y\LRHKQ.4 HG^�LR¶�J�S�J'HTv²F�MGuEW�S�JIH�� DKF'xNQEJ�LNMKY±H|MKJIHµSVU JIH|MKYZvw^tMKYZW�L º h W�QED²¶ÃuR^�x�QRJ FI¶ÃuR^�LNMKYZ[\[ZW�L 	¯LEW�Q H�¶�W�vµÇCR^�DGW�L HÈCR[\QRHKYZJ�QEDÃH�vµF�MKuEW�S�J'HTSVU JIH|MKYZvw^tMKYZW�L S�J'HeCR^�DÃ^�v ��MGDKJ'H�	VS�J'HeY\LNMGJ�DGO ^�[\[ZJIHeS�Jw¶�W�L.[ ^�LR¶�J²J�M/SqU J'HoMGY\vw^tMGY\W�L
S�Q7XRYZ^�YZH º�s F�MKuRWiSEW�[ZW�]�Y±xNQEJ�v²JIL�M®CR^�DG[Z^�LNM 	�[ZJIH®YZL�� W�DGvw^tMKYZW�L H®xNQEY©J�L8F�vw^�LEJILNMµHKW�LNMµS�J'H�W�Q�MKYZ[±H®SVU ^�Y±S�J 8 [±^
S�FI¶�YZHKYZW�L 	�C JIDKv²J�M|MG^�LNMµS�JPOt^�[ZYZS�JID®W�Q7S�J�DKJ|¸oJ�MKJID®[5U J�v²CE[ZW�YlS�JP¶�JIH®v²F�MKuRWiSEJIHµSVU J'HoMGY\vw^�MKYZW�L8SR^�LRH®QEL7¶I^�S�DGJ
Y\L S�QRH|MKDGY\JI[ º
G"4��"4�3 � ���� <CAED�� DEz|}BA 8&<�� 8�}BA&A  <�� <?D <�� DEz�� � DEzo}BAÈ� 8;<�� @�� �E� � :?D ��<��
p JIH®S�W�LRLEF�J'HTQ�MGY\[ZYZHKF�J'H�SE^�LRH/MGW�Q�MGJ£¶�J�M|MGJ£CR^�D|MGY\J HKW�LNM�Y±HKHKQEJ'H�S�J£HKYZv�QE[±^tMGY\W�LRH/CEDGFIHKJ�LNMKFIJIH®SE^�LRH Â YZ[Z[\¹ �* 

��%�	 > �����7: @ º ¼�É J�v²CE[ZJIHnMo¹iCEY±x�QRJIH©SVU F'¶ÃuR^�LNMGY\[Z[\W�LRHnY\LRSEQRHoMGDKYZJ�[±H 	�� W�D|MGJ�v²J�LNM>¶�JILRH|QRDKF'H�J�MlS�J�� ^�YZXE[ZJ�MÃ^�YZ[\[ZJ
	iYZ[ZH©O�W�LNMC JIDKv²J�M|MKDGJTSVU ^�CECR[\Y±xNQEJ�D>[ZJIHlv²F�MGuEW�S�JIH�S�J/vw^ É Y\v²Y±HK^�MKYZW�L@S�J/[±^®OiDÃ^�Y±H|JIv�XE[±^�L ¶�J�C W�QED�[5U J'HoMGY\vw^tMGY\W�LPSEJIH>CR^�DG^�Ç
v ��MKDGJIH�J�M�S�J²[\JIQED/Y\L ¶�J�DKMKY\MKQ S�J
	VJ�M�SVU JIL SEFIS�QEYZDGJµQRL#O�J�DÃS�YZ¶�MTH|QEDe[±^PO ^�[\Y±S�Y\MKFwS�Jw[ZJ�QEDeJIvµCR[\W�Y º m [±HeY\[Z[ZQRHoMGDKJILNMQELEJTS�FIvw^�DÃ¶ÃuEJÈ]�F�LEFIDG^�[\JeS�JeMGJIH|M�H|QED>QRL�]�DG^�LRS£LRW�v�XRDKJ/SVU FI¶ÃuR^�LNMKYZ[\[ZW�LRHlHKY\v²YZ[Z^�Y\DGJIH º
� LPCRDKF'H|JIL�MGJÈFI]�^�[\JIvµJILNMl[5U JIH|MKYZv²^�MKYZW�L�S�QPvw^ É Y\v®QEv SEJ/ONDÃ^�Y±HKJ�v�XR[Z^�LR¶�J%> LEW�MKF�J ¼ s =�@>SEJIHlCR^�DG^�v ��MKDGJIH ºp U ¼ s = L�U J'HoM�J É CE[\Y±¶�Y\MKJ®x�QRJ/C W�QED�[ZJTv²WiS ��[ZJ/J É C W�LEJ�LNMGY\JI[P� ^�Q�MKDGJ�v²JIL�M�JI[\[ZJ/JIH|MÈ¶I^�[±¶�QE[ZF�J/CR^�D ¿�� > ¿ J��lMGW�L�Ç� ^�CRuRH|W�L/@�W�Q�CR^�D �i¼ s_º p U J'HoMGY\vw^tMGY\W�L8xNQEYlvw^ É YZvµY±HKJ %'� � �"� � �*��� �*%'�&(�#$� ��������� � �$� J'HoM²v²YZHKJ@J�L7]�DG^�H º � LLEJ � W�QEDKLRY\DÃ^ CR^�H YZ¶�Y�S�J'HwDGFIHKQE[ÁMÃ^tMÃH£SVU JIH|MKYZvw^tMKYZW�L HKQED QRL W�Q1CE[ZQRHKY\JIQEDGHT¸oJ�Q É S�Q v²W�S��I[\J�SEJ�¶�W�vµC�F�MGYÁMGY\W�L

B(η0, η1, β) º ½ LEJ�F�MKQ S�J�¶�W�v²CR^�DÃ^tMGY\O�J�CRDKF'H|JIL�MGF�J/SE^�LRH Â J�DKMKuRW�[ZW�L �* ��%�	 > ������· @©^wv²W�L�MGDKFe[±^ � W�DKMKJTHKJ�L H|YZXEY\Ç[\Y\MKFTSEJe¶�J/v²WiS ��[ZJ98²[±^²¶�JILRH|QRDKJeJ�M�^�Q É � ^�Y\XE[ZJIH©MÃ^�YZ[\[ZJIH>SqU F'¶ÃuR^�LNMKYZ[Z[\W�L º
p J MÃ^�XE[ZJI^�Q ��º 6 CEDGFIHKJ�LNMKJ£MKW�Q�MµSVU ^�X�W�DÃS [ZJIH>¸oJIQ É � ��� � � J�M � ����� � 	¤¶�J�LRHKQEDGFIHR8�S�DGW�Y\MKJ£SEJ MG^�Y\[Z[ZJ�³ �Rº k J'HS�W�LRLEF�J'H�H|W�LNMÈH|YZv�QR[\FIJIH�HKJ�[ZW�L�QELRJT[\W�Y�J É C�W�LRJ�LNMKYZJ�[Z[\J®S�JTCR^�DG^�v ��MKDGJ ηo = 8760 > uEJ�QEDGJIH 	 HKW�Y\M�³�^�L�S�J � W�LR¶�Ç

MKYZW�LELRJ�v²J�LNMA@ º p JIQEDGH ¼ s =�	tCEDGFIHKJ�LNMKFIJIH�SE^�LRH�[ZJ�MÃ^�XE[ZJI^�Q �Eº : 	IMGD"�'H�FI[\W�Y\]�LEF�J'H�vw^�[\]�DKFn[\JIQED�S�Y � F�DGJ�L ¶�J©vµYZLEYZvw^�[ZJJ�L C W�QEDÃ¶�J�LNMÃ^�]�J²S�Jw¶�JILRHKQEDKJ�	~Y\[Z[\Q HoMGDKJIL�M 8@xNQEJ�[�C�W�YZLNM/QELEJwJIH|MKYZvw^tMGY\W�L � DGFIxNQEJ�LNMGYZH|MKJ'8PCR^�DKMKYZD/SVU FI¶ÃuR^�L�MGY\[Z[ZW�L
S�J � ^�YZXE[ZJeMG^�YZ[Z[\J/C�J�Q�M�¹ ��MKDGJTHKJ�LRHKY\XR[\J º
p J®MG^�XR[\J'^�Q ��º 6 CRDKF'H|JIL�MGJ�^�Q HKHKY¯[ZJIH�¸oJ�Q É � 	 ��� J�M � 	 ��� 	q¶�J�LRHKQEDGFIH 8�S�DGW�Y\MKJ®SEJTMG^�Y\[Z[ZJ�³ � F�]N^�[ZJ�v²J�LNM º m [ZHH|W�LNM®Y±HKHKQRH²SVU QELEJ@[\W�Y>S�J Å J�YZXEQE[Z[�S�J@CR^�DG^�v ��MKDGJIH η0 = 8760 uEJIQEDGJIH >o³@^�L/@�J�M β0 = 2.15 º p J�QEDÃH ¼ s =

H|W�LNMTF�]�^�[\JIv²J�LNMTCEDGFIHKJ�LNMKF'HTSE^�L H/[\J MG^�XR[\J'^�Q ��º :Rº � Y�[5U ¼ s = S�J η DGJIH|MKJ£H|MG^�XE[ZJ
	�¶�J�[Z[\J£SEJ β Ot^�DGY\J S�J�� ^�Ë�W�L
Y\v²C�W�DKMG^�L�MGJ º � J�vw^�DÃxNQEW�L H�xNQEJT[5U J'HoMGY\vw^tMGY\W�L �i¼ s 	�HKY�JI[\[ZJ�C�J�Q�MeH|JIv�XE[ZJ�DÈv²J�YZ[\[ZJ�QEDGJTC�W�QEDÈ[\J�¸oJ�Q B2125 	ELEJC JIQ�M�CR^�H ��MKDGJeDKJ�MKJILNQRJe¶I^�D>[±^µONDÃ^�Y±HKJ�v�XR[Z^�LR¶�J�W�XRHKJ�DGO�FIJ�xNQqU J�[Z[ZJ�YZLRS�QRYÁM�LqU JIH|M�CR^�Hl[Z^µCE[ZQRH>uR^�Q�MKJ º
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� � � � ��º 6 � Æ J�Q É S�JTS�W�LELEF�J'HlJ É C�W�LEJIL�MGY\JI[VJ�M�S�J Å J�YZXEQE[Z[ º
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�� ��� ���!�����%" � ���%��� η̂ML =
�)GM�6�`P

�����%��� η̂ML =
BM�)[6�

� �����%� "�" � ����� η̂NR =
#L[6#�g��

β̂NR =
�$� B@P

η̂SEM =
_	O�c2c�>

β̂SEM =
C ` ��c

� ����� η̂NR =
# g@N$���

β̂NR =
�$� ��

η̂SEM =
Of��_ C >

β̂SEM =
�I` ]�]

� � � � �Eº : � ¼ s = S�J'H¤¸oJ�Q É S�JTS�W�LELEFIJIH > ¿�����¿ J��lMKW�L�Ç � ^�CEu H|W�L/@ º ¼ L�]�DG^�HlJIH|M�CE[±^�¶�FIJ/[ U JIH|MKYZvw^tMGY\W�LPvw^ É Y\Çv²Y±HK^�L�M>[±^µONDÃ^�Y±HKJ�v�XR[Z^�LR¶�J�W�XRHKJ�DGO�FIJ º

m [ � ^�Q�M/¶�JIC JILRSE^�L�MeDGJ�vw^�DÃxNQEJ�D�x�QRJ�[ZJIHÈMKJIvµC H�SEJµ¶�J�LRHKQEDGJIH�CRDKW�C WNH|F'H�	~SE^�L H�MGW�QRH�[ZJIHÈFI¶ÃuR^�L�MGY\[Z[ZW�LRH 	�HKW�LNM
HKYÁMGQEFIHnXEYZJ�LP^�Q�Ç S�J�[ 8TS�J'H©CE[\Q H�uR^�Q�MKJ'H�Ot^�[\JIQEDGH©S�JÈMKJIvµC HnS�JeS�F�� ^�YZ[\[±^�LR¶�J��i^�YZLRH|Y!	N[\J�OiY\JIY\[Z[\Y±HGH|JIvµJILNM©S�Q£HK¹�HoM���v²J
v²J�L ^�¶�J/SVU ��MGDKJ/W�¶I¶�QE[\MKFS> [ U JIH|MKYZvw^tMKYZW�L�S�J β MGJ�LRS@S�W�LR¶eLR^�MKQEDGJ�[Z[\JIv²J�LNM�O�JIDGH�³/C�W�QED�[ZJ/v²W�S���[ZJTS�J Å J�YZXEQE[Z[ @ ºp ^�H|MKDÃ^tMKFI]�YZJ�S�JeH|YZv�QR[Z^�MKYZW�L£S�Je¶�J'H�F'¶ÃuR^�LNMGY\[Z[\W�LRH©S�J ��¼�¾ DKJ'H|C�JI¶�MKJ�C�J�Q�[Z^µS�FIv²^�DG¶ÃuRJ�xNQR^�[ZYÁMÃ^tMGY\O�J�DGF�J�[Z[ZJÈxNQEJ
LEW�QRH©^ O�W�L H�CEDGFIHKJ�LNMGFÈ^�Q § ³ º � 	ix�QRYq¶�W�L H|Y±HoMGJ 8 � FI[Z^�]�QEJID � [ZJIHlS�W�LELEF�J'HlS�J �>¼�¾ J�LP¶ÃuEJ�DÃ¶ÃuR^�LNM 8�C�J�DÃ¶�JIO�W�YZD�[±^C�J�DKMKYZLEJ�L ¶�J²S�Jw¶ÃuR^�¶�QELEJ²SVU JILNMKDGJ®JI[\[ZJIH º p JµXEQ�MTJIH|MeYZ¶�Y�S�J�MGJIH|MKJID/[Z^PH|JILRHKY\XEYZ[ZYÁMGFµS�J'Hev²F�MKuRWiSEJIHeSVU JIH|MKYZv²^�MKYZW�LHKQED�S�J'H>S�W�LELRF�JIH>SEW�LNM>W�L@Y\]�LEW�DGJeS�F�[ZY\X�F�DGF�v²JIL�M�[ZJ/¶�W�L�MGJ É MKJ/SVU F�MGQRS�JS>F[ ^�XEYZ[ZYZH|MKJ/W�QPS�QRDG^�XEY\[ZY±HoMGJ�@ º
G"4 �"4,G � @&@È�Kz|{~� DEzo}BA �L � }98&:��F<=<?>9@/}BA;<CAEDEzF<¯�
� L®SEFI¶�Y±S�JnMKW�Q�M�SVU ^�X W�DGS�S�J©¶I^�[±¶�QE[ZJ�D�[ZJIH�Y\LNMGJ�DGO ^�[\[ZJIH�S�J>¶�W�L.[ ^�LR¶�J�MKuEFIW�DGYZxNQEJ'H¯S�W�LELEF'H¯C ^�D�[\J'H¯J É CEDKJ'HKHKYZW�LRH

> ��º ³�@�J�M > �Eº � @nSEJ�[5U ¼ s = S�J'H�¸oJIQ É � ����� � J�M � ����� � > MG^�XE[\J'^�Q ��º 6 @ º k J�� ^�Y±HG^�LNM 	�W�L�¶�W�LRHKYZS��IDKJeS�W�LR¶�[±^²¶�JILRH|QRDKJ¶�W�v²v²J£S�J Mo¹iC�J m W�Q�S�J Mo¹iC�J m|m º h ^�DÃ^�[Z['�I[\JIv²J�LNM 	¯W�L_CEDGW�C�W�HKJ [5U Q�MGY\[ZY±HK^�MKYZW�L�SVU QEL7X�WiW�MÃHoMGDG^�C MKDÃ^�S�Y\MKYZW�LELRJ�[S�J�Mo¹iC�J m > W��@[Z^²¶�JILRHKQEDKJ�X�WNW�MGH|MKDÃ^�CEC�F�JeJ'HoM�[±^µvµWt¹�J�LELRJ�S�J'H>¶�JILRH|QRDKJ'H>S�Je[ U FI¶ÃuR^�LNMKYZ[\[ZW�LPY\LRYÁMGYZ^�[ @ º À J/v �IvµJ�	W�L#CEDGFIHKJ�LNMGJµ[ZJIHeDGFIHKQE[\MG^�MGH/S�Jw[±^PvµF�MKuEW�S�J SqU m C º ¼ L.[RL 	¯W�L ¶�W�vµC ^�DGJ²¶�JIHeDGFIHKQE[\MG^tMÃHB8@¶�J�Q É xNQEJ²CEDGWiSEQEYÁMT[ZJ
X�WiW�MGH|MKDÃ^�C/¶�J�LRHKQEDGF > W�C�MKYZv²YZH|MKJnJ�M�C�JIHGH|YZv²YZH|MKJ�	IO�W�YZD § �Eº 6Rº �Eº 6 @ º k J'Hqv²F�MGuEW�S�JIH�S�J�X�WiW�MGH|MKDÃ^�C/C�J�DGv²J�MKMKJ�LNM¤SVU W�X�ÇMGJ�LEYZD¤[ U FI¶I^�DKM|Ç5Mo¹NC�J σ̂M

H|QRD η̂ML
CEQEY±H�[\J'H¯YZLNMKJIDKOt^�[Z[ZJIH�S�J©¶�W�L.[�^�LR¶�J©HKJ�[ZW�LT[ZJIH�CEDGW�¶�F'S�QEDGJIH�S�FI¶�DKY\MKJ'H�^�Q § ��º 6Eº ��º ³ º

p J£MG^�XE[\J'^�Q �Eº · CRDKF'H|JIL�MGJw[\J'H�YZLNMKJIDKOt^�[Z[ZJIH�SEJ£¶�W�L.[ ^�L ¶�J W�X�MKJILNQ HTC�W�QEDµ[ U ¼ s = η̂ML = ³ 6 ³�³ : SE^�LRHT[ZJ¶I^�H�SEQ�¸oJ�Q � ����� ��º k J�Q É Ç ¶�YlH|W�L�M®CEDKF'H|JILNMKFIH®S�J�� ^�Ë�W�L_CE[\Q H�[ZYZHKYZXE[\JPH|QRD®[±^O[R]�QEDGJ ��º\;�º � QED²¶�J�MKMKJ [R]�QEDGJ
	¯[\J'H
YZLNMKJ�DGOt^�[Z[\J'HlS�J/¶�W�L [ ^�LR¶�J�¶�W�LRH|MKDGQEY\MGHlSVU ^�CED��IH©[ZJIH � DÃ^�¶�MKYZ[\J'HnX�WiW�MÃHoMGDG^�C£LEJ/HKW�LNM>CR^�HlS�FIXEYZ^�YZHKFIH º h ^�DÃ^�[Z['�I[\JIvµJILNM 	[ZJ>¸oJ�Q � ����� � JIH|M�MKDÃ^�Y\MKFTHKQEDÈ[Z^%[R]�QEDGJ ��º ·Eº p J/CE[±^�L SVU FI¶ÃuR^�LNMKYZ[\[ZW�LEL ^�]�J/S�J � ��� � � S�Y � �IDKJTMKD��IH�C�J�Q SEJ�¶�JI[\QEY�S�J
� ����� �Ãº � JIQE[ZJÈQELRJ�Ot^�[ZJ�QEDlS�J�S�F*� ^�Y\[Z[Z^�LR¶�JÈDKFIJ�[Z[\JÈDKJIv²CE[Z^�¶�J�QRLEJ�¶�J�LRHKQEDGJ
	N^�[ZW�DÃH�xNQEJ�[±^�HKW�v²v²JÈSEJIH�MKJ�v²CRH©DGJIH|MKJHKJ�v®XE[Z^�XE[ZJTSE^�LRH�[\J'HÈSEJ�Q É ¶�^�H º ½ LEJ®DG^�CEYZSEJT¶�W�v²CR^�DG^�YZHKW�LPJ�LNMGDKJT[ZJIHÈS�J�Q É [ ]�QEDGJIH>C�J�DGv²J�MeS�J�LEW�MKJID�[Z^�� W�DKMKJ
HKJ�LRHKYZXEY\[ZY\MKFwS�JIHTDKF'H|QE[\MG^�MGHB8P[5U ^�¸oW�Q�M�SVU QELEJwOt^�[\JIQEDTS�J ¶�JILRHKQEDKJO> ¶�J xNQEYV¸oQRH|MKY5[RJw[±^PCEDKF'¶�^�Q�MKYZW�L S�Q_¶ÃuEW�Y É S�J'H
S�W�LELEFIJIHA@ º
� � � � ���
� %K� ���� � � �& � �&( 	 p U ¼ s = JIH|MÈXRYZ^�YZHKF�J®ONY±H|ÇM8�Ç5OiY±H�S�Jµ[Z^£OiDG^�Y\JTOt^�[\JIQED ηo

	�J�L#[Z^�H|QEDGJIH|MKYZvw^�LNM�SEJ�� ^�Ë�W�L
YZv²C W�D|MÃ^�LNMKJ²SE^�L HÈ[ZJw¶�^�H�SEQ£¸oJIQ � ����� �µ� W�L#^ η̂ML − ηo = 4354 º k J�� W�D|M/S�F'¶�^�[±^�]�J�YZ[\[ZQRH|MKDGJ²[\J²C�J�Q S�J²DKJ�Ç
CEDGFIHKJ�LNMÃ^tMKYZOiYÁMGFTxNQEJ/C WNHKH"�ISEJ/[ U ¼ s = º k JTXRYZ^�YZH>J'HoMÈJ � JI¶�MGY\O�J�v²J�LNMÈSEF�MKJ'¶�MGFTCR^�D�[Z^²v²Wt¹�JILELEJTS�J'H�J'HoMGY\vw^tMGY\W�LRHX�WiW�MGH|MKDÃ^�C�> C�W�QEDe[ZJIHGxNQEJ�[Z[\J'H�W�L Q�MKYZ[\Y±HKJP³ ����� FI¶Ãu ^�LNMKYZ[\[ZW�L H @*	�vw^�YZH�YZ[�JIH|Mev²YZJ�Q É JIH|MKYZvµF²[ZW�DÃHKxNQqU W�L�Q�MKYZ[\Y±HKJµ[±^v²F�MGuEW�S�JwSVU m C J�M/[\J'HeJIH|MKYZv²^�MKYZW�LRHeX�WiW�MÃHoMGDG^�C�W�� [±^P¶�J�LRHKQEDGJ²JIH|MeYZLNMKFI]�DÃ^�[ZJ�v²J�LNM/H|YZv�QE[ZF�JO> ¶�� º MÃ^�XE[ZJI^�Q �Eº ; @ ºÀ ^�LRH [\J�¶I^�H SEQ ¸oJ�Q � ����� � 	l¶�J�XRYZ^�YZHwJ � J'¶�MGY �TJ'HoM£¶�J�C�J�LRSE^�LNM�H|QRDKJ'HoMGY\v²F
	n¶�J�xNQEY>MGF�v²W�YZ]�LRJ�SVU QEL�vw^�QEOt^�Y±H¶�W�v²C W�D|MGJ�v²J�LNMlS�Je[Z^®v²F�MKuRWiSEJeSqU J'HoMGY\vw^tMGY\W�L � C�W�QEDlQELPJ�L H|JIv�XE[ZJ�SqU F'¶ÃuR^�LNMKYZ[Z[\W�LRHlS�J�¶I^�DÃ^�¶�MKF�DGY±HoMGYZxNQEJ'HnHKJ�vµÇXE[±^�XR[\J'H 8 � ����� � 	�[±^²H|QRDKJ'HoMGY\vw^tMGY\W�L£¶�W�LRH|MG^tMGF�J�CR^�D©[±^�v²F�MGuEW�S�JeJIH|M>CE[\Q HnYZv²C W�D|MÃ^�LNMKJexNQEJ/¶�JI[\[ZJ�¶�W�LRH|MG^�MKFIJ�HKQED
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� ��� � ��º p U J'HoMGY\vw^�MKYZW�L η̂ML = ´£³ ·�� 	NCRDKW�¶ÃuEJ/S�J ηo = Zw��·�� 	NJ'HoM>JIL � ^�YÁMlMGD"�'HlC JIQPDGJ�CRDKW�S�QR¶�MKYZXE[ZJ�HKQED�¶�J�Mo¹iC�J
SVU FI¶ÃuR^�L�MGY\[Z[ZW�L > J�L�HKQECEC�W�HG^�LNM>x�QRJ/[\JeCE[±^�L�SVU FI¶ÃuR^�LNMKYZ[\[ZW�LEL ^�]�J�JIH|M�¶�W�DKDGJI¶�MA@ º
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0O�-�L���^���)GI���_T��O��� C O��2c
0O�-�L���^���)GI�F�O�%����!+ "!+�^��� E�_2c2c
0O�-�I�^���)GI�F�I����!+ "!+�^��� E�\�_2\

� � � � ��º\; � ¼ HoMGY\vw^tMGY\W�L�S�Q�XRYZ^�YZH�SqU J'HoMGY\vw^tMGY\W�LPSEQPC ^�DÃ^�v ��MGDKJ�J É C�W�LEJIL�MGY\JI[ η C�W�QED>[ZJl¸oJ�Q � ����� �Ãº

� ��% � � �  �� �
�*� � (� �*� � ��% %'�*� ��� #��&( � ��(�#$� 	 h W�QED�[ZJT¸oJIQ � ����� � 	�H|JIQE[\J'H/MGDKW�YZH�vµF�MKuEW�S�J'HTW � DGJ�LNM�QEL7Y\LNMKJIDKOt^�[\[ZJS�J²¶�W�L [ ^�LR¶�J [5% − 95%] ¶�W�LNMKJILR^�LNM�[Z^�O�FIDKY\MG^�XE[\JµOt^�[ZJ�QED ηo = 8760 S�Q#CR^�DÃ^�v ��MGDKJ � [\J'H�vµF�MKuEW�S�J'H�CEY\O�W�ÇMG^�[\J'H�S�J k W É Ç � QELRS�X�J�DG]O> § �Eº 6Rº ³ º ³c@�J�M�[Z^²v²F�MKuEW�S�J�SqU m C > § �Eº 6Rº �Eº ; @ º p JIH>CEDGJ�v²Y���DGJIHlW � DGJ�LNM�S�J'H>Y\LNMGJ�DGO ^�[\[ZJIHS�J ¶�W�L.[ ^�LR¶�JµMKD��IHe]�DG^�LRSEH�vw^�Y±HTxNQEY�HKJ�v®XE[\JILNM/HKQRHG¶�JIC�MKYZXE[ZJIHTSVU ��MGDKJ²QEL C�J�Q�^�vµFI[\YZW�DGFIH 	~F�MÃ^�LNM�S�W�LRLEFwx�Q�U YZ[ZH
LEJ£CRDKJILELEJ�LNM�C ^�HTJIL7¶�W�v²C�MKJ�[Z^�O�F�DGY\MG^�XR[\J S�Y±H|MKDGY\XEQEMKYZW�L7S�J'H�Ot^�[\JIQEDGH®S�J£¶�J�LRHKQEDGJ º p ^�v²F�MGuEW�S�J�SqU m C � W�QEDKÇ
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pq
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βe = log

{
log(1 − α2)

log(1 − α1)

}
log−1(xe2/xe1).
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|αk+1
1 − αk

1 |
|αk+1

2 − αk
2 |

=
ω1

1 − ω1

)+�G* $X7
437J3
k → k + 1

/��&5K�.; 5 +9;@5
ω1 → 1

+
α1
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0 < α0

1 < α0
2 < 1 � 	 α0 = (α0

1, α
0
2)
���������	 � `0 = (xe,2/xe,1)

β0 � `(α) =
log(1 − α2)

log(1 − α1)
�

� 	 δ−1 = ε+(1, 1)
���

ε ��� 	�� ���
� ���
�����! �� �#"�$&%�� � � �����'�(����)��
� � 0 < ρ� 1 * 	�+ " �-,� �
./� ��	 �
ρ ∼ 100ε 0 �

1��32�	&4 "&� k = 0, ...K 5 	&4��6	�,� � ‖δk−1‖ > ε �

• � 4�� �  �� ��$ δk =

(
(1 − αk

1) log(1 − αk
1) (`(αk) − `0) /`(αk)

−(1 − αk
2) log(1 − αk

1) (`(αk) − `0)

) 7

• � 4�� �  �� ��$ hk = − (1 − αk
1)

(1 − αk
2)`(αk)

�

• � 4�� �  �� ��$ αk+1 =

{
αk

1 − ρhk(αk
2 − αk

1),

αk
2 − ρhk(αk

2 − αk
1) ω1

1−ω1
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β0 = 3 w0v (xe,1, xe,2) = (200, 300) W & U>=&< 40<�U v (α0

1, α
0
2) = (0.05, 0.95)

l?<�Uc< < T < > 4
βe ' 10.03 W �Au w :@= w8>kv � 4 w �$U x s�� v6x <�U20 shU � � w � T$T � 4 4 w�]-w U v � >k> Z%< T � 4 v�w W i U -A: w ω = (1/2, 1/2) Wfi U vg> <`s �ew
< T < > 4 α = (0.3, 0.7) W	Y � T u <�U(=�<"4 w ] <��$U v|w U9<�U v α0
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lB<�U vG> <ts �tw βe ' 5.78 W � w � � w � T$T � 4 4 w)](w U v �$U x s�� v
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lG<�UH< ^8v � w U v α = (0.55, 0.93)
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π(θ) =

M∏
i=1

π
ω′

i
i (θ)

∫

Θ

M∏

i=1

π
ω′

i

i (θ) dθ

,

�-8 ∑M
i=1 ω

′
i = 1
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π(θ) log
π(θ)

πi(θ)
dθ
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(
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�-8
ñ
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λ|µ, β ∼ G(a′, b′) , {λ≤µ1/β},
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Iθ = − - θ

[
∂2 log f(x|θ)
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ñ∗ 7��2$�;@3X�87$C3�;�;�4D�.;��g* 3��<3X�(7��V3Im'/

$A%��
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θ = (µ, β)
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κ = 1 + π2/6
+

ñ(µ̌, β̌) = n− k1(µ̌, β̌)k2(µ̌) − 1

n
k2
1(µ̌, β̌)(k2

2(µ̌) − 2κ) + o(n−1)
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k1(µ, β) =

1

2κ

n−r∑

i=1

exp
(
−µcβi

)
,

k2(µ) = κ+ (γ − 1)2 − 2(1− γ) logµ+ log2 µ.
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ñ(θ̂n) = ñ(µ̂n, β̂n).
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fc(x) F (x|λ) dx.
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δ(λ) = P
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F (x|λ) ≤ r
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fW (x) = βµxβ−1 exp(−µxβ)
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γ ' 0.57722
bk/ � �-5V3X�87 γ1 = π2/6 + γ2 − 2γ > 0
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γ2 = −2(1 − γ) < 0
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+ π2/6 − 1
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πJ
c (µ, β) ∝ (µβ)−1

√
δ̃(µ, β).
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g(X) = [fW (X)]
I{X<C} [1 − FW (X)]

I{X≥C} =
[
βµ Xβ−1 exp

(
−µXβ

)]I{X<C}
[
exp

(
−µXβ

)]I{X≥C}
.
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S(µ,β)(X) =

[ 1
µ I{X<C} −Xβ

(
1
β + logX
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I{X<C} − µXβ logX

]
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− 1

µ2 I{X<C} −Xβ logX
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β2 I{X<C} − µXβ log2X

]
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[Xβ logX ]

E[Xβ logX ] 1
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-
[µXβ log2X ]

]
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-
[Xβ logX ] =

1

βµ
(1 − γ − logµ).

�d3A7�� � ;0+ - [µXβ log2X ] =
1

β2

-
Y [Y log2(Y/µ)],

=
1

β2

-
Y [Y log2 Y ] − 2 logµ

β2

∫

IR+

ye−y log y dy +
log2 µ

β2

∫

IR+

ye−y dy

=

�g4-�
[Z] + γ2 − 2γ

β2
− logµ

β2
{2(1− γ) − logµ} ;+* 4`7��2,�; �F� �"^�a���� � b<+

�18
Z

3B;b7 � ��3A�?4D�
5V4-R��K3I4-�D$M4?7
�-5V�@3A; � 5D�?4-�:7A�H4>;<3C��; 5K7$N;<3hn � �hR23X�
k(x) = exp(−x) exp(− exp(−x)) ;�$0C(�(5K3

; � � IR +(;�35�?4-�@5H4D���X3 π2

6

/��&5K�.; 5 +�3X�Q���-7
4-�:7
γ3 = (1 − γ)2

+

-
[µXβ log2X ] =

1

β2

[
γ1 + γ2 logµ+ log2 µ

]

7 � 5�; det I(µ,β) =

(
1

µβ

)2 [
P 2(X < C) + P (X < C)

(
γ1 + γ2 logµ+ log2 µ

)]

−
(

1

µβ

)2 (
γ3 + γ2 logµ+ log2 µ

)
.

� ��3C�[;�$C; � 597X;
4D��;^;�5 �#� � �972$Z�g* 3���7��
3�;2; 5V�-��;<3
δ̃(µ, β)

/
�



������������� � �

�����
	��������������� ^6R < x3S�TDw-xfw )(w � ^ s T$T b0/
-g�Q�2$ � 7
5K�V5o;@4-�:7^�V3�;����-7
4D7@5V�-��;^; � 724'$X�:�,C�L3 � +<�-���-R<7
5K3C�:79+�;@3X�V�-���K3Y7 [F7J3I;�3E�=3X�.; � �
31+

af/I0 w U��ks >wJx3w6v a = wfb = > <�c >w � ��� d : δ(µ, β) = n−∑n−r
i=1 exp(−µcβi ) �

� /I0 w U��ks >w shU � dD< >#]-w �ks > [0, c∞]
:
δ(µ, β) = 1−(βµ1/β)−1{1−Γ(β−1, µcβ∞)} �18

Γ(x, α)
3�; 7 �H4y! �:����7
5K�:�

::4D�E�>4L5K�.�=�-�(7���,=7
3
�

i�/I0 w U��ks >wJx3w6v a = wfb-b : δ(µ, β) = r/n
3B;b7A5V�(;�$�7J3C�(;�4D�87&;<3

(µ, β)
/

npo�q r	suqutY\�3S�C43;�7 [F7J3 �#7��
�3::�@3B;;@5?!E�X�-�
�@3B;�72�-�(; ) ;<3B;Q;<�-����$X3�;�;<3"�=3C��; � �@3&C��<3�;
C1, . . . , Cn−r

/ �&�:���
P (X < C) = r+

∑n−r
i=1 F (Ci|µ, β) = n−∑n−r

i=1 exp(−µCβ
i )
/�\�3]�X4f;O;�35�X3X��; � �
3 � �(5?! �:�@�E3Y3�; 7i5V�E��$M;<5H4?7

3C�#�=�-�.; 5H;�$X��4D�87G�H4A7(4D��4D�($X7@�
5�;
4?7
5K�:�
U = µXβ / �d4-��;g�V3X�C43;G7 [F723 ���7+8;<3A�H4Z� �X�E3y!/4��=�-�#� � 3d;�4D��;g�V4A7(�@3 � �-3

;<3W�H4�7��@�f7J�d; 5K7@5V�-� � +<�:���:R<7@5V3X�87X;@5K�(7��V3X�E3C�:7X� � 3 δ(µ, β) = r/n
/
�

�����
	��������������� / � �:597 (µ, β)
�V4 7(4-�
4-��$X7@�
5�;
4?7
5K�:�S;+* � �a�L�<;�,C�K3>;<3 �U3X5VR � �V�g/ � �-5K7 xe ∈ IR+∗ + a > 0

3X7
α ∈]0, 1]

/ � ���(�D7@3

b1(a, β) =
(
(1 − α)−1/a − 1

)−1

xβ
e ,

b2(a, β) =

(
Γ(a)

Γ(1 + 1/β)Γ(a− 1/β)

)β

xβ
e ,

b3(a, β) =
aβ + 1

β − 1
xβ

e .

� �[��4`7'723X�V�V3J� � 3 B ;�$�;@5�:-��3N�V4>�E�<;�$C�K5o;@4D7@5V�-�S5V�(; � 597
367(4-�d�V3J�%4��:5 �[;<3
b(a, β)

/��&�K�:�2;0+�72� � �&7
� � 7]�%4��-5 �Q;�3
π(β)

;<3E; � 7'7J�:� 7 [βl, βr] ⊂]0,+∞[
+�3X� �%4��:5�;@5o;;
4D�87E< = > � < > �

µ|β ∼ G(a, b),

�:��4

(i) P (X ≤ xe|B1) = α,

(ii)
-

[X |B2] = xe
;@5
a > β−1

l

+

(iii)
.

d[X |B3] = xe
;@5
βl > 1

/

�Y4D��;d�V3��C43;
(iii)

+ �V3h�E�<;<3
xe

;<3h�H4�;�5�; 7@�
5KR � 7@5V�-�S�>4-�::5K�(4-�K3
M

3�; 7 � �(5�� � 3L3=7A;b7
�@5o��7
3X�E3X�8757J�d; 5K7@5D! / �d4-��;
�V3�;^4 � 7@�
3�;y�C43;0+F;@5 βl ≥ 1

+
M

7J�d;;,C;<3Z4 � �E�-5V��; � �Q�E�<;<3E; 7@�
5��=7@3X�E3C�:7y72�f;@597
5?! /

npo�q r	suqut � ����4`7'723X�V�V3]� � 3 FW
;�$�;@5D::��3W�V4J! �:����7
5K�:�Q;�3Y�2$87J4D�@7@5K7@5V�-�Q;<3Z�V4L�V�-5�;<3 �U3X5VR � �V�G/ � ��4>4-�K�:�2;

P (X ≤ xe|B1) = M(xe|B1),

=

∫

IR

∫

IR

FW (xe|µ, β)π(µ|B1, β)π(β) dµdβ,

= 1 −
∫

IR



 1

1 + xβ
e

b1(β)




a

π(β) dβ,

= 1 −
∫

IR

(1 − α)π(β) dβ = α.



 � � ������� �?i − � ���
	�� ����� � ������ ��� � � �
� ������������ �����	� ��� ��	��� � � � ���
� ��� �
����� � �  �

\O3h�2$�; � �K7
4?7d3�; 7W4 � ;;@5��?4-�V4-R��K3N� �X�E3J;@5
π(β)

��* 3B;b7]7(43;d;<3(; � 7�7J�:� 7	�X�-�(7(4f��7�/ � 4D�W4D5V�K�V3 � �2;0+(3C� ; � 7'7J�d;@4-�87
a > β−1

l

+

E[X |B2] =

∫

IR

∫

IR

µ−1/βΓ(1 + 1/β)π(µ|B2, β)π(β) dµdβ,

=

∫

IR

Γ(1 + 1/β)b
1/β
2 (β)

Γ(a − 1/β)

Γ(a)
π(β) dβ = xe.

\O3+�2$�; � �97�4?7L3�; 7h3X���X�-�
3#�?4D�H4DR��V3�;@5 ��� 7'7 (π(β))
3B;b7J;@3 � �K3C�L3C�87NR2�-�
�'$�)h:84 � �%4(3-7(4D� βl

/ -g��C(��+ � � �E��;�3
$8�:3X�87 � 3C��;<3

M
3B;b7�;@597 � $Z3X� � � 72�-5V�87

x 6= 0
7@3C�K�V3E� � 3W�V4E;�$C�@5��3$C3

m′(x)
; �:597^� � �V�K3f/ � ��4

m(x) =

∫

IR

aba

(b+ xβ)
a+1 βx

β−1π(β) dβ.

���:3�� �F� 7�7 (π(β))
�X�-�(7(4f��70+<�H4E;�$X�
5��`4D7@5V�-� ; � � ;��G* 5V�87$8::�
4-�K3Y3�; 7�;@4-��;^;<5��#� � �K7$Z3X7

m′(x) = −
∫

IR

abaxβ−2

(b+ xβ)
a+2

[
xβ(aβ + 1) − b(β − 1)

]
π(β) dβ.

^gi'/�a � b

\��:�2;2� � 3 a > β−1
l

+(�K3A�%4��:5 ��;�3
b = b3

723X�
�L3X7y�85o;@5KR��V3X�E3C�:7&; * 4-��� � �K3C� m′(xe)
/ � 4-�A4D5V�K�V3 � �2;0+ ∀x > 0

+<�-�[4

m′(x|B3) =

∫

IR

aba3x
β−2

(b3 + xβ)
a+2 (aβ + 1)π(β)

{
xβ

e − xβ
}
dβ

� � 5j3B;b7N; � � �C�E3�; 5�:-�(3#� � 3+�V4e;<5 ��$X�
3X�.�=3
xe − x

/ �#�O� * 3��<5�; 7@3�;<�-���-� � * � � ;@3 � � �8$C�@�[���:�c� � �O;<3
m′(x)

/
�F� 7'72�f;@�-�.;X� � 3 βl ≥ 1

/ � � � �Y�K3B;	�%4��:5 �
(i)

3=7
(ii)

;<3
b
+J3C�S�$ � 7@5V�V5�;
4D�87d�G* 3���7��
3�;2; 5V�-�c^gi'/�a � b<+(5V� 3B;b7Z4D5o;$h;<3

�E�-�87@�
3X��� � * 5K��3��<5�; 7@3
x0 < xe

7@3C��� � 3A72� � � 0 < x < x0
+
m′(x) > 0

/ � �Q���D7
3E� � * 5V��3��<5o;b7
3E; 3C�hR��H4DR(�K3C�L3C�87
x′0 > xe

7
3X�Z� � 3 ∀x > x′0
+
m′(x) < 0

/N\O3C�V4S5K�(7��V5�� � 3�7(4D�6�X�-�87@5V� � 5K7$#� � 3 m(x)
7J�d;;,C;�3+4 � �E�-5V��; � �

�E��;�3]�X�-�(7��
5�;^;(4D��;
[x0, x

′
0]
/
�

����� ����� ������� ���
�
	  ��������� ������ � �� ���/

\�3+7
3X�
�E3
δk

3�; 7L�V3F��4`7'72�-�@7N;<3��V4h! �-���=7@5V�-�
`(αk) − `0

)e4-��� � �K3C�N3C�
αk ; � ��;@�-�c::�
4:;<5V3X�87�/ \O3X�V�K3 j �X5

;8* 4D�(� � �K3A� � 4D�J; βe = β0
+�4e�-3B�

βe = log

{
log(1 − α2)

log(1 − α1)

}
log−1(xe2/xe1).

\1* 4D��:-�:�@5K74��E3W4L�V4J! �-�
�E3 � ; � 3X�V�K3

αk+1 = αk − ρkδk.

\�3y7(4f;j4:;�4`7<7�4?7
5?!
ρk

3B;b7 �%4(�-5o; 5(;�3y!/4 �X�-�-)I43;2; � �@3C� 0 < αk+1
1 < αk+1

2 < 1
)W�g* 5972$X��4?7
5K�:�

k → k+1
/ � �E���-7@3

� � 3 δk[1] < 0
3=7
δk[2] > 0

/ � 4D�Z4-5K�V�K3 � �%;	+�; 5 `k > 1
^@�X3(� � 5G3B;b7Y7@� � �b� � �2;Y�V3(�C43;W;�4-��;Y���f;W4`7�7��K5o�X4D7@5V�-��;%b7+

−1 < hk = δk[1]/δk[2] < 0
/��A�V�-�%;	+

αk+1
1 < αk+1

2 ⇔ ρk[2] < ρk[1]
δk[1]

δk[2]
+
αk

2 − αk
1

δk[2]

^@i'/�a�idb

�A��3&\ � � ;<3c^@i�/DaBifbN3�; 7F;<�-�.��;�3h�%4��-5o; 5V�
ρk[2] = −ρk[1] + (αk

2 − αk
1)/δk[2]

/ � � ;�$�;@5K�
3
ρk > 0

72� � �
4 � ::�E3X�87@3C�

α1
3=7&;�5K�E5V� � 3X� α2

^ ⇒ 0 < αk+1
1 < αk+1

2 < 1
bk/.\	* 3�; 7X�%4��f;@3]7J�d;;@5KR(�K3W3X� �%4��:5�;@5�;2;
4D�87

ρk[1] = ρ(αk
2 − αk

1)/δk[2].



�������������  ��

�-8
0 < ρ < 1

/ � � �%4��:5�;@597A4-�K�:�2;

ρk[2] = γ
αk

2 − αk
1

δk[2]

(
ρ
δk[1]

δk[2]
+ 1

)

�-8
0 < γ < 1

+��X3A� � 5 7J3C�@�E3X7^;�3Z�@3B;�723��=7@3X�E^gi'/�a�idbk/�\1* $=7�4`723Z;<3
�A3 ��7@�-� j �A437'4�;@�-� ;8* $��X�@5K7&4D�V�-�%;

αk+1
1 = αk

1 − ρ(αk
2 − αk

1)
δk[1]

δk[2]
,

αk+1
2 = αk

2 − γ(αk
2 − αk

1)

(
ρ
δk[1]

δk[2]
+ 1

)
.

� �Q;�$�;@5V�@3W�-R�7@3X�(5K� � �Q��4`7'72�-�@7^;<3E�=�:�d�:3X�2:-3C���=35�=�-�.;b7�4D�87A4 � �=� � �2;�;<3B;^5972$X��4?7
5K�:��; :

|αk+1
1 − αk

1 |
|αk+1

2 − αk
2 |

=
ω1

1 − ω1
.

� ���-R<7
5K3C�87&4D�V�-�%;

γ = −ρ δk[1]

(ρδk[1] + δk[2])

ω1

(1 − ω1)

7 � 5�;

αk+1
1 = αk

1 − ρ(αk
2 − αk

1)
δk[1]

δk[2]
,

αk+1
2 = αk

2 + ρ(αk
2 − αk

1)
δk[1]

δk[2]

ω1

(1 − ω1)
.

� ���-R<7
5K3C�87A3X��C(�

αk+1
2 − αk+1

1 = (αk
2 − αk

1)

{
1 + ρ

δk[1]

δk[2](1 − ω1)

}
.

� � � ;^�V3Y7@3C�@�E3
ρ

3�; 7�723=7@5K7&;<3��`4-�87Ea1+�7�� � ;^�G* 4-�D::�-�
59724��E35;@3X��4J7��$B�=5o;A^ �>4D5o;^�V3X�87%b0/
�

�����
	���������������N/
�&� � ;���4`7'723X�V�-�.;��K3B;i7@3X�
�E3�;^;<3Z�H4�7��
�372�f;@597
5K�:� / � �-5K7 π(β)

;<3E; � 7'7J�:� 7
[βl, βr] ⊂]0,+∞[

/ � �:597 π(µ|β)
7
3X�V�K3

� � 3 7J� � � k = 1, 2
+�-

[Xk] < ∞ �-8�- 3B;b7E�G* 3B;�79$X��4D���X3#7(4-�N��4`7'72�-�@7�) �H4e;<5o;b7
�@5VR � 7
5K�:� MW
;<3Q;<3X��;@5K7$

mw(x)
/ � �-5K7 λ �V3]7(4D��4D�(,X7@�
3W; * � �Q�E�<;�,X�V3Z3���72�-��3C�87@5V3X��;<3I;�3X��;@5972$

f(x|λ) / � � 7��H43�X3E; � � λ � ��3h;<3C��;@5972$�<
= > � < > � π(λ)

;<3Z�V�-5 G(a, b)
3X7A�-�����D7
3

mE(x) =

∫ ∞

0

f(x|λ) π(λ) dλ.

�&�K�:�2;i5V��3��<5o;b7
3 � � � ��5�� � 3E�X� � 7(�K3 (a, b)∗ > 0
7@3X� � � 3

(a, b)∗ = arg min

∫

IR

mW (x) log
mW (x)

mE(x)
dx.

npo�q r	suqut����:3��
λ ∼ G (a, b)

+
(a, b) > 0

�-�[4

mE(x) =
aba

(b+ x)a+1
.



 �9� ������� �?i − � ���
	�� ����� � ������ ��� � � �
� ������������ �����	� ��� ��	��� � � � ���
� ��� �
����� � �  �

� � � ��7
� � 7X�%4��:5 �F;�3
π(µ|β)

3=7
π(β)

;<3A; � 7'72�-�@7
[βl, βr] ⊂]0,+∞[

+��:�Q;'$0C(��5K7

ϕ(a, b) =

∫

IR

mW (x) log
mW (x)

mE(x)
dx,

= −HW − a log b− log a+ (a+ 1)
-
[log(b+X)] <∞.

�18
HW

3�; 7]�G* 3X�87@�
�37�5V3�;<3��V4Y;<5o;b7
�@5VR � 7
5K�:� MW
3=7'- 3B;b7��G* 3B;�79$X��4D���X3W7J4D�]�
437'7J�:� 7 )

mW (x)
/��&�K�:�2;

ϕ(a, b)
3B;b7

�=�:�:7
5K� � 3Y3=7&;�3 � �#! �:5�;^;'$X�
5D�?4DR(�K3]7(4-�i��4`7�7J�:� 7y)(�%4(43� � 35�?4D�
5V4-R��K3-+�7 � 5o;� � 3 - [(b+X)−k] < b−k <∞ 72� � �
k = 1, 2

/ � 5 (a, b)∗
3B;b7 � ��3���7@� �X� � � ;<3

ϕ
+�4D�V�-�%;W�3* 3B;b7 � ���L5V��5V� � � /�\ 4J�X�-�F�-3���5K7$Y;<3

ϕ
; � � IR+∗ × IR+∗

5K�(72�f;@3A� � * 5V��3�; 7 � ��5o� � 33/�-j�[3 � 3=70+

∂ϕ(a, b)

∂a
= 0 ⇒ a

b2
= (a+ 1)

- [ 1

b(b+X)

]

3=7

∂2ϕ(a, b)

∂a2
= 1/a2 > 0,

∂2ϕ(a, b)

∂b2
=

a

b2
− (a+ 1)

- [ 1

(b+X)2

]
,

= (a+ 1)
- [ 1

(b+X)

(
1

b
− 1

b+X

)]
> 0

7J� � � a = a∗
/��&�D7
�-��;�3C��; � 597
3E� � 3 b∗ +�;�* 5K��3��<5�; 7@3-+<3�; 7X; �:� � 7
5K�:��;�3Y�G* $�� � 4?7
5K�:�

g(b) =
- [ 1

b+X

]
{1 − log b+

-
[log(b+X)]} − 1/b = 0.

� � 4
g(b) → −∞ � � 4D�(; b → 0

+
b > 0

/ � � � ;W�V4 �=�:�(;<5K7@5V�-�"� � 3 - [Xk] < ∞ 72� � � k = 1, 2
+ �-�a4 7J� � �

b→ ∞

g(b) =

-
[X2] − - 2[X ]

b2
+ o(b−2) =

�g4D�
[X ]

b2
+ o(b−2).

��$B�=3�;2;
4D5V�@3C�L3C�870+F7(4D���X�-�87@5V� � 5K7$Z;<3
g
; � � IR+∗ +(5K��3��<5�; 7@3

b∗ > 0
7@3X� � � 3 g(b∗) = 0
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=
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(i) P (η < ηe|B4) = α,
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∫ ∞
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∫
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�)��/ ? πJ (θ|yn) = Be(δn + 1/2, n− δn + 1/2)

" $ ? 45��/ 178>MO/:�J6 ? A&BG47BE6 ? 1�8$1�B ? 
�:;8 ? 1 y } 6$1���6 ? 6L: I9v/w/w #>8 �

btK" v J �3g�/2����6�6$1�/

(α, β) = (5, 20)
I 1�6 


[θ] = 0.2
J 4��9/ ? g�/l+@/ ? /=< 8L47/�8 178>M���PI/�6/� 1�B  '/

n = 10
�H<76@M

4���/ Br(θ0 = 0.9)
A&BI134�<7BIR!�&4�BI6 ? "�¡ / 6@R&4 8>B ? � %eB J(α, β|yn) = 1.102

8 ? A g�/G�J6 ? �JP �9A&/O476 82��<�BI6@< s A�8L4 8
�J6 ? %9B7� 4,"b} 6&A&B>��D�B ? +

θ0 = 0.25
� g�/:�98;:@/ � %eB J(α, β|yn) = 0.1026

g(��B ����MO/'8 ? 1 I 8@1�/#tF��/,�J4�/'A^J�8 ? 8�+$<�/'/ s
MO/ ? 4,"3B3��6�6.13B ? +

(α, β) = (1, 1)
I
π
BI1
45���91�4���/$� ? B �H6$<�M ��<�BI6@<rJ�PE/ 8@A�1�476245��/58�+$<�/'/=MO/ ? 4~�H6@<�8 ? D 1 /=< ? 6%��PEPIB

A�8L4 8@1�/J4E"��)���91)g�/ 6@R&4 8>B ? 4���/ 178>MO/��J6 ? �JP �91�BE6 ? 1
8@1 
 :L8 ? 1 y } 6.1��96 ? 6L: I�v�w/w #>8 Jr"

¡0/@����6�6$1�/ ? 6og
θ0 = 0.7

8 ? A 4'g�6 1�B  '/'1 n = 10
8 ? A n = 5
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(logn)q L [ 9e� � J (α, β|Yn) − 1
]
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bt�8>M���PI/ x%x " �)��/ 8�+@<7/=/'MO/ ? 4 A&6@MK8@B ? BQ1 45��/
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yn

I
n = 18

J��H<76@M �+8@R�PI/�B�" xCI %��!��/ ? A&B t § B�" x J#"��)��/,D
�J6$<�<7/'1�� 6 ? AC476f� 8@BEP ��<7/ 4�BIM / 156@<5134�6%�!��B ? + 4�BIM / 1��J6$PEPI/,�J4�/'A06 ? 1�6@MO/ 1�BIM BIPQ8>< A&/':.B7�J/ 1 ∑ R /'PE6 ? +@B ? + 4�6 4��9/
13/E�J6 ? A�8><5D g
8L4�/'<��JBI<5�6��BE4 6�� ? �?�=PE/ 8><���PQ8 ? 4 16" � B �H/=4�BIMO/'1 8@<�/�+@BI:@/ ? B ? MO6 ? 4��91," � 6@<��!��D&13B7�=8@P <�/ 8@1�6 ? 1 8 ? A
8/�,�J6@< A&B ? + 4�6 8KPI8@<�+$/��J6 ? 13/ ? 1��91��94���6.13/2A�8L4 8 8><7/�8@171���MO/'A 4�6�8><7BI1�/$�H<�6$M 8�¡0/'BER?��PEP�A&BQ1�47<�BIR!�&47BE6 ? W(η, β)gDBG45� A&/ ? 1�BE4'D

f(x|η, β) =
β

η

(
x

η

)β−1

exp

{
−
(
x

η

)β
}

�
{x≥0}.

�)��/�} � 
 BQ1
(η̂n, β̂n) = (140.8, 4.51)

gDBE4��"/'134�BIMO8>4�/ A 1�4 8 ? A�8@<7A A&/':�BI8>4�BI6 ? 1 σ̂n = (7.3, 1.8)
" �)��/G��B +/�

:L8>P ��/ 6��
β̂n
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8 ? A

E2
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6/��B ? BI6 ? BQ1�MC�^��� M 6$<�/5B ? �H6$<�MK8L47BE:$/
4��98 ? E2

8 ? AFR 6@4�� 8><7/�<7B>+%�$4 s 1���B>� 4�/ AugDBE4��F<7/'1���/,� 4 4�6�4��9/OA98L478?"�} 6@<7/=6L:$/=<D45��/ /#tF� /'<34 1 8><7/ ? 6@4 8$1�4$/'A 8>4
4���/ 1�8@MO/ PE/':@/'P 6��b��<7/,�=BI1�BI6 ? " E1

BQ1 8 ? �^�JPI/'8>< 6/��/=< 8L4�6$< 8 ? A 1���/'8/4�1��H6@< 8-�98><�4�B7�#�9PI8@<e�J6$M@��6 ? / ? 4eg(��BIPE/ E2�=8 ? R�/
1�/=/ ? 8$1 8$�=6@M�� 6 ? / ? 4 ��<76�A!�?�J/'<�g(��6.13/�6/�9B ? BI6 ? 478/4@/'1 B ? 4�6 8/�6�=6/� ? 4 8 :L8@<�BI/J4'D56/� <5� ?�? B ? +$�J6 ? A&BG47BE6 ? 1,"

��6>47/ 4��98>4
1�B ? �J/ 4���/:¡ /=BIR!��PIP A&BI134�<7BIR!�&4�BI6 ? A&6�/'1 ? 6@4
8$A&MOBG4��=6 ? �'�!+.8L47/���<7BI6@< I � 6$PI8 ? A xE�/�/� J �$4���/$��6$134�/ s
<�BI6@<b�=6@M��!�&4 8L4�BI6 ? BQ1�6�� 4�/ ? �9/'8;:�D 8 ? A ? /'/'A�1 ? ��MO/'<�B7��B ? 4�/,+@< 8L4�BI6 ? I � B ? +%�!��<5g�8@PEPQ8 y � � ? x,�%{/� J 6$<�178>M���PIB ? +
8>P +@6$<�BE4���MK1 8@1:} 6 ? 4�/GB�8><7PI6�} 8><54@6L: B3�98>B ? 1 I } B~}[B)Jr" $ ? 6%��< 8��!��PIB7�=8L47BE6 ? 1
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¡0/���<76/��6$1�/ 4�6-�J6 ? 1�BIA&/'<
4���/$��<7BI6@< 1
{
η ∼ G(a, b),
β ∼ G(c, d).

� B ? �J/�4���/OA&/=:�B7�J/ ∑ BQ1 1���R9M BE4347/'A 4�6C8�+@B ? + ��8 ? �91��98>P�A&6@MK8@B ? 6/��MK8>B ? :L8><7BI8>4�BI6 ? 1��H6@< 4���/ :L8>P ��/'1 6��
β
BI1

Dβ = [1, 5]
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η
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β = 3
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:L8>P ��/'1
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a
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π1(η)
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� � ? I�x,�%��� J5<�/E�J6@MOMO/ ? A&/'A 476[� 13/ 4���/ <�/6�H/=<7/ ? �=/G��<7BE6$<
πJ g(��/J45��/=< 6 ? /�6$<�R�6>4�� �98>< 8>MO/=4�/=< 1�8@<�/ 6��

B ? 47/=<7/'134 I / 1���/,�=BI8@PEP D-g(��/ ? 1�MO8@PEP 178>M���PI/'1
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πJ BI1
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BI1D8��=6/�!��PI/ 6�� :;8@P>�9/'1
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1��?��� 4��98>4
xi 6= xj

8 ? A xi, xj > 1
I � � ? x,�%��� J#" � 6$<345� ? 8>4�/=P D�< πJ (θ|xi, xj)

BI1 /#tF��PIB �=BG4�<�g(��B7��� 13BIM���PIB k / 1
�=6 ? 1�BIA�/=< 8>R�P D 45��/@�=6@M��!�&4 8L47BE6 ? " � /=/ %��!��/ ? A�B t § � " � " £ " v �H6@< A&/J4 8>BIPI1,":¡.��/ ? 4���/�}=; � �=6 ? 478@B ? �=/ ? 1�6@<7/'A
A�8>478 <�4���/ 1�� /E�JBQ8>PH¤$/#� <�/,D&13�9<�BI6@<

πJ
c

/=PIB7�JBE4�/'A B ? B3�98��&47/=< £2I § £ " v " v " x J BQ1)�91�/'AK"

� / ? 6@4�/

π̃(η, β) = π(η)πJ (β) ∝ 1

β
π(η),

˜̃π(η, β) = πJ(η)π(β) ∝ 1

η
π(β).

� <�6$M I � " £ J<g�/$+@/=4
� %eB AIJ(π|yn) =

� %eB AIJ(a, b|yn) +
� %eB AIJ(c, d|yn) − 1.

I � " { J
g(��/'<�/

� %eB AIJ(a, b|yn) =
1

L

L∑

i=1

KL
{
πJ(.|yn(l)) || π̃(.|x(l))

}

KL {πJ (.|yn(l)) || πJ (.|x(l))} ,

� %eB AIJ (c, d|yn) =
1

L
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KL
{
πJ(.|yn(l)) || ˜̃π(.|x(l))

}

KL {πJ (.|yn(l)) || πJ (.|x(l))} .
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π(η)

13/,�98>< 8L47/=P Df�H<76@M 8 ? Dl��6$171�BER�PI/
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π(β)1��?����4��98>4
� %eB AIJ(c, d|yn) ≤ 0.24.
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B ? [1, 2]
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[β] = 1.5
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â
8 ? A�����B>� 4�4�� � 8�+@< ��� M �=? 4 A&6@MK8@B ?

�H6$<
xe

476 45� � PI8@<�+ � �34 :L8>P � � � 6/�
X

" � �^���0< � ����PE4��:��B +/��PIB>+%�.4 45� �O?���� A 6���8 k9?�� ���96@B7� � 6�� 45� � R �'? ����MK8><54
? 6 ? B ? �H6@<7MK8L4�BI: � ��<7BE6$<~g(� �=? 4�� � A�8>478 8>< � ��6�6@<7P>DKB ? �H6@<7MK8L47BE: � <&8 ? A 4�� � ?���� A�6�������B ? + 45� � ����PEP A98L478 B ? �H6@< s
MK8L47BE6 ?�� : �'? BE4�B��
B ? �=6@M���P � 4 � "

��� ����� ��� � a d�] _�� d \�� �F\ � Z�! � !�d ��'�a�a&c d _$� % d ��' � d \��
¡ � �=6 ? ��BIA � <�8�+$8@B ? 45� � ¡ � BER!�9PEPF� �'? ��6@< � A A�8>478��H<�6$M § � "�F" £ "H¡ � ���98 ? + � 6%��<���<7BI6@<�<����96.6��3B ? + 8e��B � < 8><�����B �'8>P
��<7BI6@<DA �#k ?�� A B ? B3� 8��&4 � < £

µ|β ∼ G(a, b(a, β)),

β ∼ Be(p, q)

g(� � < � µ = η−β <?g(� � < � 4�� � 1 � 4 8 Be
A&B�34�<7BER!��4�BI6 ? B���A �#k9?�� A 6 ? [βl, βr]

8 ? A b(a, β)
B��A �#k ?�� A R�D

b(a, β) = (21/a − 1)−1xβ
e ,

xe
R � B ? + 8@P���6 8��9<�BI6@< � �34�BIMK8L47BE6 ? 6/�+45� � M � A&BQ8 ? PIB � � 4�BIM � " � 47BEPIP 45� � < � < a + � 4
�D8�� �'? � � 6/��8 :�BI<345�98>P��78>M���P �

��B  � " ;)� ��� 4�� � �J6@M���P � 4 � ��<7BE6$<5B��C��D � � <5�98@<78@M � 4�<7B  � AFR D
(a, xe, p, q, βl, βr)

"f¡ � A&6 ? 6>4C�J6 ? ��BIA � <�� � < �



� � � �����	����� − �����
	���������������������������������������� �!�� "�#�$��% %����&�
� � �������	�
������� ���������������������

.�2�*�9 )�( / 9 *�,�*�2 -�%1)�(�9 -�%1)�(�9 -�)�*�)�9 , / ,1.�9�, / ,�.�9 .'*�% / 9�.�*�% /
;��! #" � � " £ j 
 � � � tF�%$�& � &('�)	�!"*"+)>� � '�)+, � � � &���$�- ��./. �0'��

a1bis
"

xe πJ πJ
c

%�9 (�(1( (�& / / & ,
,�9 (�(1( *1& 21, ,�& ,
*�(�9 (1(�( 2�& ) .'& /
*�, 9 (1(�( * / & , *�& ,

;��! #" � � " � j 
 ��'�)+,1�0'�)+$2&��3$��
â
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� � � �����	����� − �����
	���������������������������������������� �!�� "�#�$��% %����&�
& J!n�A

9e� � J(π|yn) ≤
m∑

i=1

αi DAC
J(πi|yn).

� � #&#���
 � � &#$!'�)8&��&
 [.]
'	� � , � �!&��O)8'��Y- � ��� ��� '3'�$ πJ (θ|yn)

<9)G'�)� � ��� �1'�$�� ��� '	�9�0'

KL
{
πJ (.|yn) || π

)
=



[
logπJ(.|yn) −

m∑

i=1

αi logπ(θ)i

]
+ log

∫

Θ

m∏

i=1

π(θ)αi

i dθ,

=

m∑

i=1

αi KL
{
πJ (.|yn) || πi

)
+ log ∆

��� � - � ∆ =

∫

Θ

m∏

i=1

πi(θ)
αi dθ

� Y���)+&��A'�� � � � & � -��2"8)! ��. ��� " .�� -O)+& �� 
9�2"8)8' ��<�� � $2 P'5�!)+&

∆ ≤
m∏

i=1
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Θ

πi(θ) dθ

)αi
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��)+& � � '�� � πi
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KL
{
πJ (.|yn) || π
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≤

m∑

i=1

αi KL
{
πJ(.|yn ||πi
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Xn � 	 %$A �HG �HG � G � % E � B 	��� ��E % ?�	� A �o�CBDB � Br(θ)

� �(� �� � �#� � �	� A G
' 	 % ��r�CE 	 � A θ % �  �	� �?�	�� %-� �(� �� � �#� � �	� A Be(α, β) � A [0, 1] G & J 	���	 W �	 � � �  �	�  πJ �(� � J 	 Be(1/2, 1/2)� 	 A �r� � � G � � ��	 δn =

∑n
i=1 Xi G 9�	 A � � � A�� 0 < θ0 < 1

� J 	��� � 	 � % B � 	 � ��� J 	 �)%  % E 	���	� G & J 	 A � ∀(α, β) > 0 �� �  %$A?� 0 < q < 1 �
(logn)q L [DACJ (α, β|Xn) − 1

]
→ 0.

� � #&#���
 ;�� � }=$�)8:E- ��� � ��9"+� � � ! $2- 8 � ; # '�� � $2- � , )8& . ) � �0' � �3'��%�0' 
#& .�� - Br(θ0)
<

δn − nθ0√
nθ0(1 − θ0)

L−→ N (0, 1).
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�� .�� &9$!' �
δn = nθ0 + Un

√
n

��� � - � Un
L−→ N (0, θ0(1 − θ0))

� �T$!' � Ψ
'�� � . ) ���2,A,1� �c
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Ψ(n+ 1) = log n+
1

2n
− 1

12n2
+ o(n−3),

log Γ(n+ 1) =
1

2
log 2π +

(
n+

1

2

)
logn− n+

α

12n
,

��� � - � 0 < α < 1
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2θ0
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2(1−θ0)
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KL
{
πJ (.|Xn) | πJ
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= (n+ 1/2) logn− nΨ(1/2)

+ Un

√
n {4 − 2Ψ(1/2)}+Kθ0(1/2, 1/2) + o(1),

KL
{
πJ(.|Xn) | π

}
= (n+ 3/2− α− β) log n− n (Ψ(β) + θ0 {Ψ(α) − Ψ(β)})

+ Un

√
n {4 − Ψ(α) − Ψ(β)} +Kθ0(α, β) + o(1).

��� � - �

Kθ0(α, β) = log
Γ(α)Γ(β)

Γ(α+ β)
− log

√
2π +

(
α− 1

2

)
log

Ψ(α)

θ0
+

(
β − 1

2

)
log

Ψ(β)

1 − θ0
.

;�� � &Z'	� � ���*�E,��P'�$2'�) �W.�� : � "8$��#, � &('O$� DACJ ��)8: � �

DACJ (α, β|Xn) = 1 +
Aθ0(α, β)

logn

{
1 − Ψ(1/2)

logn

}
+ Un

B(α, β)√
n logn

{
1 − Ψ(1/2)

logn

}

−Un
Cθ0(α, β)
√
n (logn)

2 +
D(α, β)

n
+ o(n−1) ! ��� � � #

��� � - �

Aθ0(α, β) = Ψ(1/2)− Ψ(β) + θ0 {Ψ(β) − Ψ(α)} ,
B(α, β) = 2Ψ(1/2)− Ψ(α) − Ψ(β),

Cθ0(α, β) = Aθ0(α, β) {4 − 2Ψ(1/2)} ,
D(α, β) = 1 − α− β.

�T$!' � '��9�!'W�0'W" � ����'T$2& � ' � -�, )+&='�� �A.�� : � "+$��#, � &�' ! ��� � � # )��&#$�&  � -�$ < �	����� �P' ��� � & π ≡ πJ ! ⇔ α = β =

1/2 ⇔ DACJ = 1 # � $�& .�����. <





Aθ0(α, β) = 0,
B(α, β) = 0,
D(α, β) = 0

⇔
{

Ψ(α) = Ψ(β),
α+ β = 1 ⇔ α = β = 1/2.

;<$��#-�$0: � '	�9�0'

(logn)
q 
 [ � %-8 J(α, β|Xn) − 1

]
→ 0

�F$�-3�2&��
0 < q < 1

<E)8'�)�� � &9$�
����X'�$ � $2&('�-�$2" 
 [Vn]
��� � - � Vn = Un [n(logn)q ]

−1 � % ��
�� � ) � &(' � $2& . )G'�)8$�&Z)�
'�$ ���#$�� '��9�!' 


[Vn] → 0
��� � & n )+& � - � ��� � � � ;��#)� � �2&/ �7. $2& � ��� �F$2"+"8$�� � � � � &#$!' � Zn = δn/n

� ¡ )8'��

Vn =
(Zn − θ0)

(logn)
q ,

� � $2 P'5�!)+&/ ���>�2-*��$0:�� �3)+& �  
%�!"+)G' ��<��F$2-��!&��
M > 0

<

 [|Vn| � {|Vn|≥M}

]
≤ M−1 
 [|Vn|2

]
,

≤ M−1



[Z2

n] + 2θ0


[Zn] + θ20

(logn)2q ,

≤ M−1 θ0 (1 − θ0 + 2nθ0)

n (logn)
2q
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#- � �1'	�9�0' Vn
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lim
n→∞



[Vn] = lim

n→∞



[U ]

n(logn)q

��� � - � U ∼ N (0, θ0(1 − θ0))
� ;�� � & 


[Vn] → 0
�!& . '�� � ��'5�0' � , � &('�$�<'�� � �#-�$��C$���)8'�)+$2& �F$2"+"8$�� � �

;�� � � -�)G' � -�)8$�&�� %-8 J � $2, � �J'�$ � )+&4, � �!&Y ��%
���� � -T$2-O"+$�� � -O:��2" 
 � � � ¡ � '	��
�� ��'�
 . �4���*�E, �#'�$!'�) � �!"+"��
'�� � �9-�$� 9�! #)+"+)G' � Pθ0(

� %-8 J
1 (α, β|Xn) − 1 ≤ 0)

'�$ � $2, � '�$ �  ��X"+$�� � -O:��2" 
 � � � � � &#$!' � Φ
'�� � � 
#,[
#"+�!'�)+: �

�c
#& � '�)+$2&Y$�<'�� � - ��. 
 � ��. &#$�-�,1�2" . )���'�-�)8 �
P'�)+$2& �

% # � 
����C$�� � 
 -���'�"��1'	�9�0' Aθ0(α, β) 6= 0
� ¡ � � & B(α, β) > 0

<��F-�$�, ! ��� � � # <

Pθ0

{ � %-8 J(α, β|Xn) − 1 ≤ 0
}

n→∞' Φ

(
− Aθ0(α, β)

√
n

B(α, β)
√
θ0(1 − θ0)

)
.

� $

lim
n→∞

Pθ0

{
DACJ (α, β|yn) − 1 ≤ 0

}
= 0 ⇔ Aθ0(α, β) > 0,

lim
n→∞

Pθ0

{
DACJ (α, β|yn) − 1 ≤ 0

}
= 1 ⇔ Aθ0(α, β) < 0.

8I$�&(: � -
� � "���< ��� � & B(α, β) < 0
<

Pθ0

{ � %-8 J(α, β|Xn) − 1 ≤ 0
}

n→∞' 1 − Φ

(
Aθ0(α, β)

√
n

|B(α, β)|
√
θ0(1 − θ0)

)
.

���#) � � �2)+: � �Z'	� � ���!, � � $2&E: � -	� � & � � �Z$2& '�� � ���!, � � $�& . )8'�)+$2&��Y$�& Aθ0(α, β)
� � )+&9�2"8"���< ��
����C$�� �

B(a, β) = 0
� ;�� � & <#) � Aθ0(α, β) > 0

<E'	� � &

Pθ0

{ � %-8 J (α, β|Xn) − 1 ≤ 0
}

n→∞' 1 − Φ

( √
n logn

4 − 2Ψ(1/2)

)
n→∞−−−−→ 0.

� )+,�)8"	�!-�"���<���� � & Aθ0(α, β) < 0
<E'�� � &

Pθ0

{ � %-8 J(α, β|Xn) − 1 ≤ 0
}

n→∞' Φ

( √
n logn

4 − 2Ψ(1/2)

)
n→∞−−−−→ 1.

. # � ��� $2& . "���<���
����%$�� � '��%�0' Aθ0(α, β) = 0 ! ��$ Cθ0(α, β) = 0 # � ;�� � & <#) � B(α, β) > 0
<

Pθ0

{ � %-8 J (α, β|Xn) − 1 ≤ 0
}

n→∞' Φ

(
(1 − α− β) log n

B(α, β)
√
n

)
n→∞−−−−→ 1/2.

¡ � $2 P'5�!)+&>'	� � ���2, � - � ��
#"8' ��� � & B(α, β) < 0
� ;�� � "	����' � ��� � )� ��� � & B(α, β) = 0

� $ '?����� � �!-
�
��� � & α = β

� ;�� � & <*) � α < 1/2
<C'�� � �	� �#- � ����)8$�& ! ��� � � # �������T'��9�!'U'	� � "8)+,�)G'
)�W�!'�'5�!)+& ��.  7� 
���� � -

:0�!" 
 � � � 8I$�&(: � -
� � "���<�) � α > 1/2
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 � � �
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� ��� � � ��� � � � �

� ��� � � ������� ��� �
	���� � 
FN � '' ! # %�� 'F
� 	��
(xi 6= xj) > 1 � 	 % �HG �HG���G E@� A �DE % B �� % � A � A%� � % E � B 	�� ��& � �� � �� J 	 ' 	 �����CBDB E&��� 	 B �)%  % E 	��� ��+ 	 ��� � (µ, β) G�� J � � � 	 πJ(µ, β) ∝ (µβ)−1 G 9�	 A � ��	

πJ
p (µ, β|xi, xj) ∝ {L(xi, xj ;µ, β)}p/2

πJ (µ, β)

� J 	��	 L(x;µ, β) �(� � J 	 ' 	 �����CBDB B � � 	 B � J �#��� G & J 	 A πJ
p (µ, β|xi, xj) �(� �  � � 	� � �  % BDB p > 0 �(� A���%  � �����CB % � �  p = 1 � %$A �





µ|β, xi, xj ∼ G

(
p, (p/2)

{
xβ

i + xβ
j

})
,

πJ
p (β|xi, xj) ∝ βp−1(xixj)

pβ/2
(
xβ

i + xβ
j

)−p

.

� � #&# ��
 ¡ � �9��: �

πJ
p (µ, β|xi, xj) ∝ µp−1βp−1 (xixj)

pβ/2
exp

{
−pµ

2

(
xβ

i + xβ
j

)} �
{(µ,β)≥0}.

;�� � &

µ|β, xi, xj ∼ G
(
p, (p/2)

{
xβ

i + xβ
j

})
,

πJ
p (β|xi, xj) ∝ βp−1 (xixj)

pβ/2

(
xβ

i + xβ
j

)p .

$ �
(xi, xj) > 1

�2& . xi 6= xj
'�� � & α = max(xi, xj)(

√
xixj)

−1 > 1
� ;��5
��

βp−1 (xixj)
pβ/2

(
xβ

i + xβ
j

)p ≤ βp−1 (xixj)
pβ/2

max(xi, xj)pβ
,

≤ βp−1 exp

(
−pβ log

max(xi, xj)√
xixj

)
,

≤ βp−1 exp (−pβ logα) .

� )+& ��� α > 1
<
logα > 0

�*'�� � & � � - ��� $���&#)  � '��%�0'W'�� � -�) ���(' �9�!& . ��) .�� $�R'	� � "+����'S)8& �� 
9�!"+)8' �4)� �#-�$��C$2- �
'�)8$�&9�!"%'�$����S�2,�,�� .�� &���)8' � �O)G'	� ���9��� � �9�!-5�!, � ' � - p �2& . � � �2" � �9�!-5�!, � ' � - p logα

� ;���
�� � � $� P'��2)8&Z'��9�!'
p > 0 ⇒ πJ

p (β|xi, xj)
)���#-�$�� � - �

�

���������  '"!#! �"$ ]&%('*) !,+ �-! ! %/. +10�! %&2 ! � ] !,3
� $�, � $� '�� � �	� �#- � ����)8$�&�� � � - � �f��' � - � �!&Z �
.�� -�)+: ��. �F-�$�,�� � &#&�� ! ����� ��# � Ψ

)��I'	� �W. ) �(�!,�,1� �c
#& � '�)+$2& ! '�� �
"+$�� � .�� -�)+:0�0'�)8: � $�<'�� � �(�!,�,1�[�c
#& � '�)8$�& # �

?�	�� % ���(� �� ����� � �	� A ��G � � ' B(a, b)
�2& . B(c, d)

 � ' �J$ . � '�� . )��'�-�)+ �
P'�)8$�&�� � ;�� � &

KL {B(a, b) || B(c, d)} = log
Γ(a+ b)Γ(c)Γ(d)

Γ(c+ d)Γ(a)Γ(b)
+ (a− c) {Ψ(a) − Ψ(c)} + (b− d) {Ψ(b) − Ψ(d)} .



� � � �����	����� − �����
	���������������������������������������� �!�� "�#�$��% %����&�
9 �  ��� J B 	�� �o�(� �� ����� � �	� A ��G � � ' D1 = Dir(a1, . . . , ad)

�!& . D2 = Dir(b1, . . . , bd)
 � ' �J$��U)+-�) � �#" � ' . )���'�-�) �

 �
P'�)8$�&�� � �T$!' � a =
∑d

i=1 ai
�!& . b =

∑d
i=1 bi

� ;�� � &

KL {D1 || D2} = log
Γ(a)

Γ(b)
+

d∑

i=1

log
Γ(bi)

Γ(ai)
+

d∑

i=1

(ai − bi)(Γ(ai) − Γ(bi)).

� A ��� %  � % � 	 A �  E % B � � � A � 	 � ���(� �� ����� � �	� A ��G � � ' N1 = N (µ1, σ
2
1)
�2& . N2 = N (µ2, σ

2
2)
 � ' �J$ 
#&#)+:��2-�)	�0' �

&#$2-�,1�!" . )��'�-�)+ �
P'�)8$�&�� .�� 
 & ��. $�&Z'	� �  C$�
#& .���.Y. $2,1�2)8& [Tl, Tm]
� �T$!' �

αi = αi(Tl, Tm, µi, σi) =

(∫ Tm

Tl

exp

{
− 1

2σ2
i

(x− µi)
2

}
dx

)−1

,

Ni(x) = αi exp

(
− (x− µi)

2

2σ2
i

)
.

;�� � & ! .�� &#$2'�)+&�� 
 [.]
'	� � , � �2&��O)8'��Y- � ��� ��� '3'�$ N1

# <

KL {N1 || N2} = log
α1

α2
+

(
1

2σ2
2

− 1

2σ2
1

) 

[(X − µ1)

2] +
µ2

2 − µ2
1

2σ2
2

+
µ1 − µ2

σ2
2



[X ]

��� � - �



[(X − µ1)

2] = σ2
1 {1 + (Tl − µ1)N1(Tl) + (µ1 − Tm)N1(Tm)} ,



[X ] = µ1 + σ2

1 {N1(Tl) −N1(Tm)} .

� A ��� %  � % � 	 A �  E % B � 	� � ���"� A � � �  E �o�(� �� ����� � �	� A ��G � � ' N1 = N (µ1, σ
2
1)
 � � 
#&#)+:0�!-�)+�!' �W. )���'�-�)+ �
P'�)+$2&Z$2&

[Tl, Tm]
� ��� ' U  � '	� � 
#&#) �F$2-�, . )���'�-�)8 �
P'�)+$2&4$2& [Tl, Tm]

� ¡ )G'	�Y'�� � &#$2'��!'�)+$2&�� �#- � :E)+$�
���"�� .��	
 & ��. <

KL {N1 || U} = logα1 + log(Tm − Tl) −
1

2σ2
1



[(X − µ1)

2].

� % E E % � 	� � ����� A ��� %  � % � 	 A �  E % B"���(� �� ����� � �	� A ��G � � ' G = G(γ, β)
 � � �S�!,�,1� . )��'�-�)+ �
P'�)8$�& �O)8'��

, � �!& γ/β
�2& . :0�!-�)+�2& � � γ/β2 � � � ' N = N (µ, σ2)

 � �[
9&#)8:0�2-�)	�0' �S. )���'�-�)8 �
P'�)+$2& � ;�� � &

KL(G || N) = log
β
√

2πσ2

Γ(γ)
+ (γ − 1)Ψ(γ) − 1

σ2

[
γ

β

(
1

β
− µ

)
+
µ2

2

]
.

� % E E % �o�(� �� ����� � �	� A ��G � $�-
i = 1, 2

<E" � ' Gi = G(αi, βi)
 � ' �J$ �S�2,A,1� . )��'�-�)+ �
P'�)8$�&�� �O)G'	�Y, � �!& αi/βi�!& . :0�!-�)+�2& � � αi/β

2
i

� ;�� � &

KL {G1 || G2} = (α1 − α2)Ψ(α1) + α2 log
β1

β2
+ log

Γ(α2)

Γ(α1)
+ α1

(
β2

β1
− 1

)
.

��� ����� ��� 3 � ! % +�� % � % +�� % 3
$�&7'	�#)�� ����� � & . ) � <�� � �2)+: � '�� � �F$2-�,1�!" �	� �#- � ����)+$2&�� $�#'	� �3. ) � 
�� � �#-�)+$2-
��<��#-�$��C$�� ��. �F$2- .��	
 &#)8&���'�� � )+&('�-�)8&���) �
� . ���P'��!'�)+$2&/$��'�� � &#$�&#)+&��F$2-�,1�0'�)+: � �#-�)8$�- πJ )8&4'�� � �	� �%$�& � &('�)+�2"L�!& . ¡ � )8 �
#"8" � ��� � � �



� ��� � � ��� � � � �

�P
 �	
 �	
 � � � � ��� � #+��� � ��
��' % 
� � � 
FN � ��
#+�

� )+-���'�<���
����C$�� � '	�9�0'3'�� � �=; �
x(l) = xi

��� � - � xi
)�3� ��)8&��2" � �HG �HG���G . �0'�� �F-�$2, �!& 
#& ��� &���$2- ��. ���!,��#" �

yn

�
;�� � & πJ )�J'�� � ¤ � �C- � �����#-�)8$�-O�!& .

λ|x(l) ∼ E(xi),

λ|yn(l) ∼ G


n− 1,

n∑

j=1

yj − xi


 .

� ��� $�& . "���<���
����%$�� � '��9�!' x(l) = ci
��� � - � ci )�J�?-�) ���(' � ��� &���$2- ��. 
 ����.Z. �!'�� � � � &#$2' � c1 . . . , cn−r

'	� � n− r
��� &���$2- ��./. �0'5�H)+&('�$

yn

�R� -�$�, � � � �!&('�)� 	�� % B G ! ����� �$# < � � 
�� � '�� � ��� ��� )	�!"H¤ � �6- � �����#-�)+$2-

πJ
c (λ) ∝ 1

λ

√√√√n−
n−r∑

j=1

exp(−λcj).

;�� � &

πJ
c (λ|ci) ∝

√√√√n−
n−r∑

j=1

exp(−λcj) exp (−λci) .

;<$��#-�$0: � '	�9�0' πJ
c (λ|ci)

)���#-�$�� � -�<�� � � $�&���) .�� -J'�� � ,1�!-	�2)+&9�2" .�� &���)G' �

mJc(ci) =

∫

IR+

πJ
c (λ|ci)S(ci|λ) dλ

��� � - � S )��J'	� � ��
#-�:E)+:0�!" �c
#& � '�)+$2& � $ '�)� � &#$�
����Z'�$����#$�� '��9�!'
mJc(ci) <∞ � � )+& � �

1

λ

√√√√n−
n−r∑

j=1

exp(−λcj) < λ−1/2

√√√√n

n−r∑

j=1

cj ∀λ > 0,

'	� � - � �	� )���'�� α > 0
��
 � �/'	�9�0'

mJc(ci) < α

∫

IR+

λ−1/2

√√√√n

n−r∑

j=1

cj exp (−λci) dλ = α
√
nπ

√√√√
n−r∑

j=1

cj
ci

<∞.

�P
 �	
 �	
(� � � � � � 
�N � ''�%�
 � ��� 
�N ��� 
 #��

¡ � ��
����C$�� � '�$ �9��: � � ���!,��#" �
yn = (xr, cn−r)

��� � - �
xr = (x1, . . . , xr)

�!- � 
#& � � &���$�- ��. ) � ) � . � . �!'��
�O)8'�� .�� &���)G' � �c
#& � '�)+$2& f(x|η, β) = βη−βxβ−1 exp(−η−βxβ)

�F$�-
x ≥ 0

�2& .
cn−r

)��U� � � 'W$� n − r 
 ����.
-�) ���(' �o� � &���$�- ��.@. �0'5� � � $2"+"8$��O)+&�� � 
#& !�� � � � # < � � � $2&���) .�� -A'	� � � ��� $2& . � $�- .�� -?,1�!' � �#)+&��;- � � � - � & ��� �#-�)+$2-
πJ(η, β) ∝ (ηβ)−1 � % 
9& � � &���$�- ��. � ; �

x(l)
�F$2-3'�� � ¡ � )8 �
9"8"<,A$ .�� "L)��� � $�
��#" � (xi, xj) > 1

< ! xi 6= xi
# �

�T$!' � '��%�0' � �O.�� 
 & � &#$ �#) � -5�!- � �7�S � ' � ��� &7'�� � ' �J$ �9�!-5�!, � ' � -
��<�&9�2, � "�� � �3. $S&#$2' � $2&���) .�� -�'�� � - � � � - � & � �
�#-�)+$2-3)8&4'	� � � ��� � $�K�A&5
9)����!& ��� �9�!-5�!, � ' � - �

��$2' � '	�9�0'��F$�-V�!&�� �=; �
(xi, xj)

'	� � �C$���' � -�)+$2-K$�6'	� � - � � � - � & � � �#-�)8$�-R)�� �	� �#"+) � )G'�<2'	�9�!&)��� '�$7�S � �
P'�) �c
9"
- � ��
#"8'3$�� . � -	� � - 	�� % B�G !�� � � � #��

πij(η, β) = (2(xixj)| log xi/xj |)−1 (xixj)
β−1

βη−2β−1 exp
(
−η−β

(
xβ

i + xβ
j

))



� � � �����	����� − �����
	���������������������������������������� �!�� "�#�$��% %����&�
;�� � & � $2&���) .�� -3'�� � & � � �9�2-��2, � '�-�)  ��0'�)8$�& η → µ = η−β < β → β

�O)8'�� ¤(� � $2 #)	�!& J(µ, β) = βµ1+1/β � ;�� �
� $�-�- � ���%$�& . )+&��?&9$2&#)+&��F$2-�,1�0'�)8: � �9-�)+$2-3)� πJ (µ, β) ∝ (µβ2)−1 � ;���
�� πij(µ, β) = πij(µ|β) πij(β)

�O)8'��

µ|β ∼ G
(
2, xβ

i + xβ
j

)
,

πij(β) =
(xixj)

β−2

2| logxi/xj |
(
xβ

i + xβ
j

)2 .

;�� � � $2,���
#'��0'�)8$�&B$� � %-8 AIJ(π|yn)
& ����. �H'�$ � $�, ��
P' � '�� � �C$���' � -�)+$2- .�� &���)G' �@$��

πJ � $2& . )G'�)8$�&9�!"+"��;'�$

yn(ij) = (y(ij)1, . . . , y(ij)n)
'�� � ���!,��#" �

yn

���#$�� ��� $�, �C$2& � &('�� xi
�2& . xj

�9��: �  ��� &;- � ,�$0: ��. � � � &#$!' �
��)+,�)8"	�!-�"��

xn(ij)
� ;�� � �C$���' � -�)+$2- .�� &���)8'�) � �O�2- �

πij(µ, β|yn(ij)) = πij(µ|β,yn(ij)) π
ij(β|yn(ij))

�O)G'	�

µ|β,yn(ij) ∼ G
(
r,

n∑

k=1

yβ
(ij)k

)
,

π(β|yn(ij)) ∝ βr

(
r∏

k=1

x(ij)k

)β

(
n∑

k=1

yβ
(ij)k

)r .



Chapitre 5
� �������	��
�� ��
 ����������������������
��

�W�!&��O" � � � �%��#)8'�- � � �#-! �  .�� &�'
��<P&9$�
��3&#$�
�� ��$2,�, � � �F$ � �2"8)�" � ��
9-O" �  Q'	
 .��7.�� "	� � $2&9&9�!)�	���!& � � �	� � � -�' �
� '3"	� � �2"8)+ #-5�0'�)8$�& . � 
#& � , � ��
#- �
.�� �#-�$� 9�! 9)8"+)G'! % � $# � $# < � & �9�������2&('J:�$2"+$2&('��2)8- � , � &(' ��$�
�� ��)+" � & ��� " � �
,% Q'	�#$ .�� � .�� � �!" � 
9"* 9���& ��) � & <E:�$�
' � �)( � ��'�)+, � - % � � � � 	�$# � $# 
#& � �F$2& � '�)+$2& . � )+&�'! �-!*Q' � 8 � "+" � � �o� )
)+&(' � -�:E) � &#& � &�'��9�2-��!)+"8" � 
9-�� . �2&��3" � � �!" � 
#" . 
 � -�)8',+�- � � %-8 <��9-�$��%$��" 
�
 � �9���#)G'�- � ��� � � $2 �� � ' . 
 �9-, � � &�'
� �9���#)8'�- ��� ��' . $�& �S.�� �#-! �� � &(' � - � 'T�!&%�!"�� � � -3" � �3,% Q'	�#$ .�� ��&5
9,- �-�)  
 � �J&#$�
���� � -�, � '�'5�!&(' .�� , � & � -O" � �
� �!" � 
#"�J&' ��� �����2)8- � �.( 
#& � �2&9�!"���� �  9���& ��) � &9& � � $2,��#"/+Q' � �

0 $ �"! ! ! � ] $ ! !
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� � � �����	���  − �������
"$%���	 %��	����
 ����
$�������	 � ���
�@(�� � ��� � 9 > ��� � =
9 �

8I$2&���) .  �-�$2&���
#&  � �9�!&('�)+"+"8$�& .��H. $2&#&' � �U$2 �� � -�:& � �
yn

<  
9) ��$2&(' ��
����C$��, � �x*�'�- �H.�� �T- � �9-, � � &�'5�0'�)8$�&��
. � 
#& � :0�!-�)+�2 #" � �!"/ ��!'�$2)+- �U.��
.�� &���)8', f(x|θ) < .�� �9�2-��2,-+�'�- � θ ∈ Θ

��� �!&��I" � � � . - �  9���& ��) � & < θ � ��'J" 
#)L��
��	��)
��
����%$��" =�2"E ��0'�$�)8- � � 'X, 
9&#) . � 
#& �>.�� &���)G'! π(θ) . $�,A)+&' � �9�!-�
#& � , � ��
9- �=.�� -! Q�  �- � & � � ν ��
#-1" � � ���9� ���
, � ��
#-��2 #" � Θ � ��� � � ��'�)+,1�0'�)+$2&4 9���Y ���) � &#& � � ��'��F$2& .  � ��
#-O"	��"+$2) %������ � 	�$# � $# .��7.�� &���)8', 

π(θ|yn) ∝ π(θ)L(yn; θ)

$ � L(yn; θ) .
 ���) ��& � "+�A:E-��2)�� � ,H #"	�!& ���W.�� " �  � �9�!&('�)8"+"8$�& yn

�

8 � � �9��#)8'�- � � ��' � $2&���� � -! W��
 � ,% Q'	�#$ .�� �O&�
#,% �-�)  
 � ��� � -�, � '�'5�!&(' . � � ��'�)+, � - %!�"��� ��	�$# � $#O
#& � �F$�& � '�)8$�&
. � )8&(', �-,*�' Φ(θ)

�$# & �& �&' �-5�!".< . �!&��X
9& � � . - ��. �  �'�
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φT =
1

T

T∑

t=1

Φ
(
θ(t)
)

: � -�� φ � ��'R������
#-, � �%�!- " � � -	�2$ . ) � )8', .���� � '�' � � �9����& �3.�� �>�!- �2$0: � �R" 
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1

(T − t0 + 1)

T∑

t=t0

Φ
(
θ(t)
)

p.s.−−→ φ.
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 � � . - � � $�&�'�)8&�
 .�� "	� ,��!'�-�) ���4.�� '�-��2&���)8'�)+$2& . � 
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K (θ, A) = P
(
θ(t) ∈ A|θ(t−1) = θ

)
,

=

∫

A

κ(θ, θ̃) dθ̃

$ �
θ̃ 7→ κ(θ, θ̃) �
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 �  Q'5�� � � �

� � $2& ��)8,[
#" �/.�� �?-! ��2"8)���!'�)+$2&�� .�� θ � & 
P'�)8"+)����!&(' 
#& &#$��(�
 ,1�!- �2$0:E) � & % ��� # B # % # �	�< .��/.�� &���)8', κ(θt, .)
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π(θ|yn)/κ(θ|θ̃)
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π̄(θ|yn) = L(yn; θ) π(θ).


 '�M+# � 
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t→ t+ 1
!#" ��6 	����5&��

θ ∼ κ(θ(t), .) �
01" ��6 	����5&��

u ∼ U[0,1] �
;1" �)�)������&�� �5) ��)� ( ) ( 6���6�'�������)�����&���'�)�' 69�+

p(θ(t), θ) =





min

{
1,

π̄(θ|yn)/κ(θ(t), θ)

π̄(θ(t)|yn)/κ(θ, θ(t))

} ��6
π̄(θ(t)|yn)κ(θ(t), θ) 6= 0,

1
��6�+���+�"

� "��)����&��
θ(t+1) =

{
θ

��6
u ≤ p(θ(t), θ),

θ(t)
��6�+��+

.

"
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(µ, β) .
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µ|yn, β ∼ G(a, b(β)),

β|yn ∼ π(β|yn)
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π(θ1|θ2, . . . , θp,yn),

π(θ2|θ1, θ3 . . . , θp,yn),

. . .

π(θp−1|θ1, . . . , θp−2, θp,yn),

π(θp|θ1, . . . , θp−1,yn)
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0 " ������
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θ
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j ∼ π(θj |θ(t+1)

1 , . . . , θ
(t+1)
j−1 , θ

(t+1)
j+1 , . . . , θ(t)p ,yn) �

; " ��6 	����5&��
θ
(t+1)
p ∼ π(θp|θ(t+1)

1 , . . . , θ
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Θ

Φ(θ)
π(θ|yn)

ρ(θ)
ρ(θ) dθ,
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i1 fois
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i2 fois

, . . . , θM , . . . , θM︸ ︷︷ ︸
iM fois

)
"

8 � ���2)����!&('�<5�9�2-I" � �����#"+) � �0'�)8$�& .�� "	�7"+$2) .�� �1��-��2& . �R&9$2,? 9- � ��< θ̃P ��
#)8'O����#-�$ � )8,1�!'�)+: � , � &�' π(θ|yn)
"8$�-��  
 �

M/P → ∞ � � 
# #)+& !���� � ��#1� $2&���) . +�- � ! ���2&�� 8>
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� � # ��%$A ��� � A � � J)%$A � # BDB ��A ��� # E ���  � %�A � 	 	 � �  ��� � # B # � % ��B 	 B �  � & ��� ��A � � � # � 	 � 	 E � � # � 	� π(θ)

	 A π∗(θ)
� �)% 

	 � 	 E � B 	 �"� �  � A 	 � � � � 	 � 	 � 	 A"� # � # B # � ��� G � � # � & � 	

π∗(θ|yn) ∝ π∗(θ)

π(θ)
π(θ|yn),

# B 	 � � % # � ����� � � � 	 A #  � A A � � � 	 B 	 � � # E % � 	 �  %������ ��	�$# � $# 	 A E � � # � %�A � B 	 � ��� # � � ωi
	 A

ω∗
i =

π∗(θi)

π(θi)
ωi.

� # A"� # � ��A � 	 � � � 	  % E 	 A 	� � B�� � � # B # � % � # ��A ��� % � $# � $# � ��A�� � � � � � � � �  % � #(& � 	 ���"� �  	 � � # E 	� %������ � 	�$# � $#
� A 	 � ��A � � # ��A ��� # A � � ���� G
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.�� "+���F$�-�,[
#" � !  � � # �9�!-��F$2)�3'�-!+�� .  T� � & . �!&('�� .�� �T:0�!" � 
#-
� θ̂M � 3 
����%$���$�&�� �%�!-
� � � ,��#" � � 
 � )+" � �2)G' � � 
 .��/. $2&#&3 � �S,1�2& � 
9�!&(' � � �$� �2&�� � �3� ����<L" � � � � #

θ̂i
��$�&�'
'�-,+ � �#-�$ � � � �S" � � 
9&��

.�� �H��
P'�- � ��< � '1" � � � 
 � 
 � � .�� ρ(θ) -�)� � 
 � &(' . � *Q'�- � �#" 
��A"E ��&+�- � � � 
 � � � "+" � � .�� π(θ|yn)
� 8 � ���3 �&#$�,-+�& �

� ��'U�2,��#"8) 
  �%�!-T" � � �#$�) �=.�� &9$����
 � ����
�����) � &�� �"# & � $2&��" � 
 � & ��� <9"	�1:0�!-�)	�!& ��� � ,��#)+-�) � 
 �?.�� " � � ��'�)+,��!'�)+$2&
-�)�� � 
 �S. � *�'�- � �! �
���)+: � , � &(' ���2)8 #" � �
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 ����
$���������� ��
��� ��� � � +���� '"! � �,3 ! � � % ��� $ '�� +�� � 3

� 
 & . $�& �
.�� , � ��
#- � -3" � � . )�� � 
#"8', �O'	�' �$�-�) � 
 � � .�� . � � <#&#$�
��. Q'�
 . )8$�&�� ��$2&Y����9"8) � �!'�)+$2&=�
4,�$ . +�" �
�	� �C$2& � &�'�) � " � � "�� � ���2)8' . � 
#& � ���*'�-,+ � ��)+,��#" � <��%$�
#-L" � � 
 � "("	� .�� &���)8', ρ(θ) .�� � (θ̂j)

� ��' �	� �#"+) � )G' � � '<& � &' � � �	��)G' �
�9��� .���� $2&���'�-	
#)+- � 
#& � � ��'�)+,1�0'�)8$�&H&#$�& �9�2-��2,% Q'�-�) � 
 � "+$2-
� � 
 � π � ��' � $2&�8>
���
' ��. ) � & � &(' � & . 
 <0&#$�
�� & � ��:2$�&��
&�
#"V � ��$2)+& . � 
#& �!" �2$�-�)8'��9, �X. �  � �9�!&('�)+"+"8$�&#&9�� � ��
#)� � 
 � π(θ|yn) � ��'H�!"+$2-
� � &('�)E+�- � , � &(' � $�&#&�
 � � 'A�!)�" �
, � &(' ��)+, 
#"	�! #" � � , $�
���,�$2&('�-�$2&�� ��
#- � ��� ��� ��)8,��#" ��� 
 � ρ � � ��:Y+�- � 
#& � �!& . ) . �!' . �!&�� � - � 
 � � �2-< C$2-�&' ��
9- Θ

�

3 $2)8'
f(x|λ) "	� .�� &���)8', . 
4,�$ . +�" � � � �%$�& � &('�) � " E(λ)

� � &%�9"+� � � ��
9- λ 
9& %!� $# � $# � $2&�8>
���
' G(a, b) .��
.�� &���)8', 

π(λ) =
ba

Γ(a)
λa−1 exp (−bλ) �

{λ>0}.

� & ��
����C$�� �(� 
 � " �  � �9�2&('�)+"8"+$2&B$� �� � -�:& 
yn

� $2&('�) � &�' 0 ≤ r < n
:0�!" � 
#-
� (x1, . . . , xr)

&#$2& ��� &���
#-! � � � '
cn−r = (c1, . . . , cn−r)

:0�!" � 
9-�� ��� &���
#-! � � 
 �  � � ! ' ��� ��� � # ��� "8$�-���< � &Y&#$2'��2&�' t(yn) =
∑n

i=1 yi
<#$2&Y�

λ̂i =
n

t(yn) + ti

$ �
ti =

∑n−r
k=1 z

i
k
� '�< .�� �9�2-O"+� �#-�$��9-�)/ Q'! . � �2 �� � & � �
.�� ,% �,�$�)8- � <

zk
|λ ∼ E(λ),

ti|λ ∼ G(n− r, λ).

� � .�� &���)8', 
)+& � $2& . )8'�)+$2&9& � "+" �
.�� ti � ��'T�2"8$�-��

fT (t) =

∫

IR+

fT (t|λ)π(λ) dλ,

=
Γ(n− r + a)ba

Γ(n− r)Γ(a) (b+ t)a+n−r t
n−r−1.

�K�!-�
#& ��)8,��#" � � �9�!&�� � , � &(' .�� :0�!-�)+�2 #" � <P$2&/'�-�$�
9: �

ρ(λ) =
Γ(n− r + a)

Γ(n− r)Γ(a)

(
(n− t(yn)λ)

−1

(n− (t(yn) − b)λ)a

)n−r

nbaλa−1 �
{0≤λ<n/t(yn)}.

� � .�� &���)8', .�� � � ��# - ��� $2&���'�)8'�
' � � ��' . $2& �  C$2-�&' � ��
#-
[0, n/t(yn)[

< ��� � 
#)K)+& . 
9)G' � 
 � "	� .�� &���)G'! �o� )+ #" �
-, � "+" �S.�� " �  � �9�!&('�)8"+"8$�&#&9��� � � ��'O"	�A- � ��'�-�) � '�)8$�& .�� π(λ|yn)

��
#-
[0, n/t(yn)[

��� )8&���).<
ρ
- � �#-, � � &(' � '	�' �$�-�) � 
 ���

, � &(' 
#&4,���
#:0�!)� � �#$2) �/.��7.�� &���)G'! . � )8,��C$2-�'��!& � � �
8 � � � & . �2&('�< � �7.  T���
P'W-, ��
#"8' �H. 
 ���!)8' � 
 � " � $�& �#-�)8:E)+"E ��2) � "+� � $2&#&%�!)�	���!& ���
.�� "	� .�� &���)8', ρ(θ) (�'�$�
P' �

- ��� $�&���'�-�
 � '�)+$2&D&#$2&`�9�!-5�!,% Q'�-�) � 
 � � 8 � '�' � " ��� '	
#- �
� , ��$�� � � .�� " � �!" �2$�-�)8'��9, � � � -�, � ' ��� -�' � � .�� , � '�'�- � � &
:0�!" � 
#- "	���F-5���)8"+)8', .�� . � � <!,1�!)��$2& � � 
P'R)8,1���2)+& � -i
#&A %$�& � �9$2) �?.�� &#$�����
 � &#$2&A C$2-�&' ���<0��: ���J.�� � � 
 � 
 � �
� ��� � �#'��! 9" � ��< � 
#)�� � -�, � '�'�-5�!)8' . �  �:0� � 
 � - � � '�' �;. )�� � 
#"8', >'	�' �$�-�) � 
 � � � � 
P'�)+"8)���0'�)+$2& .�� &#$�����
 � �(�
�����) � &��
. �!&�� !  � {�# �����2&�'U' � & . �!& � � ( �	� ��Y �- � -W"+� � $2& ��� &('�-5�0'�)8$�& .�� � � ��# - ��� $�&���'�)8'�
' ��< .�� �S&#$�����
 �D.�� 8J�
 � �7�
.��
.�� &���)8', �

ρC(θ|α, θ0) =
(α
π

) 1

(θ − θ0)2 + α2

�9�!-5�!)��� � &�' ��
�� ��� �P'�)8 9" � � . � �!,% �"+)8$�- � -S" � � ��'�)+,1�0'�)+$2& &#$�& �9�!-5�!,% Q'�-�) � 
 ��.�� ρ �$# & � 0 � '�<<" � �
"+$2)� .�� 8J�
 � ���
��$�&(' � $2&9&5
 � ���C$�
#-V& � ��:�$2)+-K&#) � ���B �-5�!& � � &#)%:��2-�)	�!& � � < � 'V" � �V:��2-�)	�! 9" � � .�� 8J�
 � �7�H& � $2 B �)�	� � &(' �9���R�
�'	�' �$ �
-,+�, ����� &('�-5�!"K"+)+,A)8' � �L"+� �#-�$2 %�! #)+"8)8', . � $2 #' � &9)8- .�� �S:0�!" � 
#-
�  �"+$2) �2&3 � � .�� θ0 � ��' � &`���2)G'
'�-�$��� �" � :& � �C$�
9-
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� � -�, � '�'�- � (X"	�X,�$�� � &#& � � , �9)8-�) � 
 �H.��[� $2&E: � -�� � - � � )+&���).< � � '�' � "8$�) � � � �!-5� � '! �-�)�� � �9�2-�
#& �F$2-�'x Q'5�!" � , � &('
� ' .�� � � 
 � 
 � �J'�-,+ �3"8$�
#- .�� � �
� 6�3 ��� ��
 6 � � � � %  % # BDB 	 �  � � ��� �  � 	 �  % # ����A�� � � � � � ��� & � � 	 �,% � � J)%:� # ���	 � �-� A�% � $# � $#x# A � � � ��$# 	 B π
�	 � ��	 � %�A�� B 	 � � % # � ���  � � J 	 � 	 � � �$A A � 	 � G � # A�� # � � � E E 	 B 	 A � � 	 � 	 B 	 ��� � !#�#��$ �*� 	 A � � � # � � � � % # �!& � 	 B 	
� � � ���  � � 	 ρ 	 � � � �  A � � B %!�  � � � � � �	�? � � � � %�A�� B 	 � %�� 	 � ����A 	 A � # 	 B � � 	� E 	�� ��� 	 � � # E 	� � ��A � 	 A % �
B 	 E 	 A �
B % E % � 	 � �	 ��%  � # 	 � 	 B % E %��:� 	 � 	 π(.|yn) G

� � 
#& � ��� 9�$2&��Y �&' �-��2" � <0" � 
P'�)+"+)����0'�)8$�& .�� . � � � ��' ��)+, �9" � ! � ' �%$��	��)8 9" � , � &('I�!,% �"+)+$2-5�! #" �$# <0,��2)�� ��$�&��2-�$��
.  T���
P' � ��' .�� �F$�
#-�&#)+-��%$2' � &('�) � "8" � , � &(' .�� �i�C$2) . � ωi

'�-�$�� .  ��, � 
#)+"8)+ #-! �� � &[�F$�& � '�)8$�& .�� " �  �"+$2) �2& � , � &(' � &('�- �
π � ' yn

� � & �9-�$��%$�� �7. $�& �7.�� �#-, �  .�� -�" � � ,��#"+$2) .�� . � � . 
 � �!" � 
#" . 
 � -�)G'!+�- � � � 8 .  
 &#)<��
 � �9��9)G'�- �
7 < � 
#) � � ,? 9" �  #) � &/� . ��#', S�
3�#-�$2 9"E+�, � � 3 )48��!,1�!)� � � 8

> 1
$�
 ��)6" � �C$�
9- ��� &('���� �U.��W. $�&#&' � � � � &���
#-! � �

� ��'����2)8 #" � <2$2&��#-�$�� � -�)G'K" � 
P'�)8"+)���!'�)+$2& .�� . � � � ' 
9&X�
P'�- ��� �#$�) ��.���.�� &���)8', . � )+, �C$2-�'��2& � ��. $2)8' *Q'�- � ���!)8' ��� &
� � �2, � & � :E)��
 � " � .�� "	���#-�$ � )+,�)G'! � &('�- � )8&��F$2-�,��!'�)+$2& %!� $# � $# � 'T$2 8 ��� '�)8: � � � 
#'���
 ��- � "+$2-
� � 
 � "	� . )8, � & �
��)8$�& .�� θ � ��'�- � ��'�- � )+&(' � ( � $�
 � ��� �!&�� .�� � � ��� .��7. )+, � &���)8$�&���
��B �-�) � 
#- � < � "+" �S.�� :E) � &('�,A$�)8&��. �:E) .�� &(' � (
�����#-! T� � & .�� -�< . � $ �4" � 
P'�)+"+)G'! .�� � � 8 �

������� � � � ! . ! � 3 + � � + � 3 � % ' � ! ��� $ ! ! . ! % � � � % ! � � !
� �!&�� " � � � . - �R. 
 � �9���#)G'�- � { <�$�&S� .  
 &#) π(β)

��
#-l
#& � $�,��9� � ' [βl, βr]
�C$�
9-L" � ,A$ . +�" �I.������ )+ �
#"+" � � �2&��

��� ,%*�, ��� �9���#)G'�- � <!&#$�
������2)���$2&�� 
#& � �#$2) � % � $# � $##&#$�
�� � � -�, � '�'��!&(' . � $� P' � &#)8- �	� �#"+) � )G' � , � &(' π(µ|β,yn) �

µ|β ∼ G(a, b(a, β)),

β ∼ Be(p, q)
.  
 &#) � ��
#- [βl, βr].

� )8&���).<#$2&�� � ������
#- � � 
 � "+� .�� &���)G'! 
)8&���'�-	
#, � &('5�!" �

ρR(µ, β) = π(θ′|β,yn)ρR(β),

β ∼ U[βl,βr]

- � ��� ��� ' � " � � � $2& . )8'�)+$2&�� ��$�
��9�2)G'! � � �9�2- � � � � � � !�� � � �7# � ' � $2&�� � -�: ��.�� � � 
 � 
 � �K'�$�
�8�$�
#-��1�#" 
��V"+$�
9- .�� � � 
 �
π(θ|yn)

� � &Y���!"+$2-
�
ω(θ′, β|yn) = ω(β|yn) �

'

ω(β|yn) = βr

(
r∏

i=1

xi

)β

(β − βl)
p−1(βr − β)q−1 ba(a, β)

(
b(a, β) +

n∑
i=1

yβ
i

)a+r
�
{βl≤β≤βr}.

8 ��� �9$2) ��.�� -, T�  �- � & ��� &#$�
�� � � -�, � ' . $2& � <(��
�'�-5��: � -
� . � ����#"8) � �!'�)+$2&��V&�
#,% �-�) � 
 � ��< . � �����#-! � ) � -V" ��� $�, �C$2- �
' � , � &(' .�� "	� .�� &���)G'! 
)8&���'�-�
#, � &�'5�!" � �#-�$��%$��" � �%�!- . � � �

��������� � � � � $ %&$ +#3 � � 3
� & ��)+, 
9" �o{ �  � �9�!&('�)8"+"8$�&�� .�� '5�!)+"8" � n = 20

� � "+$2& " � ,A$ . +�" �X.�� � � )8 �
9"8" .�� �9�!-5�!,%+�'�- � � (η0, β0) =

(112, 3) ! ��$2)8' . � � ���` �-��2& � � � ��� � ' .�� :��2-�)	�!& � � 362 # � � &�- � ,��#"+� � � n−r :0�2" � 
#-�� .���� � '  � �9�2&�'�)8"+"+$2& �9�!- 
9& �
��� &���
#- � ��)+, 
#"/ � � � "+$2&A"+�S"+$2)�
9&#) �F$�-�, � ��
#- [110, 130]

��� 
9�!'�- � �%$�
#- ��� &('���� � � .�� � � &���
#- � � � -�$2&(' � $2&���) .  �-! �� �

 I < �  I <  � I < �  I � � & 
 ��� [βl, βr] = [1, 5] �
'
p = q

� � )+&���)0<
π(β) � ��'?'�$�
�8�$�
#-
� � � &�'�-, � ��
#-

β0
� � &



� ��� ���������  − �������
	��������	����
 ����
$���������� ��

� �#$2)��)G' .�� 
 � :0�!" � 
9-�� p = 1.5 � ' p = 15
< � ��� 
#) � &('�-5����& � σβ = 1 � ' σβ = 0.36

�"� � ��
P'�- � �9�!-�'�<9$2& ��
����%$�� �
� $�&#&9���	'�- � "+��,% . )+�2& � ,��2-���)8&%�!" � %!� $# � $# xe

� � & 
P'�)+"+)�� �
. $2& � < . � ��#-!+��J" � � �9��9)G'�- �Z{ <P"	�[�F$2-�, 
#" �
b(a, β) = (21/a − 1)−1xβ

e .

� & � �#$2)��)8' xe = 100
< ��� � 
#) � ��' �%�!-����!)8' � , � &�' � &>� ��� $2- . ��: ��� " � � . $2&#&3 � ��< � ' xe = 50

< ��� � 
#)L'! �,�$2) �2& �
. � 
#& � �	� � � -�'�)� � '�-,+ ��� � �	��)8,�)��' � �"# & 
 & < a � $�-�- � ���%$�& . �2&�'.( 
#& � '��2)8"+" �7. �  � �9�!&('�)8"+"8$�& 
7� '�) �4<#$�&��, �" ��� '�)+$2&#& �
a = 3 � ' a = 10

��� �!&��J" �W.�� 
 � )E+�, � � ����<�� � )+"��X� �F$�-�' � ��� &���
#- � <(" � %-� $# � $#C�����C$2-�' � 
9& � )+&��F$�-�,1�0'�)8$�& ��
#-
θ′�#" 
��3)8,��C$2-�'��2&�' ��� 
 � " � � . $2&#&3 � � �

� �2&��S" � �U'��! 9" � �
 �  � � � '  � � <C$2& �#-! �� � &(' � �%$�
#- � �9� � 
 ��� �#$2) �>.��1.�� &���)8', A)8&���'�-�
#, � &�'5�!" � < � � "+$2& �9" 
 �
��) � 
9-�� � �!-5� � ', �-�)��'�) � 
 � � .�� π <5
#&1'�-�) �#" � ' .�� :0�!" � 
#-
� � $�-�- � ���C$2& . �2&('V�
 � � ��'�)+,1�0'�)+$2&�� .�� �>$2&(' ��� 8J�2-�"+$ .�� "	�
. 
#-! �S.�� :E) � ,�$�� � &9& � %!�"��� � 	�$# � $# ! " � � ���B �-5�!& ��� �9-, . ) � '�)+: � ��
9- X # <E&#$!'! � D < .�� ��$2&W � �2-�' � ' ��� � σD
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E<'&K<'$?� =���$7=@�������?=��E< φ <C=A�B������� =@����$�$3 �����

φM,T =
1

T

T∑

t=1

M∑

i=1

ω̄i,t φ(θi,t).

� ��C#��������$ � <D� < � <�� <@=%����&>���D<T
-�@�' � �������,<�$ T <
�
M
� �E���@�������?<T
-�B= - ����
��F����
�� t = 1, . . . , T - =���
7=G� <@= � ��$-��� �

������$F= �'<T
H�B<C=A����� � ����C!<C= - ∑M
i=1 ω̄i,tΦ(θi,t)

� ��$+C!<'���P< <'$ �������-���-�����!�! >C!<'�B= φ <
� 
-$I���' '���!+�&�< � <'$��������E����&J�!�B<
= � ��������� � 
E< � 
-��$-� M → ∞ ��K ����� � ��L � 	�� %��?� ! ����� I�#
M

1� � �2  + � 5�� � ���#"�89$�� :�; $�� 4 �#"
� � ��� ����������N-&K<�<@=%�(&J����� 
  <�$H��8%��L�����$?�OL-$E<c 
�"��'<>� �I��<@=(����$�$' N<@=O&>��$ � L-��$��B<C= z

=���$?�*�B< � ��$F=A������L' C<C=
C+��� ��� =���&PL�����������$ � ��L�����$?�D<>� <C= �-���"��&%+
���D<@= M 8�<'��<'L � 	�� %���� ! ����� * # ����������=J<'$?�OL-$E<;C!<'�B=�����$Q�E< � � 8 � L��
&J��&K<BL�$c � N-��$?����������$�$���!</�E<"�R���-�F=H<'$���������L-�?=���$?�S�?<C=

z
<
�S�?<C=

θ
=J<'����$J��<'L��B=G���G=%��������L�������$F= � ��$-����������$-$E<�����<@=

�B<C=��7< � ����CP<C= M � $ T3�����A<�$ <�0'<��/��<(U"N���� � � � L�$F<*$���L�CP<�����<*� <'$F=��!�! *��$F=A����L�&�<�$?�"���?<

ρJ
i,t(θ, z) = k(z|yn, θi,t−1) ρi,t(θ|z) !3I�M 7 #

� �
ρi,t(θ|z)

�������.*����B<DV-����U"NE<R� <
π(θ|yn, z)

M � <OV������E=F$���$�$�����&>�����G=" = �  'U�������������� = ! C������@� � ��$���������L�UW������$X��L
U"N-��V������B<DV,��L����?<C=/$����"�#������$7= #

ωi,t =
g(yn, zt,i|θi,t)π(θi,t)

k(zt,i|yn, θi,t−1)ρi,t(θi,t|zi,t)
. ! I�M I�#

<��@� � ����Y���������N�&�<OV��B<�$-� ���PT5����&�<>=AL-��C#��$?�B< M

0 132 5F� �5476 8 � * M �>*98[ZI\ 5+��� �#�#" 89$ � :�; $�� 4 �#" 
:?]_^�`7a-b=<

t = 1, . . . , T �

ced>b�f�]�g
i = 1, . . . ,M �

!�h $ <�i
a-]-j?`�glk�`nm h-o f�pqi7p�k ��b�`�p�k h p+^�`
zi,t ∼ k(z|yn, θ̃i,t−1)

`�^
θi,t ∼ ρi,t (θ|zi,t) �

!%r�$ts�h j s ]�j?`�g_j�`lb-f-i#k�< !"u d u $ �



2E1 � ��������� I − �������
	��������	����
 ����
����������� ��

� d>g�� � s��-h p�^=i�j+j?f�p+p�`�g j?`-< b h g+^,i s ]�j?`�< s f�]�g h p�^�`-< <�`�j?f�p j�`-< b-f�i#k�< p-f�g�a h j-i�<��-< �
� d s f�p=< ^+g?] i g�`

ρi,t+1
< h�s��-h p�^ FM,t �

b-f�]�g
i = 1, . . . ,M

!�s mGd § u d	�Fd�c d	� $ d

� ��L���UN<���������$F=OV-�������E+'&�<C= - ���)�B<'U���$F=A������L�������$H� <C=P����$-$' N<@=*&>��$�
?L-��$��B<C=O$ � <C=A��V-�P=*�! '��N��������������B<>V���L��(L�$F<
����$�$E< <@=%����&>�#������$J�-���& @=A�?<�$�$F< - V-���H< � <�&JV��?< � #�/� <@= ����Y���������N�&�<@=E� � �D�!=A����$�YP= � � <
������V������G=��3UWT M�� <��?<�L � 	��� ���
��� ����� M � ���?=DY& '$' ��"���?<�&�<�$?� - U<��A�D<K<C=A����&>�#������$ <C=A�R�����;U
����< - C������D<*��&JV���=D=�������< - <�� =D<�V�����C!<��R� <C=DV,�P=B=A�����������, @=
� <*U
��&.V-�E �������$ � � L�$)&.���:+'��<Z(J����$�$' N<@=�&>��$�
?L-��$?�D<C=@��LX���+V'<

z|yn, θ ∼ k(z|yn, θ) ∝ g(yn, z|θ),

?L��=T3��U������!�B<*��<(U'����U
L�� �E<C=@V,�����E= - <C=A������&J&>��Y!<7�����?< M

1  � 32  � � � \ ; � 4C� 5�� \ � &E$ � � $�� �!��� $ ����$E5���� 1 $E�����L� 131 � "@$ 4C� 5��
� �JY��"��$�� <*C#�����������������, (� <@=�V������F=�� I�M I � - ��U�UN<�$?��L' C<*V-���B���JV��! C=D<�$�U<*� <�����$�$' C<C=�&>��$�
�L���$?�D<@=A=A��&�L-�E C<C= -

V7<'L�� *
���D<*����&J��$+L' C<><�$ U
��$F=����: '����$?�FL�$F<(��V�V���� � ��&>��������$�� <*���J� <�$7=A���, *��$F=A����L�&�<�$?������<O&>����Y���$-���?<O� < θi,t

ρJ
i,t(θ) =

∫
ρJ

i,t(θ, z) dz.
� I�M * �

# $ < 0 <
� - ���OC ��������$�U<�� <����*���?=A��������L�������$ ρJ
i,t(θ)

=�L��E� � <�$7=J<'&����?</� <C=
θi,t

<C=A� ��$�T  �����<'L��D< (OUN<�����<B�E<����*���G=A��������L �
������$�8%����$��B<

ρJ
i,t(θ, z)

=�L�� � � <�$7=J<'&����?<G� <@= U
��L-V���<@=
(θi,t, zi,t)

- � <FV-��� �?<S��N' ����,+'&�<G� < + ��� �! ����U#" � <������ � <'�!T3��$-�
5 3 &J�!��N � � � � - + ���7<'�A� 5 � �!=D<������ - ��� �17 - V M �^{ ��� M$� ��$-$?LF</V���L��@��U�U����������D<B��� =%�"�����������, R� <C= =�U"N' �&>�!=G� � ��L�Y �
&�<�$?����������$I� <>����$�$3 N<C= - U<��A�D< =A���"�#�! �Y���<.V����A�B<J��<J$���& � <J����� � ������U#" ��<'�����G=���������$ ����$7=O��� �D<'��&J��$�������Y���<.� <C=
� � � �DM 3 ��U<��A�D< =%�������, 'Y��?< $E<S&J����� 
 <FV-�!= ��<@=eV-����V����/ 
�! C= � <GU���$+C!<'��YP<�$-UN< � < � � � - <'���?<S�B<%
?L��?<���� UN<�V'<�$-����$?�
���BV���=D=������������, G�E< =, �V-���D<'� ��� =���&PL����#������$(�E<C= ����$-$' N<@=e&>��$�
�L���$?�D<@=0<
�E� <@=eC#���?<�L-�B= U
��L-����$��B<C= ��L�V-������&%+
���B<

θ M

� $E< <C=A����&>�#������$ � <&� I�M * � V-��� # .��"�  �! � � 	 �  .��'� # �(' V7<'��&�<��)� < �! �L��������?=D<��X� � <'$F=J<'&����?<Q�E<C=)����$-$' N<@=
&>��$�
?L-��$��B<C=�
?L�� ��$��) ��, =���&PL��E C<C= M � $ �������?<�$?�B�������B=

ρJ
i,t(θi,t) ' di,t =

1

M

M∑

l=1

k(zl,t|yn, θi,t−1)ρi,t(θi,t|zl,t)

k(zl,t|yn, θl,t−1)
.

� <@=�V,�����E=
ωi,t

V���� 
 �D<'$?�P� <)U<
���D< =%�������, 'Y��?< <�$ ��V�V���� � ��&>��$?� ( ��� T5���G=P�?<C=.���G=%��������L�������$F=) ����� � 	�$# � $#M<��
��$7=%����L�&�<'$��"���?<C=@&>����Y���$-����<@=

�

ωi,t =
ni,t

di,t

� �

ni,t =
1

M

M∑

l=1

g(yn, zi,t|θi,t)π(θi,t)

k(zl,t|yn, θl,t−1)
.

, ������$F=GU<'V7<'$-����$?�*
?LE<B��<RU�����U
L-�-� <B� � <C=A����&J���D<'L�� �"��� � ������U#" � <������G=" < � ��Y!</L-$;U
� ���*
?L-�����"�#���+
?LE< O(M2) -
?L�� �.�D<'$-����$�U<Z(.������<'$������@� � ����Y������!��N�&�< M
1  � 32  � 8 5�� " 4 � ; � 4C� 5�� �54 ��� $ 4C� &'� \ � \ � � " �34 �#" � � " 4 � ; 89� � 4 $ 1 �#"

, ��L7=/$���LF=���$��! ��B<C=B=A��$F=���L U"N���� � � <*���;� <�$7=A���, *��$F=A����L�&�<�$?������<(U���L��"��$?�D< ρi,t(θ|z)
����$F=����.T5����&�L����#������$

Y& '$' ����+
?LE<,� I�M 7-� M + ��V�V'<�����$F=*
?LE<B����U���$F=A����L-UW������$;� <DUN<
���D<O� <�$F=����, Q<@=%�@U
��$-����������$�$' C<G(*����U���$�$����G=D=���$-UN</� <C=



� � ��� ��� ��� ��������� � 	�� ��� � � ��� ����� ���
�� � � � � 2E1'1

=���&PL����#������$7=M<��@V,�����E=�� � ��&.V,��������$-U<RV�������L����B=.(�� � �!�! ��"�#������$
t− 1

� <O� � ����Y���������N-&K< M�� <��A�B<OU���$�$����G=D=���$-UN<Q<@=%� -
����$F=@�?<C=@�"���G=A��$�$E<�&�<'$�� =FV��, 7U= 7� <�$?�B= - = �?&P�������G=, N<RV-��� FM,t−1

M

� ��V-V` 
	��  �?� ������ 7(� V�����V,�P=D<�$?�D� <�U"N-���G=A���BL�$ &- '����$�Y!<P� < D $�� �?��L��)� <(������$F=��!������$ Qk (1 ≤ k ≤ D)
��� 0U ��B<�$?�B= 
?LE<O� � ��$)�' ��-$����/V-���

Qk(θ′, A) =

∫

A

qk(θ′, θ)dθ
� I�M � �

� �
A ⊂ Θ

<
�
θ 7→ qk(θ′, θ)

<@=%�/L-$E<�� <'$F=A���, ����Q C<(�:+C=/��<(�: 'V-�����B� <(� � ����Y���������N�&�<�� M � <*CP<'U
�D<�L-� θ′ <@=%�B����$-U
L�$.V-������&-+����B<SV'<���&�<
�A�"��$?� � <@&�<
�A���D<.( 8%��L�� �?<C=EU'���"��UW�! ����?=A��� 
?LE<C= � <

qk
�#L�$K<�� <'&.V-��<,=A��&JV��?< <@=%� UN<���L���� � L�$E<

� <'$F=��!�! RY?��LF=B=���<'$�$E<*����$?����$)��U
��L-�����G=D<R� � <C=�V` '����$-U< <�$XL��������?=���$?�/� � <@=%����&>��������$
θi,t−1

�

qk(θi,t−1, θ) =
1√
2π

exp

{
1

2
(θ − θi,t−1)

2

}
.

� ��$F=�� -

ρi,t(θ|zi,t) =

D∑

k=1

αt
k qk(θi,t−1, θ)

� I�M � �

� �
0 ≤ αt

k ≤ 1
<
� ∑D

k=1 α
t
k = 1 M

���  �C�����L�������$�� <@=@V������F=
αt

1, . . . , α
t
k

��������Y!< =J<'L��?<R� � ������V�����������$�=, %
?LE<'$?���?<�����<
� <

ρ
(
π(θ|yn) M

��� ��V�V������+��&>�#������$%=���L�N������, N<><@=%�B� � ��L�����$��D&K<'�����?<�L��B< 
?LE<
D
<
�
T
=���$?�/Y��"��$��E= M�� <@=�V,�����E=

=���$?������Y�� 
?LE<�&�<�$?�@��$-�!���������G=" @=�V-���
1/D M

# $ � �  
�����/��UW��LE<�� � <*� � ����� - �E<�L���Y�����$-� <@=G&% ���N���� <@=���$?�  
�! OV�����V����
=, N<@=@V���L��) 
�"����������L-$E<*�,+'Y��?<R�E<*&.��������U'�#������$)� <@=

αt
k

��L)U
��L�� =�� <C=@���, '����������$F=
t M

2  � � �'��� � � 1�� *98  � ��V�VB  	��  �?� ��!�"� 7(� L��������G=J<'$?� L�$>��$�����U'�#�B<�L�� Ki,t
� <����������?<

M

?L�����$-���+
?LE<�� � ������Y���$E<

� <O����=A��&�L����#������$
θi,t

θi,t ∼ QKi,t(θi,t−1, .).

� <R$-��L�CP<'��LXV,�����E= <C=A�B������� =@U�����U�L��E *U���&J&�<*L�$E<*V�����V,����������$X��L)$���&P���D<*� <
θi,t


?L�� � =�L���C?��C!<'$?�$#G(J� �  �����V'<
3 ��+ ��L)V-�P=

t
� <*� � ����Y���������N�&�< �

αt+1
k =

M∑

i=1

ω̄i,t Ik(Ki,t)

� �
ω̄i,t

<C=A�@���.$�����&>�����?=��#������$ � <
ωi,t

- � CP<'U

ωi,t =
g(yn, zt,i|θi,t)π(θi,t)

k(zt,i|yn, θi,t−1)qKi,t(θi,t−1, θi,t)
.

� <'V7<'$-����$?� - � ��L-U%	��  �?� �&!�"� I � V�����L�CP<�$?� 
?LE<>U<
���D<>&% 
��N���� <;V��! C=D<�$?�B<.L-$I�' 
T3��L��(&J�18�<�L�� �
�����B=�
?LE<

M
��L�Y�&�<�$?�B< - �?<C=EV,�����E=S�E<@����L7=E��<@=E$�� �?��L��PU���$+C!<'��YP<�$?� C!<�� = 1/D - U< 
?L����: �&J��$?���D< 
?LE<�� � ����Y������!��N�&�<@$ � �O���?<�$
� � ���-��V��"�#����T M � <P�' 
T3��L��O� <P��� &% 
��N���� <L<@=%�*� <�$F<PV-�P=  ������-�����R�E<P�!+�Y���<�� � ������V��"�#������$ (;V-���A�����R� <.����
�LF<�����<
�: '����C!<'�@���JU
��$F=A����L-UW������$X��LXV,�����E=

ωi,t
M

'�($)+*-,.)�/&021�<$3�45)7698;:�(
θ′ 7→ Qk(θ′, .)

($/�6<1�,.=>02)�<@?A4539BC4�=>($/&:�3D(�1�(�3(<$E <$3�($)�*$(
ν
02)�1�0287:�<$(�(-)+02)76�3D,;1�:�*$6�02,.)F1�:+*HGA45?�0 6�3�(.I
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+  � � �'��� � � 1 � *98 ��$E5���� 1 $E�����L� 131 � "��  � ��L-U 	��� ��� ������ I � V�����V,�P=D<�$?� �E<S�"���!� ������U#"�� <������G=J<'� � � L��������?=��#������$
� <C=@$-� ����L�������$F=@�?<C=/V������E=��E<*� � ����Y���������N�&�< - <'$ U"N����G=A�G=B=���$��

ωi,t =
g(yn, zt,i|θi,t)π(θi,t)

k(zt,i|yn, θi,t−1)
D∑

k=1

αt
kqKi,t(θi,t−1, θi,t)

.
� I�M � �

# $)< 0 <
�(�?<C=���L��B<�L�� =*V�����L�CP<�$?� 
?LE<;U<��A�D<�C!<�� =�����$Q� < ��� � = � ������V��D<o()���)� <�$F=����, �U������?<
ϕ(θ) = π(θ|yn)<�$XU
��$+CP<���Y!<'��$?�SC!<'�B=GL�$X��V�����&PL�& ��L%=J<'$F=@� <O���.����C!<���Y!<'$-U<R� < . L������-��U#""� � <'���-��<'� M # $)� � ��L����B<C=G�B<���&K<@= - ���


?L-��$?�����, 

∫ ∫
log




ϕ(θ)ϕ(θ′)

ϕ(θ)
D∑

k=1

αkqk(θ, θ′)


 (ϕ⊗ ϕ)(dθ, dθ′)

�: 'U��������f(*U"N�� 
?LE<�V-�P= � <�� � ����Y������!��N�&�< M �E���G�������?<�L�� = - L�$E<������-T3��������</�E<C= Y�����$-�E= $���&����B<C=�<��SL�$J��N' ����,+'&K</�E<
����&J�!�B<�U<�$?��������<@�!=B=AL-�D<'$�� ���RU���$+C!<'��YP<�$-UN<H<�$.V������-�����������, ,<
� <'$P��������L.&% �����$�YP<@C!<�� =

ϕ(θ)
=���LF= �?<C=EU
��$-����������$F=

=AL-��C#��$?�B<C= - V7<'LX�B<C=A������UW����C!<@= M

0 2�� ∀k ∈ {1, . . . , D} - ϕ⊗ϕ{qk(θ, θ′) = 0} = 0
�?U<��A�D<RU
��$-����������$;��$-��� 
?LE< 
?LE</���(���G=A��������L�������$�� <@= V,�����E=

� � ��&.V,��������$-U< <@=%�>�-$-��<*V��B<C=�
?LE<>=��-�D<'&K<'$?� M

0 +	� ∀k ∈ {1, . . . , D} - ∫ ∫ | log qk(θ, θ′)|(ϕ ⊗ ϕ)(dθ, dθ′) < ∞ �=U<��A�B<PU
��$-����������$ <@=%�O��L�����&>�#���+
?LE<'&K<'$?�
�B<�&JV�����< =��=����LF=@�?<C=

qk
����&J��$E<'$?�

ϕ - ��L =J<'$F=@� � ϕ/qk <@=%�/�,����$' N< M

� < U"N������ � � L�$t&% �����$�YP<�T3���!�;� < ��� � L�$E< &% 
��N���� <�
F<��������?< - V'<���&K<��A�"��$?�;� � �����D<'$����K<'$tY& �$3 ��"���FL�$
����$X��V�V���������&>�#�B<�L���� <

π(θ|yn) - <7��V�����U
���D<><��B����$�UD�! �L��������G=������?< M # $ < 0 <
� - ���.U���$+C!<'��YP<�$-UN<D� <*� � ����Y���������N�&�<<C=A�X���/ N<u( ��� =A�������������, H� <@=
αt

k

��L U���L�� = �E<C=)���, ��"�#������$F=
t M

3 �(U<C=XV,�����E=i �C�����LE<�$?�)V7<'L - � � ����Y���������N-&K< �
=" '��<7UW������$�$' *�?<*&- '����$�Y!<*�?<*V���LF=/V-����U"NE<*� <

π(θ|yn)
��L =D<�$7=/� < . L���������U#" � � <������?<�� M � $)���?=�V���=J<(����$7=A�e� � L�$F<

�,+'Y��?<���$?��L�������C!<JV,��L��>=A����V-V7<'�R� � ����Y���������N�&�<P��L �B<�&JVF=
T M � ��&J&�<.$���LF=R� � ���F=D<���C!<�����$7=/����$7=D�?<C= <7� <�&JV��?<C= -

��<*$-��&��-�D<O� � �!�! ��"�#������$7=
T
<@=%�Q=���L�CP<�$?�F���!+C=@T3�������?< �5V-�P=�V���LF=/� � L�$E<(�����7����$E<OY& �$3 ��"���?<�&�<�$?� � - U< 
?L��0<@=%�����,+@=

� C#��$?����Y!<�L���C+�?=-� (!� C+�G=�� <C=B&% 
��N-�+�E<C=� � � � - N���������LE<'���?<�&�<'$��RU
� ���D<�L7=J<@= M�� <�V'<�$-����$?� - L-$ U��!=B� �)����LF=B��<@=
αT

k

=A��$���$+L��G=Q=���L�T L�$ ��
?L�� C#��L��/$' 7U<@=D=������D<'&�<�$?�
1
� ��$-��� 
�LF< 
�LF<(��<*&% '����$�Y!<OV�����V,�P=, <C=A�/��$����������?<�&�<'$��DL�$

&>��L�C#���G=(U'��$-��������� M ��� ��V�V�����U��#������$HU
��$�U
�!+
�D<;�E<���� &% 
��N-�+�E< <C=A�O 'C?��� <'&.&�<'$���T3��U
�����!�! N<;V-�����?<�U"N���� �H� � L�$
&% �����$�YP<;� <;� <�$7=A���, @=����G=, �&�<�$?�L=���&PL��������?<C= M 3 <�����$I��� C#��������$-U<>� <���� � <'$F=��!�! �� <;V������������������, ��$-���?<�� - ��$
V7<'L�� 8%L�YP<��A=�� ��<O&% �����$-Y!<O��$-�!�������0<C=A�@������VX��L)V-�!=��P=D=D<��R��$�T5����&>�#����T - <��/��<O&J����� �7<��A<'$XU���$F=, %
?LE<'$-U< M
1  � 32  1 4657��89� 2 � � ��� �3:�; ��� � $ 1 � \ � � *98

� <QV-���;���IV��! C=D<�$-UN< � <C= ����$-$' N<@=>&>��$�
?L-��$��B<C=;�-��$F=�$��P=c 7U"N-��$?����������$F= - ��$lV'<�L���<�$��-$n��V�V����+
?LE<'�����
�����!� ������U#"���<'�����G=���������$ U���&JV��/+
�D<�V�����V���=" C<;��L § I�M 7 M � M  M + <�&>����
?L���$F= 
?LE<�����$F= � I�M � � - ��� U
��&.V-�E �������$H� <C=
����$-$' N<@=P&>��$�
?L-��$?�D<@=.��$?�D<'��C+�?<�$?�>� <�T3� 9
��$ =���LF=-� 8A��U<'$?�D<�V����J� � L��������?=��#������$ � <

θi,t−1
M � L����B<�&�<'$��;����� - ��<@=

����$-$' N<@=S&>��$�
�L���$?�D<@=�=���&PL��/ N<C= (P� � �!�! ��"�#������$
t
� <R� � ����Y���������N-&K<D��V�V,�����D<'$��@L�$E<R��$�T5����&>�#������$ 
�L-�,$ � <@=%�@V����?=D<

<�$)U
��&.V��D<*V-������<O&% �����$�YP< 
�L � (.� � ���, '����������$
t+ 1 M

��� ����Y������!��N�&�< �-$���� V��B<�$�� �������B=F����T5����&�<>=�L���C#��$��B< M
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• :�] ^�`7a-b=< t = 0 �

ced�m h i g�` ]+p s�� f�i��  ��� # ��� # k�` θ1,0, . . . , θM,0 �
�Sd�m,i���`�g

α1
k = 1/D

b-f�]�g
k = 1, . . . , D

d

• :�] ^�`7a-b=< t = 1, . . . , T �

ced ��f�]�g
i = 1, . . . ,M �

!"h $ <�i
a-]-j?`�gtb h g j h j?f�iQa-]-j�^=i7p-f7a i h j?` j?`-<tf�g=i )=i7p-`-<
Ki,t ∼ MM (αt

1, . . . , α
t
D) �

!Ar&$ <�i
a-]-j?`�gnk�`lm h-o f�pqi7p�k ��b�`�p�k h p+^�`
zi,t ∼ k(z|yn, θi,t−1)

`�^
θi,t ∼ QKi,t(θi,t−1, .) �

!�s $ s�h j s ]�j?`�g
ni,t =

1

M

M∑

l=1

g(yn, zi,t|θi,t)π(θi,t)

k(zl,t|yn, θl,t−1)
�

! k $ s�h j s ]�j?`�g
di,t =

1

M

M∑

l=1

k(zl,t|yn, θi,t−1)

k(zl,t|yn, θl,t−1)

D∑
k=1

αt
k qKi,t(θi,t−1, θi,t) �

! ` $ s�h j s ]�j?`�g
ωi,t = ni,t/di,t

d

�Sd;g�� � s��-h p�^=i�j+j?f�p+p�`�gtj?`-< b h g+^,i s ]�j?`�< s f�]+g h p�^�`�<t<�`�j?f�p j?`-< b-f�i#k�<Hp�f�g�a h j�i?<��-<
ω̄i,t �

�Sd s�h j s ]�j?`�g_j�`-< p-f�]	��` h ]	� b-f-i#k�< k�]ta���j h p )�`
αt+1

k =

M∑

i=1

ω̄i,t Ik(Ki,t)
d

��
 ��
� ��������������������� ���! �#" �$� " �&% � ��'�()� " B(η0, η1, β)

, ��LF=BT5����&>�����?=���$F=D��U
� � � ��V-V�����U���������$ �E<P� � ����Y������!��N�&�< ��� � ����$F= =���C!<�� =�����$ � �!"!<'��$E<'� �����!� ������U#"���<'�����?=, *��L
&J���:+��?< (����?=�
?LE<C=@U���$-U�L����B<�$?� = B(η0, η1, β) M

# $ �: 'U���L��?<F �C+���E<�&J&�<�$?�F� � ��V�V�����U��#������$ � < ��� � ��L��;&.���:+'��<@=
<7�+V,��$F<�$?���?<�� <��G� < � <�����L����F=A��LF=-� 8A��U<�$?� = - ����$?� ��<@=E� <�$F=����, C=M=A��$�� $-���, C<C= fE

<��
fW
M � ��L-� T3��U
�����!�B<�� � �  7U
���!��L��B< -

$���LF=@&J����� ����$F=@���.V-���"��&% 
�����G=��#������$X��LX&.���:+'��< M � $X$����B<

λ = η−1
0 , µ = η−β

1 .

, ������$F=
yn = (xr, cn−r)

�?<C=.����$-$' N<@=����F=J<'��CY N<@=�� <�����������<
n - � C!<'U xr = (x1, . . . , xr)

� <@=P����$�$' C<C=P$���$
UN<�$F=�L��! N<C=.� <X���������?<

r
<
�

cn−r = (c1, . . . , cn−r)
�E<C=>����$�$' N<@= ���: N<C=J� < UN<�$F=�L��B<i(I���������D< M � <C=>����$�$' C<C=

&>��$�
�L���$?�D<@=
z
��L�&J���:+��?< =���$?�S�?<C=G������Y���$F<C=S�E<C=F����$�$3 N<C=S���F=D<���C& C<C= M # ���?<C= =A��$��F������� =S� <B����������< r+ 2(n− r)<��

k(z|yn, λ, µ, β) = k(zew |yn, λ, µ, β) kE(ze|yn, λ) kW (zw|yn, µ, β)

� CP<'U





kE(ze|yn, λ) =
n−r∏

i=1

fE(zi|λ) * {zi>ci}
exp(−λci)

,

kW (zw|yn, µ, β) =

n−r∏

i=1

fW (zi|µ, β) * {zi>ci}

exp
(
−µcβi

) ,

k(zew |yn, λ, µ, β) =

r∏

i=1

{
fE(zi|λ) * {zi>xi}

exp(−λxi)

}1−δ(xi)



fW (zi|µ, β) * {zi>xi}

exp
(
−µxβ

i

)





δ(xi)



2E1�� ��������� I − �������
	��������	����
 ����
����������� ��

<
�
δ(X) = δ(X |λ, µ, β)

���JV������������������, 
?LE<
X
=������/� � ������Y���$E< <7�+V,��$F<�$?���?<�����< M � $X�

δ(X |λ, µ, β) =
hE(X |λ)

hE(X |λ) + hW (X |µ, β)
� �

hE
<��
hW

�D<'V��! C=D<�$?�D<'$��@�?<C=F����L�� � <(�' 
T3����������$-U<O�B<C=�V7<7UW����T�=/� <@=@&J�+�'+��?<C=,<���V,��$E<'$?���?<��0<��B� < � <'����L-��� M
# $��-$ - ��� C+�"���G=J<'&�������$�U<;� <@=.����$�$' C<C=.U
��&.V-�E+��D<C= g(yn, z|λ, µ, β)

<C=A�P�?< V-������L����.�E<C=J� <�$7=A���, @=L<7�+V,�!�
$E<�$?����<'���?<C=���L � < � <'���-L���� U
�����B<C=�V���$-����$��)(J� � ������Y���$E<*� <(U"N-��
�LF<O����$�$' C<*���F=D<���C& C<D��L)�D<7U
��$7=%���!��L' N< - � <*V-���
� � ��$-�: �V'<�$�����$-UN< � <C=>�E<�L�� &.���:+'��<@= M � �/$���L7=.T3��L�������$-U)�����D<�$-���>L�$F< V-��������������$tU
��L�����$?�D< (ei,t,wi,t)

� <C=
����$-$' N<@=E�D<7U
��$F=%���!��L' N<@=H<'$;����$�$3 N<C=G� � ������Y���$E< <7��V���$E<�$?���?<����?</��L;� < � <'����L-��� M�� N���U
L-$E<B� <@= V-���A���!������$F=H<@=%�G�E<
����������<

n M

8P6 5 ���n\ �)8 � 1 $�� 2 � � � " 4 � ; 8 � � 4 $ 1  , ��LF=OU"N����G=��?=B=A��$F=/��U
�E� � L��������?=D<��O����&J���: '���G=���������$& ��� # ��� # �: 7�-$��?<
��L)U"N-��V-�!���D< {�M 3 �����

λ ∼ G(a0, b0),

µ|β ∼ G(a1, b1(a, β)),

β ∼ Be(p, q)
�: ��-$-��< =�L��

[βl, βr]
M

# $)$����"��$?�
ei,t = (ei,t[1], . . . , ei,t[n]) - (.� � �!�! ��"�#������$ (i, t)

�E<*� � ����Y���������N�&�< - ��$ �.�������B=

λ|ei,t ∼ G
(
a0 + n, b0 +

n∑

l=1

ei,t[l]

)
,

µ|β,wi,t ∼ G
(
a1 + n, b1(a, β) +

n∑

l=1

wβ
i,t[l]

)

<
�
π(β|wi,t)

<C=A�D�: 7�-$��?<O(>L�$F<�U
��$F=%�"��$?�D<�V��,+@= M � $ V�����V���=J<(����$-U(�E<PU"N����?=�����V,��L-�D� <'$F=A���, P��$7=%����L�&�<'$��"���?<
U
��L�����$?�D<






ρi,t(θ|β) = π(λ|ei,t)π(µ|β,wi,t)

β ∼
D∑

k=1

αt
k Be(pk, qk).

� <(U"N���� �)� � L�$ &% �����$�YP<(� <*�����?=  *���� =�L�� [βl, βr]
T3����� =D<�$F=�C+L)�?<�U"N������X�E<

π(β) M D
<C=A�BU"N����?=��6=�L � =���&K<'$?�

Y��"��$-�JV,��L-�GV'<���&�<
�A���D<R�?<DU"N���� �;� <RV���LF=A�?<�L-�B=�<C=�V` '����$-U<@= - <
�@V���L��@U"N-� 
?LE< <C=�V` '����$-U</�?<OU"N������J�E<DV���LF=���<'L�� =
C#��������$-U<@=F�' 'U
�����G=B=���$��B<C= M4, ������$F= ID = {1, . . . , D} M

� M 3 ���!� I1, . . . , Id L�$F<�V-���A���!������$ �! �Y�L����E+'�D<;� < ID �D<'���?< 
?LE<�U"N�� 
?LE<
Ik

=������P� <;����������< ���#<
L M

� $ �������
� C������

d ≥ 2
�3� � � �)L�$)U"N���� �

D = 4
��L &J��$���&�L�& � M

 M 3 ���!� d C ����<'L�� = (β1, . . . , βd)
� <

β
�, 'Y�L����/+��B<�&�<�$?�@�, 'V-�������?<C=,=�L��

[βl, βr]
M

{�M 3 ���!� L C#��������$-U<@= σ2
β,1, . . . , σ

2
β,L

U
���!=B=" C<C= V-��� C#���?<�L�� = �: 7U
�����G=D=���$?�B<C= M � � ��V��!+C= $������D< <7�+VB ����?<�$-UN< - V,��L-�
D ≥ 10

<
�
L ≥ 3 - $-��LF=@V�����V,�P=���$7=GL-$E<*�,+'Y��?<R��L ���+V'<

σ2
β,1 =

K ���
π[β],

σβ,i+1 = σβ,i(1 − 1/L)
V���L��

i = 1, . . . , L.
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7 M ∀k ∈ {1, . . . , p} - ��$ U"N����?=���� L �����?= Be(pk,i, qk,i)
� C!<7U

i = 1, . . . , L
� <;&%*'&K<O<C=�V` '����$-U<

βk
<��P� <

C ��������$�U<C=
σ2

β,1, . . . , σ
2
β,l
M

��
 ��
�� ����������������������� � % � �  ����% " �
, ��LF= L��������?=���$F= V,��L��EUN<C= ��V�V-����U���������$F= $+L�&% ����+
?LE<@=e�?<G&J���:+'��<@� < � <'���-L���� M 3 ���!� θ = (η, β) M

� $PU���$F=����:+��B<
�?<C=@����$�$' N<@=

yn

� <R���������?< ��� - U<'$F=AL-�, C<G( *��	� - V����#C!<'$-��$?�G��L�8�<�L
B215

��L �������?<'��L
 M { � U"N-��V������B<F(V M 7 * � M

�' 
T3����������$-U<@=@�, C<�����<@= U<'$F=�L��D<@=
7 {�� � - � � � � - * � {  - I * � 7 -
� * � � - �� � � I  � * - 7 � � �F-7 � � �F- 7 {�� �


 ��� � I�M { � � ��$�$' C<C=
B215 M

� < � ��# � U�����U
L-�E /V���� L�$F<B&% 
��N���� <B� < , <��@����$�� + ��V-NF=A��$ � <C=A� θ̂ = (8752, 1.21) - � �  'U'�����B=-� ���+V'< <C=A����&% C=
(2500, 0.5) M

� �.C?�"���?<RC ����<'L��/��L)V-������&-+����B< <@=%�
θ0 = (8760, 2.15) M

, ��LF=(V-����V���=A��$F=(� � L��������?=D<��.��� &.���: '���G=��#������$  ��� # � � #G�: 7�-$��?< ��L U"N-��V������B< { <��P�B<�V����G=J<;����$F=(��� =���LF=-�
V-���A����<XV��! 'UR '� <'$��B< - V,��L��J��� V-������&% 
�����G=���������$ θ = (µ, β) M

� $ U"NE<'��U"NF<g(QC& ������F<��.��<)�,��$tU
��&.V,�����D<'&�<�$?�
� <

ρ(θ)
�����B=�
?LE<(� �  ��� # ��� # <C=A� <�$Q��U�U����"� � C!<'U���<@=RC?�"���?<C=BC#���?<�L�� =D��LQV-������&%+
���B<(&>���G=R�D<@=%�B<��B<����#����CP<�&�<�$?�

V'<�L ��$�T5����&J������T M � $IU"N����G=A���(����$�U π(β)
U
��&.&�<J��� �����SL�$���T5����&K< =�L��

[0.5, 3.8] - ����$�U.UN<�$?���! N<�<'$  M � I�M � $
U���$F=����'+��B< 
?LE<O���J&- 7������$E<O&>����Y���$-���?< =AL��

X
U
�����B<C=�V,��$-�g(P���.&% '������$E< =���&�L��/ N<

xe = η0(log 2)1/β0 ' 7380

<��D� � ��$ ��U'U
���"� <  ��� # ��� # a = 3
����$�$' C<C=G %
?L���C#���?<�$?�D<@=x(�UN<
�O� C?�G=B� � <7�+V'<���� - UN<,
?L�� �D<'V��, @=J<'$?�D<(�/ �YY+��B<�&�<�$?�

&J����$F= �E</���(&.���!���E D� </� � ��$�T5����&>�#������$;��V�V,�����, C<�V-��� �?<C=G����$-$' N<@= U<'$F=AL-�, C<C= �  %
?L���C ����<'$?�D<A<'$?C+������$c(*� � ��V-V����A�
� <�* M I ����$-$' N<@=A=J<'����$ � � ��$-����U��#�B<�L�� ñ �' ��-$�� ��L U"N���V������B< {E- § {�M I�M  � M�, ������$F= 
?LE<P���>&% 7������$E<  ��� # � � # =�L��
η
<@=%�B�������B= <@=%����&% N<l( � � *�� M

1� �  � �2 � 4C� 1 � "@$ 4@� 5+� \ � � *98
� ��$F=DL�$ V-�D<'&.�?<��B�D<'&.V7= - $���LF=/L��������G=A��$F= D = 12

� <'$F=A���, @= Be(pk, qk)
=�L��

[0.5, 3.8] - U
��$F=%����L-�!�B<C=B�E<����
&%*�&�<�T3� 9
��$ 
�L � ��L § I�M 7 M  M-� <'V7<'$-����$?� - ��$.&J�������F<G(�U"N-� 
?LE<����, '����������$J� � <C=�VB ��"��$-UN</� <DUN<C=E�����G= - ���(�D<'$-����$?�
V'<�Lu �������Y�$3 N<>� <>� � <@=%����&>�#������$ � � � � < β U
��L-����$��B< M � LI�,��L��.� < 
?LE<�� 
?LE<C=O���, '����������$F= �3V���L�� M = 2.105

V-���A����U�L��?<C= � - � �  �C�����L�������$)� <@=,<C=A����&J��������$F= � � � �E< θ <@=%��������Y!<�&�<'$�� =A�����-�����?=, N< � UWT M �-Y�L��B< I�M  � M ���  �C�����L�������$
� <@=FV������E=

αt
k

<@=%�FT5��L���$��?< =�L��F��� �-Y�L��D< I�M � - &>���G=F�D<@=%�B<BV'<�LX���G=A�����?< - V�L��G=�
�L � ���?=,= �  7U����A�B<�$?�GV'<�L)� < 1/D � M � L
�,��L��.� � L-$ U<���������$I$���&����B<;� � �!�! ��"�#������$F= - � � L��������G=��#������$ �E< ��� � �"��8%��L��D<>V���LF=(� <�����L-�!�,
?L � <����?<;$ � ��V�V,�����D<
� � ��$�T5����&>�#������$QV���L��>=%�"���������?=D<��O�?<C=RV������F= M�, L�&% ����+
?LE<'&K<'$?� - U<@=RV������E=RV�����C?���/ �Y��?<�$?�OL�$ &- '����$�Y!<J� <J&%*�&�<
<@=AVB ��"��$-UN<

β̃ = 1.904
<
�.� �  7U������B=-� ���?V'<C=P�: 'U������?=B=���$?�B=

(1.32, 0.99, 0.33)
�3��<XV,�����E=(�?<�V���LF=�T5�����.�: @=A��Y�$���$?�

� M {Y{ � M ��� <C=A����&>�#������$ �-$-����<)� < θ <C=A� θ̃ = (8505, 1.93)
� C!<7U;�?<C=- 'U'�����B=-� ���+V'<C=

(1340, 0.29) M�� <C=.�, @=AL-�!�"�#�B=
V�����U"NE<C=@� <@=@C+������<@=@C ����<'L�� =G������LF=A���B<�$?�/�?<O����$)U���&JV,�����D<�&�<'$���&% �����$-Y!<'��$?�@� < � � �DM

 ; (9*-,.=>?!,.3 6&($=>($)�6 ($/�6 ?�3D,��A4���B2($=>($)�6 1�����BC4�=>,;1�0 �A*-4�6&02,.) 1�($/ ?A453�45=�� 6&3D($/<1�(-/ *$,.=>?!,./H45)�6�(-/ 1�: =	<$BC45)�>.(�� B2($/ 3(<$/&:�B 6&4�6&/
1�(��@,.:�*������� "!#�%$�&�&�')( )�(�/�* 45?�?�B20287:�($)769?A45/ 02*$0+(
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� ��$F=BL-$ =D<'U
��$-�X�D<'&JVF= - $���LF=B$F<�&J����� ����$F=DV-�!=B��<@=D�E<�$F=��!�! C=R��L &% �����$-Y!<O(�U"N-� 
?LE<(���, '����������$ M �E����&J�
��<@=���� 0U ��B<�$?�D<@= <C=�VB ��"��$-UN<C=*��$����������?<C=

(1.16, 1.82, 2.48, 3.14) - =J<'L��?<C= � M � * <
� � M �  =A��$?�(V�����C+���/ �Y��E C<C=*V������?<C=
V������F= M � �X�E<�$F=��!�! ;��LI&% �����$�YP<J�E<.V-�����-���������!�!  ��$-���?<J���XV���LF=OT5���A�B<K<@=%��� � <@=AVB ��"��$-UN< � M �  <���� �  'U����A� � ���+V'<
� M � * M�, ��LF=@�����D<'$���$7=@L�$E<><C=A����&>�#������$ �-$����?< θ̃ = (8488, 1.92)

� �  7U����A� � ���+V'<C=
(1336, 0.32) M
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����� � I�M  �	� C�����L�������$ � <C= <@=%����&>�#������$F= ��� � �E<
η
� <�$)N-��L�� � <��

β M


e�����G=A����&�<'$�� - ��$ 8%L�Y!< 
?LE<
D = 12

<C=A�>L�$t$���&P���D<X������V���?<�C� � < � <�$F=�����C=��Q&>��$���<'� M � $tV�����V,�P=D<
������� =(L�$ &������$�YP<�� < 7 � <'$F=A����@= Be,i

- i = 1, . . . , 4 - �D<'���?<C= 
?LE<X��<'L��B= <C=�V���"��$-UN<C=L=����?<�$?�.�D<@=AV'<'U
����C!<�&�<'$��
e1 = e2 = 1.49

<��
e3 = e4 = 2.48

��=������B�?<C=DC#���?<�L�� =B��L � � { <��R��L� � { � < [βl, βr]
� M � $
���#<�����L��R� � ���,���"�

��<@=�'U'�����-� ���?V'<C=
σ1 = σ3 = 0.33

<
�
σ2 = σ4 = 0.165 M

� $�������L�C!<*������� =

β ∼ 0.065 Be,3 + 0.935 Be,4

U< 
�L-� �B<�C+�?<�$?��� �����D< 
?LE<�� �  ����� � 	 ���(� ��� <@=%�*��L &.�?<�L�� ��V�V���������&�(V���� Be,4
M � �������D<'&K<'$?� - � � <C=�V�'����$-U<L<C=A�

&>��L�C#���G=D< ��LlC+Ln� <
β0
&>���G=O=�L�������L���� � 'U'�����-� ���+V7< V-���������>������VtT3�������?< V���L��������B< ��'�����G=%�B< M � < U"N������ �E<

&������$�YP<B��$��!������� <C=A�@����$-UD&J��� ������V��� - UN< 
?L � ��$����+
?LE<O������� 0���B<�$-UN<R� <RC#���?<�L��@��&JV����A�"��$?�D< <�$?���B<D�?<C= αT
k

�3UWT M
�-Y�L-�D< I�M { � M � $ ��L�Y�&�<'$��B<(������� =��?<C=�7U����A� =$� ���+V7<@= - <'$ U"N����G=A�G=B=���$�� σ1 = σ3 = 0.45

<
�
σ2 = σ4 = 0.25 M

� $
������L�CP<R�������B= � UWT M �-Y�L��B< I�M 7(�

β ∼ 6.10−3 Be1 + 0.03 Be2 + 0.48 Be,3 + 0.48 Be,4

U< 
�L-�6<�$?��������$E<�L�$E<L<@=AV���"��$�U< #
[β] = 2.4

<
�RL�$�'U'�����-� ���+V7<��E< � M { 7 M � <�&������$-Y!<($ � <C=A�DC+�G=A�����?<�&�<�$?�RV-�!=
��V�����&>��� - V�L��G= 
?LE<D��<@=SV,�����E= �B<C=A�D<'$?�SV7<'L��
�L-�������-��@= M�� <�V'<�$-����$?� - U<
���D<R� <�$F=�����B��$F=A����L�&�<�$?������<BV-���"�����S�'<'��L��
U
��L�V V-��LF=/�����?=���$�$������?< 
?LE<O���.V���7U�7� <�$?�D< M
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� ��� � I�M 7 ��� C�����L�������$X�E<C= αt
k
- k = 1, . . . , 4

V,��L��
U<)&���&�< U"N������ - ��V����C=.&J�+��� ��U'�#������$ � <@=�'U'�����-�
���?V'<C= M

� L-������� �'&K<'&�<�$?� - =���U"N-��$�� β0 = 2.15 - $���LF=OU"NE<��"U"N���$7=/�?<.&�<'������<'L��O&������$�YP<P� <J� <�$7=A����@=  �����X� � <@=AV���
�"��$-UN<

β0
<
�B� <*C#��������$-UN<C=@� 7U
�����G=D=���$?�D<@=�
�L-�e��V�V-��������&K<

π(β|yn) M�, ��LF=@T5����&J��$F=@����$-UOL-$X&�'����$�Y!<O��$��!�������
� <>� <'$F=��!��C= Be,i

� � 'U'�����B=-� ���+V'<C=D�D<@=AV'<'U
����T�=
(0.66, 0.33, 0.165, 0.1) - V,��L�� i = 1, . . . , 4 M

� V����@=OL�$E<>��� �'����$E<
� � ������"�#������$F= - �?<C= V,�����E= <
� ��<@= <@=%����&>��������$F= ��� � =J<,=A��$?� =A�����-�����?=�C=�� UWT M �-Y�L��D< I�M I � <
�E� � ��$P��������<'$?� �?<G&�'����$�Y!<

β ∼ 0.18 Be1 + 0.26 Be2 + 0.37 Be,3 + 0.19 Be,4

UN< 
?L�� ����$�$F<RL-$ 7U����A� � ���+V'< �-$����e� < � M  � 7 M
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1  �  �� + � 4C� 1 � "@$ 4C� 5�� \ � *98 *98
# $��-$ - �A��$;� <BU
��&JV-���B<��E� � ����Y������!��N�&�< ��� � � C!<7U@��<@= � � � � U����P=D=��+
?LE<@= � <'$ =AL7=S� <@= 
��L-� <@=S�  8 � < 0 <'U.�

��L @=�����$7= � ��L-U 	��� ��� �&!��� 7-� -$� <'��<'L�� 	7�  ��� ��!�"� I � <�� � L���������$ 	7�  �?� �&!�"� I � =�L��/� � ��L����D<@=G&J��� �'��<@= � - $���L7=
��&JV����&�<'$�����$F= =�L�� � ��$  � � 3 � M 7 �?<�&J��� ���?<��-����C=���<'$ =J<'����$ ��<.U
��� <K=AL���C#��$?� �3C������ � �����E=%�B<���$�!�"� I V,��L-�
L�$E<��B<�C+LE</� <@=EV�����$�U
��V-���?<C= �����V'<C=S� � L��������G=���������$;��LJ����Y���U���<'� � M ��� ��$-�!���������G=���������$>� <@= U"N-��� $E<@= � � � � V�����V,�P=�N<
��U��FU������D<@=AV,��$�� �

β = 2.15
<��
η = 8000

<
�.�D<@=%�B< ����$-U>V�����U"NE< � <@=(C+�"���?<C=(C#����<'L��B= M 105 �!����"�#������$7=L=���$?�
L��������?=�N<@=H<
�G��<@= ��C=�L��!�"�#� = � � <C=A����&J��������$;� <B���O�"�����?< I�M 7 =���$?� &J� �!<'$�$ N<@=H=�L�����*U"N-��� $E<C= ��$-� �V'<�$-����$?�D<C= M �E���
�������?<�L-�B= - $���LF=���'U'��V�����L-����$F=(����$F=(�?<;�"�����?<'��L I�M I 
?LE<�� 
?LE<C=�C ����<'L�� =�� <��D<�&JVF=P� < U'����U
L��F� <C=.����Y���������N-&K<@=
��� � � § I�M 7 M {-M � <
� � � � �DM
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.e�O=�L��B<C=A����&>�#������$ �E<
η
�3����$7=A��
?LE<P���>C#���?<�L-�R���G=�V�����V����A������$�$ C<�� <�� � 'U����A� � ���+V'<L=�L��RUN<�V-������&��
���B< � <C=A�

U
���������N<�� L�$E<�=���L7=$� <C=A����&>�#������$I��&JV����A�"��$?�D<X� <
β M
.e�QU
��$?CP<���Y!<'$-U<>� <@=PU"N-��/�$F<C= � � � � =AL-�

η - =�L��.U<
�<�� <�&JV��?< - $ � <C=A�/C?�G=������?<�&�<'$��DV-�!=������D<'$+LE<���V-���@= �;��� �"���.������"�#������$F= M .e� �-Y�L��B< I�M 0 ���&J����Y�$E< - =�L��D��<@= I �"���
� <���$������B<C= V-���A����U�L��?<C= - � </� � ��$F=A��������������B� � L�$E<DU"N-�
/ $E<A=�L�� η - ���?<�$ 
?LE<�� � <C=A����&J��������$;� < β ���A�B<���Y�$E<��"��V���� <'&K<'$?�
L�$E<)U<'�A�"����$E<%=A�������������� - ��V����C= 
?LE<�� 
?LE<C=JU<'$?������$E<@=.� � ����'����������$F= M � LE<�� 
?LE<C= <C=B=����?=J� CP<'U 106 �!����"�#������$F=�$F<
&J�+��� �F<'$?�/V-�!= =�L��F=A����$�����<'���?<�&�<'$����?<C=@��C=�L������#� = M

K �G=$� �A� C+�?=O� < ��� � - �?<C=O&����N���� <@= � � � � =���$?�*���?<�$ &.����$7= <��;U���UN<C= =�L��*U<
�><7�#<'&JV���<>� � 'U"N���$?����������$ M
� ��LF=A�?<�L-�B=,<@=D=����G=,=AL��/� � ��L����B<C=�����$�$ C<C=@V���C=D<�$?����$?���E<C=�U�������UW������?=A��� 
?LE<C=FV�����U"NE<C= � �"�������?< - ����L�� � <(U<'$F=�L��D< �
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T0
&.� �P<�$�$F< &�'������$E< 'U����A� � ���+V'< ��$��B<���C#������< I � � �PI �
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V-����LF=EU���&J&�<@�E<C= U���&JV����&�<�$?�B= ��L>� <C= Y��$ '�������G=���������$F= � <�$-�����B<F���"� C#����� M  ��� �'C!<�&�<'$�� - $���LF=H<�$JV���C=D<�$?����$F=
�������G=�����$7=@����=�L��!�B<(� <*U<(U"N-��V������B< M

. � L�$ � <C=/V��D<'&J��<'�B=@������<'U
����T�= <C=A�B� <�� 7�-$����A<
�B� � ��V�V����+
?LE<'�/L�$E<(&����N�����������Y��?< =���&.���������D< �JL�$)$���L�C!<7��L
&J�+� ���?<J�E<.� �T3����������$�U<.�D<'$-��$?�*U
��&JV��B<>� <C=OV,�P=B=A�����?<C=O� �T3����������$-UN<C=O� � L�$IU
��&JV,�P=���$?� ∑ �X����=���������U��!�"�#������$ -
�)����=AL����D< � <C=(���"� C ��L�� V��������&.��$-�����B<C=(�E< � <��?<�L���� + ��������$��#C �&!�"�" � M � <>���+V'<�� <;&J��� ���?<;��$?����B<C=B=D<;��L
&J����$F=���L��"��$?����<@=@��$���LF=A������<'�?= 
?LE<O�?<C=@&J��� ���?<C=/�E< � <�����L����6=�L����?<C=�
�LF<��G=@$���LF=@$-��LF= =���&J&�<C=GT5��U������G= @=�����$7=
U<O����� C#����� � <O��N �C=D< M �B��LF=B����$�$-��$F=/��L § 0�M �L-$E<(� ���$��!������$)T5����&�<�����<(� <(UN<*&J�+� ���?<(����$F=A� 
�L � L�$F<*���G=%�B<(� <C=
V�����$-U���V���L���������<'U
����T�=�� <*�B<'U"NE<'��U"NE< M

' ���/�������?<�L-�B= - ��L)U
��L-�B=F� <(����C!<'�B= <�$?���D<����?<�$F=@� C!<7UB�?<C=@��$-��L7=%�����?<��G=�
�L-� ��$?�@&.������C *U<R����� C#����� � <R��N �@=J< <��
��V�V-����L�C O���>&�
��N-�+��������Y��?<(V�����V,�P=�N< - ���e$���LF=A<@=%� =���L-C!<�$?�D��V�V-����L 
?LE<L=��e�?<C=RU
��$�$-���G=B=���$-U< <���V'<����D<@=Q=���$?�
$���&P���B<�LF=D<C= - <�����<@= ��$��GV7<'��$E< � �
���D<A<7��V�����&�N<@= <�$J�B<���&K<@=SU���&JV����NE<'$F=A�����?<C= �*���OT5���?=EV,��L-�S�?<C= ��$�Y��$��?<�L�� = <��
��<@=�=A�������G=%����U���<'$F= M�� � <C=A�GV,��L��#
?L���� - � ��-$-���FL�$E<R&J�+� ����?=��#������$ %� ����� ��� ��L��JN(�+V'<���V-���"��&��
���D<@= T3��U����?<�&�<'$��@U��!�
�������"�����?<C=  � �� <@= ��$-����U'�#�D<'L�� = U���&J&�<@L�$E<@���������?<@�E<@����$�$ C<C= C+���A��LE<�����<@= $���LF=�<@=%� ��V�V-����LJU
��&J&�<@L�$.������<7UW����T
��$?����B<C=B=���$�� M $BL § 0-M �F- $���LF=BT3���G=A��$F= 
?LE<'�+
?LE<@=BV�����V,�P=���������$F=D� <��B<'U"NE<'��U"NF< <�$ UN< =D<�$F=6��L-$E<�Y��$ '�������G=���������$
� <C= � � 	 E > � � ��� � 	 ����� � � ������� � ��$?�����+��L��!� =P��L U"N-��V-�!���D< � � § � M 
 � $���LF=L=D<�&P����<O<�$ V-���A����U�L�����<'� �
���D<;L-$ ��L������
��$?����B<C=B=���$�� M

� $��-$ - ����$F= ���DU���$?����$+L�����@��L.U"N���V������B< IE- $���LF= T3���?=���$F= ��L § 0�M �BL�$E<@V�����V,�P=���������$�� <�U���$F=A����L-UW������$�� <@�����G=
��$7=%����L�&�<'$��"���?<C=BC?�G=���$?���;��&���������D<'�B� � 7U"N-��$?����������$�$-��YP<*V���
T���B<�$?����<'� $���$ ���-��V��"�#����T ��=A������� 
?LE< � M �B��LF=R� C���$F=
&J�?=6<�$ �C+��� <�$�U< �?<C= � 
T3��L��B= � <S� � ����Y������!��N�&�<  + � M	� $�U
��$F=J<'��C#��$�� � � ��� C<G� � L��������?=D<�� �����FT5���?=e���BU
��$-$-���G=D=���$�U<
� <C=X����$�$ N<@=O<��X��� U���$�$����G=D=���$-UN<  � ����� ��� ����� = 
?LE< �?<C=X����$�$ N<@=�=���$?�X��$-U���&JV����
�B<C= - $���LF= V�����V���=A��$F=��E<
� ���$����*L-$E<J�����E��$F=A����L�&�<�$?�"���?<PV-���OL�$E<J&J� �!<�$-$E<.�E<�� ��� � 	 ����� � � ����� � � =�L��*� <C=*����$�$ C<C=R$���$ UN<�$F=�L���N<C= <��
�D<7U
��$F=%���!��L N<@= M �/��LF=J����$-$���$F=J����$F=��@L�$ V-�D<'&.�?<���<7�#<'&JV���<)
?L���&J��$?���B<��?<)����$ U���&JV����A�B<�&�<�$?�>��L �����"��YP<
� � ��&JV,��������$�U< M

�����   4 � /"! 
81�/ 1 / )$# ���

����31&% 
� �6� 
N
���� �+* �,* �N��
� <�&J��� ���?<.�;������Y���$E<'���?<�&�<'$���
���V�����V,�P=�(V-��� � <��?<�L��'� + �+������$��#C �&!�"�" � ����$F=DL�$E<.U
��&.&PL�$���U���������$

��� � � � + < " $ &>���G=D$ � � V-�!=DT3���!�*� � ������<
�*� <.���"� C#��L�� L�����'���?<�L�� = M ��� C+�G=J<��XV��D<'$-���B<L<'$ U���&JV��D<.���%=�����L-��������$
=AL-��C#��$?�B< � L�$�U
��&JV���=���$�� ∑ V'<�L����
���D< =A��L�&J�?= ��� <'L��J���+V7<@=G� <R� 
T3����������$-UN<C= 
?L��'<�$?���D<'$�� <�$�U���&JV�
����������$>�
� � L�$E<L<C=A�D��U'U
��� <�$?�D<'���?<><
�D� � ��L����D<L<C=A�D��LE< � =���$ C+�?<��������G=D=D<�&�<�$?� - =AL7=�U��!��(V-���D� <C=DU"N���UN=��J��� =���������U
������������$ M ���
= � ��Y��!�/����$-UO� � L�$)&.��� �'��<(U���$F=A����L����A=AL����?<O&���&�<*V�����$-U���V'< 
?LE< B(η0, η1, β) M
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��
 �
�� ����� ��� ����� �����! �� " ��� "
 �����&�<'���?<�&�<�$?� - ��$ U
��$F=A��� �'�D<�
?LE<P��<.U
��&.V,�P=���$?� ∑ V'<�L��>=AL-�����DL�$E<J� 
T3����������$-UN<���L �,��L��O� <

N
U"N���UN= -

<��O� � ��$)=AL-V�V���=J< 
?L � L�$HU"N���UK<C=A�O���)��'�����G=���������$ � � L�$HV�����U<@=D=�LF=O� <�' ���G=D=���$I� � ��$?�D<'$F=��!��
ω M � <>V-���"��&��
���D<<@=%�D����$7=A� �?<*�"��L�� � � ��V�V-������������$ � � L�$ U"N���U M � � � � ��$ $���&J&K< S ��<($-��&��-�D<(� < =A��������U��!�"�#������$F=/��L &>�#�������<'� =�L��

���.V�'������� <
[0, T ] - ��$ �

ω = S/T.

"R��$F=FL�$F<*V��D<'&J� �'�D<O��V�V-����U"NE< - ��$ V'<�L���U���$F=���� ��B<�� 
?LE< S <��
T

� <��B����$�U
ω
� =���$?�/U
��$-$?L7= M � � � � ��$�=�L�V�V,�P=D<

'Y����?<�&�<'$�� 
?LE<(�?<C=BU"N���UN=A=���$?�B��$-� 'V7<'$-����$?� = <�$?���B<><�L��%<�� 
?LE<(� � ��V�V-������������$)� � L-$ U"N���UO$E<�� 'V7<'$-�)V-�P=/� <
� � ! Y!<���L &>�#��'���?<�� - � � �+U'U
L����B<�$-UN<�� < N U"N-�+UC=A<@=%�RL�$E< =���&J&�<P�E<

N
�����G=Q<7�+V,��$F<�$?���?<�����<@=/��$-� 'V7<'$-����$?�B<C= <
�

=�L���������$-U;L�$E<>����� � ��&J&J� G(N,ω)
� < � <�$F=�����

fC(t|N,ω) M
.0<>�"��L��I� <�� �T3����������$�U<;� <;UN<;V����+UN<C=B=AL7=*� <

C+�?<��������?=B=D<�&�<�$?�A= � 'U������

hC(t|N,ω) =
(ωt)N−1 exp(−ωt)

∫∞
t (ωu)

N−1
exp(−ωu) du

.

'E������������<'L�� = - �?<OU���&JV,�P=���$?� ∑ <@=%��V,���D<'$?���?<�����<'&K<'$?� =���L-&.�G=��J� <C=�� �T3����������$�U<C=@��U�U
��� <'$��B<�����<@=@� C!<'UBL�$ ����L��
hA(t|λ) = λ M + $ ��<>=�L�V�V,�P=D<��"�(��$-� �V'<�$�����$?�/� <R� � ! YP<R��L)U
��&JV���=���$�� <
�/� <@= N U"N���UN=�
?L � ���=V'<�L��Q=�L������ M " <
���O&���&�<@T3�KJ���$ 
?LE<�V���L�� �?</&J��� ���?< B(η0, η1, β) - ��$J&J��� ����?=D</U</U���&JV,�����D<�&�<'$�� V���� L�$F<������E<���V,��$E<'$�����<'���?<
� <OV-������&��
���B<

λ - �E<(� <�$F=�����*$�����N< fA(t|λ) M

$/��$F=�� - =A� � � ��$X$���&J&�< X �?<O�D<'&.V7=/� <(� �T3����������$-UN<*��LXU���&JV,�P=���$?� ∑ - ��$)��L��"�

X = min(A,C)

�#"

A ∼ E(λ),

C ∼ G(N,ω)

<��
A
<��
C
=���$?����$�� �V'<�$-�-��$?�D<@= M . � �����������!��*Y������-����<O��L U
��&.V,�P=���$?� = � 'U������

P (X > t) = SA(t|λ)SC(t|N,ω) = exp (−λt)
∫ ∞

t

ωN

Γ(N)
uN−1 exp (−ωu) du

�#"
SA

<
�
SC

=���$?����<@=FT5��$-U
������$F=�� < =�L���C+��<*� <@=@&.��� �'��<@= <�$)U
��&JV������������$ M

��
 �
� $ ����%� " " �&%  ��&� � " �('��$� �*) " ' " � '������+� " �
.0<@= ����$�$ N<C= ��$-��LF=A�����?<�����<@= ���?=�V���$�������<@= =A��$?� �?<GV-��LF= =���L-C!<�$?� U<�$7=AL���N<@= �D���������D< �5��$��?<C=�=�L�V�V,�P=D<��"� ��� C<C=

��$-� 'V7<'$-����&J&�<�$?�*� <.� � <���V������<'$-U< � M "Q<.&���&�< 
�LF<PV,��L��R�?<P&J��� ���?< B(η0, η1, β) - ����<����?=A�D<PL�$I��L����D<����?V'<
� <;����$�$ C<C=O&>��$�
�L���$?�D<@= � ��$ V'<�L���$F<;V-�!=*U���$�$��
/����B<.� � ������Y���$E<>� � L�$E< � 
T3����������$-U<�<	�'<7UW����C!<'&�<�$?�(�D<'��<'C C< M
� $ � � ��� <'UW�"��$?�BV���
T�'�D<'$?���?<�����<'&K<'$?� �>� � L�$ �E<C=/&J��� �'��<@=A<�$ U���&JV�
����������$ - ��$ U<�$7=AL��B<*L�$E<P����$�$ N<�� <P��L���N<
� <OC+�?<*V����#CP<�$-��$?�F� <*� � ��L����B<O&J�+� ���?< M

� <C=O����$�$ C<C= =J<.V���C=D<�$?�D<'$��O����$�UL=���LF=R���>T5����&�<
D = {(y1, e1), . . . , (yn, en)} �#" yi

<C=A�OL�$ �B<�&JVF=O� <
� �T3����������$�U<���L L�$ �D<�&JVF=O� <.U<'$F=AL-�D< �����������D<P���F=D<���C  - <
�*U"N-��
�LF<�C!<7UW�B<�L�� ei ∈ {0, 1}2 � C=���Y�$E<�� � ������Y���$E<
� <D���P� 
T3����������$-UN< M .e�(V-�D<'&.�����B<BU���&JV���=���$?�D<B� <OU<DC!<7UW�D<'L��@� C=���Y�$E</L�$F<RU'��LF=D<D��U�U
��� <'$��B<�����<Q<
�@���P� <�L�������&�<



2 � � ��� ��� � 0 − ���	� � � 
��� ��������������������� ���� �����

L�$IC+��<'�������G=B=J<'&K<'$?� M $B��$F=�� - ��<�C!<'U
�D<'L�� ei = (0, 1)
��$-��� 
�LF<>L�$E<�� �T3����������$�U<JV-����C?�?<��������G=D=D<�&�<'$��(UN<�������� N< M � �

� � ������Y���$E<R�E<
yi
<@=%�/��$-U���$�$+LE<R&>���G= 
�LF<

yi
$ � <@=%�/V-�P=FL�$E<*U<'$F=AL-�D< - ��$X$����B<

ei = (1, 1) M � $��-$ - =�� yi
<@=%��L�$F<

U<'$F=AL-�D< � �J���������D< � - ��$X$-���D<
ei = (0, 0) M

.e�?=A����$F=�������� =F��<@=/� <�$7=A����@=�� <C=/��� ����B<�$?�D<@=�����$-$ N<@=@�D<'$-U
��$�����C<C= �
� M V,��L��B��<@= n1

���F=D<���C#�#������$7= �B<�����<@= 
?LE<
ei = (1, 0) - f(yi, ei) = fA(yi|λ)SC(yi|N,ω) -

 M V,��L��B��<@= n2
���F=D<���C#�#������$7= �B<�����<@= 
?LE<

ei = (0, 1) - f(yi, ei) = fC(yi|N,ω)SA(yi|λ) -
��M V,��L��e��<@= n12

���F=D<���C#�#������$7=,�D<����?<C= 
?LE<
ei = (1, 1) - f(yi, ei) = fA(yi|λ)SC(yi|N,ω) + fC(yi|N,ω)SA(yi|λ) -

� M V,��L��B��<@= n0
���F=D<���C#�#������$7= �B<�����<@= 
?LE<

ei = (0, 0) - f(yi, ei) = SA(yi|λ)SC(yi|N,ω) M

$/����� =@���.C+�"���G=J<'&�������$-UN<D� <@=/����$�$ N<@=@���F=D<���C C<C= = � 'U������

L(D;λ,N, ω) = λn1

∏

i/ei=(0,1)

hC(yi|N,ω)
∏

j/ej=(1,1)

(λ+ hC(yj |N,ω))
n∏

k=1

SA(yk|λ)SC(yk|N,ω).

��
��
 � �&'�� " )��	����� ' "  " )�� "  )�� "

"D��$F=EL�$>U������B<F� � 
��L-� <@T5��%
?LE<'$����?=A�D< -�� <��?<�L�� � + ��������$-�#C ��!�"�" � ��$?� V-����V���=  <
�E�B<C=A����?<C=E����Y���������N-&K<@=
� � <
� � � � V,��L�� <C=A����&�<��*�?<C=RV-������& �����B<C=

(λ,N) M
.0<@= �
?L-�#������$F=O��LI&J�!����&PL�& � <JC+�����?=D<�&P������$-U<K=A��$?�

�!=B=J< �/V��$������?<C=��(��C=���L-���D<A<��FL-$E<B��C=�����L�������$�V-���G&.��&�<�$?�B=F� ���RV�����V���= C</V,��L�� <C=A����&�<��FV���L7= =���&.V-��<'&K<'$?�
��<@=BV����"��&��
���D<@= M � � $+L�&�'��� 
?LE<�&�<�$?�B�?<C= <C=A����&>�#������$F= =D<�&P���?<�$?�R����$�$E<'�D� <P����$F=B��C=�L��������B= - ��L-U
L�$ ��@=AL��������
��N '�����+
?LE<*$ � <@=%�Q<'$-U
���D<*���G=�V���$����-��< - �>$������B<(U
��$�$-���G=B=���$-U< - =AL��B� � L�$���U
����.��L &>�A����&PL�& �E<(C+�����?=D<�&P������$-U< -
���JU���$F=��?=A����$-U< <
�/���.V������+��&J�!��*� <(U<��A<C=A����&J���D<'L�� M K ����U�� L�$)V��B<�&J��<'��������<7UW���!TE� <O�D<7U"NE<��"U"NE< M

9 � ��������� - �?<C=RV������-� �'&K<@=B� � <C=A����&>�#������$ =���$?�BT5��$-����&�<'$��"���?<�&�<�$?�R��<@=D&��'&K<@= 
?LE<JU<'L�� 
?LE<P$-��LF=R� C���$F=
�D<'$-U
��$?����C= V,��L-� <@=%����&�<�� �?<C= V-���"��&������B<C= ��L�&J��� ���?< B(η0, η1, β) M

.e�BT3�������?<S�"�������?<M<��E���DU<�$7=AL��B<G�E<C= ����$-$ N<@=
��$���LF=A������<'���?<C=F���%��L���C<C= �(����$-�#��L��D<R� <DUN<B&J��� ���?< �����G=�
�LF<C= &>�P= 
?L @=ET5��$?��
�LF<D����$F=S���(V-������� 
�LF< - � � ��$�T5����&>�!�
������$>&>��$�
�L���$?�D< <@=%�SV-��'V���$-� ��"��$?�B<A=AL��S� � ��$�T5����&J��������$>���G=AV,��$-�����?< M ���F<@=%�S�"���G=���$�$-�����?</� <BU
��$F=���� '�D<'�EV���L������
L�$E<><@=%����&>�#������$ ����� C=��?<�$�$E<O� <@=@V-���"��&��
���D<@= M

. � ��$�T�'�D<'$-U<.�-����C=���<'$�$E<L<@=%�O��U
�EU
��$F=A��� '��������<'&�<�$?� =���&JV������ N<.C+�?=-� �!� C+�G=B� <@=R�����?=R� < � <'����L-��� ��L��$
�LF<�����<@=
$���L7=@$���LF=Q=A��&.&�<@=@��$?��'�D<@=D=�N<@=@��L U"N-��V-�!���D< ��M�� $ < � <
� - ��<@=@&J�+� ���?<C= <7�+V,��$F<�$?���?<��0<�� � ��&J&>��=A��$��BU���$��%L��
Y�L @= M � � � � ��$)V'<�L�� - ��L =D<���$ � � L-$E<*V����+U '��L-�D<*� � <C=A����&>�#������$ =���&J���������B< �>U<����?<(� �CP<�����V�V�N<OV-���  <'�A��N�������$ 	��
 ��� ������ 0 � - �D<7U
��$7=%���!��LE<��R� � ������Y���$E<�� <JU"N-� 
?LE<.����$-$ N< - $���LF=DV���L�C���$F=B&>��$���<'�R�E<C=D�����?= �� ��� �H	 ��������� U
��$-�����
������$�$F<�����<@=,<���V�����U��!�B<C= M

�/$ =J<7U
��$-� ������<'U
����TR� < �B<'U"NF<��"U"NE<�<@=%�;����$-U)� � ������V��D<'�>���I� '&J����U"NF<�<'$����D<'V����?=D<X��L U"N���V������B< � V,��L-�
� �����&.���D<'�><
�*&J��� ����?=D<��O��� U���$�$����G=D=���$-UN<  � ��������� ���G=AV,��$-�����?< - � � L�$F<PT3� J
��$ � ��� T5���G=RV��"�#��� 
?LE<K<
�(U
��&.V-��7�
NE<�$7=A�����?<H��$ 'UN<C=B=A���� =D<��"�P� <RT5��L���$-����� <O$���L�C!<7��L��;��$-����U����D<�L-�B=@U
��&JV���'NE<�$7=A�����?<C=FV-���@� � <7��V7<'�A� <
��� � ��$-���+� =%�B<
�-��� @=A�?<�$ M

� $��-$ -�� <'��<'L�� � + ��������$��#C)������  � ��$?�GV�����V,�P=�BL�$F<R��& '�������"�#������$>V���=D=�������<R��L�&J��� �'��< - 
?L�� U���$F=��?=A�D<��
V��B<�$-���B<,<�$>U
��&JV��D<��?<C= � 	 . � �  :5	 . 	 � � � ��	  	 � � � G	�WM(� </U"N���� �P�D<'C?�?<�$?� �R�����?<�� U<'�A�"����$E<C=E����$�$ C<C=E� </UN<�$F=�L��B<��
���������D< - <�$.���+U'�����?=���$?� L�$(�B<�&JVF= ��N<��+� <@� 
T3����������$-UN< - &>�!=�
�L  - <�$?���B<G�E<�L��(C#���?<�L-�B= � <@U<'$F=AL-�D< =AL-U'U<@=D=���CP<C= M . �
C+�����?=D<�&P������$-U<@� <@= ����$-$ N<@= <C=A�S������� = &.������� C< - UN< 
?L���&J����� �7<��C+��� <�&J&�<�$?� �?<C= ����Y������!��N�&�<C= � � <C=A����&J��������$ M
�/$X���"� C#����� U
��&JV��?<
�B� � <@=%����&>�#������$ �B<C=A�D< �PT3�����B< =�L��/UN<*$���L�CP<'��L�&J��� ���?< - ��V�V���'U�� OV-���F�?<C=/��$-��LF=%�����?<��G= M
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�/$F< ��L����D< V-�?=A�D< �E< �D<7U"NE<��"U"NE< - <'$?���B<�C+LE< V'<�$-����$?����� ��N �C=D< - U
��$-U<'��$E< � � LF=���Y!< � <@=�� ��� �H	 ������� � ������� �

<�� � � 	 E > � � ��� � 	 ������� � ������� � ��$?��������L����B=X��L_U"N-��V������B< � M ���?=�$���L7=�V-�������?=B=D<�$?��� <C=XU
��$F=A����L-UW������$F=>T5����&�<����?<C=
=�LF=�U<�V���������<@=@� � �����B<OY �$ ��"�����?=�N<@=�<���L��������G=�N<C=@V,��L-�����JU����������"�#������$ � � L�$)�PV-��������� �������!���������B<

π(θ|ω)
�#"

ω
<C=A�

�?<OC!<'U
�D<'L��/� <C=@N(�+V'<���V-���"��&��
���D<@=�
�LF<R� � ��$)U"NE<��"U"NE< � ��� <�� M

��
 ��
�� � � " �#� ' �)����� ���	�$��� '�� %������������������ % '�� " )���� �
�/��LF=�T3���?=���$7=�����L��R� � ���������X� � N(�+V�����N �@=J< 
?LE<(�?<(&J�+� ���?<�V-������& ������+
?LE< M(θ)

<@=%� �%LF=%��� ���C+�?=-� �A� C?�G=�� <@=
����$�$ C<C= M " <C=F&�
��N-�+�E<C=GV7<'��&�<
������$���� <DC ������� <'�FUN<
�A�B<BN(�+V�����N �@=J< =A��$?�G$�������&J&�<�$?�FV�����V���= C<C=EV����  ���?�������
�  <'��YP<�� ������"� � M

� L�V-V���=A��$F= &>����$?�D<'$-��$?�*
?LE</���(U���$�$-���?=B=���$-UN<A=AL�� ��<'UW����CP<B���G=AV,��$-�����?</V'<���&�<
�A�B<D��L>&.����$7=S� <R� ��-$-���GL�$E<
�B<�V���C=D<�$?�"�#������$ �D> 	  � 	O� <P��� U
��$-$-���G=D=���$�U< �� ����� ��� - ��L�=D<�$F=D� "�<�����<P�D<@=AV'<'U
�D<���L &>�A����&PL�& ��<@= =�V�'U
����U'�A�
������$F=O� <J� � <���V'<������G=J< M � <�����<7� U�� <C=A�>=�L�V�V,�P=�N<�= � <7�+V-����&�<��>=AL-�R���XC#������������<.���7=J<'��C#���-��< X M � �X� <�$F=����� = � 7U
���!�
f(x|θe)

� "
θe
<C=A�/L�$E<><@=%����&>��������$)� <

θ - ��Y��� N<DV-����� � <���V7<'�A� M + � "+�?< � � + � �D��Y���$ �&!�"� 0 � V���'U���$��G=J<'$?�@� <@=
&�
��N���� <C=�$���$ V-���"��&�
����� 
?LE<C= - U���&J&�<�� <C=%��<�L��H� � N��G=A����Y�����&J&K<@= - V���L��P�����D<'$����P� < � � <���V'<����PL�$ ��U�U����"�
��$-�����D<7UW�A=�L���L�$E<><@=%����&>�#������$X��LXV����"��&��
���D< M

� L�V-V���=A��$F=P�������B=�
�LF<�� � ��$-���+� =%�B<��-����C=���<'$ V-L��?=B=D<��%L�YP<��.� � <���V'<����.U
��&J&K< L�$HT5��L���$-�?=B=J<'L��P�E<X����$�$ C<C=
��U
����C!<@=

x̃a = x̃1, . . . , x̃a ∈ χa M ��� ��� < L-$E< ���������?< a ∈ IN∗ - <
��V-����V���=J< L�$F< V��B<�&J� �'�D< �B<�V-��@=J<'$��"�#������$
 � ����� ��� V7<'� J�LE<QU���&J&�< L�$  � ��� � 	 ����� ��� &J� �!<�$-$ �=�L����?<C= ��7�����?=��#������$F=>� <

x̃a
- =������XU���&J&�< � � 	�����	+:7�H	 >

� ��� � 	 ����� � � �������

πa(θ|θe) =

∫

χa

πJ(θ|x̃1, . . . , x̃a)

a∏

i=1

f(x̃i|θe) dx̃1 . . . dx̃a,

�#"
πJ <C=A��L�$ #� ����� ��� $-��$X��$�T5����&>������T U"N����?=��=V���L���&J�+� ����?=D<��@� � ��Y�$�������$-U< M � � �������������?< a <@=%� <'$�� �E<C=B=A��LF=@� <

��� ����������<
q
� � L�$ 	 :+@$ � � � � � ��� . � � � .  �3>�� 	 � � �  � � 	 . 	 � � � ��
 � � - 
?L��H<@=%�(��� 
?L-��$?���!��.&J��$���&J����<;�E<;����$�$ N<

x(l)
�B<�����< 
?LE<

πJ (θ|x(l)) <@=%��V�����V-�D< - $���LF= =�L�Y�Y �����$7=S� � <'&JV������e� � L�$ 	�����	+:�� 	 > � � 	 E > � � ��� � 	 ����� � � �������

πa(θ|θe) =

∫

χq

πJ
a (θ|x̃1, . . . , x̃q)

q∏

i=1

f(x̃i|θe) dx̃1 . . . dx̃q
� 0�M � �

�#"

πJ
a (θ|x̃1, . . . , x̃q) ∝

(
q∏

i=1

f(x̃i|θ)
)a/q

πJ(θ).

.6<.U"N���� � � � L�$
a ∈ IR+ ��<
�*$���$ V���LF=*����$F=

IN∗ � <@=%�(������� =D����&J�!��>V-���O��� U���$-����������$ 
?LE<
πJ

a (θ|x̃1, . . . , x̃q)=������PV�����V-�D< M � ���?=PV���L��>U<'�A�"����$F=(&J��� ���?<C= - U
��&.&�< ��� T3��&J�����?<�<7�+V,��$F<�$?���?<�����< $-�#��L��B<�����< ��L �?<�&J��� �'��<)� <
� <�����L���� - ��$HV'<�L��JU"N����?=���� a ��LF=B=A� V'<
���!� 
?LE<�� � ��$HC!<'L�� ��<�$ V���������U
L�����<'�(��$�T������<'L�� � �O=��S� � ��$ � C=����D<;L-$ 
� ��������� �����C=BV����#� � M K �����D��< § � M�
 V���L��BV���LF=D� <(V���'U��?=�����$ M �B$ �D<'�e��C=�L��!�"�#� - =�L��/L�$ &J��� �'��<(���V-L����� �����U'�#� �
L��������G=J<'�GU
��&J&K< � <'���-L���� - �����?=B=D<A<C=�V�'�D<'�*
?LE<RU<
���D<D& ���N���� <RV'<���&K<��A�B<D� <D&.��� '���G=D<��@� <B������Y!<@=EY���&.&�<@=S� � 
� ��������� )%��� 7��L�� # M�� <�L�� ��U
�0=���$?��V-����T5���G= <�$?�������B<�&�<�$?� <���V�����U
���D<C= - U���&J&�<O�-��$F=@� � <7� <�&JV��?< =AL���C#��$?� M

!#"�$&% ��'($ � ��M*) �?>�+N� 	 	�� � ��� 	 � � � 	 ���
� L-V�V���=A��$F=G�����B<�$����F� � L�$�<���V'<����GL�$E< <C=A����&>�#������$

xe
� <B���P��L���C<D� <DC+��<R&�'������$E<R� � L�$ U���&JV���=���$?�F� <B����L��
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T3����������$-UN<
λ M
$B�����B=F� � <@=%����&>��������$  � ��������� � < λ <@=%� λe = x−1

e log 2 M
 ������$F=

a < 1 M
$B�����B=

πa(λ|λe) = aa+1λe
λa−1

(λe + aλ)
a+1 . �
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���
  �&'�� " )��	����� ' "  " )�� "  )�� "
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� ����� � � <�$ ��$-���+� =J<;����� C=��?<�$�$E< =�L�����<7UW����CP< M ���G$���LF=L=D<�&P���?<O<�$ < � <
� 
?LE<XU<��A�D<X��V�V-����U"NE<;V'<�L��K=D<����C '��<'�
V���LF=@U
��&JV����NF<�$F=����-��<DV���L��@L�$ ��$-���+� =%�B<B��$-��LF=A������<'� M�� <'V7<'$-����$?� - �?<RV���L7= =���L-C!<�$?� - πa(θ|θe)

<C=A�FL�$F<R� <'$F=��!��
� ���$���<  � FL�$E<���$?��'Y��"���?<�<�� �DL-$PT3��UW�B<�L��E&PL��!����V-����U�������T,V����C= - <
�S����$-UFV'<�LJV��"�#��� 
?LE<�� � L��������G=��#������$ M + $.� C=����B<
������� =@��� <�� �?</CP<'UW�B<�L��

ω
�E<C=EN(�+V7<'��V����"��&��
���D<@=E� <

π(θ) = π(θ|ω) - L�$E<D� <�$F=�����,�� ����� ��� � <�T5����&�</�����������"�����D<<
�B� <O&>��$-��<'&K<'$?�/V���L7=A=A��&JV��?< M ���0<@=%�B�������B=G$-�#��L��B<��e� <>=���?<'U
������$�$E<'�

ω∗ = arg min
ω∈Ω

D(ω)
� 0-M  �

� "

D(ω) = KL {πa(.|θe) || π(.|ω)} .

� <
���D< <�$?������V���<>�B<����#����CP<�<C=A��U
��$+CP<�� <�<�$)=A��$H����Y�L�&�<�$?�
π(.|ω) M

$B��$F=�� - �?<>&.��$���&�L�& <����G=%�B< <
�L<@=%�(L-$��+
?LE<
=A��LF=O�?<C=*U
��$-����������$F= 
?LE<

π
<C=A�(���E<�$?���������-��< - =A���!��
?LE<J� � ��V�V�����U'�#������$ Ω : ω 7→ π(.|ω)

<@=%�(��$���<7UW����C!< - <
� 
?LE<
D(ω)

=������P� <'L�� T5���G=(��� ��'�D<'$����������?< <�$
ω M

�B������$F= 
?LE<�=A�
πa(.|θe)

<@=%��� 7�-$��?< �)L�$IT3��UW�B<�L��P&�L�������V�����U'�#����T
V����C= - UN<���L���� U�� $ � �X��L-U�L�$ ������<J����$7=D�?<JU�����U
L-� � < ω∗ M ��� <C=A�>=J<'L���<'&�<�$?�*$ 'UN<C=B=������B<P� <.V,��L�C������ =���&�L��?<��O� <C=
��������Y!<@=

(θ1, . . . , θM )
� <J� <�$7=A����

πa(θ|θe)
�!�-$ � � <C=A����&�<�� D(ω)

<��>=D<C=R� '����C C<C= <�$ L-$E<JC ����<'L��
ω - V����O� <C=

&�
��N-�+�E<C= � < � ��$?�D<7� � ������� M � <C= & ���N���� <@=H=���$?�S������� = ���+V��+
?LE<'&�<�$?�SU
��L�V���N<C= �*�E<C=E&�
��N���� <C=S� <�Y��"�����?<�$?� -
U< 
?L�� V'<�L��/�?<C=B������L��"�����@U���$F=���� ��"�����?<�&�<'$�� M

.e�RV��B<�&J� �'�D<@�����;U
L�����@��C=���� <�����$-UF����$F= �?<F���"�����D<'&K<'$?�E�E<F���D&.��$���&J�?=��#������$ � 0�M  � M + $PV7<'L�� V-��� <7� <�&JV��?<
= � �V�����Y�$E<'�/� <�����L��"�E=DU�����U
L-�?=Q<�$ � 7U
������$?�D�E<PU"N����?=����

π
����$7=/L�$E<.U
���!=B=J<(�E<P� <'$F=A����@= �;���JT5���?=R���-��V���N<C= �

U<D���+V7<O� <O��@=A����L�������$ <���UN<�V'<�$-�-��$?�,=�L�� =���&�<�$?� 
F<���������<@=FV���L����
���B<DT3��U
���?<�&�<�$?� =A��&�L������-��<@= M 'E��� <�� <�&JV��?< -
=A�=$���= %� ��������� =���$?�F�,����$ @= -� ��������$ � � NE<'L � � � � � � V�����V���=J<'$?�F� � L��������?=D<���� <@= =�L����D<@=F�E<DT3��&J������<@= <���V���$E<�$��
���?<�����<@=@V���L��B��V�V������+��&�<��

πa(.|θe)
��L =D<�$F=�� <��OL-�����-��U#" M

� <.U"N���� � $ � <C=A�*U<�V'<�$�����$?�OV-�!=B����L��%��L�� = �%L-����U
�?<�L�� M ��� $���L7= =D<�&P����<.��$�����B<C=B=���$?�D� <JU"N����G=A���RL�$QUN<���������$
$���&P���B<G� <ST3��&J�����?<C= � �  � ����� ��� ���������!������$�$E<'���?<�&�<�$?� L��������G=�N<C= <�� � <GT5��L-��$���� � <C= ����Y���������N�&�<@= � <G&J��$���&J�?=��#������$
������V���@= M $/��$F=A� - $-��LF=/� C���$F=��  � �>�����D<'$?L 
?LE<'�+
?LE<@=/��C=�L��!�"�#� =A=AL-�B� <C= #� ��������� �>��� =A����L-UW��L��D<*N-� '������U"N��G=�N<
�5� � L-$)� � <'$����D< <'L���<@=%�@T5��L-��$��6<�$($/$�$E<7� <C= § 0�M I�M � � M

. � ��L����D<S�����;U
L-�!��*
?LE< $���LF= V'<��"U<'C���$F= ��C=���� < �-��$F=e��< � !� � � G 	+: � ��� <S� � ��V�V-��������&J��������$ M �B$E< T5���?= ω∗ <@=%����&� -
L�$E< 
?LE<@=%������$ ���Y��!����&�<><C=A�B� < =�� C������,=A�e���>� <'$F=��!��

π(θ|ω∗)
��V�V���������&�<R���?<�$

πa(ω|θe)
M �/$F<><����D<'L�� � 	 � A� �  	

V7<'L�� �
���D<.U�����U
L-� C< - ��$����+
?L-��$?�D����V'<�������$E<�$�U<J��L U"N-����� �E< π M $/��$F=�� - � � <'���B<�L-�D�B<����#����CP< ρ <�$ $-����&K< L1
� <'$

C#��������������$;�����"���?< � V'<�L��������B<R&>� �%����N<O����$F=A� � UWT M ' ���������"� ���� 0E- U"N-��V-�!���D< � �

ρ ≤
√

2D(ω∗)

‖πa(.|θe)‖1
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�#"

‖πa(.|θe)‖1 =

∫

Θ

|πa(θ|θe)| dθ.

 -��L���$����eL�$.U<���������$�$���&P���D<G� <G��C=�L��������B=e�-��$F= ���B&���&�<GCP<���$E< - T3���G=���$?� ��$?�D<���C!<'$���� � <@=e$���������$F= � � <����D<'L�� U���& �
V����NF<�$F=����-��<@=/V-���DL�$Q��$-��� � =A�D<���$-��L7=%�����?<�� - $-��LF=DV-���"�
/�� �����B<�L�$Q������<7UW����TG� <P�D<7U"NE<��"U"NE<*��$?����B<C=B=���$?�B����� = 
?LE<
� � ��$XU"NF<��"U"NE<���=���&JV������F<��/���.&J�+� ����?=��#������$ M

�/������$F= 
?L � L�$n��L����D< V-������� �'&�< �D<'���� �I���IV���� ��<'U
������$l� � ��$�T5����&>��������$tV-��� �OL������-��U#"9<C=A� � <�=�� C������ =��
π(θ|ω∗)

$E<R���"��$7=A&�<
��V-�P=�� � ��$�T5����&>��������$�=�L�V�V-� '&K<'$?�������B< #� ����� ��� �-��$F=F� � ��$�T���B<�$�U< �.U<����?< 
?L��6<C=A��� C=�����N<
V-���O� � ��$-��� � =A�D<J�-����C=���<'$>�=UN<'U�� V7<'L��L=D<J���"����L����B<.V����OL�$E<>��'��L�UW������$H���"�!=A��� 
?LE<J� <>���XC#��������$-UN<J�E<

θ
=D<�����$

π(θ|ω∗)
C?�G=-� �!� C+�G=�� < ��� C#��������$-U<Q� <

θ
=J<'����$

π(θ|θe)
M ���R$-��LF=%=J<'&����?<I����$-U ��&JV,��������$��)� � �����B<�$����)L�$E<

V�����U�7��L��B<R� <(U���&JV-�������?=���$��E<(U<C=��E<�L��  � ����� ��� C?�G=-� �!� C+�G=F�E<R� � ��$�T5����&>��������$)��V�V,������C<RV������?<C=�����$�$ N<@= M

�����  ;1�% # � % �����&* ����/�� ) � ���� * �

���%� 
 12% # )$# ) # 1� * �81 
(%�� � /%� %(* ���
* � #

�/��LF=R� C���$7=@T5��L���$�� ��L § I�M � L�$E<.U
���!���+
?LE<.� <�� � ����Y������!��N�&�<  + � 
?L�� V�����V,�P=D<�U
��&.&�<��E<�$F=��!��P��$F=A����L��
&�<�$?�"���?<

ρ(θ)
���Q� <�$7=A���� � <@=L<@=%����&>�#������$F=J��L &>�!�+��&�L-& �E< C+�"���G=J<'&�������$-UN<

θ̂1, . . . , θ̂M
� � 'U"N���$?����������$7= �

����$�$ C<C=*&>��$�
�L���$?�D<@=O�D<7U
��$7=%���!��L N<@= M � L��(� � <7�#<'&JV���<;�E<;���)�����G� < � <�����L����G� <;V����"��&��
���D<
θ = (µ, β) -  � 

L�$F<�U
��&.V����"���G=A��$ $+L�&����� 
�LF<�� C!<7UOL�$E<�� <'$F=��!��
ρR(θ)

� <P���T���B<�$-UN<(U
��$F=%����L-�!�B<���L § I�M �-M �F- �?<C=R� 
T3��L��B=D� <
 + � ��$?� 
��*&.�G= <'$ 'C?��� <'$-U<*V,��L���� � <C=A����&J��������$X�-��� @=A�?<�$-$E<*� <RT5��$-U
������$F=�� < θ M

+ $JU
��$7=%����L���� U<��A�D</�E<�$F=��!�� ρR(µ, β)
����$F= L�$>U<���������$JU������B<  � ��������� - � " π(β)

<C=A� �,����$ C< <��
π(µ|β,yn)<@=%�,<���V�����U��!�B< M "R��$F=@L�$XU������D<RV���LF=FY '$ ��"��� - <���$����"��&J&�<�$?�,=���$7=�=�L�V�V,�P=D<�� 
?LE<R� � <C=�V-��UN<R�E<C=FV-���"��&������B<C= Θ<@=%���,����$  - $���LF=�� @=A������$F=@V�����V,�P=D<��@L�$)��L����D<*U'��$-��������� ρJ(θ) M

' ��L��D��<�&.��&�<�$?� - $������D<�� �&>���"U"NE<*�B<C=A�D<(V�L-�D<'&K<'$?�Q<�&JV������G=A�D< <�� = � ��V-V�L��?<L=AL-�B�?<(&>��$��?<�&�<�$?�O� <C=�� ���	�
� 	 ����� � � ����� � � ��$?��������L����B=;��LtU"N���V������B< �HV���L��;� � ������V��"�#������$t��LnU
���!�����B<("%$ �DM � ���!� πJ L�$ (� ����� ��� $���$
��$�T5����&>�#���!T <
�.$�������$F=

x(1), . . . , x(L)
�E<C= 	 :+@$ � � � � � ��� �O. � � � .  E � > � 	 � � � �� � 	 . 	 � � � ��
 � � U"N����G=��?=�V-����&J�

� <@=>����$-$ N<@=
yn
M �/��LF=>� C���$F=��B<�&>����
?L  
�LF<X����� =�
�LF< ���Q����������< � <@= ��
 � <@=%�>T3�����-��<)V-���.�"��V-V����A�

n - ��<@==���&J&�<C=@��������N�&�
���+
?LE<@=/� <!� ��� �H	 ������� � ������� �

L∑

i=1

πJ(θ|x(l)), � 0-M � �

��$��O� <C= 
?LE<�LF<C=D����L����E<C=A<��RV-����C+�����Y���<'$��R� <C=DC#���?<�L�� =D�E<
θ
=�����L C<C=R����$F=D�?<C=DC ����<'L�� =/N-��L��D<@=D� <.���;C+�����?=D<�& �

������$�U< M " <G���/&���&�<GT3�KJ���$�
?LE<  + � - $���LF= V�����V,�P=���$F=e� <G�B<�&JV�����UN<�� ��<@= ����$�$ C<C= &J��$�
?L-��$?�B<C= ����$F=
yn

V����
� <@=E����$-$ N<@= =A��&�L���N<@=E&>����Y���$-���?<�&�<'$�� =D<�����$.���O����� �� ����� ��� �A�-$J� <�V��B<�$-���D<,<�$>U���&JV��D<@����L��B<�� � ��$�T5����&>�#������$
���G=�V���$����-��< M + $ <@=AV����B<;����$F=�� 
?LE<>���)U���&��-��$-���?=���$&� 0-M � � V�����C+�����Y���<J�?<C=*C#����<'L��B=*�E< θ ���?��$?�OL�$E<>T5��%
?LE<'$-U<
'��<'C N<O����$F=F���J���G=%��������L�������$ #� ��� �H	 ��������� M + $)U
��$F=A����L��!�/����$-UDL�$E<(� <'$F=A����O��$F=A����L�&�<�$?������<OU���$-�������#�B< ρJ(θ)
� <O���PT3�KJ
��$ =AL���C#��$?�D< M

ced�
#p9<�iWa-]�j?`
θ1, . . . , θM ∼ π(θ)

d
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��� ��������������������� ���� �����

� d���f�]�g
j = 1, . . . ,M �

f�p <�i
a�]�j?`
zj ∼ k(z|yn, θj)

`�^ f�p g�` s f�p=<#^=i ^�]-`
M

� s��-h p�^=i�j+j�f�p=<Hk+`n^ h i�j+j?`
n x

(1)
n , . . . ,x

(M)
n

� d��+f�i ^
x(i)(l)

]+p	��
��nk h p,<lj� � s��-h p�^=i�j+j�f�p
x

(i)
n
d

�+f�i ^
L
j?`tp-f a r g�`tk�`���
�� b h g � s��-h p�^=i�j+j?f�p@d

�Gd 
�p s�� f�i?<+i ^ h j?f�g�< s f a+a=`lk�`�p=<�i ^ � i7p=<#^+g�]�a=`�p�^ h j?`

ρI(θ) =
1

ML

M∑

i=1

L∑

l=1

πJ (θ|x(i)(l)).
� 0-M � �

� 0-M I �

"D��$F= � � <�� <'&.V-��< =�L���C#��$�� - $���L7= $���LF= V-��� J
��$7= �-��$F= �?<C= &���&�<@=EU
��$����!������$F= <���V������&�<�$?�"���?<C= 
?L � ��L § I�M �-M � -<�$)L��������?=���$?�B�?<*&J��� ���?<�� < � <�����L���� M �/��LF=/U���&JV-������$7=�������� = ρR(θ)
<
�
ρJ(θ) - 
�LF<*$���LF=/�D<'V���� J
��$F=,<�$ V'<�� =$�

V7<7UW����CP<F� CP<'U  + � M � L-� UN<
��<�� <�&JV��?< - �?<FU"N-�����*�E< ρJ (θ)
<@=%� ���?<�$.&K<'�����?<�L���
?LE<  + � <
� ����$�$E<G�E<C= ��@=AL-�!�"�#�B=

�����C=@V�����U"NE<C=@��L U"N���� �X� <*���T���B<�$-UN<
ρR(θ) M

! "�$�% �&' $ � �-M#) �?>�+N� 	 > 	�B 	 �DC8E � �?�
�/��LF=��B<�V��B<�$���$F=@�?<C= 7U"N-��$?����������$F=�� <�� <�����L���� U<'$F=�L���@= - =A��&�L���C=B��L § I�M ��M � M "R��$F=/��<@=@��������<7��L�� 0�M � <
� 0-M  -
V���L��@U"N-� 
?LE<BU"N-�����>�E<R� <'$F=��!��B��$F=%����L-&K<'$?�����?<Q<��,=D<�����$�V���L7=A�?<�L�� = =�UN<�$-������� %� ��������� - $���LF=G��$-���+
?L���$F=SL-$;�������
V��?<
�G� <BC ����<'L�� =EU
�����B<C=�V���$-����$?� ��L�� <C=A����&>�#������$F= � <� ��$?�D<7� � �������R�E</���*��L���C</� </C+�?</&J� �!<�$-$E< �� ��� � 	 ����� ���
�5� � <@=AV���"��$�U<>V���'����UW����CP< =AL��

X
� - $�����N< D - �E<O=A��$ 'U����A� � ���+V'< σD

<
�(�?<;V,��L��"U<'$?����YP<>� < =AL-��C+�?<>V���7����UW����T
�
t0 = 130

��=������(��� C#����<'L��(&>�A����&J����<>� <>��� U<'$F=�L��D< � - $����� S130
M �/��LF=*����$-$���$F= <�$ $/$�$F<�� <C= § 0-M I�M ��?<

� <C=�U
����V�����T � <
ρJ ��
?L��0<@=%�A<'$?�������B<�&�<�$?� <���V�����U��!�B< � <��/���.&�
��N���� <(� <>=A��&�L-����������$)� � ��&JV����A�"��$-UN< M

�



�9� �F	 �.� 	 � ������� ��� ��� � 
 ��� � ������� ����� � � �G	 � � � � � � � � � � � � ��� � � � 	 � � ��� � 2����

a σβ �������
	����� ����� ρJ ��������������� ρR

� ��� ��� � � � !�! �#"$�%��� � !�! �#"$�#� !&� ! ! �'"��%� !(��)� � ! �)*#"$�#"$* � ! �)�#"$�'"$� � ! � �'"��#"+� �
! � ! � � ! � ! ���,� !(� ! � ! ��*%� !&� ! ���#��-%� !(�� � � !�! �#�$�#� !(� !�! �'"+�'� !&� ! !�! "$�#� !(��)� � ! � �#��*#"+� � ! �)�,� �'" !&� ! � �'"�.,� !(�


�0/ � 0�M �21 
 ����V��?<
� =
(D, σD , S130)

V,��L��/L-$  � ����� ��� <�$ ��U�U
�����X� C!<7UB�?<C=D����$-$ N<@= � xe = 100
� M$ + � <��B�?<

U"N���� �(� <@� <'$F=A����@� � ��&JV,��������$-U<
ρJ =J<'����$ � 0�M � � T5��L���$��?=B=D<�$?� �E<G�,��$�$F<C= <C=A����&>�#������$7=eC+�G=$� �A� C+�?= � <G� � <C=A����&J��������$

� <O��
T�'�D<'$-U< �3�E<���$�� �'�D<*U�������$�$E< � M

a σβ ��������	����� �3�4� ρJ ����5������
��� ρR

� ! � � � ! ���'"�*,� . � ! ��-'"$*#� � � ! ��*6"$*%��� ��)� � ! �)"%�)"%"�" � ! �).%�$�6"�� � ! � *'� ! "$� �- � � ! ��*#���#��� � ! ��� !�! �#�$� � ! ��� ! ! ",��� �
��� � � � � � ! ! �'��-#�$� � ! �)",��.%� - � ! �$�2"$�,��- ��)� � ! ��-'� *#"+- � ! � �'"+-6"$� � ! � �6"$*#"+� �- � � ! � �'"$-#� " � ! �)�%� ! � !&� ! �)"#� ! � !(�

! � ! � � ! � "%� .,��� � *��'"+� ! � � *��'"$� ! � �� � � ! ! �'� .%� " � . �,� �%�)� � .$-#� �#�)" ��)� � ! � ! �)�#"$* � !�! *%*��#��� � !�! .'* ! ��� �

�0/ � 0-M ,1�
 ����V��?<
�B=

(D, σD , S130)
V,��L��BL�$ �PV-��������� � 'U'����(� C!<'UD�?<C=�����$�$ N<@= �

xe = 50
� M $B�����B=�
?LE<  + �

=���L��=�B<O�E<�� 
T3��L��B=B�  � �>V'<��+J
L7=/��L § I�M �-M � - ��<(U"N���� � ρJ �E<�� <�$7=A����(� � ��&.V,��������$-U< � 0�M � � �B<C=A�D< =��#���?=AT3���G=���$?� -
C+�G=$� �A� C+�?=F��L U"N������ � <*��
T�'�D<'$-U< �3�E<���$�� �'�D<*U�������$�$E< � M



2���� ��� ��� � 0 − ���	� � � 
��� ��������������������� ���� �����
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��
���
 � � ����� �#� � � ���$��� �����  ��  �)�������% "

� L-��$-�
π
<C=A�XU���$F=A����L����X� <QT3�KJ���$lN�����"���"U"N�� 
�LF< - ��� V-����V���=A��������$ � 0 V'<���&K<��X� < =��V-���D<'�;V-���X$���C!<7��L

N�����"���"U"N��+
?LE<R�?<C=�
�"��V'<C=�� <*���.&J��$���&J�?=��#������$

ω∗ = arg min
ω∈Ω

D(ω)

� "

D(ω) = KL {πa(.|θe) || π(.|ω)} .

�	��
���
� ��� ��
�� � 0�M�� � � � (θ1, θ2) ∈ Θ1 × Θ2 ⊂ Θ
	��

(ω1, ω2) ∈ Ω1 × Ω2 ⊂ Ω � ��E � � ��� ��� � � � E  � � � 	 : ��� � 	
π(θ|ω) = π(θ1|θ2, ω1)π(θ2|ω2) �

9�� ��� � ω∗ = (ω∗
1 , ω

∗
2) ���

{
ω∗

2 = arg min
ω2

D2(ω2),

ω∗
1 = arg min

ω1

D1(ω1)

���
D1(ω1) = KL {πa(θ|θe) || π(θ1|θ2, ω1)} ,
D2(ω2) = KL {πa(θ2|θe)|| π(θ2|ω2)} ,

����� ;�� � � �B��LF=e����$�$-��$F==���@V��B<�L�CP< ����$F= ��< U'�!= �#"
πa(θ|θe)

<@=%� � ��-$��?<EV-��� � 0-M � � M $ C!<7U πJ(θ) = πJ (θ1|θ2)πJ (θ2) !<
�A<'$ $�������$��
x̃q = x̃1, . . . , x̃q !

��$)�������?<�$?����&J&�'�������D<�&�<'$�� 
?LE<

πJ
a (θ|x̃1, . . . , x̃q) = πJ

a (θ1|x̃q)πJ
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f(x̃i|θe)
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∫
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∫
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}
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−
∫
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a (θ2|x̃q) log
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πJ
a (θ2|x̃q)νe(x̃q) dx̃q
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∫

Θ2

∫

χq

D1(ω1|x̃q, θ2) νe(x̃q)πJ
a (θ2|x̃q) dx̃qdθ2 + D2(ω2).
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2 = arg min

ω2∈Ω2

D2(ω2),

ω∗
1 = arg min

ω1∈Ω1
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{∫

χq

πJ
a (θ1|θ2, x̃q)πJ

a (θ2|x̃q) νe(x̃q)dx̃q
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logπ(θ1|θ2) dθ1dθ2
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ρij(µ|β)
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L = L1L2
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µ|β ∼ G
(
2, xβ

i + xβ
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)
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ρij(β) =
(xixj)

β−2

2| logxi/xj |
(
xβ

i + xβ
j
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� ��� �d� *� �e� ���)������� � �$��"� � �e����� � ���C� � ����� �(� " � �� �&� 0 �A�G�	����� ! � � �A� ! � �#/C"&� ��� � � � � ��� � !  ��� "0� �d���  ��� � � � �����:� ! � *��� � � �&�
" � /C" ���7�	� ����� � ! � �����d�>� �*" �  � �;: � �F�!��� � �  ������� � ��"0� � � � ��� ��$��" � � � ��� �*��� � :



��� � � � ��$������ "&$ − �,��������� ������ ��� �  �	�
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 � � � ��� " �  ���2��� � & �*�

.�� �
y = (y1, . . . , yn)

(�� � � � �G�0��� %  �#� � B � � � ��*� (&� ��� ��� � "0�1/C"	/�� � / ��� �C��� � �8� ��� � �� � "G�H/ �!�!���  ��� � ���C�
� d����� / ���!��� *� �d� �*� ��� �F: � ��/C" yi

/�� �M(�� � *�'��� ��� � �
yi = (ti, δi) !d� " �  �

δi =

{
0

� % ti
� � ��/ ���
�7� �� �d� ��� �)�

,
1

� % ti
� � � % ��� �$�  � ��� ��� .

- " �!� ��" �.�#(!��� *� �!�9� � ���!� ��" �@�)� � "&��/C" � �

L(η0, η1, β|y) =

n∏

i=1

[fB(ti)]
δi [SB(ti)]

1−δi

=

n∏

i=1

[hB(ti)]
δi SB(ti),

/�� �M(�� � ��$�7� ��� � �

L(η0, η1, β|y) =




n∏

i=1

(
1

η0
+
β

η1

(
ti
η1

)β−1
)δi


 exp

[
− 1

η0

n∑

i=1

ti −
n∑

i=1

(
ti
η1

)β
]
.
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zi = (zE

i , z
W
i ) � " �  � zE

i = 1
� �&�

zW
i = 0

� % ��" � % ��� ���  � �*� ��� ti �� ����� %  �#� ��" � ���*�+���!��� ���1� � � � � �*�� (0� �*� �#�
� �&�

zW
i = 1

� �I�
zE

i = 0
� % ti �� ����� %  �#� �*" � � � � (0�0��� � � � ��*� (0� ��� ��� : ��� / ��� � ��� ��� ��� ! � % ti � � �9/ ���
�7� �� �d�

��� ��� �
δi = 0 � ! zE

i = 0
� �I�

zW
i = 0 : - " �!� ! ��" � / ���G�0��� � � � ���C� ��� � /!� � (
� � *�'��� �!� � �

x = (xi =

(yi, zi), i = 1, . . . , n) = (y, z) : - " � �����!� �$�8� � % ��/ ���G�0��� � �.��(!��� *�����*� �#�
xi

� �
f(xi) = [fE(ti)]

zE
i [SE(ti)]

1−zE
i [fW (ti)]

zW
i [SW (xi)]

1−zW
i ,

f(xi) = [hE(ti)]
zE

i [hW (ti)]
zW

i SE(ti)SW (ti).
$<�&� �*" � / �#�[�&�� � �?�$����� � ����� �$" �G�)� /�� � (�� � ��$�7� ���

l(θ|x) =

n∑

i=1

zE
i ln [hE(ti)] + zW

i ln [hW (ti)] + ln [SE(ti)]) + ln [SW (ti)] .
��$ : �:�
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�@�0� � � �l� �*" �.��(!��� *� ���9� ���*��� �I� ��/ � � ��� � ��� ���	�

θ̃
� % �*" �4� ��*� �)� � �  � � � � �'� � C���*�$� � � � � � � � ��� � � ��� ��$��" �

��"(���G�!� � �  ! . ���� � � �&�%,<�0( � � � � 
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A�;: - " � � � � �+� � � /!� � / �0� ���*� �d� �*"0� �
/ �#�&� �$��� ��� � � ���F�
� /;�C����� ��� ! �����0� � ���M( �

Q(θ|θ̃) ! � �&� ��" � 1 � � ��� � �E� � � � � � ��� �d�
Q(θ|θ̃) � �'�*"= ���e��� /;� � �

θ :

�	��
 ��
� �H/ �#�!� � � � � � % /�� � / �0� ����� �d� Q(θ|θ̃) ! θ̃ (
� � �l� ��" � / � � ��� � � ��C� ��� � �  ��� ���	� :

Q(θ|θ̃) = E
(
l(θ|x)|y, θ̃

)

=

n∑

i=1

[
E
(
zE

i |y, θ̃
)

ln [hE(ti)] +E
(
zW

i |y, θ̃
)

ln [hW (ti)] + ln [SE(ti)] + ln [SW (ti)]
]

=

n∑

i=1

p̃E(yi) ln [hE(ti)] + p̃W (yi) ln [hW (ti)] + ln [SE(ti)] + ln [SW (yi)]
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� " �  � p̃E(yi)
�  ���\� : p̃W (yi)

� � � �*" � / �#�&� �$��� ��� � �d�  ��( � ( � � �$�8�.��"I���D�*" �<��(
��� �� �!� % ��� �$�  � ��� ��� yi
� � � ��� � �#�	�!�

� � �*" �'���F�+���	�!� ���1� �m�  ���e� : � � � (0�0��� � � � � ��*� (&� ��� ��� : - " �����Y�  �#( � ( � � �'�*� ��� �� � /!� � / �0� ��� �!� � � % ������� � � �

p̃E(yi) =

{ � � % yi
� � ��/ �!�!�7�  ��� ��� ���	�E�

δi = 0) !
P
(
zE

i = 1|yi, θ̃
)

= P
(
Ei ≤Wi|yi, θ̃

) �!�����

� �$��"

P
(
Ei ≤Wi|yi, θ̃

)
=

fE(ti)SW (ti)

fE(ti)SW (ti) + fW (ti)SE(ti)
,

=
hE(ti)

hE(ti) + hW (ti)
.

� � � � � �� � � !

p̃W (yi) =

{
0

� % δi = 0
hW (ti)

hE(ti)+hW (ti)

� % δi = 1.

Q(θ|θ̃) /�� �=(�� � ��$�7� ���
Q(θ|θ̃) = QE(η0|θ̃) +QW (η1, β|θ̃)

��$ : � �
� " �  �

QE(η0|θ̃) =

n∑

i=1

[p̃E(xi) ln (hE(xi)) + ln (SE(xi))]

� �&�
QW (η1, β|θ̃) =

n∑

i=1

[p̃W (xi) ln (hW (xi)) + ln (SW (xi))] .
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 ��
� � / �#�!� � � � � � % ��� *�$�@� �d�

θ̂ = argmaxθ Q(θ|θ̃) :   �#� ��$ : � � �'� ��� � �!� � � ��� *�$� �
η̂0 = arg maxη0 QE(η0|θ̃),� �&�

(η̂1, β̂) = argmax(η1,β)Q(η1, β|θ̃).
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η̂0 =

n∑
i=1

ti

n∑
i=1

p̃E(yi)
,

1

β̂
+

n∑
i=1

p̃W (yi) ln (ti)

n∑
i=1

p̃W (yi)
−

n∑
i=1

(ti)
β̂

ln (ti)

n∑
i=1

(ti)
β̂

= 0,

� �&�

η̂1 =




n∑
i=1

(ti)
β̂

n∑
i=1

p̃W (yi)




1

β̂

.

$H�&� ��" �  �����0� ��� �d�
θ̂
(�� / ������� �*" � / � � ��� � � ��C� ��� � �  ��� ���	� :
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2I B;J � � ��"0� � ��7�*��/ �� !S� � �� � / �#� / �  �!�!� � �$��" � �q� ��� �1� � � � % �  �!� / � � �
� � � � % �  � ���*�$� � / �#� � ��� � � " �  �*���*��� �� � �� �1���F�
� /;� ��� � �9(�� � (0�� � ��� ��� �"�#�@�@�C� �� �  � � % �  � ����� ���	�#� ��" �
� ��C� ��� � �  �

(η0, η1, β)
� % �*" � B � � � ��*� (0� ��� ��� :  &�����$� � � �d��? 7� ��� � � �:�A� ! � �  ���  � �&���@�0� � � ����� � � �&� � �#/C"&�

��� � � � � � �A� �:� � �&� � � � �d� � �>���  � � �"���F��� *� �!� / � ! �$�E� � � �����0���!� ��"&��� ��" �'� "&� ���D� ��C� ��� � � 
β

� �����d�d�+�����!�
� �M(
� � � � � � � � � *��� �

[β`, βr]
: � � � / � ! " �  � !o� � �� � � � � �  ��� � ��� � � � � � �d� ! �$�F� � � ���7�0����� ��"&���

β` = 1
� �&� �

�8� � ��/!� � ��� �$�	� % �  βr
� �
βr = 5 : - " �]� *� �  �����
� �$�8�>/C" ������� % �  β � � � �&� � % �  � � � � �*�� (0� �*� �#� ��� �*"0� � � � � � *� � � :

�<� � ! � � �  �	� ?� � �
��� / ����� �l� ��� � . � ��� � � *� �  � � � �*�� (0� �*� �#�!� % �  ��" � � /�� ��I� ��C� ��� � �  �
η0

� �&�
η1 ! ��" �/C" ��������� *� �  � � � ��*� (0� ��� ��� � � � � % �#�$��� � � : 'D� �7��� �d� λ0 = 1/η0

� �&�
λ1 = 1/η1 !F� � "&� � �

π(β, λ1, λ0) = π(β)π(λ1|β)π(λ0|β, λ1),
� $ : � �q�



� � ������� � � � � � ��� 	 ��� ��� �	� ��� ��� � ��� B � � � ��� ���	��� � � � �����

� " �  � π(β)
� � �*" �.�0� � % �  � � � � ��*� (0� ��� ��� ���

[β`, βr] !

π(λ1|β) =
λcβ−1

1 dcβ exp
(
−dλβ

1

)

Γ(c)
I(0,∞)(λ1)

� �&�
π(λ0|β, λ1) ∝

λa−1
0 ba exp (−bλ0)

Γ(a)
I(0,λ1](λ0).

� � ��� � �!� ��"I���B��" ��� �� �  � � � ��*� (0� ��� ����� % λ0
� � � . � ��� � � � � ��*� (0� ��� ��� G(a, b)

�� �0� /���� ��� � �
λ1

: $<�&� ! �'� /!� �
� � � � � � (��4�  � � �!� ��"&���E��" � / ���I� �'�*� �#� � ��� � � ��*� (&� ��� ��� � % λ1

�@�0� � � �d� β � ����� /C"=��"&���<��" �4� �� �  � � � ��*� (&� ��� ���
� % λβ

1

�@�0� � � �l� β � � � . � ��� � � � � �*�� (0� �*� �#� G(c, d) : - "0� � /C" � ��/ � � % � *� �  � � � �*�� (0� �*� �#�!� "I� �.(����!� �  � �
�+�����!�M( � � �  ��� <� �&� �@�0� � � �A� O:� % � <��" ��� � � (0�0��� ���)����� / �#�&� �$��� ��� � �$� � � � �*" � ����*������� ���!� � % β ! � � � � � �� � �
� � � �  ��� J� �&� �@�&� � � �A� � � % �  ' �#� � � �%� � (&�0�$�E� � � ��*� (0� ��� ���!� : � ��� �� � � . � ��� � � � � �*�� (0� �*� �#�!� "&� � �M(
�����
/C" �����!� � �r�&�!� "	��" � ��� ��� � ����� ��� �*"0 �#�d� " :  0� 7� �0� ��� ��� � ! ��" � . � ��� � � � � �*�� (0� �*� �#� � � � � �  � ����� �� � � � ��*� (&� ��*� �#� � �&� ��"0� � /C" � �1/ � �)� ���L�0� � �+���A� �� � � � � � ���@�)� �� � ��� ����� � � % ���F��� �� �@�0� � ���!�F��� % � L��" ��� /�� ���S� ��C� ��� � �  � :

0 � ���  � ��C� ��� � �  � a, b, c � �I�
d
�� � % � F� �!� �*� � / � /C" ������� � � �*" � % �#�$��� � � �d� � �q� : ?m�*��� �� � �� � � �\���!� � �

� �$� � � � � � ���� ��� � % �I����� � (0�� � � �$�!��� % �  η0 � �&�
η1

: "(���0� ��� �d� [η0`, η0r]
 ���e�
� /;����� �!� �

[η1`, η1r]
��" ����� � � � � *� � ��� !�$� �� � �	� � �

a = α
(1/η0` + 1/η0r)

2

(1/η0` − 1/η0r)
2

b = 2α
(1/η0` + 1/η0r)

(1/η0` − 1/η0r)
2

� " �  � α � � /C" �����!�"��� � ��� ���0�#�d� "M� �����
�7�  � � � �� ��� ����*�1� � / �F� % �*" � . � ��� � � � � ��*� (0� ��� ��� ! � �&�

c = τ

(
1/ηβ`

1` + 1/ηβr

1r

)2

(
1/ηβ`

1` − 1/ηβr

1r

)2

��$ :��q�A�

d = 2τ

(
1/ηβ`

1` + 1/ηβr

1r

)

(
1/ηβ`

1` − 1/ηβr

1r

)2

��$ :�� � �

� " �  � τ /!� �M(
� /C" �����!� � � �*" �'� � �)�F� � �0�!� E� �
α : - "&� � /C" � ��/ � � �&���!��� *� �l� �*" �D� �� �  � � � ��*� (0� ��� ���!� � ��(��

/ ��� � �  ���9�#� �*" �.��� � �
� � % ���F�
� 7�<� � � � *��� ��� � �&� ��" �4�I����� � ( � � �'�8� � % ���0� �� � � �d� �*" �4� *� � E����*��� � / � :
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2I B;J - " � � �G�0��������� �*� ��*� �#�=� % ��" � � � � � (+� � � ����� /��� (��!� � �G�+� ��*� � / �1� � �G�0� � �l� � /C" �!�����<�)� ���E�0� �<� � � �#� � �?� � � / �&� �*� ��� � �I� � �E�&� �
��� �*��� ���!� " �  � : 0 � � � � �  ������� / ��������� � � �� � � �>(
�F� � ��� :  �� � � ! �$� � � � �[�+� ��*� � � � �>(0� � �1� � � � �G�+� ��*� � / �
% �0� /;��� ��� ρ � �'�*" " � � �@� �  �*��� ��� �*"&� � ��" �]�I��� � � *� �  � � (�� � �d�  �q� � � ��� �!����,<��(�� �� � �&� � � ���!�$� � � �A��� ! /C"&� � � � � �;: � � �*"&��� �0�  �I����� ! �$�J� � (����!�� /���� � � �.���0� �� ��� �*" �9� � ��� � �d�8� ���*� �e� ��/ � : - " �!� ! ��" �M� � ��� � �d�8� ���*� � �/ ���!� � �	�  �!� �� �=�0� �  �!�)� / �!� � � (�� ��" � ( � � ��	� � � /;� �  �

zi
� �&� �1/����*� �l� �*" � � � � �*�� (0� �*� �#� �����F�I�#�	��� �*��� �E� 

� � � (0�0��� � %  ��� � "&��/C" % ��� �$�  � ��� ����� � /�/ �  : - " � � � � / ���&��� ��" � % ��� �$�  � ��� �)�?� % ��" � � � � �  � ������� � � � � ��*� (&� ��� ��������F�I�#�	��� �*��� � �  � � � (0�0��� � �&� �H� ��� � �#�	�!� � � �*" �.��(!��� *� ��� % ��� ���  � ��� �)� ! � �&� � ����� ��" � % ��� �$�  � ��� �����E(�� � ���&�
�*" � / ���
�7� �� �d� �*� ����� % �  (+� ��" ��" �"���F�I�#�	��� ���1� � � �&� ��" �� � � (0�0���H� � � �*�� (0� �*� �#�!� : - " ��� ! �*" � / ���G�0��� � �!�
� � ����� �$" �G�)� �*� ����� �*" � % �  �

L(η0, η1, β|y, z) = L(η0|e1, ..., en) × 2
(η1, β|w1, ..., wn)



����� � � ��$������ "&$ − ����������� ������ ��� �  �	�
� ��� ��� B(η0, η1, β)

� " �  � ei
�  ���\� : wi

� �� ��� �$��" � D�*" �H�#(!��� �� �!� % ��� �$�  � �*� ����� ti � ��� � ���	��� � � �*" �����F�+���	�!� ���1� ���  ���\� : � � � (0�0��� �� � � �*�� (0� �*� �#� � =�*" � � � �3�0� ��� �!� % ��� �$�  � ��� ����� ��/!/ �  � � �d� � � ��" � ���F�+���	�!� ���1� �.� � � �*�� (0� �*� �#� E(η0)
�  ���\� :

W(η1, β) �;:
. ���	� *����� �d�

λ
(j)
0

� �&�
λ

(j)
1

� � � � � � � � � / � ( � / �#��� �d� ��� ���  �A��� ���� ��� ! ��" � / �#�&� �$��� ��� � �)� � � ��*� (0� ��� ���J� % λ(j)
0

� �
� G(a+n, b+

∑n
i=1 e

(j)
i )

� �&� �*" � / ���&� �$��� ��� � �I� � � ��*� (&� ��� ��� � % (λ
(j)
1 )β(j) � � � G(c+n, d+

∑n
i=1(w

(j)
i )β(j)

) :� � � / � ! �0� / ��� � �d� ��� �4� *� �  ��� � � � � % � <��" �*� "I� ����� ��C� ��� � �  � % � � � � (0�0��� � � � ��*� (0� ��� ��� ! ���!�	� C���*� �d� β(j) � �
/����*� ��� �#� � � �'�*"	� � ��/�/ ��� � �  � �+� /;�<� � ��� ��$��" � �

��: . �!�	� C��� � β %  ��� π(β) :
�): . �!�	� C��� � u %  ��� � �0� � % �  � � � � �*�� (0� �*� �#�=�#�

[0, 1] :
� : 'D� � β(j) = β

� % u ≤ π(β|y,z(j),η
(j−1)
0 ,η

(j−1)
1 )

π(β)maxβ L(β,η
(j−1)
0 ,η

(j−1)
1 |y,z(j))

! � ��" �  � � ���
�#� � � �#:

��� � � � � 1���� �� 
 * � 1 # ���� � # 1�/�� � * # ��(��* ����
- " �3�#(��+� /������ � � % ��"0� � ��� /;��� ��� � � � �r� �$� � � �  � / ���)�  � % � F/C" �@��� � �l� ��" �J����� �  ����� ��� � � ���)����� � ���#�d� ��" �
��"0 ��� % �#�$��� � � �l�8���!��� ! � ��� �!� � � ��" � � � /� � � � � �d� �  ���  � % / ���G�0����� �$�8� � �*" �/���F�+���	�!� �*��� � ! �%� � (&�0�$� � �&� B���@�	��� : � � �> ��� ��� ( � � �$�8�9/ �#� � ��� � ! ��" �'���*�+���!��� ���1� � ���)����� � � � % � ��� �*" �   � � �  �A�+�����!�=� � � �*�� (0� �*� �#� : � � � ! � %� � � �d� � � ���!�e�
� /;� �!� ! ��" ���%� � (0�&�$� ���@�	��� /!� � (��1���F��� /�� �!� � � (�� ���  � � �l�  ��� *����� � : $ � % � E�*" � B �>�)���!� !�'�<"I� � � �  � � � � (
�����/������� ��"&���<�'�<� ��� � ���=���  � / ���G�0����� �*"&� � �*" ���%� � (&�0�$� �>�)���!� :

- � � �� �	� ��"&��� ���&� ! ��" � � �C� �&� �� ��� � ���!� ��" �@�)�%, ����� �%-���� � � �����0� � ����� ,*- � � � � � � ��� � � ��� �G���@�)�)�	����� �� % �  �>� ��� � ! � � � � � � � �G� � � ���1/ % C� ��� � �  � : 1 �  ���  � /�� ���!� � ! � � ��" ����� �*"0 ��� �>�)���!��� �� �"���J(
���0���!� ! ��" �� � � � � � �+� % �#�$��� � � �l�[�  � / ���)�  � � ���  �A�+�����!� �
�  �$ � � �*" �1� �C� �&� �� � ���F�+���	�!� ���1� � � �  ���!� � � � (0�0��� � ��� �<� � � �l�0� � �!� � ����� % �  ��� � �G�0����� � � ������� � � �:� ! �d� :

��� � � ����O*�;: $(� �   � � � � ��� ! ��"0� �&��� � (0���� � �J�	� � � /;�<� � � �l� : �<�&���  ��" �F�@�0�$� "*� �I� ��" ��� � �
H0

� β = 1 ! �*" ����, -
� �C���*� � ���1/

2 ln
(

LW (η̂,β̂)
LE(η̂0)

) / ��� � �  ����� � �
χ2

1

� � � � � �*�� (0� �*� �#� :
� � � / ���&�0� � ! � �I��� % � ���" � <� � ��" � /!� ��� � " �  � �*" �4�  � �@� ���!� � ��� � �� � �	� � � /C" �G����� � � � � (0�0��� ���)����� ! ��" ���, - � �B�&� � � �d�0� � ��� � � � � � /��� � � � ��� �E(�� � � ���!� � � � (0�0��� � �&� B ���@�	����� : � ��� �*" �  � �  �	� ! " �  � ! ��" � � �!��� ��� ���� � � �I�@�0� � � " � �*" � <�$�H� � � � ���"M�*� � � �d� � � � � ��/!/ ���&� �H� �+����� � (0��� ��/!/�� ����� �*� � /�� �!���F� %K% ��� �$�  � : - � (�� ���  �

�  � /�� ��� ! % � F�*"0� �'��� / ���&� � ��� � ! �����&� ��� �d� λ0 = 1/η0 ! ��" ���@�0��� ":� �+� �*" ��� � �G� / � * ���e�I�#�&� � �d� � � �*" � �%� � (&�0�$�
���@�	��� � � �?����&�!�!� � �

H0
� λ0 = 0 (η0 = +∞)

� � "0�1/C" ��� � �!� ��"I���F��" � ��/!/�� ����� �*� � / ���G�+���	�!� �?��� � � � " ��� �;:
� � � / � ��" �Y� ��C� ��� � � 

λ0
� � / ���!� ��C��� �	��� � �J(
� ≥ 0 ! �*" �F� � � ��*� (&� ��� ���M�0�&��� 

H0
� % �*" ��� , - � �C���*� � ���1/ � � �'�*"�0� �C���*� �#�!� � %�� $ : � :O�A�

2 ln
(

LB(λ̂0 , λ̂1 , β̂)

LW (λ̃ , β̃)

)
= 2

[
n∑

i=1

δi ln

(
λ̂0 + λ̂1

β̂
xβ̂−1

i

)
−

n∑
i=1

(
λ̂0 xi + λ̂1

β̂
xβ̂

i

)]
−

2

[
n∑

i=1

δi

(
β̃ ln λ̃+ ln β̃

)
+
(
β̃ − 1

) n∑
i=1

δi lnxi −
n∑

i=1

(
λ̃β̃ xβ̃

i

)]

∼ 1

2
χ2

1 +
1

2
δ0

� " �  � δ0 ���!�0� � ��� �*" � " ��C��/ � � � �*�� (0� �*� �#� � �
0 : $ ���!�	� C� �L�  �����!� �C���*� �#�8� % ��"&� �  �����0� �3/�� � (�� % ���0�&� � �

.F��� *� �  ���F� � �&� 1 ��� % � 7� � � ���
	 ! /C"I� � � �  ���q�;: � � � ���I�"� �*� �&� �� �  �+���0� ��*�$�8� / ���I� �'�*� �#�!� �*"&���H�� � % �0� &������



� � � ��� � 
 ��� � ��	 ��� � � � � ��� �����

( � �*" � B � � � �*�� (0� �*� �#� ! �*" � �� � � �!� � % �  �@� % �	���!�	� �*"&���.�*" � - �q� �$�  ���F� � �!� � ��� � % lnLB
� (+��� �

λ0 = 0
� �

�+����� � (0��� !F� "0�1/C"=� � �* �!� � � � / �
lnLB

� � � ����������I�	�!� � � � �	� � � " (I� �" �@�)� � % λ0 = 0 :
- " �!� �*" � � �l�0� �1/������ ��� � % ��" � ��, - � � � �**��� � "#� % �  � �� � : '  � / ���!� � �d� � � ��"0� � � � �&�	�  ! �$�9� �I�+����� � (0��� � �
��� � � � �	� � C� �)� � ��� �M��" � / ���G�0����� �'�8� � % ���@�	����� : �H� ���1/ � ��"I���?�'�.� � � �����E�+����� � (0��� � �M� � ���3�
���>� % �*" � � � �/���$� � �� ��� � � ���!�� /;� ���	� � % ��" � ��"& ��� ���)������� : - " � � � � /���$� � �� ��� � ����� /��1��� ��� � � � ���@�	��� X � �$��"3� � ��C� ��� � � 
� % � � �����!� � �#� k � �&� ��" � � � � � �3�&� � � ���!� ��" �@�)� ��� ��� � ��� �

θ̂
�A�  � � �q� ��� ��� � ��� �*� � ��� � � /!� � (
� � *�$�7� �!� � �

lnLX (θ̂)− k
2 lnn > 0 � " �  � n � � ��" � � � � �H� % ��" � � � �G�0�� : - " � ���!�� /;� �!�����)����� � � ��" � ���	� � "0��/C" �  �����!� � �"0� � " � �� � � /���$� � �� ��� :

���	� � � 4�1 # ���M"��13' % 1 # �!4�1� * �
�	� � � � "%$ &(��� *&(���2+ $  +�! & ��$'&($ �,+ $ � ����� �& ��! !�*& 

� � ��"0� �$��� /;�*� �#� ! ��� ��� � ����� ���!�>� % ���*�+���!��� ���1� � ! � � � (0�0��� � �I� B � � � �*�� (0� �*� �#�!����� � � �J�0� ��� ��� � ���*� %  ��� �
B(200, 100, 2)

� � � �*�� (0� �*� �#� �� � / �#�!� � ���  ��� : �H� � � �*"&��� % �  ��� /C" � � � � ��*� (&� ��� ��� ! ��" � �  ��( � ( � � �$�8� % �  �
% ��� ���  � � �9(�� �#/�/�� ���!� �C� � � �

0.34 : � � �G�0�����H� % ��� /� � � � � �d�$� � � � "&� � �.(����!� � � �3�&� ��� �!� � � � � � �G�0����� % �  � ��/C"
� � � � � � �&� "&� � � (������ / �!�!�7�  ��� � �$��"J��" � d����� ��� ���	� � ��� !X� "0�1/C" � ��� ��� � �d�  �q� � � ���*�$� ��� � ����� / ���!���  �!�J� ���C� :
,����7�&� � � � % ��� ��� � ����� ��� �#� � � � / �!�!���  �!�$� � �G�0�����`� � % � � � � - ��� � �&� - ��� �� �(�7�0��� ��*� � �!� � � - � (&���� $ : � � �&�
$ : � : ? � ��� � ���*� �#�  ���7�&� � � �� �����0��� ���� � ��� � �'�*" ��" �H���!� �1� � � �&� �*" �

[25%−75%]
�
� */ ��� ��� �� � � � � ���� �&� � � 

�*" � � � � � �G�0���� : - " � ���!� ��� � ��� ���	� � �4�  � % � * �!� � � ��" � ��� � � ��� �$�	� � �.�7�0��� ��*� � � ��" ����� 1 �#� � � � � �� �$��@�0��� *�1/�� � ���F��� *� ���!� � �H(�� /!� �!��� �$� /�� � "&� �l�
�!� ��"I���F��" ����� ��� � ��� �3� % η0 � � ��" � B � � � ��*� (&� ��� ��� � ���I�	� � �
"0� � "=��� ���	��� :
� �J�	��� �K�*� (0���� ) 1 �	� ���!�0��� � � ���*� �#�*���J(I�)� � ��� �*" � �!��� � % ? 1 � � ��� *�$��" � % �  �*" � B � � � ��*� (&� ��� ��� ! � ��� � � �#� �
, � � " �����9�	��� / ��� � � � ��� *�$��" � � � �$��" � � � � �C������� � ��� /� � � � � �d�)� � ��� � � �l�0� � �!� � � ��" � � � � (0�0��� � � � ��*� (&� ��� ��� � �&�
�*" �=� �$ � /�� � � ����� �$" �G�)� � � � � � � � ����� ��� % � >��" �"���F�+���	�!� �*��� �E� � � ��*� (0� ��� ��� : � � �*" � � �q� ��� �1� � ��� �7�*� �l� ! � *� � � � � ��*� (0� ��� ���!� "&� � �3(������ ����� � ���	��� %  ��� ��" �)� � � ���*� �#�!�`� �$� ��� � ��� � /���� ��� $ : � : � %  ��� ��" � % �#�$��� � � �d�r� *� � � � % �  � ���*� �#�!� : - " �*� "&� ���4� ��C� ��� � �  β � � � �

[βl, βr] = [1, 5] ! ��" �*� /!� ���4� ��C� ��� � �  η0 � % �*" �1���F�+���	�!� ���1� �/ ���G�I�#�	��� ��� � / �#� / �!� ��C��� ���F���
(η0l, η0r) = (1, 300)

� �&� ��" � � /�� ��L� ��C� ��� � � 
η1

� % �*" � � � � (0�0��� / �#�G�I�#�	��� �� � / �#� / �!� �**��� ��� ���
(η1l, η1r) = (1, 200) :� � ��" ����� �C� (0����� �*" �'��� ��� � ���*� �#�M� % ��" �.�)� � �  ��� � �)� � � �7� ��@��� � � ��� ���

MRST (t0) =

∫∞
t
S(u) du

S(t)

"&� � (
����� � �&���!� � �$��" �'� �����G� ��*��/!� ��� �*� �I� �� �M�	� �@������� ��� � � � �[� �� ��� ��" ������� ! S ���!�0� �*� �d� �*" �1��� ��@����� � % �0� / ��*� �#� � �&�
t0

� d���!� ��� �$�	� � % �*� ��� : � � ��" � ��� � � � �  �!� �1/;�=��" � (�� "&� �@� �  � % ��" � ���)�����F(�� � �#�&� �*" �
�#(!��� �� �!� � � � ��*� (0� ��� ��� !P� � /C" �@����� t0 = (η0 + η1)/2 = 150 � "0�1/C" ��" ��� *�1/�� ��� �	� �G�0� � ���

SB(t0) = 4.97%� �&�
MRSTB(t0) = 25.25 : � ���G� �� ��� � �'�*" ��" � 1 , �(- ��( �C��� �	�!� � �$��" ��" � � � � (0�0���E� � � �*�� (0� �*� �#� ! ��" �� �G�  � � ������� � � % ��" �4�  �!� ��/���� ��� � �����\��� /���� �$� � "0� � " � � � "G� ��� �*"0 ���d� " ��� � �*" � �� � ��� ����� � � % 50− � � � �!�M� ���C� :

� �F� � � �9(��3�&� ���1/ ��� ��"&���H�*" �*��� �*� � ���*� �#�	� % � ��*� ��� � �  η0 �������$� � � (��3���  �*�����!� �'�*�$� � � � / �!�!�7� �� �d� �*� ���
� �&�$� � �G�0�� � � � � ��"&� � ��" � � � �3� ��" �  ���	��� : 0 � � � � �  ! ��" ����, - � ��� � � �I� � � � /���$� � �� ��� /C" �G����� �*" � / � * � /;�
� � � ��*� (0� ��� ��� � �9����� � /!� ����� : � � ��" � ��� � �$�0� � �G�0���(� � � � � �&� / �!�!���  �!� /�� ����� ! ��" � ���)����� /C" � ��/ � % � � � �� �d� �*" �
� � � (0�0���L� � � ��*� (0� ��� ��� � �<�0� � ���  � �� � � �d�$� � � / � ��" �1��� ��� � ����� ��� � % η0 � � B ���)������� � �d� � ���&�!� � � "0� � " ��� ���	��� !



� ��� � � ��$������ "&$ − ����������� ������ ��� �  �	�
� ��� ��� B(η0, η1, β)

�7� �*"&���E�*" � B � � � ��*� (0� ��� ��� � � � �!�$� � �d�  �q� � � ��� �!� � �'�*"	� � � � (0�0��� � � � ��*� (0� ��� ��� :

�������	�
���������� ������������
B � �������

η ���� �!�"$#�%'&'( η β �)�� *!�"+#,%-&.( η0 η1 β ���� �!�"+#,%-&.(
�G� *���� � *$��� � 
 *�� � ! � " 
 �$��� 
 � ! 
 ��� � ! ����� " �+� � ! ����� ! �

"0/-%*1 #�203'4*1 %'( "03*1 5'3.( "0/-&61 %-203,5�1 3.(7"$#.1 8-8-2$#�1 4'9'( "$#�5�1 :./'( "+#,%-861 5'2$#,9-%61 /'(7"03,5�1 :-2$#'#�961 /'(7"$#.1 9.#�20:61 :'9'( "$#-#�1 :'%.(; �I|=< *���� � *$��� � *���� " ! � ��� �$��� . � � !�! � � .$��� � ! � .$� � � � � �
"0/-%*1 #�203./�1 #,( "09*1 &'( "0/-861 :-203-961 9.(7"$#.1 8-3-2$#�1 /-:'( "$#�5�1 8'3.( "+#,3-%61 8-20:':-461 9.(7"03-461 %-2$#,:-&61 #-(7"$#.1 9-&-20:61 :':'( "$#�&61 3'3.(

- � (0���?> : ����1 � � �&� � �q� ��� �1� �*��� ��� � ����� ���!�K� % � ��*� ��� � �  ��� � �$��"�� � � � &� � ������ ��� � � � � *��� ��� � � �I� 1 , � - � � �'�*"
� �C� �&� �� �9��� �G�1���*� �#�!� � � % - ��� � � � � �!� B(200, 100, 2)

� � �G�0�����4� ��� � � % / �!�!�7�  ���9� ���*� �;:

�������	�
���������� ������������
B � �������

η ���� �!�"$#�%'&'( η β �)�� *!�"+#,%-&.( η0 η1 β ���� �!�"+#,%-&.(
�G� *���� " *$��� " *���� � ! � *$� ����� � �)"+�+� ! *�� � � ! � * " � * � *)"

"@4-561 #�209'%*1 5.( "0:-861 /'( "@%'361 %-209-%61 3.(7"$#.1 8'/,20:61 #�5.( "0:-:61 5�( "+#-/,961 5'20%'4'/*1 3.(7"0%-361 9-2$#'#�5�1 /'(7"$#.1 5':-20:61 :./-( "0:-:61 4.(; �I|=< * � � * *�� � * * ! � � ! � 
)" � ��� 
 �)�$�+� ! *$��� � ! � *$� � � � ! �
"@4'9*1 %,209'&*1 /-( "$#�%61 /'( "@4':61 %-209.#�1 5�(7"$#.1 %-8-20:61 #,&'( "$#,/*1 4.( "+#,3.#�1 %-20:'4-:61 /'( "04-861 %-209-361 /'( "$#.1 4'/,20:61 &'9'( "$#�:61 %.(

- � (0���?> : � ��1 � � �&� � �q� ��� �1� �*��� ��� � ����� ���!�K� % � ��*� ��� � �  ��� � �$��"�� � � � &� � ������ ��� � � � � *��� ��� � � �I� 1 , � - � � �'�*"
� �C� �&� �� �9��� �G�1���*� �#�!� � � % - � � � � � ��� B(200, 100, 2)

� � �G�0�����D� ����� � % / ���!���  �!�M� ���C� ��:

A*+BC� D����EA��	F�G�IHKJ �������L�M���������� ������������
B � �������

N �	! O�P+Q N �L! O�P+Q N �	! ORP$Q� � � � � � � � � � � � � � � � � . � � " � . � � 
 ������ � � � � � � � � � � � � . � � 
 � . � � 
 �
� � � � � � � � � � � 
 � � � � � . � � � � . � � 
 ��)� � � � � � ! � � � � � � . � � . � � 
 �
� � � � ��� � � � � � � � ��� � � � � � 
)� � " � 
)� � 
 ��)� � ��� � � � � � � *���� 
 � ��� � ! � � � � � " �

- � (0���S> : O ��1 �@�	��� /C" � �1/ � % �  � � �G�0�����`� %  ��� �*" �
H1 = B � � � ��*� (&� ��� ��� � � % � � � ��� - ��� ! ����� � �&� - � � - � � �� � ���� ��� � � � ( � � ,*-UT � � � ! � ��� � ���=��� � � � � �G�0���� :

- " �`���  % �  � � � / �E� % (I� ��"9� �d�  � �#/C" ���K�0�I���  ��" � �G�&�$� ":� �+� �*" ��� � � � % � � � � (0�0���+� � � ��*� (&� ��� ��� � � � � �I� � ���
� � - � (&��V> : - : � � �  �����!� � � ��" �S�  �A�+� ���� ���?� % � � �G�0�����m� � �����l� � ��� �$� �!�$� � %  �#� � W(100, 2)

� � � �*�� (0� �*� �#� % � 
� "0�1/C" ��" ��� ,*-g� ��� - � � �� � ��� � � �&� � � � � �*����� � �*��/ � �#/�/ ��� � ��" �F�@�0�$� "*� �I� ��" ��� � � : - " � � � � ��� �*" �)� � �d�
� �� �
� � (
� ���  � � �d�  �A� *����� � � " ��� ��" � �  �A�+� ���� ��� � % / �!�!�7�  ��� � ���C� � � /� � � ����� ! (
� /�� �!��� ��" � � � � �G� � � ���1/
� �d�  �q� � � ����� ��� � % �*" � ��, - � �E�	� � � �� � C���*� �l� :
�	� � � � "XW & � � �&(� �2+  +�! & �YW &MW �2+ � �(�VW � � ) &(� %2�	!�*& 

- " � % �����$� � � �d�>� ���C�J�� � � � �G�0���� %  ��� �[Z)\�]R^'Z � : �-_�` � ��� ��*� � �$�8���*� (0���Y� �$� ���M( � � � �
? ?g� � � �
? ? �������q� % � 
100, 000

�������0��� (I�  � � � � �A� � : � � ��� � �!� �*"&���J��" � � �I� �$�@� �)� � �&��� *�G����� ��� �� �I�  �Ia+� /;�*� �#�!� � � ��" � % � � �  � :- "0� � ��� ��*� � �$�8�	�C� (0��� � � �4�  �����!� � �!� � � � � ���" �#�$�#�T� �������-��: � � ��"0� � � �  � �*" ��? 1 ��� ��� � ����� ��� � % ��" � B� � � �*�� (0� �*� �#� � ��C� ��� � �  � � �  � η̂0 = 1662
� � �� � ! η̂1 = 97.4

� � �� � ! � �&� β̂ = 12.4 : - " � ��� ���	� � % � "&� �
�



� � � ��� � 
 ��� � ��	 ��� � � � � ��� � ���

D����EA��	F�G�IHKJ ��� Q � i | D6����A��	F6��IHKJ ��� Q � i |� � � � .�� ��� . * � � � � .�� ��� .�*
� � � � � .�� ��� . � � � � � � .�� ��� .$�
� � � � � � 
 ��� 
&" � � � � � *�� ��� .��
*�� � � � ��� ��� � * *�� � � � 
)� ��� *��

- � (0���S> : - ���  �A�+� ���� ���!�K� %$� ����� �  � / �A��� � � �!�*� � �G�0�����D� % � � � � - � �A��� % � � � �&� ����� � *� � "G� � ��" � H0 = W(100, 2)� � � ��*� (0� ��� ��� :

� ��*� ��� � � 
β

� �.�0�@�!��� � � : � � � �&� �1/���� ��� ��"&���J� � � �l� � � ��/!/ �!�� *����� �d� � % � �  �7�#��� �*� ��� !�� "0�1/C" � � �0� �  � � �$� �
���  � �� � � �d� / �#� / �  � � �d� � ��� � � � ����� " �0� � �M� � % � : - " � B ��� ��� � ��� �!�=��� � � � � �G�&�)� ��1/�� �$� �9/ ���G�0� � �!� %  �#�

E(X) =

∫ ∞

0

exp

{
− x

η̂0
−
(
x

η̂1

)β̂
}

dx ' 90.8
� � �� � :

�H� � � ��"&��� ��/!/ �  � � �d� � � �*" �����  �����0� � � �*" �3��� � � � � % � ��� �)�)� " ���0�1�=(
� � 	
	 � � � �� � � % " �0� � �!� � �#�0�1� �0� � (��
���0(0� �$�7� ��� � � � � � �l��� � % � � � �d� � �?�#�0� �	�*� ���!� � � � � ��/!/ ���&� � � � � �$�3� �D�����	� *� �$� � ��" � /�� ��� � � �$��" � � � � (0�0���
� � � ��*� (0� ��� ��� ��" � ��� � � � � % � ��� ���  ��� ��� �!� / ������� � � � � � � �� � % �  �����A�&�� (+�  � � � � ����� :�� �  � ���  �X> : �
��� *�G����� � % �0� /���� ���!� % �  ��" ���%� � (0�&�$� � �&� B ��� ��� � ��� ���=� � � ��*� (&� ��� ���!� �� �.� � �e�0� �q� �!� :

  ��� �*" �����>� ���*� � � ��� � � � % � � � � � ! ����� � �&� � ���  ���e�
� /;�*�$� ��� � �� � *� �&�)�#�>� � � � �[�&���� !+% �  ��� ��� � ����� �d�
�*" ��� ��*� �)� � �  �E� % ��" � �*"0 ��� / ���!� � �	�  �!�=� � % � �*� ���J�>�)���!��� � �&� � � � � � ��� �d� ��" �  �����0� � �E� % "*� �I� ��" ��� � � � ��� � � :>H�$��� � �G�0����� �� � / ���!� � �	�  �!� �&� / �!�!�7�  ��� : � � /!� �!���?� %  ��� ���*�$� ��� � � �� ��� � � �[�&��1� � � ���4�

n ≥ 100 � ! � � � � �3�0�
� � ����� �$" �G�)� � � � �!���!� � �)��� ��� � ��� � ��" �
� ��*� ��� � �  � � % ��" �?���)������� : - " � 1 � ��� � � ��� ��� � ��� ��� � �&� ��" � 1 - ���� � � ��� �*� � ��� ��� ���

t0 = 97
� � �� � �� �f�  ������� � ��� � � - � (0���S> : 	 ! � ,*- � ��� �  ���7�0� � � � � - � (0���S> : � � �&���%� � (&�0�$�

�0��� � � % �  �*" � � ��� � � � � ��� /�� ��� � �  � ���  � > :O�):

A*+BC� �������	�
��������	� ������������
B � �������

η̂ (η̂, β̂) MRTS(97) (η̂0, η̂1, β̂) MRTS(97)

� c � ��� * � ��� 	 * 
�� � c 
+� ��
 " � � 	��(� *���� � c .���� � c �(��� *�
 �����
�(� � *)"�� � 	 * * � * c ��� � ��
 ��� � 	��(����� � � c *�*�� * c ��" � "
 ��� �

- � (0��� > : 	 � 1 � ��� � � ��� ��� � ��� ��� � �&� 1 - �	��� � �.��� �*� � ��� ��� ���
t0 = 97

� � �� � %  �#� � � � � �G�0�����F� % � � � ���
� ! ����� � �&� � ��� / ��� � �l� %  ��� ��" �4�  ���e��� /;�*�$� � ��� 7�C� � �'�8� �C� (0��� :

A*+BC� �������	�
���������� ������������
B � ������� �K��������D����	�D6�

� c ��� � a �)"$����� "$� a "���� 
+� �)� a � " 
 ����� 
 B � �������
�(� � a �)"�� � ��. a ��.���� �)" a �$��� � .$� B � �������

- � (0��� > : ��� ������� � ����� �$" �@�)� ��� � � ��� ���	��� � �&�	�>�)���!� /C" � �1/ � % �  � � �G�0�����H� % � � � ��� � ! ����� � �&� � ��� %  �#� �*" �
�  ���e��� /;�*�$� � ��� 7�C� � �'�8� �C� (0���I� - � � ��� � �!� � ��� � � �

  ��� � � � (0�0���P�&�$� � � � �  � ���  � > : � ! �$�F/ �� �� � � � �d��� �� � ��"&���H�*" � B � � � ��*� (0� ��� ��� �  � �@� ����� � (
� �7� �   �
� � ��" �>� ���C����"I� � ��" � � � � (0�0���K� � � ��*� (&� ��� ��� : � ���#�� /;��� �d� �*" � �#/�/�� ���!� �*� � /�� �!���.� % � �@� �l�E�  �@�0� / ��� � � �&� � ��� ��� (0��� � � � � � � � �<� % �  ���e�
� /;�*�$� � " �&� � �	� � % � ��� �)� : ?L� � ���!� �$� �J� ��� �  ��� / ���<� % ��� ��� � ��� ���.��� ��@����� � % �&� /;�*� �#�!�
% �  ��" ��� � � (0�0��� � �I� �*" � B � � � �*�� (0� �*� �#�!� � �d��� ��E� �  � ���  � > : � :



� � � � � ��$������ " > − ����������� ������ ��� �  �	�
� ��� ��� B(η0, η1, β)

><� � � � �  ��� �*� �l� /C"&��*�#/;� � �� � ���1/ � % ��" � B � � � ��*� (&� ��� ��� /�� � (
� �#(!��� �� �!� �#� � � � (0�0�����0�$� � � ! � �  � ���  �
> :O�): - " � �!�G� �$*�1/�� �+� � � �*�� (0� �*� �#� � � � �$�@� ���!� � � � � � � ��� ���� �`� � � ��" �]�  �q� � � �$�8� � % log t = 4.1 � ! / � � ���e�I�#�&� �� �l�  ���\��� /������ ��� � � � ��" �8�0�&�	�  � �@� �d� ���F�+���	�!� �*��� �H� � � �*�� (0� �*� �#� � %  ��� log t ∈ [0, 4.1] � � �&� �*" � � � � (0�0���
� � � �*�� (0� �*� �#� :   ��� �*" � % �  � � � ���F�  ����� � ��� � % B � � � ��*� (&� ��� ��� ! ��" � � � � (0�0���4�0��� �

log(− logSW (t)) =

log(t/η0 + (t/η1)
β � � �\�0� �q� � � �@�	��� � � ��" � �	� � � " (I�#� �" �G�)� � % log t = 4.1 : - " �!� ! � � � �d� (
� / ������� ��" �

�  ��� � �!��� �</�� �
���?� %L% ��� �$�  � % �  t > to ' exp(4.1) = 60.34
� � �� � :
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real data
weibull dist.
B dist.

 � �#�  � > : ��� � � � (0�0�����0��� � � % � E� � ��� � � � � ��� C� �&�0��� � � �!� � � �[�&�� %  ��� �*" �4�  ���e�
� /;����� �F��� ��*� � �$�8� � ���C� ��� �
� �&� ��" �.�)� � �"��� ��� � ����� ��� %  ��� - � (&�� > : 	 :

�	� � ��
 � +� � � W ��W � � %2� ����) � �YW �  � � � �(�YW

- � ��� � � % ��� ���  � � � � � *� � ���"� ��*� �)��� � �  � � [0 − 1)
� �

[11 − 12)
�� �4� ��� �!� % �  - ��� ��� �H� � "0��/ ���� ! � � � � �l� � � �*" �

� - 1 �7� /�� � �8� � % �**� �!�e�I� 7�C����� ��� %  ��� � ��/ ���� C� � / � ��: � � �*"0� � � �d�0� �1/����*� �#� �$�D� � / �#�!� � ���  ��� �*"&���B�*" � % ��� �$�  ���� /�/ �  ���D�*" ���!�&��� % � �#/C"�� � � � ���� �&� % ��� ��� : �@� �*" � / ���!� � ���  �!� % ��� �$�  ��� ��� ����� �� � (1, . . .︸ ︷︷ ︸
n1

, . . . , 12, . . .︸ ︷︷ ︸
n12

) � " �  �

(n1, . . . , n12) = (2, 3, 3, 2, 2, 4, 5, 4, 5, 6, 5, 9) : ? � �*� � ���*� �#�!� �� �E� ��� �!� � � - � (0���K> : � � �&� / � * ���\�+���I� � �l�
�%� � (&�0�$�R�0�$� � � �� �.� � �\�&� �q� �!� �#�  � ���  � > : O&:

������������
B � �������

�G� η̂ = 8.83 β̂ = 2.52 η̂0 = 16.86 η̂1 = 11.01 β̂ = 8.10; �I|=< η̃ = 10.35 β̃ = 2.41 η̃0 = 20.75 η̃1 = 10.50 β̃ = 5.10

- � (0�� > : � ��1 � � �&� � �q� ��� �1� � ��� �*� � ����� ���!� %  ��� �*" � � � "0�1/ ����� % ��� ���  ����� � �G�0�� :
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 � ���  � > : � � �)� ��@����� � % �0� /���� ���!� % �  �*" � � ��� ! ����� � � � � ���M� � % � �C� (0�����
− � � � � �F6�D*����A*��F�����L�	�����I� D�����	���
	�	�	�	�	 � B

��A*�� � �	�-���[A6�IF�����L�������I�
D�����	�������� � ������������)��A*�� � �L�-�*�[A*��F�����L�������I�
D�����L��� �

 �$ � � �'� /�� � (
� �0� �*��/ �!� � �#�G�)� �#/�/ �  � � � / � (�� � � ���!� 1 � � �&� � �q� ��� �1� � � � % �  ��� / � : - " � B � � � ��*� (&� ��� ���
� � / �� �� � � �>�  � � � � � � �!� �*"&� � � � � �G�0�� �%� � (0�&�$� � � � �*�� (0� �*� �#� ! � �&� � �q� ��� �1� �)��� ��� � ����� ���I�  � �@� ����� � (
� �7� � 
 � �*"&� � 1 � ��� ��� � ���*� �#� : 0 �  �D� *� �  �0��� ��� �!� � �  � /C" �����!� � �

[1, 6] % �  β � �I�
[1, 30] % �  (+� �*"

η0
� �&�

η1
:

- " � B ��� ��� � ���*� �#�.� " � � � � � �� ���d� � � � �d� (�� "&� �@� �  � � "0��/C" �������$�<�0� � ���  � �� � � �d� % � H� � 	� �!���!� � � "&��/ ���� �
� �d�  �q� � � ���*�$� ��� � % �  	 ��� � % /�� ����� ! / �#�G�
� ��� �d� � �$��" � "&� � " *��� � � % �#/�/�� ���!� � � : �H� �*��/ � ��"&��� ��" �9�!��� � %�*" � B � � � �*�� (0� �*� �#� / �#�0���	(
�)���F��� /;� �!� � �9(�� � ����� � � � � � � �!� � � �*" � /!� ��� � % � � "0�1/ ����� % ��� ���  ��� �*"&��� � �q� (��
�����	� *��� �!�9( � � � /C" � �1/�� � /!� �!�����4�  �!� ��� ��� � � � � � �d� � � <��/�/�� �	��� �*� � /!� �!����� :
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Failure
Weibull (ML)
B dist. (ML)
B dist.(Bayesian)

 � ���  � > : O � � � � (0�0�����  ��( � ( � � �$�8� �0�$� � �E� % � � "0�1/ ��� % ��� �$�  ���E� ���*� :



� � � � � ��$������ " > − ����������� ������ ��� �  �	�
� ��� ��� B(η0, η1, β)

��� � ����� ��� ����� �
	

- " � B � � � ��*� (0� ��� ��� � � � � ��� � *� � � �&�*� � �G�0��� �>�)���!� � � � � � � � ��� ����*� �#�!� / ���G��� �*� �d� *� �e��� � % ��� ����" �  % ��� �$�  � :� �</�� �=(��.�)�!� ��� ���	��� " �  � �*"&��� � �*" �  ���)���!��� "&� � � � �  � � � � (
����� �  �A�+�����!� : � �	�?� % ��" ��� � � ��" �  ��� �$�  � �
- � ��� 1 �)����� � % � "&� � � �&� 1 �������  � � ���A� � � "0�1/C" � � / ���&����� ��� ��� � � � ���	� �>�  �
� ��C� ��� � �  : � �  � � � �� ��� ��" �!�
� �� ����� � �G�0��(� � � ��� � �"��� � ��� ��� � ����� ���
� � � � � �C� (0��� � �q� : � � ��" �`�  ������� � � � �
� D�*" � B � � � ��*� (&� ��� ��� "I� �D(����!�
/ �#�!� � ���  ��� � � � � � � � �  � ���*�$� � � � ��" � � � � (0�0���K� � � ��*� (&� ��� ��� % �  �>�)���!�$� � �d� � � � �d� : � � ������� /��$C/ �0�$� �*� � / ���
�'�</!� �9(�� ��" �#�d� "G� � % � � � ���  �  � � � � � ���1/ ���)����� � �>����� /��� (�� � � � �d� �*"&� � ��" � � � � (0�0����� � � ��*� (0� ��� ��� : ><�&� �
/ ��� �� � ��C��� ��� � � % � ��� ��� �d� "&� � (����!�J����� � ���	��� � � /C" �@����� (�� � � ���!�*���*�+���!��� ���1� � ! �%� � (&�0�$� � �&� B � � � �*�� (0� �*� �#�!� :
- " � � �  � ����� �� � � � (0�0���+� � � ��*� (&� ��� ��� �0� �*� (0� ��� �l�
� �� � � � "I� � �<� � � / �0� �8�J� � �C� � � �l� � � � � ��/�/ ���0� � � �$� � �e�
� /;� �
� % � � % � �*� ���>� ���C� : >H� � �����!� �**����� ��� � � "0� � " � � � "G� ���M( �9��" � � � % � �*� (0��J� ���C� :  � ���  �[> : � � " � � � ��"I���<�*" � (���� �
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∂θ = 0 � � @ �L\ �
lnL =

∑n
i=1 ln f(xi|θ).
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∂θr
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��� ∂3 ln f
∂θr∂θs∂θt
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∣∣∣ ∂3f
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∣∣∣ < Hrst(x)
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f(c) = exp
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η0
−
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η1

)β
}
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= 2

∂f

∂θr

∂f

∂θs

∂f

∂θt

1

f3
− ∂2f

∂θr∂θt
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f
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M2∑

k2=1

1∑
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1
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(
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(
x
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))k1
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x
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)k2β−k3
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η1
, β)

� �&�
Qk1k2k3(

1
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η1
, β)
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�I�#� � �0�#� �1� ��� � � 1
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, 1
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� �&�
β : � �#�!��� � �	��� � � � ! � ���I� �'�*� �#� �

� ��� ����� � 
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� % �0� /���� ��� � �

x
� �I�

θ : - " �!� g � �D(+���0�&�	�!� % �  θ ∈ Ω� �&�
x

� � � � � / �������!� � � � � ���� � : - " �  � % �  � � � /C" � / � � ���&� �'�*� �#� � ! �$� �7��� / ��� � � / �#�!� � ���  �$� �F(�� "&� �@� �  % � � �� ��� ��� �$�	��� � % x : � �E� � � � � � � � ������� ��"&��� �*" �  �(��� � � � �+��� �$����� �H�@�0�J(
�  �
A

� �&�
B
��� /C" �*"&���

g
� � � � % � *� �  � �
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a, b, c
�0� �

� �$��� � � � � � � � �  � �7� /C" ��"&���
a∂ ln f

∂η0
+ b∂ ln f

∂η1
+ c∂ ln f
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S ) H @B@ H 5qA : . <*> . P L'# : E !9J > H L ? > E H B ���� �/D * 0`# > . # > < : N � P�: B ����� �/D <*: N'# ! ((# F A < @B@GF 0 < F K <

>K:18"gBz B ������ D * E�K�A ! A ! <{> # < !�H :�<*C @$# < !N! P LE(QE�A H : ! A : F #
β

NQA > # F E ! E�K&# @ A : #�E�A F2!]H*J < . A : . S � : L'# F K < : A F < @
! F ! EN#1L !2*RJZH > (�K F ! A F < @ > # < !�H : !?*

β > 5
A ! : # U # > # ! E�ABL < EN#ON H :r> # < @ ��#1A C�P @D@%N < E < B #K2 F #3(QE�5qK&# : E�K&#6F F�H L'#

J > H L < � � ( < >X< L'#�E%# > ��#1A C�P @D@ NQA ! E > A C�P E�A H :{< : NML P ! E C # > #ON P F #ON J > H L <3C�P�>�:�� A : E�ADL'# D�S!� ! P�< @D@LF *
β
! E < F !

A :
[1, 2.5]

S �6#?# � < :�: H F < : N � > HQF < F1F A < B ����� � D JZH >[< # : . A : #?# > A : .{U A-#657( H A : E1S 1 H > # H"U # > * 5qK&# :Y< . A : . A !
< !%! P L.#ON * 5`#K < U # F @$# < > @LF

βl = 1
S

) H @B@ H 5qA : . 0 < F K < B ����� 	/D * 5`# ( > H ( H+! #xE H P ! # < 0`#�E < Be(p, q)
NQA ! E > A C�P E�A H : JZH > E�K&#1( > A H > H :

β
*

π(β) =
Γ(p+ q)

Γ(p)Γ(q)

(β − βl)
p−1(βr − β)q−1

(βr − βl)p+q−1 � [βl,βr](β)

C # F <*P ! # H*J ADE ! � #K2QA C AD@BA\E%F�S � E F < :(C # F < @BA C�>�< EN#1NrA : E%# > L !qH J%U <*> A < : F # < : N F # : E >X< @ U < @ P #sA : N1#6((# : N1# : E�@GF H J
(βl, βr)

S 1 H > # H"U # > * ?
[β]

N&#3(�# : N !tH : @LF H*J
p/q

<*: N F <*:�C # F K H8! # : A : N&#3(�# : N1# : E�@LF H*J � <*>
[β]

B < : N ! ADL`AB@ <*> @LF
JZH > E�K&#nL H N1#15qK�A F K{N1#3(�# : N !qH : @GF H*J

(p− 1)/(q − 1)
D�S 0 < F K < >3:C8"gBz B ������ D!( > H"U A�N1#ON < L'#�E�K H N H @ H . F`E H

F < @DA C�>X< EN#
π(β)

5qK�A F KV@ < F !qH : E�K&# ! (�# F A�	 F < E�A H : H*J <*: H C ! # > U < E�A H :
βm

S! +# :)@ A : !�H : B �����/
/D . A U # ! <`> # U A$#35
H J E�K&# F < @BA C�>�< E�A H : L'#�E�K H N ![H*J < 0`##E < ( > A H > NQA ! E > A C�P E�A H : A JT!�H L'# U < @ P # !3H J

β
F < :=C # C�P AB@\E J > H L ( < ! E

#K2�(�# > ADL'# : E !3H > #K2�((# > E I P # ! E�A H : A : . S 0 H 5 # U # > * ! P F KkL.##E�K H N H @ H/. A$# ! > #1L < A : 8*a#"M] c S 1 H > # H"U # > * ! A : F #
#K2�(�# > E ! < > # : H E ! E < E�A ! E�A F A <*: !?* E�K&# I P # ! E�A H : A : . K < ! E H C #sA : N�A > # F E1S

��#1( > H ( H+! #E�K&# JZH @D@ H 5qA : . L'##E�K H NrE H8H C E < A : ( > A H > # ! E�ABL < E�A H : !'H*J
β
S > C H P EqE�K&# F�H LA( H : # : E ∑ * < ! @

E H E�K&#.#K2�(�# > E ! E�K&#A( > H C�<*C AB@DADE�A$# !
p0

< : N
p1

E HpJ < @D@�N H 5 :wC # JZH > #]E�K,#3E�ADL'# !
t0

< : N
t1 > t0

* > # ! (�# F E�A U #1@GF�S
-'K&# :

1 − p1

1 − p0
= exp

{
−µxβ

0

({
x1

x0

}β

− 1

)}
= (1− p0)

“

x1
x0

”β
−1

< : N(N1#ON P F #nE�K&#1( > A H > # ! E�ABL < E�A H :

βm = log

{
log(1 − p1)

log(1 − p0)

}
log−1(x1/x0).
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�;:?: #K2RE ! P�C ! # F E�A H : * 5`# JZHQF P !!H P�> ! E P N�F H : E�K&#E( > A H > NQA ! E > A C�P E�A H : H*J E�K&# !�F < @$#�( < >X< L'#�E%# >
η
S[> K4F (�# >��

( <*>�< L'#�EN# >
a
5qK�A F K F < :WC #rA : EN# > ( > ##EN#1N < ! < U A > E P < @ ! < LE(�@$# ! A � #8A ! N1#�	 : #1N S�iK&# : 	)21#1N * E�K�A !3U A > E P�< @

! A � #�5qAB@D@ C # P ! #1N < J EN# > 5 < > N !�B A : § 0S O S � S � DqE H ( > H ( H8! # < F < @DA C�>X< E�A H : L'##E�K H N H*J
π(β)

5qK&# :w: H c \�>XaI_ b�gG>
A : JZH > L < E�A H :r< C H P EqE�K&# P�: F # > E < A : E%F H*J

β
A ! < U < AD@ < C @-#�S

� ��
�� � ����� � � ����� !���W'& � ��$ ��& � �2+ �  &)��� W �  � � �  �  & � & � �

������� � � � ��� 
�� J�� I J � 
 � � G � ����B)G�� � B 	 ��� � � � � G J�� � DEJ � � � � � �
�	#J#K2REN# : N(K&# > #E�K&# < ()( > H < F K H J 0 # > . # >q< : N � P�: B ����� �/D�S�� H : NQADE�A H :�< @GFpE H

β
* E�K&#3F F K HRH+! # JZH > E�K&# !�F < @-#

( <*>�< L'#�EN# >
η
E�K&# . # : # >�< @DA � #ONpA : U # > ! # . < L`L < N�A ! E > A C�P E�A H :

η|β ∼ GIG(a, b, β)

5qADE�KVN1# : ! ADE%F

f(η|a, b, β) =
baβ

Γ(a)

1

ηaβ+1
exp

(
− b

ηβ

)
1[0;+∞[(η)

B 0S �/D

5qK&# > #
(a, b, β) > 0

* 5qADE�K{L H L'# : E
?
[ηk] =

bk/βΓ(a− k/β)

Γ(a)
∀ aβ > k > 0,

<*: NL H N1# 1
d[η] = (bβ/aβ + 1)1/β S*-'K�A ! J < L`AD@LFA !TF @ H8! #ON C F !�F < @$#%E >X< : !�JZH > L < E�A H : B A�S #*S

X ∼ GIG(a, b, β) ⇒
∀c > 0

*
cX ∼ GIG(a, bcβ , β)

D 5qK�A F KWL <=@ # ! ADE]A : EN# > # ! E�A : . E H > #3( > # ! # : E ( > A H > A : JZH > L < E�A H : !nH :Y< !�F < @-#
( <*>�< L'#�EN# > S 1 H > # H"U # > * A J 5 # F#H : ! ABN&# > E�K&# > #3( < >X< L'#�E > A � < E�A H :

µ = η−β * 5 # H C E < A : ( > A H >'<*: N ( H8! E%# > A H >

µ|β ∼ G(a, b),

µ|β, tn ∼ G
(
a+ r, b+

n∑

i=1

ti

)
.

-'K P ! E�K&# ( H+! EN# > A H > F#H LE( P E < E�A H : B ! #2# § 0S�
 D�A ! L < N1# # < ! A$# > S 0 H 5`# U # > * 0`# > . # >p< : N � P�: B ����� �/D�N H
: H E ( > H"U ABN&# < L'# <*: A : . E H E�K&# K4F4((# > ( <*>�< L'#�EN# > !

a
<*: N

b
S -'K�A !rF K H A F # > ##L < A : !(F�H : E > H"U # > ! A < @ ! A : F #

π(µ|β) = π(µ)
S�-'K&# : 5`#H( > H ( H8! # < :{< @DEN# >�: < E�A U # F K H A F #*S

� P (9( H8! #wE�K < EME�K,# I P�<*: E�A\E < E�A U # #K2�(�# > E H (�A : A H : F < :iC # > #6( > # ! # : EN#1N C F < `�_�\ : |98 g �	##A C�P @B@ ! < LA(�@-#
x̃m = (x̃1, . . . , x̃m)

S � #�E
πJ (η|β) ∝ η−1 C #!E�K&# F�H : NQA\E�A H :�< @  +# � > #6F ! ( > A H > S � J%H P�> F�H : NQADE�A H :�< @ ( > A H > H :

ηF < :(C # > #3( > # ! # : E%#1N C F8E�K&#1( H+! EN# > A H >
πJ (η|β, x̃m)

* 5 # H C E < A :




a = m,

b = b(a, β) =
a∑

i=1

x̃β
i .

-'K P ! E�K&# F K H A F # H*J
b
< ! < J P�: F E�A H : H J

β
< ()((# < > ! E H C # :�< E P�>X< @�S 0`# ! A�N1# !2*

a
E < @ # ! E�K,#!L'# <*: A : .]H J E�K&# ! A � #

H*J < U A > E P�< @ ! < LE(�@$#HF�A$##@�NQA : . E�K&# ! < L'#A : JZH > L < E�A H :r< ! E�K&#H#324(�# > E H (�A : A H : S 0 # : F # a A ! : H 5 < c 8"g0_ bL\�8?:'_,]"f
K4F4((# > ( < >X< L'#�E%# > ! A : F # E�K,#*0 < F+# ! A <*:[< :�< @GF ! E F < : L H N P @ < EN# E�K,# ! E > # : . E�K H J E�K&#7( > A H >  �|98 f9:'_;:<8=:-_�`?>IH (�A : A H :
E�K > H P . K(E�K�A !T! ABLE(�@$#[K4F4((#6( < >X< L'#�E%# > S -'K�A !T! < LA(�@-# ! A � #]A ! < : # < ! FMA : EN# > ( > #�E < C @$#1( < >X< L'##EN# >x< : N < .�HRH N
JZHQF P ! ( H A : E JZH >'< NQA !�F P !N! A H :pC #�E%5`#?# : E�K,# <*:�< @LF ! E < : NpE�K&#:#K2�(�# > E1S ��#H( > H ( H+! # !�H L'#xN&# J < P @\E F < @DA C�>X< E�A H :
U < @ P # ! JZH >

a
<*: N I P # ! E�A H : A : .�! P ./. # ! E�A H : ! A : § 0S O S
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��
������������ � ������������� � 
!�"
#� � ����� �%$�� � �'&(����)"� � ���*� ��������)"���+� ,�
��
� N1# < @D@LF *

π(µ|β)
K < ! <{:�< E P�>X< @IK�A$# >X< > F K�A F < @ ! E >�P F E P�> #*S > !%! P L`A : .

x̃m
i.i.d.∼ W(ηe, βe)

5qK&# > #
(ηe, βe)< > # ( > A H > # ! E�ADL < E�A H : !2* 5 # . ##E

b|β ∼ G(a, η−β
e ),

µ|β, b ∼ G(a, b).

0 H 5`# U # > *vJZH > ! ADLE(�@BA F A\E%F > # < !�H : ! 5`#E( > # J # > E H?F K HRH+! # < N1##EN# > L`A : A ! E #K2�( > # !%! A H : H J
b
A : J P�: F E�A H : H J E�K,#

< U < AB@ <*C @-#H( > A H > ! (�# F A
	 F < E�A H : ! S -'K�A ! A ! N H : #sA ! E�K&# : #K2RE�( <*>�< . >X< (�K5S
�	� � � � � � � ��G�J � FHG 
�I J�� 
 � � � DEG J 
2I 
 G 
�I�� � � � � � � 
 B � I J I B;J
-'K&#Y#K2�(�# > E H (�A : A H : A !  #|98"f :-_;: 8?:'_�`?> 5qK&# : K&#{E < @ @ ! A : EN# > L !8H*J @BA J ##E�ABL.#�S 1 <*: F < P E�K H > ! A : 0 < F/# ! A < :
@DADE�E%# >X< E P�> # P ! # #324(�# > E H (�A : A H : !xH : E�K&# U < @ P # !xH J E�K&#�( < >X< L'#�E%# > U # F E H > B ! #?#E0 < F K < ����� 	 * �TA a H A ������� H >
�iA !%! # >3: 8"gDz �����/
 D�S � E F <*:pC # P�: N1# > ! E < : N < C @$# 5qK&# : ADE F#H : F # >�: ! E�K&#:#K2�( H : # : E�A < @ L H N1##@ *1! A : F #!E�K&#xL'# < :
@DA J #�E�ADL'#�A ! E�K&#�( < >X< L'#�E%# > SH0 P E P ! P�< @B@GF(E�K&#'#K2�((# > EnN H # ! : H E @R: H 5 E�K,# ! E < E�A ! E�A F < @%L H N&##@ < : NVE�K&#E( > A H >
A : JZH > L < E�A H : H : ( <*>�< L'#�EN# > !nF#H >�> # ! ( H : N ! L H > #`E H < 3 E >�<*: !�JZH > L < E�A H : � H J E�K&#�#32�((# > E @R: H 5q@$#1N . # C F?E�K,#
0 < F/# ! A < :M<*:�< @LF ! EOS

-'K P !?* �QA : ( P�> 5 < @B@ <!< : N � H : .EB ���� 	 DvE�K,# : �RA : ( P . ( P�> 5 < @B@ < B ����� D F�H : ! A�N1# > #1NsE�K < E <*: #32�((# > E 5 < ! < C @$#
E H'! (�# < @8< C H P E E�K&#L'#1NQA < : @DA J #�E�ADL'#

m = η(log 2)1/β � K&#A !`! P ()( H+! #1N8E HA. A U # <*: # ! E�ADL < E�A H : H J E�K&# ( > A H >
L'# < : ?

[m]
S ) AG2QA : . π(β)

* E�K&#6F H C E < A :M< F#H LE(�@$#�E%# ( > A H > H :pC H E�K ( < >X< L'#�E%# > ! S �;: H P�> A : N P ! E > A < @ F�H : E%#K2RE *
E H C #^L H > # . # : # >�< @ * 5`# F#H : ! ABN&# > E�K < E <*: #K2�(�# > E F <*: . A U # < : # ! E�ADL < E�A H : H J < I P�<*: E�ADE%F F K <*>�< F EN# > A � A : . E�K,#
hE8I\ � _�f 8"g%a�_�^ :-\�_ b#|�:'_,]"f M H J @DA J #�E�ADL'#

T
5qA\E�K{N&# : ! A\E%F

mW (t) =

∫

IR

∫

IR

fW (t|µ, β)π(µ|β)π(β) dµdβ.
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5qA\E�K ! P F1F # !%! E H�H C E < A : J > H L #K2�(�# > E !*I P�< : E�A\E < E�A U #xA : JZH > L < E�A H :(< C H P E E�K&# C ##K < U A H > H J < ! E P NQA$#1N ! F ! EN#1L{S
�;: H P�> F < ! # * E%5 H I P # ! E�A H : ! < > #�# !%! # : E�A < @ � 3 � <*: F H P . A U # <V> #3( > # ! # : E < E�A U # U < @ P #

te
H*J E�K&#p@BA J ##E�ABL'#

TH J'F�H LE( H : # : E ∑ � � < : N 3 �iK < E]A ! E�K&# ( > H C�< C AB@BA\E%F
α

JZH > E�K,# F�H LE( H : # : E ∑ E H(J < AB@ C # JZH > #�E�ABL'#
te

� �

B E�K&# F�H : E%#K2RE H J C H E�K I P # ! E�A H : ! NQA � # > � E�K&# 	 > ! E H : # F�H : F # >�: ! \>�g0_ 8�bC_�g+_;:�� <*: NpE�K&# ! # F�H : N H : #]N1# < @ ! 5qA\E�K
a"|
\�8�bC_�g+_;:��puF! #?# JZH > A : ! E < : F # � < 5q@-# !N! �������/D�S -'K P !2* 5 # < !%! P L'#nE�K < ExE�K&# #K2�((# > E F <*:VC # !�H @DA F ADEN#ON{E H#. A U #
< @BA J ##E�ABL.# U < @ P #

te
<*: N(E�K,# ^'Z)> c _ � c 8?:'_,]"f(H J

te
5qADE�K > # ! (�# F E!E H M S�-'K�A !!U < @ P # F < :?C #�(�# > F #1A U #1N < ! E�K,#

# ! E�ABL < E�A H :
� S H*J E�K&# α H > N1# > (�# > F # : E�AB@-# * :�< L'##@LF

P (T < te) = α ∈]0, 1[
u

�QS H*J #324(�# F E < E�A H : ?
[T ]

u
��S H*J L H N1# 1

d[T ]
B K H 5 # U # > *(! # U # >X< @ ( > A U < EN#3NQA !�F P !N! A H : ! 5qADE�K > #1@DA < C AB@BA\E%F ! (�# F A < @DA ! E !F�H : F @ P N1#sE H E�K,#

U # > F#5 # <=@ ( > H C < C AB@DADE%F8E�K < E <*: A : N P ! E > A < @F#K2�(�# > E F < :{> # < @D@LF ! (�# F A J F < L H N1#�D�S
-'K > H P . KWN�A !�F P !%! A H : *�! (�# F A J FRA : . ( > # F A ! ##@LF?E�K,# :�< E P�> # H J < : #32�((# > E H (�A : A H : A ! # !%! # : E�A < @�S ) H > A : ! E <*: F # *
!�H L'# <*P E�K H > ! K < U # : H E�A F #1NME�K < E^E�K&#H#K2�(�# > E ! E%# : NrE H . A U # < L'#ONQA <*: U < @ P # < @DE�K H P . KrE�K&#6F P�: N1# > ! E < : E

te< ! < L'# <*: B � F K�A$# > # : ����� � * � < :�: H F < : N � > HQF < F#F A < ����� � D�S�-'K&# ! (�# F A
	 F < E�A H : F < :{C # > #1A : JZH > F #1N C F !�H L'#
H (�# : I P # ! E�A H : ! < !

� S �iK&# : E�K&# < . # H J < . > H P ( H J�F�H LE( H : # : E ! > # < F K,# !
te
* 5qK�A F K ( > H ( H > E�A H :

1 − α
A !^! E�AB@B@TA :{P ! # �
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��S � ! E�K&# U < @ P #
te

< L.# < : H J ( < ! E^# U # : E !2* E < @ A : . A : E H < F1F�H P�: ER#K2RE > #1L.# U < @ P # !'H >q: H E �

��S � ! E�K&# U < @ P #
te

E�K&# J < AD@ P�> #E�ABL.#15qK�A F K{K < ! C #2# : H C ! # > U #ON8E�K&#sL H+! E J > # I P # : E�@LFpA : E�K&#1( < ! E �

-'K&# : *5F#H : NQADE�A H : < @LF{E H E�K&# F K H A F # H J
a
* E�K&# F K H A F # H J

b
A ! . A U # : A : E�K&# JZH @B@ H 5qA : . ( > H ( H+! A\E�A H : J > H L E�K&#

@R: H 5q@$#1N . # H*J E�K&#sL < > . A :�< @ NQA ! E > A C�P E�A H : M S

����� � ��� ��� �	� � ��� S�
 >3: te ∈ IR+∗ � a > 0
8 f a

α ∈]0, 1]
z�A>#f)]?: >

b1(a, β) =
(
(1 − α)−1/a − 1

)−1

tβe ,

b2(a, β) =

(
Γ(a)

Γ(1 + 1/β)Γ(a− 1/β)

)β

tβe ,

b3(a, β) =
aβ + 1

β − 1
tβe .

�A>�f�]?: >
Bi
� i = 1, 2, 3

: "9> _�f a | c >Xa Z)\�_,]I\ h ]1a/>�g�g+_�f � ^�z � ")>#f � _C]�\*8"g�g c "M]�_ c >S]�_ π(β)
^X| c "�: "98?:�� |�ZEZ (π(β)) ⊂

[βl, βr]
�

(i) P (T ≤ te|B1) = α,

(ii) � [T |B2] = te
_ _
a > β−1

l
�

(iii) � d[T |B3] = te
_ _
βl > 1

z
� "9>C\�>�: ")>A>�eCZ9> c : 8?:'_,]"f _�^1: 8 d >�f � _;: " \�>C^-Z9> c : :.]#: "9>]h 8�\ � _�f 8"g aI_�^	:'\�_ b#|�:-_,] f M � _;: "wa/>�f ^ _;: �����!z ( � z

@ �-B B 	 � �6#2# >�()(�# : N�A 2WS � S

� H E�A F #E�K < E < : #K2�(�# > E F < : . A U #nL H > #!E�K < : H : # ! (�# F A�	 F < E�A H : S ) H > A : ! E < : F # * K,# F < : . A U # < c \�>XaI_ bC_�g0_;: �
_�f :<>L\�`�8 g

[te1, te2]
< : N ( > H C < C AB@DADE�A$# !

(α1, α2)
! P F K E�K < E

P (T ≤ tei) = αi
JZH >

i = 1, 2
S �	# ( > H ( H+! #

E H > #1N P F # <*: F #K2�((# > E H (�A : A H : E HL3 N�A !�F > #�E%# � ! ((# F A�	 F < E�A H : !
i = 1, . . . , P

E�K&# : E H ! #1@-# F E F�H P (�@$# !
(ai, bi)

S
) A :�< @B@GF * 5 # ! P L < @D@ ! (�# F A�	 F < E�A H : ! E�K > H P . KME�K&#1( > A H >

µ|β ∼ G
(

P∑

i=1

Pγiai,

P∑

i=1

bi(Pγiai, β)

)
B 0S O D

5qK�A F KMA ! E�K&# ( H+! EN# > A H > F�H L�A : .3J > H L ! P F#F # !N! A U # 0 < F+# ! A <*: A : J # > # : F # ! H : U A > E P�< @ ! < LE(�@$# ! S ��#1A . K�E !
γi > 0B ! P F K E�K < E ∑P

i=1 γi = 1
D <*> # 	)21#1NkA : J P�: F E�A H : H*J E�K&# > #1@ < E�A U #rE >�P ! EpA : E�K&# ! (�# F A�	 F < E�A H : ! S � < EN# > A :

E�K&# < > E�A F @$# * <*: < ()(�@BA F < E�A H : 5qAB@D@�#321##LE(�@BA J F B < : N F @ <*> A J F)D!E�K�A !]F K H A F #*S � E]A ! > ##A : JZH > F #1N C F?E�K&# F#H : U #32RADE%F
( > H (�# > E�A$# ! H J < ()(�@BA F < E�A H : !

β 7→ b(a, β)
S ? ! (�# F A < @D@LF * ADE < ()(�# < > ! H C U A H P ! @LF3E�K < E

b1(a, β)
B E�K P ! <*: F F#H : U #32

! P L H*J ! # U # >�< @
b1(a, β)

D 3 L`ABL`A F2! �[E�K&# . # H L'#�E > A F < @ C ##K < U A H > H J
β 7→ ∑a

i=1 x̃
β
i

S � E : #?#1N !H!�H L.#A5`##A . K�E%F
F < @ F P @ < E�A H : ! B : H E . A U # : K&# > #�D C�P E F <*: # < ! AD@LF C #?# :{:RP L'# > A F < @B@LF F K&# F @ #1N S

�;:]: #32RE 	 . P�> # ! 5`#tNQA ! (�@ < F !�H L'#tN1# : ! ADE�A$# !
m(t)

H J E�K&#!( > A H > L <*> . A : < @*NQA ! E > A C�P E�A H : M * 5qK&# > # te = 100
*

[βl, βr] = [1.1, 5]
*
(p, q) = (1.5, 1.5)

<*: N
a = 2

S ) A . P�> # 0S � ! K H 5 ! m(t)
5qK&# :

te
A ! ! P F#F # !%! A U #1@GF F�H : ! A�N1# > #1N

< ! E�K&# ( > A H > L'#ONQA <*: T L'# < : T"L H N1#�S ) A . P�> # 0S � ! K H 5 ! E�K&#Y# U*H @ P E�A H : H J
m(t)

5qK&# :
te

A ! E�K,#
α

H > N&# >
(�# > F # : E�AD@$# **JZH > ! # U # >X< @ U < @ P # !9H J

α
S -'K&# F#H >�> #1@ < E�A H :3C ##E%5 #2# : ( <*>�< L.##EN# > ! A : N P F #1N C F]E�K&#�( > A H > L H N&##@B@DA : .

A ! > # U # < @-#ON C F E�K,# c ]"f `�>�e "R|Qg�g H J E�K&# ( > A H > ! < LA(�@DA : .=u A : ) A . P�> # 0S � * � 
 � H J ( > A H > ! ADL P @ < EN#ON
(η, β)U < @ P # ! < > # P ! #1N JZH > N&##@BADL`ADE�A : . E�K&# F#H : U #32 K P @B@ S -'K&# JZH > L H J E�K&# F#H >�> #1@ < E�A H : > #1L < A : ! : # < > E�K&# JZH > L

H*J E�K&#[E�K&# H > #�E�A F < @ a H A : E F�H : 	 N1# : F # <*> # < ! K H 5 #ON C F � P B ����� � D u E�K&#[A : U # > ! #[NQA ! E > A C�P E�A H : H J ( < >X< L'#�E%# >
U < @ P # ! 5qK�A F KVA ! P ! P < @B@GF ((# > F ##A U #ONrA !!F#H K&# > # : E�5qA\E�K{E�K&# F @ < !%! A F < @ C #1K < U A H > H JIJ > # I P # : E�A ! E\# ! E�ABL < E�A H : !qH J
E�K&# ( <*>�< L'#�EN# > ! B P ! A : . P�:)@R: H 5 : N < E < D � A J β A ! H"U # > # ! E�ADL < E%#1N3E�K,# :

η
A ! P�: N&# > # ! E�ABL < EN#ON * <*: N F�H : U # > ! ##@LF*S



� ��� � ����������� � 0 − 	�
��
������������ � ������������� � 
!�"
#� � ����� �%$�� � �'&(����)"� � ���*� ��������)"���+� ,�
��

t

m
(t

)

0 50 100 150 200 250 300

mean
mode
median

te=100

) A . P�> # 0S���� �T# : ! ADE�A$# !
m(t)

H J E�K&# ( > A H >
L < > . A :�< @�NQA ! E > A C�P E�A H : M B A : N1#326#ON C F[E�K&# ! ((# F �
A
	 F < E�A H : H*J

te = 100
D�S

t

m
(t

)

x

m
(x

)

x

m
(x

)

0 50 100 150 200 250

te=100

10%

25%

33%

50%

66%

75%

90%

) A . P�> # 0S ��� �\# : ! A\E�A-# !
m(t)

H*J E�K&# ( > A H >
L < > . A :�< @�NQA ! E > A C�P E�A H : M B A : N&#K21#1N C F[E�K&# ! (�# F �
A�	 F < E�A H : H J

α
D�S

eta

be
ta

0 20 40 60 80 100

0
20

40
60

80
10

0
12

0
14

0

) A . P�> #10xS �	� � H : U #K2pK P @B@ H J < ( > A H > ! < LE(�@BA : .`H J ( < >X< L'#�E%# > !
(η, β)

S

-/.�
 � 4 � 6s4� � ����� 4 � 2 � 6�	

� H L'# <*P E�K H > ! < ! �RA : . ( P�> 5 < @D@ <'< : N � H : .�B � �� 	/D C�P AB@BN�( > A H > L H N1#1@D@BA : .+! 5qADE�K :RP L'# > H P ! K4F4((# > ( <*>�< L'#�EN# > !2*
5qK�A F K < @B@ H 5GE H L H NQA J F!E�K&#]#32�((# > E5A : JZH > L < E�A H : A : @ HQF < E�A H :]< : N P�: F # > E < A : E%F�SY> ! �TA : NQ@$#3F < : N �QA : . ( P�> 5 < @D@ <
B � �� 	 D : H E�A F #ON * A\EsK < ! C #2# : H C ! # > U #ON{E�K < E:#32�((# > E ! E%# : NwE H ( > H N P F # 3 @ HQF < E�A H :G< : N !�F < @$# C A < ! ��S �;: E�K�A !
5 H >�@ * H P�> H (�A : A H : A ! E�K < E[E�K&# J P @B@ #32�((# > E @R: H 5q@$#1N . #8A !�. A U # : E�K > H P . K

te
B < : N

α
A J
te

A ! < (�# > F # : E�AD@$#
U < @ P # D�S � H3H C a=# F E�A U # F > A\E%# > A H :M< @B@ H 5 ! E�K,#H0 < F/# ! A < :p<*:�< @LF ! E E H L H N�A J F8E�K�A ! #32�((# > E @R: H 5q@-#ON . #�S*-'K,# H : @GF
( H8!N! A C AD@BADE%FpA ! E H L H N P @ < EN#E�K&#H#32�((# > E P�: F # > E < A : E%F8E�K > H P . KME�K&# F K H A F # H J

a
S �;: H P�> ! # : ! # * E�K > #?# ! E%#3( !'H*J

F < @DA C�>X< E�A H : ! K H P @�N C # F�H : ! ABN1# > #ON S
�*S > a > _K8"|Qg : c 8"g0_ bL\�8?:'_,]"f�! EN#6( u < F1F�H > NQA : . E H E�K&# :RP L C # >q< : N`E�K&# :�< E P�> # H J�! (�# F A
	 F < E�A H : !?* 5`# ( > H ( H+! #
!�H L'#xN&# J < P @\E U < @ P # !tJZH >

a
S -'K�A ! A ! N H : #!A : § 0S O S���S 0`# ! A�N1# !2* 5qK&# : a K < ! C #2# : F K H+! # : * 5 #H( > H ( H+! #

A : § 0S O S��*S � < N1# J < P @DEsL.##E�K H N JZH > F < @BA C�>X< E�A : .
π(β)

5qK&# : : H A : JZH > L < E�A H : A ! < U < AB@ < C @$# <*C H P EnE�K&#
P�: F # > E < A : E%F H*J

β
S



� ����� ����� �
��������� ��� � �	��


��S > c ] h`bL_�f >Xa c 8"g+_ bC\�8=:-_,] f�! E%#3( u C # F < P ! # a F < :MC # P�: N1# > ! E HRH N < ! < U A > E P�< @ ! < LA(�@-# ! A�?# * A\E'A ! < FK.�H�H N
( < >X< L'#�E%# > JZH >r< N�A !�F P !%! A H :kC #�E%5`#?# : E�K,# #K2�(�# > E < : NkE�K&#�0 < F+# ! A <*:k<*:�< @LF ! EOS ) A > ! E U < @ P # !pH*J

a( > H ( H8! #ON C F3E�K&#nN1# J <*P @\E F < @DA C�>X< E�A H : ! EN#6( F <*:pC #xK�A . K 5qK&# : E�K&#:#K2�((# > E A ! U # > FA( > # F A ! # u E�K&#A : E%# : E
A ! E H L < @ #E�K,#H#K2�((# > E > # < F E'E H K�A !^! ##@ J > # F @ @$# !%! : # !N! < : N F#H >�> # F E

a
S

��S > �tf 8 g \�> c 8"g+_ bC\�8=:-_,] f ! E%#3( u E�K&#E0 < F/# ! A < :?< : < @LF ! E F < : K < U # !�H L.#A( > A H > @R: H 5q@$#1N . # <*C H P ExE�K&# > #1@DA �
< C AB@DADE%F H J E�K&#�#32�((# > E H (�A : A H : S > K P . #8@BA\E�EN# >�< E P�> #pA ! N1#1N�A F < EN#ON E H E�K�A ! < : < @LF ! A ! B ! #?# � HRH @ # < : N
. H�H8!N! # : ! �����	� JZH >!<p> # U A$#35 D�S�-'K�A ! < :�< @GF ! A !qF < :VC # C�< ! #ON H : H E�K&# > ! P�C a=# F E�A U # C #1@DA$# J !AB 5qK�A F K <*> #
: H E�#K2�(�@ H > #1N=K&# > # D < : NYE�K,# F�H LE( <*> A !�H : 5qADE�K H C a=# F E�A U #MA : NQA F < E H > ! S 0 # > # * A J a < n

< : N A J E�K&#
N < E <

tn
<*> # P�: F # : !�H > #ON * E�K&# ( H+! EN# > A H > NQA ! E > A C�P E�A H : A ! # : ! P�> #ON E H C #ML H > #pN1#6((# : N1# : E J > H L E�K&#

H C a=# F E�A U #3N < E < @R: H 5q@-#ON . #�S �;: § 0S O S � * < ! ABL�AB@ < >!P ()((# >!C H P�: N JZH >
a
A ! N1#�	 : #ON 5qK&# : E�K&#3N < E <

tn< > # F # : !�H > #1N SE0`# ! ABN&# !2* !�H L'# C A C @BA H . >X< (�K�A F < @ > # ! P @\E ! < > # . A U # : E H L H N&# >X< EN#�E�K&#�#K2�(�# > E H (�A : A H : !
< : NrE�K,# F#H : ! # : ! P !'H*J�! # U # >X< @�#K2�(�# > E H (�A : A H : ! A !C! E P NQA$#1N S

��������� � �  ���� � & � ����� � ��������$ ��� �����"!
��� � � � � � # � 	 G D1F%$ ��G F I � ��G�$ I B)J0B
	&$(' �*) ��G F �,+ G��-G 	 � $ � �
-'K�A !^F < @BA C�>X< E�A H : F < :(C # ! #6( < >X< E%#1N < F#F#H > NQA : . E H E�K&# @ A : N H J�! ((# F A�	 F < E�A H : S"-'K,# U < @ P # H J

a
E�K < E�5`#1( > H �

( H+! #1N3A ! E�K&#qL`A : ADL < @ :RP L C # >
amin

H*J ( < ! E U A > E P�< @�N < E < E�K < E ! #?#1L : # F # !%! <*> FnE H < !%! # !N! E�K�A !]! (�# F A
	 F < E�A H : S
. � G J0/21 � � I G J B �31 B � � y > F�H : J P ! A H : C #�E%5`#?# : E�K H+! #3E�K > #?# ! (�# F A
	 F < E�A H : A ! # < ! F B # ! ((# F A < @B@GFVE�K&#
E%5 H 	 > ! E H : # ! D�S�-'K&# > # JZH > # < N1# J <*P @\E F K H A F #^L P ! E C #N H : #�S ��# ! P ./. # ! E E H3F K H�H8! #

amin = 1
JZH > E�K&#!L'# < :

<*: N
amin = 2

JZH > E�K&#^L'#ONQA <*: S��4((# F A J FRA : . E�K&#^L H N1# > # I P A > # ! A : E P A\E�A U ##@LF[L H > #7( < ! E U A > E P�< @�N < E < B < : N�E�K&#
F # > E < A : @R: H 5q@$#1N . # H J < . A : . D�S ��# ! P . . # ! E

amin = 3
! A : F #^ADE'A ! E�K&#xL�A : ABL < @ :�P L C # > H*J N < E < E H N1#�	 : #^E�K&#

L H N < @ F @ < !N! H*J < F�H : E�A :RP H P ! NQA ! E > A C�P E�A H : S �;: - < C @-#10S�� * 5 # . A U #T# ! E�ADL < E�A H : !'H J E�K&# ! E <*: N < > N(N1# U A < E�A H :
σ

< : NwE�K&# ^ d > � f >�^ ^ γ H J M * P ! A : . E�K&#E( > A H > F K H A F # ! N H : # JZH > NQA ! (�@ < FRA : . ) A . P�> # ! 0S�� <*: N 0S � * P ! A : .
! # U # >X< @ U < @ P # !�H*J

a
S�-'K&#qL H N1# ! ((# F A�	 F < E�A H :8< ()(�# <*> ! < !'. A U A : . K,# < U A-# > E < AD@ ! < : N J < U*H > A�#A : . K�A . K&# > U < @ P # !

H*J
X

S �	# > # F�H L`L.# : NME H P ! #nE�K&#sL'#1N�A <*: ! (�# F A�	 F < E�A H :(C FrN1# J < P @DE ! A : F #sA\E^# : ! P�> # ! < @ <*> . # >'P�: F # > E < A : E%F
E�K < : E�K&#sL'# < : ! (�# F A
	 F < E�A H : S

a 4 7�52; 47698 7 4 7 8;: 52;
σ γ σ γ σ γ

< =?> O @ @/O A B =DC O > B � O B EF@+O < A4O A
B A(B/O G < O @ � G?A4O C ��< O A =(= O C < O >
@ A C O C � O E � � A � O = E4O G AFG/O < � O E(@
A @?G/O � � O @HA � B = O > > O A A(A4O G � O @ =��C @D@+O C � O <(= � ��C O > = O B A C O B � O � B

- <*C @$# 0S�� � ? ! E�ABL < E�A H : !qH J�! E < : N <*> N(N1# U A < E�A H :
σ
< : N ! @ #65 : # !%!

γ
H J N�A ! E > A C�P E�A H : M S

IKJML�N�$DO%P �Q)F+ � �RO�S �;LT$DO%UVN � � P�> 5 H >�@ A : . K4F4( H E�K&# ! A ! A ! E�K < E`E�K&# #K2�(�# > E�K < ! ((# > F ##A U #ON < ! L P F K ( < ! E
U A > E P�< @tN < E <w< ! ADE3A ! : # F # !N! < > FVE HwH C E < A : E�K&##( > # F A ! A H :

α
5qK&# : K&# ! (�# F A
	 F A$# !

te
< ! < (�# > F # : E�AD@$#*S ) H >

A : ! E < : F # * E�K&# 0 < F+# ! A <*:?< :�< @GF ! E F < : ( > H ( H+! #
a = 10

5qK&# :
α = 10%

SW-'K�A ! A !J! ABL`AD@ < > E H E�K&# :RP L'# > H P !
"
_�^	:�] � \�8 h L'#�E�K H N ! E�K < EsK < U # C #2# : N1# U ##@ H (�#1N JZH > E�K&# < ! @ A : .(H J #K2�((# > E ! SX-'K P !2*ZY < :\[ HRH > E%5qA a @ >K: 8"gDz
B � ��� � D ( > H ( H+! #nE HL! # . L'# : E

IR+
A : ! #3( <*>�< EN#sA : E%# > U < @ !?*�F K H�H8! A : . C H P�: N < > A-# ! : # < > E H > # < @ H C ! # > U #1N{N < E <

B H > F # : !�H > #1N8N < E < D�S�]RA : F #^E�K H+! #^@BA J ##E�ABL'# ! F < :8C # > #3( > # ! # : E < E�A U # JZH > E�K&#\#324(�# > E B # U # : K&#!A !]! P ()( H+! #1N : H E



�	��� � ����������� � 0 − 	�
��
������������ ��������������� � 
!�"
#��� ����� �%$�� ���'&(����)"��� ���*� ��������)"���+� ,�
��
E H @R: H 5 E�K&#sN < E < D * K&# F <*:MC # < ! @ #1N <*C H P E K�A ! ( > H C < C AB@DADE%F H JTJ < AD@ P�> #*S [ #32RER#32 < LE(�@$#!AB@D@ P ! E >X< EN# ! H P�> 5 < F
H J E�K�A :)@ A : . S

�^�	��
 ���� ����S 
 >K:
(50, 80, 90, 170)

b>K^L] hE> �$Z ]R^ ^�_ b�g � c >#fM^L]�\�>Xa � ]*bC^3>C\�`?>Xa`_K8�_�g�|
\�> :-_�h >C^�z �[_�`�_ a > : ")>
g0_ _K>3:-_�h > ^ c 8"gG> _�f D1 = [0, 90)

8 f a
D2 = [90,∞)

z 
 >3:
(n1, n2)

b	>H: "9>nf�|Qh8b	>C\ ^ ]�_ `�_�\ :�|98"gTa 8=:<8 _�f
D1

8"fva
D2

� \�>C^'Z)> c :-_�`?>#g �*z � |�Z�Z ]R^3>�: ")8?:*: ")>E>�e�Z9>L\ : � _�`?>�^������ c ")8 f c > ]+_3bL\�>	8 d _�f � aE] � f _�f
D1

z � ")>#f n1 = 2n2
z

�[_�`�_ a >�f�] � D1
_�f
D1,a = [0, 50)

8"f a
D1,b = [50, 90)

z ! f aI_ c 8?: >�:�]#: ")>E>�eCZ)>L\ : : ")8=:*: "9>A>�� > c :����?>3g�� _K>K:���h >
��� c�� f9: 8���f >Xa���f

D1
z � | ��� � �K> : ")8=: ")>!��f a�� c 8=:<>"� ��# � c ")8"f c > � _rb%$�>	8 d ��f'&Ya ��( f)��f

D1,b * : � 8��+��h,��gG8�$
- |9>"� :�� � f � f 8.�)8�$ :��;:�� � f � _ D2 / D1,a

� $ D1,b / ��| �0� � �3>E: ")8=: ")>�����|Qf 8*b#gG>A: � 8"f1� ( >%$#z32�>4���3��| �0� � �3>Xa : �
")8���>65 �9>"$ c >%����>Xa7H8?: gG>	88� : n1 = 4

� ��$ : |98 g a 8=:<8�z:9;��f 8"g�g � / ")> c 8"fWb><&0����>#f
n1 + n2 = 6

�=��$ :�|98"g%a 8?: 8*z
�

> � ��? OA@�O%P O�$�B O N�$ � � � L�P )(+ � �;O%S��RLT$(O U	N � ] P ()( H+! #8E HwH C E < A : J > H L < : #324(�# > E]E�K&#MA : EN# > U < @
[te1, te2]

<*: N
( > H C�<*C AD@BADE�A$# !

(α1, α2)
! P F KWE�K < E

P (T ≤ tei) = αi
JZH >

i = 1, 2
SDCqN�NQA : . E%5 H (�# > F # : E�AD@$# ! ((# F A�	 F < E�A H : !

: #?#ON ! E H : H > L < @BA�?#
a1, a2

! P F KwE�K < E
a = γ1a1 + γ2a2

A ! E�K&#8L < 2RABL < @ ! A �2# < E�E < A : < C @$# C F{E�K&# ! #3( <*>�< EN#
! (�# F A
	 F < E�A H : ! S -'K P !?*X! ((# F A�	 F < E�A H : !

(50%, 90%)
5qAD@B@ . A U #%E�K&# ! < L'#9N1# J < P @DE ! A �2#

a = 10
E�K <*: ! (�# F A
	 F < E�A H : !

(10%, 90%)
SFE H > # H"U # > * A J E�K,#!( > A H > N H L < A : JZH >

β
K < ! C #2# : #1@DA F ADEN#ON * E�K&# c�� ")>%$�>#f c > H J E�K&# F > # C AD@BADE%FxA : EN# > U < @

5qA\E�K(E�K&#HG	##A C�P @B@TL H N1##@TL P ! E C # F K&# F @ #1N P ! A : .3JZH > L P @ < B 0S���D�SJI J
βe = log

{
log(1 − α2)

log(1 − α1)

}
log−1(te2/te1)

B 0S 
/D

A ! : H EqA :
[βl, βr]

E�K&# H > N1# > !`! K H P @�N C #nL H NQA�	,#ON ! P F KrE�K < E
βe = β0

BZJZH > A : ! E < : F #xE�K&#sL`A�N�NQ@$# H >q<3C H P�: N
H J

[βl, βr]
D�S ] H @ U A : .

(
yQy

) = β0
5qADE�K < [ #35'E H : � l < (�K !�H :Y< @ .*H > ADE�K�L A !_! ABLA(�@-# B ! #2##0 H P !I P #�E �����0K JZH >

N1#�E < AB@ ! D�S6L > N1# > ! < > #E5 #1A . K�E%#1N 5qA\E�KGE�K&# F�H : ! E < : E F�H : U # > . # : F # >�< EN#
γ1/(1 − γ1)

SK-'K P !2* A J
γ1 −→ 1

*
α1> #1L < A : !R! E < C @$#*S

M P�N	U �HO�$(' 1  S,O � O�N	'�$DO%NPN $D' � � � �'? OA@�O%P O�$�B
α
�

Q	RTSVU�W
0 < α0

1 < α0
2 < 1 X0YZ α0 = (α0

1, α
0
2)

R\[VU Y1] WU `0 = (xe,2/xe,1)
β0 ^ `(α) =

log(1 − α2)

log(1 − α1)X0YZ`_8a1]�]b U Xdc�e U _Vf'b�f�]0Y ε
Rhg f8i 0 < ρ� 1

R

jkR6l�WU c k = 0, ...K m
• _0] n1c�o WUpW a U)qU _ W ]0e δk =

(
(1 − αk

1) log(1 − αk
1) (`(αk) − `0) /`(αk)

−(1 − αk
2) log(1 − αk

1) (`(αk) − `0)

) r

• _0] n1c�o WU hk = − (1 − αk
1)

(1 − αk
2)`(αk)

R

• _0] n1c�o WU αk+1 =

{
αk

1 − ρhk(αk
2 − αk

1),

αk
2 − ρhk(αk

2 − αk
1) γ1

1−γ1

• b W ]0cts�a U Y ‖δk‖ ≤ ε

�^�	��
 ���� ����Svu " � � �3> β0 = 3
8"fva

(te,1, te,2) = (200, 300)
zT9;�\e���f'&

(α0
1, α

0
2) = (0.05, 0.95) / ( > � b3:<8���f

βe ' 10.03
z3w "9>1>�e"�9>"$ : � �x��f1� � fy��fva"| c >"� 8"f(|Qf1$�>	8"gz���	:�� c �98�$�8 hE>3:<>%${��")8��)>Oz � �`a > _K8"|Qg : /V| e γ = (1/2, 1/2)

z
w ")>#f ( > � bK: 8���f α = (0.3, 0.7)

z:} _ ( > c " �=� �3>�f ��( α0
1 = 0.25 / ( > � b3:<8���f βe ' 5.78

z6w ")>4��fva"| c >Xa 8=&���f�&$�>#hE8���f�n|Qf1$�>	88� � f 8*b#gG>Oz!~!�;: " > - |98 g ( >%�z&�"�:�� / ( > | f a α = (0.4, 0.8)
z��<����|Qh4��f'&8h�| c "(h � $�> c $�>Xa�� b%��g��;: �T��f



��� ��� � �����
��� � ��� ��� � �	���

: ")>[g ��( >%$3b � |Qfva / ( > | e γ = (0.95, 0.05)
z,w ")>#f

α = (0.26, 0.64)
z u � f���>%$��3>�g � / ( �;: " γ = (0.05, 0.95) / ( >� bK: 8���f α = (0.55, 0.93)

S
�

��� � � � � � # ��� L�JMP%$ �;L�P OA@��?L�$(O%UVN�U � $(' �*) ' L + �,+ L��HL�1 � $ � �
L : F #

a
K < ! C #2# : F K H+! # : * A\E F < :pC # P ! #ON8E H�F < @BA C�>X< E%#

π(β)
A J : H > # < @ A : JZH > L < E�A H :r<*C H P E E�K&# P�: F # > E < A : E%F

H*J
β

A ! < U < AB@ <*C @$#*S I+N&# < @B@LF *M! A : F #�5 # ! #2#
π(η|β)

< ! <8> # J # > # : F #�( H+! EN# > A H > N&# : ! A\E%F 5qADE�K > # ! (�# F E!E HrU A > E P�< @
N < E <

x̃a

*
π(β)

! K H P @�N C # F K H8! # :r< !

πJ(β|x̃a) ∝ βa−1

(
a∏

i=1

x̃i

)β

(
a∑

j=1

x̃β
j

)a ,
B 0S K/D

5qADE�K
πJ (β)

E�K&# : H : A : JZH > L < E�A U # > # J # > # : F #�( > A H > S 0`# F < P ! #sE�K�A ! ( > A H > N�A ! E > A C�P E�A H : A ! : H ExE >X< F E < C @-# B A\EnA !
5`##@B@ @�: H 5 : E�K < E'E�K&# G	##A C�P @B@5NQA ! E > A C�P E�A H : N H # ! : H E < N�L�ADE < : F F�H : E�A :�P H P ! F�H :	�+P . < EN# *RF�J S"] H @ < : N � � K � D *
5`#xL < N1# < :r<*>�C A\E >�<*> F F K H A F # H*J

π(β)
S!0 P E'E�K&#10`#�E < ( > A H >

π(β|p, q) F <*:MC #H##@BA F A\E%#1N < ! E�K&#nL`A : ADL`A�?# > H J
E�K&# > #1@ < E�A U #:# : E > H (4F

∫ βr

βl

πJ (β|x̃a) log
πJ(β|x̃a)

π(β|p, q) dβ
B 0S�
 D

P�: N1# >< F�H : ! E >X< A : E H : E�K,#[L'# <*: H > E�K&#3L H N1# * 5qK�A F K?A ! E >X< F E < C @$# P ! A : . B 0S�� D�S� H 5`# U # > * E�K,# U < @ P # !^H J
E�K&# U A > E P�< @ ! < LA(�@-#

x̃a

> #1L < A :YP�:)@R: H 5 : S*-'K&# > # JZH > # 5 # ( > H ( H8! #`E H ! < LE(�@$# U A > E P < @ ! < LE(�@$# !sJ > H L E�K&#
W(ηe, βe)

NQA ! E > A C�P E�A H : * 5qK&# > #
ηe

<*: N
βe

< > # ( > A H > # ! E�ADL < E�A H : ! S"-'K P ! 5`# > #6(�@ < F #
πJ(β|x̃a)

A : B 0S�
 D C F
E�K&# >�e"�9> c : >Xa � � � :<>%$+� � $ �x$+� � $

πJ
a (β) =

∫

IRa
+

πJ (β|x̃a)

a∏

i=1

fW (x̃i|ηe, βe) dx̃1 . . . dx̃a.

-'K&# : L`A : ABL�A�#A : . B 0xS�
=D A :
(p, q)

A !C! ABL�AB@ < > E H L`A : ADL`A�?#

log
Γ(p)Γ(q)

Γ(p+ q)
+ (p+ q) log(βr − βl) − (p+ q) �

[
log

βr − β

β − βl

] B 0S  D

5qK&# > #xE�K,#sL.# < : � [.]
A ! 5qADE�K > # ! ((# F E'E H

πJ
a (β)

SkGiK,# : E�K&#1( > A H > L'# <*: B H > L H N1# D H*J
π(β)

A !qF K H+! # : * E�K&#
!�H @ P E�A H : A ! P�: A I P #*S�-'K�A ! L`A : ADL`A� < E�A H : F <*:�C #^N H : # P ! A : . E H : EN#�� <*> @ H # ! E�ABL < E�A H : !9H J E�K&#^#32RE > ##L'# > A . K�E
E%# > L H*J B 0S  D�S�I : H P�> < ()(�@BA F < E�A H : !?* E�K�A ! L`A : ADL`A� < E�A H : . < U # ( > H L`A ! A : . > # ! P @DE ! S 0 P E ADE : #?#ON ! L H > # 5 H >@ E H
# : ! P�> # E�K < E�E�K&#�� P @B@ C�< F @ ��� ##A C @$# > ( > H � # F E�A H : N H # ! : H EI@$# < N]E H < : H"U # > ! E�ABL < E�A H : H*J E�K&#7( > A H > A : JZH > L < E�A H : S

� ������� ��� ����� �%$����M�����"! ��!�� ���0!�� � !�� ��
��� � � � � � > UV1 + L��HO%NPN ) JF@�� � �9$(O � � L�N ? U�@�� � �9$DO ���! N U�"XP ��? N �
I : E�K�A ! ! P�C ! # F E�A H : 5`# . A U #pE�K&#{N1#�	 : A\E�A H : H J <*: A : NQA F < E H >

ñ
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ñ
A !^H*J A : EN# > # ! E ! A : F #3A\E!ABLE( > H"U # ! E�K&# F�H : ! # > U < E�A U # F K H A F #

r
B E�K&# :�P L C # > H*J

P�: F # : !�H > #1N(N < E < DC5qK�A F K P�: N1# > # ! E�ADL < EN# ! E�K&# #$#�# F E�A U #]N < E < A : JZH > L < E�A H : S � ! (�# F A < @D@LF * 5qK&# :?< @D@ < U < AD@ < C @$#
N < E <`< > # F # : !�H > #1N B

r = 0
DC5`#nK < U #
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i (θ) dθ

,

5qK&# > # ∑M
i=1 ϕi = 1

* L�A : ABL`A �2# ! E�K,# � P @D@ C�< F @���� #1A C @-# > A : JZH > L < E�A H : @ H+!%!

KL(π;π1, . . . , πM |β) =

M∑

i=1

$i

∫

IR

π(θ) log
π(θ)

πi(θ)
dθ

<*: N F < >�> A-# !'H P E <*: H (QE�ABL < @ c�� f�3>�f1��|�� H J E�K&# H (�A : A H : ! S0]1#?# � ADA ! C # > . B � ��� � D H P C^@DE P�>�< �F� < >3:�8"gDz B ������� D
JZH > L H > #A( > # F A ! A H : ! <*C H P ExE�K�A ! #1@DA F ADE < E�A H : S -'K&# > ##@ < E�A U #[ABLE( H > E < : F # H*J E�K&#.#K2�(�# > E ! A ! �+P N . #ON?E�K > H P . K
E�K&# F K H A F # ! H*J 5`##A . K�E !

$i
S � H�H @ # >K:*8"gDz B � ��� D H > 0 P N1# !�F P{< : N l <*: E�AB@D@ < B ������� D < L H : .�H E�K,# > ! ( > H ( H8! #

! # U # >X< @ F > A\E%# > A < * @BA @ #E�K&# ( < ! ER# >�> H > >X< E%# * E H 	)2ME�K&# 5`##A . K�E ! E�K > H P . KrL.##E�K H N H @ H/. A$# ! 5qK H+! #L H8! E J < L H P !
A ! ( > H C�<*C @GF`E�K&# �T##@L(�K�A5L'##E�K H N B ! #?# � A : ! E H : # < : N,- P�> H ##������� JZH >^<�> # U A-#65 D�S ) H > E P�:�< E%##@LF#5`# H C E < A :

µ|β ∼ G
(

M∑

i=1

$iai,
M∑

i=1

$ibi(ai, β)

)
,

β ∼ Be

(
M∑

i=1

$ipi,

M∑

i=1

$iqi

)

5qK&# :
πi(β)

A ! < 0`##E < N1# : ! ADE%F Be(pi, qi)
N1#�	 : #ON H :(< F#H L`L H : N H L < A :

[βl, βr]
S -'K&# F�H : ! # : ! P ! N�A ! E > A C�P �

E�A H : H :
µ
< ()((# < > ! < ! E�K&#1( H8! E%# > A H > NQA ! E > A C�P E�A H : F#H L`A : .`J > H L < F�H : ! # : ! P !'U A > E P < @ ! < LE(�@$#15qK H+! # ! A�?#sA !

E�K&# 5`##A . K�E%#1N ! P L H J < @D@ ! A �2# ! S�I J #32�((# > E ! F < :p: H E C # F�H : ! A�N1# > #1N < ! A : N&#3(�# : N1# : E B P ! P < @B@GFE5qK&# :
M > 2

D *
F#H >�> #1@ < E�A H : ! L P ! E C # < N�N(E H E�K&#[L H N1#1@D@BA : . S ) < F #nE H E�K�A ! A !%! P # * L�� � < . < : B ����� � * �����/
/D . A U # ! :�P L.# > H P !
<*> . P L'# : E ! E H N&#�	 : # < F#H : ! # : ! P !HB C F8NQA !�F P !%! A H : L'# < : ! D C # JZH > #xE�K&#xL H N&##@B@DA : . S'0 P E*5 # H C E < A : E�K&# ! < L'#
@ A : N H*J ( > A H > L H N1##@B@DA : . S



�T� � � ����������� � 0 − 	�
��
������������ ��������������� � 
!�"
#��� ����� �%$�� ���'&(����)"��� ���*� ��������)"���+� ,�
��
-/.�� � 6�� 2 � 4���6s4  6 � ���M2 � 2���6�	

0`# > . # >�< : N ] P�: B � ����� D1( > H"U ABN&#1N ! EN#6( !`H J �A C�C !'! < LE(�@BA : . 5qK&# :
π(β)

5 < ! @ H . � F#H : F < U #�S L P�> F K H A F #
F�H P @BN C # ! ABL`AD@ < > SJC^@DEN# >�:�< E�A U ##@LF *6! A : F # ] P ()(

(π(β))
A ! C H P�: N1#ON * A\E'A ! # < ! F�E H P ! # ��h � � $ :<8 f c > �38 h:�vg���f'& E H

# ! E�ABL < EN#E�K&#1( H8! E%# > A H > L.# < : H J < J P�: F E�A H : H J A : EN# > # ! E
h(θ)

I =

∫

Θ

h(θ)π(θ|tn) dθ,

=

∫

Θ

h(θ)
π(θ|tn)

ρ(θ)
ρ(θ) dθ

5qK&# > #
ρ(θ)

A ! < : F J P�: F E�A H : ! P F KnE�K < E�] P ()(
(π(θ|tn)) ⊂ ] P ()(

(ρ(θ))
B l H C # > E < : N � < ! ##@B@ < ������� D�S � K H�H8! A : .

ρ
< ! < N1# : ! ADE%F * A\E^A ! # < ! F8E H # ! E�ABL < EN#

I
C F

ÎM =
M∑

i=1

ωih(θi)

5qK&# > #E�K&#
θi

<*> # ! ADL P @ < EN#ON J > H L
ρ(θ)

< : NME�K&#15`##A . K�E !
ωi = ω′

i/
∑M

j=1 ω
′
j

5qA\E�K

ω′
i =

π(θi)L(tn; θi)

ρ(θi)
.

� : N&# > L`AD@�N F�H : NQADE�A H : !2* < @BADL`ADE F # : E >�< @IE�K&# H > ##L # : ! P�> # ! E�K&# F#H : U # > . # : F # H*J
ÎM

E H
I
5qK&# :

M → ∞ S
-'K&#[L < A : N�A\o F P @\E%F{A ! E�K < EE�K&#[E < AD@ !!H*J

π
L P ! E C #3K&# < U A$# > E�K < : E�K&#[E < AB@ !!H*J

π(θ|tn)
B < : NVA�N1# < @B@GF *

ρ(θ)! K H P @�N C # F @ H+! #E H
π(θ|tn)

D�SkI : H P�> F < ! # * 5qADE�K
θ = (µ, β)

* 5 # H C E < A :

µ|β,B, tn ∼ G
(
a+ r, b(a, β) +

n∑

i=1

tβi

)
,

π(β|B, tn) ∝ βr




r∏

j=1

xj




β

(β − βl)
p−1(βr − β)q−1ba(a, β)

{
b(a, β) +

n∑

i=1

tβi

}−(a+r)

� [βl,βr](β).

-'K P !?* F K HRH+! A : .
ρ(µ, β) = π(µ|B, β, tn) � {βl≤β≤βr}/(βr − βl)

* 5`# > # ! (�# F EqE�K&# F#H : NQADE�A H : !qH J < ! < E�A !+J FRA : .
ADLE( H > E <*: F # ! < LE(�@BA : . <*: N H C E < A : E�K,#nE�K&# H > #�E�A F < @ B P�:�: H > L < @BA �2#1N9D 5`##A . K�E

ω′(β|B, tn) = βr

(
r∏

i=1

xi

)β

(β − βl)
p−1(βr − β)q−1 ba(a, β)

(
b(a, β) +

n∑
i=1

tβi

)a+r � {βl≤β≤βr}.

� ! ((# F A < @B@GF * < : A : N P ! E > A < @ > ##@BA <*C AB@DA ! EqA ! A : E%# > # ! EN#1NMA : E�K,# F�H LE( P E < E�A H : H*J E�K,# JZH @D@ H 5qA : ..�x$�>Xa�� c :����?>�I P�<*: E�A �
E�A$# ! �

�*S E�K&# hE>	8 fwg�� _K>3:���h >

� [T |B, tn] =

∫

IR

Γ(1 + 1/β)

{
b(a, β) +

n∑

i=1

tβi

}1/β
Γ(a+ r − 1/β)

Γ(a+ r)
π(β|B, tn) dβ;

�QS E�K&# ��|V$+�=���?8"g 8?:C:���h >
t0

S(t0|B, tn) = P (T > t0|B, tn) ,

=

∫

IR


1 +

tβ0{
b(a, β) +

n∑
i=1

tβi

}




−(a+r)

π(β|B, tn) dβ;



� ����� � � �%���	� ��� ������� � �T� �

� S E�K&# $�>"�+� a"|98 g5g�� _K>3:���h >E8+_	: >"$1:���h > t0 B ! #2# JZH > A : ! E < : F # ) A :)@ ##@ ! E%##A : �����0K D
E l - ) (t0|B, tn) = � [T − t0|T > t0, B, tn] ,

=
1

S(t0|B, tn)

∫ ∞

t0

S(x|B, tn) dx.

-'K P ! E H : EN# � < > @ H # ! E�ABL < E�A H : !]H*J E�K&# ! # I P�<*: E�ADE�A$# ! : #?#1N ! ABLA(�@GF ( H+! EN# > A H > ! < LE(�@BA : .wH J
β
*�H >[P�: A JZH > L

ABLE( H > E < : F # ! < LE(�@BA : .3H :
(βl, βr)

S

- .�� 	 	 � ��� 4 �  � � ��
#��� � �K�
G	# F�H : ! A�N1# > E�K&# > A . K�E � F # : !�H > #ON > # < @�@BA J ##E�ABL'#pN < E <

tn
B
n = 18

D J > H L - < C @-##0S � SK-'K&#6F F�H >�> # ! ( H : NVE H
J < AD@ P�> #^E�ABL'# !'H > ! E H ()(�A : . E�ADL'# ! F#H @B@-# F E%#1N H : !�H L'# ! ABL`AD@ < > N1# U A F # ! ∑ C ##@ H : . A : . E H E�K,# ! # F#H : N < > F�5 < E%# >
F A > F P ADE H*J :RP F @$# <*> (�@ < : E ! S � A J #�E�ABL'# ! < > # . A U # : A : L H : E�K ! S ) H > (�K4F ! A F < @ > # < !�H : ! <*: N < F1F�H > NQA : . E H < @ < > . #
F#H : ! # : ! P !2* E�K H+! #!N < E <]<*> # < !N! P L'#1N�E H < > A ! # J > H L < G	##A C�P @B@ N�A ! E > A C�P E�A H : W(η, β)

S -'K&#!L < 2QADL P L @DA @ #1@DA �
K HRH N # ! E�ABL < E H > B E � � D^A ! (η̂n, β̂n) = (140.8, 4.51)

5qADE�K # ! E�ADL < E%#1N ! E < : N < > N{N1# U A < E�A H : !
σ̂n = (7.3, 1.8)

S
-'K&#nK�A . K U < @ P # H J

β̂n
A ! P�: #K2�(�# F EN#1N <*: N ! P ./. # ! E ! < 0 < F/# ! A < : # ! E�ABL < E�A H : S

A=7�5�&> 5 : �D@+A=7 � : 4 70B�� �B(@/O E����A < O�����B(B/O > ����@/O G���� C O C �
 < E4O C � > G/O > � >D< O G����B < O < �TE�<O G

A :���� ��� 907%;8B 6 A=7 8 � : 4 70B�� >(C O C �� AFE/O A��TEDG/O A��� =D> O < � =D= O G��
E?A4O B��TG C O E��TG(B/O <

- < C @$#�0S � � � A J #�E�ABL'# !�B L H : E�K ! D H J :RP F @$# <*> F�H LE( H : # : E !1B�J > H L ! # F�H : N < > F 5 < EN# > F A > F P A\E ! D�S
- 5 H ( > A H > H (�A : A H : !9H : E�K&#!@DA J #�E�ADL'# < > # < U < AD@ < C @-# H : N1# U A F # ∑ */. A U # :8C F�A : N&#3(�# : N1# : E #K2�(�# > E ! E1

< : N
E2

S&-'K,#3F < > # ! P L�L <*> A�?#ONrA : - < C @$#�0S ��S2-'K&# E1
H (�A : A H : A ! L P F KwL H > #sA : JZH > L < E�A U #sE�K < : E2

<*: N C H E�K
<*> # > A . K�E � ! K�A J EN#1N 5qADE�K > # ! (�# F EnE H E�K&#pN < E < S E H > # H"U # > E�K&#�#324(�# > E ! <*> # : H E < ! @ #1N < EnE�K,# ! < L.#`@$# U ##@ H J
( > # F A ! A H : S E1

A ! <V:RP F @$# <*> H (�# >X< E H >]<*: N ! (�# < @ !nJZH >�< ( < > E�A F P @ <*> F�H LE( H : # : E�5qK�AB@-# E2
F < :WC # ! #?# :=< !

< F�H LE( H : # : E�( > H N P F # > 5qK H+! # H (�A : A H : E <=@ # ! A : E H < F#F#H P�: E < U < > A-##E%F H J >�P�:�: A : .?F�H : NQADE�A H : ! S -'K P ! E�K&#
#324(�# > E H (�A : A H : !qF < :(C # F#H : ! A�N1# > #1N < ! A : N1#3(�# : N1# : E1S

9%A=7 8;:�� : � : ��
 : ; �=7%A��(5�DB��%A�� � EDA��"! 4 7 8;: 5?;#�(5�D@+7
7 ���17%A�� E1 $ <(C(C � B C(C&% < A C7 ���17%A�� E2 $  C(C � A C(C&% < A C
- < C @-#10S � � � 2�((# > E H (�A : A H : ! < C H P E E�K&#s@BA J ##E�ABL.#

T
S

C . A : . A ! < !%! P L'#1N �H5 # F K HRH8! #
βl = 1

S ) H > EN# F K : A F < @ > # < !�H : ! 5 # F K HRH8! #
βr = 5

SE� ! A : . B 0xS�� D * E�K&#
P�: N1# > @GFRA : . ( > A H > # ! E�ABL < EN# !!H*J

β
( > H ( H8! #ON C F{E�K&#.#K2�(�# > E ! E < @ # U < @ P # ! A : {8.02, 10.0, 11.7} B #324(�# > E E1

D
<*: N {2.11, 2.53, 2.84} B #K2�((# > E E2

D�S -'K P !2* E�K&# 	 > ! E #K2�(�# > E H (�A : A H : ! #2##L ! N P�C A H P ! ! A : F #8A\E3A : N P F # ! < :
P�:�> # < !�H :�<*C @-# < . A : . S [ H E%#[E�K < EH5qK&# : 5 # > #6(�@ < F # H > N&# > !

(5%, 95%)
C F

(33%, 66%)
B�JZH P�: N P ! A : . C!@ .�H �

> A\E�K�L ��DH5 # H C E < A : ( > A H > U < @ P # !nH J
β

: # < > E H
2.5

S ) H > E�K�A ! > # < !�H : * 5 #E( > # J # > E�K&# ! # F#H >�> # F EN#ON H > N1# > ! S
-'K&# : *RJZH > # < F K ( > A H > N1# : ! ADE%F

π(β|(p, q)Ei )
B
i = 1, 2

D * 5 # ! ((# F A J F JZH > E�K&# h � a/> E�K,# ! < L.# U < @ P # β∗ = 2.5
S

I : N&#?#1N * 5`# : # F # !N! < > AB@GFVK < U #
(p, q)Ei > 1

5qK�A F K < @D@ H 5 ! : H EsE HVH C E < A :(' < E�( > A H > ! S -'K�A ! A ! E�K&# ! E < > E�A : .
( H A : E H*J E�K&#H##@BA F ADE < E�A H : L'##E�K H N(A : 0 < F K < >3:*8 gDz B � ���� D�S
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!�"
#��� ����� �%$�� ���'&(����)"��� ���*� ��������)"���+� ,�
��
[ H 5 @$#�E

(a1, a2)
C #3E�K&# U A > E P�< @ ! A�?# JZH > # < F K #K2�(�# > E1S3C N1# J < P @DE1( > A H > JZH > E�K&# F#H L C A : < E�A H : H J C H E�K

#K2�(�# > E H (�A : A H : ! A !

µ|β ∼ G(a, b(β)),

β ∼ Be(p, q)

5qA\E�K




a = $1aE1 + (1 −$1)aE2 ,
b(β) = $1bE1(β) + (1 −$1)bE2(β),
p = $1pE1 + (1 −$1)pE2 ,
q = $1qE1 + (1 −$1)qE2 ,





aE1 = 3(γ1a1 + γ2a2 + γ3a3),
aE2 = 3(γ′1a

′
1 + γ′2a

′
2 + γ′3a

′
3),

qEi = 1 + (δ − 1) (pEi − 1)
JZH >

i = 1, 2,
δ = (βr − βl)/(β

∗ − βl),

< : N

bE1(β) =

(
1

0.661/3γ1a1
− 1

)−1

200β +

(
1

0.51/3γ2a2
− 1

)−1

250β +

(
1

0.331/3γ3a3
− 1

)−1

300β,

bE2(β) =

(
1

0.951/3γ′
1a′

1

− 1

)−1

100β +

(
1

0.51/3γ′
2a′

2

− 1

)−1

250β +

(
1

0.051/3γ′
3a′

3

− 1

)−1

500β.

G�#MK < U # : H ( > # F A ! A H :Y<*C H P E]E�K,# > ##@ < E�A U #8@$# . A\E�ADL < F F H*J E�K&# ((# > F # : E�AB@-# ! S -'K P ! 5 # 	92
γi = γ′i = 1/3

S
]RABL�AB@ < > @GF * 5 #nK < U # : H8H C%� # F E�A U # F > ADEN# > A H :r< @D@ H 5qA : . P ! E H�J < U*H >q< : F�#K2�(�# > E1S�-'K P ! 5`# 	)2

$1 = 1/2
S

-'K&#pL`A : ADL < @ :RP L C # > H*JqU A > E P�< @tN < E < E HVH C E < A : E�K&##(�# > F # : E�AD@$# !
(25%, 50%, 75%)

A ! � S - H ! ((# F A J F
((# > F # : E�AB@$# !

(25%, 75%)
* 5 # : #2#1N

a1 = a3 = 2a2
S 0CF : H > L < @BA� < E�A H : * 5`# H C E < A : E�K&#?N1# J < P @DE U < @ P # !

a1 = a3 = 1.6
< : N

a2 = 0.8
S ) H > E�K&# ! # F#H : N�#32�((# > E H (�A : A H : * C F E�K&# ! < L'#wL'#�E�K H N * 5 # H C E < A :

a′1 = a′3 = 10a′2
<*: N

a′1 + a′2 + a′3 = 20
S�-'K&# :

a′2 = 20/21 ' 0.95
< : N

a′1 = a′2 ' 9.5
S [ H EN#]E�K < ExE�K&#

F # : !�H > #ONMN < E < ! ##E
tn

FRA$##@�N ! < (9( > H 2QABL < E�A U #1@GF < ! L P F K(A : JZH > L < E�A H :{< !
ñ ' 11

� z � z�a*z N < E < B ! #?# § 0S � S ��S���D�S
-'K P !?* E�K&# ! # F#H : N ( H8! E%# > A H > NQA ! E > A C�P E�A H : 5qAB@D@ C #`L H > #�N1#3(�# : N1# : E J > H L/E�K&#A( > A H > E�K < : E�K&#`N < E < B A :W< :
< ()( > H 2QABL < EN# >�< E�A H3H*J K�K��AD A J

a2
A ! : H E^L H NQA
	(#1N B�JZH > A : ! E <*: F # P ! A : . - <*C @-#�0S � D�S

-'K&# : *6! A : F #
a1

<*: N
a2

< > #�	)21#1N * E�K,# ( > A H >9P�: F # > E < A : E%F H :
β
A ! ##@BA F ADEN#1N < ! #324(�@ < A : #ON`A : § 0S � S���S ��SFG	#

P ! #
(ηe, βe) = (290, 2.5)

E HY! < LE(�@$# U A > E P�< @9N < E < * ! A : F #�E�K,#�L'#ONQA <*: H J W(ηe, βe)
A ! � 
���S4G�# H C E < A : #1N

( > A H > U < > A <*: F # !
σ2

1 = 1.07
< : N

σ2
2 = 0.67

* > # ! ((# F E�A U #1@GF�S G	# H C E < A : #1N 	 : < @B@GF
(p, q)E1 = (1.19, 1.31)

JZH >
E�K&# 	 > ! EC#K2�((# > E * < : N

(p, q)E2 = (3.13, 4.56)
JZH > E�K,# ! # F�H : NL#324(�# > E1S

) A :�< @D@LF * E�K&# F�H LE(�@-##EN# ( > A H > F#H >�> # ! ( H : N ! E H < U A > E P�< @ ! < LE(�@$# H J:! A�?#
a = 12

* 5qK�A F K ABLA(�@DA$# ! E�K < E
E�K&# ( H+! EN# > A H > NQA ! E > A C�P E�A H : A ! < (9( > H 2QABL < E�A U #1@GF < ! L P F K{N1#3(�# : N&# : E J > H L ! P�C%� # F E�A U # @R: H 5q@-#ON . #xE�K < : J > # �
I P # : E�A ! E @�: H 5q@-#ON . #�S ]6#6( < >X< E%#H( > A H > N1# : ! A\E�A-# !^H : ( <*>�< L'#�EN# > !

(η, β)
<*: NrE�K&#[L <*> . A : < @TN1# : ! ADE%F

m(t)
<*> #

NQA ! (�@ < F/#ON H : ) A . P�> # ! 0xS � * 0xS�
 < : N 0xS K�S4E < > . A :�< @%N1# : ! A\E�A-# !
m(t)

. #�E .*HRH N F�H LE( > H L`A ! # ! C ##E%5 #2# : E�K&#
! (�# F A
	 F < E�A H : ! S ) H > E�K,#.#32�((# > E E1

* ##LE(�A > A F < @'((# > F # : E�AB@-# !H J'H > N1# >
(33%, 50%, 66%)

< > #
(197, 250, 298)

S
) H > E�K&#�#K2�(�# > E E2

* ##LE(�A > A F < @ ((# > F # : E�AB@$# !nH J H > N1# >
(5%, 50%, 95%)

< > #
(98, 255, 494)

B E�K&# ! # > # ! P @\E ! <*> #
F�H LA( P EN#ON H :

105 ! < LE(�@$#1N ( < > E�A F @$# ! D�S �IH+! EN# > A H > ! P�> U A U < @ J P�: F E�A H : ! S(t)
< > #sNQA ! (�@ < F/#ONpA : ) A . P�> #10S�
QS



� ����� � � �%���	� ��� ������� � �T� �

eta

d
e
n
si

ty

100 200 300 400 500 600

expert E1
expert E2
consensus

) A . P�> # 0S � � �\# J < P @DE ( > A H > N1# : ! A\E�A-# !
π(η)

JZH > ! #3( �
<*>�< EN# < : N F�H : ! # : ! P ! #K2�(�# > E H (�A : A H : ! S

beta
d
e
n
si

ty

1 2 3 4 5

expert E1
expert E2
consensus

) A . P�> # 0S 
	� �\# J < P @DE ( > A H > N1# : ! ADE�A$# !
π(β)

JZH >
! #6( < >X< E%# <*: N F#H : ! # : ! P ! #32�((# > E H (�A : A H : ! S

t

d
e
n
si

ty

0 200 400 600 800

expert E1
expert E2
consensus

) A . P�> # 0S K	� �\# J < P @DEVL <*> . A : < @H( > A H > N1# : ! ADE�A$# !
m(t)

JZH > ! #6( < >X< E%# < : N F�H : ! # : ! P ! #K2�((# > E H (�A : �
A H : ! S

t

S
(t

)

0 200 400 600 800 1000

0
.0

0
.2

0
.4

0
.6

0
.8

1
.0

post. (expert E1)
post. (expert E2)
post. (consensus)

) A . P�> # 0S�
 � �IH+! EN# > A H > ! P�> U A U < @ J P�: F E�A H : !
S(t)JZH > ! #3( <*>�< EN# < : N F�H : ! # : ! P ! #K2�(�# > E H (�A : A H : ! S



�T� � � ������� ��� � − 	�
��
������������ ��������������� � 
!�"
#��� ����� �%$�� ���'&(����)"��� ���*� ��������)"���+� ,�
��
-/.�� � 6 	  � � ����6 	
I : E�K�A ! <*> E�A F @-# * 5`#8K < U # ( > H"U A�N1#1N < ( > A H > L H N1##@B@BA : .wH J E�K&#6G�#1A C�P @D@C( < >X< L'##EN# > ! 5qK�A F KYA ! ( >X< F E�A F < @IE H
P ! #*S ] H L'# ! E >X< EN# . A$# !8H*JnF < @BA C�>�< E�A H : K < U # C #?# : ( > H ( H8! #ON 5qK&# : E�K&# ( > A H >pP�: F # > E < A : E%F=A ! NQADo F P @DEpE H
< !%! # !N! S � H : ! ABN1# > A : . E�K&# ! A�?# H J < U A > E P�< @ ! < LE(�@$# * FRA-#1@BN�A : . < : A : JZH > L < E�A H : 5qK�A F K=A ! < ()( > H 2QADL < E�A U ##@LF
E�K&# ! < L'#pE�K < : E�K&# #K2�(�# > E�A : JZH > L < E�A H : * A ! ( >X< F E�A F < @ < : N ! P�C%� # F E�A U # < : N H C%� # F E�A U #(N < E < A : JZH > L < E�A H : !
F <*:wC # # < ! AD@LF F�H LA( < > #1N S.C : A : NQA F < E H >

ñ
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