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On completeness and frame properties
of certain exponential families

(The talk is based on joint work with A. Kulikov and A. Ulanovskii)

We study completeness and frame properties of the system

E(Λ,Γ) := {tke2πiλt : λ ∈ Λ, k ∈ Γ}, Γ ⊂ N0 = {0, 1, 2, . . . }, Λ ⊂ R.

Let X(I) be a space of functions supported on I, e.g. X = C(I) or
X = Lp(I), where I = [−σ, σ]. The radius of completeness of the family
E(Z,Γ) in the space X is denoted by

rX(E(Z,Γ)) = sup{a ≥ 0 : E(Z,Γ) is complete in X(−a, a)}.

It is well-known that

•
rL2(E(Z, {0})) = rL2({e2πint}n∈Z) = rC({e2πint}n∈Z) =

1

2
;

• if Γ = {0, 1, 2, . . . , N} then

rC(E(Z,Γ)) = rL2(E(Z,Γ)) =
#Γ

2
=

N + 1

2
.

One may ask the following

Question Is it true that for any Γ ⊂ N0 we have

rC(E(Z,Γ)) = rL2(E(Z,Γ))?

It turns out that in general this is false. More precisely, if Γ has ”gaps”
then the answer depends on #Γodd and #Γeven, where

Γodd = Γ ∩ (2Z+ 1) and Γeven = Γ ∩ 2Z.

We proved the following

Theorem 1 (A. Kulikov, A. Ulanovskii, I. Z., 2022). Given a finite set
Γ ⊂ N0 satisfying 0 ∈ Γ. Then

rL2(E(Z,Γ)) =
#Γ

2
rC(E(Z,Γ)) =

#Γodd +
1
2
, if #Γodd < #Γeven,

#Γeven, if #Γodd ≥ #Γeven.

Our argument is based on a description of certain uniqueness sets for
lacunary polynomials.
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