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Plan for the talk

Plenary talk :
@ Double brackets and associated structures

@ Relation to integrable systems

Parallel talk :
@ IS from double Poisson brackets

@ IS from double quasi-Poisson brackets



Double brackets Relation to IS IS from double Poisson IS from double quasi-Poisson

Motivation

Following [Kontsevich, '93] and [Kontsevich-Rosenberg, '99]

associative C-algebra —  commutative C-algebra
A  —  ClRep(4,n)]

C[Rep(A, n)] is generated by symbols a;;, Va € A, 1 <i,j < n.
Rules : lij = (51']', (CL + b)ij =a;; + bij, (ab)ij = Zk; aikbkj.

Goal : Find a property P,. on A that gives the usual property P on
C[Rep(A,n)] for all n € N*
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Towards double brackets (1)

Setup : M is a space parametrised by matrices a(!), ... a(") € gl (C)

= C[M] is generated by !, ....a'" for 1<i,j <n
ij

<y Qs
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Towards double brackets (1)

Setup : M is a space parametrised by matrices a(!), ... a(") € gl (C)

= C[M] is generated by aEJ),..., EJ), for1<i,j<n

Assume that M has a Poisson bracket {—, —} which has a nice form :
for any a,b=a®, ... a

{aij, b} = cjd, (1)

for some ¢,d € Wy := ClaM), ... a()
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Towards double brackets (1)

Setup : M is a space parametrised by matrices a(!), ... a(") € gl (C)

= C[M] is generated by agjl.),..., EJ), for1 <i,j<n

Assume that M has a Poisson bracket {—, —} which has a nice form :
for any a,b=a®, ... a

{aij, b} = crjda (1)

for some ¢,d € Wy, := C(a™), ..., a")

Can we symbolically understand the Poisson bracket with matrices?
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Towards double brackets (2)

Trick : write {a;j, by} = cx;dy as

fa, 0}y, = {aij, bu} = (c® d)gja - (2)

As a map {{—,—}:WM X WM—>WM®WM
(Recall Wy = C(a(l), .. .,a(’“)>. Here ® = ®c¢)
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Towards double brackets (2)

Trick : write {a;j, by} = cx;dy as

fa, 0}y, = {aij, bu} = (c® d)gja - (2)

As a map {{—,—}:WM X WM—>WM®WM
(Recall Wy = C(a(l), .. .,a(’“)>. Here ® = ®c¢)

Antisymmetry = {{a,b} = —7(19) {b,a}

Leibniz rules :
{a,bc} = (b 1d,) {a,c} + {a,b} (Id,, ®c),
{ad, b} = (Id,, ®a) {d, b} + {a,b} (d®1d,,) .

Jacobi identity? ... a bit of work!
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Double brackets

We follow [Van den Bergh,double Poisson algebras, 08]
A denotes an arbitrary f.g. associative C-algebra, ® = ®¢

Ford € A%2, set d = d' ® d"(= ¥y d, © d!'), and 71pd = d" @ d'.
Multiplication on A®? : (a ® b)(c ® d) = ac ® bd.
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Double brackets

We follow [Van den Bergh,double Poisson algebras, 08]
A denotes an arbitrary f.g. associative C-algebra, ® = ®¢

Ford € A%2, set d = d' ® d"(= ¥y d, © d!'), and 71pd = d" @ d'.
Multiplication on A®? : (a ® b)(c ® d) = ac ® bd.

Definition

A double bracket on A is a C-bilinear map {—, —} : A x A — A®? which

satisfies
QO {a,b} = —T(12) {b,a} (cyclic antisymmetry)
Q {a,bc} =0b1){a,c}+ {a,b} (1®c) (outer derivation)
O {ad,b} =1 ®@a){d, b} + {a,b} (d®1) (inner derivation)l
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Double Poisson bracket

Recall d = d' @ d”’ € A®2 (notation) ~ {a,b} = {a,b} ® {a,b}”

From a double bracket {—, —}, define {—, —, —} : A*3 — A®3

fa,b,c} = {a. b, c}' B @ {b. c}”
+ 7123 {0, e, e} J} @ fe, a}”
+ T(132) {{C, {a, b}}’}} ® {a,b}", Va,b,cec A
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Double Poisson bracket

Recall d = d' @ d”’ € A®2 (notation) ~ {a,b} = {a,b} ® {a,b}”

From a double bracket {—, —}, define {—, —, —} : A*3 — A®3

fa,b,c} = {a. b, c}' B @ {b. c}”
+7(123) {b, fe.al' J} @ {e,a}”
+ T(132) {{C, {a, b}}’}} ® {a,b}", Va,b,cec A

Definition
A double bracket {—, —} is Poisson if {—, —, =} : A3 — A®3 vanishes. J
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Double Poisson bracket

Recall d = d' @ d”’ € A®2 (notation) ~ {a,b} = {a,b} ® {a,b}”

From a double bracket {—, —}, define {—, —, —} : A*3 — A®3

fa,b,c} = {a. b, c}' B @ {b. c}”
+7(123) {b, fe.al' J} @ {e,a}”
+ T(132) {{C, {a, b}}’}} ® {a,b}", Va,b,cec A

Definition
A double bracket {—, —} is Poisson if {—, —, =} : A3 — A®3 vanishes.

v

Example
1. A=Clz], {z,z2} =201 -1
2. A=Clz,y), {z, 2} =0={y,y}, {z,y} =11
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A first result

(notation) ~ {{a,b} = {a,b} ® {a,b}”
Proposition (Van den Bergh,'08)

If A has a double bracket {—,—}, then C[Rep(A,n)| has a unique
antisymmetric biderivation {—, —}, satisfying

{aij7 bk’l}P = {a, b};cj {a, b};/l : (3)

If {—,—} is Poisson, then {—, —}, is a Poisson bracket.
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A first result

(notation) ~ {{a,b} = {a,b} ® {a,b}”
Proposition (Van den Bergh,'08)

If A has a double bracket {—,—}, then C[Rep(A,n)| has a unique
antisymmetric biderivation {—, —}, satisfying

{aij7 bk’l}P = {a, b};cj {a, b};/l : (3)

If {—,—} is Poisson, then {—, —}, is a Poisson bracket.

Example
A=Clz], {z,z} =2 ®1—1® z endows gl,(C) = C[Rep(A4,n)] with

{2, xratp = Trjda — Onjwar -

This is (up to sign) KKS Poisson bracket on gl,, ~ gl
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A first dictionary

Algebra A Geometry C[Rep(A,n)]
double bracket {—, —} anti-symmetric biderivation {—, —}_

double Poisson bracket {—, —} Poisson bracket {—, —},



Double brackets Relation to IS IS from double Poisson IS from double quasi-Poisson

A first dictionary

Algebra A Geometry C[Rep(A,n)]
double bracket {—, —} anti-symmetric biderivation {—, —}_
double Poisson bracket {—, —} Poisson bracket {—, —},

Problem : “nice” integrable systems usually live on reduced phase spaces

(e.g. Calogero-Moser, Ruijsenaars-Schneider systems)
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Poisson reduction

Lemma (Van den Bergh,'08)

If A has a double Poisson bracket {—, —}, the following defines a Lie
bracket on Hy(A) = A/[A, A]

{a,b} = {a, b} {a, b} (4)

(for (4) we take lifts in A then A T=3% 4@ 4 ™ 4 Hy(4))
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Poisson reduction

Lemma (Van den Bergh,'08)

If A has a double Poisson bracket {—, —}, the following defines a Lie
bracket on Hy(A) = A/[A, A]

{a,b} = {a, b} {a, b} (4)

(for (4) we take lifts in A then A T=3% 4@ 4 ™ 4 Hy(4))

Let X(a) be such that X (a);; = a;; € C[Rep(A4,n)]
Then tr X (a) € C[Rep(A,n)]%t» = C[Rep(4,n)// GL,)]
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Poisson reduction

Lemma (Van den Bergh,'08)

If A has a double Poisson bracket {—, —}, the following defines a Lie
bracket on Hy(A) = A/[A, A]

{a,b} = {a, b} {a, b} (4)

(for (4) we take lifts in A then A T=3% 4@ 4 ™ 4 Hy(4))

Let X(a) be such that X (a);; = a;; € C[Rep(A4,n)]
Then tr X (a) € C[Rep(A,n)]%t» = C[Rep(4,n)// GL,)]
Proposition (Van den Bergh,'08)

The Poisson structure {—, —}, on Rep(A,n) descends to
Rep(A,n)// GL,, in such a way that

{tr X(a), tr X ()}, = tr X({a,b}). (5)
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A second dictionary

Algebra A Geometry C[Rep(A,n)]

double bracket {—, —} anti-symmetric biderivation {—, —},
double Poisson bracket {—, —} Poisson bracket {—, —},
(Ho(A),{—,—1}) is Lie algebra {—, =}, is Poisson on C[Rep(A,n)]t

Recall {—,—} =mo {—,—} on Ho(A) = A/[A, 4]
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Hamiltonian reduction

double Poisson bracket {—, —} on A ~ {—,—} =mo {—, —} descends to Ho(A) = A/[A, A]

Definition
p, € Aisa moment mapif {p,,a} =a®1—1®a, Va€c A J
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Hamiltonian reduction

double Poisson bracket {—, —} on A ~ {—,—} =mo {—, —} descends to Ho(A) = A/[A, A]

Definition
p, € Aisa moment mapif {p,,a}f =a®1—-1®a, Vae A J

Forany A e C, {u, — A\, a} =0.
= Lie bracket {—, —} descends to Hyp(Ay) for Ay := A/{u, — )
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Hamiltonian reduction

double Poisson bracket {—, —} on A ~ {—,—} =mo {—, —} descends to Ho(A) = A/[A, A]

Definition
p, € Aisa moment mapif {p,,a}f =a®1—-1®a, Vae A J

Forany A e C, {u, — A\, a} =0.
= Lie bracket {—, —} descends to Hyp(Ay) for Ay := A/{u, — )
Proposition (Van den Bergh,'08)

The Poisson structure {—, —}, on Rep(A,n) descends to
Rep(Ayx,n)// GL,, in such a way that

{tr X(a), tr X ()}, = tr X({a,b}). (6)
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Dictionary
Algebra A Geometry C[Rep(A,n)]
double bracket {—, —} anti-symmetric biderivation {—, —}_
double Poisson bracket {—, —} Poisson bracket {—, —},
(A/[A, A],{—,—}) is Lie algebra {—, =}, is Poisson on C[Rep(A,n)]¢""
moment map u, moment map X' (4, )
Ax=A/(p, =N, A€C slice Sy := X(u,) (A 1dy,)
(Ax/[Ax, Ar],{—, —}) is Lie algebra {—,—}p is Poisson on C[S»// GL,]

Recall {—,—} =mo {—,—}} on Ho(A) = A/[A, A]
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Plan for the talk

Plenary talk :
@ Double brackets and associated structures
@ Relation to integrable systems

Parallel talk :
@ IS from double Poisson brackets

@ IS from double quasi-Poisson brackets
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What can we do with double Poisson brackets?

Relation A — Rep(A,n)// GL,,(C) (or Hamiltonian reduction)

{tr X(a),tr X(b)}, = tr X({a, b}’ {a,b}").

Lemma

If the product {a, b}’ {a,b}" is a commutator, then
the functions tr X (a), tr X(b) Poisson commute

= We should try to find a “big" family of elements (a;);c; C A such that
mo {a;,a;} € [A, A

Side remark : The functional independence of the corresponding functions (tr X'(a;));c; seems

to be a purely geometric feature. | do not see how to understand it at the level of A (yet?)
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A first criterion

Lemma (The “Lax Lemma")

Assume that a € A satisfies {a,a} =) n(a® ® by — bs ® a®)
for finitely many nonzero by € A. Then the matrix X (a) is a Lax matrix,
ie. {tr X(a)*, tr X(a)'} =0 for any k,1 € N.
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A first criterion

Lemma (The “Lax Lemma")

Assume that a € A satisfies {a,a} =) n(a® ® by — bs ® a®)
for finitely many nonzero by € A. Then the matrix X (a) is a Lax matrix,
ie. {tr X(a)*, tr X(a)'} =0 for any k,1 € N.

k—11-1

{ar o} =3 > (@ @ a") fa,a} (@ @ a7

k=0 A=0

= mo {a¥, a'}} vanishes modulo commutators. O
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A non-example

Lemma (Weakest “Lax Lemma")
If a € A satisfies {a,a} = 0, then {tr X(a)¥,tr X(a)'} = 0. J
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A non-example

Lemma (Weakest “Lax Lemma")
If a € A satisfies {a,a)} =0, then {tr X(a)* tr X(a)'} =0. J

Example

A=Clx,y), {z,z} =0={y, v}, {z,y} =11
Moment map : p, = zy — yz.
= for all A € C, (tr X(y)*); Poisson commute on

Rep(A/(py —A),n)// GLn = {(X,Y) | XY =YX = Ald}// GLy,
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How to get something interesting?

[Van den Bergh,'08] — a double Poisson bracket for any quiver
Example
A = (C<CL', y> QO QO

- cq. ‘Cet “Cy

The data {2} =0={y,y}, oy} =1®1, p, =2y —yx
is encoded in Q.
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How to get something interesting?

[Van den Bergh,'08] — a double Poisson bracket for any quiver

Example

A= Clz,y) Qo Qo
= CQO l‘q;\/y l‘q

The data {z,2} =0={y, v}, oy} =101 p, =ay —yz
is encoded in Q.

We get an interesting IS by framing :

. Attach C™ at 0, C at ©
) z -y % = Calogero-Moser space [Wilson, 98]
Q1 ! Q1 U& (tr X (y)*)7_, define CM system
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Generalisation

[Chalykh-Silantyev,'17] — cyclic quivers give generalised CM systems

ds arrows v o : 00 —> S
ds arrows wg, : s — 00 /

Yo = Ym—1---Y150 : {Ye, Y} =0, so {tr X (ye)*, tr X (ya)!} =0
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Generalisation (bis)

[Chalykh-Silantyev,'17] — cyclic quivers give generalised CM systems
We can visualise commuting elements :

k k
Yo Us,ale Ws,a

True for any framing + maximally superintegrable [F.-Gérbe, in prep.]
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More in the parallel session !
~~ details on rational CM system
~ elliptic CM system

~~ double quasi-Poisson brackets and IS
~~ trigonometric RS systems from cyclic quivers

Interested to know where double brackets pop up in maths? Check :
www.maths.gla.ac.uk/~mfairon/DoubleBrackets.html (soon updated!)

Maxime Fairon
Maxime.Fairon@glasgow.ac.uk
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Plan for the talk

Plenary talk :
@ Double brackets and associated structures

@ Relation to integrable systems

Parallel talk :
@ IS from double Poisson brackets

@ IS from double quasi-Poisson brackets
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Reminder

A has double Poisson bracket {—, —}
— Rep(A4,n)// GLy(C) (or Hamiltonian reduction) has Poisson bracket for

{tr X(a),tr X(b)}, = tr X({a, b} fa,b}"),

Lemma

If the product {a, b}’ {a,b}" is a commutator, then
the functions tr X (a), tr X' (b) Poisson commute

= find “many” (a;)ier C A such that mo {{a;,a;}} € [A, A]

Lemma (The “Lax Lemma")

Assume that a € A satisfies {a,a} =) y(a® ® by — bs ® a®)
for finitely many nonzero by € A. Then the matrix X (a) is a Lax matrix,
ie. {tr X(a)*, tr X(a)'} =0 for any k,1 € N.
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Framed Jordan quiver

A =CQ is a B-algebra, B = Ceg @ Cey

" {y, 2} = eo ® eo,
O@<’ {w, v} = exo ® e,

v|lw
; other double brackets are zero
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Framed Jordan quiver

A =CQ is a B-algebra, B = Ceg @ Cey

Y {v. 2} =eo®eo,
@<’ {w, v} = exo ® e,
v|lw
N other double brackets are zero

Now p = [z,y] + [v, w] is moment map.

Get Lie bracket on Ho(Ay) = Ay/[Ay, Ay]
where Ay = A/([z,y] — wv = ey, v = Aoo€oo), for Ao, Aso € C
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Calogero-Moser space (1)

TN Y Ay =A/Jy, Iy = ([z,y] — wv = Neg, vw = Aoeoso)
D For A\g € C*, A\oc = —n g, 'Attach’ C™ at 0 and C at oo

o
<

= get M) := Rep(4,, (1,n))
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Calogero-Moser space (1)

TN Y Ay =A/Jy, Iy = ([z,y] — wv = Neg, vw = Aoeoso)
Q1 U;; For A\g € C*, A\oc = —n g, 'Attach’ C™ at 0 and C at oo

= get M) = Rep(/h, (1,n))

M ={XY €gl,,V € Matix,, W € Maty,«1}
My ={[X,Y] - WV = Ao 1d,} € M
For g (X,Y,V,W) = (9Xg ', gYg ', Vgt gW), g € GLy,
M, // GL,, = Spec(C[Rep(Ay, (1, n))]GL")

This is n-th Calogero-Moser space [Wilson, 98]

(tr Y'*) Poisson commute by the Lax lemma. They form an IS by counting
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Calogero-Moser space (2)

M ={X,Y €gl,,V € Matixn, W € Matnx1}
My ={[X,Y] =WV = A 1d,,} C M

GLy action : g- (X,Y,V,W) = (9Xg~',gYg~ !, Vg~1,gW)

On dense subset of M, // GL,,, choose
o X =diag(qi,...,qn)
o V=(1,...,1)
then for Darboux coordinates (q;, p;),
Ao

W = —)\0(1,...,1)T, Y;'j = 5ijpj _6(175j)
4 — gy

Calogero-Moser Hamiltonian :

2
%“WZ%ZP?—Z%

j 7 @~ 9)
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Spin Calogero-Moser space (1)

[Bielawski-Pidstrygach,’10; Tacchella,'15; Chalykh-Silantyev,'17]

d>2 A=CQq
Qa (Y
%« Ho = [xvy] - Za Wa Vo
vl,.l.,vd—@: Wi, ..., Wq Hoo :Zavawa
Sy

x‘_b\ = A/(,U«s = )\568)3:0,00
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Spin Calogero-Moser space (1)

[Bielawski-Pidstrygach,’10; Tacchella,'15; Chalykh-Silantyev,'17]

d>2. A=CQy

Qa " Y
= Ho = [.1', y] - Za WaVa
Ul,.“,vd—@:'lﬂl,u-awd ,UfOO:ZaUOéwa
x‘_l,\ = A/(,U«s = )\568)3:0,00

M ={X)Y € gl,, Vo € Matxn, Wy € Mat,«1}
My// GLy = {[X,Y] = > WaVa = X 1d,}// GLy,
«
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Spin Calogero-Moser space (1)

[Bielawski-Pidstrygach,’10; Tacchella,'15; Chalykh-Silantyev,'17]

d>2. A=CQy

Qa " Y
- Ho = [JL‘, y] - Za WaVa
vl,.-.,vd@:wl,---awd ,U«oo:ZaUOéwa
x‘_l,\ = A/(,Ufs = )\ses)s=o,oo

M ={X)Y € gl,, Vo € Matxn, Wy € Mat,«1}
My// GLy = {[X,Y] = > WaVa = X 1d,}// GLy,
«

This is n-th Calogero-Moser space with d spins/degrees of freedom

(tr Y'*) Poisson commute but only n functionally independent...
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Spin Calogero-Moser space (2)

Using the double bracket, we can compute Poisson brackets on M, // GLy,
for tr Y* and ¢! 5= YZI%;.

l
Y
[0} {trY* er Y}, =0={trY* ¢},

1
W
I B

Y k+l1
e {tlgz,ﬁv t%ye}P = 55715/;—61% - 5046757;5
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Spin Calogero-Moser space (2)

IS from double quasi-Poisson

Using the double bracket, we can compute Poisson brackets on M, // GLy,

for tr Y* and ¢! 5= Yiws.

l
it
[0} {trY* er Y}, =0={trY* ¢},
" wg
: ket
e {tlgz,ﬁv t%ye}P = 55715/;—61% - 5046757;5
Proposition

The commutative algebra generated by the elements (

trY* ¢k

’ aa)'

1 < a <d, is a Poisson-commutative subalgebra of C|M ) // GL,,| of

dimension nd.

Hence, we get Liouville integrability for any tr Y.
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What else from double Poisson bracket?

e As in plenary part of the talk = framed cyclic quivers

e Can understand elliptic CM system [Chalykh-F., in prep.]
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What else from double Poisson bracket?

e As in plenary part of the talk = framed cyclic quivers

e Can understand elliptic CM system [Chalykh-F., in prep.]

Tool : non-commutative tangent space of an algebra Ay has a double
Poisson bracket [VdB, 08]

Remark : AO = CQ ~ A= (CQ with pFEViOUS {{_, _}

Some details : end of Section 6.1 in [F., PhD thesis], ETHESES. WHITEROSE.AC.UK /24498 /
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What else from double Poisson bracket?

e As in plenary part of the talk = framed cyclic quivers

e Can understand elliptic CM system [Chalykh-F., in prep.]

Tool : non-commutative tangent space of an algebra Ay has a double
Poisson bracket [VdB, 08]

Remark : Ag = CQ ~ A = CQ with previous {—, -}
Method : apply this to Ay = C[£] for punctured elliptic curve £

Remark : two punctures shifted by u for the spectral parameter p of Lax
matrix of elliptic CM

Some details : end of Section 6.1 in [F., PhD thesis], ETHESES. WHITEROSE.AC.UK /24498 /
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Plan for the talk

Plenary talk :
@ Double brackets and associated structures

@ Relation to integrable systems

Parallel talk :
@ IS from double Poisson brackets

@ IS from double quasi-Poisson brackets
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quasi-Dictionary

Recall {—,—} =mo {—,—}} on Ho(A) = A/[A, 4]

Algebra A Geometry C[Rep(A,n)]

double bracket {—, —} anti-symmetric biderivation {—, -},
double quasi-Poisson bracket {—, —} quasi-Poisson bracket {—, —},

(A/[A, A],{—=,—1}) is Lie algebra {—, =}, is Poisson on C[Rep(A,n)]t
multiplicative moment map &, multiplicative moment map X(® )
Ag=A)(®, —q), qeC* slice Sy := X(®,) ' (qIdn)

(Aq/|Aq, Aq], {—, —1}) is Lie algebra {—,—}p is Poisson on C[S;// GLy]

{tr X(a),tr X(b)}, = tr X({a, b} fa,b}")
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Jordan quiver

There exists an algebra with a double quasi-Poisson bracket and a moment
map associated to ANY quiver [VdB, 08]
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Double brackets Relation to IS IS from double Poisson IS from double quasi-Poisson

Jordan quiver

There exists an algebra with a double quasi-Poisson bracket and a moment
map associated to ANY quiver [VdB, 08]

double Jordan quiver Qg A= (CQu)z = Clz*!, 2*1)
xC()z fz.2} =31@7 -2 1)

+ complicated bracket...

= get {tr X(2)¥, tr X(2)'}, = 0 on rep. spaces by the Lax lemma
= Z := X(z) could be an interesting Lax matrix

Remark

Moment map : ® = zzz 127!

Get Lie bracket on Hy(A,) for A, := A/(zzx='271 — q), ¢ € C*.
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Ruijsenaars-Schneider space

Non-spin case / Case d = 1 : [Chalykh-F.,'17 - 1704.05814]

x A = CQ; localised at z, 2, (eg + , (oo + :
O@« Q1 localise x, z, (eg + vw), (e wo)

vi|tw
& A has double quasi-Poisson bracket/moment map
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Ruijsenaars-Schneider space

Non-spin case / Case d = 1 : [Chalykh-F.,'17 - 1704.05814]

@"\Z A = CQ localised at z, 2, (eg + vw), (€00 + W),
v :w _
% A has double quasi-Poisson bracket/moment map

M :={X,7Z € GL,,V € Matix,, W € Matyx1}
Mg// GLy :={XZX'Z7 (Id, +WV)~! = ¢1d,} // GL,

(g is not a n-th root of unity)
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Ruijsenaars-Schneider space

Non-spin case / Case d = 1 : [Chalykh-F.,'17 - 1704.05814]

@"\Z A = CQ localised at z, 2, (eg + vw), (€00 + W),
v :w _
% A has double quasi-Poisson bracket/moment map

M :={X,7Z € GL,,V € Matix,, W € Matyx1}
M,/ GL, = {XZX1Z7Y(1d,,+WV)~! = q1d,.}// GL,

Z is Lax matrix for trigonometric Ruijsenaars-Schneider system
trZ,...,tr Z™ form an integrable system by the Lax lemma.

(g is not a n-th root of unity)
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Spin Ruijsenaars-Schneider space (1)

Spin case / Case d > 2 [Chalykh-F.,'20 / 1811.08727]

_ . A = CQq suitably localised
Qa m% )7 A has double quasi-Poisson bracket

P

vl,.‘.,vd—@: w1, wy A has a moment map
R
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Spin Ruijsenaars-Schneider space (1)

Spin case / Case d > 2 [Chalykh-F.,'20 / 1811.08727]

_ . A = CQq suitably localised
Qa m% )7 A has double quasi-Poisson bracket

P

vl,.‘.,vd—@: w1, wy A has a moment map
R

M :={X,Z € GL,, V, € Mat| xn, Wy € Maty 1}
—
= Cnga ={XZX'Z7" T[] (1dn +WaVa) ™' = q1d,}// GL,
1<a<d

Rearrange as XZX ! — qZ = qAC, ~ Z is spin trigo RS Lax matrix

(g is not a n-th root of unity)
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Spin Ruijsenaars-Schneider space (2)

Double brackets

=V, Z'W3.

Introduce notation t! 3

l

- ~Z

[0} {trZ% tr 2}, = 0= {r 25 ' 5},
L wp

S {thsth}p =

Can we form an integrable system by extending tr 7, ... tr Z"7



Double brackets Relation to IS IS from double Poisson

IS from double quasi-Poisson

Spin Ruijsenaars-Schneider space (2)

Introduce notation ¢ 5= ZIIVQ.
- \Zl
[0} {trZ% tr 2}, = 0= {r 25 ' 5},
L wp
S {thatheke = -

Can we form an integrable system by extending tr 7,

Problem: {tiﬁ,tlyﬁ}P is VERY complicated !

e, tr 277
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Spin Ruijsenaars-Schneider space (3)

Idea : on C,, 4 4 we have from moment map
Xzx 1= qSq, Sgq:= (Idn —‘rWdVd) e (Idn +W1V1)Z

So tr 55 Poisson commute will all ¢ 5= Zle on Cy,q.4-
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Spin Ruijsenaars-Schneider space (3)

Idea : on C,, 4 4 we have from moment map
Xzx 1= q¢Sq, Sq:= (Id, —‘rWdVd) e (Idn +W1V1)Z
So tr 55 Poisson commute will all ¢! 5= Zle on Cy,q.4-

x Nz T Nz x Nz
%«’ ... = %«’ .= %«’
Ulgwl V1,V —@| WY yeeny W V] yeeny vq g| W yenns wq

\ \y U

v

Cnog,1 — ... Cn,qg.a ... Cnqd

= for Sy := (Id, +WoVa) ... (Id, +W1V1) Z, tr SE € C[Cp 4.4]
and tr Sﬁ Poisson commute with any ¢ 5= ZZI/VS, 1<y, <
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Spin Ruijsenaars-Schneider space (4)

For Sp = (Id,, +WoVa) ... (Id, + W1 V1) Z, tr SE € C[Cp 4.4)

Proposition (Chalykh-F.) }

The elements tr S*, 1 < a <d, k= 1,...,n, form an integrable system.

(Involutivity is checked with double brackets !)
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Generalisation

Tm—1

Proposition
For suitable dimension vector and for generic parameters, there exists an
integrable system containing tr ZF, k=1,...,n, 2e = 21 ... 2120.

[Chalykh—F,'l?] for one framing arrow, [F,ylg] for d framing arrows to one vertex

[F.,PhD thesis] (ETHESES.WHITEROSE.AC.UK/24498/) for general case
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Thank you for your attention

Maxime Fairon
Maxime.Fairon@glasgow.ac.uk



	Double brackets
	Relation to IS
	IS from double Poisson
	IS from double quasi-Poisson

