CHAPTER 6

Uniformization of surfaces of genus 0

The main goal of this chapter is to give a proof of the following result:

Theorem 6.1. Let (X2, go) be a closed Riemannian surface with positive Euler characteristic. Then
the unique solution to the normalized Ricci flow starting from go converges exponentially in any C*
norm to a smooth round metric goo ast tends to +oo.

We present below a proof that combines Hamilton’s original proof |[Ham88| in the case of a initial
metric gg with positive scalar curvature and Chow’s proof [Cho91| that extends Hamilton’s work
for an arbitrary metric gg9. Notice that Hamilton’s proof does invoke the uniformization theorem
through the so called Kazdan-Warner identity. Chen-Lu-Tian [CLT06] managed to get rid of such
identity by classifying shrinking gradient Ricci solitons on a 2-sphere independently as explained in

Chapter

1. Strategy of the proof

According to Chapter [5| there is a unique solution to the NRF coming out of a given smooth
Riemannian metric on ¥ that exists for all time: see Corollary The main issue in case X is a
sphere is the convergence of the flow to a metric with constant positive curvature. Indeed, observe
that the bounds obtained so far in Chapter [5[are blowing up as ¢ tends to +o00. One of Hamilton’s
ideas was to consider a tensor that measures the defect of the flow to be a shrinking gradient Ricci
soliton. Such a tensor called M (t) has been introduced in Propositionand has not been used so
far. Let us compute its evolution equation along the NRF:

Proposition 6.2. Along the NRF,

0

In particular,
0

S0y = By M) 2y — 297 OM D)) — 2Ry MO, ¢ >0,

g(t)

Before we proceed to the proof of Proposition we explain what it suggests to prove next:
if we knew that Ry > ¢ > 0 for all time ¢ sufficiently large then the maximum principle would
imply that |[M(t)] < Ce™ for some positive constant C. As t tends to +oo, it strongly suggests
that the flow should converge to a metric whose associated M-tensor vanishes identically, i.e. it
should converge to a shrinking gradient Ricci soliton! We will make these heuristics more precise
later. Before proving Proposition we need a general lemma that computes the evolution of a Lie
derivative of a gradient vector field along an arbitrary flow of metrics:

Lemma 6.3. For a one-parameter family of Riemannian metrics g(t) and a one-parameter family of
smooth functions f(t):
VIO (Of = Dy f) = (0 = Apgy) VIO + T(VIOS),
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where

1
TV f)iy =590 (Vf“> (9hg + 2 Ric(g(t)) 55 + VI (g + 2 Ric(g(t))x

- VI 01+ 2Riclg(0) ) V1.
Proor. Using commutation formulae, for a Riemannian metric g and a smooth function f:
(V92(Dg )iy = VIVIVIVL] = VIVIVIVA — V! (Ric(g), Vi)
= VIVIVIVIf — Rm(g)ig VI VY — Rm(g)iy,; VIV] f
— gV Ric(g) ;1 VY f — Ric(g),vIVf
= (8,V92);; — V{ (Rm(g)}y; V71 ) — Rie(9)iv92i; — Rm(g)}y V1V
— g"V{ Ric(g)x V] f — 9" Ric(g)x V9 fu
= (AL Vo2 )iy — g™ (V4 Ric(g)je + V9§ Ric(g)ix — V{ Ric(g)i; ) V11,

where we have used the second Bianchi identity V§ Rm(g),.; = g™ (V] Ric(g)ir — V] Ric(g)i;) in the
last line.
On the other hand, thanks to Lemma and the definition of the Hessian of a function,

0 0 0
Y oa®)2r. _ ge®)2 [ £ _ Y 1 o9(t)
5" =V (1)~ G vis
0 1
= o2 (mf) = 90" (VI @95k + VIO @19y — T (Gug)is ) VIO,
ij
This ends the proof of the lemma. O

We are now in a position to prove Proposition
PROOF OF PROPOSITION Lemmall[6.3]applied to the NRF gives:
(0 = Ap ) VIO = VO (Of = Ay f)

since dyg + 2 Ric(g(t)) = (r — Ry())g(t) + Ry g(t) = rg(t) is parallel with respect to v,
Now, in dimension 2,

Ry

Rm(g(t))ijr = gT (9 agt) ik — g()irg(t) 1) -

Therefore,

Ap gy V2 f = Dy VIO f 4 Ry (D) f)g(t) — 2Ry VIO 2.

In particular,
(91 = Bg()) VIO2F = VIO (O0f = Dy f) + Ry (Do f9(t) = 2Ry V02
= (r = 2Ry)) VI f + Ry (A g fo(t)

A
= (7“ — 2Rg(t))M(t) + T%)fg(t).

Since,

A A
(0 — Ag) <gg)fg(t)> = [(8 — Ayw)) Dyiy f] ? 4 %)fatg

R, A
= 290 (8, 1190+ 250L (0~ Ry ot

Agwy f
=7“79;) g(t),

we finally obtain the desired evolution equation of the tensor M (¢).
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Thanks to the previous computation, the definition of the norm of M (¢) with respect to g(t), i.e.
M) 1= (6 (6" M (633 M ()10, implis:

0
aIM(t)Iﬁ(t) = 2Ry —1) M (1)[5) + 2(M (1), Dy M () + (r — 2Ry ) M (1)) g1
= Ag(t)|M(t)|_¢2](t) - 2|Vg(t)M(t)|Z(t) — 2Ry |M(t)|3(t)’

as expected. O

We end this section by summarizing the main steps leading to the proof of the uniform lower
bound Ry > ¢ > 0 along the NRF in case the initial metric satisfies R, > 0.

(i) Define an entropy for surfaces with positive curvature and show that it is strictly decreasing
along the NRF unless the flow is static, i.e. the flow is a time-independent family consisting
of an Einstein metric.

(ii) The aforementioned monotonicity will help us prove uniform bounds on the scalar curvature
and its gradient. A uniform bound on the diameter will also be derived.

(iii) A suitable differential Harnack inequality for the scalar curvature will let us compare its values
at different space-time points.

(iv) We will then be in a good position to prove the desired uniform lower bound on the scalar
curvature along the NRF.

(v) We will show the convergence of the NRF to a shrinking gradient Ricci soliton up to suitable
diffeomorphisms.

(vi) By invoking the classification of such solitons in Chapter |2| we will conclude the proof of
Theorem

2. Hamilton’s entropy

Let us start with a formal definition:

Definition 6.4. Let (X2, g) be a Riemannian manifold with positive scalar curvature Ry > 0. The
entropy of g, denoted by N(g), is defined by:

N(g) == /ERg logRy djig.
Recall the following straightforward fact that we leave as an exercise:
Lemma 6.5. Along the NRF,
% (Ro(r) drg(n) = Byt Ry(r) dhige)-
We derive a first version of the first variation of the entropy:

Lemma 6.6. Along the NRF starting from a metric gg with positive scalar curvature,

0 R Ryt) |2(t)
I N(g(t _—/-"du +/R )2 dpypy.
5V (9(®) g Ry o(t) E( g(t) =) ditg(r)

The previous lemma has a main drawback, it does seem obvious to show that the entropy is
monotonic along the NRF.
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PROOF. It is a straightforward computation that uses the definition of the NRF and that of the
entropy only:

0 0
N (t) = /2 <athgRg(t>> Ry digee) + /E log Ry(t) 5 (Ro(r) drtg(r))
= /E Agt) Ry(y + Ryy Ry —7) dpgry + /Z log Ry (1) Ag(t) Ry(ry dige)
= /Z Ryt Ry(r) =) dptg(ey — /E g(O)(VD log Ry sy, VIO Ry(r)) gy

:/E(Rg(t) =) dprg(r) /Zg(t)(vg(t) log Ry(r), VIO Ryr)) dig o),

where we have used Lemma in the second line. An integration by parts has been performed in
the antepenultimate line together with the definition of 7 in the last line. This computation leads to
the desired result. O

The next result is based on the previous computation and it shows the desired monotonic property
of Hamilton’s entropy:

Lemma 6.7. Let (3, g(t))icpo,r) be a solution to NRF such that Rgy > 0. Then,

) VIO R4y — Ry VIO £(2))2
—N(g(t)) = — /E 2 g(t) O gy 2 / | M ()[54) dhg(ey < 0,
9

with equality if and only if (X, g(t))icjo,r) s a shrinking round sphere.

PROOF. Let us start from the righthand side and let us expand it as follows:
/ |Vg(t) Rywy =Ry Vg(“f(t)lﬁ(t) d
= Ry

/ |vo() Ry |§(t) — 2Ry 9(t) (Vo) Ry VIl f(t)) + R?J(t) NG )|_?1(t) dy
B 9(t) —
P

Hg(t) =

0)

_ W—(ﬂb(”d 2 [ Ron A d | R WID 2 d = (2.1)
R Ha(t) 9(0) Bg(0)f (1) dhgqr o) [V S O)lgay drgy = (2
= g(t) b) b

|VI R, (t)|
_/Rgg(t)d (>+2/Rg<t)(Rg(t> —r)dugu)_/R(t>|Vg()f<)|g( Ahg(r) =
by 9(t) z

|VI R, ® |2

Ryt
Here we have used integration by parts in the second line together with the equation satisfied by

f(t) in the third line. Finally, we have used the fact that Ry —r has zero mean value in the last
line.

Now,

2
—2 / M (®)[500) ditge) =

VIO (1) — Ay f(D)g(1)

M\

g(t)

l\D

m\m\

2 1
Vg(t)’Qf(t)( o~ (T, 8y F 9Ot + 5 (Bt £ (1)) g

9(2 f (4 )‘ L (Ag(t)f<t))2 dpig(r)

(2.2)
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The last step consists in linking the L? norm of Rgy() —r with that of the Hessian Vb2 £(¢)
through the Bochner formula for functions:

/(Rg(t) —r)? dprgry = /(Ag(t)f(t))2 diig(p)
> >
T /2 g®)(VID£(t), VIO (A ) £ (1)) dprgqey
= /E g (VIO (), Ay (VIO £(£))) — Ric(g () (VIO £(t), VIO f(2)) dpig ey

1
= /E [VIO2 £ ()50 + 5 Rate) [V S () 50) dirge)-

(2.3)
Finally, we add (2.1)) and (2.2) to get the expected monotonicity once we invoke together with Lemma
O

We conclude this section by stating the following straightforward but crucial consequence of
Lemma

Corollary 6.8. Let (3, g(t))i>0 be a solution to NRF such that Ry > 0. Then Hamilton’s entropy
s uniformly bounded from above for all time. More precisely,

N(g(t)) < N(g(0)), t=0.

3. Uniform curvature bounds and their consequences

Lemma 6.9. Let (X, g(t))i>0 be a solution to NRF such that Ry > 0. Then for any t > 0,

1
mgXRg(s) §2m§XRg(t), tSSSt+ m

In particular,
1

“Lot) < < ), t<s<t4+ —— "
e g(t) < g(s) <Veg(t), t<s< +2maXERg(t)

PRrROOF. The evolution equation for the scalar curvature gives in particular:
9 2
ot Ra®) = Do) Ry + Rype) -
The maximum principle implies that maxs Ry < y(s), where y solves y/(s) = y(s)* for s > ¢ and
y(t) := maxy, Ry(;) . Therefore,
1
L +t—s

maxy; Rg(t)

mXE)LX Rg(s) < <2 mZE:lX Rg(t)7

: 1
if S S t+ m
The bounds on the metric comes immediately from the integrated version of the normalized Ricci

flow equation together with the previously established bound on the curvature:
S
g(s) = exp {/ (1 = Ry(s)) ds'} g(t), s>t
t
. . 1
In particular, if t < s <t + Tmaxs Ry ()

g(s) < exp {r(s — )} g(t) < Veg(t), s>t

The lower bound can be proved similarly. U

The next result uses the so called Bernstein-Shi technique that we already used in Chapter
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Lemma 6.10 (Uniform gradient bounds). There exists a universal positive constant C' such that for
any solution (X, g(t))i>o0 to the normalized Ricci flow with Ry > 0. Then,

C
VIO R <= Roo|, te€ <0, 8 R —1
Slép| 9@ lgt) < ﬂstépl (0 | ( Slép| 90) |)

Notice that we derived such bounds for the Ricci flow, not for the normalized Ricci flow.

PROOF. Let us consider the following quantity: Rz(t) +t|v9®) Ry |3(t). Let us derive its evolu-
tion equation:

0
<6t - Ag(t)) <R3(t) +t|vg(t) Rg(t) |3(t)) — —2|vg(t) Rg(t) |52](t) + 2Rg2](t) (Rg(t) —’I")

= 2| VI Ry [ + (A Ry —37) + 1) VIO Ryqr 30,

In particular, since r > 0,
9 2 t 2 t 2 3
(8t - Ag(w) (Rg(t) +VI Ry(e) |g(t)) < (4 Ry —1) V9 Ry 3 + 2R
Now, 9t Rg1) < Agr) Ry(r) + R?](t) on X which implies by the maximum principle Ry < 2maxy Ry ()
for 0 < ¢ < (2maxs Ry(g)) . As an intermediate conclusion, 4t Ry < 1for 0 < ¢ < (8 maxg Ry()) '
Inserting this curvature bound back to the previous differential inequality leads to:

9 2 2 3 -1
<8t — Ag(t)) <Rg(t) —|—tlvg(t) Rg(t) |g(t)> < 16<leaX Rg(O)) , 0<t< (8 mSX Rg(0)> .
Invoking the maximum principle once more gives us the expected result:

2 2 2 3 2
R+ VIO Ry |2 < max RY ) +16(max Ry())*t < 3max R,

as long as 0 <t < (8 maxy, Rg(o))_l. O

We now bound the curvature along the normalized Ricci flow uniformly in time on a 2-sphere
endowed with an initial metric with positive scalar curvature:

Proposition 6.11. Let (3, g(t))i>0 be a solution to the normalized Ricci flow with Ryyy > 0. Then
the (scalar) curvature is uniformly bounded in time, i.e. there exists a uniform positive constant C
such that:

sup Rg(t) < C.
EX]R+

Before proving Proposition[6.11] we recall the following injectivity radius estimate:

Theorem 6.12 (Klingenberg’s theorem). Let (M?", g) be an orientable manifold with positive sectional

curvature, i.e. Ky > 0. Then
T

\/maXMKg'

inj(M, g) >

A proof is given in the list of exercises below.

ProOOF. Recall from Corollary that Hamilton’s entropy N(g(t)) is uniformly bounded from

above for ¢ > 0. In particular, if r < 7/,/maxy Ky = Wﬂ/, /maxys; Ry, Theorems and
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ensure that:

C=N(gt) = /E Ry log Ry(ry dpg(e)

= / Ryt log Rg(sy dpg(ey + / Ryt log Ry dpigr)
Bg(t) (;E,T) E\Bg(t> (:L‘,’I”)

> 5 mi(n ) {Rg(t) log Rg(t)} VOlg(t) Bg(t) (x,r) — 2¢1 VOlg(t) (2\ Bg(t) (x,7))
QNS

> min {Rg() logRy(r) } volsamaxs Ry () /2) Bs2(maxs Ryq /2 (1) — € voly (%)
By (z,r) ¢

>  min {Rg(t) log Rg(t)} (cr2> e} volg(o)(E),
Bg(t) (CL’,’I")

for some universal positive constant c¢. Here we have used the fact that ming,~ozlogz = —e™! in

the third line together with the constancy of the volume in the last line.

The goal is then to find a radius r comparable to (maxs Rg(t))_l/ 2 50 that the minimum on a
ball of radius 7 centered at a point to be defined is bounded from below by maxs; Ry(;). Indeed, the
previous set of inequalities will show the uniform boundedness of maxys; Ry ;) thanks to the additional
log term.

To make this reasoning formal, for 7' > 0, define x(T") := maxy;, o,7] Rg(r). Assume that x(T) >
max {#(1),47'}. Otherwise, there is nothing to prove. Notice in particular that T > 1. Pick a
space-time point (z1,1) in (1, 7] x X such that Ry, )(z1) = £(T). We want to show that on a ball
By,)(z1,€/+/K(T)) with € > 0 to be chosen later, Ry, is comparable from below to #(T"). Lemma
6.10| applied to an interval of the form (t; — (4x(T))~!,#1] (once the solution translated by time
t; — (4x(T))~1) shows that

C 3
S V(@ L, TR

In particular, on a ball By y(21,e//K(T)),

3
Rg(tl)(y) > Rg(tl)(‘rl) - 2CR(T>2 ’

=

V9 Ry(r) lg(ry t

€ k(T)
s =R -2:0) 2 7

if € is chosen to be small enough (uniformly in time). This concludes the proof. O

With such a uniform bound on curvature in hands provided by the previous proposition, we can
furthermore bound the diameter uniformly in time:

Proposition 6.13. Let (3, g(t))i>0 be a solution to the normalized Ricci flow with Ryyy > 0. Then
the diameter is uniformly bounded in time, i.e. there exists a uniform positive constant C' such that:

sup diam(g(t)) < C.
>0

Remark 6.14. Perelman has generalized this fact for solutions to the Kéhler-Ricci flow on a Fano
manifold starting from a Kéhler metric in the first Chern class: see [ST08] for a proof. Hamilton’s
entropy is replaced by Perelman’s entropy.

PROOF. The combination of Klingenberg’s theoremtogether with the uniform upper bound
on curvature guaranteed by Proposition leads to the existence of a positive constant C such
that for all t > 0, inj(X, g(t)) > ¢p > 0.

Now, if x an y are two points in 3 such that diam(g(t)) = dy)(7,y) then let (p;)o<i<n denote
a sequence of points in ¥ (along a minimizing geodesic connecting = and y for instance) such that
dg()(Pis piv1) > to fori =0, ..., N with pg := x and py := y and diam(g(t))/to < N < diam(g(t))/t0+
1. Then the balls Bg)(pi,to/2) are pairwise disjoint and embedded in 3. Moreover, Theorem
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gives a uniform lower bound, say vg, on the volume of each such balls. Therefore, if Vj := voly ) 2,
diam(g(t)) < N,
(N + 1wy < volyy ¥ = W,
since the volume is constant in time by the very definition of the normalized Ricci flow. This ends
the proof: diam(g(t)) < toVp/vo. O
4. Differential Harnack estimate

Theorem 6.15. Let (3, g(t))icjo,1) be a solution to the normalized Ricci flow with Ry > 0 then there
exists a constant C(go) > 1 such that fort >0,

0 . 9 Cre™
57 108 Ra( [V log Rye) [50) = Ayt log Ry + Ry = > — 57—

We only prove the second version, i.e. in the setting a normalized Ricci flow. We start with a
lemma that computes the evolution equation of log Ry :

Lemma 6.16. Let (3, g(t))cjo,r) be a solution to the normalized Ricci flow with Ry > 0 then

o
—log Ry() = Ag(p log Ryry +/V log Ry 2y + Ry —-

ot
PROOF. It is a straightforward computation based on the evolution equation satisfied by Rg):
0 1 0
a0 80 =g o ot Ry
1
"Ry (Bg() Ro(r) + Ryt) Ry —7))
= Ay 108 Ry(r) +V log Ry(r) [ + Ryr) 7
since for any sufficiently regular function u on X, u - Ay logu = Aypyu — u|V9®) log u|§(t). O

From now on, we define the differential Harnack quantity:
0
Q(t) = 5; log Ryqr — V9D log Ry 2005 (4.1)
which equals A ) log Rg(y) + Rg(y) —7 according to Lemma
In order to prove Theorem|6.15| we derive the evolution equation of ) in the next lemma:

Lemma 6.17. Let (3, g(t))cjo,r) be a solution to the normalized Ricci flow with Ry > 0 then,

0
5:Q1) = 8y Q(1) + 29()(V/IQ(1), V4 log Ry (1))
9(6).2 1 ’
VI log Rg(t) +§(Rg(t) —T)g(t) + TQ(t).
g(t)
PROOF. It is a brutal force computation. Let us start by differentiating in time the function @
based on Lemma[6.16}

0 0
&Q(t) =9 (Ag(t) log Ry() + Ry 77")

+2

ot
= By (Ag(t) log Ry(r) +1V log Ry(r) [51) + Ry(0) —7“) + (Ry(n) =7)Ag(0) log Ry

5 5
= Dy ( log Rgm) + Ro(e) =) Bg() 108 Ry(e) + 37 Ry

+ Ry (Agu) log Ry () +|V9 log Ry(r) [3(1) + Ry(r) —7’>
= Dy Q(t) + Dyg()| VI log Ry [50) + Rye) =) Ag(s) log Ry
+ Ry (Agu) log Ry () +|V9“ log Ry(r) [3(1) + Ry(r) —7“> :
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Now, thanks to the Bochner formula applied to the function log Ry

9
@Q@) = A, Q(t) +29(1) (Vg DA 1) log Ry(r), VIO log Rg(t)) + Ry V9D log Ry 20
+ 2|92 log Ry 2 + Ry =) Agn) log Ryqe)
+ Ry (Agu) log Ry(s) +|V¥ log Ry(r) [5(r) + Ry —7’)

= Ay @) +29(t) (VIOQ(t), 7/ log Ry
+ 2|Vg(t)’2 log Ry |§(t) + (Rg(t) —r) (2Ag(t) log Ry) + Ryt *’I‘) +rQ(t).

Finally, notice that:
2

g(t)
2|v9(1):2 og Ry |3(t) + Ry —r)?+ 2(Ry) =) Ay log Ry =

2[99 1og Ry [y + Ry 1) (28400 log Ry(e) + Ry —7)
which leads to the expected result. O

1
? ‘Vg“” log Rye) +5 Ry 19t

We are in a good position to prove Theorem

PROOF OF THEOREM [6.15] Lemmaensures that @ satisfies:
9
5:Q1) = 8y Q1) +29(H)(V/VQ(1), V/ log Ry(r))
2
+ A1) log Ryry +(Ry(ry —7)|” +7Q(1)
> Ay Q(t) + 29()(VDQ(t), VI log Ryr)) + Q(1)* + 1Q(2).

Here we have used the elementary inequality for symmetric 2-tensors 7" on a Riemannian manifold
(M, g):

n|T|? > (tryT)>.
The minimum principle for functions requires to solve the ODE: ¢/(t) = y2(t) + ry(t), y(0) := yo.
Here we have no idea of the exact value of miny, Q(0). Therefore, we chose an initial condition gy so
small that min{miny, Q(0), —7} > go. In particular,

) rqoet Cre™ re’t
min Q(t) > q(t) = — = — >———  1t2>0,
by Q) 2 a(t) qoe™t —qo—r Cert —1 ert —1 -
where C' := -2 This ends the proof of this theorem. O

qo+r’

As promised, we can compare values of the (scalar) curvature at different space-time points along
any solution to the normalized Ricci flow with positive scalar curvature.

Corollary 6.18. Let (3, g(t))ejo,1) be a solution to the Ricci flow with Ryyy > 0. Then there exists a
constant C > 0 depending on go only such that for all x1, x9 and 0 < t; < ta,

Rg(t2)(x2) { 1. /t2 . 9 } Ce™ — 1
AN —— inf t dty ——— =
Ry (21) = eXP {7y 1{} " 15( )|g(t) Certs — 1

where the infimum is taken over all regular paths vy : [t1,te] — M such that v(t;) = x;, i = 1,2.

This estimate is called a parabolic Harnack inequality: it is the integrated version of the differ-
ential inequality obtained in Theorem
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PROOF. Let 7 : [t1,t2] — M be a C' path connecting x1 to x3. Then:

Ryt (72) t2 g
o8 <“> :/ —log Ry (4(t)) dt
Rg(t) (1) , dt a0 (1(1))

- /t ) <88t Ry (7(1)) + g(t) (Vg(t) Rt (1(0): W)>> “

t2 Cret .
> [ (197 Ry B 000 = g — 197 Rty oty D0 (1) )
1
t2 Crert 1 9
S Cre™ 1,
> - [ Gt + OB d

1 [tz Ce' —1
= /t1 [7(1) Z(t)(v(t))dt — log <cert1_1> ’

where we have used Theorem together with Young’s inequality ab < a? + %bz in the penultimate
line. The result follows by minimizing over the set of such curves, the expected Harnack inequality
follows. O

5. End of the proof of the main theorem

As explained in the introduction of this chapter, one crucial ingredient for the proof of Theorem
is a uniform positive lower bound on the scalar curvature. This is achieved in the next result:

Proposition 6.19. Let (X, g(t))ic[o,400) be a solution to the Ricci flow with Ryqy > 0. Then there
erists a uniform positive constant ¢ such that for all t > 0:

Rg(t) >c>0.

In particular, supy; [M (t)|g) < Ce=, t >0 for some uniform positive constant C.

PRrROOF. By the minimum principle, Chapter ensures that miny Ry > 0 for all £ > 0. In
particular, it is enough to prove the desired estimate for large time, say ¢ > 1. For that purpose,
take 1 such that » < Ryy_1y(z1). From Corollary , the Harnack inequality implies that for all
(z,t) € B x {t},

1ot Cer™V —1
Ry (x) > rexp {—4 1r71f/t 1 |7(t)|§(t) dt} a1

C-1 1. t
> " e 1 exp{—4 1I}¢f/t1 h(s)|g(s) ds}.

. r(t—1) _ . .
Here we have used the fact that the function % is non-decreasing.

Therefore, we only need to bound the quantity inf, f;1 |7(t)|§(t) from above uniformly in time.
On the segment [t — 1,¢], the integrated version of the normalized Ricci flow equation gives:

s t
g(x,s) = exp {/ r— Ry () ds'} g(z,t—1) < exp {/ T — Ry () ds/} g(z,t—1) < e'g(z,t—1),
t—1 ¢

-1
since the scalar curvature is nonnegative for all time. In particular,

t t 13
inf/ 1 H(s)@(s) ds <e" inf/ X |’.7(8)|3(t71) ds < e"h inf/ X W(S)E(t) ds,
t— t— =

Y v Y
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where R := supy, g, Ry < +o0o thanks to Proposition To sum it up,

C—1 e’
"Ceo—1° )
C—1 _Wiamg)?
= "Cer - 16_ !
> ’ric —1 efDTQ
— Cer—1 ’
where we have used the uniform upper bound on the diameter proved in Proposition
The exponential decay on M (t) follows from Proposition|6.2|and the discussion that follows. [

Rg(t)(‘r) >
t>1,

Before we end the proof of Theorem we need a priori decay in time estimates on the covariant
derivatives of the tensor M(t):

Lemma 6.20. Let (3, g(t))e[0,400) be @ solution to the Ricci flow with Ryqy > 0. Then for each
k > 0, there exists positive constants Cy and ¢ such that:

sup |V9(t)’kM(t)\g(t) < Cre™ ' t>0.
)

PROOF. The proof of this result is left as an exercise.

(i) Use the evolution equation for M (t) from Proposition [6.2[to derive an evolution equation for
V9WE M () by invoking commutation formulae for each k > 0.

(ii) Use the same technique we used to derive Shi type estimates in Proposition to derive the
expected exponential decay estimate in time. Here we also need to invoke the boundedness of
all the covariant derivatives of the scalar curvature obtained thanks to the previously mentioned
proposition.

O

We are now in a good position to give a proof of the main Theorem|6.1

PROOF OF THEOREM[G.1] Let (1/;) be the flow generated by the gradient —V9(®) f(¢) starting
from the identity at t = 0: )y = —VIO £(t) 0 4y, ¥¢|s—o = Ids. Then the metrics §(t) := 7 g(t)
satisfy:

%3t = i (~Lowto s (9(8)) + Dug (1))

= 7 (~Los 50 (90)) + By f(Dg(1))
~20 M (1)
= —2M(t), t>0.

In particular, since the maximum of a function is invariant by diffeomorphisms, Lemma en-
sures that the covariant derivatives of the tensor M (t) with respect to the metric g(¢) all decay
exponentially fast as ¢t tends to 4-oc0:

sup |V§(t)’kM(t)|§(t) < Cre™ ' t>0.
b

Proposition ensures the existence of a metric go, on 3 such that §(¢) converges exponentially
fast to go in the smooth topology. In particular, if one could show the convergence of the potentials
f () to a smooth function fo then we could ensure that the limit metric satisfies:

Ayt
VQOO72fOO: 92 00900? Agoofoo:/r_R‘goo7
ie. (2,000, V9 fo) is a shrinking gradient Ricci soliton. Theorem states that f,, is constant,
i.e. g is a constant positive curvature metric: its value must be r by Gauss-Bonnet formula.
Therefore, unravelling the definition of g(¢) with respect to g(t) implies that: maxy [r — Rgq) | =
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maxy |r — R | = maxy | Ry, — Ry | < Ce™ for all t > 0 for some positive constant ¢ since the
convergence of the flow §(¢) towards its limit metric g, is exponential. The same argument shows
that the covariant derivatives of Rg(;) with respect to g(f) must converge to 0 at an exponential rate
too. This ends the proof of the theorem. O



6. EXERCISES 61

6. Exercises

Exercise 6.21. If %g(t) = —eRy g(t) on 2 with Ry@) > 0 and € > 0, show that if
au Ag(t)u +e€ Rg(t) U,
then
alOgU7 |V U‘g(t) +E :Ag(t) 10gu+5Rg(t) +¥ 2 0
Exercise 6.22. Prove that if (ZQ,Q(t))tE[OyT) is a solution to the Ricci flow with Rg) > 0 then
0 , 1 1
57108 Rg) —[V/ Ryqr) [0y + 7 = Ay 108 Ry + Ry +7 > 0.
Exercise 6.23. Let (Zz,g(t))te[oj) be a solution to the Ricci flow with Ry > 0. Prove that

ta Ry, (22) { 1. b2 }
———=—— > exps —~ 1nf/ dt
tl Rg(tl) (351) 4y " | ( )|g(t)

where the infimum is taken over all reqular paths «y : [t1,ta] — M such that v(t;) = x;, i = 1,2. In

particular, show that
t1 Rg(tl)(i‘l) - 4 to — 11 )

Exercise 6.24. For every sequence of times (t;); diverging to 400, prove that the family of potentials
(f(ti))i>0 normalized so that their mean values with respect to the metrics §(t;) are 0, defined in the
proof of Theorem admits a subsequence that converges smoothly to a function foo on 3. To do
s0:

(i) Check that the normalization fM f(t:) duge,y = 0 does not cause any trouble with the proof of
Theorem[6.1| unlike that of Theorem[5.1}
(ii) Prove that (f( ti))i>0 is a bounded sequence in W21 (M) by invoking the Bochner formula and
the Poincaré inequality || V9% )f( t) 2 = M| f(t)| 2 for some uniform positive .
(iii) Prove that for each k > 0, (f(t;))is0 is a bounded sequence in W*2(M) and invoke Sobolev
embeddings to ensure that (f(tz))zzo is a bounded sequence in C'(M) for every 1 > 0.
(iv) Conclude.






