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(0) Introduction and setup of the problem
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Construction of the homogeneous Poisson-Voronoi tessellation 1/2

® a Poisson point process on R? with intensity measure the Lebesgue measure.
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Construction of the homogeneous Poisson-Voronoi tessellation 2/2

To X € ® associate the cell Cell(X,®) = {y € R : VX' € ®, ||y — X|| < |ly — X[}

The collection of all cells constitutes the homogeneous Poisson-Voronoi tessellation.
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The typical cell and some observables

Typical cell
Co = C(0,2 U {0}),

circumradius of the typical cell
Reire = min{r > 0:Co C B,(0)},

inradius of the typical cell

R, = max{r > 0: B,(0) C Co}.

T2(v= Y21 &% T
#((Viax)%)] & Theorem
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Previous works

Explicit law of the inradius:

P (R > t) = P(®NB(0,21) = @) = e VolalB0:20) — e—ra(2t)?

In [1], double bound on the tail probability of the circumradius. For the 2-dimensional case,
for t large enough,

2 2
2rt?e” ™t < P (Reire > t) < Amt2e™ ™t

Our question:
t—oo

]P(Rcirc > t) ~7

[1] P. Calka. The distributions of the smallest disks containing the Poisson-Voronoi typical cell
and the Crofton cell in the plane. Adv. in Appl. Probab. 34, 702-717 (2002)
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Cells with large circumradius

cumradius > 5

Cell with cir

cumradius > 3

Cell with cir

Our guess:
2 t) a ~ Cd t"d e

—.‘cdtd

— 00

(Rcirc

P

Volg(Bga)-

with Cj a constant, ng a polynomial in d, kg
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The circumradius as the distance to a “pointy” vertex

Notation. A vertex of Cp is said to be “pointy” if, locally around it, it is the point of Cg
maximizing the distance to the nucleus 0.

Reire = dist (0, one of the “pointy” vertices of Cp)

Co

N

e “pointy” vertices

* non “pointy” vertices
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Idea

Consider
V2t = { all “pointy” vertices of Co at distance >t from 0 }

then
{Reire >t} = {#Vzl, > 1}

We access the tail of the distribution of R¢i.. from the study of #Vr%;x:

t
P(Raire > £) = P(#VZL > 1) X7E [#0V35)] -
* %k %/_/
s
(*) is computed in sections (1),(2).
(**) arises from the asymptotic negligibility of ]E[#((V%;x);)} with respect to E[#(V%;x)]
as t — oo: section (3).
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Theorem

Outline

To show: d
P(Rewe >t) ~ E [#(vggx>] — Oytrderat?
t—o0

(0) Introduction and setup

(1) Computation of E[#(V,%;x)] up to multiplication by a constant: find ng

(2) Computation of the expected volume of a random simplex: find Cy

(3) Negligibility of E[#((V,%;x)i)], Theorem and consequence regarding the extremal

index
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(1) Setup of E[#(V=!

max

)]: finding ny
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Characterization of “pointy” vertices

Lemma 1. Let ¢ be a vertex of Cgp at equal distance from 0 and X1, ..., X4y € ® and

X; —c

=——fori=1.d
1 X: —cll

Up = < and U;
llell
then, c is “pointy” iff
0 € Conv (PUd_ (U1), - Pyy (Ud))

where P;; 1 denotes the orthogonal projection onto Ud‘ and Conv the convex hull of

the specified points.

“pointy” vertex ¢ 0 € Conv(Py L (Ur), Pys (Uz), Pyt (Us))

& Theorem
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Wanted: E [#vr%;x] .

First, we express #V,,Z];x as a sum over the points of the process

> _ 1
#vmax - [ Z B 1Center(Ball(0,X1,..A,Xd))EV,%;x'
(X150, Xq)€PY

This formulation allows us to use two powerful tools. The 1st tool is the Mecke formula

E|> (X, ®) :/Rd]E[f(x,fbu{x})]dx

Xed

and gives an explicit integral expression

1

a / E |:1Center(Ball(O,z1,...,zd))evr%;x(éu{zl,...,zd})
(Rd)d

E [#vggx] = ] dwy...dzg
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An integral expression for the expected number of locally maximal vertices 2/3

1
>t | _
E [#Vmax] - d! E |:1Ccntcr(Ball(0,zl,...,Id))EVE;X(@U{Zl»»-~azd})

(R)d

] dxy...dxg

. and the 2nd tool is a spherical Blaschke-Petkantschin change of variables, that gives
(oo}
efwin] =/ [ el
0 (Spa)d

2
CEVEQX(*PU{:EUMM})] r 7 Aa(uo, - ua)duo...duqgdr

where Ay (uo, .., uq) = Volg(Conv(ug, .., uq))-
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An integral expression for the expected number of locally maximal vertices 3/3

DU{0,21,...,zq}

T .
T ()
uy
e
w3
o T3
0 radius 7
o .
>t ] _ E[l ] d?—1
= T Ag(ug, .., uq)dug...dugdr
Vmax / CEVRE (PULw 1, sma}) a0, -, ug)duo..duq
0 (Spa)d

The condition {c € Vr%;x(fb U{z1,....,zq})} is satisfied precisely when
1. ¢ is a vertex of the tessellation of ® U {x1,..., 24} i.e. no points of ® falls in
Ball(0, 1, ..., z4) : an event of probability P = e—rar?
2. cis sufficiently far, i.e. r > ¢ : deterministic
3. cis ”pointy”, i.e. 0 € Conv(Pué (w1)y ooy P"ﬁ (uq)) : deterministic

The integral splits and we obtain

E[#Vik] =

2 . d
rd —lemra g / Ad(uo, - ud)loeConv(P, | (u1),....P, | (ug))du0---dug
0 0

(Sga)d
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Summary and value of ng

Denoting kg = Volg(Bga), 04 = dkq = Volg_1(Sga) and Uy, ..,Uq i.i.d. Unif(Sga),

il

_ — 1)' d
>t di z d+1 — kgt d+1
E [#(Vaax)] (dnd Zt d ) ot E |:Ad(U07 ..7Ud)10€Conv(PUOL(Ul,..,Ud))]

~ C,]td(d7 1>e*'idt
t—o0

so
ng =d(d—1),

Cq=0olE [Ad(Uo, - Ua)locConv(P,, 1 (U1....U4))
0
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(2) Expectation of a random simplex: finding C,
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Our question:

(3) Negligibility E[#((Vé;x)i)] & Theorem
000000
Previous work (Miles)

E [Ad(Uo, -aUd)10€Conv(PUl(Ul,u,Ud)):| =7
0]
Ao(Uo, U, U2)1oeccnv(PUuL (UL.Us))

Uy
U2

A3(Uo, Uy, Us, Us)loec:mv(onL (U1.UsUs))

U 0 UO
sphere Spa:

By [3], for Uy, .., Uy i.i.d. uniformly distributed random variables on the (d — 1)-dimensional
2
1 D(Hr()
E[Aq(Uo, .., Uq)] = = 2

rd) \*
vad (g L)

[3] R.E. Miles. Isotropic random simplices. Adv. in App. Prob. Vol. 3, No. 2, 353-382 (1971)

[m]

=
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Reduction to the expectation of a subsimplex
Lemma 2. For Ug,...,Ug i.i.d. Unif(Sga):

E [Ad(Uo, -7Ud)1O€Conv(PUOL (U2),-01, Py (Ud))]

=dE [Ad(07 Uo, -, Ua—1)1loeConv(P L(Ul),...,PUL(Ud))i|
0 0
Ay (Uo, Uy, Uz)loeCom(pUnL (U1,U))

Uy
\ Us

Az(oy Uy, Ul)IUECODV(PUOL (U1,U2))
U,

Uy

Uy

(3) Negligibility E[#((végx)i)] & Theorem
000000
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Reduction to the expectation of a subsimplex - proof for d = 2

E [A4(Uo, Uy, U2)1oeconv(PUOL (U0), Py (Uz))} =2E [Ad(07 Uo, Ul)]'OEConv(PUé_ (U), Py g (U2))

Proof.

sqn = +1 wam@ wal agw= =1 m@)
- U Uo

Y \ / Y% % Y Y% Y <
we have: Mol @ 1, =» - Wk @ 1.t Mok @ 1|_.+'1M 1
U, Uy Uy Yy

El-] =[]

Y < Y ¢
hence: E | UL @ 1, =2 E |W @ 1
O
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Recursive relation on the expectation of the subsimplex

Lemma 3. Let Uy,...,Ug be i.i.d. Unif(Sga) and V1, ..., Vg be i.i.d. Unif(Sga—1).
Then
I:Ad(oz Uo, s Ud—1)LoeConv(Py 1 (U1).-...Py 1 (Ua))

0

d—1

1 (_B(53)
= ﬁ @ E |:Ad—1(07V1’“wVd—l)lOEConv(Pv%(Vg), VL(Vd))
2
where B(-,-) denotes the Beta function.

0€Cony( Py (Va)iPy 1 (Va))

Vi
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Sketch of proof from d = 3 to d = 2

2
1 (B(%,%)) E[Az(o,vl,vz)l

uecmw(p‘;#(m).p”#(Uz),p"#wx))} 3.2 BI(23)

B {A-'l(o’ Uo, U1, U2)1 oeConv(Pyy (VQ)APV‘L(Vg))]

Proof.
U

2
Q @
Voly \“’ o j]—oECnnV(Puﬂl(Ul)vPUé(Uz),pUGL(Ua)) = Y1Y, Vol >

Ulf

Vi T 0€Conv(ViVaVa)

Uo
Cylindrical
coordinates
& wrt Ug
1
= 2Y,Y, Vol .
3 2 jl- 0€Conv(V1,V2,Vs)
V3

Vi

1 2
hence: [ [AS(O, UO’U1)10€Conv(PUd_ (Ul),PUd_(Uz))] = gIE [Y4]" E [A2(0, V1, V2) LoeConv(Vi,Va,Vs) ]
In expectation and with an argument of symmetry, we can transform

into

{0 € Conv (V1,V2,V3)} = = {0 € Conv (P\lli(VZ)-PV‘i(VB))}:




(0) Intro (1) Setup of E[# (Vi (2) E[random simplex] & Cg (3) Negligibility E[#((Viiax)=)] & Theorem
000000000 000000 000000e 000000 s

The expectation of the number of “pointy” vertices at large distance

Proposition 1. Let Ug,...,Uy be i.i.d. uniform random variables on the (d — 1)-
dimensional sphere Spa, then
d
| r(s)

E Ad(U07~~~:Ud)10€Conv(PUé_(Ul),...,PUd_(Ud))j| = Jmi =1 . (d+1)d_1

[NlisH

2
and therefore,
E [#(V3L)] , o, Cat@Verat®

t— o0
where

d2-1
2r 2

(d— v (1)

Cq=
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(3) Negligibility of E[#((Vz!

max
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- . 9
With similar methods, one can show that E |:# (V%;x) 7£:| is negligible wrt E [#V%;x].

Proposition 2. As t — oo,

e [ (va1);] -0 (eemmemma) —o (e w921
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Theorem and implications 1/2

Theorem. Ast — oo,

]P)(Rcirc > t) — Cdtd(dfl)efmdtd + O(td(d72)efmdtd)

d2 1
2w 2
(d—1)1Ir (4L )d-1

where k4 is the volume of the d-dimensional unit ball and Cy =

extremal index =
1

E[# exceedances in a cluster of exceedances |

distribution tail of the
circumradius of the typical cell

SR UG
G Tt
ﬁ@'&ﬂb 5
SN T “‘g‘ro
: \ BV, limit law of the max
circumradius in an increasing
window (properly rescaled)

[2] P. Calka & N. Chenavier. Extreme values for characteristic radii of a Poisson-Voronoi
tessellation. Eztremes 17, 359-385 (2014)

ax)] & ng (2) E[random simplex] & Cy (3) Negligibility E[#((vn%;x);)] & Theorem
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Theorem and implications 2/2

By merging our result with [2] we conclude that
Theorem. For the circumradius of the homogeneous Poisson-Voronoi tessellation:

extremal index = 2d

proving the conjecture proposed in [1].

L0
ST
iy

[1] P. Calka. The distributions of the smallest disks containing the Poisson-Voronoi typical cell
and the Crofton cell in the plane. Adv. in Appl. Probab. 34, 702-717 (2002)

[2] P. Calka & N. Chenavier. Extreme values for characteristic radii of a Poisson-Voronoi
tessellation. Eztremes 17, 359-385 (2014)
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Generalization to a parametric model
For a > —d let ®, be a Poisson point process on R?® with isotropic measure
ma(dx) = [|x||*dx,
@ be the maximal distance from 0 to a

where dx denotes the Lebesgue measure. Let RZ
vertex of the cell associated to 0 in the Voronoi tessellation generated by ®4 U {0}.

=1
B/

§a.0a

‘B
3 §.
2

Theorem. Ast — oo,
t)::cbatw+axd—ne—n¢aﬂ+“<+¢)(gd+aXd—me—n¢aﬂ+a>

P(Réire 2

where
2d+aﬂ_ 5

) a=1 i1 (d+a+1)
and Kg o = 2 =&
) (d+a) T(d+2)

d(d—1 d
(2) r o

9d?+(d—1)(a—2) >
Cd,a = =
(d—1)! I(d+ ¢
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Thank you for your attention!
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