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INVERSEPROBLEM

Gn =4 +Y, Y white noise (or regression)

of solution to
PDE that depends on parameter &

"inverse" UI is a not differentiable

"nonlinear" f eue nonlinear EXAMPLEEAG =Au

Regularisation I =argmin [1ly-nel+ rpen(f)]

Bayesian Regularisation fu prior
Stuart, 2010) -> posterior flyn

-> posterior mean ECt1An)

LEM Iff-Gaussian with RKHS H, then

ElfIYn)=argmin [Ilyn-ngll+
22 11fII]

Wahba 1970, Dashti et al 2013)



INVERSEPROBLEM -EXAMPLES

Schrodinger IA4 =fu
(Nick 2000; ewang 2011)

Heat with absorption 07U -EAM =f4
(kekkonen 2022)

Non-abelian X ray
transform logu(x,r=Srf (x+tr)dt

(mouard,Nick, Paterna in 2019,21)

Divergence/Darcy i. (f(u) =g
(Abraham,Nick 2019, Bohr 2022)

Navier-Stokes

SOtt-vAnth.Dn+Dp
=

calick),tit:2023) D.u =0

u(0,) =f
u =0

A.M. Stuart, 2010. Inverse problems:a Bayesian perspective.
R. Nick,2023. Bayesian Non-linear

Statistical Inverse Problems



NONPARAMETRIC BAGESIAN INFERENCE

computation

Frequentist Bayesian theory

·Contraction rate Eg. Half:Ilf-foll=entyn) -> 1

·uncertainty quantification
If Tn(G(Yn)/(n) 3 0.95, for

central set (n(Yn),

then Polfot(n(fu)) >>0?



OUR CONTRIBUTION

Isome operator
Assume

E Gug
=c18,48) on OcIRd

on PcOn1
=

g
↳known

f =e(fre)
I some operator

· Recover Luf from Yn=4eti =k(hug)+, k=G

a Recover 7 from huf

EXAMPLE EAUf=fU -> Cf,4f) =2741

2 =A f =AU7 = eCAU



Isome operatorLINEAR PROBLEM Assume

E Lu
=c(8,ue) on Pc IRd

on PcOn1
=

g

I solves deon
o ↳known

f =e(fre)E or McD
I some operator

Ksolves Sku
=m on O

kn =0 onPcON k =G
-

->. uf =k2uf+

->o y:=4n-g = kLuf+ i

r =2uf f =e(2nf) =e(r)

2 Fulre·/En) based on En=Kr.+ni
N Hlfz./Yn) based on Un=41+n- iN
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CONNECTING LINEAR AND NONLINEAR PROBLEMS

r =241 f =e(fur) =e(r)

2 Fulre·/En) based on En=Kr.+ni
N Hlfz.1Yn) based on Un=41+n- iN

PROP

17 π,(veUIYn)-1 and 2: (Un, II.11) -> Le is 4pschitz at vo, then

Ern(IIr-voll = = 14n) - 1 implies Eftn(Ilf-folk in 14n) - 1

G(yn): =27:24f-2(4g)3 =3e(r):reEnLyn-813

PROP

· credible and confidence level of Calln) are those
of Enlyn)

· If =Enlyn)CV and ein-4 uniformly Lipschitz at In,then

Upo(dam (C(Y), (n)) =Opdam (InLyn), I.Il).



CONNECTING LINEAR AND NONLINEAR PROBLEMS

r =241 f =e(fur) =e(r)

2 Fulre·/En) based on En=Kr.+ni
N Hlfz.1Yn) based on Un=41+n- iN

connection works for any prior
out.

To make effective use of linearity,
we use "standard"phors on up or Ruf



CONNECTING LINEAR AND NONLINEAR PROBLEMS - EXAMPLE

r =241 f =e(fur) =e(r)

2 Fulre·/En) based on En=Kr.+ni
N Hlfz.1Yn) based on Un=41+n- iN

E AU1=f up
on O

->

L =A e(r) =g
41 =g

on 0O k =A

PROP Assume not Kooty,20 and Irolls o

· If posterior of Kr in 14 is Illo-consistent, then

contraction rate in (1) under to is contraction
rate in M under to.

↑

· If EnCyn) 23r:1lKr-Krollo <C0123 and I unEELyn) with UnIlo=O(i),
then Po-dam. (n(Yn)) I Pro-cam (EnLYn))



LINEAR INVERSE PROBLEM

y =kr +, white noise k:((0)+4 (0)

Chilie orthonormal basis of2 (0), OCIRd

llrl?s=E,vi:d

Assume IIKrllIrllg-p, re 60

THM Eyanctal, 2020)

If I ann and in? Eni with
↑lu: Ilkr-kvollnan) e-ne

-nnE
I Ir: 1kAnko-ulln(n) e Of projection

onto

then Eroltn(IIV-Volla it In (4)- 1.
an (kh,-i



LINEAR INVERSE PROBLEM

y =kr +, white noise k:((0)+4 (0)

Chilie orthonormal basis of2 (0), OCIRd

llrl?s=E,vi:d

Assume IIKull Iully-p ,
rt 60

ind
r =Elhi, i -N10,i-1-(d)

THM

· If rot6, then Errtn(IIu-volls in a(n)-1, K-pecam.
or 11.1H5= II.llt, some je(d,anty)

⑧ If VoEGP and sup:"Ilkhillon, some us -ca, E K: 6UP-65 continuous

then in(Ilkr-kVollo/In)- 1 Esso.

IYau etal, 2020, Koers etal 2023) HB/FB if 0=0



LINEAR INVERSE PROBLEM - EIGEN PRIOR

y =kr +, white noise k:((0)+4 (0)

Chilie elgenbasis ofKTK, elgenvalues
xi =i

- ld

PrIOr ViI I N0,:***)v =EVihi E
amx or d= EB In

credible set (t) =S0: Iv-rullar3n,53
THM

28 If voeh, then Ev.tn (Ilu-vollgon
- ptden (4)-1, t-p-0

& If VoE6 and sup:"Ilkhillo, pth, or billyteller,HP,

then Er,n(Ilkr-kV9/[n)->1 F = 0.

L⑧ If vo polished tail, then Provot())-1 and diam(?) =Upronede
I Knapin et al., Szabo et al, Koers et al 20237



LINEAR INVERSEPROBLEM - DISCRETE DESIGN

En = (YC), ..; Ya(n)) Yn(i) =kr(Xin)+.W: W,* N10,1
kih(0) -> ((0)

interpolation
Assume Yu Hn,dim(In)=n,

IV = (uln, we l Hull = EV/Xin)

llIn-rIla n
zp+Iul Ereln, Env(xin)=Vlxin)

i=1, -in

THM

⑧ Under interpolation THM I remains valid

·For random design and engen prior
THM2 remains valid

/Yan ital 2020, koers et al 2023)



LINEAR INVERSEPROBLEM - DISTRIBUTED POSTERIOR

En = (YC), ..; Ya(n)) Yn(i) =kr(Xin)+.W: W,* N10,1
kih(0) -> ((0)

-Divide data in in batches

-On each batch compute posterior
with prior variance xm.

- Compute law of -it for yet loth batch)

THM

& Retainscontraction rates. (Szabo, van Zanten 2017, Koersetal 2013)

↳Hadjietal. 2013)

a spatial distribution makes FB/HB work

lat leastfor estimating kr).



EXAMPLE-SCHRODINGER

E ↳ An
= f uf on 0 = 10,1)d

41
=

9 on oO

Eigenbasis hi,--id(X,-.xa)=292Isinligty), ki.--id= (i,--ia)e INd

Reordered ke=e Iull?=vit=E..Evinisti --id

THM Assume An, 63, B+2< 1, in ner> 2070
-a-

·Lz-contraction rate n dtecty or nitly for <-regular or HB/EB-prior

·coverage and optimal diameter
for aregular prior with c=-Figh



EXAMPLE-SCHRODINGER- DETAILS

E ↳ An
= f uf on 0 = 10,1)d

41
=

9 on oO

Eigenbasis hi, --id(X, --xa)=292I,sinligty), Ki.--id= (d)t (i,--ia)t &

Reordered ke:e IVl=v=E Vientists

THM Assume An, 63,G, in ner> 2070

·L2-contraction rate for to is n-k*/(tuxtu) for aprior on V=AUI, aqptisI

⑧
e 11 is n-tert)(rgn)" for HB or EB, 123d/.

·Pfo(fo((y))-and draug(yn)) =Up(n-text) it c=-ign

(nlyn)=Gelu): Ilu-villa Eng, Ilkr-klln co



elgen prior elgenprior spline prior

n =104

n=10b

n=100

n=10

black fo

red posteriorbebadat
dashed posterior draws



wavelet prior een prior eigen,
distributed

=2.5 days as minutes - 17S





EXAMPLE HEAT WITH ABSORPTION

E-
An=fu on 10,1)*x 10,1]
u
=

g on do)"xto,
n =no on (0,19x304

2
=8t -A e(r) -+g
k =2t

Eigenbasis (hi,-in,a) egenvalues Xi-id.thin

THM Assume Lug- 69,7dt, ug 630
- -e

· Le-contraction rate a
d+1+2+Y or n

d+1+2+Y for

2-regular or HBSEB prior

·coverage and optimal diameter
for aregular prior with c=-Figh



EXAMPLE HEAT WITH ABSORPTION - DETAILS

E-
An=fu on 10,1)*x 10,1]
u
=

g on do)"xto,
n =no on (0,19x304

2
=8t -A e(r) -+g
k =2t

Eigenbasis (hi,-in,a) egenvalues Xi-id.thin

THM Assume Lugt 69,7dt, 4g 630
· Le-contraction rate for to is nka)//d++ectu) for aregular prior, 23dH

⑰
1 19 n dtitipty> to for His or EB

·Pfo(foE((y))-1 and daug(yn)) =UpIn-text) if a=-ign



EXAMPLE EXPONENTIATED VOLTERRA

Sue=fue on 10,1)

up
=

g at 0

Su =u

kr =Sv/sIdS elrl=rg

THM
·Le-contraction at no implies -contraction at fo.

·L-diameter of credible set retained

&



EXAMPLE DARCY

ED. (TN)
=h on O

up
=

g on 00

d=1:(t'u'+ fuf=h on 10,1) -> f =o,tfoul
o

uq =g on 60,13

dx:no explicit inverse

Nick 2023: inverse exists and is lipschitz (on rangel
17 Auf+/Dngll> 0

Our approach should workif this
is true for to



DISCUSSION

Idea is to isolate a linear operator & so that

7 =e(fug)
for nice operator 2.

statistical problem becomes linear

Nonlinear inversion becomes deterministic

·Not clear when this is possible.

·May need (expensivenumerical
methods to compute e

·Works best if Istandard) prior is put on up.
·Boundary conditions not well understood.


