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Résumé

Cette thése traite de la sélection de modéles en régression non gaussienne. Notre but est
d’obtenir des informations sur une fonction s : X — R dont on ne connait qu’un certain
nombre de valeurs perturbées par des bruits non nécessairement gaussiens. Nous adoptons
I’approche non asymptotique de la sélection de modéles par minimisation d’un critére des
moindres carrés pénalisés. Nous considérons une collection de modeéles (Sy,)meom,. Chaque
Sm est une classe de fonctions définies sur X et & valeurs dans R & laquelle nous associons
Iestimateur §,, des moindres carrés sur S,,. Nous déterminons des critéres pénalisés qui
permettent de sélectionner un modéle Sy;, approximativement optimal au sens ot le risque de
I'estimateur pénalisé §,;, est comparable & 'infimum des risques des (8;,)meom,. Pour chaque
pénalité proposée, nous donnons une borne de risque non asymptotique. Nous utilisons la
sélection de modéles pour estimer s sans faire d’hypothéses a priori et nous envisageons la
détection de ruptures et la sélection de variables comme des cas particuliers de sélection de
modéles.

Dans un premier temps, nous considérons des modéles de fonctions constantes par morceaux
associés a une collection de partitions de X'. Nous déterminons un critére des moindres carrés
pénalisés qui permet de sélectionner une partition dont l'estimateur associé (de type regresso-
gramme) vérifie une inégalité de type oracle. La sélection d’'un modéle de fonctions constantes
par morceaux ne conduit pas en général & une bonne estimation de s, mais permet notamment
de détecter les ruptures de s. Nous proposons aussi une méthode non linéaire de sélection
de variables qui repose sur I'application de plusieurs procédures CART et sur la sélection
d’un modéle de fonctions constantes par morceaux. CART permet d’associer & chaque pa-
quet de variables une série de modéles de fonctions constantes par morceaux construits sur
les variables du paquet considéré. Puis nous déterminons un critére pénalisé permettant de
sélectionner un modéle et le paquet de variables sous-jacent.

Dans un deuxiéme temps, nous considérons des modéles de fonctions polynomiales par
morceaux, dont les qualités d’approximation sont meilleures. L’objectif est d’estimer s par
un polynoéme par morceaux dont le degré peut varier d’'un morceau a ’autre. Nous détermi-
nons un critére pénalisé qui sélectionne une partition de X = [0,1]P et une série de degrés
dont I'estimateur polynomial par morceaux associé vérifie une inégalité de type oracle. Nous
appliquons aussi ce résultat pour détecter les ruptures d’un signal affine par morceaux. Ce
dernier travail est motivé par la détermination d’un intervalle de stress convenable pour les
tests accélérés visant a obtenir dans des délais raisonnables des informations sur le temps de
survie de certains composants.
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Introduction

Notre travail se situe dans le cadre statistique d’un modéle de régression multivariée. Nous
étudions le comportement d’une variable réelle Y (appelée variable réponse) en fonction d’une
ou plusieurs variables explicatives z',...,2P. Nous notons x le p-uplet (z!,...,2P) et X
I’ensemble des valeurs possibles pour x (X = RP en général). Nous supposons que

Y =s(zt,... 2P) +¢ (1)

ol s : X — R est une fonction inconnue qui donne la relation entre x = (z!,...,2P) et Y, et
ou ¢ est une perturbation aléatoire d’espérance nulle (conditionnellement & x). € correspond
soit & des erreurs de mesure, soit a la dépendance de Y vis & vis de quantités autres que
(x!,...,2P) qui ne sont ni contrélées ni observées. Notre but est d’obtenir des informations
sur s a partir d'un échantillon de n observations (z},... ,:cf ,Yi)1<i<n obéissant a la relation

i
(1). Nous utilisons les données (x,...,2%,Y;)1<i<, pour résoudre trois problémes classiques
en statistique:

<

e l'estimation de s, qui consiste & approcher la fonction inconnue s par une fonction
mesurable des observations (x!,... ,2¥,Yi)1<i<n (une telle fonction est appelée un esti-

(R
mateur et est notée §),

e la sélection de variables, qui consiste & déterminer un petit nombre de variables parmi
1

x-, ..., 2P permettant a elles seules de bien expliquer ou prédire la réponse Y,
e la détection de ruptures, qui consiste & localiser des ruptures dans le comportement de
la fonction s.

Dans la suite, nous appelons modéle tout espace vectoriel de fonctions définies sur X et a
valeurs dans R, et nous abordons chacun des trois problémes cités ci-dessus sous l'angle de la
sélection de modeéles. Nous adoptons ’approche non asymptotique de la sélection de modéles
par pénalisation développée par Birgé et Massart [3, 4| dans un cadre gaussien trés général.
Leurs résultats s’appliquent en particulier lorsque que I’on observe n couples (x;, Y;)1<i<p Véri-
fiant (1) avec des x; déterministes et des perturbations aléatoires ¢; indépendantes, centrées
et de méme loi gaussienne. Dans notre étude, nous ne supposerons pas que les erreurs sont
gaussiennes. Nous supposerons seulement qu’elles ont des moments exponentiels au voisinage
de 0.

Dans le premier chapitre, nous considérons des modéles de fonctions constantes par morceaux.
Nous déterminons un critére des moindres carrés pénalisés qui permet de sélectionner un mod-
¢le de fonctions constantes par morceaux dont I'estimateur associé (de type regressogramme)



vérifie une inégalité de type oracle. Les modéles de fonctions constantes par morceaux ont
I’avantage d’étre simples, mais ils sont parfois trop frustes pour permettre une bonne estima-
tion de la fonction s. Ils permettent en revanche de détecter des ruptures dans la moyenne
d’un signal. Le travail d’Emilie Lebarbier [16] sur la détection de ruptures dans la moyenne
d’un signal gaussien s’appuie sur le résultat de sélection de modéles de Birgé et Massart [3],
qu’elle applique & une collection de modéles de fonctions constantes par morceaux. Pour une
telle collection de modéles, nous avons pu relaxer I’hypothése gaussienne. Il est donc possible
d’étendre le travail d’Emilie Lebarbier & un cadre non gaussien. Le résultat de ce chapitre
permet aussi de justifier 'étape d’élagage de lalgorithme CART [7] dans un cadre de régres-
sion non gaussienne.

Dans le deuxiéme chapitre, nous proposons une méthode non linéaire de sélection de
variables qui repose sur I'application de plusieurs procédures CART. Nous justifions notre
méthode dans un cadre de régression non gaussienne par le biais d’inégalités de type oracle.
Le résultat du premier chapitre permet de démontrer ce nouveau résultat. Notre méthode de
sélection de variables s’applique aussi dans le cadre de la classification binaire, mais dans ce
cas la démonstration repose sur une inégalité de concentration due a Talagrand.

Le troisiéme chapitre traite de ’estimation d’une fonction de régression s par un polynéme
par morceaux dont le degré peut varier d’'un morceau a l'autre. Nous déterminons un critére
pénalisé qui sélectionne une partition de X = [0, 1]P et une série de degrés dont l’estimateur
polynomial par morceaux associé vérifie une inégalité de type oracle. Ce résultat généralise
celui du premier chapitre. Il permet de valider la procédure d’estimation de Comte et Rozen-
holc [10] dans un cadre un peu plus général (non nécessairement sous-gaussien) et de mieux
comprendre ’algorithme MARS de Friedman [12]. Nous proposons aussi une extension de
Palgorithme CART pour construire un estimateur polynomial par morceaux.

Dans le quatriéme chapitre, nous appliquons le résultat sur la sélection d’un modéle poly-
nomial par morceaux du chapitre 3 pour détecter les ruptures d’un signal affine par morceaux
(ou approché par une fonction affine par morceaux). Nous proposons deux méthodes pour
calibrer les constantes de la pénalité donnée par le théoréme du chapitre 3. Ce travail est mo-
tivé par la détermination d’un intervalle de stress convenable pour les tests accélérés visant
a obtenir dans des délais raisonnables des informations sur le temps de survie de certains
composants.

Avant de décrire plus précisément les travaux mentionnés ci-dessus, nous présentons la
méthode d’estimation par minimisation du contraste des moindres carrés et les principes de
la sélection de modéles.

Prédiction et estimation

Dans le cadre de la régression définie par (1), nous appelons prédicteur toute fonction mesurable
u: X — R. Soit (x;,Yi)1<i<n n observations vérifiant (1). s est le meilleur prédicteur au



sens ou il minimise E[y,(u)], 7, étant le contraste des moindres carrés:

) = - S (%~ ).
=1

La qualité d’un prédicteur u est alors mesurée par sa perte relative:

I(s,u) = E[m(uw)] —E[y(s)]
{||s —au?  siles x; sont déterministes

IIs — uHi si les x; sont des variables aléatoires indépendantes et de méme loi

ot ||.||,, est la norme de L?(u), ||.||,, est la norme euclidienne de R™ divisée par /n, et ot 'on
note de la méme fagon une fonction u et le vecteur associé (u(z;))1<i<n € R™.

Remarque 0.1 Lorsque les x; seront considérés aléatoires, nous les noterons X; au lieu de
X;.

N

s étant inconnue, on veut construire un estimateur § & partir des données qui soit le plus
proche possible de s au sens ou son risque E[l(s, §)] est le plus petit possible. Une méthode
classique pour estimer s consiste & minimiser le contraste -, sur un modéle S. L’estimateur
ainsi obtenu est noté Sg et est appelé I'estimateur des moindres carrés associé & S. Lorsque
les points x; sont déterministes, le risque de §g s’écrit:

2
E (s — 35[2) = inflls — u|?> + —dimpgn 72 = E(e2). 9
(IIs = 3sll7) infls —ulf; + —dimgn(5) ou7 (€7) (2)

Le premier terme, appelé le terme de biais, représente ’erreur d’approximation du modéle
S. Le deuxiéme terme, appelé le terme de variance, représente l'erreur d’estimation dans le
modéle S. Plus le modéle S est gros, plus on améliore les qualités d’approximation et donc
plus le terme de biais est petit, mais plus on commet d’erreurs d’estimation et donc plus le
terme de variance est grand. Inversement, plus le modéle S est petit, plus le terme de biais
est grand, mais plus le terme de variance est petit. Pour obtenir un bon estimateur de s,
il faut déterminer un modéle S qui fait un bon compromis entre le biais et la variance. Ce
dernier point est ’objectif de la sélection de modéles.

Sélection de modéles

Nous décrivons ici I'approche non asymptotique de la sélection de modéles par pénalisation
développée par Birgé et Massart [3, 4].

Soit (Sm)mem, une collection de modéles dont le nombre peut dépendre de la taille n
de ’échantillon des observations. Nous considérons la collection (8,,)menm, des estimateurs
des moindres carrés associés aux modeéles (S,)men, . Le modeéle idéal m* est celui dont
I’estimateur associé §,,+ a le plus petit risque:

* . E a2 2 .
m" = arg min E ([ls = $ull,)



Comme m* dépend de s, §, ne peut pas étre utilisé comme estimateur de s. Le but
de la sélection de modeles est de construire un modeéle m a partir des données tel que le
risque de l'estimateur associé §; soit le plus proche possible de l'oracle: E (Hs — S 31) =

il}\f/I E (||ls = $m||2). Vu Dexpression (2) du risque, 772 doit pour cela faire un bon compromis
me n

entre le biais et la variance. L’idée consiste a sélectionner un modéle m en minimisant un
critére des moindres carrés pénalisés:

crit(m) = vn(8m) + pen(m) (3)

ou le terme pen(m) pénalise les gros modeéles S,,. L’estimateur $; associé au modéle m
ainsi choisi est appelé 'estimateur des moindres carrés pénalisés. Le but de 'approche non
asymptotique est de déterminer une pénalité pen(m) telle que 'estimateur des moindres carrés
pénalisés S,;, vérifie:

E(lls—snln) < C inf E(lls—3mll) (4)

ou C' est une constante supérieure a 1 et le plus proche possible de 1. Une telle inégalité est
appelée inégalité oracle.

Le premier critére pénalisé de type (3) est du & Mallows [17]. Il est issu de I'heuristique
décrite ci-aprés. Notons s, = arg migl s — ul|2 et Dy, = dimgn(S,,). D’aprés la décomposi-
ue

m

tion du risque en biais-variance (2) et d’aprés Pythagore, m* minimise

2 72
m— —lsulf: + =Dy, (5)

L’heuristique de Mallows consiste & dire qu’en remplagant ||s,,||2 dans (5) par un estimateur

sans biais, on obtient un minimiseur 1 dont les performances sont proches de I'oracle. Comme
2 2

E (8m]12) = llsmll? 2+ = Du, |8m2 — =Dy, estQun estimateur sans biais de ||s,;,[|2, et on

obtient —||8, |2 4+ 22Dy, = —||Y |12 + ¥ (8m) + 2Dy, Le critére Cp, de Mallows [17] sécrit:

2
Cp(m) = v (8m) + Q%Dm.

Ce critére est un critére pénalisé de type (3) avec pen(m) = 2%Dm. Lorsque la variance
72 = E(?) est inconnue, on peut la remplacer par un estimateur.

Le critére C), de Mallows ne donne de bons résultats que si le nombre de modéles de dimension
donnée n’est pas trop grand. Pour que I’heuristique de Mallows fonctionne, il faudrait que
|3m]12 soit du méme ordre de grandeur que son espérance pour tous les modéles m € M,
simultanément. Pour obtenir une pénalité qui sélectionne un m proche de m* en terme de
risque, on ne peut pas se contenter de remplacer ||s,,||2 par [|8, ]2 — %Dm. 11 faut étudier les
déviations de [|3,,]|2 — [|sm||? autour de son espérance (%QDm), et choisir une pénalité qui les
compense. Les outils essentiels dans la détermination d’une bonne pénalité sont les inégalités

de concentration.



Résultats de Birgé et Massart dans un cadre gaussien:

Dans un cadre gaussien, grace a une inégalité de concentration pour la somme d'un y? et
d’une gaussienne |4, Appendix,lemma 1|, Birgé et Massart ont obtenu une inégalité de type
oracle pour une pénalité de la forme:

2

pen(m) = K% (Dm +av/Dpxm + bxm> (6)

ot K >1,a>2etb > 2sont trois constantes, et ol (T )mem, est une famille de poids
vérifiant:

Y e"m<%, TeR] (7)
mGMn

La pénalité dépend de la complexité de la collection de modéles (S;,)menm, via les poids
(xm)me./\/ln'

Lorsque le nombre de modéles de dimension D donnée n’est pas trop gros, plus précisément
lorsque |{m € My; D,,, = D}| < I'D" avec I' € R* et r € N, alors les poids z,, = LD,
vérifient (7) pour tout L > 0, et donc pen(m) = K’ %Dm avec K’ > 1 convient. Le critére
C, de Mallows (qui correspond & K’ = 2) est alors validé.

Lorsque le nombre de modéles de dimension D est beaucoup plus gros, de 1'ordre de g)

avec N grand, alors il faut prendre des poids plus gros et donc une pénalité plus forte. Dans
cette situation, Birgé et Massart [4] ont montré que le critére de Mallows peut donner de treés
mauvais résultats.

Résultats dans un cadre non gaussien:

Dans un cadre de régression non gaussienne, la difficulté pour déterminer une bonne pénalité

et obtenir un résultat du type [4, theorem 1] de Birgé et Massart est de controler les déviations

des statistiques x2, = |lem||2 ot &, = arg mlsr} le — ul|2. SiE(|gP) < +oo pour un p > 2,
UESM

Baraud [1, Corollary 5.1] a montré que pour tout z > 0

2 2

2 E (le:|P
]P’(X%l 2 %Dm—FQ% D,z + %:1:) < C(p)M

TP

Dz P2, (8)

Lorsque |{m € My,; D, = D}| < I'D", en supposant seulement que les perturbations ¢;
ont des moments d’ordre p > 2r 4 6, Baraud [1] en a déduit qu’une pénalité de la forme
pen(m) = K’ %QDm avec K’ > 1 permet encore d’obtenir une inégalité de type oracle.

Nous aimerions déterminer, au dela du résultat de Baraud, une pénalité générale (telle que la
pénalité (6)) qui permet d’obtenir une inégalité de type oracle quelle que soit la complexité
de la collection de modéles. Pour obtenir son résultat, Baraud a du supposer que les ¢;
ont des moments d’ordre p > 2r + 6 ou r est le degré du polynéme majorant la complexité
de la collection de modéles. La valeur minimale admissible pour p croit avec le degré r
de la complexité. Pour traiter des collections de modéles de complexité exponentielle, nous
supposerons que les €; ont des moments exponentiels au voisinage de 0. Cela revient & supposer
qu’il existe deux constantes b > 0 et o > 0 telles que:

A 0'2)\2
pour tout A € (—=1/b,1/b) logE (e Ei) < SR (9)



o2 est nécessairement supérieur a 72 = E(E?), mais il peut étre choisi aussi proche de 72 que

I’'on veut & condition de prendre un plus grand b.

Nous venons de voir que la sélection de modéles permet de déterminer un estimateur
dont le risque est petit relativement aux risques des estimateurs associés aux modéles d’une
collection donnée. Elle permet aussi de répondre & des problémes plus spécifiques comme la
sélection de variables ou la détection de ruptures.

Sélection de variables

Etant donnée une liste de variables z!, ..., 2P, le but de la sélection de variables est de déter-
miner un petit nombre de variables qui suffisent a elles seules & bien expliquer ou prédire la
réponse.

Dans le cadre particulier de la régression linéaire, s(x) = Z?Zl oz’ et donc (1) devient:

p
Y P
j=1

L’estimateur des moindres carrés §(x) = E?Zl &jx? avec & = arg mln LS (Y E 05T )
est non biaisé mais, lorsque le nombre p de variables est grand, sa variance est grande. Le
risque de § peut étre amélioré en diminuant ou en éliminant certains coefficients &;, de fagon
& réduire le terme de variance quitte & augmenter un peu le terme de biais. En éliminant
certains coefficients (cad en éliminant certaines variables), on gagne aussi en interprétabilité.

Les méthodes Ridge Regression et Lasso (voir [15]) sont des versions pénalisées de la méth-
ode des moindres carrés. Pour Ridge Regression, la pénalité est proportionnelle a la norme

2 de a = (ay,... ,ap). Cette méthode donne des coefficients ¢&; plus petits et un meilleur
estimateur § au sens du risque. Pour Lasso, la pénalité est proportionnelle & la norme !
de o = (ai,...,0ap). Lasso réduit certains coefficients et en élimine certains autres. Cette

méthode améliore aussi le risque et permet en plus d’obtenir un estimateur plus simple, qui
fait intervenir un plus petit nombre de variables. Avec Lasso, on gagne & la fois en terme de
risque et en interprétabilité. Malheureusement son cotit algorithmique est trés élevé.

Un autre moyen de construire un estimateur de risque petit et qui soit facile & interpréter
consiste a déterminer pour chaque K € {0,1,...,p} le paquet de K variables qui minimise
le critére des moindres carrés. L’algorithme de Furnival et Wilson [13] permet de faire cette
recherche pour p < 40. Il faut ensuite choisir K en estimant par exemple les risques par
validation croisée (ou grace a un échantillon test).

Nous pouvons aussi adopter une approche de sélection de modéles, en associant a chaque
paquet M de variables (i.e. M sous-ensemble de {z!,... 2P}) le modele Sy; des fonctions
linéaires en les variables de M ainsi que l'estimateur Sp; des moindres carrés de s sur Syy.



Nous sélectionnons un paquet M en minimisant un critére pénalisé:
crit(M) = v, (8pr) + pen(M)

avec une pénalité pen(M) qui pénalise les gros paquets de variables, et qui doit étre choisie
de fagon a ce que l'estimateur §, vérifie une inégalité de type oracle. En général, la pénalité
pen(M) ne dépend du paquet M que via le nombre de variables qu’il contient: Ky = |M]|.
Nous choisissons donc pour chaque K € {0,1,...,p} le paquet de K variables My qui min-
imise le critére des moindres carrés. La pénalité permet de choisir le nombre K tel que le
modéle associé fait un bon compromis entre le biais et la variance.

En associant & chaque paquet de variables M, le modéle Sy, des fonctions linéaires en les
variables de M, nous nous somme ramenés au probléme de sélection d’un modéle, et nous
pouvons donc appliquer les résultats précédents. Si 'on considére uniquement les paquets
de variables de la forme M = {z!,... 27}, avec 1 < j < p, alors une pénalité de la forme
pen(M) = K’ %2 | M| convient comme le démontre le résultat de Birgé et Massart |3, 4] dans un
cadre gaussien et comme le confirme le résultat de Baraud [1] dans un cadre non gaussien. Si

b
K

[4] montre que la pénalité précédente n’est plus suffisante. Dans ce cas, nous disposons d’une
pénalité validée uniquement dans le cadre gaussien.

I'on considére tous les paquets possibles, alors [{M; |[M|= K}| = ( et Birgé et Massart

Les méthodes de sélection de variables discutées ci-dessus sont des méthodes linéaires
de sélection de variables dans le sens ou elles considérent des interactions linéaires entre les
variables explicatives et la réponse. Dans le chapitre 2, nous proposons une méthode non
linéaire de sélection de variables. Nous adoptons une approche sélection de modéles, mais au
lieu d’associer & chaque paquet M de variables le modéle Sjs des fonctions linéaires en les
variables de M, nous associons & M des modéles Sy de fonctions constantes par morceaux
construits sur les variables de M.

Les modeles de fonctions constantes par morceaux sont des modéles simples notamment
utilisés en détection de ruptures.

détection de ruptures

La détection de ruptures peut elle aussi étre abordée par une approche de sélection de modéles
(voir le chapitre 2 de la thése de Lebarbier [16]).

Supposons que s est constante par morceaux ou qu’elle peut étre convenablement ap-
prochée par une fonction constante par morceaux:

s = ZaJ]IJ

JeM

avec M = (Ji,...,Jp) une partition de X'. L’objectif est d’estimer cette partition M. Pour
cela, nous commencgons par définir une collection M,, de partitions de 'espace X. Lorsque
X = [0,1] et z; = - pour tout 1 < i < n, la collection M, naturelle est la collection de



i

n
a chaque partition M € M,,, le modeéle Sy, des fonctions constantes par morceaux construites
sur la partition M, et S5y 'estimateur des moindres carrés de s sur Sy;. Nous sélectionnons

une partition M en minimisant un critére pénalisé:

toutes les partitions dont les noeuds appartiennent a la grille (£)1<;<,. Puis, nous associons

crit(M) = v (5m) + pen(M)

avec une pénalité pen(M) qui pénalise les partitions ayant un grand nombre de morceaux, et
qui doit étre choisie de fagon a ce que l'estimateur §,, vérifie une inégalité de type oracle.

Cette méthode vise & déterminer la partition dont I’estimateur des moindres carrés associé
approche le mieux possible le vrai signal. Elle ne déterminera pas forcément le vrai nombre
de ruptures, car, lorsque certaines ruptures sont peu marquées, ’oracle ne correspond pas a
la partition tenant compte de toutes les ruptures.

Dans le cas o X = [0,1] et ot M,, est la collection de toutes les partitions dont les
noeuds appartiennent a la grille (z; = - )1<i<n, en appliquant le résultat gaussien de sélection
de modéles de Birgé et Massart, Lebarbier a obtenu la pénalité suivante:

2| M|

pen(M) =1 - (alogﬁm +ﬂ>

oit 72 = E(e?), a et 8 sont deux constantes absolues, et |M| est le nombre de morceaux de
la partition M. Nous verrons dans le chapitre 1 qu'une pénalité de forme similaire peut étre

utilisée pour détecter les ruptures dans la moyenne d’un signal non nécessairement gaussien.

Lorsqu’il s’agit de détecter les sauts ou les changements de pente d’un signal affine par
morceaux (ou approché par une fonction affine par morceaux), nous pouvons procéder de la
méme maniére en associant a chaque partition M € M,,, le modéle Sjy; des fonctions affines
par morceaux construites sur la partition M. Cette méthode est appliquée ici dans le chapitre
4.

Dans les 4 paragraphes qui suivent, je présente mes travaux.

Sélection d’un modéle de type histogramme en régression non
gaussienne

Dans le premier chapitre, nous considérons des observations (x;,Y;)1<i<, vérifiant (1) avec
x; € X déterministes et ¢; des perturbations aléatoires centrées, indépendantes et de méme loi
ayant des moments exponentiels au voisinage de 0. Etant donnée une collection M,, de parti-
tions de X', nous associons a chaque partition M € M,, le modéle Sy, des fonctions constantes
par morceaux construites sur la partition M et 'estimateur §;; obtenu par minimisation du
contraste des moindres carrés sur Sy;. Les estimateurs (Sa7)aren, sont des fonctions con-
stantes par morceaux appelées regressogrammes. Nous déterminons un critére des moindres
carrés pénalisés qui permet de sélectionner une partition M dont le regressogramme associé
5y vérifie une inégalité de type oracle. Lorsque & = [0,1] et que les z; prennent N valeurs
distinctes 0 = vg < v1 < ... < vy_1 < 1, la collection M, naturelle est la collection de
toutes les partitions dont les noeuds appartiennent & la grille de points (vq,...,ony-1). Le
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1 .
pD_1) ¢ le résultat de Baraud [1]

ne s’applique donc pas. Notre résultat donne une forme générale de pénalité permettant de

traiter a la fois des collections de complexité polynomiale et des collections plus complexes

telles que celle citée ci-dessus. Pour ’obtenir, nous avons construit une nouvelle inégalité

de concentration pour les statistiques x%; = |lenm||2 ot ey = arg z?élép lle — ul|2. Pour des
M

) ) N —
nombre de modéles de dimension D donnée est alors (

modéles Sys de fonctions constantes par morceaux, nous avons pu construire & la main des
inégalités de concentration en utilisant seulement l'inégalité de Bernstein [19, section 2.2.3].
En nous plagant sur un événement {25 de grande probabilité, nous avons pu montrer que les
déviations de X?\/[ autour de son espérance sont du méme ordre que dans le cas gaussien. Nous
avons obtenu (voir section 1.4, lemma 1.1): pour tout = > 0,

2 2 2
P (Xmm > M|+ 4= (1+b0)V/2Mz +27-(1+ bé)x) <e (10)

ot b et 0 sont définis par (9), et ot [M| est le nombre de morceaux de la partition M. Grace a
cette inégalité de concentration, nous montrons (voir section 1.3, theorem 1.1) qu’en prenant
une pénalité de la forme

2 2 2 4.Rb
pen(M):KU—|M\+f110— \M|xM+</<c20—+—> Ty
n n n n

avec des poids (xar)arem, vérifiant (7) on obtient une inégalité de type oracle. La pénalité
obtenue ici est de la méme forme que la pénalité (6) obtenue dans le cas gaussien, sauf qu’elle
ne concerne que des modéles Sp; de fonctions constantes par morceaux.

Le principal attrait des modeéles Sy; de fonctions constantes par morceaux est leur sim-
plicité. Les estimateurs §); associés donnent des informations faciles & interpréter. Le revers
de la médaille est qu’ils sont fortement discontinus. Méme les meilleurs d’entre eux ne don-
nent souvent pas une bonne estimation de s, surtout si s est trés réguliére. La sélection d’un
modéle de fonctions constantes par morceaux ne permet pas de construire un bon estimateur.
Elle permet en revanche de détecter les ruptures de s : X — R. Pour X = |0, 1], considérons
a nouveau la collection M,, de toutes les partitions dont les noeuds appartiennent a la grille

de valeurs (v1,...,vny—1). Les poids xp; = | M| (a + log |_1\]\2\> avec a > 1 satisfont I'inégalité
(7) et 'on obtient une pénalité de la forme:

pen(M) = (02 + Rb)% (a log % + ﬂ)

Lebarbier [16] a travaillé sur la détection de ruptures d’un signal gaussien. Grace au résultat
de Birgé et Massart, elle obtient la méme forme de pénalité avec b = 0. Elle donne ensuite
une méthode de calibration des constantes de la pénalité a partir des données, et obtient une
procédure qui permet de sélectionner une partition M (et donc de déterminer des ruptures)
de maniére automatique & partir des données. Le résultat de ce chapitre permet de proposer
une procédure de détection de ruptures similaire sans supposer les observations gaussiennes.

Si la détection de ruptures est I’application la plus immédiate de la sélection de modéles
constants par morceaux, ce n’est pas la seule. Nous utilisons dans le chapitre 2 des modéles
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de fonctions constantes par morceaux pour déterminer les variables influentes.

Des prédicteurs de type regressogrammes sont construits par le célébre algorithme CART.
La premiére étape de I’algorithme CART consiste a construire de maniére récursive dyadique
une partition fine de ’espace X. La partition initiale est celle constituée d’une seule région:
I’espace X tout entier. A chaque étape, on découpe en deux les régions de la partition exis-
tante. Cette construction est naturellement représentée par un arbre de profondeur maximale
noté Tp,q. et dont les feuilles forment une partition fine de X notée My. A chaque sous-arbre
élagué T de Tj,q correspond une partition Mp de X construite & partir de My. On dispose
alors de la collection de partitions (M7)r<7,,., 00 T = Tpyq, signifie T' sous-arbre élagué de
Traz- La deuxiéme étape de I'algorithme CART consiste a élaguer I’arbre T;,,4, €n minimisant

le critére vy, (Snz;) —|—a’|]\i—T|. Or, comme [{T = Tyaq; |M7| = D} < 5 (2(D B 1)> < %, on

D—-1
peut prendre zp; = a|M| avec a > 2log 2, et d’aprés notre résultat de sélection de modéles,
une pénalité de la forme pen(M) = a(o? + Rb)% permet d’obtenir une inégalité de type

oracle. Notre résultat valide donc la procédure d’élagage de CART dans le cadre d’une ré-
gression non gaussienne avec des points x; déterministes.

Sélection de variables au travers de CART

Nous disposons d’un échantillon d’observations £ = {(X1,Y1),...,(X,,Yn)} constitué de n
copies indépendantes d'un couple (X,Y) o X = (X! ..., XP) est a valeurs dans RP et a
pour loi p et ou Y est & valeurs soit dans R soit dans {0,1}. Nous considérons le cadre de
la régression dans lequel Y est a valeurs dans R et le cadre de la classification binaire dans
lequel Y est & valeurs dans {0,1}. Les variables X',..., X? sont les variables explicatives et
Y est la variable réponse. A l'aide des données, notre but est de déterminer un petit nombre
de variables parmis {X',..., XP} qui suffisent & elles seules & bien expliquer ou prédire la
réponse Y. Nous proposons ici une méthode de sélection de variables qui utilise 1’algorithme
CART [7] et nous adoptons une approche sélection de modéles par pénalisation.

Dans le cadre de la régression, Y est a valeurs dans R et nous appelons prédicteur toute
fonction mesurable u : RP — R. La fonction de régression s est définie par:

s(z)=E(Y|X =x).

s est le meilleur prédicteur au sens des moindres carrés, i.e. s =arg min E (vy(u, X,Y)), ou
w:RP—R

y(u,z,y) = (y — u(z))? est le contraste des moindres carrés.

Dans le cadre de la classification binaire, Y est a valeurs dans {0, 1} et nous appelons classifieur
(ou prédicteur) toute fonction mesurable u: RP — {0,1}. Nous préférons alors noter 7 la
fonction de régression et garder la notation s pour le classifieur de Bayes défini par:

s(z) = Uy)>1/2 avec n(z) =E(Y|X =x).

s est le meilleur classifieur au sens des moindres carrés, i.e. s = arg mir% }E (v(u, X,Y)).
w:RP—{0,1

Remarquons que, comme Y et les classifieurs u sont & valeurs dans {0, 1}, y(u, 2, y) = Wy (y)-
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Dans les deux cadres, nous voulons déterminer un petit paquet M de variables (i.e. M sous-
ensemble de {X!, ..., XP}) tel que I'on puisse construire & partir de M un prédicteur 5y, qui
ne dépend que des variables de M et dont le risque quadratique E[l(s, Sps)] est petit. [ est ici
la perte quadratique définie par I(s,u) = E (v(u, X,Y)) —E (v(s, X,Y)).

Comme nous allons utiliser CART, rappelons que la premiére étape de CART consiste a
construire récursivement une partition fine de l’espace des covariables (ici RP). La partition
initiale est constituée d’une seule région: l'espace RP tout entier. A chaque étape, les régions
de la partition existante sont découpées en deux selon un découpage du type "X7 < ¢" ou
1 < j<petceR. Cette construction est naturellement représentée par un arbre de pro-
fondeur maximale noté T,,,, et dont les feuilles forment une partition fine de RP.

Notre procédure est la suivante. Nous commencons par appliquer la premiére étape de
CART a chaque paquet M de variables. Grace & CART, pour chaque paquet M de variables,

nous construisons a l'aide des données et en autorisant uniquement les découpages faisant

. . . . M 1,
intervenir les variables du paquet M un arbre maximal T#mig. Nous considérons alors pour

tout sous-arbre élagué T de Tﬁ‘fg (noté T < T%g) le modéle Sps,r constitué des fonctions
constantes par morceaux définies sur la partition associée aux feuilles de 'arbre T. Nous
notons 5y7,7 'estimateur des moindres carrés de s sur Sy 7. A chaque paquet M de variables
est donc associé une liste de modeles (SMﬂT)T<T,(,f‘(Q et une liste d’estimateurs (éM,T)me-
Le paquet idéal M™ est le plus petit paquet tel que:

max

3T 3 T+ (M, T") = ang min B (I(s, 3a1.7)

)

ot le minimum est pris parmis tous les couples (M, T') avec M sous-ensemble de {X1,... XP}
et T < T,%Z s étant inconnu, M™* est aussi inconnu. Notre but est de déterminer & 'aide des

données un paquet M "proche" de M*. Nous adoptons I'approche de la sélection de modéles
par pénalisation. Nous estimons (M*,T™) par

(M,T) = arg (m]\}’r%)vn(éM,T) + pen(M,T)

Le résultat principal de ce chapitre recommande une pénalité de la forme:

_ T M P
pen(M,T) =« - + 8 " 1+ log )

ou |T'| est le nombre de feuilles de 'arbre T" et | M| est le nombre de variables dans le paquet
M. Les propositions 2.3.1 et 2.3.2 dans le cadre de la régression et les propositions 2.4.1

et 2.4.2 dans le cadre de la classification justifient cette pénalité par le biais d’inégalités de
1171
n

le critére d’élagage de CART. A M fixé, nos inegalités de type oracle permettent donc de
justifier I'étape d’élagage de CART dans le cadre de la régression non gaussienne et de la
classification binaire. Le deuxiéme terme de la pénalité pénalise les gros paquets de variables.
Nous notons pour tout M

type oracle. Le premier terme de la pénalité (a ) correspond & la pénalité utilisée dans

(M) n

. T
Ty = arg min {7n(§M,T) + a’u} .
T=Thaz
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L’arbre Ty s’obtient par la deuxiéme étape de CART: I'étape d’élagage. Les modeéles (M, T M)

servent de modeles de référence. Le paquet M est sélectionné en minimisant ~, (3 Moy,) T pen(M, T,
qui est un critére permettant de faire un compromis entre I’ adequatlon aux données du modéle

(M, TM) et sa complexité (mesurée par le nombre de feuilles de T et le nombre de variables

dans M).

Estimation d’une fonction de régression par un polynéme par
morceaux

Dans le troisiéme chapitre, comme dans le premier, nous avons des observations (x;, Y;)i<i<n
vérifiant (1) avec x; € X = [0, 1]P déterministes et Y; € R aléatoires. Chaque Y; correspond a
la valeur bruitée d’une fonction inconnue s au point x;. Les bruits, notés €;, sont des variables
aléatoires supposées centrées, indépendantes et de méme loi ayant des moments exponentiels
au voisinage de 0. Notre but est de construire un estimateur polynomial par morceaux de la
fonction s.

Pour cela, nous considérons une collection 9, de couples m = (M, d) avec M une partition
de [0,1]7 et d = (dy)senmr € NM. Nous associons & chaque couple m = (M, d) € M, le modéle
Sm des fonctions polynomiales par morceaux définies sur la partition M et de degré variable
inférieur ou égal a dj sur la région J de M, ainsi que 'estimateur des moindres carrés de s sur
Sy noté §,,. Nous disposons alors d’une collection (Sy,)meom, de modéles de polynomes par
morceaux et d'une collection (8, )meom, d’estimateurs polynomiaux par morceaux. Puis nous
déterminons un critére des moindres carrés pénalisés qui permet de sélectionner un modéle m
dont l'estimateur polynomial par morceaux associé s,;, vérifie une inégalité de type oracle. Ce
résultat généralise celui du chapitre 1 pour des modéles de polynomes par morceaux au lieu
des modéles de fonctions constantes par morceaux.

Pour obtenir ce nouveau résultat de sélection de modéles, nous construisons encore une
inégalité de concentration pour les statistiques x2, = ||em||? ol &, = arg Hélé{l lle — ul|2. Par
uUcOm

rapport & I'inégalité de concentration obtenue dans le cas de modéles de fonctions constantes
par morceaux, la difficulté supplémentaire est de controler la norme infinie de polynémes en
fonction de leur norme [? discréte relative a la suite de points (x;)1<i<, (ou & une sous-suite).
Pour comparer ces deux normes (voir section 3.6, lemma 3.5), nous supposons que les points
(xi)1<i<n sont "bien répartis" dans [0, 1]P. Nous obtenons alors une inégalité de concentration
qui généralise (10) (voir section 3.5, lemma 3.3). Puis nous en déduisons (voir section 3.3,
theorem 3.1) qu’'une pénalité de la forme

o2
b
pen(m) = K Dm+/<c1dp \/ mxm—i-ﬁgdpa R Tm, (11)

avec p le nombre de variables, d le degré maximal des polynomes, et des poids (% )mem,,
vérifiant (7), permet d’obtenir une inégalité de type oracle. La pénalité (11) a la méme forme
que la pénalité (6) obtenue dans le cas gaussien, sauf que k1 et ko dépendent ici du nombre
p de variables et du degré maximal d des polynomes.
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Aprés avoir choisi une collection 9, il faut en pratique déterminer des poids x,, vérifiant
(7), préciser le développement de pen(m) et calibrer les constantes inconnues apparaissant
dans pen(m) a partir des données. Pour p = 1, ce travail est réalisé par Comte et Rozenholc
[10]. IIs obtiennent un algorithme qui détermine automatiquement une partition, une série de
degrés, et construit un estimateur polynomial par morceaux. La forme de la pénalité utilisée
dans leur algorithme est validée théoriquement par [2] quand les bruits sont sous-gaussiens.
Notre résultat permet de la valider dans un cas plus général.

Dans une deuxiéme partie de ce chapitre, pour p quelconque, nous proposons une procé-
dure d’estimation polynomiale par morceaux basée sur l'algorithme CART. Cette procédure
est simple et rapide, mais impose un degré uniforme sur chaque morceau de la partition.

Le célébre algorithme MARS de Friedman [12] peut lui aussi étre interprété comme une
extension de CART & lestimation polynomiale par morceaux. La différence majeure avec
notre travail est qu’il construit des estimateurs continus méme aux noeuds des partitions.
Pour cela, il considére des modéles engendrés par des splines, et il sélectionne un modeéle
par un critére pénalisé. Malheureusement, notre résultat ne s’applique pas pour des modéles
engendrés par des splines. La pénalité (11) que nous obtenons pour des modéles de polynomes
par morceaux a la méme forme que la pénalité (6) obtenue par Birgé et Massart [4] dans un
cadre gaussien pour des collections de modéles quelconques. Nous pouvons donc supposer
que la pénalité (11) donne aussi de bon résultats pour les modéles utilisés par MARS. En
étudiant la complexité de la collection de modéles obtenue a l'issue de la premiére étape de
MARS (i.e. en comptant le nombre de modéles de dimension donnée), nous déterminons des
poids vérifiant (7), et en les substituant dans (11) nous obtenons la méme forme de pénalité
(& un facteur log prés) que celle proposée par Friedman.

Application en fiabilité

Dans le dernier chapitre, nous présentons un travail motivé par un probléme de fiabilité. Nous
nous intéressons aux tests accélérés dont l'objectif est d’obtenir dans des délais raisonnables
des informations sur le temps de survie de composants ou de systémes. Ces tests accélérés
consistent & soumettre des composants tests a des niveaux de stress plus élevés que la normale.
Puis, grice a des modéles statistiques physiquement raisonnables, les résultats sont extrapolés
pour obtenir des informations sur le temps de survie du méme composant dans les conditions
standards.

L’un des modéles les plus utilisés est le modele Weibull log-linéaire qui suppose que le
temps de survie suit une loi de Weibull de paramétres 7 et 3:

riy="2 (E)ﬁl () 1,

avec (8 une constante strictement positive et 1 une fonction log-linéaire des variables de stress:

P
logn =co + Zajxj.
j=1
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Les variables 27 sont des variables de stress ou plus généralement des fonctions connues d’une
ou plusieurs variables de stress. Le modéle d’Arrhenius, par exemple, suppose que 7 est une
fonction log-linéaire de la variable 1/7 ou T est la température.

Nous notons Y le logarithme du temps de survie. Y suit alors une loi des valeurs extrémes
. 2
de moyenne p = logn—% ot ¥ = 0.5772... est la constante d’Euler, et de variance 72 = ﬂi%

Nous avons donc

Y = pu+7Z2,
p .

n = ao+Zajx9, (12)
Jj=1

2

avec Z une variable qui suit une loi des valeurs extrémes de moyenne 0 et de variance 7, et

(ag,ai,...,ap,7) des paramétres inconnus.
A Tissu du test, nous obtenons des données (x;,Y;)1<i<n, OU X; = (a:ll, ..., 2) sont les
valeurs des variables de stress auxquelles le ¢“™° composant a été soumis, et ot Y; est le

temps de survie du ¢*™° composant. Rappelons que les valeurs (:1:117 ..., a¥) sont plus élevées
que la normale. Grace a ces données, on construit des estimateurs (ag,ar,...,a,,7) de
(ag,a1,...,ap, 7). Pour un niveau standard de stress x = (z!,...,2P), la moyenne du loga-

rithme du temps de survie (u(x)) est estimée par ji(x) = ao + Z?:l a;at.

Cette méthode d’estimation ne donne pas toujours de bons résultats. Ceci peut s’expliquer
par exemple lorsque le composant étudié a plusieurs défauts notés D, Do, ..., et lorsque
seul le défaut Dy peut causer une panne dans les conditions standards, les autres défauts
n’apparaissant que pour des niveaux de stress hors normes. Dans ce cas, on ne peut pas
estimer les paramétres & partir de données obtenues avec des stress trop élevés et interpoler
la relation (12) pour des stress standards. Lors d’un test accéléré, il faut augmenter suffisam-
ment les niveaux de stress pour obtenir des informations dans des délais raisonnables, mais il
ne faut pas dépasser les niveaux au dela desquels des défauts inexistants dans les conditions
standards se manifestent.

Nous proposons donc de remplacer la relation (12) par une relation linéaire par morceaux:

P
po= Z ag,j + Z aj g2’ p lxey
JeM j=1

oll M est une partition inconnue de ’ensemble S de toutes les valeurs possibles pour x. Gréce
au théoréeme 3.1 du chapitre 3, nous obtenons un critére des moindres carrés pénalisés qui
permet de détecter les ruptures de u, cad d’estimer la partition M. Pour obtenir des informa-
tions sur le temps de survie dans les conditions normales, il ne faudra utiliser que le morceau
de la partition M correspondant aux plus petites valeurs de stress.

Nous considérons une collection M,, de partitions de S construites & partir d’une grille
(ou quadrillage) de S, et nous sélectionnons une partition M en minimisant un critére des
moindres carrés pénalisé. Gréce au théoréme 3.1, nous obtenons la forme de pénalité suivante:

VMeM, pen(M)= % <alog (%) —i—ﬂ)
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ou |M| est le nombre de morceaux de la partition M et N, est le nombre de morceaux de la
grille initiale. Cette pénalité dépend de deux constantes inconnues a et 5. Dans le cas ou il
n’y a qu’une seule variable xz, nous proposons deux méthodes pour calibrer a et G & partir des
données. La premiére méthode est basée sur I'heuristique de Massart (rappelée dans la section
4.4.1) et consiste & estimer simultanément « et 3 a partir des données, en ajustant le contraste

associé a la "meilleure" partition de K morceaux (v, (fix)) sur —%K (arlog (%) +8) —~v

n
pour une suite de K grands. La deuxiéme méthode consiste a calibrer la constante ¢ = §/«
& l'aide de données simulées correspondant & = 0 et 7 = 1, puis a déterminer la constante
multiplicative v & partir des données d’apprentissage grace a la régle de Birgé et Massart [4].

Les deux méthodes sont évaluées et comparées sur un jeu de données simulées.
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Dans les quatre chapitres suivants, je présente mes travaux en anglais.



Chapter 1

Histogram selection in non Gaussian
regression

Abstract:  We deal with the problem of choosing a piecewise constant estimator of a re-
gression function s mapping X into R. We consider a non Gaussian regression framework
with deterministic design points, and we adopt the non asymptotic approach of model selec-
tion via penalization developed by Birgé and Massart. Given a collection of partitions of X,
with possibly exponential complexity, and the corresponding collection of piecewise constant
estimators, we propose a penalized least squares criterion which selects a partition whose
associated estimator performs approximately as well as the best one, in the sense that its
quadratic risk is close to the infimum of the risks. The risk bound we provide is non asymp-
totic.

Keywords: CART, change-points detection, concentration inequalities, model selection, ora-
cle inequalities, regression

1.1 Introduction

We consider the fixed design regression framework. We observe n pairs (z;,Y;)1<i<n, where
the z;’s are fixed points belonging to some set X and the Y;’s are real valued random variables.
We suppose that:

Y = s(x;) + ¢, 1<i<mn, (1.1)

where s is an unknown function mapping & into R, and (&;)1<i<, are centered, independent
and identically distributed random perturbations. Our aim is to get informations on s from
the observations (z;, Y;);<;<,,-

In order to get a simple estimator of s, we consider a partition My of X with a large
number of small cells and we minimize the least squares contrast over the class Sy, of piecewise
constant functions defined on the partition Mj. The resulting estimator is denoted by 5/, and
is called the least squares estimator over Syz,. Shy, is called the histogram model associated
with Mpy. It is a linear space with finite dimension Dy, = |My|, where |Mpy| is the number of
cells of the partition My. Denoting ||.||,, the Euclidean norm on R" scaled by a factor n~'/2 and
denoting the same way a function v € RY and the corresponding vector (u(x;))1<i<n € R,
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Chapter 1. Histogram selection in non Gaussian regression

the quadratic risk of §uz,, E (||s — 8az,[|2), is the sum of two terms, respectively called bias
and variance:

2

-
E(||s — ‘§M0||121) = inf ||s —ul|?> + —|My| where 72 = E(c).

My n
We see in this expression of the risk of 5,7, that 55/, behaves poorly when My has a too large
number of cells and that we should rather choose a partition M built from M (or equivalently
a histogram model Syr C Shy,) which makes a better trade-off between the bias ir}qf s —ul?
uES M

. 2
and the variance —-|M|.

Our estimation procedure is as follows. We consider a collection M,, of partitions of X and
the corresponding collection (Sns)arenm,, of histogram models. Denoting §, the least squares
estimator over the model Sy, the best model is the one which minimizes E (||s — 3p[|2).
Unfortunately this model depends on s. The aim of model selection is to propose a data
driven criterion, whose minimizer among (Sas)aen, is an approximately best model. We
select a model S; by minimizing over M,, a penalized least squares criterion crit(M) =
1Y = 512 + pen(M):

M = arg ]\/I[Iélfr\l/t {IIY = 3arll2 + pen(M)} .

The estimator s, is called the penalized least squares estimator. The penalty pen has to be
chosen such that the model S; is close to the optimal model, more precisely such that

E (|ls = 8yl7) < C jinf E(lls = sull7) - (1.2)

The inequality (1.2) will be referred to as the oracle inequality. It bounds the risk of the pe-
nalized least squares estimator by the infimum of the risks on a given model up to a constant
C. The main result of this paper determines a penalty pen which leads to an oracle type
inequality.

The proposed penalty has the same form as those obtained by Birgé and Massart [4]
in the Gaussian case and those obtained by Baraud, Comte and Viennet [2| in the sub-
Gaussian case, for any collections of models (not only for histogram models). In this paper,
the (gi)1<i<n are only supposed to have exponential moments around 0. We follow the same
ideas and techniques as [4, 2]. The main point is to control the statistics x3; = |lear]|2 where
EM = arg Hélsn le = ullz. In the Gaussian case, the Zx3,’s are x* distributed. But in the

uESM

non Gaussian case, it is much more difficult to study the deviations of these statistics around
their expectations. Under an even milder integrability condition on the (g;)1<i<p (assuming
that E (Je;|P) < 400 for some p > 2), Baraud [1] gives a polynomial concentration inequality
for the x3,’s (see inequality (8) in the introduction). This inequality allows him to prove that
penalties pen(M) = K’ Tn—2D M, with K’ > 1, lead to oracle type inequalities when the number
of models with a given dimension D is a polynomial function of D. In order to deal with
bigger collections of models, we need exponential concentration inequalities for the X?\/[’s. By

writing xpr = sup < €,u >,, with By = {u € Sy ||lu|l, < 1}, we can apply Bousquet’s
u€ B
exponential concentration inequality for a supremum of an empirical process [6]. Unfortu-

nately this general result is not sufficient here. Instead of viewing yas as a supremum, we can
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1.1. Introduction

view X%w as a x? like statistic and write it as a sum of squares. For histogram models, we can
then build adequate exponential concentration inequalities by hand, using only Bernstein’s
inequality. This is the reason why we determine a penalty which we prove to lead to an oracle
inequality only for histogram models.

Thanks to this penalty, given a collection M, of partitions, we get an estimator 5, which
is simple, easy to interpret and close to the optimal one among the collection of piecewise
constant estimators (8p7)arenm, - Unfortunately, since the estimators ($p7)arenm, are sharply
discontinuous, even the best one may not provide an accurate estimation of s.

Histogram model selection may not lead to an accurate estimation of the regression
function s, but it enables to detect the change-points of s. In the framework (1.1) with
X =1[0,1] and z; = %, Lebarbier [16, chapter 2| considers the collection M,, of all partitions
with endpoints belonging to the grid (z;)1<i<n, and the corresponding collection (Sir)mrem,
of histogram models. For this collection, |{M € M,; |M|= D}| = <gill>, and there-
fore Baraud’s result [1] does not apply to this case. Assuming the perturbations &; to be
Gaussian, Lebarbier applies the model selection result of Birgé and Massart [3] to the collec-
tion (Snar)amem, - She gets a penalty defined up to two multiplicative constants. Then she
proposes a method to calibrate them according to the data and therefore gives a procedure to
automatically detect the change-points of a Gaussian signal according to the data. Thanks
to our result, we can propose a similar procedure without assuming the perturbations ¢; to
be Gaussian.

One of the most famous statistical issues is variable selection. In the classical linear
regression framework,

P
j=1

selecting a small subset of variables V' C {z!,... 2P} which explain "at best" the response

Y is equivalent to choosing the "best" model Sy of functions linear in {27 € V}. Instead

of considering linear interaction between (a:l, . ,xp) and Y, we can use histogram models.

Sauvé and Tuleau (see chapter 2 or [23]|) propose a variable selection procedure based on
histogram model selection.

The CART algorithm (Classification And Regression Trees), proposed by Breiman et al.
[7], involves histogram models. Our result allows to validate the pruning step of CART in a
non Gaussian regression framework.

The paper is organized as follows. The section 1.2 presents the statistical framework and
some notations. The section 1.3 gives the main result. To get this result, we have to control
a x? like statistic. The section 1.4 is more technical, it exposes a concentration inequality for
a x? like statistic and explains why the existing concentration inequality, due to Bousquet, is
not sufficient. Sections 1.5 and 1.6 are devoted to the proofs.
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Chapter 1. Histogram selection in non Gaussian regression

1.2 The statistical framework

In this paper, we consider the regression framework defined by (1.1) and we look for a best
or approximately best piecewise constant estimator of s. In this section, we precise the
integrability condition that should satisfy the random perturbations (g;)i1<i<p involved in
(1.1), then we define the piecewise constant estimators of s and their risk. We give here some
notations needed in the rest of the paper.

1.2.1 The random perturbations

As noted above in the introduction, we assume that the random perturbations (g;), <i<n have
finite exponential moments around 0. This assumption is equivalent to the existence of two
constants b € Ry and o € RY such that

J2 2
VA€ (—1/b,1/b) log E (em) < 2(1_7% (1.3)

o2 is necessarily greater than E(e?) and can be chosen as close to E(g?) as we want, but at

the price of a larger b.
Remark 1.1 Under assumption (1.3), we have
V¥ A€ (—1/2b,1/2b) log E (6)“”) < 022

but we prefer inequality (1.3) to this last inequality because with the last one we loose a factor
2 in the variance term.

Remark 1.2 Thanks to assumption (1.3) and Cramer-Chernoff method (see [19, section
2.1]), we can easily get concentration inequalities for any linear combination of the (&;)1<i<n.-
First, since the (g;)1<i<n are independent, we get from inequality (1.3) similar inequalities for

any linear combination Y 1" | ce;. Denoting ||orl|oc = maxi<i<p |a;| and v =02 (37, aF),

1 n U}\Q
Vie (0, —— logE (erXi=ioes) < 2 1.4
( buanw) eE ) < S by (14)

We denote by 1(\) the right term of (1.4) and by h(u) =1 +u — /1 + 2u for any u € R .
Then, applying Cramer-Chernoff method, since for any x > 0

v blla|| ooz
sup Ar — ()} = h ( ,
L Ly el

bllafloo

we get for any x > 0:

S v bllerf| o
P (; oE; > a:) < exp <—b2HaHgoh ( ” .

Finally we deduce the two following inequalities:
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1.2. The statistical framework

e Since h is inversible with h=!(u) = u + v/2u,

n
P (Z g > V2vr + b\|a||ooa:> < e "
i=1

o Since h(u) > 2(1u42—u)’

n 2
—x
P i€ > < .
(ga ) x) o <2<v+buanwx>>

1.2.2 The piecewise constant estimators

For a given partition M of &', we denote Sy the space of piecewise constant functions defined
on the partition M and §j; the least squares estimator over Sj;.

n

1
Sy = arg géglM’Yn(u) with v, (u) = [|[Y — uH% == z;(YZ — u(xl))2
1=

where ||.|, denotes the Euclidean norm on R™ scaled by a factor n='/2 Y = (Yi)1<i<n, and
for u € RY, the vector (u(z;))i1<i<n € R™ is denoted by u too. Sj is the histogram model
associated with M and §,; is the piecewise constant estimator belonging to Sj; which plays
the role of benchmark among all the estimators in Syy.

Let now calculate the quadratic risk of §p7: E (||s — 8p7[|2). To this end, we denote by

_ : 2
sy = arg min s —ully,
ey = arg min |le — u||3Z where € = (¢;)1<i<n,
ueSr

|M| the number of elements of the partition M.

Sy, sp and )y are respectively the orthogonal projections of Y, s and € on the space Sy
according to [|.||,. Thanks to Pythagore’s equality, we get that:

E (s —3umlz) = ls—sumlz +E(lemll7) -
For any element J of the partition M, we denote by |J| = {1 < i < n; z; € J}| and by

Iy :z — 1ifx € Jand 0if x ¢ J. Since ﬁﬂj is an orthonormal basis of
JeM
(Swm, ||-]|n), we have

o\ 1 (Chesa)’
learl2 = Y (e /il ) = = Y =mel (1.5)
M J6M< ] ">n n i ||

Since (&;)1<i<n are centered, independent and identically distributed random variables with
E(e?) < 0?2, we get that

E 2y = E(e? M} 2ihal
(lwl?) = B < oo
Therefore
E (s —3umlla) = IIS—SMHiJrE(Ef)—n < ||8—8M||i+02—n-
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Chapter 1. Histogram selection in non Gaussian regression

Remark 1.3 In the following, the statistic ||enr||? is denoted by x3;. Thanks to the decom-
position (1.5), we can see x3; as a x* like statistic. If the (g;)1<i<n were Gaussian variables
with variance 72, then the variables Z5x3, would be x*(|M|)-distributed.

1.3 The main theorem

Let My a partition of & and M, a family of partitions of X built from My, i.e. for any
M € M,, and any element J of M, J is the union of elements of My. In the following the-
orem, we assume that the initial partition My is not too fine in the sense that the elements
of the partition My contain a minimal number of points x;. We measure the fineness of the
partition My by the number Ny, = Ji€n]‘f40|<]| where |J| = {1 <i<n; x; € J}|.

The ideal partition M* minimizes the quadratic risk E (||s — §a]|2) over all the partitions
M € M,. Unfortunately M* depends on the unknown regression function s and s/« can
not be used as an estimator of s. The purpose of model selection is to propose a data
driven criterion which selects a partition M whose associated piecewise constant estimator
8y performs approximately as well as 5/« in terms of risks. We select a partition M by
minimizing a penalized least squares criterion crit(M) = ||Y — 3p/]|2 + pen(M) over M.,

M= i Y — sy M)},
arg min {[IY" = Sarll, + pen(M) ]

It remains to provide a penalty pen such that the partition M is close to the optimal partition,
in the sense that the penalized least squares estiamtor s, satisfies an oracle inequality like
(1.2). The following theorem determines a general form of penalty pen which leads to an
oracle type inequality for any family of partitions built from a partition My not too fine. We
compare our result to those of Birgé and Massart and those of Baraud, and we study in more
detail two particular families of partitions.

Ezxzample 1: We consider X = [0,1] and a grid on [0,1] such that there are at least
Npin points z; between two consecutive grid points. For example, we can take the grid
(Vi) 1<j<[n/Nypin] With v; = 2N, ... We define My as the partition associated with the whole
grid, and M}, as the family of all partitions of [0, 1] with endpoints belonging to the grid. M},
corresponds to the collection of partitions used by Lebarbier [16] to detect the change-points
of a Gaussian signal s : [0,1] — R.

Ezxample 2: We build a partition My by splitting recursively X and the obtained subsets
in two different parts as long as each subset contains at least N, points x;. A useful rep-
resentation of this construction is a tree of maximal depth, called maximal tree and denoted
by Tyaz. The leaves of 1,4, are the elements of the partition My. Every pruned subtree of
Tynaz gives a partition of X built from My. We denote by M2 this second family of partitions.
M2 corresponds to the family of partitions obtained via the first step of the CART algorithm.

Theorem 1.1 Let b € Ry and o € R such that inequality (1.3) holds.
Let My a partition of X such that Ny, = Jinj\g |J| satisfies Nppin, > 123—22 log n.
€Mo

Let M,, a family of partitions of X built from My and (xpr)prem, a family of weights such
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1.3. The main theorem

that
Z e "M <M e RL.
MeM,,

Assume ||s|lcc < R, with R a positive constant.
Let 6 € (0,1) and K > 2 — 0 two numbers.

Taking a penalty satisfying

2 2 2\ 0%  4Rb
pen(M) > K%|M\ +8V2(2 — 9)% Mz + { <4(2 —0)+ 5) % + —} zu

we have

. 2 .
E(lls—3ylh) < 1_91&f{\|8—8M||31+p6n(M)}

1 8(2 —0) 4 o? 12 Rb
+m {8(2—9) <1+m> +§+2} ;Z—i———z

10
C(b, 02, R)——20 __
+Cb,o )n(logn)3/2

where C(b, %, R) is a positive constant which depends only on b, o* and R.

This theorem gives the general form of the penalty function
2 2 2 ARb
pen(M) = K |M]| + {m(e)"— [M]aar + <m2(a)"— + —> xM}
n n n n

|M]

The penalty is the sum of two terms: the first one is proportional to - and the second one
depends on the complexity of the family M,, via the weights (zps)arem,, . For 6 € (0,1) and
K > 2 — 0, the penalized least squares estimator 5, satisfies an oracle type inequality with
an additional term tending to 0 like 1/n when n — +4o0.

. . C
E (s~ 8yl2) < Cuinf {lls — sul + pen(M)} + 2
where the constant C only depends on 6, whereas Cy depends on s (via R), on the family of
partitions (via 3) and on the integrability condition of (g;)1<;<n (via 02 and b).

For the two particular families M,, quoted above, we calculate adequate weights () arem,,
and we get a simpler form of penalty. Before studying these two examples, we compare the
general result with those of Birgé and Massart [4], those of Baraud, Comte and Viennet [2]
and those of Baraud [1].

If b can be taken equal to zero in (1.3), then the variables (g;)1<i<, are said to be sub-
Gaussian. In this case, we do not need any assumptions neither on N,,;, the minimal number
of observations in each element of the partition My nor on s the regression function. And
taking a penalty satisfying

o2

2 2
pen(M) > K%\Ml +8vV2(2 - 0)— VMl + <4(2 —0) + %) %xM
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Chapter 1. Histogram selection in non Gaussian regression

we have

E (

R 2 .
A2) < 1_01Arl4f{||s—8MHi+pen(M)}

1 8(2 —0) 4 o?
+m {8(2—9) <1+m> +§+2} ;E

Up to some small differences in the constants (which can be improved by looking more pre-
cisely at the proof), this is the result obtained by Birgé and Massart in the Gaussian case.
Using the inequality 2+/| M|z < |M|+x s, we recover the result obtained by Baraud, Comte
and Viennet [2] in the sub-Gaussian case.

Baraud [1] studies the non Gaussian regression framework as defined in (1.1) with a milder
integrability condition on the random perturbations than ours. For a collection of histogram
models (Spr)arem, whose complexity is polynomial, our theorem and those of Baraud both
validate penalties pen(M) proportional to |M|/n through an oracle type inequality with
an additional term tending to O like 1/n when n — +oo. Thanks to Baraud’s result, if
{M € M,,; |[M|= D}| < TD" for some constants I' € R¥ and r € N, one only needs to
assume that the random perturbations have a finite absolute moment of order p > 2r + 6.
The minimal admissible value of p increases with the degree r of the polynomial complexity.
And, whatever p, having a finite absolute moment of order p seems to be not enough to deal
with collections of exponential complexity. Our assumption on the exponential moments is
too strong when the complexity is polynomial, but it allows us to propose a general form of
penalty which is still valid when the complexity is exponential.

Let now see which form of penalty is adapted to the two collections of partitions quoted above.
The complexity of the two corresponding collections of histogram models is exponential, and
therefore Baraud’s result does not apply to this case.

D_ <
number of grid points, taking zj; = |M]| (a + log %) with a > 1 leads to Y ;e ppo ™M <

Ezample 1: Since |{M € M};|M|=D}| = (DO _11> < (%)D, where Dy — 1 is the

(ea_1 — 1)_1 € R% . We deduce from the above theorem that:
taking a penalty

pen(ar) = &1 +Rb\M|< %m)

with o and 3 big enough, we have

. . + Rb M, >+ Rb
(s = sl?) < Calan gt {lls = sarl + =0 (1og B2+ 1) } o+ oty T
Hp£0
C(b,0* R)——1——
+ (707 )n(logn)3/2

Since 02, band R are unknown, we consider penalties of the form pen(M) = % (a log |M‘| + ﬂ’)

and we determine the right constants o/ and 3’ according to the data by using, for example,
the same technique as Lebarbier [16]. We get a data driven criterion which selects a close
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1.4. A concentration inequality for a x? like statistic

to optimal partition M. The endpoints of the partition M provide estimators of the change
points of the signal s.

2(D—-1) 92D
D—1 < D
Thus taking 2 = a|M| with a > 2log 2, we get >, 2 €77 < —log (1 — e*(a*“’gm) e RL.
We deduce from the above theorem that:

taking a penalty

Example 2: Thanks to Catalan inequality, !{M € M2;|M| = D}! < % (

2+ Rb
pen(M) = a2 ||

with a big enough, we have

o2+ Rb

I
) < cal@igt {lls = sul + =+ cue 0

C(b,0* R)——1——
( )U Y )n(logn)3/2

E(HS — é]\;[

o2+ Rb
—
n

For this second example, we recommend a penalty pen(M) proportional to % For such a

penalty, the selected model satisfies an oracle inequality with an additional term tending to
0 like 1/n when n — +o00. This result validates the CART pruning step which involves a
penalized least squares criterion with pen(M) = o/ ‘—Anﬂ The last step of CART consists in

choosing the right parameter o’ via cross-validation or test sample.

Remark 1.4 If the points (x;)1<i<n of the design are random points (X;)1<i<n, then with the
same approach, working first conditionnally to (X;)i<i<n,we get a similar result. For more
details see chapter 2 (or equivalently [23]).

1.4 The key to determine an adequate form of penalty: a con-
centration inequality for a y? like statistic

This section is more technical. First we give an expression of ||s — §,,||2, which allows us
to see that the penalty pen(M) has to compensate the deviation of the statistic denoted by
X?w, in order that the penalized least squares estimator s, satisfies an oracle type inequality.
The square root of this statistic is the supremum of a random process. Then we explain why
Bousquet’s concentration inequality for the supremum of a random process is not convenient.
And finally, by viewing X?\/[ as a x? like statistic and by writing it as a sum of squares, lemma
1.1 gives a concentration inequality for X%\/]' This concentration inequality is the main point
of the proof of theorem 1.1, the remaining of the proof only consists in technical details.

Let us recall that M = arg 1\?11/{1/1 {IY = suml2 + pen(M)}
eEM,
with the penalty pen to be chosen such that

| M]

E(||s —38yl2) <C ijr‘}f{Hs —suml? +027}.

According to the definition of M, we have

s — &2 = _2<5,s—§M>n—pen(M)+Mi€nAfA {IIs — smll2 +2(e, s — 5m),, + pen(M)} .
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Since Sp; = sy + €,
(6,5 =8, = (&5 = sar), — lemlli and ||s = 3ull = lls — snalls + leall.
Thus
2< 8M>n —pen(M)
+M1€%n {lls = saall? = learll? +2 (e, 5 — sar),, + pen(M)}

and

I
We deduce from these two last equalities that for any 6 € (0,1),
(1=8)|ls=5ul, = (2-0)] —2(e, 5—5M> —0fls — sy 2 _pen(M)  (1.6)
f - — at2(es— M)} .
+M1€nMn{HS smlln = lemlls +2 (e, s — sar),, + pen(M)}

= s = sylln + leylla-

To get an oracle type inequality, the penalty pen(M) has to compensate the deviations of the
statistics

X?\J = HEMHi and <E7 s — 8M>n

for all partitions M € M,, simultaneously.
Thanks to assumption (1.3) and Cramer-Chernoff method (see remark 1.2), it is easy to obtain
the following concentration inequality for (e,s — sar),,:

o b
— > — — ) — .
forallz >0 P (j: <E,8—SM >p> \/HHS su|ln V22 + - <1r£1?<xn\s(mz) sM(a:Z)\> x)

If ||s]|oc < R then

for all x > 0 P<i<€,5 SM >n>

ol = sl @+2R”) < e (1)

It remains to study the deviation of the statistic XM around its expectation. As told in
remark 1.3, if the perturbations (¢;)1<i<, were Gaussian variables with variance 72, then the
variables T—”Qx%w would be x?(|M|)-distributed. Thus x2%, would satisfy for any = > 0 the
following concentration inequality:

< zT—\M|+2—\/ \x+2—x><er (1.8)
mn

and its square root xas would satisfy

P (xar 2 TVl + ZovEr) e, (1.9)

Recall that xa = ||ear||ln where ej7 is the orthogonal projection of € = (&;)1<i<pn on Sy (more
pecisely on {u(x;)i<i<n; w € Sym}). According to Cauchy-Schwarz inequality, we can write
X as the supremum of a random process:

n

1
xv = llemlln = sup < E,u >p= — sup Zulsl. (1.10)
i, " i1
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1.4. A concentration inequality for a x? like statistic

Therefore, if the ¢; were Gaussian, we could apply the concentration inequality for the supre-
mum of a Gaussian process due to Cirel’son, Ibragimov and Sudakov (see [19, chapter 3|).
Then we would recover inequality (1.9).

Here, the expression (1.10) is still valid, but the (g;)1<i<n are not Gaussian, they are only
supposed to have exponential moments around 0. Our first idea was to consider expression
(1.10) and use Bousquet’s concentration inequality for the supremum of an empirical process
instead of the Gaussian result of Cirel’'son, Ibragimov and Sudakov. Thanks to Bousquet’s
result [6], we have for any x > 0 and any v > 0:

1 1
P <XM > (1+v)E(xm) + —V 2ux + 5(2 + ’yl)bcaz> <e™®

where ¢ = sup ,¢g,, [[t]ls and the variance term v = Y| sup e, Var(ue;) < ncto?.

lulln=1 llulln=1

Thus

P (XM > (14 v)E(xm) + T V2 + l(2 + 71)bca:> <e " (1.11)
Vn n

If we compare inequality (1.9) (which corresponds to the case b = 0 and ¢; Gaussian) with

inequality (1.11), we see that the variance term v is much too large. We should have

v = sup, i, Var(use;) instead of v = > 7' | sup, Var(u;e;). With such a refinement, we

would obtain here v < no? instead of v < nc?o? and the term -Zcv/2z in (1.11) would be

NG
replaced by ﬁ V2.

Remark 1.5 Let see which result we could get with the refinement v = sup,, > i, Var(u;e;) < no?.

The supremum in (1.10) is achieved with u = ”;TM”n

Thus, denoting Qs = {V.J € Mo; |>, cs&i| < 60°|J|} and truncating x s with Qs ) {XM >V 23:},
we would get:

P <XMH95 > (1 +v)E(xm)+ %m—i— Mﬂ%ﬁ) <e "

As Bousquet’s concentration inequality is not convenient for our problem (and its refinement
seems difficult to obtain), we build our own concentration inequality. Instead of considering
expression (1.10) where yjs is written as a supremum, we wiew x3, = |len||? as a x? like
statistic and we write it as a sum of squares (see expression (1.5)). Then we get the following
lemma.

Lemma 1.1 Let b€ Ry and o € RY such that inequality (1.8) holds.
Let My a partition of X and denote Nyin = Jin]\I;[ |J].
€Mo

Let § > 0 and Qs = {VJ € My; ineJ5i| < é0?|J|}
For any partition M built from My and for any x > 0

2 2 2
P <Xﬁ41195 > %\M| + 4‘%(1 +b6)\/2[M]z + 2%(1 + bé)x) <e®
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Chapter 1. Histogram selection in non Gaussian regression

and

n —6202N,,;
C < mn
PU%) < 2g—exp < 201 + bo) )

If b =0, we do not need to truncate X%\/l with Qs and for any © > 0

IP’< 20—M|+4—\/2| \x+2—x> <e®
n

In lemma 1.1, the (g;)1<i<, are only supposed to have exponential moments around 0. In
this case, by truncating X?wv we get a concentration inequality which differs from inequality
(1.8) (corresponding to the Gaussian case) only in the multiplicative constants. The set {25
on which we control the deviations of X?\J is very large. More precisely, if N, satisfies

Npin > 2(k 4+ 1) (}ijg) log n for some integer k, then

1 5252 1

P%) = (k+1) (1+bd)nklogn’

In theorem 1.1, we take k = 2 so that P (2§) = o (#) when n — +4o0.

The concentration inequalities of the (X?w) and ({g,5 = sm),) pre M, are the key to

MeMy,
determine the adequate form of penalty. (e,s — sa),, is centered and the expectation of X?\J
is upper bounded by %\M| The weights (2a7)aem, satisfying >0y cn €M <3 € RY
allow to control x3, and (g, s — s M), for all M € M,, simultaneously. This is the reason why,
as told in section 1.3, the right penalty pen is the sum of two terms: one proportional to %
(corresponding to E(x3%,)) and a second depending on z ;.

Remark 1.6 This lemma is based on Bernstein inequality [19, section 2.2.3]. By truncating
all X%\/l with the set 5, we get concentration inequalities which remain sharp when summing
them over all partitions M € M,,. In the context of histogram density estimation, Castellan
[8] has to control an other x* like statistic. Like here, the main point is to truncate the
statistic. While she concludes by applying a Talagrand inequality to the truncated statistic, we
use Bernstein inequality.

1.5 Proof of lemma 1.1

Let M a partition built from My and denote, for any J € M,

2
75 = (Ei‘ej‘&)_ A (5204|J|)

(Z7) jep are independent random variables, E (Z;) < E (¢3) < o2, and for any k > 2 we have
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1.5. Proof of lemma 1.1

2k
E(\ZJ\’“) = W {Zaz 602|J|}
ieJ

_ 1 oo 2k IP
= 7, 2 il A

502|J| > x) dx
iceJ

1 So2|J|
= W/ 2k 1p Z&i >z | dx
0

icJ
We deduce from assumption (1.3) and Cramer-Chernoff method (see remark 1.2) that for any

x>0
IS < 9% ——x2
=)= 2P\ 9062 T 1 br)

E (|7 Lo 219 —* d
< - -
(12:) < |J|k/0 ) eXp<2<a2|J|+ba:>> )

4/{: —+oc0 k1 _1,2
< - - \d
= ||k/0 P a0 )

Integrating part by part, we get

Thus

E (|ZJ|’€) < %’ (402(1+b6))* (20%(1 + b3))" 2

Thanks to Bernstein inequality we obtain that for any = > 0

P (Z Zy > 0| M|+ 40*(1 + b0)\/2| M|z + 20%(1 + bé)a:) < e ®

JeM

Since 2 3" . Zs = X3, on the set Qg,

2 2 2
P (Xmﬂé > T M|+ 42 (1 + b6)\/2[M]z + 27 (1 + bé)x) < e
mn mn mn

Thanks to assumption (1.3), for any J € M, we have

—6202|J|
P | >80 < 2 —_—
(ZE =07 |J|> = eXp<2(1+b5)>
i€J
< 96 —6%202Npin
P 201 + 00)
Summing these inequalities over J € My, we get
—0%20% N i
P(Q5) < 2|M, —
@) < 2o (7 lw)
n —5202Nmm
< 2—— _
= “Nom eXp( 2(1 + bd) )
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Chapter 1. Histogram selection in non Gaussian regression

1.6 Proof of the theorem

Let 6 € (0,1) and K > 2 —6.

According to (1.6),

” 2 .
(1 — 9)”8 — SMHn = AI\IZ + Mlen/\f/lnRM (1.12)
where
Ay = 2-0)|eml2 —2<e,5—sp >n —0|s — syl|2 — pen(M)
Ry = |s—sul? = llem|? +2 < e, — sy >n +pen(M)

Let denote = {w € My; Y,y <o |J|}

9 n —02N,in,

exp | ———5—
Noin P\ 402
and, for any M € M,, and any = > 0,

2 2 2
P <||5M||3111Q > 2 M|+ 85 \/2]Mz + 40—3:) <e® (1.13)
n n n

Thanks to lemma 1.1,
P(Q°) <

Thanks to (1.7), we have for any M € M,, and any x > 0,

2Rb
]P’( < E,8—Sp >p> |s — sarl|nV2r + — ) < e ”* (1.14)

\F |

Setting x = xp; + & with £ > 0, and summing all inequalities (1.13) and (1.14) with respect
to M € M, we derive a set E¢ such that:

P (Eg> < e—69%)

e on the set E¢ (), for any M,

2

Ay < (2—) |M\+82— \/2|M\ (xpr +6) +4(2—-46 (a:M+£)

4Rb
+2—HS SMHn 2($M+£)+T($M+£)

NG

~0lls — sarll7 — pen(M)

Using the two following inequalities

2% |s — sulln/2(@ar +€) < Ols — sar2 + 3% (war + ),
8(2 — )2 \/2[M[(zar +€) < 8V2(2 — )% /M + 4v2(2 — )% (n|M| + n~'€)
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1.6. Proof of the theorem

with n = - K+£9 2 > 0, we deduce that on the set E: N Q, for any M,

w2 2
0'2 O'2
Ay < (2—9);|M\+8(2—9); 2|M|(zpm +§)
2\ o? 4Rb
42-0)+2) = ==
+(12-0+3) Tow +9+ Do +9)
—pen(M)
2 2 2 2 4
< KZ|M|+8V2(2 - 6)Z/|Mlzy + (4(2 —0)+ —) AL
n n 0) n n

8(2 —0) >+Z}02 4Rb

+ {4(2 —0) <1 + Kid6_2 —&+ —f pen(M)

Taking a penalty pen wich compensates for all the other terms in M, i.e.

2

2 2\ o2 4Rb
pen(M) > K 7| M|+ 8v2(2 — ) /[M[as + {(4(2 —0)+ —) A —} .
n n 0) n n

we get that, on the set F¢ (),

_ 2
Aﬁg{m—a) (1+%>+%}0—5+4—Rb5

n n
In other words, on the set K,

Kio-2) gttt

AMHQ<{4(2_9) <1+ 8(2—10) >+2}o—2 ARb

Integrating with respect to &,

E (As;1q) g2{4(2—0) (1+%> +%}%22 8?2 (1.15)

We are going now to control E <i]I\14fRM]IQ).
Thanks to (1.7), for any M and any = > 0

2Rb
IP’((E,S—SM> %HS—SMH V2 + — ) < e ”*

Thus we derive a set F¢ such that

o P (FE) < ety
e on the set Fg, for any M,

o 2Rb
<es—sizn £ s —sulay/2 0+ + 2 (o +)

NG
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Chapter 1. Histogram selection in non Gaussian regression

It follows from definition of Rjs that on the set Fy, for any M,

o 4Rb
Rag < lls = surll2 +2-=ls = sarllay/2(@ar +8) + =7 (aar +€) + pen(M)

< 2|ls —sul? + 2%2 (za + &) + %Rb (zar + &) + pen(M)
< 2lls — smll} + 2pen(M) + 2%26 + %i
And
E <i}\1/[fRMHQ> < 2inf {Ils — sl + pen(M)} (1.16)
+2"—22 | by,
n n

We conclude from (1.12), (1.15) and (1.16) that

(1= 0)E (s - $y,l3M0) < 2inf {|ls — sal> + pen(M)}

8(2 —0) 4 o? 12Rb
+{8(2—9) <1+m) +5+2};Z+TZ

It remains to control E (||s — 3,2 1Igc), except if b= 0 in which case it is finished.

E(lls - 8ylnloe) = E (s - sgllillec) +E (eg 7 o)
E (||s]|2ae) + E ([lens || Uae )

< RP(Q) + \/E (leas, 1) VP ()

By developing ||ea, [|5, since E (¢7) < 02 and E (&}) < C(b,0?)?, we get

IN

oM | Clbo?)PIMo| | 3% Mo

4
E (lleaslln) < n2 12 Npin n?
ol C(b,02)2 304
s 2 + 2 *
< gy
o Ngun
and thus
C'(b, 02
B (s g llller) < RPP (@) + SR /B@)

min

Let us recall that

n —02N, .
P (QF) < 2 Z0 min
() < N, eXp( b2 )

For Npin > 125 logn,
o2 1
P(QY) < ——
() = 6b% n?logn
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1.6. Proof of the theorem

and
R202 1 a3C'(b, 0?) 1
E(||s = 8ylalo) < ;
(IIs = syllnlloe) < 6b2 nQIOgn—i_ 12¢/6b3  n(logn)3/?
1
< C// b, 2,R -
= (b, )n(logn)3/2

Finally we have the following result:
Taking a penalty which satisfies for all M € M,

2 2 2\ 02 4Rb
pen(M) > K| M| +8v2(2 )% /[M]zas + {(4(2 o)+ -) o _} o
n n 0) n n

if Npin > 122—22 log n, we have

2
E(ls—3ul2) < =5t {lls = sull2 +pen(3)}

1 8(2 —0) 4 o? 12 Rb
- — = 7 Z - R
—1—1_9{8(2 9)<1+K+9_2>+9+2}n2+1_9n

Mp£0

C"(b,0* R)——2=—
+ ( 70 ) )n(logn)3/2
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Chapter 2

Variable Selection through CART

Ce chapitre présente un travail réalisé en collaboration avec Christine Tuleau [23].

Abstract: This paper deals with variable selection in the regression and binary classification
frameworks. It proposes an automatic and exhaustive procedure which relies on the use of
the CART algorithm and on model selection via penalization. Thanks to CART, we associate
to each subset of variables a family of models which rely only on the variables belonging to
the considered subset. Then, we determine a penalized criterion which selects a model and
the corresponding subset of variables. The proposed penalties lead to oracle type inequalities
justifying the performances of the procedure. A simulation study completes the theoretical
results.

Keywords:  binary classification, CART, model selection, penalization, regression, variable
selection

2.1 Introduction

This paper deals with variable selection in regression and classification using the CART al-
gorithm and the model selection approach. In both regression and classification, we have a
sample of observations £ = {(X;,Y;); 1 <4 < n} which consists of n independent copies of a
pair of random variables (X,Y"). X takes its values in RP with distribution x4 and Y belongs to
Y (Y = R in the regression framework and ) = {0; 1} in the classification one). We denote by
s be the regression function or the Bayes classifier according to the considered framework. We
write X = (X1,..., XP) where the p variables X/, with j € {1,2,...,p}, are the explanatory
variables. We denote by A the set of the p explanatory variables, i.e. A = {X! X2 ... XP}.
The explained variable Y is called the response.

Let us begin this introduction with some basic ideas focusing on the linear regression
model:

p
Y =) X +e=XB+e¢
j=1

where X = (X!,..., XP) is the vector of the p explanatory variables, Y is the response, and
€ is an unobservable noise.
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Chapter 2. Variable Selection through CART

The well-known least squares method provides an estimator of 3:

. 1< d . ’
_ i L . xJ
0 = arg mbn - Z Y; Z@Xi
i=1 7=1
whose components Bl, . ,Bp are usually almost all non zero. When p is large, the predictor
s:x=(z...,2P) — E?Zl Bjz? may be difficult to interpret and may not give an accurate

prediction. By eliminating some variables X7, we can make interpretation easier and improve
the quadratic risk of §.

Ridge Regression and Lasso are penalized versions of the least squares method. Ridge
Regression (see Hastie [15]) involves a Lo penalization which produces the shrinkage of 3
but does not put any coefficients of B to zero. Ridge Regression gives a predictor § which
is better in terms of risk, but which still involves all the initial variables. Lasso (see Tibshi-
rani [24]) adds a L; penalty term to the least squares criterion. By this way, Lasso shrinks
some coefficients and puts some others to zero. This last method performs variable selection.
It improves both prediction accuracy and interpretation. Unfortunately, its implementation
needs quadratic programming techniques.

Penalization is not the only way to perform variable selection. For example, we can cite
Subset Selection (see Hastie [15]) which provides, for each k € {1,...,p}, the best subset of
size k, i.e. the subset of k variables which gives smallest residual sum of squares. Then, the
final subset is selected by cross validation. This method is exhaustive, and so it is difficult to
use it in practice when p is large. Often, Forward or Backward Stepwise Selection (see Hastie
[15]) are preferred since they are computationally efficient methods. But, they perhaps elim-
inate useful variables. Since they are not exhaustive methods, they may not reach the global
optimal model. In the regression framework, there exists an efficient algorithm developped
by Furnival and Wilson [13] which arrises the optimal model, for a moderate number p of
explanatory variables, without exploring all the models.

At present, the most promising method seems to be the method called Least Angle Re-
gression (LARS) due to Efron et al. [11]. Let v = X3. LARS builds an estimate of v by
successive steps. It proceeds by adding, at each step, one covariate to the model, as Forward
Selection. At the begining, v = 1y = 0. At the first step, LARS finds the predictor X7* most
correlated with the response Y and increases g in the direction of X7' until another predictor
X72 has much correlation with the current residuals. So, vy is replaced by v;. This step cor-
responds to the first step of Forward Selection. But, unlike Forward Selection, LARS is based
on an equiangulary strategy. For example, at the second step, LARS proceeds equiangulary
between X71 and X72 until another explanatory variable enters. This method is computation-
ally efficient and gives good results in practice. However, a complete theoretical elucidation
needs further investigation.

We aim at finding a small number of variables among A = {X1, X2 ... X?} which enable
to explain or predict the response Y. In contrary to the methods described above, we do not
consider linear interactions between X = (X!, ..., X?) and Y. We propose a non linear vari-
able selection procedure for both the regression framework and the classification one. From a
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2.1. Introduction

theoretical point of view, the first step of the procedure consists in applying the CART algo-
rithm to all subsets of variables (but in practice we determine before few data-driven subsets
of variables). Then, considering model selection via penalization, we select the subset which
minimizes a penalized criterion. In the regression and classification frameworks, we determine
a form of penalty which leads to an oracle type inequality.

Let now describe our procedure in detail. We split the sample of observations £ in three
subsamples L1, Lo and L3 with size ni, ny and ng respectively. In the following, we consider
the case L1 independent of L9 and the case £1 = Lo. We apply the CART algorithm to all
subsets of A. More precisely, for any M € P(A), we build the maximal tree by the CART
growing procedure using the subsample £;. This tree, denoted by T, 7%[:2, is constructed thanks
to the class of admissible splits Spas which involves only the variables of M. For any M € P(A)
and any 7T pruned subtree of T, ,S@J\fgz (which is denoted T' < T, ,S{\fgz), we consider the space Sy 1
of ]L%,(Rp , ) composed of all piecewise constant functions with values in ) and defined on the

partition T" associated with the leaves of T'. At this stage, we have the collection of models
{Syr, MePA)and T <TM

which depends only on £;. For any (M, T'), we denote by 5577 the Lo least squares estimator
of s over Syr 7.

. . . 1
Sy =arg min vy, (u) with v, (u) = — Z (Y — u(X;))? .
WESM,T "2 (xvoecls

Then, we select (m ) by minimizing a L9 penalized contrast:

(M,T) = arg (m]\}r%) {ne (Bar,) +pen(M, T)}

)

and we denote the corresponding estimator § = 5.

—

Our purpose is to determine a penalty function pen such that the model (M, T) is close
to the optimal one, more precisely such that:

Ei(s,5) |£1] < C(]'{}l’fT){E[l(s,éM,T) |L1] }, C' close to 1

where [ denotes the loss function. The main results of this paper give adequate penalties
defined up to two multiplicative constants a and 3. Therefore we get a family of estimators
5(c, ) among which the final estimator is chosen using the test sample Ls.

The described procedure is of course a theoretical one since, when p is too large, it is
impossible in practice to take into account all the 2P sets of variables. A solution consists in
determining at first few data-driven subsets of variables which are adapted to perform vari-
able selection and then applying our procedure to those subsets. As this family of subsets,
denoted by P*, is constructed thanks to the data, the theoretical penalty, determined when
the procedure involves the 2P sets, is still adapted for the procedure restricted to P*.
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Chapter 2. Variable Selection through CART

The paper is organized as follows. After this introduction, the section 2.2 recalls the
different steps of the CART algorithm and defines some notations. The sections 2.3 and 2.4
present the results obtained in the regression and classification frameworks. In the section 2.5,
we apply our procedure to a simulated example and we compare the results of the procedure
when on the one hand we consider all sets of variables and on the other hand we take into
account only a subset determined thanks to the Variable Importance defined by Breiman et
al. [7]. Sections 2.6 and 2.7 collect lemmas and proofs.

2.2 Preliminaries

2.2.1 Overview of CART

In the regression and classification frameworks and thanks to a training sample, CART splits
recursively the observations space X' and defines a piecewise constant function on this parti-
tion which is called a predictor or a classifier according to the case. CART proceeds in three
steps: the construction of a maximal tree, the construction of nested models by pruning and
a final model selection.

The first step consists of the construction of a nested sequence of partitions of the observa-
tions space using binary splits. Each split involves only one original explanatory variable and
is determined by maximizing a quality criterion. A useful representation of this construction
is a tree of maximal depth, called maximal tree.

The principle of the pruning step is to extract, from the maximal tree, a sequence of nested
subtrees which minimize a penalized criterion. This penalized criterion realizes a tradeoff
between the goodness of fit and the complexity of the tree or the model.

At last, via a test sample or cross validation, a subtree is selected among the preceding se-
quence.

The penalized criterion which appears in the pruning step was proposed by Breiman et
al. [7]. It is composed of two parts:

e an empirical contrast which quantifies the goodness of fit,

e a penalty proportional to the complexity of the model which is measured by the number
of leaves of the associated tree. So, if T" denotes a tree and Sp the associated model,
i.e. the linear subspace of L?2(X) composed of the piecewise constant functions defined
on the leaves of T', the penalty is proportional to |T'|, the number of leaves of T

In the Gaussian or bounded regression, Gey and Nédélec [14] proved some oracle inequal-
ities for the well-known penalty term (%) They consider two situations that we used too

in this article:

e (M1): the training sample £ is divided in three independent parts £1, Lo and L3 of
size n1, no and ng respectively. The subsample £; is used for the construction of the
maximal tree, Lo for its pruning and L3 for the final selection;

e (M2): the training sample £ is divided only in two independent parts £ and L3. The
first one is both for the construction of the maximal tree and its pruning whereas the
second one is for the final selection.
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2.2. Preliminaries

Remark 2.1 The (M1) situation is easier since all the subsamples are independent. But,
often it is difficult to split the data in three parts because the number of data is too small.
That is why we also consider the more realistic situation (M2).

CART is an algorithm which builds a binary decision tree. A first idea is to perform
variable selection by retaining the variables appearing in the tree. This has many drawbacks
since on the one hand, the number of selected variables may be too large, and on the other
hand, some really important variables could be hidden by the selected ones.

A second approach is based on the Variable Importance (VI) introduced by Breiman et al. [7].
This criterion, calculated with respect to a given tree (typically coming from the procedure
CART), quantifies the contribution of each variable by awarding it a note between 0 and
100. The variable selection consists of keeping the variables whose notes are greater than an
arbitrary threshold. But, there is, at present, no way to automatically determine the threshold
and such a method does not allow to suppress highly dependent influent variables.

In this paper, we propose another approach which consists of applying CART to each subset
of variables and choosing the set which minimizes an adequate penalized criterion.

2.2.2 The context

The paper deals with two frameworks: the regression and the binary classification. In both
cases, we denote by

s=arg min E[y(u, (X,Y))] with y(u, (z,9)) = (y - u(x))?. (2.1)

s is the best predictor according to the quadratic contrast . Since the distribution P is
unknown, s is unknown too. Thus, in the regression and classification frameworks, we use
(X1,Y1), ..., (X, Y,,), independent copies of (X, Y'), to construct an estimator of s. The quality
of this one is measured by the loss function I:

U(s,u) = Bl (u, )] — Ely(s, )] (22)
In the regression case, the expression of s defined in (2.1) is
Ve e RP, s(z) =E[Y|X = 1],
and the loss function [ given by (2.2) is the square of the L?(RP, u)-distance:
l(s,u) =|s — u||i where |||, is the L?(R?, ;1) — norm.
In this context, each (X;,Y;) satisfies
Vi =s(Xi) +e

where (e1,...,&,) is a sample such that E[g;|X;] = 0. In the following, we assume that the
variables €; have exponential moments around 0 conditionally to Xj.

In the classification case, the Bayes classifier s, given by (2.1), is defined by:
Ve e R, s(z) = Hﬂ(l)zl/Q with n(z) = E[Y|X = z].

As Y and the predictors u take their values in {0;1}, we have y(u, (z,y)) = 1l,(y)2, and
I(s,u) =P(Y #u(X)) = P(Y # s(X)) =E[|s(X) — u(X)|[2n(X) —1]].
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Chapter 2. Variable Selection through CART

2.3 Regression

Let us consider the regression framework where the ¢; are supposed to have exponential
moments around 0 conditionally to X;. This assumption is equivalent to the existence of two
constants o € R* and p € Ry such that

o2)\2
XZ] <3 (2.3)

(1= plAD)
2

02 is necessarly greater than E(e?) and can be chosen as close to E(7) as we want, but at
the price of a larger p.

for any A € (=1/p,1/p), logE |:6)\Ei

Remark 2.2 If p = 0 in (2.3), the random variables €; are said to be sub-Gaussian condi-
tionally to X;.
In this section, we add a stop-splitting rule in the CART growing procedure. During the

construction of the maximal trees TT%Q, M € P(A), a node is split only if the two resulting

nodes contain at least IN,,;, observations.

The following subsection gives results on the variable selection for the methods (M 1) and
(M2). More precisely, we define convenient penalty functions which lead to oracle bounds.
The last subsection deals with the final selection by test sample.

2.3.1 Variable selection via (M1) and (M2)
o (M1) case :

Given the collection of models
{Sar, M eP(d)ana T 2 TG0
built on £1, we use the second subsample L5 to select a model (]\/4-,?) which is close to the
optimal one. To do this, we minimize a penalized criterion
crit(M,T) = Yn, (5pm,7) + pen (M, T)

The following proposition gives a penalty function pen for which the risk of the penalized

estimator § = 37 can be compared to the oracle accuracy.
b

Proposition 2.3.1 Let suppose that ||s||cc < R, with R a positive constant.

Let consider a penalty function of the form: ¥ M € P(A) andV T < T%g
T| | M| D
en(M, T :a02+R|—+ 02+R—<1+lo (— .
pen(M,T) = o ( p)m B( p)m e\

If p <logmno, Npmin > 245—2 logne, a > ag and B > By, then there exists two positive constants
C1 > 2 and Co, which only depend on o and 3, such that:

2 R)
o2 < . . 2 (c®+p
E[Hs 512, |al] < Cydnf ¢t s —ulf+ pen(M,T) o+ Co=— -
VI
Cl(p, ,RL
+ (pU )n2(10gn2)3/2
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2.3. Regression

where || . ||ln, denotes the empirical norm on {X;; (X;,Y;) € L2} and C(p, 0, R) is a constant
which only depends on p, o and R.

The penalty function is the sum of two terms. The first one is proportional to ‘n—7;| It

corresponds to the penalty proposed by Breiman et al. [7] in their pruning algorithm and
validated by Gey and Nédélec [14] for the Gaussian regression case. This proposition validates
the CART pruning penalty in a more general regression framework than the Gaussian one.
The second term is proportional to |n—]\/‘2” (1 + log (ﬁ)) and is due to the variable selection.

It penalizes models that are based on too much explanatory variables.
Thanks to this penalty function, the problem can be divided in two steps:

- First, for every set of variables M, we select a subtree T v of T, ,S@J\fgz by

. ] . T
Ty = arg min {%Q (ur)+a (02 + pR) u} )
T=T0) 2
This means that Th is a tree obtained by the CART pruning procedure using the

subsample Lo.

- Then we choose a set M by minimizing a criterion which penalizes the big sets of
variables:

M = arg Mrgl(A) {%Q@M,TM) + pen(M, TM)} :

Remark 2.3 In practice, since p, o and R are unknown, we consider penalties of the form

T \M|< p
en(M, T :o/|—+ N £ log | 2=
pen( ) - B - e\

Remark 2.4 If p =0, the form of the penalty is

T| | M| p
en(M,T :a02|—+ o2 — <1—i—10 <— ,
pen(M,T) m TBT e\ 1]

the oracle bound is

2
E [lls - 512, 1£1] <ol(%{ inf Hs—u||i+pen<M,T>}+cf—,

UGSIM,T n2

and the assumptions on ||$||lcc, P and Ny are no longer useful. Moreover, the constants o
and By can be taken as follows:

ap =2(1+3log2) and [y =3.

Since 02 is the single unknown parameter which appears in the penalty, instead of putting it
in the constants o and 3’ as proposed above, we could in practice replace it by an estimator.

The (M1) situation permits to work conditionally to the construction of the maximal trees
T%,Z and to select a model among a deterministic collection. Finding a convenient penalty to

select a model among a deterministic collection is easier, but we may not always have enough

43



Chapter 2. Variable Selection through CART

observations to split the training sample £ in three subsamples. This is the reason why we
study now the (M2) situation.

o (M2) case :
In this situation, the same subsample £; is used to build the collection of models
{Sar, M eP(a)ana T =740

and to select one of them.
For technical reasons, we introduce the collection of models

{Svur, M eP(A) and T € My, pm}

where M, as is the set of trees built on the grid {X;; (X;,Y;) € £} with splits on the vari-
ables in M. This collection contains the preceding one and only depends on { X;; (X;,Y;) € £1}.
We find nearly the same result as in the (A1) situation.

Proposition 2.3.2 Let suppose that ||s||cc < R, with R a positive constant.
Let consider a penalty function of the form: ¥ M € P(A) andV T < TTSMQ

ot = e o (3) ) (o 00 005 ))
e e () o) 21 ()

If p <logni, a > ag and B > By, then there exists three positive constants C1 > 2, Cy and X2
which only depend on o and 3, such that:
V¢ > 0, with probability > 1 — e ¢% — —S— 11,4,

n1 logni

||s—§||i1 < () inf { inf Hs—u||il—i—pen(M,T)}

(M,T) uESM
C
o (5 (5)) 2 om)
n1 p
where || . ||ln, denotes the empirical norm on {X;; (X;,Y;) € L1} and c is a constant which

depends on p and o.

Like in the (M1) case, for a given |M]|, we find a penalty proportional to ‘n%' as proposed by

Breiman et al. and validated by Gey and Nédélec in the Gaussian regression framework. So
here again, we validate the CART pruning penalty in a more general regression framework.

Unlike the (M1) case, the multiplicative factor of ‘n—TJ, in the penalty function, depends on M
and nj. Moreover, in the method (M2), the inequality is obtained only with high probability.

Remark 2.5 If p =0, the form of the penalty is
T |M| P
M.T)=ac? |1+ (IM]+1)(1+1 "1 I 2 1+1
pen(M,T) = ao [ + (|M] + )< +og<‘M|+1>>} + Bo - + log )
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2.3. Regression

the oracle bound is ¥ &€ > 0, with probability > 1 — e ™%,

2

- 2 . . 9 o
Js =l < cuint { it s =l +penhn. 1) |+ 0T

and the assumptions on ||s|lcc and p are no longer useful. Moreover, if we look at the proof
more closely, we see that we can take ag = By = 3.

Since the penalized criterion depends on two parameters o and 3, we obtain a family of

predictors § = §;= indexed by « and [, and the associated family of sets of variables M.

Now, we choose the final predictor using test sample and we deduce the corresponding set of
selected variables.

2.3.2 Final selection

Now, we have a collection of predictors
G ={5(a,); a>apand > [y}

which depends on £1 and Ls.

For any M of P (A), the set {T = T%}} is finite. As P (A) is finite too, the cardinal I of G

is finite and
K< ) Ku
)

MeP(A
where KCps is the number of subtrees of Tﬁﬂ obtained by the pruning algorithm defined by

Breiman et al. [7]. Kps is very smaller than HT = TTQ(QH Given the subsample L3, we

choose the final estimator § by minimizing the empirical contrast Yng O G.

5= arg g(g}g)leg')/n3 (§(a, ﬂ))

The next result validates this selection.

Proposition 2.3.3

. . . o2+pR .
o In the (M1) situation, taking p <logns and Ny, > 4 77— log na, we have:

for any &€ > 0, with probability > 1 — e~ — ﬂpﬂ)%'gRiij)né_%gg, Vn € (0,1),

12 1+ — . -
Hs—s”n #~ inf Hs—s(a,ﬂ)HiS
3 n 3(a,8)€G
1 2 2log K
b o2 4 spr) 2lek+8)
n”? \1-n n3
9p? log? ny

o In the (M2) situation, denoting e(ny) = 21l,.9n1 exp (_W)’ we have:

for any & > 0, with probability > 1 — e™¢ — ¢(ny), Vn € (0,1),
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Chapter 2. Variable Selection through CART

=2 (1+77_1 -n) . = 2
Hn3 < Tg(o},,%§€g”8_8(a’6)”n3
(2log K +¢)

1 2
+— ( 02+4pR—|—12p210gn1) —_.
ne\1 =7 n3

Remark 2.6 If p =0, by integrating with respect to &, we get for the two methods (M1) and
(M?2) that:
for any n € (0,1),

E[ls =3, £, £] < Ttn=n {B{ls - 3. 0)12, |21, £2]}

n? §(a,B)€0

2 o2
= (2logK +1).
P =) ng 28K A1)

The conditional risk of the final estimator 5 with respect to || ||n, is controlled by the minimum
of the errors made by §(a, B). Thus the test sample selection does not alterate so much the
accuracy of the final estimator. Now we can conclude that theoretically our procedure is valid.

2.4 Classification

This section deals with the binary classification framework. In this context, we know that the
best predictor is the Bayes classifier s defined by:

Vo S Rp, 8(.7}) = Hn(x)zl/?

A problem appears when 7(z) is close to 1/2, because in this case, the choice between the
label 0 and 1 is difficult. If P(n(z) = 1/2) # 0, then the accuracy of the Bayes classifier is
not really good and the comparison with s is not relevant. For this reason, we consider the
margin condition introduced by Tsybakov [25]:

dh > 0, such that Vo € RP, |2n(z) — 1| > h.

2.4.1 Variable selection via (M1) and (M2)
o (M1) case :

In this subsection, we show that for convenient constants « and [, the same form of penalty
function as in the regression framework leads to an oracle bound.

Proposition 2.4.1 Let suppose the existence of h > 0 such that:

Ve e RP) |2n(x) —1| > h

and consider a penalty function of the form: ¥ M € P(A) andV T < T%Z

pen(M,T) = o |7 + 5 1M (1 + log (Jj)) .
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2.4. Classification

If a > ag and B > By, then there exists two positive constants Cv7 > 1 and Co, which only
depend on o and 3, such that:

1
E s < inf M, T —
e et fisSun) ) b+ ol

)

where I(s, Sy,T) = iélf l(s,u).
UESM,T

Like in the regression case, the penalty is the sum of two terms: one proportional to g
2

another to 2 (1 + log (%)) For a given value of |M|, this result validates the CART

and

n2
pruning algorithm in the binary classification framework.

Remark 2.7 Unfortunately, the multiplicative factors of the two terms of the penalty depend
on the margin h which is difficult to estimate. Thus in practice, we consider penalties of the

form
T M
pen(M,T)Io/quﬁ/L | <1+1°g< ; ))
no no ‘M|

A main difference between regression and classification is that, in the first case, we overesti-
mate the expectation of the empirical loss, whereas in classification we control the real risk.

e (M2) case :

Like in the regression case, we manage to extend our result for only one subsample £;. But,
while in the (M1) method we work with the expected loss, here we need the expected loss
conditionally to {X;, (X;,Y;) € L1} defined by:

Li(s,u) =P (u(X) #Y|H{X;, (Xi,Yi) € L1}) —P(s(X) # Y{X;, (X;,Ys) € L1}).
Proposition 2.4.2 Let suppose the existence of h > 0 such that:
Ve e RP) |2n(z) —1| > h

and consider a penalty function of the form: ¥ M € P(A) andV T < T%Q

pen(M,T) = % [1+(\M| +1) <1+log <|M71+1)>] %Jr g% <1+log (fﬁ)) .

If a > ag and B > Py, then there exists three positive constants Cv > 2, Cy, ¥ which only
depend on o and 3, such that, with probability > 1 — e ¢X2:

. : &
< —
li(s,8) < Cl(ﬁlg){ll (s, Swv,1) + pen(M, T)} + s (1+¢)

)

where 11(s,Syr) = eigf l1(s,u).
u€Sn, T

Like in the regression case, when we consider the (M2) situation instead of the (M1) one, we
obtain only an inequality with high probability instead of a result in expectation.
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Chapter 2. Variable Selection through CART

2.4.2 Final selection

With the same notations as in the subsection 2.3.2, we validate the final selection for the two
methods. The following proposition is expressed for the (A1) method.

Proposition 2.4.3 For any n € (0,1), we have:

1,1\ 1 nt3+

E|l(s,8) [£1, £ <1 1(s,3(c, B)) +(3+”>1‘"1 K+ T
—— 10

R ] e T ) B nzh : nzh

For the (M2) method, we get exactly the same result except that the loss [ is replaced by the
conditional loss [7.

Unlike the regression case, for the (M1) method in the classification framework, since the
results in expectation of the propositions 2.4.1 and 2.4.3 involve the same expected loss, we
can compare the final estimator s with the entire collection of models:

. = ¢  C
E[Z(S,S) |£17£2:| < Cl(]{?’gj) {Z(S,SMT) + pen(M, T)} + EQh + ﬁ <1 + loglC).

2.5 Simulations

In this section, we illustrate by an example the theoretical procedure described in the section
2.1, and we compare the results of the theoretical procedure with those obtained when we
consider the procedure restricted to a family P* constructed thanks to Breiman’s Variable
Importance.

The simulated example, also used by Breiman et al. (see |7, section 8.6, p.237]), is com-
posed of p = 10 explanatory variables X', ..., X19 such that:

P(X! = —1) =P(X' =1) =}
{ Vie{2,...,10}, P(X'=-1)=P(X'=0)=P(X'=1) =1

and of the explained variable Y given by:

Y:s(Xl,...,X10)+€:{ 3HSXT 2 X %f X=t
—3+3X5+2X04+ X"+ if X'=-1.

where the unobservable random variable ¢ is independent of X', ..., X'° and normally dis-
tributed with mean 0 and variance 2.

The variables X%, XY and X'° do not appear in the definition of the explained variable Y,
they can be considered as observable noise.

The table 2.1 contains the Breiman’s Variable Importance. The first row presents the

explanatory variables ordered from the most influential to the less influential, whereas the
second one contains the Breiman’s Variable Importance Ranking.
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2.5. Simulations

Variable | X X2 X° X3 X6 Xx?* X7 x®% x9 XxI0
Rank |1 2 3 5 4 7 6 8 9 10

Table 2.1: Variable Importance Ranking for the considered simulated example.

We note that the Variable Importance Ranking is consistent with the simulated model since
the two orders coincide. In fact, in the model, the variables X3 and X© (respectively X* and
X7) have the same effect on the response variable Y.

To make in use our procedure, we consider a training sample £ which consists of the
realization of 1000 independent copies of the pair of random variables (X,Y) where X =
(X1, ..., X'0). The first results are related to the behaviour of the set of variables associated
with the estimator §(«, 3). More precisely, for given values of the parameters « and (3 of the
penalty function, we look at the selected set of variables. Then, the final estimator § and the
associated set of variables are computed.

According to the model definition and the Variable Importance Ranking, the expected
results are the following ones:

e the size of the selected set should belong to {1,3,5,7,10}. As the variables X2 and X°
(respectively X3 and X6, X% and X7 or X8, X and X'°) have the same effect on the
response variable, the other sizes could not appear, theoretically;

e the set of size k, k € {1,3,5,7,10}, should contain the k£ most important variables since
Variable Importance Ranking and model definition coincide;

e the final selected set should be {1,2,5,3,6,4,7}.

The behaviour of the set associated with the estimator §(«, 3), when we apply the theo-
retical procedure, is summarized by the table 2.2. At the intersection of the row ( and the
column « appears the set of variables associated with §(«, ().

; ¢ @<005 |005<a<0l|0l<a<?2|2<a<12|12<a<60|60<a
oo [P R U U | s |
R L L o O TR
700 < B < 1300 {1623}5 {16?3}5 {16?3}5 {16’723’}5’ (1,250 | {1}
1300 < A< 1700 | {1,2.5} {1,2,5} {125} | {1,2.5) 1 {1}
1900 < 3 {1} {1} {1} {1} {1} {1}

Table 2.2: Sets of variables associated with the estimators §(c, 3).
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Chapter 2. Variable Selection through CART

First, we notice that those results are the expected ones. Then, we see that for a fixed
value of the parameter « (respectively (), the increasing of 3 (resp. «) results in the de-
creasing of the size of the selected set, as expected. Therefore, this decreasing is related to
Breiman’s Variable Importance since the explanatory variables disappear according to the
Variable Importance Ranking (see table 2.1). As the expected final set {1,2,5,3,6,4,7} ap-
pears in the table 2.2, obviously, the final step of the procedure, whose results are given by
the table 2.3, returns the "good" set.

a I} selected set
0.3 | — 100 | {1,2,3,4,5,6,7}

Table 2.3: Results of the final model selection.

The table 2.3 provides some other informations. At present, we do not know how to
choose the parameters o and § of the penalty function. This is the reason why the theoretical
procedure includes a final selection by test sample. But, if we are able to determine, thanks
to the data, the value of those parameters, this final step would disappear. If we analyse the
table 2.3, we see that the "best" parameter & takes only one value and that 3 belongs to a
“small” range. So, those results lead to the conclusion that a data-driven determination of the
parameters a and 3 of the penalty function may be possible and that further investigations
are needed.

As the theoretical procedure is validated on the simulated example, we consider now a
more realistic procedure when the number of explanatory variables is large. It involves a
smaller family P* of sets of variables. To determine this family, we use an idea introduced by
Poggi and Tuleau in [21] which associates Forward Selection and variable importance (VI) and
whose principle is the following one. The sets of P* are constructed by invoking and testing
the explanatory variables according to Breiman’s Variable Importance ranking. More pre-
cisely, the first set is composed of the most important variable according to VI. To construct
the second one, we consider the two most important variables and we test if the addition of
the second most important variable has a significant incremental influence on the response
variable. If the influence is significant, the second set of P* is composed of the two most
importance variables. If not, we drop the second most important variable and we consider
the first and the third most important variables and so on. So, at each step, we add an
explanatory variable to the preceding set which is less important than the preceding ones.

For the simulated example, the corresponding family P* is:
P = {{1}; {17 2}; {17 2, 5}; {17 2,5, 6}; {17 2,5,06, 3}§ {17 2,5,6,3, 7}; {17 2,5,6,3,7, 4}}

In this family, the variables X®, X? and X'° do not appear. This is consistent with the model
definition and Breiman’s VI ranking.

The first advantage of this family P* is that it involves, at the most p sets of variables

instead of 2P. The second one is that, if we perform our procedure restricted to the family
P*, we obtain nearly the same results for the behavior of the set associated with s. The
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only difference is that, since P* does not contain the set of size 10, in the table 2.2, the set
{1,2,3,4,5,6,7,8,9,10} is replaced by {1,2,5,6,3,7,4}.

2.6 Appendix

This section presents some lemmas which are needed in the proofs of the propositions of the
sections 2.3 and 2.4. The lemmas 2.1 and 2.2 give the expression of the weights needed in
the model selection procedures for both the regression and the classification frameworks. The
other lemmas are respectively collected in subsection 2.6.1 and subsection 2.6.2 on case they
are used in the regression framework or in the classification framework.

Lemma 2.1 The weights xpr = a|T| + b|M]| (1 + log (%)), with a > 2log2 and b > 1

two absolute constants, satisfy
Y ) e < N(a,b) (2.4)
MePA) r=rit)

o—(b=1)
1_ef(b—l)

with %(a,b) = —log (1 — e~(@=21082)) eRY.

Proof 2.1 We are looking for weights xnrr such that the sum

E E e TM,T

MeP(A) p<rM)

1s lower than an absolute constant.
Taking x as a function of the number of variables |M| and of the number of leaves |T|, we
have

- S YT o} e

k=1 MeP(A) D=1
|M|=k

Since

1 (2(D—1) 22D
< 7M) — H < = <
HT Toaes TI=Dyl< 5 "p_1 )=

we get
P & 1 o
- k=1 (%> D>1 _Le ol gQ)D).

Taking x(k,D) = aD + bk (1 + log (%)) with a > 2log 2 and b > 1 two absolute constants, we
have

Zef(bfl)k Z e ~@1og2)D | _ 534, p).

k>1 D>1

Thus the weights x = a|T|+b| M| (1 + log (ﬁ)), with a > 2log2 and b > 1 two absolute

constants, satisfy (2.4). O
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Lemma 2.2 The weights

T = <a+(\M| +1) <1—|—log (Mﬁ))) IT| +b <1—|—log <|M‘>) M|

with a > 0 and b > 1 two absolute constants, satisfy

Z Z e ™M1 < 5 (a,b)

MGP TEMnl M
with Y (a,b) = % - f(bl)l) and My, nr the set of trees built on the grid {X;; (X;,Y;) € L1}
with splits on the Uamables mn M.

Proof 2.2 The proof is quite the same as the preceding one. O

2.6.1 Useful lemmas in the regression framework

The lemmas 2.3 and 2.4 are concentration inequalities for a sum of squared random variables
whose Laplace transform are controlled. The lemma 2.3 recalls the concentration inequality
obtained in chapter 1, lemma 1.1. It allows to generalize the model selection result of Birgé
and Massart [4] for histogram models without assuming the observations to be Gaussian. In
lemma 2.3, we consider only partitions m of {1,...,n} constructed from an initial partition
myo (i.e. for any element J of m, J is the union of elements of my), whereas in lemma 2.4 we
consider all partitions m of {1,...,n}.

Lemma 2.3 Let €1,...,&, n independent and identically distributed random variables satis-
fying:
A o?)\2
Ele;] =0 and for any A € (—1/p,1/p), logE{e 51} < —
Let mg a partition of {1,...,n} such that, V.J € mg, |J| > Npin.
We consider the collection M of all partitions of {1,...,n} constructed from mqy and the
statistics

2
X =Y 7(Zi|€j|gl) , meM
Jem

Let § > 0 and denote Qs = {VJ € mo; |>;c,ei| < 002|J|}.
Then for any m € M and any x > 0,

P (X%JIQ(S > o2|m| + 402 (1 4 pd)\/2|m|z + 202 (1 + pé)x) <e”
and

n —6202N,
P(QS) <2— _ - cTman
() = N eXp( 2(1 + po) >

Proof 2.3 see chapter 1, lemma 1.1. O
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Lemma 2.4 Let €1,...,&, n independent and identically distributed random variables satis-
fying:

o \?
Elei] =0 and for any A € (=1/p,1/p), logE |:€)‘6i:| < m

We consider the collection M of all partitions of {1,...,n} and the statistics

2
Xon = Z 7(Zi€jel) , meM
Jem | |
Let 6 > 0 and denote Qg = {Vl <i<mn; |g < (502}.
Then for any m € M and any x > 0,

P (anzlﬂé > 02|m| + 402(1 + pd)\/2[mlz + 202(1 + pd)x) <e®

and

_5202
P(Q§) <2nexp | ——= ).
@) < e (577
Proof 2.4 The proof is exactly the same as the preceding one. The only difference is that the
set Qs is smaller and Nyp = 1. O

2.6.2 Useful lemmas in the classification framework

The lemma 2.5 is a concentration inequality due to Talagrand. We give here Bousquet’s
version [5].

Lemma 2.5 (Talagrand) Consider n independent and identically distributed random vari-
ables &1,...,&, with values in some measurable space ©. Let F be some countable class of
measurable fonctions f: © — R such that |f —E (f(&1))] < b.

Let Z = sup S, (F(&) — B(F(€) and denote by v = n sup Var(£(€1)).
fer feF

Then, for any x > 0,

b
P <Z —E(Z) > /2 (v +20E(Z)) z + gl‘) <e*
and thus

1
P (Z >(1+¢E(Z)+ V2vz+b <§ + 6_1) a:) <e™* foranye> 0.

Proof 2.5 see [5]. O

The lemma 2.6 allows to pass from local maximal inequalities to global ones.

Lemma 2.6 (A maximal inequality for weighted processes) Let (S,d) be some count-
able pseudo-metric space and u € S.

Let Z be some process indexed by S and assume that sup |Z(v) — Z(u)| has finite expecta-
vEB(u,0)

tion for any positive number o,

where B(u,0) ={v € S; d(u,v) <o}.

Let ® be a non negative function on Ry such that:
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1. == is non increasing on RY

2.Vo>0,>0 E ( sup | Z(u) — Z(v)\) < P(0)
vEB(u,0)

Then, for any © > oy,

£ (sup U201 4

vES d2(u7 U) + 2

Proof 2.6 see [18, lemma 5.1] or [20, lemma A.5.]. O

The lemma 2.7 is a maximal inequality for VC-classes and is due to Massart and Nédélec [20)].

Lemma 2.7 (A maximal inequality for VC-classes) Let &,...,&, n independent and
identically distributed random variables with values in X and distribution P. Denote P,
the empirical distribution associated with (&1,...,&,) and vy, =P, — P.

Let B be some countable VC-class in X with VC-entropy Hp = log ([{B({&1, -, &}; B € B})
and assume that o > 0 is such that

P(B) < o2, for every B € B.

Let
WB = Sup {Vn( )} or sup {—yn(B)}

BeB BeB

Then
H,

E (Wg) < 230 (nB)
provided that o > 4\/§\/@
Proof 2.7 see [20, lemma A.3.]. 5

We use the two inequalities given in lemmas 2.6 and 2.7 to deduce the following lemma, which
is useful in the proof of proposition 2.4.1.

Lemma 2.8 Let (X1,Y1), (X2,Y2), ..., (X,,Y,) be independent copies of a pair of random
variables (X,Y), where X takes its values in X with distribution p and Y takes its values in
{0,1}. Denote by P the distribution of (X,Y), by P, the empirical distribution associated
with {(X1,Y1),...,(Xn,Yn)}, and by v, =P, — P.

Let S = {14, A € A}, where A is a VC-class of measurable subsets of X, with VC-dimension
V.

Denote by d the L2(X, p)-distance and, for any u € S,

’7"( ) ZZ IHY7£U(X (YV?'é ( ))
ThenVuESVx>4\/_\/1E(TA

< 32v/3 |E(H,)

o4



2.6. Appendix

Proof 2.8 Letu € S.

Let "4+ = {{(l',y) € X x {0¢1}; Hy;ﬁv(x) < Hy;ﬁu(m)}v v E S}

and A_ = {{(z,y) € X x{0,1}; Uyrpz) > Uyru)}; v €S}

For any o > 0, denoting by B(u,0) = {v € S; d(u,v) <o}, we get

E| sup |n(u) —3@)|| < E| sup vu(B)| +E| sup —vu(B)
vEB(u,0) BeAy Be Ay
P(B)<o2 P(B)<o2

+E | sup v,(B)| +E | sup —uv,n(B)
BeA_ BeA_
P(B)<o? P(B)<o?

A, Ay and A_ are VC-classes with respective VC-entropy Ha, Ha, and Hy_ satisfying
Ha, < Ha.

Thus, thanks to lemma 2.7,

E(H
E| suip  [uw) - 7a0)] | <8V A
vEB(u,0) n
provided that o > 4\/5\/ %.
We conclude by applying lemma 2.6. O

The following result is a corollary of lemma 2.8 for S the class of all piecewise constant
functions mapping X into {0,1} defined on some partition P of X.

Corollary 2.1 Let (X1,Y1), (X2,Y2), ..., (Xp,Yy) be independent copies of a pair of random
variables (X,Y), where X takes its values in X with distribution p and Y takes its values in

{0,1}.

Let S the class of all piecewise constant functions mapping X into {0,1} defined on some
partition P of X.

Denote d the L2(X, u)-distance and, for any u € S,

() = 5 3001 Uyizu(xy — P (Y # u(X)).
Then Yu € S Vx > 44/3log 2\/@
E (Su [ (w) —%@)\) . 32v31g2 [IP|

ves d%(u,v) + x2 T n

Proof 2.1 S = {14, A € A} with A the class of all sets obtained by putting together some
regions of the partition P. We can thus apply lemma 2.8. It only remains to upper bound H 4.
The classical upper bound is given by Sauer’s lemma:

H <V (1 + log (%)) (2.5)

where V' is the VC-dimension of A.
Here, A has a VC-dimension V = |P| and satisfy

H y < log(|A]) < |P[log(2) (2.6)
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Chapter 2. Variable Selection through CART

In this case, inequality (2.5) is too pessimistic.
We conclude by applying lemma 2.8 and using inequality (2.6).

Thanks to the lemma 2.9, we see that the Hold-Out is an adaptative selection procedure for

classification.

Lemma 2.9 (Hold-Out) Assume that we observe N +n independent random variables with
common distribution P depending on some parameter s to be estimated. The first N observa-
tions X' = (X1{,..., X)) are used to build some preliminary collection of estimators (S, )mem
and we use the remaining observations (X1,...,Xy) to select some estimator §,; among the

collection defined before by minimizing the empirical contrast.
Suppose that M is finite with cardinal K.
If there exists a function w such that:

— w:RtT - RT,
w(x)
x

— Ve>0, sup Varp [y(t,.) —v(s,.)] < w?(e)
1(s,t)<e?

— -

1S mon increasing,

Then, for all 0 € (0,1), one has:

(1—0)E [i(s,87)|X'] < (1+0) 3

inf [
meM
where 62 satisfies to \/né? = w(dy).

Proof 2.9 see [19, section 8.5, Hold-out for bounded contrasts|.

2.7 Proofs

2.7.1 Regression

Proof of the proposition 2.3.1:
Let a >2log2,b> 1,0 € (0,1) and K > 2 — 6 four constants.
Let us denote

sur =arg min s —ul, and eur=arg min |l —ulf,

Following the proof of theorem 2 in [4], we get

~Nn2 .
(1 =)l = 3l1%, = Ay + inf Rasr

where

Ayr = 2=0lemrln, —2<es—sur >n, —0ls — suzlly, — pen(M,T)

RM,T = ||8 — SM,THiQ — ||5M,TH7212 +2< €,8 = SM,T >no —i—pen(M, T)

o6

1

(Sygm)+5z <29+(1+10gK> <1+_

0

))

(2.7)



2.7. Proofs

We are going first to control A= by using concentration inequalities of H€M7TH72Z2 and
< E,8 = SMT >ny-

For any M, we denote

—_ 2
Qur = vt e M) ZEZ' SU—IXiEt\
X, €t P

Thanks to lemma 2.3, we get that for any (M,T) and any = > 0

0_2 02 02
P(HEM,TH%Z?]IQM > IT| 8ol 4 ‘[,1 and {X;; (X;,Yi) € Lo}
<e’® (2.8)

and

2
no —0 Nmin
P (ij ‘[,1 and {X;; (X;,Y;) € Lg}) <25 exp ( o )

Denoting © = (Qas, we have
M

Ly and {X;; (X;,Y;) € Eg}) < 2p+1Nn—2 exp <

P (QC _UZNmm>
min

4p?

Thanks to assumption (2.3) and ||s||c < R, we easily obtain for any (M,T") and any x > 0

2pR
IP’(— <E,8S—SMT >ny > LHS — SM,T|Ins V22 + Py ‘El and {X;; (X;,Y;) € Eg})
\/n_g ng
<e® (2.9)

Setting z = xpr + € with £ > 0 and the weights xp 7 = a|T| 4 b| M| (1 + log (% ) as
defined in lemma 2.1, and summing all inequalities (2.8) and (2.9) with respect to (M, T), we
derive a set F¢ such that

o P (Eg I1£1 and {Xi; (X,,Y)) € Lg}) < 2¢7€%(a, b)

e on the set F¢ (€, for any (M, T),

02 02 02
Ayr < 2=0)—|T|+8(2—-0)—/2IT|(xmr +&) +4(2—0)—(xm1 + &)
no no no
o R
+2—n_2\|s — sMTllno/2(x 0T + &) + 42—2(93M,T +¢)

—0||s — sa,rlln, — pen(M,T)
)

where Z((I, b) = — log (]. — 6_(a_210g2)) T—e-0G-1) -

Using the two following inequalities

o7
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2
2Zls — sarrllng v/ 2(@nr +€) < Olls — smzlln, + 5o (warr +6),

T(xar + &) <nlT|+ 0 emr +§)

with n = K;ree 24\[ > 0, we derive that on the set F¢ ()€, for any (M, T),

Avr < K- IT\+[( 0)<1+%>+2+4 R] 2(93MT+§) pen(M,T)

Taking a penalty pen(M,T) which compensates for all the other terms in (M,T), i.e

pen(M, T) > K |T\ n [ (2 - 0) <1 + M) 124 4ﬁR] Z—zxm

K+6-2 0 o?
(2.10)
we get that, on the set K
8(2 —0) 2 p ] o?
A/\]I <{42-0)(1+——— - +4=R| —
o< [0 (10 55 05) + e T
Integrating with respect to &, we derive
8(2 —0) 2 p ] o?
EA/\H‘ <204@2-0) (1+ =L} 4+ 2 4 4L R T5(a,b 2.11

We are going now to control E |:(]i\/}lf)RM7THQ‘£1:| .
T

In the same way we deduced (2.9) from assumption (2.3), we get that for any (M,T) and any
x>0

20R
]P)( < E,8 = SM,T >ny > g HS — SM,THnQV 2 + p—l‘ ‘[,1 and {XZ'; (Xza}/z) € [,2})
\/n_g n2
<e®
Thus we derive a set F¢ such that

. P(Fg L1 and {X;: (X;,Y)) € [,2}) e=€3(a, b)

e on the set Fg, for any (M, T),

o 2pR
<S5 —SuT Sny < ——|ls— /2 i
E,8 = SMT >n, = s = sarllng /2 (@arr +§) + - (xmr +§)

It follows from definition of Ry 7 and inequality (2.10) on the penalty that

. < . . ) .
E[(ﬁl’;)RM,THQ‘El} < 2&1’%{1& [Hs surll?, £1]+pen(M,T)} (2.12)

+ (2 + 4%3) Z—jE(a, b)

o8



2.7. Proofs

We conclude from (2.7), (2.11) and (2.12) that

(1-0)E [Hs _ gu;wnﬂ(al} < 2 int {IE [||s — s,

El] + pen(M, T)}

+[82-6) (1+25%) + § +2+124R| £3(a,b)

It remains to control E [Hs - 352, HQC‘£1:|, except if p = 0 in which case it is finished.

After some calculations (see the proof of theorem 1.1 in chapter 1 or in [22] for more details),
we get

E [Hs — 3|2, Mge

51] < RP (Q

El) +2 \/E [HEM,T%% I, ﬁl] \/P (QC 51)
M

and

C2(p,0)
0] < e

min

E {||s

an ||
Mvalla: n2

where C(p, o) is a constant which depends only on p and o.
Thus we have

C(p,0)

min

E[lls - 512, o-

El] < R’P (Q

£1> 4 or P (Q

2)

Let us recall that

_ A2 .
ploc]e) < 29 exp (%)
min 4/)
For p < 1 d N, > 2%
or p =~ logng an min Z " 2 ogna,
1
2 1
o P (Qg £1) < 1‘2’p2 nilogna
It follows that
1
E[ —~2]Ic[,} < C'(p,0,R)——————
||8 SHHQ Q 1 — (p g )ng(logn2)3/2

Finally, we have the following result:

Denoting by T = [4(2 —0) (1 + ?((igg) + %} and taking a penalty which satisfies V M €
M)

P(A) VT < T

T M
pen(M,T) > ((K+a¥)o?+4apR) I, (bTo? + 4bpR) 1M] (1 +log (fﬁ))
) no
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if p <logng and Ny > 2;‘;—5’2 log no, we have

(1=0E[||s—3|2, [£1] < 2(inf

: 2
inf, { inf ||s —ull,, + pen(2, T)}

UESALT

p o\ o>
+ <2T roq 12—23) 7 % (a, b)
o no

1
+(1-6)C'(p,0, R)———rrs
( ) p,o )ng(log ng)3/2
We deduce the proposition by taking K =2,0 — 1, a — 2log2 and b — 1. O

Proof of the proposition 2.3.2:
To follow the preceding proof, we have to consider the "deterministic" bigger collection of
models:

{Svr; T € My, i and M € P(A)}

where M, s denote the set of trees built on the grid {X;; (X;,Y;) € £1} with splits on the
variables in M. By considering this bigger collection of models, we no longer have partitions

built from an initial one. So, we use lemma 2.4 (with § = 545 log (%)) instead of lemma 2.3.

The steps of the proof are the same as before. The main difference is that, the quantities are
now conditionned by {X;; (X;,Y;) € £1} instead of £; and {X;; (X;,Y;) € Lo}. O

Proof of the proposition 2.3.3:
It follows from the definition of § that for any 5(«, 3) € G

=12 ~ b~ ~
HS - SHn3 < HS - S(Q,B)HiS +2 <€7 §— S(Oé7ﬂ)>n3 (213)
Denoting M 5o = max {|5(¢/, 3')(X;) — 5(a, B)(Xs)|5 (X5, Y3) € L3}, and thanks to as-
sumption (2.3) we get that for any 5(«, 3), 5(c/,3') € G and any z > 0

P ({650, 5) = 50, B))y = 50 ) = 500 Dllng VIR + Moo it

L1, Lo, {X;, (X4,Y;) € 53}) <e”®

Setting = = 2log K + £ with £ > 0, and summing all these inequalities with respect to 5(a, 3)
and §(/, 3') € G , we derive a set E¢ such that

o P (Eg L1, Lo, and {Xi; (X,,Y;) € 53}) < et

e on the set ¢, for any 5(a, 5) and 5(a/, ') € G

(e,5(c/, ) — §(a,ﬁ)>n3 < \/—n_3||§

p
+Ma,ﬁ,a’,ﬁ’n_3(2 log K +§)

(@, 8) = 3(a, B)llns V2(21og K + €)
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2.7. Proofs

It remains to control M, g g in the two situations (A1) and (M2) (except if p = 0).
In the (M1) situation, we consider the set

= (] {vte 7 S° &l <RI{i; (Xi,Y:) € Lo and X; € t)
MeP(A) (X3,Y3)€L
X, €t

Thanks to assumption (2.3), we deduce that for any = > 0

2

—x

L1 and {Xi; (thg) c 52} < 2¢2(02[{i; (X;,Y3)€Ly and X;€t}[+p)

P Z E; >x

(X:,Yi)€Lo
X, €t

Taking x = R |{i; (X;,Y;) € L2 and X; € t}| and summing all these inequalities, we get that

1 exp< —R?Npin, )
Nmin 2(0’2 + pR)

On the set 1, as for any (M, T), ||5m,7]c0 < 2R, we have My g4 50 < 4R.
Thus, on the set Q1 () E¢, for any 5(a, 3) € G

(e,5—3(a.0)),, < \/‘;_3 5(t, B)|lns v/2(210g K + €) +4R (2logK +¢)

It follows from (2.13) that, on the set O () E¢, for any 5(c, ) € G and any n € (0;1)

P (Qg( £y and {X;; (X.,Y;) € ﬁg}) < opt

. 2log K 4 &)
B 1+ = _ 2 2 (2log K +¢€)
s =37, < e =l = a1, + (1o + sor ) 222
Taking p < logngs and Np,ip > 4‘72;{2’)1% log ng, we have
R? 1
c
(Q ) 2( _|_pR) 1-log2
Finally, in the (M1) situation, we have
for any ¢ > 0, with probability > 1 — e~¢ — (a%m s 2, V€ (0,1),
~112 14+4nt— . - 1 2log K +
Hs—an Sw inf Hs—s(oz,ﬁ)H + = ( 02+8pR> (2logK +¢)
: 7 5(a,8)€G ”? \1-n n3

In the (M2) situation, we consider the set
QQ = {Vl < ) < ni1 |€Z| < 3p10gn1}

Thanks to assumption (2.3), we get that

P (92

9p%log? ny
2(02 + 3p?logny)

{Xi; (Xi,Y5) € 51}) < 2njexp (—
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. 9p2logZn
with €(n1) = 2ny exp <_—2(U2ﬁ_3p§10g1n1)> n1—>_)+oo 0

On the set o, as for any (M, T'), ||3m,7]|cc < R+ 3plogny, we have M, g o g < 2(R 4+ 3plogny).
Thus, on the set Qo () E¢, for any 5(a, 3) € G

(.55 8),, < =5~ 30 B)llng V22l K + &) + 2(R + 3plogny) - (2log K + €)
N ng

It follows from (2.13) that, on the set Qs () E¢, for any 5(«, 3) € G and any 1 € (0;1)

(2log K +€)

n3

M _ -
Plls =32 < (1 +n =) lls — 5 B2, + ( o +4p(R+3plogn1)>

L=
Finally, in the (M?2) situation, we have for any ¢ > 0, with probability > 1 — e™¢ — ¢(ny),
vn € (0,1),

(I+nt-n . . 2
———= inf |[|s— 3(a,
it s = sl

1 2
+— < o2 +4pR + 12p° log n1>
e \1-n

s =35,

(2log K +€)

n3

2.7.2 Classification

We denote by
e P the common distribution of the pairs (X;,Y;),
e P, the empirical distribution associated with the sample Lo,
o vy, =P,, — P.

The contrast 7 is defined by v(u, (z,y)) = (y — u(2))?® = LWLy for all (z,y) € X x {0,1}
and all u: X — {0,1}. We denote by

® Yno (u) = ]P)n2 (’Y(u’ ))’

® Tng (W) = Vny (V(1; ) = Vo (w) — Elryn, (w)].

The loss function [ is defined by I(s,u) = P(y(u,.))—P(y(s,.)). We denote by d the L?(X, u)-
distance, where p is the common distribution of the X;. Since l(s,u) = E[|s(X) — w(X)||2n(X) — 1]],
we have

1
d?(s,u) < El(s,u). (2.14)

Proof of the proposition 2.4.1:

Let M € P(A), T < Tg\ﬂ and syrr € Syt

[(5,3) < U(s,531,7) + Fna (531,7) — Tng (8) + pen(M, T) — pen(M, T)
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2.7. Proofs

For any M’ € P(A) and any T' < TT%IQ, we consider some positive number yy 7 to be
chosen later and we denote:

owyp r(u) = (d(s,spr) +d(s,u))? + y%m’T, Yu € Sy v
Yz (1) — Yy (s24,7)]

oV = sup
UESIM’,T’ wM’,T/ (U)
Then
U(s,3) < (s, snm7) + wirn(3)Varm + pen(M, T) — pen(M, T) (2.15)

To control Vi, we consider Vjy 1 for all possible values of (M’,T"), and we upper bound

them simultaneously.
Let M’ € P(A) and T/ < TM).

Vairrr = sup
ueSM’,T/

o (A =20012.)

w7 ()

For any w € Sy 7+, which is a finite set,

'7(%-) _'Y(SM,T7~)' < 1

war 1 (w) ymr 7
and
Varp (’Y(Ua ) —y(smrs -)> < d*(u, sy,r)
w7 (W) (d2(u, smr)+ 912\4/,T/) ’
< 1
B 49%4/1'

Thus, by Talagrand’s inequality (lemma 2.5), we get, for any x > 0,

5 1 T 2 =x
P\ Vi > SEVar ) + Vot o—— | L] <e”
2 Ymr 1! 2”2 nyﬂT/ n2

Setting « = xpp v + & with £ > 0 and the weights zpp 7 = a|T"| + b|M’| (1 + log (%)) as
defined in lemma 2.1, and summing all the obtained inequalities with respect to (M',T"), we
derive a set ()¢ such that

«P (le£1> < e €%(a, b)

e on the set ¢, whatever M’ € P(A) and 77 < T&Ag;;),

1 Ty + € + 2 xwr+E

9
VM/,T’ < _E(VM’,T’) —+ 3
2 Ynm' 1! 2”2 yM/’T/ n2

(2.16)
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o—(b—1)

where X(a,b) = —log (1 — e_(a_mog?)) iy

It remains to control E[Vy 1v].

We choose uyyr 77 such that d(s,upp ) = inf  d(s,u)
’ ’ ’U‘GS]\/[/_’T/

‘;Vng (UM’,T’) — Vg (SM,T)|

E[VM/,T’] < E sup <h/n2 (u) — Tna (UM’,T’)|> +E :
UES 1 wM’,T’(u) ueé‘nf {ZUMQT/(U)}
M/ T!
(E1) e
(2.17)
For any uw € Sy v
1
U)M/,T/(U) > Zd2 (’LL, UM’,T') + y%J/,T’
Thus, choosing yar, 1 = 2v/31og 2 ‘Z—;', we get from corollary 2.1:
(E1) < 4E| sup |Z”2 (1) = Tny (UM;T’)‘
’U‘GS]\/[/’T/ d (U, uM’,T’) + 4yM/’T/
64v/31og 2 @ 218)
Ym, 1’ n2
For any uw € Sy 1
ZUM@T/(U) > 2yM’,T’d(8M,T7uM’,T’)
Thus,
(E2) \/VU/I”P [’Y(UM/,TU ) - ’Y(SM,Tu )]
> 2yM’7T’d(8M,T7 uM’,T’)* /M9
1
P 2.19
QyM’,T’ n9 ( )

We deduce from inequalities (2.17),(2.18) and (2.19) that:

64y3T0g2 [|T"] 1

E[Var =y -
Var.r] YMm T ng  2yny /M2
It follows from the inequality (2.16) and from the control of E[Vj 7] that, on the set €,

whatever M’ € P(A) and T < Trgz]\g:;),

5 1 1 oy +€
Vg < — 2 (64\/310g2 T + —) + :
’ 2ynmr /2 7 2 Yym, 2n9
2 xmp €
y%/va/ n2
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2.7. Proofs

We choose

5L 1
= —— | 64+/3log 24/|T"| + =
ne = e (04y/TTorzy T+ 5

a7+ €
no

T/
24/3log 2 u
n2

+2v2L

v

with L > 1 (to be chosen later),
so that, on the set Q¢, whatever M’ € P(A) and T" < T,%),

1
Ve < 7 (2.20)

It follows from the choice of ypss 7+ and from inequality (2.14) that,

_ 2 - 10012 . 1
wm(s) < 7 (I(s,smr) +1(s,5)) + (6423log 2Ty | + Z)
T+ &
+16L2% (2.21)

From (2.15), (2.20) and (2.21), we obtain that, on the set ),

(1 - i) 1(s,5) < <1 + i) (s, sa1) + pen(M, T)

Lh Lh
T ~ T —
+100.64.3. log ol 4 g ZOET pen(M, T)
no no
L(25+ 16
L D25+ 169
n2
So, we take a penalty function pen such that :
2 T LT
pen(M,T) > 100.64.3.log2L— + 16L—— V (M, T)
no no
Wi oo 2041
We choose L such that = C,ie L=37&5
~in
Then, on the set (¢,
. C+1)2 1
[(5,3) < C {1 (s,5307) + pen(M, 7)) + E1 95 4 166) L
’ C-1 ngh

Integrating this inequality with respect to & leads to:

(C+1)?

1
Sy (254 165(a,b) —

E[l(s,8)|L1]) < C{l(s,smr)~+ pen(M,T)} + ok
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Thus,

(25 + 165 (a, b)) ——

1 2
E[l(s,5)|£1] <C inf inf {I (S,SM,T)eren(M’T)}JF& L
2

meP(A)p<rm) ¢-1

Finally, we have the following result: Let C' > 1.
If pen(M, T) > Ct1 ((215523 + 64a) log 2471 + 32141 (1 +log (%)))
then
E((s,3) L) < C inf inf {i(s,8 M,T
(i(s,8) [£1) < Mé%(A)T;%gg;{ (s, Sm,1) + pen(M,T)}

(C+1)2 (25 + 16%(a, b))
c-1 th

Proof of the proposition 2.4.2:
This proof is quite simlilar to the preceding one. We just need to replace wyy 7+ (u) and Vi 1
by

o w1y ) (W) = (d(s, sarr) + d(s,w)* + (yaer 7 + yarr)”

_ [V (W) — Yy (501,7)]
* Vi ), () = Sup
wESyp 4 W), () (W)

And like the proof of proposition 2.3.2, we change the conditionnement. O
Proof of the proposition 2.4.3:

This result is obtained by a direct application of the lemma 2.9 which is given in the subsection
2.6. O
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Chapter 3

Piecewise polynomial estimation of a
regression function

Abstract: We deal with the problem of choosing a piecewise polynomial estimator of a regres-
sion function s mapping [0, 1]? into R. In a first part of this paper, we consider some collection
of piecewise polynomial models. Each model is defined by a partition M of [0, 1]” and a series
of degrees d = (dy)jear € NM. We propose a penalized least squares criterion which selects
a model whose associated piecewise polynomial estimator performs approximately as well as
the best one, in the sense that its quadratic risk is close to the infimum of the risks. The risk
bound we provide is non asymptotic. In a second part, we apply this result to tree-structured
collections of partitions, which look like the one constructed in the first step of the CART
algorithm. And we propose an extension of the CART algorithm to build a piecewise poly-
nomial estimator of a regression function.

Keywords: CART, concentration inequalities, MARS, model selection, oracle inequalities,
polynomial estimation, regression

3.1 Introduction

We observe n real variables (Y;)1<i<n. Each observation Y; corresponds to the value of an
unknown function s : [0,1]7 — R at a point x; = (x} Py € [0,1]P, plus a random

ERRN
perturbation &;.

Y, = S(Xi) + &4, 1<1<n, (31)

and the variables (51’)19’91 are supposed to be centered, independent and identically distrib-
uted (i.i.d.). Our aim is to estimate the regression function s from the observations (Y;)i<i<n.

We look for an estimator $ of s such that § is close to s in the sense that its quadratic risk
is small when the number n of observations is large. Given a model S| i.e. a class of functions
mapping [0, 1]? into R, a classical method of estimating s consists in minimizing the quadratic
contrast (as well called least squares contrast) over the model S. The resulting estimator is
denoted by §g and is called the least squares estimator over the model S. Denoting |||,
the Euclidean norm on R scaled by a factor n=1/2 and denoting the same way a function u
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Chapter 3. Piecewise polynomial estimation of a regression function

mapping [0, 1] into R and the corresponding vector (u(x;))1<i<n € R™, the quadratic risk of
35, & (Hs - §SH%), is the sum of two terms, respectively called bias and variance:

2
A . T ;.
E(||s — 3s]2) = irElgHs —ul? + ;dlmRn(S) where 72 = E(£2).

So our work consists in finding a model S which makes a good trade-off between the bias
ing |s — ul|2 and the variance Z-dimgn(S). This is the subject matter of model selection via
ue

penalization developped by Birgé and Massart [3, 4]. In a very general Gaussian framework,
they propose a penalized least squares criterion to select a model Sy, among a given countable
collection of models (Sp,),,con. - They justify their criterion with an oracle type inequality.
Their result is in particular valid when we observe a vector Y = (Y;)1<i<n as defined by
(3.1) assuming the random perturbations (¢;)i1<i<p to be i.i.d. Gaussian centered variables.
We adopt the same approach as Birgé and Massart, but we do not assume the (g;)1<ij<n to
be Gaussian. We only suppose that the (e;)1<i<, have exponential moments around 0. As
piecewise polynomial functions have good approximation properties, we consider here models
of piecewise polynomial functions.

Our estimation procedure is the following one. Let 901, be a finite collection of pairs
m = (M,d) where M is partition of [0,1]” and d = (dj)jenmr € NM. We consider the corre-
sponding collection of piecewise polynomial models (Sy,)meom,, i.e. for each m = (M,d) €
M., Sim is the class of all piecewise polynomial functions defined on the partition M and with
various degree d; on each region J € M. Each S, is a linear space with finite dimension
denoted by D,,. Denoting §,, the least squares estimator over S,,, the best model is the
one which minimizes E (||s — 5,,]|2). Unfortunately this model depends on s. The aim of
model selection is to propose a data driven criterion, whose minimizer among (Sp,)meom, 1S
an approximately best model. We select a model Sy, by minimizing over 91,, a penalized least
squares criterion crit(m) = ||Y — §,,||2 + pen(m):

n=a i Y — 5,13 e .
i =arg min (I = sl + pen(m)}
The estimator §,; is called the penalized least squares estimator (PLSE). The penalty pen

has to be chosen such that the model Sy, is close to the optimal model, more precisely such
that

E(||s — 4

2) <C inf E(|ls = 5ml7) - (32)

The inequality (3.2) will be referred to as the oracle inequality. It bounds the risk of the pe-
nalized least squares estimator by the infimum of the risks on a given model up to a constant
C. The main result of this paper determines a form of penalty pen which leads to an oracle
type inequality.

As noted above, this work is already done in [3, 4] for more general collections of models in a
Gaussian framework. In chapter 1 (or equivalently in [22]), we relax the Gaussian assumption
in the regression framework (3.1) for collections of histogram models. Here we generalize the
result of chapter 1 for collections of piecewise polynomial models. We propose the following
form of penalty:

2 2 2
o o o+ Rb
pen(m) = K;Dm + /‘il;\/ Dm.’ll'm + KQT.’L‘m
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with weights (2., )meon, satisfying > e ™ <X, ¥ € RY.

In the same regression framework as ours (with an even milder integrability condition on the
(2i)1<i<n), Baraud [1] validates penalties pen(m) proportional to £z like those of Mallows’
C)p, for "small" collection of models: the number of models with a given dimension D can
be a polynomial function of D but not an exponential function of D. In the Gaussian re-
gression framework, in a situation where the number of models with a given dimension D is

N . P . .
D) where N is a large parameter (/N grows to infinity with n), Birgé and Massart [4] prove
that Mallows’ C), can lead to terrible results. For "small" collections of piecewise polynomial
models we recommend a penalty proportional to Dn—m, and for larger collections of models we

propose to add a correction via the weights x,,.

After choosing a collection 9, in practice we have to find adequate weights x,,, precise
the development of pen(m), and calibrate the unknown constants involved in pen(m) accord-
ing to the data. For p = 1 (i.e. s:[0,1] — R), this work is done in [10] by Comte and
Rozenholc. They obtain an algorithm which automatically determines a partition, a series of
degrees, and computes a piecewise polynomial estimator of s. The form of the penalty used
in their algorithm is theoretically validated by |2] when the perturbations are sub-Gaussian.
Thanks to our result, it is validated in a more general case.

In a second part of this chapter, we apply our result to tree-structured collections of parti-

tions of [0, 1]P associated with uniform degrees d € {0,1, ..., dmax}. We get a penalty pen(m)
which is proportional to the dimension D,, of the linear model S,,. Then we propose an
extension of the CART algorithm [7] to build a piecewise polynomial estimator of a regression
function s : [0,1]P — R. The procedure selects a partition and a degree which is enforced to
be the same on each subregion of the partition. We give the results obtained on a simulated
toy example with p = 1, but the same procedure works whatever p.
Friedman [12] proposes an other extension of CART called MARS (Multivariate Adaptive Re-
gression Splines) which uses splines of order 1 to build a continous estimator of the regression
function s. In contrary to MARS, our piecewise polynomial estimator is not enforced to be
continuous at subregion boundaries.

The paper is organized as follows. The section 3.2 presents the statistical framework.
We take advantage of this section to define notations needed in the rest of the paper. The
section 3.3 gives the main result. In section 3.4, we first recall the different steps of the CART
algorithm. Then we apply the result of section 3.3 to tree-structured collections of partitions
adapted from CART and suitable for piecewise polynomial estimation. And finally we propose
an extension of the CART algorithm to build a piecewise polynomial estimator of a regression
function. To get the model selection result of section 3.3, like in chapter 1, we have to control
a %2 like statistic. The section 3.5 is more technical, it exposes a concentration inequality for
the x? like statistic. Sections 3.6 and 3.7 are devoted to the proofs.

3.2 The statistical framework

In this paper, we consider the regression framework already defined in the introduction by
(3.1). We assume that the i.i.d. random perturbations (&;),;~,, have exponential moments
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Chapter 3. Piecewise polynomial estimation of a regression function

around 0 and that the points (x;)1<i<, of the design are “well distributed” in [0, 1}P.

The first assumption can be expressed by the existence of two non negative constants b and
o such that

Ve (=1/b,1/b) logE (e’\ai) <3 Gy (3.3)

L= b|A])
2

0? is necessarly greater than E(e?) and can be chosen as close to E(?) as we want, but at
the price of a larger b. If b =0 in (3.3) the variables ¢; are said to be sub-Gaussian.

The second assumption is expressed through the empirical distribution function F;, associated
with the points (Xi)lgign:

1 n
v — (] E )
an—(ﬂf,,xp)—)E H{$ZS$]V1SJ§P} (34)
=1

We assume that F), is close to the uniform distribution function on [0, 1], denoted by F. We
measure the distance between F,, and F' by ||F}, — F'|| where ||.||oc denotes the sup-norm.

For any d € N, we denote by Ry[x] = Ry[x!,. .., 2P] the space of polynomial functions on
[0, 1]” with degree d.
For a given m = (M, d) where M is a partition of [0,1]” and d = (ds)jenr is a series of non
negative integers, we denote
e S, the space of piecewise polynomial functions defined on the partition M and with
various degree d; on each region J € M.

Sy = { Y fAl; VI eM freRy, [x]} (3.5)

JeM
e 5., the least squares estimator of s over .5,,.
~ . )
Sm =arg min ||Y —u
= g mip [[¥ — ul]?
where ||.||,, denotes the Euclidean norm on R” scaled by a factor n~'/2 and, for a function

u, the vector (u(x;))1<i<n € R™ is denoted u too.

Sp, is the piecewise polynomial model associated with m = (M,d). It is a linear space with
finite dimension. We denote by D,,, the dimension of S,,, and by K, = |M| the number of
elements of the partition M.

S ptk—1 p+d
Dp =Y _ C(dy,p) where C(dy,p) = dim R xl,...,xp:§:< N >:< J).
m = (Jp) (Jp) dJ[ ] pr p—l P

Sm is the piecewise polynomial estimator belonging to .S, which plays the role of benchmark
among all the estimators in 5,,,.

Denoting s, = arg miél |ls — u||?, the quadratic risk of the estimator &, is
UESm

dim]Rn (Sm) 0_2 %

E (ls = 3ml2) = lIs = smlls +E(e) < ls = smllz +
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3.3. The main theorem

3.3 The main theorem

As told in the introduction, we consider a finite collection 9, of pairs m = (M,d) with M
a partition of [0,1” and d = (ds)jenr € N, and the corresponding collection of piecewise
polynomial models (S),)meom, as defined by (3.5).

We select a model Sy, by minimizing a penalized criterion crit(m) = ||Y — §,,||> + pen(m)
over M, i.e.

m = arg nrggtn {IY = 8ml2 + pen(m)} .

It remains to provide a penalty pen such that the model m is close to the optimal model, in
the sense that the PLSE 8§, satisfies an oracle inequality like (3.2).

For simplicity, let us start with the case p = 1 and the equispaced design x; = % Then,
the regression function s is a signal mapping [0, 1] into R, and the observations Y; correspond

to the values of s at the equispaced points x; = & perturbed by noise. We consider here two
standard choices for the collection of models (Sp,)mem,:

(R) The collection of piecewise polynomial models built on regular partitions with various
degree belonging to {0,1,...,d} on each subregion. A regular partition is a partition
whose elements have all the same measure with respect to the Lebesgue measure p. We

keep only the regular partitions which have less than IC,, = [W] elements (in order
that each subregion contains at least ~ (logn)? design points). We denote by M? the
family of regular partitions on [0, 1] with size smaller than IC,, = [m} , and by 4
the family of pairs m = (M, d) with M € M7 and d = (d;)jem € {0,1,...,d}M.

(IR) The classical collection of irregular piecewise polynomial models associated with the

collection smi{“d defined below. We consider a sub-series (:%(j))l <j<K of (z)1<i<n such

that: for any 1 < j < Kp, ¢(j + 1) — ¢(j) > (logn)?. We define M as the family of

all partitions with endpoints belonging to the grid (m¢(j))1 i<k (By taking this new

grid instead of the initial grid (xz = Z) we ensure that each subregion contains

n/1<i<n’
at least ~ (logn)? design points.) Then 9% is the family of pairs m = (M,d) with
M e MT and d = (dj)jem € {0,1,...,d}M.

In the collection of regular partitions M7, for any 1 < K < K,,, there is only one partition
with size K. Since the degrees of the polynomials are variable in the set {0,1,...,d}, there
is nevertheless a great number of models m € fmﬂd.

If we denote by 9], the collection of all pairs m = (M, d) with M a regular partition of [0, 1]
and d = (dj)jear € NM with no restriction on the degrees dj, then we have for any D > 1
and any 1 < K < D,

K
[{m € My; Dy =D and Ky = K}| = [ (di,....dx) e N D (dj+1) =D

j=1
~ (D-1
- \K -1
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And,

/D1
r. _ _ - __oD-1
{m € Mmy,; Dm—D}|_Kz_:1<K_1> =2

There are too many models in order to apply Baraud’s result [1].

Given the collection i)ﬁ:{d, the proposition 3.1 gives a form of penalty function which allows
to select a close to optimal model m, in the sense that the penalized least squares estimator
Sy, satisfies an oracle type inequality. This proposition is a consequence of theorem 3.1.

Proposition 3.1 Let b € Ry and o € RY such that inequality (3.3) holds. Let R a positive
constant such that ||s||cc < R.
We consider the collection of reqular piecewise polynomial models associated with zm’;;d.
Then there exists a universal constant ag such that for any o > ay:
taking
D
pen(m) > afd + 1)(0? + (d + 1)Rb) —=,
n
we have

. Cy(a,b,0%, R, d
2) < Culind {Js — s + pen(am)}y + POLT D),

E(lls —5m

For the collection of regular piecewise polynomial models, the proposition 3.1 recommends
penalties pen(m) proportional to Dn—m.

Since we do not know the constants «yg, b, 02 and R, we consider in practice penalties of the
form pen(m) = o/ Dn—m. Then we calibrate the multiplicative factor o/ according to the data,
using for example Massart’s heuristic [19, section 8.5.2, paragraph "Some heuristics"| or Birgé
and Massart’s rule [4, section 4] (see chapter 4, sections 4.4.1 and 4.5.2).

In contrary to M7, in the collection of irregular partitions MY, there are many partitions

with a given size K € {1,...,K,}. More precisely, |{M € MT; |[M|=K}| = <IC” B 1).

K-1

The proposition 3.2 gives a result similar to proposition 3.1 for the collection M whose
complexity is bigger than those of fmﬂd. It is also a consequence of theorem 3.1.

Proposition 3.2 Let b € Ry and 0 € R’ such that inequality (3.3) holds. Let R a positive
constant such that ||s||cc < R.

We constider the collection of irregular piecewise polynomial models associated with SN
Then there exists two universal constants oy and By such that for any o > ag and any G > Gy
taking

ir,d
n -

pen(m) > (d + 1)(02 + (d+ 1)Rb) <0¢l log <IC” N 1) + ﬁ—Dm> ,
n K, —1 n
we have

i C ’ 7b> 27R7d
%samﬂwﬁm—MM+mwmy%ﬂaﬁ o*, R,d)

I[:E(Hs—éﬁZ -
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For the collection of irregular piecewise polynomial models, the proposition 3.2 recommends
penalties

_ /1 ’Cn_l /Dm
pen(m) —aﬁlog Ky 1 —1—57. (3.6)

We can also choose a more elaborate form of penalty, like those used by Comte and Rozenholc
[10]: for any m = (M, d) with K, = |[M| = K and d = (d;)i1<j<k

K K
1 Ky —1
bencr(m) = - [ g (0 ) caltor ) ) 5+ 1) 405 D llou(ds + 1P|
J= J=

In [10], they theoretically validate this penalty when the perturbations (g;)i1<i<, are sub-
Gaussian thanks to the model selection result of [2]. Proposition 3.2 allows to validate it
when the (g;)1<i<n are only supposed to have exponential moments around 0.

(o) =(%)
K-1)-"\ K ’

we recover the penalty pen(m) = DT’" (o/’ log (5—;) + ﬁ//> proposed by Lebarbier [16] for col-

Using the inequality

lection of piecewise constant models defined on irregular partitions (which corresponds here
to d = 0), and used in chapter 4 for collection of piecewise affine models (which corresponds
to d =1). We give in chapter 4 two methods to calibrate the constants o and 8”. The same
methods could be used to calibrate the constants o/ and 4’ in (3.6).

Let us now go back to the more general issue of estimating a function s : [0,1]F — R
when we observe its values (perturbed by noise) at some points (x;)1<;<, D0t necessarily equi-
spaced. Thanks to theorem 3.1, we can get results similar to proposition 3.1 and proposition
3.2 when s : [0, 1] — R and the design points x; are "well distributed" in [0, 1]? (instead of
s:[0,1] — R and x; = 1).

For p = 1, in the two preceding propositions, we consider partitions of [0,1] composed of
segments containing at least ~ (logn)? design points. Now, we consider some collection M,,
of partitions of [0,1]” composed of hyperrectangle axis oriented regions, which all contain a
minimal number of design points.

We consider two types of collection of partitions M,,: "small" collections M,, in which the
number of partitions with a given size K is bounded by a polynomial function of K, and
possibly bigger collections M,, in which all partitions M are built from an initial partition My,
which is not too fine in the sense that each element of M contains a minimal number of design
points. More precisely, we assume that M, satisfies one of the two following assumptions:

(A1) there exists I' € R% and a € N such that: for any K > 1,
{M € M,; |M| =K} <TK*

R . 1 <i<n x
and then we denote by Nyuip Mlen/f/tn}gAﬂ where |J| =[{1 <i<n; x; € J},
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(A2) there exists some partition My such that: for any M € M,, and any element J of M, J
is the union of elements of M,

R < i ) : o '
and then we denote by Nyuip Jlenj\g 0|J | (< Mlen/\f/l ) Jlél{/[ |J| with equality if My € M,,)

The assumption (A2) allows to deal with large collections of partitions.

Remark 3.1 The collection M;, considered in proposition 3.1 satisfies (A1), and the collec-
tion M considered in proposition 3.2 satisfies (A2).

Given a collection 90, of pairs m = (M,d) with M € M,, andd = (ds)sen € {0,1,...,d}M,
the theorem 3.1 gives a general form of penalty involving weights (2, )mem, , and which leads

to an oracle type inequality.
The constants A(d, p), B(2d,p), C(d,p) and C"(d,p) only depend on the maximal degree d of

the polynomials and on the number of variables p. C(d,p) = (p —; d> . A(d,p) and B(2d,p)

are defined in lemma 3.4. C"(d,p) = 1+ v/2C(d,p)A(d,p) is defined in remark 3.2. The
constant x(a) = 8(2a + 5) if (A1) and 24 if (A2).

Theorem 3.1 Let b € Ry and o € R such that inequality (3.3) holds.

Let d € N, and M,, a collection of partitions of [0, 1]P composed of hyperrectangle axis oriented
regions and satisfying assumption (A1) or (A2) with Npin > k(a)A(d, ]9)23—22 logn.

Assume the points (X;)1<i<n to be distributed such that

k(a)A(d,p)? ﬁlogn

(4B(2d,p) + 1) 0® n

Let M, C {m = (M,d); M € M,, andd = (dj)jepm with dy < d}, and (y)meom, o family
of weights such that for some ¥ € RY.

Y ety (3.7)

meNM,

||Fn—FHoo§ op

Assume ||s|lco < R, with R a positive constant.
Let 6 € (0,1) and K > 2 — 6 two numbers.
Taking a penalty satisfying

2 2
pen(m) > KU—Dm +8v2(2-6)C(d,p U—\/Dma:m
n n

2 2
+| (12-0cn + 5) = v 2@ | o (35)
0/ n n
we have
R 2
E(lls - 8mla) < o {Ils = smll + pen(m)}
1 (2 -0) 4 o?
— 82— 1 27 V442l 2y
—i—l_H[S( 0)0(d,p)< +80(d,p)K+9_2>—|—9—|— ] -
6C"(d, p) Rb 9 2o
+71 _0 72"‘0((),0’ ,R, d’p)in(logn):g/Z

where C'(b,02, R, d,p) is a positive constant which depends only on b, 0%, R, d and p.
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This theorem gives the general form of the penalty function

2 2 2 Rb
pen(m) = K%Dm + </€1(9, d, p)%\/Dmxm + k2 (0, d,p)%mm>

The penalty is the sum of two terms: the first one is proportional to DT’" and the second one
depends on the complexity of the family 9, via the weights (2, )meom,. For 6 € (0,1) and
K > 2 — 0, the PLSE &, satisfies an oracle type inequality

. . C
E (||s — smHi) < 01171711f {Hs — SmHi + pen(m)} + ;2
where the constant Cy only depends on 6, whereas Cy depends on s (via R), on d the maximal
degree of the polynomials, on p the number of variables, on the family 9%, (via ¥) and on
the integrability condition of (g;)1<i<, (via o2 and b).

Given a collection M,, of partitions and a collection 9, of pairs m = (M,d) with M € M,,
in order to get a convenient penalty, we have to find weights (z,,) satisfying (3.7) and to
replace their expression in (3.8).
Let us denote by

C(K) =log|{M € M,; |M|=K}|.

Then the weights z,, = C(K,,) + aD,, with a > log2 satisfy inequality (3.7). And applying
theorem 3.1, we get that for any a > o and any 8 > [y a penalty satisfying:

pen(m) > C(d,p)(c* + A(d, p) Rb) <a@ + ﬂ%)

leads to an oracle type inequality. This result generalizes propositions 3.1 and 3.2. In practice,

we can take
’M + ﬁ’%

pen(m) = «

or more elaborate forms.

If we draw a grid in [0, 1] such that each cell of the grid contains at least Ny, design points,
and if M, is the collection of all partitions obtained by removing some axis of the grid, then

H{M e M,; |[M|=K}| < (%) where IC,, is the size of the partition associated with the

complete grid. In this case we can take penalties of the form

1 D
pen(m) = O/ﬁ log <II§;> + ﬁ/Tm.

3.4 CART extension to piecewise polynomial estimation

In this section, we first give an overview of CART in our regression framework. Then, in view
of the form of penalty given by theorem 3.1 for a tree-structured collection of partitions (like
the one built in the first step of CART), we explain how CART can be extended to produce
a piecewise polynomial estimator.
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3.4.1 An overview of CART

CART is an algorithm which builds a piecewise constant estimator of a regression function or
a classifier from a training sample £ = (x;,Y;)1<i<n. We focus here on the regression frame-
work with fixed design points as defined in the introduction by (3.1). In order to produce a
piecewise constant estimator of s from the points (x;, Y;)1<i<n, CART proceeds in three steps.

In the first step, CART builds a fine partition of [0,1]? by splitting [0, 1]” and the obtained
regions in two hyperrectangle axis oriented subregions as long as they contain a minimal
number N,,;, of design points. Each split is determined by minimizing the empirical least
squares criterion corresponding to histogram estimation. A useful representation of this re-
cursive construction is a tree of maximal depth, denoted by T},4.. This step is thus called the
construction of a maximal tree.

REMARK: The leaves of T4, form a fine partition My of [0,1]P. If T" is a pruned subtree of
Tinaz (i.e. a subtree with same root as T4z ), then the leaves of T' form a partition My of
[0, 1]? built from My. We write T' < Tyq, if T' is a pruned subtree of T),4,. At the end of this
first step, we have a collection (Mr)7r=<1,,,. of partitions of [0, 1]P built from M.

The second step, called pruning step, consists in selecting some pruned subtrees of T,u.
by minimizing a penalized least squares criterion. In this step, we have in mind that the
least squares histogram estimator associated with a too deep tree overfits the training data.
This is the reason why Breiman et al propose to select the smallest pruned subtree of T4,
minimizing the criterion

M

crito(T) = Ro(T) + a@,
n

where Ry(T") is the mean of the residual squares of the least squares histogram estimator
associated with T'. They prove the following result:

Proposition 3.3 There exists
e ap=0< 1 <...<ag a finite increasing series of parameters

o Ty =Thmee = T1 = ... = Tk a nested series of pruned subtrees of Ty, with the tree Tk
reduced to its root

such that, for any o < a < agy1, T is the smallest pruned subtree of Tiee minimizing the
criterion crity(T) = Ro(T) + a%.

REMARK: At the end of the pruning step, we have K + 1 candidates left. As (Ty,T1,...,Tk)
is a nested series of K + 1 different pruned subtrees, there is at most one tree for a given
number of leaves. And in general, we observe that many sizes are not represented. Thus K
is very smaller than |[{T" =< T}4z }|- The pruning step reduces the number of subtrees a lot.

In the last step, a final tree T is selected among the nested series (Tp,T1,...,Txk) via test
sample or cross validation. As K is small, we are able to calculate an estimation of the risk
of every histogram estimator associated with a tree of the nested series. We choose T which
has a minimal (or nearly minimal) estimated risk and s is estimated by the least squares
histogram estimator associated with T. In the following, this final selection is made via test
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sample.

As noted above, at the end of the first step of the CART algorithm, we have a collection
MEART — (My)r<r,,.. of partitions built from an initial partition of [0,1]P. In the classical
CART algorithm, the same training sample £ is used to build the maximal tree T},, and to
prune it, and the collection MS4%T depends on £. Like in [14] and in chapter 2 (or [23]), we
consider a slightly modified version of CART, where the first and second steps are respectively
done with a sample £; and an other sample L5 independent of £;. This modified version of
CART is easier to study since all steps are done with independent samples. Unfortunately, in
practice, when the number of observations is small, we can not use two different samples in
the two first steps.

3.4.2 CART extension to piecewise polynomial estimation

The first step of CART gives a collection (Mr)r<7,,,, of partitions built from an initial one.
Tnaz 1s constructed in order that the piecewise constant estimator defined on its leaves best fit
the data. Thus the collection (M7)r<7,,,. is well adapted to piecewise constant estimation.
In order to get a collection of partitions adapted to piecewise polynomial estimation, we build
for each 0 < d < dy4, @ maximal tree T)%,, whose associated piecewise polynomial estimator
with degree d best fit the data. The construction of T\ .. is modelled on those of T},e.. The
only difference between T\ . and T}, is that each split of T2 is determined by minimizing
the empirical least squares criterion corresponding to piecewise polynomial estimation with
degree d instead of histogram estimation. For every d, we consider the partitions (Mr)p<qa

and the models of piecewise polynomial functions defined on M7 with the same deg}egad
on each subregion. These models correspond to pairs m = (Mp,d) with d = (d,...,d) and

T < T2,.. For short, we denote m = (T, d) instead of m = (Mr, (d,...,d)).
We get the collection of models
dm(l(l?
M, = U {(Tv d) T= T#@ax}
d=0

In order to apply theorem 3.1 to the collection of models 9,,, we have to build T, ,Slm with a

sample £1 and then work with a second independent sample Lo. In this case, the collection
9N, is deterministic conditionally to L.

Thanks to Catalan inequality,

1 [2(K —1) 22K
< = < = <
HT T |Mr| KHK( K-1 >4K’

Thus, taking x,, = LD,,, = L|Mr|C(d,p) with L > 2log2 for any m = (T',d) € IM,,, we have

—Tm - 3
> e SZZM ”<Z4K1_€LK
meNy, d=0 K=1
_ “+oo (46 )
K=1
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Chapter 3. Piecewise polynomial estimation of a regression function

We deduce from theorem 3.1 that taking a penalty

Dy,
pen(m) = VC(dmaa:ap)(UQ + bRA(dma;mp))T

with v big enough, we have

. . D
B (s al2) < Gt { s = sl + Cldmars )0 + DA, ) 2 |

+ 02(77 b7 027 R7 dmazyp)
mn

As we do not know the constants b, o> and R, we consider the following form of penalty:

Dp,
pen(m) = a—
n
The corresponding penalized criterion is
D
crit(m) = ||Y — 8% + a7m

In order to find the model 7 = arg mi%n crit(m), we proceed in two steps:
me

- First, for every degree d, we select a subtree Ty of T¢ .. by minimizing among all

T < T2 .. the criterion
M
crty() = Ry(T) + aC(dp) 271
n
where Rq(T) = [|Y — §(7,4)]|2 measures the lack of fit of the piecewise polynomial

estimator with degree d associated with T. R4(T') is the analogue of Ry(T"). Like in
the CART pruning criterion critg(7"), the additional term is proportional to the number
of leaves of T. Thus we can get the tree Ty by the analogue of the CART pruning
procedure for piecewise polynomial estimation with degree d.

- Then we choose a degree d by

. A | Mg,
d =arg min Ry(Ty) + aC(d, p)
n

0<d<dmaz

Finally 7 — (Td d).
The trees (T 1)0<d<dma.s the degree d and the model depend on the parameter a. Thus we
should rather denote them by (74())o<d<dmna.. () and m(«).

By following the proof of Breiman et al, we get a result similar to proposition 3.3 for the cri-
terion crity. We denote by (a4, 1,d,---,k,4) and (To 4,114, - - -, Tk, q) the corresponding
series of parameters and subtrees. For any ajq < o < ap41,4, Tk,q is the smallest subtree
of T¢ _ minimizing the criterion crity(T) = Rq(T) + aC(d, p) | M|

max P
apd < o < apg1d, Ty(o) = Tg 4. The algorithm which builds these two series is the same as

In other words, for any
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3.4. CART extension to piecewise polynomial estimation

the CART pruning algorithm except that Ry is replaced by Ry.

Then, by putting together all series of parameters (aoq,@1.d,---,K,.d), 0 < d < dimga, We
get aseriesap =0 < a1 < ... < ag with K = Zj;"g” Ky Forany 1 <i < K, we find Td(ai)
in the set of subtrees {1y 4,714, .., Tk, q} and we calculate

A

d : r | MTd (o) |
(@) =arg min 3 Rq(Ta(aw)) +a;C(d, p)— ==

At this stage, we have a collection of models {m(ai) = (Td(ai),d(ai)); 1<i< K} whose
cardinal is smaller than K. (In the following example, K = 46 and we obtain 20 different
models.) Some models m(a) may not belong to the set {m(«a;); 1 <i < K}, but we observe
in practice that it is quite a rare situation, and we believe that we can forget them with no re-
gret. (In the following example, only one model m(a) corresponding to large a’s is forgotten.)

We choose the final model among {m(a;); 1 <1i < K} via the test sample L3.

A simulated example:

We simulate n = 1000 variables (Y;)1<;<, defined by:
Y = s(z;) + &, 1<i<n,

with (€;)1<i<n independent Gumbel variables renormalized such that they have mean 0 and
variance 1, z; = -, and 5: [0,1] — R

10 if0<z<0.2,
s(x)=475-1252 if0.2<z<0.6,
0 if 0.6 <z <1.

We build (7%, )o<d<3 the maximal trees corresponding to the degrees 0 < d < 3 by the
analogue of the CART growing procedure using a first sample L.

Then, for each degree d, we compute the series (g 4, 1.4, .., ok, .a) and (To.q, T, - - - Trcyd)
via the analogue of the CART pruning procedure using a second sample Lo.

We denote by ap = 0 < a1 < ... < ak the series obtained by concatenating the precedings
series of parameters. Here we obtain K = 46.

. . M
And we calculate d(q;) = arg Orgiirég {Rd(Td(ai)) + aiC(d,p)%}. We obtain only 20
different models m(c;). (Only one model with degree 0 and 5 subregions is hidden. It corre-
spond to () with o ~ 65.)
The table 3.1 gives the values of a;, d(a;) and \Td(ai)| for 19 <14 < 38.
Moreover

o for any 1.1420 < a < 1.1607, the selected model m(«) is always the same model with
degree d = 2 associated with a partition with 7 subregions,

e for any 1.1607 < o < 1.6816, the selected model m(«) is always the same model with
degree d = 2 associated with a partition with 6 subregions,
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Chapter 3. Piecewise polynomial estimation of a regression function

L L L L
[o} 0.2 0.4 0.6 0.8 1

Figure 3.1: plot of s

oy 1.0624 | 1.1420 | 1.1463 | 1.1607 | 1.1762 | 1.2975 | 1.3026 | 1.5743 | 1.6816 | 1.9360
d(a;) 2 2 2 2 2 2 2 2 2 3
[ Tg(es)l | 9 7 7 6 6 6 6 6 6 3
Q; 2.0420 | 2.0603 | 2.1260 | 2.8613 | 2.9912 | 3.7294 | 6.9802 | 9.0454 | 9.8319 | 36.5189
d(oy;) 3 3 3 2 2 2 1 1 1 1
[ Tg(es)| | 3 3 3 3 3 3 3 3 3 3

Table 3.1: Results of the model selection procedure
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3.4. CART extension to piecewise polynomial estimation

10 fmrm———= 2 i

Figure 3.2: plot of 5 and s

o for any 1.6816 < o < 1.9360, n(a) = n(1.6816) or 1i2(1.9360),

o for any 1.9360 < a < 2.1260, the selected model m(«) is always the same model with
degree d = 3 associated with a partition with 3 subregions, whose limits are 0.2010 and
0.5810,

o for any 2.1260 < o < 2.8613, 1(a) = 1 (2.1260) or 1 (2.8613),

o for any 2.8613 < a < 3.7294, the selected model () is always the same model with
degree d = 2 associated with a partition with 3 subregions, whose limits are 0.2010 and
0.5810,

o for any 3.7294 < o < 6.9802, ria(c) = 1(3.7294) or 102(6.9802),

e for any 6.9802 < a < 36.5189 (and even for 6 < a < 50), the selected model m(«) is
always the same model with degree d = 1 associated with a partition with 3 subregions,
whose limits are 0.2010 and 0.5340.

Using a test sample L3, we finally select the model with degree 1 and 3 subregions, whose
limits are 0.2010 and 0.5340. The corresponding estimator s is represented on figure 3.2. His
Ls—empirical risk is 1.0653. We get the right number of subregions and the selected degree
(which is enforced to be the same on each subregion) equals the maximal degree of s.

In practice, when the number of data is not big enough, we can not split the data in 3 samples
L1, Lo and L3. We try the same procedure as before by using the same sample £; = Lo for
the construction of the maximal trees (7%, )o<d<3 and for their pruning. We get the following
results.

By putting together the series of parameters obtained by pruning all T, we get a series
(cvi)o<i<rk with size K = 42. We obtain only 12 different models 7 («;) and for any o > 0

m(a) belongs to the set {m(a;); 1 <i < K}.
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a; 2.5740 | 2.5830 | 2.6721 | 2.8321 | 3.0063 | 3.1198 | 3.2613 | 3.3234 | 3.3651 | 3.5246
d(c;) 0 0 0 0 0 0 0 0 0 0
|T5(cvi)| 13 13 13 13 13 13 12 12 12 12

a; 3.5625 | 4.0520 | 5.1410 | 8.0859 | 8.4452 | 10.4688 | 11.0017 | 12.7039 | 25.1121 | 27.8815
d(c;) 0 0 0 0 1 1 1 1 1 1
ITi(g) | 11 10 10 10 3 3 3 3 3 3

Table 3.2: Results of the model selection procedure using a single sample £ = Lo

We write in table 3.2 a part of the series of oy, d(a;) and |TdA(aZ~)|. We see on this table
that the model with degree 1 and 3 subregions corresponds to larger values of @ when the
maximal trees (and thus the collection of models 91,,) are constructed with the same sample
as well used for the pruning step. When the collection of models 91, is random, the number
of potential models is bigger and the penalty has to be bigger too. From a theoretical point
of view, we have to consider a deterministic collection 9t which contains 90,. The weights
(Zm)meoo and thus the penalty will be larger.

In addition to the informations given in table 3.2, we have:

o for any 2.5740 < a < 3.2613, the selected model () is always the same model with
degree d = 0 associated with a partition with 13 subregions,

o for any 3.2613 < a < 3.5625, the selected model m(«) is always the same model with
degree d = 0 associated with a partition with 12 subregions,

e for any 3.5625 < o < 4.0520, the selected model m(«) is always the same model with
degree d = 0 associated with a partition with 11 subregions,

e for any 4.0520 < o < 8.0859, the selected model m(«) is always the same model with
degree d = 0 associated with a partition with 10 subregions,

o for any 8.0859 < a < 8.4452, m(a) = m(8.0859) or m(8.4452),

o for any 8.4452 < o < 27.8815 (and even for 8.1 < o < 53), the selected model 7 («) is
always the same model with degree d = 1 associated with a partition with 3 subregions,
whose limits are 0.2010 and 0.5780,

e for larger a, the selected model m(«) correspond to the degree d = 0 and partitions of
size 4, 3, 2 and 1.

By using a test sample L3, we finally selects the model with degree 1 and 3 subregions, whose
limits are 0.2010 and 0.5780. The corresponding estimator ss is represented on figure 3.3. His
L3—empirical risk is 1.0569. Thus 55 is a bit better than . In practice, we can make this last
step of final selection by cross validation instead of test sample.
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12

10 =

-2

Figure 3.3: plot of 55 and s

3.4.3 Some comments on MARS

The algorithm called MARS (Multivariate Adaptive Regression Splines), proposed by Fried-
man [12], as well builds a piecewise polynomial estimator of a regression function. This algo-
rithm can be viewed as an other extension of CART, which no longer relies on tree-structured
partitions (see Appendix). The main difference with our approach is that the estimator ob-
tained with MARS is continuous with continuous first derivatives.

The first step of MARS is a forward stepwise procedure which looks like the CART growing
procedure. It produces a large family of tensor product spline basis functions: {Bj, Ba, ..., By},
with B; =1 and

B = T2, [sue (#09) ~ 1.0

where s; 1, = £, v(i, k) € {1,2,...,p} is the number of a variable and ¢; ;, € R is a knot location.

The second step of MARS is a backward stepwise procedure which looks like the CART

pruning procedure. It removes basis functions that no longer contribute sufficiently to the

accuracy of the fit. In the MARS approach, a model S, is the linear space spanned by a

subset m C {Bj, Ba,..., By} which contains Bj. The second step of MARS selects a model
m by minimizing the criterion

e Dy + clm|\

GOV (m) = Y s (1- 222

where §,, is the least squares estimator of s over S,,, D,, = dim(S,,) and |m/| is the number

of functions in the set m. Friedman recommends ¢ = 3 in the general case and ¢ = 2 in the
additive case, which corresponds to the case where all basis functions B; are enforced to have
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-2
only K; =1 term. When n grows to +o0, (1 — Dm+c|m|) ~1+ 2Dm+c‘m‘. Thus

. . Dy, + clm
GOVim) = Y — 8l + 2 — 3 2t A
. o Dm +c|m
= Y~ 4 222
n
where 72 = ||Y — §,,]|2 is viewed as an estimator of the variance 72. Thus the criterion

GCV(m) is close to a penalized least squares criterion with a penalty term

9 Dy, + ¢|m)|

pengcoy (m) = 27 -

For piecewise polynomial models of the form (3.5), we recommend a penalty

2 2 2 Rb
pen(m) = KDy, + (mw, d,p) =/ Dt + (0 d,p>%xm) (3.9)
with x,, such that

Z e tTm <Y

m
Theorem 3.1 is not valid for the models S, involved in MARS. Since Birgé and Massart [4]
recommend the same form of penalty as (3.9) in a Gaussian framework for any countable
collection of models, we believe that a convenient penalty can be obtained here again by
choosing convenient weights and replacing them in expression (3.9).

If there is only one covariable = (i.e. p = 1), then the first step of MARS gives a family of
basis functions of the form:

Fir={L(x—-t)y, (1 —)4,...,(z —tx)t, (tx — )1}

The linear space spanned by Fj is the space of all piecewise affine functions defined on the
partition with subregion boundaries located at t1,...,tx, which are continuous everywhere.
We denote by m every subset of 77 which contains the function 1, and by S5, the linear space
spanned by m.

Lemma 3.1 Let G = {m C Fi1; 1 € m}.

oN—1 if N=1 or?2,
N -1
€Gy; Dy =N and |m| = N}| = K K
[{m € G1; Dy, and [m| =N} =1{ v L oN-3(N —9) f3<N<K+1,
_ N -2

Foranyd<D<K+2andany D+1< N <2D — 3,

K D -2
. _ _ _ 2D—N-3
{m € Gi; Dy, =D and |/m|=N}| = 2 <D—2)<2D—N—3>‘
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And for any 1 < D < K + 2,

(K41
{m e G; D,=D} < 3P 1(17-1)'

It follows from lemma 3.1 that we can take x,, = 2|m|+D, log K+2 or Ty, = Dy, (2 1+ log K+2>

aDy log 5£24-5/m| D (k’g 52+5)

Thus penalties of the form pen(m) = = or pen(m) = are con-
venient for the second step of MARS. Up to the factor log 75 K +2 , the proposed penalty pen(m)

has the same form as pengoy (m).

If we consider p variables x = (x!,...,2P) and if, during the first step of MARS, B is the
single function admissible for splitting, then the first step of MARS gives a family of basis
functions of the form:

d
f;g = {17 (‘Tl - t%)Jm (t% - x1)+7' B (‘Tl - t}(1)+7 (t}(l - J:I)Jm
o) (ij - t€)+7 (tf - $p)+7 EER) (ij - t};(p)Jru (t};{p - ij)Jr}

and we derive from lemma 3.1 the following lemma:

Lemma 3.2 Let gad {m C .7-"“17 1e m}

(K1
[{m € G3%s Dy =D}| < >, WP <DZ - 1>

(D1,...,Dp)
i Di—(p—1)=D

D -1
< D—1 mazx
< (%))

where Dpgr = (Ele Ki)+p+1= dz‘m(}"gd).

aDy, (log %Jrﬁ)
- .

Thus we suggest a penalty of the form pen(m) =

3.5 The key to determine an adequate form of penalty: a con-
centration inequality for a \? like statistic

This section is more technical. First we recall an expression of ||s — § |2, already used in
[4] and in chapter 1, which allows us to see that the penalty pen(m) has to compensate the
deviation of a x? like statistic, denoted x2,, in order that the PLSE &, satisfies an oracle type
inequality. Then, in lemma 3.3, we give a concentration inequality for x2,. This concentra-
tion inequality is the main point of the proof of theorem 3.1, the remaining of the proof only
consists in technical details.

As noted in (chapter 1, section 1.4), we get from the definition of m that, for any 6 € (0, 1),

1 =0)s—3alz = 2=0)lenln —2(es = sm), —Olls — smlls —pen(rm)  (3.10)
inf — °om 2 _ m 2 2 ) T
+ it {lls = smllh ~ lleml: +2 (€5 = sm),, + pen(m)}
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where, for any model m, s,, = arg min ||s — u||? and &, = arg min || — ul|2.
UESm uESm

To get an oracle type inequality, the penalty pen(m) has to compensate, for all model
m = (M,d) € M, simultaneously, the deviations of the statistics

o Xon = lemlli = X senr IMsa,elly
where II;4, denotes the orthogonal projection of R™ on the space corresponding to
polynomial functions with degree smaller than d; and support in J.

o (e,5— Sm),

Thanks to assumption (3.3), it is easy to obtain the following concentration inequality for
(6,8 = Sm)p:
for any « > 0,

P <j: <E,8— Sm >p> SmllnV2x + — <max |s(x;) — SM(XZ)O :1:) < e "

\FIIS

The main point is the study of the deviations of the x? like statistic x2, around its expecta-
tion. The following lemma gives a concentration inequality for x?,.

Lemma 3.3 Let b € Ry and o € R such that inequality (3.3) holds.
Let d € N, and M,, a collection of partitions of [0, 1]P composed of hyperrectangle axis oriented
regions and satisfying assumption (A1) or (A2). We denote by Npin = inf inf |J|.

MeMypJeM

Let 6 >0 and Qs = ) {VJ € M; |11y 4¢|ln < 6024/ |J}
MeM,,

If the points (x;)1<i<n are distributed such that

inf inf p(J)
MGMnJEM

20+2B(2d,p)

||Fn - FHOO =
then for any partition M € M, for any (dj)jenr € NM with all dy < d, and for any x > 0

o2
P (Xmll95 > —D,, +4C(d, p) (1 +05C"(d, p))\/2Dpx + 2C(d p) (1 +05C'(d, p))x > <e”*

and
a+l 5262 N _ . .
P(02) < 2I'C(d, p) (sz> exp (20(dp§(1+§)\g7g/7zd,p))) if (A1) is satisfyed,
6) = . . .
2C(d, p) N exp (20( 7p‘§?1i]b\g"é}f&d p))> if (A2) is satisfyed.

If b =0, we do not need to truncate x2, with Qs and for any x > 0

2
P(xfnz D, +4C(d,p)— \/2Dmm—|—20dp—a:><e‘”

The constants A(d,p), B(2d,p), C(d,p) and C'(d,p) only depend on d and p. A(d,p) and

B(2d,p) are defined in lemma 3.4, C(d,p) = dim Ry[z!,... 2P] and C'(d, p) = %A(d&)-
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Remark 3.2 Under assumptions of lemma 3.3,

o if Npin > 2(a + k +1)C(d, p) 282 1og n,

r §%o? 1
P(Qf) <
(25) < (a+k+1)(1+b5C"(d,p)) n¥logn

with a =0 and I' = 1 if assumption (A2) is satisfyed instead of (Al1).

where C"(d,p) = 1 ++/2C(d,p)A(d,p), and thus, for any model m and for any x > 0,

o if ||sl]lco < R, then, for any model m, ax |s(x;) — sm(x;)| < RC"(d,p)

bC"(d
]P’(:i:<€,5 Sm >n> |5—5m||nv2x+mx> < e ' (311
n

\/—\
3.6 Proof of lemma 3.3

To prove lemma 3.3, we consider for any hyperrectangle axis oriented subregion J C [0, 1] and

any dy € N, a family (¢1,7, ¢2.7, ..., ¢p,,7) of polynomial functions with support in J and de-

gree < d y such that the corresponding vectors ((¢1,7(Xi))1<i<n, (02,7(Xi))1<i<ns - - - (¢D,,7(Xi))1<i<n)
form an orthonormal basis of the linear subspace of R" corresponding to polynomial functions

with support in J and degree < dj, according to < .,. >; the Euclidean scalar product of

R™ scaled by a factor |J|71. In other words, the (¢x s)1<k<p, are polynomial functions with
support in J and degree < dj such that:

° |_L17\ Y oxieg Pk (Xi)bu(xi) = Wk,

e for any polynomial function g with support in J and degree < d, the vector g(x;)1<i<n
is a linear combination Of ((¢1,J(Xi))1§i§na (¢2,J(Xi))1§i§na ey (¢DJ,J(Xi))1§i§n)-

The number of functions Dj; depends on (dj,p) and on the z; € J but is always upper
bounded by C(dy,p).
Thanks to the function ¢y, 7, we can write

lemlin = D Maeli = > Z <, ¢>k 7 >h

JeM JeM k=1

We need to upper bound the sup-norms supyc s [¢x,7(x)| for any 0 < k < D; and any region
J by a constant which depends only on (d, p) and not on J nor on the points x; € J.

Let us recall that the Legendre polynomials, denoted by (L )]>0, form an orthogonal basis
of (R[], L*([~1,1])) and satisfy sup,e_q 17 [L;(2)] = 1 and fil Lj(z)?dz = (j + 5) . Thus

(PJ =4/j+ %Lj>j>o are orthonormal polynomials of (R[z], L*([-1, 1])) and
1
sup | F;(2)| =1/ + 3
z€[—1,1]
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Chapter 3. Piecewise polynomial estimation of a regression function

And therefore for any P € Ry[z],

/2
d+1</1 ) )1
su Plz)| < —— P(z)*dx .
we[—Il),l]‘ @) < V2 -1 @)

The lemma 3.5 and corollary 3.1 state that we have a similar result when we replace Ry[z] by
Ry[z!, ..., 2P] and the L?([—1,1]) scalar product by a [? discret scalar product associated with
a set of points x; = (z},...,2%) "well-distributed" in a hyperrectangle axis oriented region
like [0, 1]7.

The lemma 3.4 defines the constants A and B involved in lemma 3.5 and corollary 3.1.

Lemma 3.4 For any g € CP([0,1]P), we define

P P p—1
N(g) = ‘L + g 0,...,0,1,0,...,0)
01 ...07p || P O0xy...02,10Tk41 ...02) ~
2|l g
.. —(1,...,1,0,1,...,1 1,...,1)].
bt [0 0 )| gt )
Jj=1 o0
N is a norm on CP([0, 1]P).
Since Ry[x] = Ry[z?t, ..., 2P] C CP([0,1]P) is a linear space with finite dimension, there exists

two positive constants A(d,p) and B(d,p) such that, for any f € Ry[x],

o [l < Al p)\/ [ Fix)2x

o N(f) < B(dp) [ |f(x)|dx
A(d,p) and B(d,p) only depend on d and p.

Lemma 3.5 Let (x;)1<i<p n points in [0,1]P. Denote F' the uniform distribution function on
[0,1]P and F,, the empirical distribution function associated with (X;)1<i<n as defined by (3.4)
i section 3.2.
If
1
sup [Fp(x) — F(x)| < oo
x€[0,1]P " 2B(2d, p)

then, for any f € Ry[x] = Ry[z?!, ..., aP],

sup |f(x)| < V2A(d,p)
x€[0,1]P

where A(d,p) and B(2d,p) are the two positive constants defined in lemma 3.4.

Corollary 3.1 Let (x;)1<i<n n points in [0,1]P and J an hyperrectangle azis oriented subre-
gion of [0,1]P. Denote |J| = |{1 <i <mn; x; € J}|, Fy the uniform distribution function on
J, and F, j the empirical distribution function associated with the points x; € J.

If

1
sup [Fp,(x) — Fy(x)

< — 3.12
xeJ | o QB(Qdap) ( )
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then, for any f € Ry[x],

supl ()] < VIA(d,p), [ 3 Flxi)? (3.13)

xeJ |J| x;€J
where A(d,p) and B(2d,p) are the two positive constants defined in lemma 3.4.

Remark 3.3 What is important in this result is that the constant \/iA(d, p), which appears
in inequality (3.13), does not depend neither on the region J nor on the number |J| of points.
In order that assumption (3.12) is satisfied for any hyperrectangle region J € M, M € M,
and for the points x; € J, we suppose that

inf inf u(J
winh,, o #)

F, — F|x <
1= Flloe = 750250 )

Then, thanks to corollary 3.1, for any hyperrectangle region J € M, M € M,, and any
d; <d, we have:
V1<k<Dj ¢l <V2A(d,p)

Let first prove lemma 3.5. Then we use its corollary to prove lemma 3.3.

PROOF OF LEMMA 3.5

Let F' the uniform distribution function on [0, 1]? and F,, the empirical distribution function
associated with (x;)1<i<n as defined by (3.4) in section 3.2.

For any function f € CP([0,1]?), by integrating part by part with respect to each variable z7
the term [ ... [(Fu(a',...,a?) — 2. . aP) L (2!, ... 2P)dz' ... daP, we get that:

ozl...0xP

/.../f(xl,...,xp)dxl...da:p—%éf(a:il,...,xf)

P
= (—1)p_1/.../(Fn(xl,...,xp)—xl...xp)%(xlj'“’xp)dlﬂl“'dl,p
p

k=1 itk 0x7) jk
+
Y F,(1 1,27.1 1 e 1 1,27,1 1)da?
+ JZ:; (n(> , L, 1. ) ) )@(? , L,xh, 1, ) )l‘
Thus

< |[Fn = FlloN(f)  (3.14)

'/.../f(:z:l,...,xp)dxl...dxp—%Zf(:z:il,...,xf)

i=1

where N is the norm on CP([0,1]P) defined in lemma 3.4.
Let P € Ry[x]. According to (3.14) with f = P? and to lemma 3.4, we get that

‘ / P(x)2dx — % znj P(xi)? !
i=1

1
<H&—H&N@5<§%EEN@%<§/H@%X
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Chapter 3. Piecewise polynomial estimation of a regression function

and thus

It follows from lemma 3.4 that

IPlloc < V2A(d, p)

We are now able to prove lemma 3.3.

PROOF OF LEMMA 3.3
Let m = (M,d) where M € M,, and d = (dj) jenm € {0,1,...,d}M.
Then

Xom = llemlin = D Mg el
JeM

As, for any J € M and any d; < d,

ITLya,ellz < [Myqellz

J
Ml < 3022

J
Zy = |Ta,cl A <520—4|—n|>

(Z71) jepr are independent random variables such that:

on the set (5,

Let denote, for any J € M,

e on the set Q5 X2, = > e 2

2

o E(Z;) <E(|Wyq,el2) =Dy < Cdy,p)%,

e and for any k > 2

[J]

do? \/7
E (|ZJ|’€) - /O 2t 1P (|| g, el > t) dt (3.15)

In order to upper bound E (|Z,|¥), we first upper bound each P (||IL; 4,&l|, > t). We use the
functions ¢ s defined above to decompose ||IL;4,¢|/? as follows:

ITLya,elln Z <eg, <l5k 7>z
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Then

P(|MLya,clln =) = (Z <g, <l5k 7> t2>

2
< ZP<<€ ‘¢kJ>nZ ;—J)
< ZP <'< €, ‘¢kJ > > \/;—J> (3.16)

Thanks to assumption (3.3), we get that for any 0 < ¢ < do?4/ = 1l

IN

2exp

t
P<‘< o\ TR > 2 ﬁ)

2D, ( L 71 o, JHoo\/—)
—t2
2DJ%2 (1 + %H%,JHw)

< 2exp

Dy < C(dy,p) < C(d,p) and according to corollary 3.1 we get that ||¢x 1|0 < V2A(d,p).
Thus, for any 0 < t < o \/ o M

P([<eTons >

where C'(d, p) = C(d )A(d D).

L) < 2exp —t
VvDj) ~ 2C(d, p)Z (1 4 b5C'(d, p))

It follows from inequality (3.16) that, for any 0 < ¢ < Jo? Vo M

)
P([ya,elln =t) < 2C(ds,p)exp (20(d )2 (1t+ b (d. p))> (3.17)

and equality (3.15) gives:

k oo 2%k—1 —t?
E(|Z,%) < / AC(dy. p)kt? 1 ex dt
(| 4 ) 0 (1,p) P\20(dp)Z (1 + bsC(d, p)

Integrating part by part, and summing with respect to J € M, we get

2 2

S E(zh) < Sp (4C<dp)

k—2
(1 +b5C"(d, p))>
JeM

2
(1 +0b5C(d, p))) (20((1 p)
Thanks to Bernstein inequality we obtain that for any = > 0

o2 o2 o2
(Z Zj > —D, +4C(d, p) (14 b3C"(d, p))\/2Dpmx + 2C(d p) (1+ béC/(d,p))a:> < e"
JeM
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Chapter 3. Piecewise polynomial estimation of a regression function

Since x2, = > jem Zg on the set €y,

n

2 2 2
P (x%Hm > %Dm +40(d, p) T (1 + b3C"(d, p)) /2D + 2C(d, p)%(l +b6C"(d, p))x) < @

It remains to upper bound P().
Thanks to inequality (3.17), for any J € M, M € M,,, we have

P <‘|Hj,d€||n > o |—Z|) < 2C(d,p)exp (

—6%202|J|

2C(d,p)(1 + bc56”(d,p))>
—52U2Nmm

2C(d,p)(1 + bc56”(d,p))>

< 2C(d,p)exp (

If M,, satisfies (A1), then summing these inequalities over J € M and over M € M,,, we get

a+1 252
n —0%0°Npy
. . min )
(€25) < 2I'C(d,p) <N m> ¢ p(QC(d,p)(l—l—béc/(dap)))

If M,, satisfies (A2), then Q5 = {VJ € My; ||y 4¢|n < 6024/ %'} and we only need to sum

the preceding inequalities over J € My. We then get

n _520.2]\/' .
. < n min .
P(Q5) < 2C(d,p) N, P (20((1’ p)(1 4 b6C"(d, p)))

3.7 Proof of the theorem

The proof is exactly the same as the proof of theorem 1.1 in chapter 1. The only difference
is that we use the concentration inequality of lemma 3.3 instead of lemma 1.1, and that we
need again the upper bound of corollary 3.1.

For simplicity, we write the proof for the case (A2) where all partitions are built from an
initial one denoted by M.

Let # € (0,1) and K > 2 — 4.

According to (3.10),

(L—=0)[|s — 8al2 = Ap + inf R (3.18)
where
Ay = 2-0)|emll? —2<e,5— 8m >n 0|5 — 5|2 — pen(m)
Ry = |ls = smlls = llemlls +2 < &,s = s >y +pen(m)
2 J 2 J
Let denote Q2 = MeﬂM {VJ € M; ||y qelln < soram V 7'} = {VJ € Mo; || yqelln < m\/%}
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3.7. Proof of the theorem

Thanks to lemma 3.3,

- 2Nmm
P (Q°) < 20(d, p) 2 >

n
Noin P <4C<d, p)b2C"(d, p)?

and, for any m € 9, and any z > 0,

o2
<H5m|| IIg > —D,, +8C(d,p)— \/2Dmx—|—4C d,p —m) <e™® (3.19)

Thanks to inequality (3.11), we have for any m € 9, and any x > 0,

RVC"(d
P (— < E,8— Sy >p> SmllnV2x + #x) < e ”® (3.20)

\FIIS

Setting © = x,, + £ with £ > 0, and summing all inequalities (3.19) and (3.20) with respect
to m € M,,, we derive a set E¢ such that:

P (Eg) < e—69%)

e on the set E¢ (), for any m,

2 2 2
Ap < (2— 9)%Dm +8(2 - 0)C(d, p)%\/wm(a:m YO +42- H)C(d,p)%(a:m +€)
27 s = sl /B 46 + 2D g

~0]ls = smll5 — pen(m)

Using the two following inequalities

2% |5 = sl \Tm ) < Olls — smll2 + 2% (2 + ),
8(2—0)C(d,p) % /2Dy (wm + €) < 8V2(2-0)C(d, p) % v/ Dyt +4v/2(2—0)C(d, p) & (nDy + 17 '€)

with n = 4\/501@ )Kja 2> 0 we deduce that on the set E¢ (€, for any m,
o? o?
Am < (2 - 9)_Dm + 8(2 - H)C(d,p)— 2l)m(mm + 5)
n n
2\ o? Rb
+ (42 - 00 +3) T +9) + 2000 Do+
—pen(m)
o? o? 2\ o2 Rb
< K—Dp, +8V2(2—60)C(d,p)—/Dmzm + <4(2 —-6)C(d,p) + 5) — T + 20" (d, p)—p,
n n n n
2-6) 27 o2 .. Rb
+ [4(2 0)C(d,p) (1 +80(d,p)K+0_ 5 + 7| ¢£+2C"(d,p) - ¢ — pen(m)

Taking a penalty pen wich compensates for all the other terms in m, i.e.

o? o? 2\ o? n, A2
pen(m) > K —D,,+8V2(2—60)C(d, p)—/Dmzm~+| [ 4(2 — 0)C(d, p) + 7)o +2C"(d)— | xm
n n n n
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Chapter 3. Piecewise polynomial estimation of a regression function

we get that, on the set F¢ (),

8 < 1= 0)ctan) (14805 ) + 2] Tev e e

In other words, on the set Eg,

Anita < [12 - 010t (1+ 50 2200 + 2 Tevacran e

Integrating with respect to &,

E(Ap o) < [8(2 —0)C(d, p) <1 +8C(d, m%) + %] %22 +4C"(d, p)%z. (3.21)

We are going now to control E (inme ]lg).
m
Thanks to inequality (3.11), for any m and any = > 0

bC"(d,
P((m Sm),, > \/_HS—SmH \/2x+w ) < @
Thus we derive a set F¢ such that

o P (Fg) < ety

e on the set Fg, for any m,

"
<€75_8m>n S M
n

2(xm + &) + (@m +§)

\FIIS smlln

It follows from definition of R,, that on the set F¢, for any m,

Rb
By < s = sl +2 fus Sl /2 (@ +€) +20"(d,p) > (2 + &) + pen(m)
2 " Rb
< 2= sl + 2% (@04 ) +207(d ) (304 €) + penim)

2

< 2||s = sml|2 + 2pen(m) + 2%5 + 20”(d,p)%§
And
E (i%me]lQ) < 2inf {||s — sml2 + pen(m) } (3.22)
o? Rb

1275 4 20"(d, p) 28
n n
We conclude from (3.18), (3.21) and (3.22) that

(10 (s — 3l21a) < 2inf {[s — sl + pen(m)}

4 2 b
> ot 2] 75 16" (d,p) Py
0 n n

(2-10)

+ [8(2 —0)C(d,p) <1 R gy
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3.7. Proof of the theorem

It remains to control E (|[s — 3, [|21lqc), except if b= 0 in which case it is finished.

E(lls = salallos) = E(lIs - sallalloc) +E (leql; Loe)
E (|lsl71ae) + E (llemo I 1To-)
R?P(Q°) + VE (llem[I2) VP (Q°)
where mg = (Mo, dp) and dop = (d,d, ... ,d).

IA

IN

2
. D .
By developping ||em, |5 = <ZJ€M0 Diei <& /TP >%> and using [|¢x, 7 [|oe < V2A(d, )
(cf corollary 3.1) and |Mo| < 72—, we get
C(d,p,b,0?%)?
E (||€ H4) < BT/
mon N??@m
Thus we have
C(d,p,b,0?)

E(||s — 8mlilg) < R?P(Q°)+ P (Qc)

Nmin
Let us recall that

P (92°) <2C(d,p)

n ox —O'QNmin
Noinn - P\ 4C(d, p)b2C"(d, p)?

For Ny > 12C(d, p)C'(d, p)* 25 logn,

o? 1

P(Q°) <
() = 6b2C"(d,p)? n?logn

and

1

— 5 P o) < 2 - -
E(Hs sm||n]lg) < C(b,a,R,d,p)n(logn)3/2

Finally we have the following result:
Taking a penalty which satisfies for all m € I,

o? o? 2\ o? " Rb
pen(m) > K;Dm+8\/§(2—9)0(d, P)—VDmwm+ | (42 = 0)C(d,p) + 5 | — +2C"(d,p)— | om

we have

E(lls = 3nllz) < inf {||s — s[5 + pen(m) }

1-6
1 (2-0) 4 o?
— 2—-0)C(d 1 d,p) ——— —+2| —X
1o e - ocn (14 scan oyt ) v+ 2 5
6C"(d,p) Rb 9 M0
Rl St 2 ke B
* 1-60 n +Cbo 7R’d’p)n(logn)3/2

95






Chapter 4

Application to Accelerating Life Test

Ce chapitre présente un travail réalisé en collaboration avec Marc Lavarde.

Abstract: The Accelerating Life Test log-linear model assumes that some specified percentile
of life has a log-linear relationship with the stress. Since this model does not always lead to
good results, we consider here piecewise log-linear models associated with a collection M,, of
partitions of the stress set. We determine a penalized least squares criterion which selects a
close to optimal partition, in the sense that it satisfies an oracle type inequality. The the-
oretical result gives a penalty defined up to multiplicative constants. Then we propose two
methods to calibrate the constants according to the data.

Keywords: Accelerating Life Test, model selection, regression, Weibull log-linear model

4.1 Introduction

Accelerating Life Test (ALT) are used in reliability engineering to obtain timely information
on the times-to-failure distributions of components and systems. Rapid change in technology,
shorter periods in product development, and higher reliabilities of products, make accelerated
tests even more useful and important in today’s industries. Test units are subjected to higher
than usual levels of stress, such as temperature, voltage, force, humidity, vibration, dust, and
use-rate. Then, the test results are extrapolated from the test conditions to the usual use
conditions, via a physically reasonable statistical model.

An ALT model specifies the time-to-failure distribution (for example the lognormal or
the Weibull distribution) and the relationship between the stress variables (for example the
temperature and the voltage) and the parameters of the distribution. Given a time-to-failure
distribution, the log-linear model assumes that some specified percentile of life ¢, has a log-
linear relationship with the stress, i.e.

P
logt, = co + Z ajxj
j=1

where the 27 are known functions of one or more basic engineering stresses, which are selected
according to the failure mechanism. The percentile ¢, is chosen according to the assumed
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Chapter 4. Application to Accelerating Life Test

underlying distribution of the life-time. Many well-known and commonly used ALT models,
like Arrhenius model and Inverse Power model are special cases of the log-linear model. The
table 4.1 recalls these classical examples of Life-Stress relationships. In the following, we
consider the Weibull log-linear model.

Model Relationship | covariate transformation
Arrhenius tg= Ae? T = %
Inverse Power tg = KLV; x=IlogV
Combination 1 tg = C{ﬁ—? rl = % and 22 = logV
Combination 2 | t, = Aet+ P % and z? = %

Table 4.1: Some common Life-Stress relationships.

The Weibull log-linear model is one of the most widely used ALT models in reliability
engineering. In this model, we consider that the time-to-failure follows a Weibull distribution

with parameters 1 and G:
B—1 s
t _(t
ro=2(2) )
n
The Weibull scale parameter 7 is the percentile tg3.2 and is supposed to be a log-linear function

of the transformed stress variables:

P

10g’l7 = log t63.2 =+ Z aj:cj
j=1

The Weibull shape parameter (§ is assumed to be constant or at least independent of stresses.

1 [z

We denote by p = logn — % and by 7 = 3\ where v = 0.5772... is Euler’s constant.
Then denoting by Y the logarithm of the life-time, we have:

Y = pu+Z2
p .
no = ao—i-Zaj:z:] (4.1)
j=1
where Z is an unobservable random variable with mean 0 and variance 72, and (ag, a1, . . . , ap, T)

are unknown parameters. 37—+ is a standard extreme value variable, i.e. fZ—v ~ SEV(0,1)

. . 2
(it has mean —v and variance % ).

Given a model, after the accelerated test, the next step is to fit the test results to the model,
i.e. to estimate the model parameters from the test data (x;,Y;)1<;<n where x; = (z},...,2%)
are the values of the transformed stress variables to which the i*" component is subjected
and Y; is the logarithm of its time-to-failure. Recall that all x; correspond to higher than
usual levels of stress. The estimators (aog,a1,...,a,,7) of (ag,a1,...,a,,7) allow to under-
stand the relationship between the stress and the time-to-failure. For a usual level of stress

x = (xl,...,2P), i(x) = o+ 8, a;jx’ is an estimator of the mean of the life-time logarithm.
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4.1. Introduction

In some situations, the classical log-linear models described before lead to bad results.
One possible explanation is the following: the component may have several defects denoted

by D1, Do, .... The defect Dy causes the failure in usual levels of stress. The other defects
are less serious and never cause the failure in usual levels of stress. They only break under
very high levels of stress. So estimating the parameters (ag,a1,...,ap, ) according to test

data with too high levels of stress, and extrapolating the relationship (4.1) for usual levels of
stress, may lead to bad results. During the test, the value of the stress variables have to be
large enough to get timely information, but should not overstep the threshold up to which
the other defects Do, ... are detected. Our aim is first to determine the right region of stress,
and then to estimate the unknown parameters from the observations corresponding to stress
values belonging to this region.

The weaknesses of the log-linear model and the possible existence of defects causing failures
only under over-stress conditions lead us to suggest a piecewise log-linear model. We replace
the relationship (4.1) between u and the transformed stress variables a7 by the following one:

p
p= Z ao,s + Z ajgr’ o Uxey
JEM j=1

where M is an unknown partition of the transformed stress set S. We consider a collection
M, of partitions of S, and for each M € M,, we denote by Sys the space of piecewise linear
functions defined on the partition M. We determine a penalized least squares criterion which
selects a close to optimal partition M. In order to get informations on the time-to-failure
under usual stress levels, we recommend to use only the region J of M which corresponds to
the smallest values of stresses. The other regions are over-stress regions.

In ALT, estimation is usually performed via maximum likelihood method. Unfortunately,
for the Weibull model, there exists no analytic solutions to the maximization of the likeli-
hood. We can use one of the algorithm implemented to determine the maximum likelihood
estimator or move to the least squares estimator. One of the advantage of the least squares
criterion is that it does not depend on the underlying distribution. In this paper, we use a
penalized least squares criterion to detect the change points in the behavior of the logarithm
of the life-time. We select a partition M and, at the same time, we estimate the parameters
(a0,7,a1,7 - ,ap.5) jeyy Dy a least squares method. If the maximum likelihood method is

preferred, after getting the partition M from our penalized least squares criterion, one can
remove to the maximum likelihood criterion to estimate (ag s, a1,7,. .- 7(1p7J)J€M.

The main result of this paper is a consequence of theorem 3.1 (chapter 3). It determines a
penalized least squares criterion which allows to select a close to optimal partition of the stress
set. This penalized criterion does not depend on the underlying distribution of the life-time.
We only assume that the random variable Z has exponential moments around 0, which is
the case when the life-time is Weibull distributed. The theoretical result defines a penalty
up to multiplicative constants. In a second part of this paper, we propose two methods to
calibrate the constants according to the data. We explain their heuristics and evaluate their
performances on simulated data.
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The paper is organized as follows. The section 4.2 presents the statistical framework and
some notations. The section 4.3 gives a simplified version of theorem 3.1 and the form of
penalty to be used to select a partition M of the stress set. We end this section with some
indications to compute M. The sections 4.4 and 4.5 present two methods to calibrate the
unknown constants of the penalty.

4.2 The statistical framework

For simplicity, the transformed stress set S will be taken to be [0, 1]P.

We observe n pairs (x;, Y;)i1<i<n, where

1 p

o X; = (x;,...,2;) € [0,1] are the p values of the transformed stress variables to which

the it" test unit is subjected,
e Y is the observed life-time logarithm of the i** test unit.

We assume that
Y, = wp(xi)+7Z;

where (Z;),<;<, are independent and identically distributed (i.i.d.) unobservable random
variables with mean 0, variance 72 and exponential moments around 0.  and 7 are unknown
parameters. p is a function of the transformed stress variables and 7 is a positive constant.

We consider piecewise linear models for the parameter . Let M, some collection of partitions
of § = [0,1]P. For any partition M € M,,, we denote by Sy, the space of piecewise linear
functions defined on M:

p
Sy = x:(xl,...,xp)—> Z (107J+Z(1j7j.’£] Uxes; aj7 €R (4.2)
JeM =1

S is the piecewise linear model associated with the partition M. It is a linear space with di-
mension Dy; = (p+1)|M|. We do not assume that p belongs to one of the models (Sis) pmrem,, -
The (Snar)amem, are only approximations of the reality.

For any partition M € M,,, we denote by fias the least squares estimator of u over Syy.

fine = arg min v, (u) where v, (u) = [|Y — u”i
uESH

II]|l. denotes the Euclidean norm on R™ scaled by a factor n~1/2 and, for a function u, the

vector (u(x;))i1<i<n € R™ is denoted u too.

fiar is the piecewise linear estimator belonging to Sjp; which plays the role of benchmark

among all the estimators in Sy;. Denoting pyr = arg Lrbrélsn lr —ul|?, the quadratic risk of the
M

estimator fips is

o dimgn (Shr) 2 (p+1)|M|
n

E (lu—aullz) = lln— pully +7 <l —pally +7
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The risk E (|| — fiar]|2) measures the prediction accuracy obtained with the partition M (and
more precisely with the least squares estimator fipy).

As (Z;)1<i<n are assumed to have exponential moments around 0, there exists two positive
constants b and o such that

0.2 2
VA€ (—1/b,1/b) log E (e)‘Zi> < 2(1_7% (4.3)

o2 is necessarly greater than 72 and can be chosen as close to 72 as we want, but at the price

of a larger b.

In the following lemma, we define two positive constants A(p) and B(p) which only depend
on p and which appear in theorem 4.1. Let £, the space of linear functions on [0, 1]7.

P
L,=(x= (zh,...,2P) —>ao+Zaj:1:J; (ap,a1,...,ap) € RP
7j=1

We consider three norms on £, the supnorm ||.||e, the L?([0,1]?)-norm and the norm N;
defined as follows: for any f: (x!,...,2P) — ag + E?Zl a;jx?d, Ni(f) = E?:o |ajl.

Lemma 4.1 Since L, is a linear space with dimension p+1, there exists two positive constants
A(p) and B(p) such that, for any f € L,,

o [l < AN/ [ F(x)%x
o 2Ni() < VBW)/ [ £

A(p) and B(p) only depend on p.

4.3 The main theorem

Let My a partition of S = [0, 1]P composed of hyperrectangle axis oriented regions and M,, a

family of partitions composed of hyperrectangle axis oriented regions built from those of My,

i.e. for any M € M,, and any element J of M, J is the union of elements of My. We consider

the corresponding collection of piecewise linear models (Sas)arem, as defined by (4.2). We

denote by Npin = Jienj\g |J| where |J| = |{1 <i <mn; x; € J}|. In order to estimate the p+ 1
0

parameters (ag j,a1,J,...,ap y) for any region J, we need Ny, > p + 1.

The ideal partition M* is the one which minimizes the quadratic risk E (|| — fiar]|2) over
all M € M,,. It is not necessarily the true partition (when a true partition exists), but the
partition which allows to get the best prediction accuracy. Our aim is not to determine all
the true change points of p, but to determine stress regions which lead to good predictions.
Unfortunately M* depends on the unknown function pu, and therefore we have to estimate
it. We adopt the non asymptotic approach of model selection via penalization. We select a
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partition M by minimizing a penalized least squares criterion crit(M) = ~,(fias) + pen(M)
over M,,:

M =arg min {ya(jinr) + pen(M)}.

It remains to provide a penalty pen such that the partition M is close to the optimal partition
M*, in the sense that the PLSE /i, satisfies an oracle inequality like (4). The following theo-
rem determines a general form of penalty pen which leads to an oracle type inequality for any
family of partitions built from a partition My not too fine, assuming the points (x;)1<i<n to
be well distributed. This result is a consequence of theorem 3.1 (chapter 3) when the degree
of the polynomials are fixed to be d = 1.

Theorem 4.1 Let b € Ry and o € R such that inequality (4.3) holds.
Assume the points (X;)1<i<n to be distributed such that

24A(p)®> b logn
(4B(p) +1) 02 n
where F,, is the empirical distribution function associated with (X;)i1<i<n, F' is the uniform
distribution function on [0,1]P, and ||.|ec is the sup-norm on [0, 1]P.
Let My a partition of [0, 1]P composed of hyperrectangle axis oriented regions and assume that
Npin = inf |J| satisfies

JeMy

||Fn—FHoo§2p

2
Nin > 24A(p)2b—2 log n
g

Let M, a family of partitions of [0,1]P composed of hyperrectangle axis oriented regions built
from those of My, and (xpr)prem, a family of weights such that

Y ™MLY ER, (4.4)
MeMy

Assume ||jt]|cc < R, with R a positive constant.
Let 6 € (0,1) and K > 2 — 6 two numbers.
Taking a penalty satisfying

pen(M) > K(p+1)%2\M|+8\/§(2—9)(p+1)%2 (p+ 1)|M|xp

+ [(4(2 —0)(p+1)+ ;) %2 + 2A’(p)%] TM (4.5)

we have

E (lln— figln) <

2 . 2
Tk {lli — parlly + pen(M) §

1 (2-0) 4 o? 64’ (p)
0
C(b,0* R, p)——"—
+ ( 70 9 ’p)n(logn)?’/Q

where C(b,a%, R, p) is a positive constant which depends only on b, 0%, R, p,
and A'(p) =1+ V2(p+ 1) A(p).
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4.3. The main theorem

The theorem 4.1 gives the general form of the penalty function

o2 o2 o2+ Rb
pen(M) = K(p-+ )= M| + (00,0 = Mg + o (0, 9) (4.6)

[M]

The penalty is the sum of two terms: the first one is proportional to - and the second one
depends on the complexity of the family M,, via the weights (zns)rrem,, . For 6 € (0,1) and
K >2—0, the PLSE fi,, satisfies an oracle type inequality

E (i~ fgl2) < Cuinf {lln— parls + pen(an)} + 2
where the constant C; only depends on 0, whereas Cy depends on p (via R), on p the number
of stress variables, on the family M,, (via ¥) and on the integrability condition of (Z;)i1<i<n
(via 0% and b).

In order to get an adequate form of penalty, we have to find weights (zas)arenm, such that
inequality (4.4) holds, and replace the obtained values in expression (4.6) (or equivalently in
the right term of (4.5)).

A natural way to get a collection M,, of partitions is first to draw a grid on § = [0, 1P
such that there are at least IN,,;, points x; in each cell of the grid. Then we take My as the
partition of S associated with this grid, and M,, as the collection of all partitions obtained
by removing some axis of the original grid.

We choose weights (zar)arem, which depend on M only via Kj; = |M]|, in order to penalize
the same way partitions having the same number of elements. Since

N,
{M e M,; |[M|=K}| < <Kn>’ where N, = | My,

the weights zp = | M| (L + log (%)), with L > 1 an absolute constant, satisfy (4.4) with

Y= (el -1)7h

Applying theorem 4.1, we finally get that there exists two constants ¢ (p) and cJ(p) which
only depend on p such that for any ¢; > ¢J(p) and any c2 > ¢3(p):

taking

pen(M) > (0 + Rb) M| <c1 log <‘NW”|> - c2>

n
we have

E(lp—paylz) < 01(01,02)%1} {l = parl|z + pen(M)}

+02(CI>027 ba 02>R7p) )

n

In the following, we focus on the case where the temperature T is the single stress variable
and the considered ALT model is the Weibull Arrhenius one (see table 4.1). In this case,
the transformed stress variable is z = % and the transformed stress set is & = [Trim, Tl_ ]

We consider the grid (’Uj)lgjg N, With v; = x;n,,,. in order that there are Ny, points x;
between two consecutive grid points. We define M,, as the collection of all partitions of S
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with endpoints belonging to the grid. According to the preceding result, we can take the
following form of penalty:

pen(M) = (o2 + Rb)'n% <c1 log (%) + cQ> . (4.7)

Whatever the underlying distribution, the recommended penalty pen(M) is the sum of
two terms: the first one is proportional to % log (%) and the second one is proportional
|M]

to = -. The right multiplicative factors are unknown. They depend on the parameters of the

ditribution and on unknown absolute constants. In the next section, we propose two methods
to calibrate the multiplicative factors according to the data. Before that, let us explain how
to compute the partition M associated with a given penalty pen of the form (4.7).

Since pen(M) depends on M only via K = |M|, in order to compute

~

M = min () + pen(M
arg Mean {’YTZ( ) pe ( )} ’
we proceed in two steps:

e First, we calculate for each 1 < K < N,, the "best" partition MK of size K:

~

Mg = argmin 7y, (fim)
MeMy; |M|=K

The corresponding estimator is
fiK = iy,

Its contrast is v, (fix) = min v, (i) = miny,(u), where Sk = |  Su.
‘M|=K u€ESK |M‘:K

e Then we determine the "best" size

K =arg min  {m(jix) + pen(K)}

We finally get M = M i

Remark 4.1 For a qiven K, there are ({;@:f) partitions of size K. Thus the algorithmic

cost to determine My is O(NK). In order to reduce this cost, we compute the (M )1<k<n,

thanks to the dynamic algorithm described in [16, section 3.3.2]. The total cost of the first
step is then O(N?).

Remark 4.2 Since the penalty function pen is only used to select the size K, we measure the
performance of the penalized criterion by comparing the risk of the PLSE to the oracle of the
models (Sk)Kk>1:

inf E (|ln — jucl2)

In the simulation studies, we approximate this benchmark by Monte Carlo.
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4.4. First method

4.4 First method

We consider the following form of penalty:

pen(ar) = £ (atos (37) +9)

and we calibrate o and (§ simultaneously according to the data. The method used in this
section is based on Massart’s heuristic [19, section 8.5.2, paragraph "Some heuristics"|. This
method consists in estimating o and g by fitting —v,,(fix) on 5; (a log (N”) + ﬁ) + v for a
series of large K.

4.4.1 Massart’s heuristic

We first recall Mallows’ heuristic. The quality of a model Sy, is given by the risk of the
estimator fips:

. . Dy
E (| —fanellz) = i — parlli +E (lear = Anell) = i — parlli + 027

where D)y is the dimension of the linear model Sy;. Here Djy; = 2|M| = 2K;. The best
model corresponds to the partition M* which minimizes

D
sl +0* =+ (48)

Mallow’s idea consists in replacing ||pa]|2 in (4.8) with an unbiased estimator. As

A ~ DM
E (laaeln) = leally +E (lear — faeln) = Nl + o=,

a7 — o ZDTM is an unbiased estimator of ||ua]|2. Mallows’ heuristic is that the minimizer
of

) Dy
—[lfaell + 20% ==

mimics M™. The corresponding C, criterion is defined by

Dy .
2 =Tn (N

Co(M) = n(fins) + 20>

ar) + 2E ([l — fine)

The weakness of Mallows’ heuristic is that ||fias]|2 will not necessarly stay of the same order
of magnitude as its expectation for all M simultaneously. This analysis is true only if the num-
ber of partitions M € M,, with a given dimension is not too large. Thanks to theorem 4.1, if
H{M € M,; Ky = K}| < TK9, then the PLSE associated with pen(M) = 20221 DM = 40? |M‘
satisfies an oracle type inequality. For the collection M,, of all partitions of & Wlth endpomtb
belonging to a grid of V,, distinct points, theorem 4.1 recommends a stronger form of penalty.
In a general Gaussian regression framework, Birgé and Massart [4] prove that for such a big
collection, Mallows’ C), criterion can lead to terrible results.
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Since Mallows’ C), criterion works for small families of models and since we choose penal-
ties which depend on M only via Kz, in practice for a given collection of models one can

build a new smaller list of models (Sk)x>1 with Sk = |J S Like in section 4.3, we con-
Ky=K

sider fig = fiy, and pr = py ~with My = arg min Yn(fear). Applying the preceding
K K MeMan; Ky=K
heuristic, we get that the right penalty is

pen(K) = 2E (||ux — ixll7)
Since
o Ey(fix)] = E [yn(pr)] + E [yn(fir) — W(ux)] = Bl (ur)] = E [[lax — pxll7].
o E (k)] = Eyn(w)] + E [||n — pil/2] is nearly constant for large values of K,

if v, (i) is close to its expectation, then for large K

1

. 1
(i) = gpen(K)+7

K N,
%E <alog <7> —|—ﬁ> +

We estimate o and (3 thanks to the least squares fit of —v,,(fix) on %% (a log (%) + ﬂ) +7,
with K < K < Kipgg.

12

4.4.2 Results obtained on simulated data

We simulate Nsim = 100 realisations of
Yi = pxi)+2Z;, 1<i<n (4.9)

with variance 72 = 1 fixed and the function p defined as follows:

—4 4 3300 if 300 < T < 330
384 13500 :
- f T <
WD) = 81 1 13500 f 330 < T' < 356 (410)

—35.2+ 1200 if 356 < T < 370
—40 + 220 if 370 < T < 400

The plot of u is given in figure 4.1.
The random variables Z; = \/%(Si + 7) where S; ~ SEV(0,1).

We give here the results obtained by fitting —~,(fix) on %% (a log (%) + B) + v and by

using the penalty
M| (. N, -
pen(M) = 1M n‘ <alog <—| n‘> —i—ﬁ) .

Since we do not know which values of K should be considered for the least squares fit
used to estimate o and 3, we apply the method for six different series of values of K with the
n

restriction that the maximal value K4, has to be smaller than 5:

e series 1: 5 < K <25
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Figure 4.1: plot of u
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Figure 4.2: boxplot of & for samples with size n = 100.

series 2: 5 < K <45

series 3: 5 < K <95

e series 4: 10 < K < 30
e series 5: 10 < K <50
e series 6: 10 < K <100

The figures 4.2, 4.3 and 4.4 give the values of &, B and g obtained for Ng;,, = 100 simulated
samples of size n = 100 with the different series of values of K. The values of & and B vary

a lot, whereas g is more stable.

The table 4.2 shows how many times the selected partition has 2, 3 or 4 elements, and the
table 4.3 gives the evaluation of the ratio between the risk of the PLSE and the oracle of the
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Figure 4.3: boxplot of B for samples with size n = 100.
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Figure 4.4: boxplot of g for samples with size n = 100.
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4.5. Second method

n 50 100 200 400
D<K <25 23-24-4 | 25-61-12 | 4-87-7 | 0-87-12
0 < K <45 18-65-13 | 2-86-8 | 0-87-10
D<K <95 0-77-14 | 0-81-12
10 < K <30 | 13-30-18 | 19-62-13 | 2-80-10 | 0-86-10
10 < K <50 16-64-12 | 0-80-11 | 0-81-9

10 < K <100 0-71-15 | 0-78-12

Table 4.2: Performances of the first method: How many times the selected partition has 2, 3
or 4 elements

n 50 | 100 | 200 | 400
DK <25 1229|130 1.28 | 1.31
D<K <45 1.28 | 1.29 | 1.34
D<K <95 1.42 | 1.51
10<K <30 | 1.8 ] 1.35 | 1.37 | 1.37
10 < K <50 1.34 | 1.40 | 1.58

10 < K <100 1.53 | 1.62

Table 4.3: Performances of the first method: Estimated ratio between the risk of the PLSE
and the oracle of the collection (S )x>1

collection (Sk)x>1. For samples with size n = 50, we do not get a good result. For samples
with size n = 100, the length of the series of values of K seems not to be very important,
but it seems that we should rather begin with K = 5 rather than K = 10. For samples with
size n = 200 or 400, the series of 21 values of K give better results than the series of 41 and
91 values. Like for n = 100, the minimal value of K should be close to the size of the ideal
partition M* (here K* = |M*| = 3).

The best results are obtained with 5 < K < 25. This means that the series of values of K
used for the fit should not be too large and that the minimal value K,,;, should be close
to the size of the ideal partition M*. The problem is that the number |M*| is unknown in
practice. The bad result obtained with n = 50 may be explained by the fact that the series
5 < K <25 is large as compared to n = 50. But we can not take smaller series of K because
we have to estimate 3 parameters «, 3 and ~.

The main weakness of this method is that we do not know which series of K should be taken

for the fit. Series of 21 values should be preferred to larger series, but in practice we do not
know which minimal value K,,;, should be taken.

4.5 Second method

We consider the following form of penalty:
M N,
pen(M) = )\% <log (ﬁ) + c> .
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We determine the right constant ¢ thanks to a study involving simulated extreme value vari-
ables (Z;)1<i<n with mean 0 and variance 1, and then the multiplicative constant \ is chosen
according to the data using the practical rule proposed by Birgé and Massart [4, section 4].

Remark 4.3 The form of the penalty does not depend on the underlying distribution of the
life-time, but the constant c is calibrated using simulated extreme value variables (Z;)1<i<np.
Therefore the obtained ¢ only suits for the Weibull ALT model.

Recall that the theorem 4.1 recommends a penalty

M| N,
en(M) = U2+Rb‘— clog | —= | +e¢
pen(r) = (o + AL (catog () 4o
with ¢; and ¢ absolute contants. But the theoretical result is not sharp enough to determine
the right constants ¢; and c. The multiplicative constant o2 4+ Rb depends on the variance
72 and on R = ||pt| -

In a similar case where the multiplicative constant is the variance 72 (instead of o + Rb),
Lebarbier [16] proposes a method to calibrate the constants ¢; and ¢ by using a class of
functions p and simulated data with fixed and known variance 72. Here we can not apply the
same method since the multiplicative constant depends on ||i4]/so. Moreover, we do not trust
in the factor 02 + Rb in the sense that it may rather be ¢ + kRb with & # 1.

We make a simulation study with 4 = 0 and 72 = 1 both fixed to determine the right
constant ¢* = i—?; The simulation study described in the next subsection involves simulated

data corresponding to 4 = 0 and 72 = 1. Since p = 0, we do not need to know whether the
right multiplicative factor is o + Rb or o2 + 0.5Rb or something else.

Then, we consider a penalty of the form pen(M) = )\% (log (%) + c*), and we use the
practical rule proposed by Birgé and Massart [4, section 4] to determine the right constant A

according to the data.

4.5.1 A simulation study to determine the constant c.

In the first method described in section 4.4, we use Massart’s heuristic to estimate the two
constants a and 3 of the penalty according to the data. The problem to use this heuristic
in practice is that we do not know from which value of K, E[v,(ux)] is approximately con-
stant. Here, we use Massart’s heuristic only to determinate the constant ¢ from simulated
data corresponding to ;4 = 0 and 7 = 1. For such data, E[vy,(ux)] = 1 for all K > 1. Thus,
we fit —y,(fix) on %% (alog (%) +8) + v with 1 < K < Kynee. We only have to choose

the maximal value K,,,,. Then we take ¢* as the median of ¢ = g obtained via Nsim = 100
simulated samples with size n.

The figure 4.5 gives the boxplot of the values of ¢ obtained via Ng;,, = 100 simulated samples
with n = 50,100, 200,400 and K;q. = 15,25, 50,100,200 (Kppae < §). For some fixed sample
size n, the amplitude of the boxplot of ¢ decreases with K,z

The table 4.4 gives the median of ¢ as a function of n and K,;,4,.. For some fixed n, the median
of ¢ increases with K,,,:. For % < i, whatever the sample size n, the median of ¢ is close
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Figure 4.5: boxplot of ¢ for n = 50, 100, 200,400 and K., = 15,25, 50, 100, 200.

to 0. For % = %, the median of ¢ is close to 0.14.
In figure 4.6, we compare the boxplots of ¢ for fixed values of the ratio
They have the same order of amplitude. For

1

Kmae _
n. For nar — 5

Kmaax — l

n

4

Kma:c
n

and various n.

, 0 belongs to the boxplot of ¢ whatever

, 0.14 belongs to the boxplot of ¢é whatever n.

It remains to know whether we should take K4, = 4 and therefore ¢* ~ 0.14, or Kyae < 7

and therefore ¢* ~ 0.
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n 50 100 200 400
1<K <15 | 0.0032 | 0.0204 | -0.2098 | -0.3302
1<K <25 |0.1400 | 0.0229 | -0.1479 | -0.2515

1<K <50 0.1440 | -0.0088 | -0.0920
1<K <100 0.1365 | -0.0062
1<K <200 0.1382

Table 4.4: median of ¢ obtained via 100 simulations
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Figure 4.6: boxplot of ¢ for Ky,q, = § and 5.

112



4.5. Second method

4.5.2 A practical rule to determine \ according to the data.

In a Gaussian framework, Birgé and Massart [4] show that there exists a minimal penalty of
the form:

2

g

with A(D) which depends on [{M € M,; Dy = D}|. More precisely, they prove that

e penalties of the form pen(M) = (1 + n)%DMA(DM) with 1 > 0 lead to oracle type
inequalities,

e if pen(M) < (1 — n)%DMA(DM) for some n > 0 and D), sufficiently large, then the
risk of the PLSE can be arbitrarly large.

They also show that pen(M) = 2pen,,;,(M) is always a reasonable penalty (non asymptoti-
cally) and sometimes an optimal one (asymptotically).
In practice, 0 is unknown and they consider penalties of the form

pen(M) = )\DTMA(DM)

A\ = 20?2 provides a good and sometimes nearly optimal penalty, and all A < o2 lead to pro-
cedures which tend to choose a model of much too large dimension. Thus they suggest to
estimate A from the data by multiplying by 2 the first value for which the dimension of the
selected model jumps to a smaller dimension.

Here the shape of the penalty pen(M) = )\% (log (%) + c*) is given by the theory and
completed by a simulation study. ¢* has been computed via a simulation study in subsection
4.5.1. The values of ¢* are given in table 4.4. It remains to decide whether the right ¢* is
obtained with Kq, = 7 or 3.

We consider

. , X K Np
K) = arg | Join {yn(,uK) + )\ﬁ <log <?> + c*>}

and we draw it as a function of A\. Then, we detect the value A,,;;, which corresponds to the
largest jump. And we take A = 2\ .

Let (Y;)1<i<n a simulated sample with size n = 100 defined by (4.9), (4.10) and Z; = /5 (S; + )

where S; ~ SEV(0,1). We consider penalties of the form pen(M) = )\% (log (%) + c*)
with ¢* the median of the values of ¢ obtained via the simulation study of section 4.5.1 with
n =100 and 1 < K < 50, i.e. ¢® = 0.1440. We give in figure 4.7 the graph of K, as a
function of A obtained with the simulated sample and ¢* = 0.1440. In figure 4.7, we see that
Amin = 2.51, A = 5.02 and the selected number of subregions is 3 (which is the number K* of
subregions of the ideal partition M*).

In order to evaluate the performances of this second method and compare it to the first
one, we use Nsim = 100 simulated samples and we count how many times the ideal number
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n =100 and ¢’ = 0.1440

Figure 4.7: K as a function of \.

n 50 100 200 400
& =0 0-0-0 | 28-61-9 | 0-78-13 | 0-77-14
¢ = median (G, ., —ny2) | 96-3-0 | 15-62-15 | 0-76-13 | 0-77-14

Table 4.5: Performances of the second method: How many times the selected partition has 2,
3 or 4 elements

of pieces is chosen. The ideal number is K* = 3 when n > 100 and K* = 2 when n = 50.
The table 4.5 shows how many times the selected partition has 2, 3 or 4 elements. Thanks to
the Nsim = 100 repetitions and a Monte Carlo method, we evaluate the ratio between the
risk of the PLSE and the oracle (see table 4.6).

For n > 100, we get similar good results with ¢* = 0 and ¢* ~ 0.14. For n = 50, we get a
good result with ¢* ~ 0.14, but in this case ¢* = 0 is not sufficient.

Figure 4.8 gives the values of \ obtained for the Nsim = 100 simulated samples of size
n = 100 with ¢* = 0 and 0.1440. This figure allows to understand the closeness of the perfor-
mances of the first and second method for n = 100. With the first method and 5 < K < 25, 0
belongs to the boxplot of g (see figure 4.4) and & takes values close to those of A when ¢* = 0
(see figures 4.2 and 4.8). The method 1 with 5 < K < 25 and the method 2 with ¢* = 0 give
similar penalty constants, and therefore similar results.
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n 50 | 100 | 200 | 400
=0 360 | 1.32 | 1.42 | 1.64
¢ = median(én. . —n2) | 121 | 1.37 | 1.46 | 1.64

Table 4.6: Performances of the second method: Estimated ratio between the risk of the PLSE
and the oracle of the collection (Sk)x>1
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Figure 4.8: boxplot of A obtained with ¢* = 0 and 0.1440.

To sum up,

e For a small sample with size n = 50, the best result is obtained with the second method
and ¢* = 0.14 (which corresponds to Kue = 5). The ideal size K* = 2 is selected 96
times among 100 attempts. And the estimated ratio between the risk of the PLSE and
the oracle is 1.21.

e For larger sample sizes n > 100, the second method give similar good results with ¢* = 0
and ¢* = 0.14, but the first method with 5 < K < 25 give better results. It seems that
the minimal value of K (here 5) has to be close to the ideal number of subregions (here 3)
and that the length of the series of K has to be moderate. 21 values of K are sufficient.
We see on table 4.2 and 4.3 for n > 200, that the series 5 < K < 25 and 10 < K < 30
give better results than the longer ones. In order to use the first method, we should
complete it by a procedure which automatically determines the minimal value of K.
Without such a procedure, we have to content ourself with the first method, whose
results are still quite good.

115






Appendix A

MARS

L’algorithme MARS (Multivariate Adaptive Regression Splines) proposé par Friedman [12]
construit un estimateur d’une fonction de régression s définie sur un ensemble X C RP. Fried-
man [12] présente MARS comme une extension des méthodes de régression par construction
récursive d’une partition (cf CART [7]). Ces méthodes sont notées ici méthodes RPR (Re-
cursive Partitioning Regression). Contrairement aux méthodes RPR, MARS construit un
estimateur continu (et méme de classe C!), et permet d’approcher les fonctions additives ou
plus généralement les fonctions qui s’écrivent comme des sommes de termes ne faisant inter-
venir qu’un petit nombre de variables.

Commengons par décrire les méthodes RPR. Ces méthodes construisent des estimateurs
5 de la forme:

si x € Ry, alors §(x) = a,

ot les régions (Rg)i<p<ri forment une partition de X et les coefficients (ay)i<k<x € RE.
Elles utilisent les données (x;,Y;)1<i<n, o0l x; = (z},...,2¥) € X et ¥; € R, pour choisir la
partition de X et estimer les coefficients.

La création de la partition se fait de maniére récursive dyadique. La partition initiale est
constituée d’une seule région: ’ensemble X tout entier. A chaque étape, on découpe en deux
les régions de la partition existante. Les découpages possibles d’une région R en deux régions
filles R, et Rq sont les découpages définis comme suit:

R, = {x:(xl,...,:vp)eR; xjgt}
Ry = {x:(xl,...,xp)ER; xj>t}

Un découpage est donc défini par une variable 27 et une valeur seuil ¢. Il est choisi de facon
a optimiser 'adéquation aux données. On poursuit les découpages jusqu’a obtenir une parti-
tion fine constituée d’un grand nombre de régions. Dans CART, on poursuit les découpages
jusqu’a ce que toutes les régions soient pures ou ne contiennent chacune qu’une seule observa-
tion. Cette construction est naturellement représentée par un arbre de profondeur maximale.
Certaines régions sont ensuite recombinées en supprimant des découpages. Cela revient a
élaguer I’arbre maximal pour obtenir un arbre moins profond.

La figure A.1 donne un exemple d’arbre ainsi construit.
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Figure A.1: Arbre binaire représentant un estimateur § obtenu par une méthode RPR

Sur 'exemple de la figure A.1, Ry = {x = (zb,...,2P) € &; 27t <ty, 292 >ty et 273 < t3},
et si x € Ry alors §(x) = ag. Cette représentation géométrique de § facilite la lecture et
I'interprétation.

Nous pouvons aussi donner une écriture analytique de § sous forme d’un développement
par rapport & une famille de fonctions de base:

K
5) = 3 axBy(x)
k=1

Les fonctions de base By, sont les fonctions indicatrices des régions Ry: Bi(x) = 1, (x). Les
coefficients a sont déterminés de fagon a optimiser I'adéquation aux données.
Notons 7, le contraste des moindres carrés associé a I’échantillon d’observations (x;, Y;)1<i<n:

1 n
a(w) = =) (Y — u(x;))? t X — R
) = 5 3204 — () pour u: X

Notons

H+(77) = ]In>0

<o

T
!
=
N~—

I

La construction de la partition fine (Ry)1<k<K,,., Ou de la liste initiale de fonctions (By)1<k<K,mas
se fait par l'algorithme suivant:

118



Algorithme 1 (1ére étape de la méthode RPR)

Bi(x) « 1
For K = 2 to Kpae do: lof* «+— oo
For k=1to K — 1 do:
For j =1 to p do:
For t € {a7; Bi(x;) > 0} do:

K-1
we— Y aBi(x)+ aBy(x)H" () — t) + ax By(x)H (27 — 1)
(s
lof « min vn(u)
if lof <lof* then lof* « lof, k* — k, j* «— j, t* < t endif
endfor
endfor

endfor

By (x) «— By (x)H ™ (27" —t¥)

*

By (x) «— By (x)H' (27" —t¥)

endfor

La premiére ligne de ’algorithme 1 revient a définir la région initiale comme étant ’ensemble
X tout entier. La premiére boucle itére les découpages jusqu’a ce que l'on ait une partition
en K., régions. (Rappelons que dans CART, les découpages se poursuivent jusqu’a ce que
toutes les régions soient pures ou ne contiennent chacune qu’une seule observation.) Les 3
boucles suivantes déterminent une fonction By«, une variable 27" et une valeur seuil t* telles
que le découpage de la région Ry par "z < t*" et "2/ > t*" permet la meilleure adéquation
aux données. La fonction By« est alors remplacée par son produit avec Ht(z7" — *), et on
ajoute la fonction By (x) = By«(x)H (27" — t*).

Cet algorithme correspond a la premiére étape d’'une méthode RPR. Il faut ensuite faire une
étape dite d’élagage que nous ne détaillons pas ici (voir CART [7]).

Les fonctions de base construites par les méthodes RPR sont de la forme:

N

Bi(x) = [ H** (l“v(k’l) - tkl)

I=1
ot N}, est le nombre de découpages qui ont permis de définir Ry, et donc By. Pour le [1¥™e
découpage, v(k, 1) est le numéro de la variable sur laquelle porte le découpage, ti; est la valeur
seuil du découpage et si; = £ selon que Ry C {x; vkl > tr} ou Ry, C {x; 2kl < i}
Les méthodes RPR ont deux inconvénients:

1. elles produisent des estimateurs fortement discontinus,

2. elles ne permettent pas d’approcher les fonctions additives ou les fonctions dont les
interactions sont d’ordre petit.
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La discontinuité vient de 1'utilisation des fonctions H* (27 — ) qui sont des splines d’ordre
0. En les remplagant par les splines d’ordre 1: [4(z7 — t)], on obtient des fonctions de base
continues puis des estimateurs continus. Avec les splines d’ordre 0: H¥(z/ — t), les fonc-
tions de base By, sont des produits tensoriels de splines d’ordre 0. Avec les splines d’ordre 1:
[+(27 —t)]4, pour que les fonctions de base By, soient des produits tensoriels de splines d’ordre
1, il faudrait que chaque variable 27 apparaisse au plus une fois dans le produit définissant Bj,.
On ne peut malheureusement pas interdire de découper plusieurs fois sur la méme variable.
Le deuxiéme inconvénient cité ci-dessus vient du fait que ’on enléve les fonctions faisant in-
tervenir un petit nombre de variables et qu’a la sortie de ’algorithme les fonctions By, font
intervenir beaucoup de variables. En effet, & chaque étape de l'algorithme 1, on remplace une
fonction par deux nouvelles fonctions dont le niveau d’interaction est augmenté de 1 (sauf
si le découpage se fait sur une variable qui apparaissait déja). Lors d’un découpage, au lieu
de remplacer la fonction "meére" par ses deux fonctions "filles", on peut garder la fonction
"mére" et simplement ajouter les deux nouvelles fonctions. On perd alors la réprésentation
sous forme d’arbre, mais on peut ainsi espérer approcher les fonctions additives et les fonc-
tions dont les interactions sont d’ordre petit. En faisant cette deuxiéme modification, on
peut maintenant imposer que les facteurs d’'une méme fonction de base fassent intervenir des
variables distinctes.

Friedman propose donc 3 modifications:

1. remplacer H*(z — t) par [£(z —t)]4,

2. lors d'une découpe, ne pas enlever la fonction choisie By, qui devient donc elligible
comme ses filles pour les découpes suivantes,

3. imposer que tous les facteurs d’une méme fonction de base fassent intervenir des variables
distinctes.

Avec ces 3 modifications, on obtient la premiére partie de 'algorithme MARS, notée ci-dessous
algorithme 2.
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Algorithme 2 (1ére partie de 'algorithme MARS)

Bi(x) «1; K« 2
While K < K40 do: lof™ «— oo
For k=1to K — 1 do:
For j ¢ {v(l,k); 1 <1< N} do:
Fort e {$Z, By(x;) > 0} do:

K-1
u e Y @By(x) +ax Br(x)[(2’ — )]+ + ax1Br(x) [~ (27 — )]+
=1

lof — min 7,(u)
al,..,AK+1

if lof <lof* then lof* <« lof, k* «— k, j* < j, t* «— t endif
endfor
endfor
endfor
Bic(x) — By (0@ — )]
Bicsn(%) — B (x)[— (& — )],
K—K+2

endfor

La deuxiéme partie de l’algorithme MARS (notée ici algorithme 3) consiste a éliminer les
fonctions de base qui n’ont pas apporté une amélioration suffisante. Friedman utilise pour
cela un critére qui pénalise les modéles associés a un grand nombre de fonctions de base. A
'issue de la premiére partie de MARS (algorithme 2), on dispose d’une famille de fonctions
de base: F = {By,Bo,...,Bk,,..}- Nous notons M,, la collection de toutes les sous-familles
de F:

M, = {m = (Bk)kGN; N C {1727~ .- uKmax}}a

et a chaque m = (Bg)ren € My, nous associons S, l'espace vectoriel engendré par les
fonctions (B )ken, et Sy, U'estimateur des moindres carrés de s sur le modéle S,,. Friedman
propose le critére suivant:

’Yn(gm)
(1 . Dy +c|m| > 2
n

critp(m) =

ot Dy, est la dimension du modéle S,,,, [m| est le cardinal de la famille m et ¢ est une constante
a choisir.
A T’aide de ce critére, I'algorithme 3 ci-dessous sélectionne une sous-famille (Bj);c+ de F.
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Algorithme 3 (2éme partie de Ialgorithme MARS)

J {12, Kz }; L — J%
lof* « critp ((Bj)jes*)
for K = K40 to 2 do: b «— o0; L «— L*
For k=2to K do: I «— L —{k}
lof « critp ((B;)ier)
if lof <b, then b« lof; L* < I endif
if lof <lof*, then lof* « lof; J* « I endif
endfor

endfor

A lissue de cette deuxiéme partie, on dispose d’une nouvelle liste (plus petite) de fonctions
de base (Bj)jecj+. Ces fonctions B; sont des produits de fonctions de la forme b(z|s,t) =
[s(z —t)].. Pour obtenir un estimateur de classe C', Friedman remplace ces fonctions par:

0 six <t_
Clzls=+,t_,t,ty) = (pr(x—t )2 +r(z—t ) sit.<z<ty
Tz —t six >t4
—(xz —1) six <t_
Clzls=—t_,t,ty) = (p(wx—t )2 +r_(z—ty)? sit.<z<ty
0 six >tg

out_ <t<tyet

(2t4 +t- = 3t)/(ty —t-)?,

(2t =t — ) /(14 — 1),
p- = (Bt—2t- —ty)/(t- — 1),

(t_ 4ty —2t)/(t- —ty)3.

Les deux valeurs seuil supplémentaires t_ et ¢ty sont placées de fagon & réduire les disconti-
nuités des dérivées d’ordre 2.

Finalement on obtient une famille de fonctions (B;);e s+ et un estimateur § =} . ;. a;B; de
classe C!, ot les coefficients a; sont obtenus en minimisant le critére des moindres carrés.
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Résumé. Cette thése traite de la sélection de modéles en régression non gaussienne.
Notre but est d’obtenir des informations sur une fonction s : X — R dont on ne connait qu’un
certain nombre de valeurs perturbées par des bruits non nécessairement gaussiens. Dans un
premier temps, nous considérons des modéles de fonctions constantes par morceaux associés a
une collection de partitions de X. Nous déterminons un critére des moindres carrés pénalisés
qui permet de sélectionner une partition dont 'estimateur associé (de type regressogramme)
vérifie une inégalité de type oracle. La sélection d’'un modéle de fonctions constantes par
morceaux ne conduit pas en général & une bonne estimation de s, mais permet notamment
de détecter les ruptures de s. Nous proposons aussi une méthode non linéaire de sélection de
variables qui repose sur I'application de plusieurs procédures CART et sur la sélection d’un
modéle de fonctions constantes par morceaux. Dans un deuxiéme temps, nous considérons
des modéles de fonctions polynomiales par morceaux, dont les qualités d’approximation sont
meilleures. L’objectif est d’estimer s par un polynéme par morceaux dont le degré peut varier
d’un morceau a l'autre. Nous déterminons un critére pénalisé qui sélectionne une partition de
X = [0,1]P et une série de degrés dont l'estimateur polynomial par morceaux associé vérifie
une inégalité de type oracle. Nous appliquons aussi ce résultat pour détecter les ruptures d’un
signal affine par morceaux. Ce dernier travail est motivé par la détermination d’un intervalle
de stress convenable pour les tests de survie accélérés.

Mots-clés. sélection de modéles, sélection de variables, détection de ruptures, estima-
tion polynomiale, inégalités de concentration, regression, CART), tests de survie.

Abstract. This thesis deals with model selection in non Gaussian regression. Our aim is
to get informations on a function s : X — R given only some values perturbed by noises non
necessarily Gaussian. In a first part, we consider histogram models (i.e. classes of piecewise
constant functions) associated with a collection of partitions of X. We determine a penalized
least squares criterion which selects a partition whose associated estimator satisfies an oracle
inequality. Selecting a histogram model does not always lead to an accurate estimation of s,
but allows for example to detect the change-points of s. In order to perform variable selection,
we also propose a non linear method which relies on the use of CART and on histogram model
selection. In a second part, we consider piecewise polynomial models, whose approximation
properties are better. We aim at estimating s with a piecewise polynomial whose degree can
vary from region to region. We determine a penalized criterion which selects a partition of
X = [0,1]P and a series of degrees whose associated piecewise polynomial estimator satisfies
an oracle inequality. We also apply this result to detect the change points of a piewise affine
signal. The aim of this last work is to provide an adequate stress interval for Accelerating
Life Test.

Keywords. model selection, variable selection, change-points detection, polynomial
estimation, concentration inequalities, regression, CART, Accelerating Life Test.



