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Poisson-Delaunay tessellation and the typical cell

PPP: Poisson point process on R?, intensity 1

Whenever (d + 1) points of the PPP lay on a
sphere that contains no points of the PPP in
its interior, their convex hull is a Delaunay

cell.
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Poisson-Delaunay tessellation and the typical cell

PPP: Poisson point process on R?, intensity 1 Typical cell: a cell chosen uniformly
at random in a large window. Denote

Whenever (d + 1) points of the PPP lay on Xo, ..., Xq its vertices.

a sphere that contains no points of the PPP

in its interior, their convex hull is a Delaunay Cgff)l = Conv (Xo, ..., Xq)

cell.
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Poisson-Delaunay tessellation and the typical cell

PPP: Poisson point process on R?, intensity 1

Whenever (d + 1) points of the PPP lay on
a sphere that contains no points of the PPP
in its interior, their convex hull is a Delaunay
cell.

Typical cell: a cell chosen uniformly
at random in a large window. Denote
Xo, ..., Xq its vertices.

€LY = Conv (Xo, ..., Xq)

X 2, g, )

XO raaius R
Law of the typical cell
1
(Xo, -+, Xa) = R(Wo, ... Wa)
where R has a known generalized Gamma
distribution, (Wo,..., Wy) are points on

the unit sphere with density proportional
to Volg(Conv(Wo, ..., Wg)).
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Some edge lengths of the typical cell

X2

N W2
Question: what is the law of Wi X1

(X1 = Xoll, ---s [IXa — Xoll) ? HX2-Xo]|

fIX1-Xol|

e “radius R

Xo
We want to compute the Mellin transform, that is

E[[|X1 = Xo[** -+ - [[Xa — Xol|*]
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Some edge lengths of the typical cell

X2

Question: what is the law of P\ WS ': X1

(X1 = Xoll; -, [ Xa — Xoll) ? HX2-Xo]|

fIX1-Xol|

“radius R

Xo

We want to compute the Mellin transform, that is

E[IX1 = Xo|*t -+ [IXq = Xo|*@] = E [R*1 T4 |[Wy — Wo|*1 -+ [|[Wq — Wol|*¢]

RV b U, — Uplt -+ [ Ug = Uo @4 Volg(Conv(Uo, . Ua))]
= E[Voly(Conv(Uo, ..., Ug))] 1= o d = Yoll Tt Volatbonvito, s Vd

found by [1]

where Uy, ..., Ug are i.i.d. uniform on the unit sphere.

[1] R.E. Miles. Isotropic random simplices. Adv. in App. Prob. Vol. 3, No. 2, 353-382 (1971)
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Miles “2.0”
ax1 Our problem: For Ug, ..., Uy i.i.d. uniform on the unit sphere:

E[lU1 — Uol|** - -+ [[Ug — Uol|*¢Volg(Conv (U, ..., Ug))] =7 (1)

“radius R

Re-purposing the methods used by Miles [1] to find E [Vol;(Conv(Ug, ..., Uy))], we can
compute (1) and recover a representation of the law of (||X1 — Xol, ..., [|Xa — Xo|l)-

Theorem.
1
(”Xl - X()H27 s ”Xd - XOH2) = R2( o(1)r = La(d))

a 8 2_1 _ d 3 A
where R has density proportional to r — r% ~le=#d™ & is a uniform random

permutation and

(L1, ..., Lq) & (CB1 Dy, ...,CBy_1Dg4_1,CBy)

where the random variables By, ..., By, D1, ..., Dg_1, C are all independent and Beta
distributed with the following parameters: C ~ Beta <’1 +1 %) Bi,..,Bg ~

Beta (% +1, g — 1) and D1, ...,D4q_1 ~ Beta <g, 1).

[1] R.E. Miles. Isotropic random simplices. Adv. in App. Prob. Vol. 3, No. 2, 353-382 (1971)
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Poisson-Voronoi tessellation, the typical cell and its circumradius

PPP: Poisson point process on R%, intensity 1

-4
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Poisson-Voronoi tessellation, the typical cell and its circumradius

PPP: Poisson point process on R?, intensity 1

CX)={y eR*: ly - X| < |ly - X'|, X" € PPP}
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Poisson-Voronoi tessellation, the typical cell and its circumradius

PPP: Poisson point process on R?, intensity 1

CX)={y eR*: ly - X| < |ly - X'|, X" € PPP}

Typical cell Cyp = C(Xgyp): a cell
chosen uniformly at random in a large
window.

Circumradius R, of the typical cell:
Reire = min(r > 0 : Cyp € Br(Xtyp))
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Previous results in dimension 2

Calka, in [2], finds a double bound for d = 2. For ¢ large
enough,

2 2
27t2e ™™ < P(Reipe > t) < dmtZe™ ™.

Question: P (Reire > t) PN ?

— 00

[2] P. Calka. The distributions of the smallest disks containing the Poisson-Voronoi typical cell
and the Crofton cell in the plane. Adv. in Appl. Probab. 34, 702-717 (2002)
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Previous results in dimension 2

Calka, in [2], finds a double bound for d = 2. For t large
enough,

5 2 5 2
21t2e™ ™ < P(Rejpe > t) < dmtle ™.

. 2

factor ¢° : factor et :

positioning of ) 5
around Xeyp e = ¢ Vol2(O)

=P(PPPN O = 0)

Guess:
d
P(Reire > t) "X° Cytderat

where kg is the volume of the unit ball,
Cy is a constant to be found,
n, is a power to be found.

[2] P. Calka. The distributions of the smallest disks containing the Poisson-Voronoi typical cell
and the Crofton cell in the plane. Adv. in Appl. Probab. 34, 702-717 (2002)
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Theorem and implications regarding the extremal index

Theorem 1 (Distribution tail of the circumradius of the typical cell).
]P(Rcirc > t) thoo Cdtd(d_l)e_ndtd

where k4 is the volume of the unit ball and Cy is an explicit constant with Cy = 4.

Extremal index =
1

E[# exceedances in a cluster of exceedances ] L
Limit law of the max

Y circumradius in an increasing
1 window (properly rescaled)

SRR

R

[3] P. Calka & N. Chenavier.
Extreme values for characteristic
radii of a Poisson-Voronoi tessella-
tion. Eztremes 17, 359-385 (2014)
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Theorem and implications regarding the extremal index

Theorem 1 (Distribution tail of the circumradius of the typical cell).
d
IEI’(}2(:irc > t) tjvoo Cdtd(d_l)e_mdt

where k4 is the volume of the unit ball and Cy is an explicit constant with Cy = 47

/

Extremal index = /
1
E[# exceedances in a cluster of exceedances ]

Limit law of the max
circumradius in an increasing

/ _~ window (properly rescaled)

[3] P. Calka & N. Chenavier.
Extreme values for characteristic
radii of a Poisson-Voronoi tessella-
tion. Extremes 17, 359-385 (2014)

Theorem 2. Extremal index =

For d = 2, extremal index = L

4

1
2d°
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Random simplices in the unit sphere - value of the constant Cy
Theorem 3. Let Uy,...,Uy ii.d. uniform on the (d — 1)-dim unit sphere and
denote kg4 the volume of the unit ball.

Cq
(drq)d

=E |:Vold (Conv (Ug,...,Uyg)) 1

1 ()’

[NJIsH

= 2d*1\/77r(d— 1)! r <%)d—l

{0 € Conv (ProjUé (U1)>}
describes locally the extremal
shape of the cell.

Volg (Conv (Ug, ..., Uy)): arises
from a polar change of
coordinates.
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Thank you for your attention!



