CHAPTER 7

Perelman’s entropy and (some of) its consequences

1. Definition and properties

Let us start with a formal definition. Given a closed Riemannian manifold (M™, g), a smooth
function f on M and a positive constant 7, Perelman’s entropy is defined by:

Wiogo7) = [ (g 2808 = [921) + (0 =) iy

Since [y, (Agf — |V9f|§) e~/du, = 0 by observing that the integrand can be written as div, (e_fvgf),
Perelman’s entropy can be reformulated as:

—f
Wig, f.7) = /M (r Ry +IVOF2) + (f — ) ——dp. (1.1)

e

(4rT)2

This formula will be more suited to show that W is coercive in a sense to be defined later.
Observe that if ¢ is a diffeomorphism of M, then the change of variable theorem shows that:

W(e*g, " f,7) =W(g, f, 7).
Moreover, if A > 0,
W(Ag, f, A1) =W(g, f, 7).

One motivation for considering such a quantity comes from shrinking gradient Ricci soliton:

Lemma 7.1. Let (M™,g) be a Riemannian manifold endowed with a smooth function f. Let

, 1
T := Ric(g) + B Lvaf(g) — %-

Then,
2 (divg T~ T(V91)) = V9 (Rg +28,f — [V9f[2 + f) (1.2)

PROOF. The proof is related to the proof of the Bianchi identity as in the proof of Lemma[2.5]
Indeed,
2(divy T — T(V9f)) = 2divy Ric(g) + divg Lyas(g) — 2Ric(9)(VIf) = VIV f|2 + VI f
1 .
= VI Ry —IVIfI3+ f) + o Vitrg Lyop(g) + AgVIf — Ric(g)(V7f)
= V9 Ry +204f — [VIf2+ f),

where we have used the Bochner formula for vector fields and functions in the second line and the
last lien respectively. O

Corollary 7.2. Let (M"™, g, X) be a closed shrinking Ricci soliton. Then there exists a smooth function
f on M such that (M™,g,VIf) is a shrinking gradient Ricci soliton if and only if there exists a
smooth function f such that

Ry +20gf — [VIf|2 + f = cst. (1.3)

Notice that the quantity in (1.3) is exactly the integrand in the definition of Perelman’s entropy
up to an additive constant n. This constant is designed for the integrand to be 0 on a shrinking
gradient Ricci soliton thanks to Lemma
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PROOF. Let T := Ric(g)Jr% Lvsf(g)—% asin Lemma The tensor T measures the obstruction
to be a shrinking gradient Ricci soliton.

Notice that since (M", g, X) is a shrinking Ricci soliton, T' = %ngf_x(g).
Now, observe the following integration by parts:

2/ T2 e dpuy = / (Lvof—x(g), T)ge ! duy = _2/ (VOf = X, divy (¢7IT) ), dpy
M M M
Since div, (e’fT) =divy T — T(VYf), the corollary follows. O

As suggested by Corollary let us see now if Perelman’s entropy can be minimized. The first
step is to check whether W is bounded from below on functions f such that [, et dpg = (4mT)/2.
For doing so, remark that if o := (477)~"/4e~//2, formula (1.1) can be reformulated as:

— n
We(g,) = W(g, f.7) = /M ™ (41V96]2 + Ry 9?) — ¢ log ¢ dpg — (n + 5 log(dr7)) /M " dpg.

Let H'(M) denotes the Sobolev space of functions ¢ in L? such that their distributional gradient
lies in L? as well.

Lemma 7.3. Let (M™,g) be a closed Riemannian manifold. Then for any a > 0, there exists a
constant C = C(a, g) such that if p € H*(M) with ||¢||12 = 1,

/ p*log p* < a/ IV9ls dpg + C.
M M
In particular, for T > 0,
inf {W-(g,0) | € H'(M), |lpll> = 1} > —o0.

PROOF. Let ¢(n) > 0 such that ¢(n)g?log p? < ¢*t2/" for all ¢ € R. Then, if ||p| 2 = 1,
/ log p** dpg < c(n) ™" / T dpy < e / * " dpg + c(n,e) / ©” dpug
M M M M

§€/ 0 " dpg + c(n,e)
M

4
< Nl 0l +e,€) = el 2o, +cn,2).

n—2

Now, the Sobolev inequality [|¢||* 2, < Cs ([[V9¢|32 + [l¢l|72) for all ¢ € HY(M) implies:
L n—2

/ log 620? djig < <Cs[[ V9|2, + c(n,€)Cs,
M N——
=c(n,e,q9)

if ||pl|z2 =1 as expected. O

Corollary 7.4. Let (M™, g) be a closed Riemannian manifold. Then for each T > 0, there exists a

smooth minimizer f = f(7,g9) of Perelman’s entropy, i.e. there exists a smooth function f; such
that:

W(g, f,7) = inf {Wr(g,0) |0 € H'(M), [l 12 =1, ¢ > 0}.
Thanks to this corollary, we can define the following invariant for a metric g and a number 7 > 0:
pi(g,7) := inf {W(g,f, )| f € C®(M), /M e duy, = (4m)§} : (1.4)
Due to the aforementioned scaling properties: if 1 is a diffeomorphism of M and if A > 0,
pAY g, AT) = p(g, 7).

PROOF.
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Claim 7.5. There exists a nonnegative minimizer ¢ in H' with unit L? norm.

Let (¢;); be a minimizing sequence of W (g, -) such that ||¢;||z2 = 1. Then Lemma ensures
that (¢;); is bounded in H!. By Sobolev embeddings (Kondrakov’s Theorem [Aub98| Chapter 2]):
HY(M) — LY(M), q < 2n/n — 2, is compact so that there exists a subsequence converging strongly
to some function ¢ in the L7, ¢ < 2n/n — 2, topology and such that it converges weakly in the H?!
norm. In particular, we get that ¢ has unit L? norm. Since liminf;, o0 [[VI0illz2 > V90|12, We
get that u(g, 7) = lim;_ 400 Wr(g, i) > W-(g, @), i.e. © is a minimizer which can be assumed to be
nonnegative since W-(g,v) > W-(g, |¢|) for all ¢ € H.

Let us stick to 7 = 1 for the sake of clarity from now on.

Moreover, ¢ satisfies the PDE

—4A4p + (Rg - (n + %log(4ﬂ)) - u(g, 1)) @ —plogp* =0, (1.5)

=V

in the weak sense.
Claim 7.6. A, belongs to LP for some p > n/2.

Indeed, since ¢ is in L2/"=2 and V is in L™ 279 for some small € > 0 since it is bounded, the
product V- lies in L2/ ("+2-2¢) for ¢ > 0 small enough. Now, ¢ € L?*/"~2 implies that for any § > 0
small enough, plog ¢? lies in L(2"/7=2)=9_ Therefore, F lies in L/ ("+2-2¢) for ¢ > 0 small enough.
Calderon-Zygmund elliptic estimates show that ¢ lies in L2%/(7—2-2¢) (Agu=felP=>uel"
where r~! := p~! — 2/n). This improvement can be iterated a finite number of times to achieve the
desired claim.

Claim 7.7. ¢ is C2% for every a € (0,1).

loc
Since Ay belongs to LP for some p > n/2, De Giorgi-Nash-Moser theory (see HL11, Chapter
4] for instance) ensures that ¢ is locally bounded. Therefore, Ay is locally bounded which implies
by Morrey’s elliptic estimate that ¢ is Cllo’? for every a € (0,1). The function zlogx being locally
Holder, Ay is locally Hélder too which by Schauder estimates imply that ¢ is C’l2 ~. Therefore, ¢
satisfies in the pointwise sense.

Claim 7.8. ¢ is positive.

Assume by contradiction that there is some point p in M such that ¢(p) = 0. Define for a
smooth radial cut-off function (x) = 9 (rp(x)) where v is a smooth cut-off function on R. Then,
(1.5) is equivalent to:

R R
4/ 1//(7“)/ g(V9p,VIry,)doy dr +/ W(r) / Vipdog —/ plogp®doy, | dr =0,
0 Sq(p,r) 0 Sq(p,r) Sg(p,r)

=:G(r)A(r) =:V(r)A(r) =:L(r)A(r)

where A(r) := [ Sy (p) dog. If R is small enough compared to the injectivity radius of g at p, A(r) is

equivalent to 7"~ 1. Now define ®(r) := A(r)~! fsq(p ») ¥ dog and observe that since ¢ is Cfo’ca by the
previous claim, ®(r) and G(r) are differentiable on (0, R) and:
A'(r)
)AC) - GA@) < [ -
Sq(p,r) A(T)

where H, denotes the mean curvature of the geodesic sphere Sy(p,r).

pdog < Crd®(r), re(0,R), (1.6)

Moreover, V(r) < vg®(r) by smoothness of V' and by concavity of the function xlogz: L(r) >
®(r) log ®(r)>.
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Therefore, for r € (0, R):
d

4%(67(7")14(7")) =V(r)A(r) — L(r)A(r) < vg®(r)A(r) — 2®(r) log ®(r)A(r), r € (0,R).

By integrating between r = 0 and r € (0, R), on account that lim,_,y+ ®(r) = 0 by assumption
on ¢ at p:

G(r)A(r) < % /07“ D(s)A(s)ds — ;/OT D(s)logP(s)A(s)ds, r € (0,R).

Invoking (1.6 , a further integration shows that:

<c/ 5®(s ds+// // £)log ®(t A()dt;iss), r e (0,R).

If § € (0, 1], let us take R sufficiently small so that <I>(7“) € [0,e '] and —®(r)log ®(r) < CH~1®(r) 0
for r € [0, R], C being a universal constant. Then, inserting this bound back to the previous estimate
together with the fact that A(r) is equivalent to "~ leads to:

ds

Sn—l) , 1r€(0,R),

@(r)§0</ s)ds+ 06~ // ()11 gt f1+//q>t
s 0o Jo

for some uniform positive constant C. Assume that for some k > 1, ®(r) < r* for » € [0, R] then, if

§ := k!, the previous estimate gives the improvement:

Tk+2 k,,,k?-Fl Tk+2 k1/2
P <C <
() < <k+2+(k+1)(n+k1)+(k+2)(k+n)>_r ’

for r € [0, R], R being independent of k. Iterating this reasoning, we end up by proving that ®(r) = 0
for r € [0, R], i.e. ¢ =0 on By(p, R) which leads by an open-closed argument that ¢ vanishes on M
identically, contradicting the fact that its L?-norm is 1. U

2. Rigidity of shrinking gradient Ricci solitons

The first goal of this section is to prove that shrinking Ricci solitons are gradient on a closed
manifold. This is one of the first breakthrough due to Perelman.

Theorem 7.9. Let (M™, g, X) be a shrinking Ricci soliton on a closed manifold. Then there exists a
smooth function f on M such that (M™,g,V9f) is a shrinking gradient Ricci soliton.

PROOF. Let 7 =1 and let f be a smooth minimizer of Perelman’s entropy W(g, -, 1) ensured by
Corollary If p:=e 7 /2 / (4#)"/ 2 then the Euler-Lagrange equation satisfied by ¢ is:

/ (—4Ag<p +Ryp — (u(g, 1)+n+ 5 10g47r + log @2) ap) Y dpg =0,
M
for all ¢ € C°°(M). This is equivalent to:
20gf — |VIf|2+ Ry +f = cst.
Corollary [7.2]lets us conclude the proof of this theorem. O

The second goal of this section we are concerned with is the existence of periodic solutions to
the Ricci flow, also called breathers. Recall that the Ricci flow is infinite dimensional dynamical
system on the space of metrics of a given manifold modulo scalings and diffeomorphisms. A solution
to the Ricci flow (M™",g(t))iepo,r) is a Ricci-breather if there exists 0 < t; < to < T satisfying
g(t2) = ap*g(ty) for some a > 0 and some diffeomorphism ¢ of M. Observe that a shrinking Ricci
soliton is a Ricci-breather with a < 1, a steady Ricci soliton is a Ricci-breather with o = 1 and an
expanding Ricci soliton is a Ricci-breather with o > 1. The question whether there exists non-trivial
Ricci-breathers with « < 1 on a closed manifold was answered by Perelman:

Theorem 7.10. Let (M",g(t)):co,r] be a Ricci-breather with o < 1. Then there exists a smooth
function fo on M such that (M™, g(0), V9O fy) is a shrinking gradient Ricci soliton.
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Before proving Theorem [7.10} we need to recall the fundamental monotonicity of Perelman’s

entropy along the Ricci flow:

Proposition 7.11. Let (M", g(t))ico,7) be a solution to the Ricci flow on a closed manifold. Let
(f(t),7(t)) evolve as follows:

af n dr
a0 = Do =Ry +VIO Gy 5o =1 @1)
Then:
0 n
o+ By Rg(t)} (7 (Ry(o +280) (1) = V9O F@ ) + F(8) =) (4m7(t) 30 =
g(t) |” z
27(t) [Ric(g(t)) + VIO2 £ (t) — (4n7(t)) "2 IO,
27—(t) g(t)
In particular,
d g(t) I? e—f®)
—W f(t / Ri + VID2 5 (1) — . te(0,7).
L Wig(t). £(2).7 Ricty FO =555 Gyt 1€ OD)
In particular, t — pu(g(t),7(t)) is increasing unless (M™, g(t))ico,r) s a shrinking gradient Ricci

soliton.

The system can appear slightly ad-hoc at first sight, it can be reinterpreted in terms of
prescribing a density p(t) := (477 (t))"ze T as follows:
0 dr
5.0 = ~Bgyp(t) + Ry p(t), o = —1. (2.2)
The density p(t) must satisfy a backward heat equation with a potential given by the scalar
curvature along the Ricci flow. System (2.2) is not well-posed, it can however be solved backward
in time, i.e. by prescribing an ”initial” condition later in time and by solving the corresponding
heat-type equation obtained by reversing the time variable.
The operator ¢ + Ayy) — Ry (4 is the formal adjoint of the heat operator 0y — Ay =: Ugy(y) along
the Ricci flow as it can be checked by a straightforward integration by parts:

/ (Ogy )V dpgydt = / Oy ¥) dpgedt,
M x[a,b] M x[a,b]

for any smooth function ¢, ¢ with compact support in M X (a,b). Here D;(t) denotes the operator
—0 = By + Ry(o)-

In particular, the system already shows thanks to a similar reasoning applied to ¥ = p and
© =1 that the density p(t) is a probability density along the Ricci flow:

pm p(t) d,LLg(t) =0, te (O,T)
M

PROOF OF PROPOSITION [7.11] It is a brutal force computation. The difficulty is not to lose
track of the expected result!

Observe first that if u(t) := 24,0 f(t) + Ry —|V9(t)f(t)|3(t),

0 )
&u(t) = Ay Rye) +2| Ric(g(1))12)

+2 (D0 (@S (1)) + 2(Ric(g(1)), VIO £(1))y00))
~ 2Ric(g(t)) (V9 £ (), V9O £(1)) — 29() (V901 (1), V9 £(1)).
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Now,
Agiry(0ef (1) = =Dy Dgy f(t) — Agry Ryp) +Ag(t)|vg(t)f(t>|§(t)
= — Ay ( Ay f () + Ryry) +2/VID2 £ (1) 20
+2Ric(g(1) (VD £(), VIO £ (1)) + 29(6) (V9D Mgy £ (1), VIO £ (1)),
and,

~29(1) (VOO0 (1), VIO (1)) = 29(0)(T7O (D) F (1) + Roey ~ VO FO ), VO £ (1)),
so that,

%u(t) = —Agpyu(t) +29(0) (V' Du(t), VIO £ (1)) + 2| Ric(g (1)) + VIO F ()2 -

0
= [r(t)ult) + f(t) — ) =

7(t) (=B gyut) +29(0) (VI Ou(t), VIO £ (1)) +20(8)| Ric(g(t) + V702 ()3

= (Rot #2800 £(0) = IV 50 3) = B0 = Ryt +HV SOl + 555
2
= 7(0) (~Byult) + 20T Ou(t), 9O £(1)) + 27(1) [Ric(a(t)) + VOO (1) — L
27(t) ()
+2/VIO F(1)20) — Ay (D)
2
= ~8,00(0) + 200 (THVu(0), VO F0) + 27(0) [Ric(o(t) + 02 f(0) - L]
T g()
As an intermediate conclusion, if v(t) := 7(t)u(t) + f(t) — n,
D0 (0(B)p(0) = (Be0(t) + Byayo(t)) p(t) + 29D (T7O0(t), V9 p(1)) = v(t) (T (1))
= (B(t) + Agqo(t)) p(t) + 29(H)(T/Ou(t), V9O (1))
= (B () + Ay () — 29O (V70 (), VU £(1)) ) pl1)
_ . t), g(t) ?
= 27(t) [Ric(g(t)) + VIO f (1) - 270, p(t),
as expected. Therefore,
d *
W0, 10.70) = [ =T 00p(0) dugy
—ortt) [ [Ricto() + 702 - SO
=2r() [ [Ricto0) + V0250 = ] o0

by integration by parts.
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We are in a good position to prove Theorem

PrOOF OF THEOREM[Z.10l Let 7(t) := 7 —t > 0 where 7 > t3 remains to be defined. Then by
the monotonicity result from proposition |7.11}

p(g(t), 7(t1)) < u(g(tz), 7(t2)),

with equality if and only if (M™, g(t))sc(o,7) is a shrinking gradient Ricci soliton. Now, by assumption,
g(ta) = ag*g(t1). One can check that: u(g(te),7(t2)) = u(g(t1),a 17 (t2)) by the scaling properties
of the geometric quantities involved in the definition of WW. Therefore, all we need to ensure is
a number 7 satisfying the conditions 7 > to and a~!7(t2) = 7(t1). The number 7 := (a "'ty —
t1)/(at — 1) does the job since a < 1 and we are done.

O






