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Matrix Estimation

Observe a N x N symmetric matrix Y given by

Y=G+X
where G is a noise. X is the signal that we will assume one dimensional
X = puu”

How can we estimate the signal X when the dimension N goes to infinity ?

Signal
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Asymptotic of the spectrum of the noise matrix

Take G to be symmetric, with centered independent entries with covariance
1/N and let (A\;)1<i<n be its eigenvalues.

Theorem (Wigner '56 , Komlos-Furedi 81")

Almost surely, for any a < b
a 1 - —
/Vlinoo N#{I 2\ € [a, b]} = o([a, b])

with o the semi-circle law :

o(dx) = 21\/4 — x2dx
7r

If E[|X;|*"¢] < oo, the eigenvalues stick to the bulk :

lim max \; =2 a.s
N—oo 1<i<N
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The Baik-Ben Arous-Péché phase transition '05

Consider a N x N random matrix with independent centered entries with
covariance
Y =G+ puu"

where u is a unit vector and p > 0.

» If p < 1, the largest eigenvalue converges almost surely towards 2, as
when p =0

» If p > 1, the largest eigenvalue converges almost surely towards p + p .

Alice Guionnet Random Matrices 4 /22



The Baik-Ben Arous-Péché phase transition '05

Consider a N x N random matrix with independent centered entries with
covariance

Y =G+ puu"
where u is a unit vector and p > 0.

» If p < 1, the largest eigenvalue converges almost surely towards 2, as
when p =0

» If p > 1, the largest eigenvalue converges almost surely towards p + p .

If p > 1, the signal can be detected by the largest eigenvalue and moreover
Benaych-George-Rao '12 showed that it can be weakly recovered in the sense
that the eigenvector v corresponding to the largest eigenvalue is such that

(u,v)?> = c(p) > 0.
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Y=G+puu"

» If p > 1, signal can be detected and recovered by Principal Component
Analysis (cf Test by P. Bianchi, M. Debbah, M. Maida, J.Najim '11)

» If p < 1 and the noise is Gaussian, %beginitemize No test based on the
eigenvalues can reliably detect the signal (Montanari, Reichman,
Zeitouni '17)
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Minimal Mean Squared Error

Y =G+ X,

Beyond PCA, a natural approach to estimate X is to minimize the mean
square error

1
MMSEyN = mmngTr(X —0(Y))?
1
= W]ETr(x — E[X|Y])2
because the minimum is achieved at 6(Y) = E[X]|Y]

How can we estimate E[X|Y] and MMSE for N large ?
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Estimating E[X|Y]

Assume Gj; is an array of independent variables with law e8)dy/Z. Then
with Xj; = \/Npu,-uj,

Yj — wj = Gj = P(Y;|X) ~ 80 Xi)gy

By Bayes Theorem, if the law of X is known and equal to Py

~ PY|X)Px(X)

XY= Fpivix)apx ()
B eZKig(YU_X"f)dIPX(X)
/ezigg(yu—xij)dpx(x)'

Zn(Y)
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Estimating E[X|Y]

Assume Gj; is an array of independent variables with law e8)dy/Z. Then
with Xj; = \/Npu,-uj,

Yj — wj = Gj = P(Y;|X) ~ 80 Xi)gy
By Bayes Theorem, if the law of X is known and equal to Py

~ PY|X)Px(X)

XY= Fpivix)apx ()
B eZKig(Y‘j_X"f)dIPX(X)
/eZigg(YU—Xij)dPX(x).

Zn(Y)

If g(x) = —x?/2,
Ay, In Zn(Y) = (E[X;|Y] = Yy)

and one can retrieve the MMSE from the typical behavior of X under the
above measure. One can also retrieve the mutual information from the free
energy Ey log Zy(Y).
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The free energy

Assume Gj; is an array of independent variables with law e80)dy/Z and set
Xij = \/Npu,-uj, One wants to estimate

1 1 : X
Fy = NEY log Zy(Y) = NEY log / ezfﬁfg(y'fx'fdeP’X(X).

Y is assumed to be distributed according to Go + pN ™ 2xpx, .
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The free energy

Assume Gj; is an array of independent variables with law e80)dy/Z and set
Xij = \/Npu,-uj, One wants to estimate

1 1 : oy
Fn = —Eylog Zy(Y) = ~Ey log / 218X gpy (X)),
N N :
Y is assumed to be distributed according to Go + pN ™ 2xpx, .

If the signal has rank one, and g(x) = —x2/2 then Fy ressembles the free
energy of spin glasses that can be estimated by Guerra-Talagrand'’s
techniques :

if Xjj = Nl/zpu,-uj, u = N12x; x: iid law Py,

1 -
Fu = B log / !N ™20 g PN () 4 €
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Mutual information in the homogeneous low rank case

Consider the Bayes optimal setting
Y = Go + ZXOXJ

where Gy follows, as G, the Gaussian law (g(x) = —x2/2) and the xo() iid
with law Py = Px centered.

Theorem (Lelarge-Miolane '17)
fim Fy = 2 Bp,[x?] — sup F(p, q)
N— oo 4 q>0

The supremum in q is achieved at q*(p) = max(0,1 — 1/p) and
F(p,0) = 0. Moreover :

Jim MMSEn(p) = Ep X = q*(p)*.
—00
As for the BBP transition, the transition occurs at p = 1.

Here F(s, q) is the Parisi functional :

F(s:q) = Z aq +IE’Z”’V(O 1)[|Og/ dPo(X) exp{p\/qZx + pgxX — qu 1
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Inhomogeneous Low Rank estimation

Y=AOG+XX=xx"

1 1 _Zi<j ﬁ(yﬁ_ﬁxﬂxj)z QN
Fa(B) = 1 Eylog Zy(Y) = NEIog/e : dPEN (x).

Theorem (Barbier-Reeves'20, Behne-Reeves '22,
Ko-G-Zdeborova-Krzakala '22)

Assume Ajj = A fori,j € Is x Iy, |Is|/N — as,1 <i,j < n so that
(As1)s > 0 and Py = Px. Then,

lim Fy(A) = SléI?p on(Q).

N—oo
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Vakya

Sharp if Px is Gaussian.

-1

op
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Inhomogeneous Low Rank estimation

Y=AOG+XX=xx"

1 1 _Zi<j ﬁ(yﬁ_ﬁxﬂxj)z QN
Fn(B) = 1y log Zu(Y) = NEIog/e : dPEN(x).

Theorem (Barbier-Reeves'20, Behne-Reeves '22,
Ko-G-Zdeborova-Krzakala '22)

Assume Ajj = A fori,j € Is x Iy, |Is|/N — as,1 <i,j < n so that
(As1)s > 0 and Py = Px. Then,

lim Fy(A) = SlCJ?p on(Q).

N—o0
> /fH\/aé\/a < gacs then limy o MMSE = Ex|[xxT|3.
op
> If‘ \/aé\/a > m then limy_..o MMSE < Ex||xxT]|3.

Sharp if Px is Gauss:an.

> same transition as BBP for A=2 ® Y — Ldiag(A~21) (WIP Ko, Mergny,
Pak)
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Universality Questions

» Universality with respect to the law of the noise G,
» Universality with respect to the noise which may not be additive,

» Universality with respect to the distribution of u = x/+/N and
uo = xo/v/N and G, Gy : in non-Bayesian (or mismatched setting), we
may have
]P>0 7£ Px, Law Of(Go|U0) 7& Law Of(G‘U)

This is a technical challenge as this destroys symmetry between replicas
(we are not on the Nishimori line anymore) so that classical spin glass
techniques do not apply.
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Universality Heuristics

Lesieur, Krzakala, Zdeborova '17 : Study for general g the conditional law

Lo R (T dPa(x)

Z)g<(Y) 1<i<j<N 1<i<N

4G (x) =

where

1 ) 2
Law of(Y) = ZeEUgO(yU,PN 1/2,0 O)dIP’®N (o) TT dys
0

with g # g% and Py # PPo.
Predict by the so-called replica approach the limit of

1
FN(g):EY[N log ZZ(Y Zg Yijs

I<j

—> The goal of our recent research is to prove these results.
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Universality

» Assume that Py and Px are compactly supported,
» The functions g(Y, w), g%(Y, w) are three times differentiable in w,
» Consistent estimator : [ J,g(y, O)ego(y’(’)dy =0.

Theorem (Ko-G-Zdeborova-Krzakala '23)
Let

H(x X%, W) =3 (5%

and if Wj; are iid N(0, 1), xo iid law Py,

XiX; -+ ﬁNRX,XJX ;i + flf/(x, )2>

Fu(3) = Bl log [ W W)dPgN )

Then

‘FN(g) ‘ = O(N~*72)
where, if P°, ~ 8’00y, ;3 = Epgm[( Owely, ))2]1/2,
6SNR — ]EIPgut [awg(ya 0)8Wg0(y7 O)]? 65 — EPgut [85vg(.y7 0)]
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Limiting free energy

Theorem (Ko-G-Zdeborova-Krzakala '23)
For any real numbers 3 = (3, Bsnr, Bs),

BsnrM? . BsS?
2 4

dim Fu(B) = sup{ps(S, M)}, 05(S, M) = p5(S, M) +
The limit is given by

52 r—1

po(S.M) = i (BolXa(h . QO] = 1S — AM = - 3 Gu(QR. — Q)
b k=0

where \, p € R and for (L1 =0< (o < --- < (—_1 <1 and

0=Q <@ << Q-1 < Q, =S we defined recursively the random

variables X,, X,_1,..., Xy by

Ly zxA A 1 -
X, = Iog/eﬂEFl”“L X dPx(x), X; = ZlogIEszr1 VX1,
J
where z; are Gaussian random variables with variance Q; — Q;—1 and xY is an
independent random variable with distribution Py.
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Quenched Large deviations for the overlaps

Recall Hy(x : X°, W) = Xi; 5 kxix; + “3% NRZ o + 2 NR?, and let
B 1

a Z/\/(XO, W)
where R , are the overlaps ;1 = ﬁzl{\’zl x,-2, Rio =4 Z L1 XX

eHﬁ(x:XO’W)dP§N(X)

Theorem

For every 3 = (3, Bsnr, Bs) € R3, the law of (Ry 1, Ry o) under Gg’ satisfies
an almost sure LDP with good rate function IBFP given by

[57(S, M) = —5(S, M) + sup(ip3(s, m))
In other words, for any measurable subset B of R?, for almost all (W, xo),

1
— P < liminf — N <
(SlerI])fEBO Iﬁ (S,M) < Imlgof N log G‘d((RLl, Rip) € O) <

1
< limsup — log G} ((Ru1, Rig) € B) < — inf _IEP(S, M)
Nooo N ' (S,M)eB
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Comments on large deviations

» The large deviation for Ry ; under G,’é\;"o’o was proven by Panchenko 15,
The main point of our work is to extend it to R g.

Alice Guionnet Random Matrices 16 / 22



Comments on large deviations

» The large deviation for Ry ; under G,’g;"o’o was proven by Panchenko 15,
The main point of our work is to extend it to R g.

» It is enough to prove the LDP when Bsyr = s = 0 by Varadhan's
Lemma,

Alice Guionnet Random Matrices 16 / 22



Comments on large deviations

» The large deviation for Ry ; under G,’é\;”o’o was proven by Panchenko 15,
The main point of our work is to extend it to R g.

» It is enough to prove the LDP when Bsyr = s = 0 by Varadhan's
Lemma,

> If IEP has a unique minimizer (S*, M*), they are the almost sure limit of
the overlaps under G%’.
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Comments on large deviations

» The large deviation for Ry ; under G,’é\;”o’o was proven by Panchenko 15,
The main point of our work is to extend it to R g.

» It is enough to prove the LDP when Bsyr = s = 0 by Varadhan's
Lemma,

> If IEP has a unique minimizer (S*, M*), they are the almost sure limit of
the overlaps under G%’.

» The large deviations can be extended to the original Gibbs measures
1

ZN ez,‘j g(Yij?%) dP;@éN(x)
Y

dGY (x € A) =

and our results show they are universal given the parameters

B - EPgut [(8Wg(.y7 0))2]1/27 6SNR - ]EIP’gut [8wg(y7 0)awg0(y7 0)]7
Bs = Epo [02 g(y,0)]. This shows universality of likelihood in a large
class of problems.
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Comments on phase transitions

» Phase transition are complicated to establish in general : it is open.
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Comments on phase transitions

» Phase transition are complicated to establish in general : it is open.

» Particular cases of mismatched studied by Pourkamali-Macris '20,
Camilli, Contucci, Mingione '22, Barbier, Hou, Mondelli, Saenz '22.

» When = Lf', Bsnr = LBsnr, s = L%, and Px is invariant under
rotation, we find again the BBP transition since :

3 W Bsnr Bs
Hy(x X%, W) =3 [ B~ xx; : 22 (xix)?
N(X X", ) = (6\/NXXJ+ N XXJX X + 2N(XXJ) )

so that for L large

LFu(3) = Ew ol log [ eHOX M BN ()

1 B
~ QGSSUPxeRN“Xa (B'W + B/SNRXOXOT)X> + ?5||x||§'}
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|dea of the proof : Universality

We prove that for A a measurable subset of R?
1 9 (Y
Fi(g. A) = E[ - 10g [ 1, eac™ &0 w7050 gpih(x)]

is close to

= 1 B— xixi+ ﬁSNRx,-ij,-OxJQJrB—S xiX;)?
FN(B,A) = ]EN |Og / 1(R1,1,R1,o)€AeZI<J( \F N 2N( ) > dP%N(X) .

» by expanding g with respect to its second variable (bounded by 1/v/N) :

XiX; XiX;

Y, Iy e

g( ij \/N) \/N

» Conditionally to x°, (9wg(Yj;,0))i<; are independent variables with, by
the consistent estimator hypothesis Epo dyg(Y,0) =0

1
+—82g(YU,0)x X7+ o(

Bsnr o o 1 2 _ 2 1
El0,g(Yi,0 x;x; + O(—) Var(0,g(Y,0)) =5+ 0
0ug (Y5 0l = "0 + () Var(Dug(Y.0))? = 2+ O(- )
» The usual universality techniques for spin glasses can be generalized to

our setting.
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|dea of the proof of the Large deviations principle

» We show that
1 Wi o
X, W — FiK(A) = 7 o / LRy 1Ry )cne™<l VW dPEN (x)

self-averages by concentration of measure, cf Talagrand (the difficulty
being that it is not smooth in x°)
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|dea of the proof of the Large deviations principle

» We show that
1 Wi o
X, W — FiK(A) = 7 o / LRy 1Ry )cne™<l VW dPEN (x)

self-averages by concentration of measure, cf Talagrand (the difficulty
being that it is not smooth in x°)

» We use the interpolation trick to show that, for any
0<G<-"<G1<1and0=@Q <A< <Q1<Q =5,
even though we are not on the Nishimori line, because the overlaps are
fixed in BE(S, M) = {|R171 — 5‘ S 6} N {‘Rl,o — M| S 6} .

1
SK < = B ien Zile)xi m@N
E[FF(BS, M))] < Elog 3 ve /. o dP(x)

1
— NE log > vaemﬂy(“) + 0e.n(1)

where v, are Ruelle probability cascades, and Z(«) and Y(«) centered
Gaussian processes

EZ(a")Z(a?) = Quree EY(a')Y(a?) = ;Qilmz.
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|dea of the proof : Large deviations

» We use Cramer's tilting argument to bound the first term by
1
— ﬁ}:iSNZ;(a)x,- QN
NEIog Ea Vo /B;(S,M) e dP%™ (x)

1 () : |
< _MS —\M + NE |ng Vo / eZigA/{BZ,((X)X,—F)\XI?—&—MX,XP} dP?éN(X) + O(].‘
2 r—1

< HS WM+ X — S G(GR s - Q)+ ol1)
k=0
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|dea of the proof : Large deviations

» We use Cramer's tilting argument to bound the first term by

1
— 8] Z,‘g/\/ Zi(a)xi QN
NEIog Ea Vo /B;(S,M) e dP%™ (x)

1 () : |
< _MS —\M + NE |ng Vo / eZigA/{BZ,((X)X,—F)\XI?—&—MX,XP} dP?éN(X) + O(].‘

2 r—1

< HS WM+ X — S G(GR s - Q)+ ol1)
k=0

» To prove the lower bound, we use the cavity computations and the
standard procedure of the Aizenman-Sims—Starr scheme (but now we
may have symmetry breaking and use Ruelle probability cascades). We
then remove the indicator function of B.(S, M) by showing that tilting
is optimal for some choice of s, A as in Cramer’s proof. A difficulty is to
deal with atypical x°.
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Conclusion

» The problem of estimating a vector from its noisy observation leads to
exciting problems in random matrix theory and spin glasses theory,

» Studying transition and detectability from the formulas is not obvious.

» Constructing optimal algorithms is a natural question, see Krzakala, Ko,
Pak '23.
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Joyeux anniversaire Elisabeth !

Alice Guionnet Random Matrices 22 /22



