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General introduction

The notion of uniform rectifiability probably appeared near 1990, in connection
with the question of finding on which d-dimensional sets of R™ the natural Calderén-
Zygmund kernels define bounded operators on L?. It was suspected that rectifi-
ability should play an important role in this question, and various quantitative
rectifiability conditions were available. The phrase “uniform rectifiability” only
came later (in [DS4]), and at that time it became more clear that uniform rec-
tifiability should be the natural notion in many problems involving rectifiability
in a quantitative and scale-invariant way. In particular, [DS4] contains loads of
equivalent definitions and characterizations.

The main goal of these notes is to present a general introduction to uniform
rectifiability, which would be slightly less intimidating than [DS4] even though the
author’s impression is that Part II of [DS4] is not so hard to read.

We shall try give an idea of some of the techniques involved in the proofs,
which means that we shall single out some results that are both reasonably easy
and significant in some way, and give a proof or a sketch of proof for them. We
shall even try to present an argument based on the Corona construction. We shall
also mention some domains where the notion was useful (analytic capacity, and the
study of the Mumford-Shah functional and Quasiminimal sets).

Some of the results presented here are quite old; the reader is kindly asked
to forgive this. The author wishes to thank the organizers of the Park City sum-
mer school for a very nice event, and Raanan Schul and Gilad Lerman for many
suggestions and improvements.

Mathématiques, Batiment 425, Université de Paris-Sud, 91405 Orsay Cedex, France
E-mail address: guy.david@math.u-psud.fr
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LECTURE 1

Definitions, singular integrals, and big pieces

In this first part we want to give initial (but strong) definitions of uniform
rectifiability, and then rapidly discuss singular integrals on sets, because it was the
initial motivation for introducing the notion. We shall talk a little more about “big
pieces”, because we think it is a nice example where some mild local control at all
scales and locations implies much stronger conditions.

1. Ahlfors-regular sets

To make the exposition more pleasant, we shall mostly restrict to sets £ C R™ that
are Ahlfors-regular of some dimension d < n. This means that E is closed, not
reduced to one point, and that there is a Borel measure p supported on E such
that

(1) Cytr? < u(B(z,r)) < Cor? for all z € E and 0 < r < diam (E)

for some constant Cy > 1. It is easy to check (with a small covering argument) that
if this is the case, then the restriction to E of the d-dimensional Hausdorff measure
H4 is equivalent to y (in the sense that C~*u(A) < HY(A) < Cu(A) for every Borel
set A C E). See Exercise 1. Thus we could take p = Hﬁg in (1), and this would
give an equivalent definition. The presentation above has the advantage that we
shall not feel compelled to define H?. Let us just say that the restriction of H¢ to
FE coincides with surface measure when F' is a smooth d-dimensional submanifold,
and refer to [Fa], [Fe], or [Ma3] for details.

Note that Ahlfors-regularity is mot a regularity property. It is just a strong
scale-invariant way to demand that F be d-dimensional.

It is a very pleasant assumption to do, because it gives a clear relation between
the size of sets and their diameters. Also, (1) implies that that p is doubling (i.e.,
that p(B(x,2r)) < Cu(B(z,r)) for x € E and r > 0). In other words, E is a space
of homogeneous type, and many of the standard techniques of analysis in Euclidean
space work just as well on E. But we should say that our Ahlfors-regularity as-
sumption is often here only for comfort, and that there are very interesting results,
even in the next lectures, where it is not needed.

2. Uniform rectifiability

We first define uniform rectifiability for Ahlfors-regular sets of dimension 1.

Definition 2. An Ahlfors-reqular curve is a set of the form T = z(I), where I C R
is a closed interval (not reduced to a point, but possibly unbounded) and z : I — R™
is such that

(3) |z(s) — z(t)| < Ci|s — t| for s,t € 1

5



6 GUY DAVID, UNIFORMLY RECTIFIABLE SETS

and
(4)

for some constant C1 > 1. We call Ahlfors-reqular mapping a function z such that
(3) and (4) hold.

{ser;zs) EB(.’L‘,T)}‘ < Cyr for allx € R™ and r >0

Regular curves were introduced in [Ah1] as early as 1935, in a context that is
fairly different from the one here. Note that (3) and (4) go in different directions;
once we know (3), (4) says that z(s) never stays too long in a given ball. Lipschitz
graphs and chord-arc curves are Ahlfors-regular curves, but the latter may also
have cusps and self-intersections (to a limited extent). That is, Ahlfors-regular
parametrizations z are not necessarily injective, but it is easy to check that z~!(x)
never has more than 1 + CT% points, for instance (see Exercise 2). In terms of
smoothness, Ahlfors-regular curves are almost as good as Lipschitz curves.

Also, it is easy to check that Ahlfors-regular curves are connected Ahlfors-
regular sets; we can take for y the direct image by z of the Lebesgue measure on I.
The converse is true for compact sets, i.e., every compact connected Ahlfors-regular
set of dimension 1 is the image of an Ahlfors-regular curve; see Lemma 66. This
fails slightly for unbounded sets; for instance the union of the two coordinate axes
in the plane is not a regular curve, because any parametrization would have to go
infinitely many times through the origin. But even in this case the difference is
quite small: one can show that every connected Ahlfors-regular set is contained in
an Ahlfors-regular curve.

Definition 5. The one-dimensional Ahlfors-reqular set E is said to be uniformly
rectifiable when there is an Ahlfors-regular curve I' that contains E.

As we shall see, there are other equivalent definitions; this one is probably the
simplest (and the most demanding in appearance).

Maybe this is the right time to say why this is stronger than rectifiability. Let
us recall the definition directly in dimension d. A set F' C R", say, with sigma-
finite Hausdorff measure H?, is said to be rectifiable (some important references
say “countably rectifiable”, or even “regular”) if

(6) Fenu(Jm)

i€N
for some negligible set N (i.e., such that H¢(N) = 0) and some countable family of
C' embedded submanifolds I'; of dimension d. But we get an equivalent definition
if we only require the sets I'; to be Lipschitz images of (subsets of) R?; this is
fairly easy to check, because Lipschitz images of R? can be covered, up to sets of
H4-measure zero, by submanifolds. [Think about Lusin’s theorem.]

The difference with uniform rectifiability is that we only use one curve ' (in-
stead of countably many), and we have a uniform control on I" at all scales and
locations through the constant C; in (3) and (4). Incidentally, note that our defi-
nitions are invariant under translations and dilations. That is, the images of I and
E by translations and dilations are (respectively) Ahlfors-regular and uniformly
rectifiable with the same constants Cy and C7 as I and E.

Let us now give our first definition of uniform rectifiability in higher dimensions.
We try to imitate the definition above, and say that uniformly rectifiable sets are
Ahlfors-regular sets of dimension d that are contained in sets with a reasonable
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parametrization. But since it is somewhat harder to parametrize sets of dimensions
larger than one, we shall have to content ourselves with parametrizations that are
not quite Lipschitz. Instead they will be controlled by weights w € A;. Recall that
A1 (R?) is the class of positive, locally integrable functions w such that for some
constant Cy > 1,

1
(7) —/ w(y)dy < Cy essinf w for every ball B C R%
1Bl /5 B

Definition 8. Let w € A;(R%) be given. An w-regular mapping is a function
z:RY — R" such that for some C3 > 1,

) o) - =l <& f [

Bs,t

1/d 4
for s, t € R%,

w(y)dy}
where we set Byy = B(2, |s —t]), say, and
(10) /l{SeRd;Z(S)eB(Iﬂ‘)}(S)W(S)dS < Csr? for all z € R™ and r > 0.

The set z(R?) will be called an w-reqular surface.

Notice the similarity with Definition 2, which corresponds to d =1 and w = 1.
We could also consider w-regular mappings defined on a cube of R? (with a similar
definition), but this will not be necessary for the purpose of these lectures.

It may help to think of w(Bs)'/¢ as a semidistance between s and ¢ (only the
triangle inequality fails, and not so much) governed by the weight w; then (9) says
that z is Lipschitz (on the “space of homogeneous type” R? equipped with the
measure w(s)ds and this semidistance). Or you may just think that w gives some
bound on the Jacobian determinant of z. Anyway, once we know (9), the left-hand
side of (10) gives an upper bound on the surface measure of z(R%) N B(x, ).

It is fairly easy to check that z(R?) is an Ahlfors-regular set of dimension d
when z is an w-regular mapping; one can use the direct image of w(s)ds by z to
prove (1).

The notion of w-regular parametrization dates from the eighties, and the point
was to give a class of sets as large as possible, where standard Calderén-Zygmund
kernels would yield bounded singular integral operators (see [Da2]). For this pur-
pose, it was even enough to assume that w lies in the Muckenhoupt class A.,. There
is not much point to do so here, because we are happy to restrict to the smaller
class of weights.

Definition 11. Let E C R™ be an Ahlfors-reqular set of dimension d. We say
that E is uniformly rectifiable if we can find a weight w € A1 (R?) and an w-regular
mapping z : RT — R"*1 such that E C z(RY).

The slightly annoying fact that we may have to use a set z(R?) in R**! comes
from the fact that it may be difficult to extend w-regular mapping in R™, and the
extra room in R™*! is useful in some proofs. The issue does not arise when n > 2d,
and we can take z with values in R™ in this case.

Also note that when d = 1, our two definitions of uniform rectifiability are
equivalent, because one can reparametrize z(R) by arclength, or just replace the
w-regular mapping z with z o ¢ =1, where ¢ is an increasing mapping such that
¢'(s) = w(s) almost-everywhere and distribution wise. This is why weights are
not needed when d = 1. A similar attempt to re-parametrize images of w-regular
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mappings in higher dimensions leads to serious questions. S. Semmes [Se7] showed
that there are strong A, weights w for which we cannot find such a change of
variable, i.e, such that there is no quasiconformal change of variable whose Jacobian
determinant is equivalent in size to w. But as far as I know, there is no example
known like this where there is an w-regular mapping for such w. Also, Semmes
[Sed] showed that for every A; weight, there is an w-regular mapping into some
RY (N possibly very large), but we do not know if every A; weight is equivalent
in size to the Jacobian determinant of some quasiconformal change of variable (we
suspect not).

Ahlfors-regular curves and w-regular surfaces (and hence also uniformly rectifi-
able sets) have all sorts of good geometric and analytic properties. We shall spend
some time on geometric properties; for the analytic ones, we shall say merely a
few words about the L?-boundedness of singular integral operators, and the reader
may consult [DS4] for other ones. See Chapters III-2 and I1I-3 (and in particular
(IT1.2.9) and Theorem III1.3.14) for analogues of the square function estimates on
Cauchy integrals of functions on F, and Proposition I11.4.2 for the good approxi-
mation of Lipschitz functions on E by affine functions. These results have partial
converses, which was one of the main points of the study in [DS4].

In most of the rest of this text, we take for granted that uniformly rectifiable
sets are nice, and we shall look for sufficient conditions for uniform rectifiability,
and examples. We shall even try to convince the reader that natural scale-invariant,
quantitative conditions that imply rectifiability should often imply uniform rectifi-
ability.

3. Singular integral operators

Since this was the original excuse to study uniform rectifiability, let us say a few
words about singular integrals on E. We shall consider kernels K (z) defined on
R™\ {0}, such that

(12) IVIK(2)| < Cyl|2|7% 7 for z € R"\ {0} and j =0, 1,2, ...,
and
(13) K(-z)=—K(z) for z € R"\ {0}.

One could consider slightly weaker size conditions, i.e., require only a finite num-
ber of derivatives in (12) (depending on n), and different cancellation properties,
but this is not the point here. The most typical examples are the Cauchy kernel
K(z) =1 (withd =1, n = 2, and where R? is identified with C), and the Riesz ker-

nels K, 4(2) = M%H, often with d = n—1. Since the integral [, K (z—y)f(y)du(y)

rarely converges, the best way to define L?-boundedness is to ask for uniform es-
timates on truncated integrals, as follows. If K satisfies (12) and (13) and p is a
locally finite Borel measure on R", we can set

(14) i@ = [ Keon) @

for f continuous and compactly supported on R™ and € > 0, and we say that K
defines a bounded operator on L?(y) if there is a constant Cs such that

(15) / T f () Pdu(z) < Cs / F)Pdu(y) for all f and € > 0.
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If we are just given a set E, we take for u the restriction to E of the Hausdorff
measure H?, and say that K defines a bounded operator on L?(E) if it defines a
bounded operator on L?(p). But if E is Ahlfors-regular we could take any measure
w such that (1) holds, and this would yield an equivalent definition.

If F is uniformly rectifiable and p is as in (1), then every kernel K such that
(12) and (13) hold defines a bounded operator on L?(1) [Da2]. The main point is
that z(R?) contains big pieces of Lipschitz graphs when z is an w-regular mapping,
so that one can reduce to the theorem of Coifman, McIntosh, and Meyer that gives
the result in the case of Lipschitz graphs; see Proposition 16 below. To be precise,
the initial proof in [Da2] is a little less direct than this, but one could really proceed
this way, because of [Da3] or [Jo2].

The situation for the converse is a little more complicated. First of all, if E is
Ahlfors-regular, p is as in (1), and all the kernels K such that (12) and (13) hold
define bounded operators on L?(u1), then E is uniformly rectifiable [DS3]. The
proof also shows that if d is not an integer, then there is no Ahlfors-regular set
E of dimension d such that every kernel K with (12) and (13) defines a bounded
operator on L?(j).

But there are other, probably more natural questions. Mainly, is it true that
if the Riesz kernel K, 4(z) = T defines a bounded operator on L?(p), then
E is uniformly rectifiable? This is known only when d = 1. When d = 1 and
n = 2, Mattila, Melnikov, and Verdera [MMYV] showed that if the Cauchy kernel
defines a bounded operator on L? on the Ahlfors-regular set F, then F is uniformly
rectifiable. The proof uses the magic formula on the Menger curvature of triples
that will be rapidly presented in Section 5. Then H. Farag [Fr2] showed that the
(positivity for the) formula extends to d = 1 and n > 2 (and even with K(z) =
{3 | |zi[P}~%/P), so that L? boundedness still implies uniform rectifiability in
this case. He also showed that the positivity fails when d > 1 [Fr1].

In higher dimensions, much less is known. If E is Ahlfors-regular and all
kernels of the form K(z) = ¢(|z]|) K, a(z) that satisfy (12) and (13) define bounded
operators on L?(y1), then E is uniformly rectifiable. This relies on a density theorem
of Mattila and Preiss (which they also used to get the result on principal values
quoted below). In codimension 1, it is also enough to consider a class of radial
kernels (with a different cancellation property than (13), though). See [DS4], pages
48-49 for details.

One cannot go too far in this direction. The case of the Riesz kernels is un-
known, except for non-integer dimensions and Ahlfors-regular measures, for which
M. Vihtild [Vh] showed that they cannot define L?-bounded operators. But there
are nontrivial kernels K that define bounded operators on the Cantor set of dimen-
sion 1 in the plane known as Garnett-Ivanov’s example [Da9]. Also see [C].

A slightly different issue is the existence of principal values lim. o 7% f(x) for
almost every z, when F, K, and the T, are as above.

If K defines a bounded operator and principal values exist almost-everywhere
for a dense class of functions f, then they also exist almost-everywhere for every
f € L?; but for instance the L?-boundedness alone for a given K does not imply
the existence of principal values almost-everywhere (in the main example of [Da9],
there is no principal value for f = 1). One can still hope that in the special case of
the Riesz kernels K, 4, the situation is different and one can deduce the existence
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of principal values from the L2-boundedness. This would give a way to prove the
uniform rectifiability of ' when K, 4 defines a bounded operator.

It is slightly easier to start from the existence of principal values almost-
everywhere, because one can use it to find tangent measures to p for which the
operators T, vanish. Mattila and Preiss [MP] showed that if E C R™ is measurable
for HY and HY(E) < +oo, then E is rectifiable if and only if the lower density
liminf, o r~¢HY(E N B(x,r)) is positive for H-almost every € E, and the prin-
cipal value ;imo Kp.a(z—y) dH(y) exists for H%almost every « € E. The

—YJE\B(z,e
case of the Cauch; l(iefr)lel in the plane was known before [Ma2]. Also see [Hul]
for a similar result with slightly different kernels.

Here again, not every kernel works perfectly; P. Huovinen [Hu2] constructed
Ahlfors-regular sets of dimension 1 in the plane that are totally non rectifiable (i.e.,
such that HY(E NT) = 0 for every curve I' of finite length), and yet for which
certain kernels (like K (z) = Re(2)/|z|?> — Re(2)3/|z|*) give principal values almost-
everywhere on F. These sets F also have subsets of positive measure where the
kernels K define bounded operators.

We should mention that even for the question of L?-boundedness, Ahlfors-
regularity is not a completely natural assumption. It is true that the upper bound
in (1) follows from the boundedness on L?(du) of the Riesz kernel (or any sufficiently
nondegenerate collection of kernels); see for instance[Da4], page 56. But there is
no reason a priori to require the lower bound in (1). X. Tolsa [Tol], and then
independently Nazarov, Treil, and Volberg [NTV1] characterized the measures p
on the plane such that the Cauchy kernel defines a bounded operator on L?(dpu),
in terms of total Menger curvature. Also see [Ve2] for a very nice proof.

We refer to the surveys [Mab, Ma6, MaT7] for additional information on these
issues. Also see [MaV, NTV2, To5, To6, To7, Vo| for more recent developments
or surveys.

4. Big pieces of better sets

The notion of big pieces was initially used to extend results of L2-boundedness
from one class of sets to another. Let F be a class of Ahlfors-regular sets. A
typical example would be the class of (images under rotations of R™) of Lipschitz
graphs with a given constant. We say that the Ahlfors-regular set E has big pieces
of sets in F when there is a constant § > 0 such that, for each x € E and each
r < diam (E), we can find F € F such that HY(E N F N B(x,r)) > 6r?. [Here
we decided to measure the size of E N F N B(x,r) with Hausdorff measure, but we
could also have used an Ahlfors-regular measure as in (1).]

Proposition 16. Let K : R"\{0} — R satisfy (12), and let F be a class of Ahlfors-
regular sets. Suppose that there is a constant M such that for each F € F, there is
a measure p supported on F, such that (1) holds with C; = M and (15) holds with
Cs = M. Then K defines a bounded operator on L?(E) for every Ahlfors-reqular
set E that has big pieces of sets in F.

Actually, one only needs j = 0 and 5 = 1 in (12); the cancellation property (13)
is not needed in the statement, but it is often useful to verify that the measures p
satisfy the assumption (15). The proof of Proposition 16 also gives bounds on the
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constant C5 in the analogue of (15) for the restriction of H¢ to E, which depend
only on n, d, Cy, M, the Ahlfors-regularity constant for F, and 6.

To the author’s best knowledge, the first time an argument like Proposition 16
showed up was in a paper of Coifman and Meyer, where the authors deduced the L2-
boundedness of the Cauchy integral on chord-arc curves with small constants from
the same result on small Lipschitz graphs [CM]. The method was systematized in
[Dal] and further work. For a proof of Proposition 16, see Proposition 3.2 on page
60 of [Da4].

The proof of Proposition 16 uses standard real variable techniques, and is based
on the “good A inequalities” of Burkholder and Gundy. Even though this is now
old and well known, let us state a good A inequalities lemma, just to make sure
that the reader knows about them.

Lemma 17. Let (X, A, 1) be a measured space, and let 1 < p < +oo be given.
Let u : X — R* be measurable, and assume that u coincides, out of a set of finite
measure, with a function of LP(du). [But require no bounds.] Also assume that we
can find a nonnegative function v € LP(du) and constants v € (0,1), a € (0,1),
v >0, and Cy > 0 such that o < (1 —v)~*/? —1 and

u{r € X5 () > (14 0)A))
< (I =v)u({z € X;ulx) > A}) + Cop({z € X5 v(x) > yA})
for every A > 0. Then u € LP(du), and

(18)

(19) llullp < C(v, @)y Co/" |]0]]-

The proof of Lemma 17 is straightforward. See for instance [Dal]. Notice that
(18) is implied by

p{z e X5 ulz) > (14+ o)X and v(z) < yA})

(20) <1 -v)u({r € X;ulx) > \}),

which is often as easy to prove.

Most of the time (including for Proposition 16) Lemma 17 is applied in the
following way. We want to control a function u, typically the maximal operator
T.f(x) = sup.so7-f(x) applied to a test function f (to ensure the qualitative
assumption in the lemma), and we take for v a mixture of maximal functions of u
that we control. We want to prove (20), so we fix A > 0 and we cover the open set
{u(x) > A} by essentially disjoint cubes or balls Q; (typically, Whitney cubes). A
small accounting argument shows that it is enough to prove that

(21) p{z € Q5 ulz) > (1+a)A}) < 7u(Q;)

for every j such that (); contains at least a point £ such that v(§) < A, and where
7 < 1 is a constant. Here it is interesting to take 7 very close to 1; the price to
pay is that we have to take v in (18) and (20) very small and then « very small
too, but this is usually not a problem because we can take v as small as we wish,
depending on all these constants.

Notice that (in our typical situation) there is a point z € C'@Q; such that u(z) <
A, for instance because @); is a Whitney cube. Then we cut u in two, a faraway piece
that varies little and a local piece. For instance, we can take u . = Ti(1rm\2cq, f)
as the faraway piece, and show that u e, (z) < u(z) +Cv(§) < A+CvyAfor z € Q;.
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Such estimates typically use the regularity of the kernel (i.e., (12)) and maximal
functions.

Then we would show that the local part uj,c(x) is less than Cy\ on some small
but substantial piece A; of @, so that u(x) < war (%) +Uioc () < AHCYA < (14a)A
on A; (if « is small enough), and hence (21) holds.

In the case of Proposition 16, for instance, our control on the local part would
come from the assumption that there is a big piece of E'N @); in some nice set
F € F, where we control the L? integral of the local part by definition of F.

In the true proof of Proposition 16, we also use a small trick: we bilinearize the
operators. That is, we define our operators as integrating against a first measure
i, but we compute L? norms with a second measure i. This makes things easier,
because we can modify p or i alone.

We do not wish to elaborate too much on that proof, but let us still say that it
is one more example of situations where asking for some apparently small control
on a set or a function, but at all scales and locations, yields a much better control
than expected. A very well known example of this principle is the theorem of
John and Nirenberg, where we take a BMO function with small norm (a priori,
only integrable on each interval) and show that its exponential is locally integrable.
Lemma 17 is a very nice tool for this sort of argument.

Nothing prevents us from applying Proposition 16 many times, to get larger
and larger classes of sets where singular integral operators are bounded on L2
This is what was originally done to prove that kernels K as in (12) and (13) define
bounded operators on L?(E) when E is an w-regular surface, by showing that F
contains big pieces of (sets that contain big pieces of)%~! Lipschitz graphs. Amus-
ingly, we now know that the process stops after two iterations. Indeed, it happens
that w-regular surfaces contain big pieces of Lipschitz graphs (see [Da3] or [Jo2]),
so uniformly rectifiable sets contain big pieces of sets (namely, w-regular surfaces)
that contain big pieces of Lipschitz graphs. We do not need to iterate more, because
Ahlfors-regular sets that contain big pieces of uniformly rectifiable sets are them-
selves uniformly rectifiable. One can use Proposition 16 and the characterization
of L?-boundedness of singular integrals in [DS3] to prove this, but there is also a
geometric proof with corona decompositions in [DS4], Theorem IV.2.29.

Also, the two iterations are needed; already in dimension 1, Tomasz Hrycak
found uniformly rectifiable sets that do not contain big pieces of Lipschitz graphs.
In fact, if F is uniformly rectifiable of dimension d, F contains big pieces of Lipschitz
graphs if and only if it has big projections [DS2]. This last means that there is a
constant 6 > 0 such that, if z € E and 0 < r < diam (E), we can find a d-plane
P such that HY(7wp(E N B(z,7))) > 6r?, where 7p is the orthogonal projection
onto P. And Hrycak constructed uniformly rectifiable sets of dimension 1 (Ahlfors-
regular sets contained in Ahlfors-regular curves) in the plane, which do not have
big projections. His construction is based on venetian blinds; since it does not seem
to be published anywhere, we give a rapid description in Exercise 9.

We complete this section with two results about big pieces. First we prove that
Ahlfors-regular curves contain big pieces of Lipschitz graphs. Thus Proposition 16
allows us to deduce the L?-boundedness of singular integral operators on Ahlfors-
regular curves (and hence, trivially, on uniformly rectifiable sets) from the same
result on Lipschitz graphs [CMM]. Then we shall (almost) show that Ahlfors-
regular sets that contain big pieces of connected sets are uniformly rectifiable.
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Proposition 22. For each constant C1 > 1, we can find Cg > 1, with the following
property. Let z : I — R™ be a regular mapping, with constant Cy, and set E = z(I).
Then for each x € I and 0 < r < |I|, we can find a Cs-Lipschitz graph T’ such that

(23) =" (ENnT N B(z(x),r))| > Cﬁ_lr.

Here we used the parametrization z to express everything, but since it is fairly
easy to show that |2 71(A)| is equivalent to H!(A) for A C E (see Exercise 5), our
statement says that F contains big pieces of Lipschitz graphs. [By Cg-Lipschitz
graph we mean the image under a rotation of R™ of the graph of a Cg-Lipschitz
function f: R — R"~1]

Let us prove the proposition. Let I, z, x, and r be given, and let J be an
interval of length [ = (2C;)~!r starting or ending at x and contained in I. We shall
actually find a Lipschitz graph I' such that

(24) |[JNz"YENT)| > C5'tr,

and this is a little stronger than (23) because (3) says that z(J) C B(z(x), ).
First observe that z(J) cannot be contained in B(z(x), (2C1)~11), because this

would contradict (4). So we can find z; € J such that |2(z1) — 2(z)| > (2C1) L.

Without loss of generality, we can assume that @ = 0, J = (0,1), z(z) = 0 and

(25) 21(z1) > 2z1(x) + (2C1)7H = (2C1) 7 = (2Cy) " ?r,

zl(zl) > zl(zl) >

where z; denotes the first coordinate of z. Set J; = [0,21), 7 = S 2 ol

(4C1)~1, and then

(26) 9(y) = 21(y) — 7y and h(y) = S g(t) fory € [0,z1].

Thus h is the smallest nondecreasing function such that g(y) < h(y) on [0,z].
The following description is known as the Rising Sun Lemma of F. Riesz; see for
instance [Zy] for a proof, but hopefully a picture is already quite convincing.

First, g and h are both Lipschitz, and 0 < h/(y) < Cy — 7 almost-everywhere.
Set H ={y € Ji; h(y) = g(y)}. Then H is closed Jy, and J; \ H is an at most
countable union of disjoint open intervals L; = (a;,b;). Moreover, h is constant
(and equal to g(a;)) on each L;. We want a lower bound on the size of H, so we
write that

(27) o) < han) = /0 " W ()dy = /H W (y)dy < C1|H|

because h(0) = 0, ij R (y)dy = 0 for every j, and h'(y) < C; almost-everywhere.
Thus

(28)  |H|>Cilg(zr) = Cy Mz(w) — 7a1] = Cf P2 (1) /2 > (2C1) P,

by definition of 7 and (25). Now set ¢(y) = h(y) + Ty on Ji; then ¢ is Lipschitz,
with 7 < ¢'(y) < C; almost-everywhere. We want to use this to check that z(H)
lies on a Lipschitz graph.

Set Jo = ¢(J1); thus ¢ is a biLipschitz mapping from J; to Jo. We define
fide =R by f(t) = 2.(¢~1(t)), where z, is composed of all the coordinates
of z, except the first one. Obviously, f is Lipschitz (with constant 7=1C; < 4C%),
and we claim that z(H) C T", where I" is the graph of f. This will prove (24) (with
Cs = 8C%) because of (28), and Proposition 22 will follow.
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So let y € H be given. Then h(y) = g(y), hence ¢(y) = z1(y) (by (26))
and z(y) = (z21(y), 2z« (y)) = (21(y), f(21(y))) by definitions. The claim, and then
Proposition 22, follow. We get Cs = 8C?, but we would get a cleaner control on the
constants by demanding that z be 1-Lipschitz instead of (3), parametrizing z(FE)
by arclength, and getting rid of some of the powers of C; above. O

If z is w-regular, then z(RY) contains big pieces of sets that contain big pieces
of sets ... that contain big pieces of Lipschitz graphs, with at most d iterations.
This fact is technically more delicate to prove when d > 1, but the proof is based on
the same principle (and a version of the Rising Sun Lemma with d — 1 parameters).

But we also know that z(R?) directly contains big pieces of Lipschitz graphs.
To get this, one extracts big pieces of biLipschitz mappings from given Lipschitz
mappings with big images, and the argument is different. See [Da3] or [Jo2].

Proposition 29. Let E be an Ahlfors-regqular set of dimension 1 in R"™, which
contains big pieces of connected sets. That is, there is a constant C7 such that,
for each x € E and 0 < r < diam (E), we can find a connected set I'y , such
that HY(Ty,) < Cyr and H'(T,,) N E N B(z,r) > C;'r. Then E is uniformly
rectifiable.

If I recall well, Proposition 29 was first known with a fairly indirect combination
of results. Then P. Jones suggested that there should be a direct construction of the
Ahlfors-regular curve that contains E, but apparently he did not publish his proof.
The proof that is outlined below first appeared as Proposition 3.35 in [DS7] (an
unexpected place, since the rest of the paper deals with higher dimensional sets).
And the second part of the argument follows a suggestion of J.-M. Morel and S.
Solimini (See [MoS], Proposition 16.25 p.210 for a similar argument).

We shall only give an outline of the proof of Proposition 29 (and even, only
for bounded sets); for additional details, we refer to [DS7] and to Chapter 31 of
[Dal1].

The proof of Proposition 29 decomposes neatly into two parts. Here is the first
one.

Lemma 30. If E is as in the proposition, then for xg € E and 0 < rg < diam (F),
we can find a connected set T = T'(zg,10) such that ENB(xg,m0) C T and HY(T) <
Cg?‘o.

The proof of Lemma 30 is the same as in [DS7] and Chapter 31 of [Dall]. As
we shall see, the point is to add more and more little connected sets I', , until we
cover E N B(zo,r0). Let x9 € E and 79 < diam (E) be given. We shall construct a
nondecreasing sequence of compact connected sets I'; that contain more and more
of the set

(31) Ey = EN B(xg,19).
Set I'o = I'yy,ry- Thus

(32) H'(To) < Crro
and

(33) HY(ENToN B(xo,70)) > C7 ' ro.
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We can modify I'y (without changing (32) and (33)), so that Ty C B(wg, o). Indeed,
let m: R"® — B(z0,70) be defined by

{ﬂ'(z) =z, forz € B(wg, 7o)

34 i
(34) 7(2) = 20 + 1o ﬁ, forz € R™\ B(xg,r0).

It is easy to see that 7 is 1—Lipschitz, and so w(I'g) still satisfies (32). Of course
7(To) is still connected, (33) stays the same, and now 7(I'g) C B(wo, 7).

We want to continue our construction by induction, so let us assume that j > 0
is given and that we already have a nondecreasing (finite) sequence of compact

connected sets I'g,...,I';, and let us define I'j ;. Set

(35) Uj=Ey\TI'; = ENB(zo,7m0) \T;

and, for each x € Uj,

(36) dj(x) =dist (z,T';) and Bj(z) = B(z,;(x)).
Note that

(37) dj(x) < 2rg < 2diam (F)

because x € B(z,70), I'o N B(zg,70) # 0 by (33), and hence I'; N B(zg, 7o) # 0
too.

By the usual “5-covering argument” (see the first pages of [St]), we can find a
finite or countable set A; C U; such that

(38) the balls Bj(z), = € A;, are disjoint
and
(39) U; ¢ |J Blx,50;(x)).

TEA;

In particular,
(40) H'(U;) < Y HY(ENB(x,56;(x)) <C Y §;(x),
IEA]‘ IEA]'

because E is Ahlfors-regular. Since §;(x) < 2diam (E), we can apply the hypothesis
of Proposition 29 to each each x € A;, with the radius % d;j(x). We get a compact
connected set v;(x) = I';.5;(z)/2 such that

(41) H' (35()) < 5 Cr 65(a)
and
(12) HY (B N (2) N B;(0) 2 5 C7' 65(2).

Also, by the same argument as for I'g, we can always replace 7;(z) with its image
by a contraction onto B(z, 3 d;(x)) (like  in (34)), and so we may assume that
7;(x) C Bj(x).

Call zj(z) a point of I'; N 9B;(x). Such a point exists, by (36). Add to v;(z) a
line segment that connects it to z;(x). We get a new compact connected set o (x
such that

(43) H' (a;(x)) < C6;(x),
(44) HY(ENaj(x) > (2C7) 7" 65(x),
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and

(45) a;(x) C Bj(z), except for the point z;(x) € I'; N dB;(z).
Note that

(46) the sets aj(x), € A;, are disjoint,

by (45) and (38). Also, if we set

(47) V; = EN B(xzg,3r0) \ Ty,

then

(48) EnNaj(x) C VU {z()}

This comes from (45) and (36), plus (37) and the fact that t € A; C U; C Ey C
B(zg, ro) for the part about B(xg,3rg). Now

(49) > 6i(w) <20 > HY(ENaj(x) <207 HY(V;) < +00
TEA; TEA;

by (44), (46), (48) and the Ahlfors-regularity of E.
Since Y dj(w) < 400, we can find a finite set A} C A; such that

TEA;
(50) > 6 Z 55(
xeA’ TEA;
Set
(51) Djy1=T;U ( U %‘(33))-
TEA

By construction, I'j41 is still compact (because A’ is finite) and connected (because
each a;(x) is connected and touches the connected set I';).
Our construction of sets I'; is now finished. We want to take

(52) r= { U Pj}f
Jj=0
but let us first see why the process has a chance of converging. Note that for z € A%,

a;(x) is contained in I'j4q (by (51)). Hence it does not meet Vjy1 (see (47)), and
0

(53) Ena;(z) < (V;\ Vi) Ufzi(2)},

by (48). Since all these sets are disjoint by (46), we get that

(54) H'(Vi\ Vi) = Y HY(ENay(@) > (207) 7 Y 65
TEA TEA

by (44). Note that

(55) > H' (Vi \ Vi) < H' (Vo) < H'(E N B(xo, 3ro)) < Crg
j=0

by (47) and because E is Ahlfors-regular. Hence

(56) Z Z di(xz) < Cro < 400,

J>0 z€ A
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by (54) and (55). Now we can verify that
(57) Ey = EN B(zg, ) is contained in T,
where I is defined by (52).

Let z € Ey be given. If z € I'; for some j > 0, there is nothing to prove
(because I'; C T'). So we can assume that z € U; = Ey \ I'; for each j. (See the
definition (35).) Then z € B(z,5d;(z)) for some = € A;, by (39), and so
(68) dist (z,I') <dist (2,I';) < |z —z| +dist (z,T;) < |z — x| + §;(z) < 6;(x),
by (36). Note also that
(59) 5ix) < > 6y <2 6i(y)

YyEA; yGA;

for x € A;, by (50). The right-hand side of (59) tends to 0 when j tends to +o0,
by (56). Hence dist (z,I') = 0, by (58) and (59), and z € I" (which is closed by
definition). This proves (57).

Next we want to check that

(60) HY(T) < Cry.
Set I'* = |J I';. We already know that
J=0
(61) H'(I™)<H'To)+ Y Y H'oj(@) <Cro+C» Y di(x) <Cry
J20 ze A J20 z€ Al

by (51), (32), (43) and (56). So it is enough to control T\ T'**.

Let z € T'\T'* be given, and let {z,} be a sequence in I'* which converges to z.
If infinitely many z; lie in a same I';j, then z € I'; as well. This is impossible, since
z ¢ I'*. Thus for £ large enough, 2, € a;y (2¢) for some index j(¢) that tends to
+00 and some ¢ € Aj(y). By construction, x, € Ay C Ujp) C Ep (see (35) and
the discussion that follows it). Since aj(¢)(x¢) C Bje)(we) by (45), we get that

(62) dist (Zg, EQ) < dist (Zg, ,Tg) < 6j(g) (,Tg) <2 Z (Sj([) (,T),

’
ES10)

by (50). The right-hand side of (62) tends to 0 by (56), hence dist (z¢, Eo) tends to
0 and z € EN B(xg,ro). Thus '\ I'™* C E N B(xg,ro), and

(63) HYT) < HY(T*) + H'(E N B(xo,70)) < Cro,

by (61) and because E is Ahlfors-regular.

Our compact set I' is connected, because each I'; is. Let us rapidly check this.
Let I' = F1 UF; be a decomposition of I into disjoint closed subsets. Then for each
J,T; = T;NF)U(;NFy) is a similar decomposition of I';. Since I'; is connected,
FiNnFi=0orT;NF,=0. fT;NF =0 for all j, then F; = T'N Fy is also empty,
because all the I'; lie in Fy, which lies at positive distance from Fy. If I';y N Fy # 0
for some jo, then I'; N Fy # 0 for all j > jo, and hence I'; N F, = () for all j > jo.
In this case F» is empty (by the same argument as above). Our partition of " was
trivial, and I" is connected. With (57) and (60), this completes our proof of Lemma
30. O

For the second part of the proof of Proposition 29, we start with the case when
E is bounded, and we have two main options. The first one is to follow the proof
of Lemma 30 (on a ball that contains E) carefully, and build our set I" so that it
is also Ahlfors-regular. The point is that when we construct the «;(z), we should
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make sure that we do not add lots of curves or line segments that go trough a
given little ball. That is, when we feel like adding lots of curves that go through
a ball, we should group them into a single one, either by hand or by forcing the
curves to lie on a given network of edges of dyadic cubes. This is probably what P.
Jones suggested, and the argument would be similar to the proof of Theorem 3.14
below (that is, Proposition II.1.3 in [DS4]). To my knowledge, this is not written
anywhere.

Here we shall describe an automatic way to improve the connected set given
by Lemma 30, which is based on a variational argument and was suggested by
J.-M. Morel and S. Solimini. To say the truth, the argument is probably a little
longer than the direct route altogether, but it is a pleasant illustration of a general
principle that can be useful: a nice way to produce a set with good properties at
all scales and locations is to minimize a functional.

Actually, we shall give two versions of the same argument. In both cases, we
first assume that E is bounded.

We start with a proof that works nicely when n = 2, but uses Golab’s theorem.
Golab’s theorem says that if 'y is a sequence of compact connected sets in R"
that converges to a compact set I' (for the Hausdorff distance), then H'(T') <
liminfg_ oo HY(Tk). See for instance [MoS] or [Dall] for a proof. Note that
if we forget the connectedness assumption, the result fails miserably [see Exercise
11]. But there is a very nice sufficient condition that can replace connectedness and
also works for higher dimensional Hausdorff measure: the “uniform concentration
property” introduced in [DMS]. See also [MoS], or even [Dall] and [Dal0].

Now let E be bounded and satisfy the hypotheses of Proposition 29. Apply
Lemma 30 with any z¢ € E and ro = 2diam (E); the proof still works in this case
(even though ry is a little larger than diam (E)), and anyway you could also do a
trivial covering with a bounded number of pieces). This gives a compact connected
set ' that contains E and such that H(I') < C diam (E).

Now we can choose I' so that H'(T") is minimal. Indeed, let 'y be a minimizing
sequence. That is, I'y is connected, F C 'y, and Hl(l"k) tends to

(64) m = inf {H(T"); T is compact, connected, and contains E}.

Then we can extract a subsequence for which I'y converges to a limit I', and this
limit is connected. One has to check this (see Exercise 12), but the verification is
not too hard; the simplest way for us to do it would be to use (uniformly) Lipschitz
parametrizations of the I'y by a fixed interval (see below the proof of Lemma 66),
and extract a convergent subsequence of the parametrization. Now I' contains F
because E C Ty, for each k, and H'(I') = m, by Golab’s theorem and as needed.

We claim that T" is automatically an Ahlfors-regular set. If not, there is a ball
Bo = B(z0,70) such that H(I'N By) > Cyrg, where the constant Cy will be chosen
soon. Now Lemma 30 (applied to any point € E N By, if any, and the radius 3rp)
says that there is a compact connected set G that contains £ N By, and such that
HY(G) < 2Csrg. Set IV = [I'\ Bo]UOBo UG U L, where L is a closed line segment
that connects G to dBy. Then I is compact and connected, and it contains F
because G covers E N By just as well as I' N By did. Moreover,

H'(T") < HYT') — HYT' N By) + 27ro + H'(G)
(65) < HY(T) — Corg + 2710 + 2Cs70
< HY(I)
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if we take Cy large enough. This is impossible because H'(I') is minimal, and hence
I" is Ahlfors-regular.

To complete our proof of Proposition 29 when n = 2 and F is compact, we just
need the following.

Lemma 66. If ' is a compact connected Ahlfors-reqular set of dimension 1, we
can find a compact interval I and an Ahlfors-regular mapping z : I — R™ such that
2(I)=T.

We only sketch the proof; more details on the (standard) graph construction
can be found in Section 30 of [Dall].

Let T" be as in the lemma, and let 6 < diam (T") be given. Let As be a maximal
set of points of T', subject to the constraint that |z —y| > § for z,y € As, x £ y. We
construct a graph Gs by connecting all the pairs z, y of As such that |z — y| < 36.

First observe that G5 is connected, because otherwise we can find a partition
As = By U By of As into nontrivial subsets, with dist (By, B2) > 3J. Since every
point of T lies within ¢ of As (by maximality of As), we get a partition of T' into
closed sets I'; = {z € T'; dist(x,B;) < 4}, j = 1,2, and this contradicts the
connectedness of T'.

Then notice that H'(I' N B(y,§/2)) > §/2 for y € As. Indeed, call 7 the
radial projection + — |y — z|. Then 7(I") contains 0 (because y € I') and some
points larger than 6/2 (because 6 < diam (£)); hence 7(T") contains [0, §/2], because
I is connected. The conclusion follows, because HY(I' N B(y,d§/2)) > HY(x(T' N
B(y,0/2))) = /2 (since m is 1-Lipschitz). Now, if z € R™ and r > 6,

(A0 B < Y % HY(T' A B(y,5/2))
yeAsNB(z,r)

% HYT N B(x,r+96))

c
—r

4]

because the B(y,d/2) are disjoint (by definition of As) and I" is Ahlfors-regular.

The advantage of using graphs is that they are easier to parametrize. Indeed,
it is classical and easy that there is way to find a path that runs along each of the
intervals that compose G exactly twice, once in each direction. Let us parametrize
this path by arclength; this gives a function z5 : Is — Gs that is onto and 2-to-1
(except at edges and points where two intervals or more meet). It is easy to see that
zs is Ahlfors-regular, with estimates that do not depend on ¢. Indeed the Lipschitz
condition is obvious, and we can estimate |z; ' (B(z, r)| using (67) and the fact that
there are never more than C' edges of G5 that meet a ball of radius §.

Finally observe that C~1 diam (E) < |I5| = 2length(Gs) < C diam (E), by (67)
and because diam (Gs) > diam (As) > diam (E)/2 (if § < diam (E)/2, say). Thus
we can replace the z; with other Ahlfors-regular parametrizations z; defined on a
fixed interval I of length diam E. And then we can find a sequence {4y} that tends
to 0 such that the 25, converge to a limit z, uniformly on I. It is easy to check that
z is Ahlfors-regular, and that z(I) = I'. This proves the lemma. O

IN

IN

So we have a proof of Proposition 29 when n = 2 and E is bounded. But
the reader may now be upset because we used Golab’s theorem, and we had to
parametrize sets anyway. The first objection is not that serious, because we could
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use the argument above in a more constructive way. That is, we could start from
a curve I'g that contains E, then look for a ball By such that H*(T'g) — Cy7(By) is
(positive and) largest, do the same surgery as above to replace I'y with a shorter
curve I'y that contains F, and iterate. The process converges (because we win at
least 1 in length whenever we do a modification in a ball of radius ry), and the
limit is the desired Ahlfors-regular curve that contains E.

But anyway, let us try to work directly with parametrizations and avoid Golab’s
theorem. Our argument will be even more sketchy than before, and we refer to
Section 31 in [Dal1l] for details about the proof.

We start the argument as before. That is, we assume that F is bounded, apply
Lemma 30 to any 2o € E and ro = 2diam (E), and get a compact connected set
' that contains E and such that HY(T') < Cdiam (E). But this time we take a
parametrization of I' immediately. A small modification of the proof of Lemma 66
gives a Lipschitz function f : [0,1] — R™ such that f([0,1]) contains E, and with
Lipschitz constant at most C diam (E). See Section 30 of [Dal1l], for instance.

Since the set of functions on [0, 1] with a Lipschitz constant at most M and
f(0) = 0 is compact (for the topology of uniform convergence), we can even find f
such that f([0,1]) contains E and the Lipschitz constant of f is minimal. Another
way to say the same thing is that the length of the path defined by f is minimal.
[Compare with Exercise 4.

The rest of the proof consists in checking that f is an Ahlfors-regular parame-
trization. Here is the idea. Suppose not. Then there is a ball By = B(xo,r0),
centered on f([0,1]), and such that |f~1(Bg)| > Coro, with Co very large. On the
other hand, Lemma 30 says that we can cover E N B(zg,2r) with a connected
set G of length at most Cry. The idea is to replace the curves that compose
£([0,1]) N B(zo, 2r9) with another set of curves, with strictly smaller total length,
and that contains G (so that we no longer need ([0, 1]) N B(zq, 2r9) to cover. Once
we do this, we get the desired contradiction with the definition of f.

The construction is a little painful, because f([0, 1]) N B(zg, 2r9) may be com-
posed of a very large number of small curves and we have to match ends rather
carefully to get a single curve at the end. The general idea is to leave alone the
curves that do not go as far in as By, and to remove the other ones. This way
we know that we remove a total length of at least Nry, where N is the number
of curves. But we have a collection of free ends, and we have to connect them to
each other (by pairs), to get a single curve. One of the points of the argument is
that if N is large (the most interesting case), then we can use the fact that there
are often lots of ends that are close to each other, and if we do the connections
efficiently, this will cost much less than Nrg in length. Hopefully the reader will
find it more pleasant to believe that we can construct a curve that is better than
£([0,1]), instead of checking all details.

Our sketch of proof is over for bounded sets E. If E is unbounded, the argument
sketched above says that if zg € E, then for each & > 0, we can find an Ahlfors-
regular mapping fr : [0,2¥] — R”, with uniformly bounded Ahlfors-regularity
constants, such that E N B(zo,2%) C f,([0,2*]). Then it is not too hard to find a
single Ahlfors-regular curve that covers F. Think about what you would do in the
case when E is the union of the two axes in R?, or see [DS4] for the details. [



LECTURE 2

Approximation by d-planes, geometric lemmas

Here we shall discuss ways to measure how rectifiable a set is, by way of func-
tions defined on the set of balls. To the author’s knowledge, the first time such
a thing was done was when P. Jones proved the “geometric lemma” for Lipschitz
graphs, and the point was to get a new proof of L?-boundedness for the Cauchy
integral on those graphs. Since then, many variants of the geometric lemma have
been proved, with applications.

The most standard way to measure rectifiability is in terms of closeness to affine
d-planes, as follows. Let the integer dimension d < n be fixed, and let E be a closed
set in R™. Call P4 the set of affine planes of dimension d and set

(1) Be(x,r) = %Pig?f)d {sup{dist (y, P); y € EN B(z,7)}}

for x € R™ and r > 0. When E N B(z,r) is empty, we set Sg(z,r) = 0.

We divided by r to make Bg(x,r) dimensionless. Note that Oag(z,r) =
Be(x/A,r/A) and Bg(zr,r) < 1 in all cases. In some cases it is more convenient
to replace the sup with an L9 norm and set

(2) Beq(x,7r) = 1 inf {r_d /EQB(LT) dist (y, P)? d,u(y)}

r PEPy

1
q

for x € R™ and r > 0, and where (unless otherwise specified) p is the restriction of
H9 to E. As we shall see, there are interesting connections between geometric or
analytic properties of E and the size of the fg 4(z,r).

The geometric lemma for Ahlfors-regular sets

1. The geometric lemma for Ahlfors-regular sets

We start with the slightly simpler case of d-dimensional Ahlfors-regular sets. In
this case it will be convenient to restrict our attention to € E in (1) and (2); also
note that then the integral in (2) is essentially an Li-average; thus Bg p(z,r) <
CPeq(z,r) for p < ¢ < 400, and where we naturally set g o (z,7) = Br(z,r).
We start with a regularity result for one-dimensional uniformly rectifiable sets.

Theorem 3 ([Jo3, Ok)). If E is an Ahlfors-regular curve in R™, there is a constant
C such that

4
( ) v/yGEﬂB(z,r) ~/O<t<r ﬁE(y, t)

The reader may be more familiar with a discretized version of (4), where one

sums quantities like 8z (Q)? diam (Q) over dyadic cubes. Here we prefer to stress

dH!(y) dt
t

1
2w <Cr forxe€ E andr > 0.

the importance of the almost-invariant measure , possibly at the expanse

21



22 GUY DAVID, UNIFORMLY RECTIFIABLE SETS

of computability. Translations of estimates like (4) from the discrete version to the
continuous one (and back) are fairly easy to do anyway.

In fact, P. Jones first proved Theorem 3 for Lipschitz graphs, and used it to get
another proof of L2-boundedness for the Cauchy kernel [Jo1]. The case of Ahlfors-
regular curves is more complicated; the difficulty is that we cannot immediately
reduce to a more standard problem of approximation of Lipschitz functions by
affine functions, because of self-intersections. Actually, Jones (when n = 2) and
Okikiolu (for any n) directly worked for general sets and proved Theorem 9 below;
we stated Theorem 3 mostly to prepare the reader to the next result.

Observe that we also have the analogue of (4) with the numbers Bz 4(z,7)?,
since fg q(z,7) < CBr(z,r). Also, (4) stays true for uniformly rectifiable sets (and
even for any subset of an Ahlfors-regular curve), because Sg(z,r) < Bp(x,r) when
ECF.

Theorem 3 generalizes to higher dimensions, but we have to be slightly careful
with the Sobolev exponents, and the Sg 4(x,7) are more appropriate.

Theorem 5 ([DS3], page 12). Let E C R™ be uniformly rectifiable, and let 1 <
q< dsz2 be given. Then there is a constant C such that

dH (y)dt
(6) / / BEe.q(y,t)? dH (y)dt < Cr? forxz e E andr > 0.
yEENB(z,r) Jo<t<r t

When d = 1, we can take ¢ = +o0 (i.e., use 8g), by Theorem 3. [But the proof
is different.] Note that for Ahlfors-regular sets, Sg,(y,t) < CBg 4(y,t) for p < g,
by Hélder, so (6) is stronger when ¢ is large.

Xiang Fang (probably in [Fg]) showed that (6) may fail for ¢ > d2—f12, and the
point is that when there is no Sobolev inequality, one may construct counterexam-
ples with lots of little spikes.

The proof of (6) is based on a corona decomposition of E (see Section 4),
which allows one to reduce to the case of Lipschitz graphs with small constant. For
Lipschitz graphs, (6) is a result of approximation of Lipschitz functions by affine
functions, which is due to Dorronsoro [Do]. It is not so easy to prove, but at least
it is directly in the spirit of Littlewood-Paley theory. We shall rapidly return to
this result of Dorronsoro near the end of Section 3 (when we discuss its extension
to Lipschitz functions on uniformly rectifiable sets, see near (3.22).

When F is a Lipschitz graph and ¢ = 2, (6) follows from a rather easy com-
putation based on Plancherel. We shall not do this computation here, but it is
similar to the derivation of upper bounds for triple integrals of Menger curvature,
in Lemma 5.9.

In this context, the square power in (4) and (6) comes naturally from or-
thogonality in Plancherel; in geometric proofs it comes directly from Pythagoras.
Note that (6) says that Jg 4(y) = fol Bp.q(y,t)?% < +oo for almost every y, but
even when ¢ = 400, we cannot say that E has a tangent d-plane at y as soon as
JE,¢(y) < +00. [This would rather require the convergence of fol Bp,q(y,t)%; the
square power allows for slowly turning spirals centered at y.] Nevertheless, we shall
see soon that (6) implies uniform rectifiability (and hence the existence of a tangent
d-plane almost-everywhere).

The conditions (4) and (6) can be seen as a Carleson measure estimate on the
Be,p. In fact, it really helps to see the results of this section as analogues for sets
of some aspects of Littlewood-Paley theory for functions. [I think S. Semmes was
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the first one to take this point of view seriously.] We all know that it is sometimes
useful, in order to study functions f on R?, to consider extensions of f to the upper
half-space R‘j_"’l (for instance, the harmonic extension, but not always). And we
want to do something like this for sets.

Here the appropriate analogue of le_“ is the set of balls

(7) A={(z,r); x € £ and 0 < r < diam E}.

The natural measure on A is the essentially scale-invariant (hence infinite)
measure dH% ()% ; thus (4) and (6) really say that the Bg q(x,r) are small most
of the time.

We call Carleson measure on A a measure v such that v(B(z,7) x (0,7)) < Cr?

d
for x € E and 0 < r < diam (E). Thus (6) says that 8g (z,r)? M is a
Carleson measure, and similarly for (4).

Perhaps we should say that there is an additional difficulty with Littlewood-
Paley theory with sets: it is not so easy to decompose sets into standard little
pieces. The reason why we like so much the corona construction (rapidly described
below), is that at least it provides a way to linearize some questions, and reduce to
the case of small Lipschitz graphs.

Here is a converse to Theorems 3 and 5. We shall see in Section 3 that much
more can be done in this direction.

Theorem 8 ([DS3]). Let E C R™ be Ahlfors-regular of dimension d > 1, and
suppose that there are constants ¢ > 1 and C' > 0 such that (6) holds. Then E is
uniformly rectifiable.

There are lots of other ways to measure how rectifiable F is; one can ask whether
it is almost symmetric with respect to most of its points, or almost convex, and so
on. See Section 3 for a little more about this, and [DS4] for a lot more.

2. The traveling salesman

We start with one-dimensional sets, and the following question. Given a bounded
set £ C R™, when is it possible to find a curve with finite length that contains E?

Theorem 9 ([Jo2, Ok]). Set

(10) Brot (E) Z/ERH/O 5E(w774)2%7

for E CR™. Then there is a curve I of finite length that contains E (in its image)
if and only if E is bounded and (Bioi(FE) < 4+00. Moreover, there is a constant

C = C(n) such that
(1) C~'[diam (E) + Biot(E)] < inf {length(T'); T is a curve that contains E}
< Cldiam (E) + Brot(E)]

for all Borel sets E C R™.

P. Jones proved the existence of a curve I" when [;,.(F) is finite, but was only
able to establish the converse (i.e., estimates on (i (E) when E is a rectifiable
curve) when n = 2; the proof even used conformal mappings! The extension to
higher dimensions (with a more natural proof) is due to K. Okikiolu.
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The reader should not worry about the contribution of radii r > diam (E) to
the integral in (10); it is finite because Bg(z,7) = 0 when E N B(z,r) = (), so we
only need to care about  when dist (x, E) < r, and then Bg(z,r) < r~! diam (E).

It is fairly easy to check that Theorem 9 implies Theorem 3. The different
powers of r come from the fact that we now integrate on R", while in Theorem 3
we integrated on E only. In the case of Ahlfors-regular sets (as in Theorem 3), the
two are equivalent.

Theorem 9 has surprising applications. For instance, Jones and Bishop were
able to use it to prove conjectures about harmonic measure in simply connected
domains [BJ1, BJ2]! Also see [BJ3] for a use of Sg(z,r) in the context of limit
sets of groups.

Let us discuss a few variants or improvements of Theorem 9. We start with a
localization. For E C R™ and = € FE, set

(12) JE(JJ) :/0 ﬁE(LL',t)Q %

Theorem 13 ([BJ2]). There is a constant C such that if E is a compact set of
diameter 1 and Jg(x) < M for every x € E, then there is a curve of length at most
Ce“M that contains E in its image.

Theorem 13 is only stated for subsets of the plane, but the proof works in
any dimension n, with C' = C(n) (or else I missed something important). The
exponential growth is optimal.

Theorem 9 is not so easy to extend to higher dimensions. There is an extension
to d = 2 in [Pal, Pa2], where fairly reasonable sufficient conditions are given, in
terms of the Bg(z,r) and densities, which allow to say that E is contained in a set
with a nice parametrization. The restriction to dimension 2 is due to the explicit
way surfaces are constructed (with triangles), and some estimates get bad when
the density of F is too small, because even if the Sg(z,r) are very small, we do not
get a good control on the way the best d-planes depend on z and 7.

Then there are recent results by Lerman [Le2] (in dimension 1), and then Jones
and Lerman (all dimensions) that allow to say that some substantial part of a set
is contained in a uniformly rectifiable set. The advantage is that the result works
in all dimensions, and with measures (with potentially low densities); the price to
pay is that only a part of the support is controlled.

Let us try to say a little more. We need some notation. Let the integer
dimensions d and n be given, and let 1 be a locally finite Borel measure on R™. For
each cube ) C R™ (with sides parallel to the axes), set

-t in is 2d,u_(y) .
~ diam (Q) A2E, {/Qd ¢ P) u(Q)} ’

where the infimum is still taken over all affine d-planes P, and then

(15)  J(z) = Z sup {8(Q)?; Q is a cube of side length 27* that contains z}.
kEZ

(14) B(Q)

To be exact, Jones and Lerman use less cubes than this (only dyadic cubes, and
a small number of translations of dyadic cubes) and this probably makes a big
difference in computational applications, but we let us not bother here.

Also call Jg, (x), where Qo is a given cube (with sides parallel to the axes) the
analogue of J(z), but where we only consider cubes @ C Q.



LECTURE 2. APPROXIMATION BY d-PLANES, GEOMETRIC LEMMAS 25

Theorem 16 ([JL]). There exist constants Cy (an absolute constant) and Cy (that
depends only on n and d) such that if p is a locally finite Borel measure, Qo is a
cube, and if

(17) /C Q 0D dp(z) < Ap(Qo)

(for some A > 0), then there is an w-regular surface T, with constants less than

C(A,n,d) such that
(18) p(T) > Cy A7 u(Qo).-

Even though this only gives a big piece of uniformly rectifiable set in the support
of u, it is surprising that one can give such a precise result. Here the difficulty
was not so much about finding parametrizations of sets, but really constructing a
coherent set I' from p, especially at places where p is so tenuous (or placed near
a low-dimensional subset) that it does not give good hints on the direction of the
tangent plane to I'. The general idea of the construction is still to proceed from
large scales down, like in the corona constructions, but there are lots of tricks (and
the choice of L? norms in (14) helps).

Hopefully this result will be useful, for instance in data analysis (where it could
help approximate and describe large sets of points which tend to accumulate on a
d-dimensional subset; note that for such applications, using measures instead of
sets makes sense). Already see Lel.

As was mentioned above, the numbers 8g(x,r) are very convenient, but they
are not the only ones that can give a good description of the rectifiability properties
of E. See the next section for some possibilities, and Section 5 for Menger curvature.

See [Hal, Ha2, Scl, Sc2] for more recent versions of the Jones-Okikiolu
theorem in the context of metric and Hilbert spaces.






LECTURE 3

Weaker characterizations of uniform rectifiability

In practice it may be hard to check that a given set E is contained in an w-
regular surface, and the verification of the Carleson condition (2.4) on the Bg(z,7)?
is even worse. In this section we shall mention a few apparently weaker conditions
that imply uniform rectifiability.

We start with two or three conditions relative to big pieces of sets, but we shall
rapidly concentrate on weak variants of the geometric lemma. Then we shall give
slightly more exotic conditions.

1. More big pieces of sets

We already saw that Ahlfors-regular sets of dimension 1 that contain big pieces of
connected sets are uniformly rectifiable. In fact, we have the following necessary
and sufficient conditions in any dimension.

Theorem 1 ([DS3]). Let E be an Ahlfors-regular set of dimension d in R™. The

following properties are equivalent:
(2) E is uniformly rectifiable (i.e., is contained in an w-reqular surface),

(3) E contains big pieces of Lipschitz images of subsets of R,
(4) E contains very big pieces of biLipschitz images of R® inside RM? (n,2d+1)

Here (3) means that there exist constants > 0 and M > 1 such that for z € E
and 0 < r < diam (E) we can find an M-Lipschitz mapping f defined on the ball
B(0,7) in R, with values in R", and such that H(E N f(B(0,7))) > ord.

The stronger condition (4) means that given € > 0 we can find M > 1 such
that for z € F and 0 < r < diam (E) there is a M-biLipschitz mapping ¢ : R? —
RMax (n.2d+1) guch that H(E N B(z,7) \ ¢(RY)) < erd. When d = 1, p(R?) is a
chord-arc curve, and (4) says that E contains very big pieces of chord-arc curves.

2. The bilateral weak geometric lemma and variants

We now turn to “weak conditions”, where we find some way to say that E is nice
in a given ball B(z,r), and require that this property holds for “Carleson-almost”
every B(z,r).

Definition 5. Let E be an Ahlfors-regular set of dimension d. A Carleson set of
balls is a set B of pairs (y,t), with y € E and 0 < t < diam (E), such that

dt
(6) / / Ls(y,t)dH " (y)— < Cr*
yeEENB(z,r) JO<t<r t

forz € E and 0 < r < diam (E).
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In other words, 15(y, t)de(y)% is a Carleson measure on E x (0, diam (E)).
We could indifferently have used a measure p such that (1) holds, instead of the
restriction of H? to E.

Here is a first example of a weak condition. We say that the Ahlfors-regular set
E satisfies the weak geometric lemma (in short, E € WGL) if for each ¢ > 0, the
set B(e) = {(y,t); y € E,0 <t < diam (FE), and Bg(y,t) > €} is a Carleson set.

If F satisfies the geometric lemma (2.6) for any ¢ > 1, then E € WGL. For
q = +00, this comes directly from Chebyshev. For other ¢, this uses the fact that
Be(y,t) < CBr4(y,2t)%/4F9, which is fairly easy to establish. See for instance
[DS4], page 27, or Exercise 15. Now 15(¢)(y, t) < Ce2(d+d/13, (y,2t)2, and (6)
follows from (2.6).

“Obviously”, the WGL does dot imply (2.6), even when d = 1; see Section 20 of
[DS3] for a counterexample. Let us now introduce stronger variants of the WGL.
We start with the following bilateral variant of the 8 numbers. Set

(7))  bBe(z,r) = 1 inf { sup {dist(y,P)}+ sup {dist(y, E)}}

T PePy yeEENB(x,r) yeEPNB(x,r)
for z € F and 0 < r < diam (F). Thus we care about how flat E is in B(z,r) but
also whether it has significant holes there.

The numbers bSg(z,r) are not really new, since they appear in Reifenberg’s
theorem [Re] that says that under suitable conditions, the set E is a topological
disk of dimension d, and even has a bi-hélder parametrization, provided that the
bBe(x,r) stay uniformly small.

The estimate (2.4) also holds with g replaced with b8g, and similarly (2.6)
would hold with appropriate bilateral L? variants of the 8g 4. If the author recalls
correctly, the proof of (2.6) just extends.

We say that E satisfies the bilateral weak geometric lemma (in short, E €
BWGL) if for each € > 0,

bB(e) = {(y,t); y € E,0 <t < diam (F), and bfgr(y,t) > ¢}

is a Carleson set.
But there are other ways to measure how close to a d-plane F is locally. For
instance, we could measure whether £ N B(z,r) is approximately convex, with

1
(8) cv(x,r):; sup{dist(y—;Z,E);y,zeEﬂB(x,r)},

or approximately symmetric, with
1

(9) sym(z,r) = — sup { dist 2y — 2, F); y,z € EN B(x, r)},
r

where x € E and 0 < r < diam (F) are given. As before, when E is uniformly
rectifiable one can prove analogues of (2.6) for the L7 versions of cv(x,r) and

sym(z,r).
And we say that E is locally convex (in short, F € LCV) if
(10) {(y,t); y € E,0 <t < diam (E), and cv(y,t) > e}

is a Carleson set for each € > 0, and similarly that E is locally symmetric (E € LS)
it
(11) {(y,t); y € E,0 <t < diam (E), and sym(y,t) > ¢}

is a Carleson set for every € > 0.
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Theorem 12 ([DS4]). The Ahlfors-reqular set E is uniformly rectifiable if and
only if E € BWGL, if and only if E € LC'V, and if and only if E € LS.

The equivalence between BWGL, LCV, and LS is fairly easy; it is barely
harder than the verification that an Ahlfors-regular set of dimension d that is con-
vex, or symmetric with respect to each of its points, is a d-plane; besides this, the
proof is a convincing illustration of the flexibility of our weak conditions. The fact
that uniformly rectifiable sets (or sets for which singular integrals define bounded
operators, as in Section 1) satisfy LS, for instance, is relatively easy. The surpris-
ing fact, in principle, is that our weak conditions (say, the BWGL) imply uniform
rectifiability. And again the proof relies on a corona construction.

Let us also add that in the proof that BWGL, LCV, or LS implies uniform
rectifiability, we do not really need to know that for every e, b3(e) or its analogue in
(10) or (11) is a Carleson set. We just need one value of €, which can be computed
from n, d, and the Ahlfors-regularity constant for E (but which is so small that we
may as well prove the result for all €). The same thing happens with many of the
weak characterizations mentioned below.

3. Weak connectedness in dimension 1

When d = 1, thanks to the special role of connectedness, the proof is somewhat
easier. In fact, we can use the following property of weak connectedness.

Definition 13. Let E be a one-dimensional Ahlfors-reqular set in R™. For each
O<a<land A>1, call G(a, A) the set of pairs {(x,r) € E x (0,diam (F))} such
that for all choices of y, = € E N B(x,r) such that |y — z| > 1071r, we can find a
chain of points v; € EN B(x, Ar), 0 < j <m =ml(y, z), with vo =y, vy = 2, and
lv; —vj—1] < aly —z| for 1 < j <m. We say that E is weakly connected (in short,
E e WC) is we can find « < 1 and A > 1 such that [E x (0,diam (F))] \ G(a, A)

1s a Carleson set.

Theorem 14 ([DS4], page 70). Every weakly connected Ahlfors-reqular set of di-
mension 1 is uniformly rectifiable.

The converse is true, but not so interesting; notice that the bilateral weak
geometric lemma, or the local convexity condition, clearly imply WC. Theorem 14
is so easy to prove that we can present an argument here. Note the similarity with
Proposition 2.29 on big pieces of connected sets.

So let us see how to prove Theorem 14. As for Proposition 2.29, it will be
enough to show that for x € E and 0 < r < diam (F), we can find a connected set
I" such that HY(T') < Cr and E N B(x,r) C T'. Without loss of generality, we may
assume that x =0 and r = 1.

It will be more convenient to use a discretized version of [E x (0,diam (E))] \
G(a, A). Call A* > A a reasonably large constant (to be chosen soon). For k > 1,
call X}, the set of x € E N B(0, A*) such that we can find y, z € E N B(x,27%)
such that |y — z| > 57127 for which there is no chain {v;}, 0 < j < m, in
E N B(z, A2~k with vg = y, vy = 2, and |v; —vj_1| < aly — 2| for 1 < j < m.

Further choose inside X a maximal set Y} of points with mutual distances at least
2~ k=1,



30 GUY DAVID, UNIFORMLY RECTIFIABLE SETS

Note that if z € X}, then all the pairs (w,t) with w € E N B(z,27%) and
27k <t <27kl lie in [E x (0,diam (E))] \ G(«, A). Then

> 27 Mu(vR)

k>1
<Y > HY(ENB(x,2752)
k>1zeYy
dt
k>1zeYy Y WEENB(x,275=2) J2—k <y <2kt t
1 dt
= L5 (0.diam (2)\G (e 4) (W, 1) AH (w) —
weENB(0,2A4%) JO<t<1
<C

because all these sets are disjoint and [EF x (0,diam (E))] \ G(«, A) is a Carleson
set.

For each x € Y}, call G(x) a compact connected set of length C2~* that contains
a collection of points of E N B(z,27%2) that is 27% 3-dense in E N B(z,27%*2).
Then set G = Ug>1 Ugzey, G(x), and T = G U [E N B(0, A*)]. Obviously

H'T) < HY(ENB(0,A") + H(G) < C+>_ > H'(G(x))
(16) » E>12€Y)
<C+CYy 27w <C,

k>1

by (15). Also, I is closed, because ENB(0, A*) and each G(z) is compact, and then
if z is the limit of a sequence of points {y;}, with y; € G(z;) for some z; € Yy
and with k(j) unbounded, then dist (z, E N B(0, A*)) < liminf;_ dist (y;, £ N
B(0,A*)) < liminfj_ 4 |y; — x;| = 0, because k(j) is unbounded, so that z €
ENB(0,A").

So it is enough to check that the connected component of 0 in I" contains
ENB(0,1). Or that given a point z € ENB(0,1) and an € > 0, we can find a finite
chain {y;} in T, with yo = 0 and y,, = 2z, so that |y; —yj_1]| < e for 1 < j < m.
In fact, we shall directly get a combination of e-chains and curves contained in
G, which is just as good. And the construction gives a sufficient control on the
combination in question to allow us to extract a curve in I" from 0 to z, by Montel.

We get our combinations of chains and curves recursively, starting from the
large scales and going to smaller ones little by little. The point is the following.
Let 21 and 25 be two points of EN B(0, A*); these could be successive points of one
of our chains, and we want to find a finer combination of chains and curves from z;
to z2. One possibility is that we can find a sequence {y;} in E, as in the definition
of WC, and in particular so that |y; —y,;—1| < az1 — z2|. In this case we are happy,
we can replace the link from z; to z2 by the finer chain given by the {y;}.

If we cannot find the sequence {y; }, we choose k so that 27% < |21 —zo| < 27F+1
and then we know that z; € X;. Thus can find z € Y}, such that z; and z5 both
lie in B(x,27%+1). In this case, we can connect z; to 2z by a small jump from
z1 to some point of E N G(x), followed by an arc on G(z) (which we can actually
keep unchanged till the end of the construction), and then another small jump from
some other point of E N G(z) to z2. When we follow the construction suggested



LECTURE 3. WEAKER CHARACTERIZATIONS OF UNIFORM RECTIFIABILITY 31

here, we never go further than CA(1+a+a?+...), which is all right if we choose
A* large enough.

The reader may consult [DS4] for more details about the construction. The
proof is slightly different there because we already had constructed dyadic cubes
on E (so we used them), and also because one constructed an Ahlfors-regular curve
directly (by being more careful about how we chose the various G(x) so that not
so many of them go through the same ball), rather than merely constructing a
connected set as we did, and relying on a variational argument to choose the best
one. (]

4. Weak approximation by some classes of sets: other variants of the
BWGL

There are other ways to measure how nice the set F is, at different scales and loca-
tions, and these ways sometimes lead to characterizations of uniform rectifiability.
We do not want to bore the reader with a full list, so we shall only give a few hints
about what is possible, and refer to [DS4] for further information.

First there are modifications of the BWGL in the following vein. Consider a
class A of closed sets in R™. For the BWGL, we would take the class of affine
d-planes. Then define the analogue for A of the numbers b8g(z,r) by

1
(17)  apa(z,r) == inf sup {dist(y,4)}+ sup {dist(y, E)}
r A€A | yeENB(x,r) yEANB(z,r)
for x € E and 0 < r < diam (E).
Let us call Approxz(.A) the set of Ahlfors-regular sets E such that for each ¢ > 0,

(18) Ba(e) = {(x,r) € E x (0,diam (F)) ; apa(x,r) > 5}

is a Carleson set. Thus BWGL is the same as Approx(A) when A is the class of
affine d-planes, while WGL corresponds to the class of (closed) subsets of affine
d-planes, and it is fairly easy to check that LCV = Approxz(A) when A is the class
of convex closed sets.

When we take for A the class of closed sets that contain an affine d-planes,
Approx(A) is a class called OUW LG (for other unilateral weak geometric lemma)
in [DS4]. And every set in Approxz(A) is uniformly rectifiable. [See Propositions
I1.3.17 and 18 in [DS4].]

When A is the class of images under isometries of R™ of d-dimensional Lipschitz
graphs with constant less than M (M given in advance), we get a class called BALG.
The author’s impression is that E is uniformly rectifiable when E € BALG. This is
Corollary 11.4.10 in [DS4] when d = n — 1, and I think this was supposed to follow
from the results in [DS10] in higher codimensions, but unfortunately I do not recall
how and this was probably never written. Please ask S. Semmes for details.

When d = n — 1 and A is the class of closed sets A C R™ such that every
connected component of R™ \ A is convex, we get a condition called weak exte-
rior convexity (WEC), and which is also equivalent to uniform rectifiability (see
Theorem 1.2.18 in [DS4]). Also look for the GWEC for a generalization of this
condition to higher codimensions.
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5. Characterizations by analysis on F ; approximation by affine functions

It is also tempting to try to characterize uniform rectifiability in terms of density
properties of a measure on E. For instance, we could consider the quantities

(19)  Ou(z,r) = ir>1% sup {|u(B(y,t)) — at’|;y € ENB(x,r) and 0 <t < r},

where z € E, 0 < r < diam (F), and p is a measure on E such that (1.1) holds.
If E =R and du = b(x)dz for some bounded density b,

(20) Ba(e) = {(z,7) € E x (0,diam (E)); 6,(z,7) > ¢}

is a Carleson set for every € > 0. This is reasonably easy to prove, for instance by
Plancherel, and one can even get stronger square function estimates. This is still
true if E is uniformly rectifiable and p satisfies (1.1) (see Section 6 in [DS3] or
Theorem 2.52 in [DS4]), but the converse is less clear.

We shall say that F satisfies the “slightly stronger weak density condition” if
there is a measure y supported on E, such that (1.1) holds and By(e) is a Carleson
set for every € > 0. The condition is slightly stronger than the WCD in [DS4],
where one is allowed to choose a different measure p, , for each choice of = and r,
provided that (1.1) stays true with a fixed constant Cy. The WC'D implies uniform
rectifiability when d =1 or n — 1, where it follows from a result of D. Preiss [Pr];
see Theorem 1.2.56 in [DS4]. This result about WCD is related to the discussion
about singular integrals that we had in Section 1, and in codimension 1 one can
reduce slightly the class of kernels K that satisfy (1.12) and (1.13), and for which
the L2-boundedness of (every) associated singular integral on E implies the uniform
rectifiability of E. See [MP] and Theorem 1.2.59 in [DS4].

It is amusing to try to measure the regularity of E more indirectly, by looking
at whether some standard theorems of analysis on a d-plane still hold on F. For
instance, one could ask whether some square function estimates (out of F) on
the Cauchy or Cauchy-Clifford integrals of functions defined of E still hold, as it
happens for Lipschitz graphs. See Part III of [DS4] for some results of this type.

We want to say a few words about affine approximation of Lipschitz functions
on E, because the statements are amusing (if rare) and there is a potential for
application to (Ahlfors-regular) metric spaces.

First consider functions f from R? to R. For 0 < M < +o0, call A(M) the set
of affine functions a on R such that |Va| < M, and then set

wcitny {T_d /B(w) £ (y) —a(y)lqdy}

for x € Rd, r>0,1<g< 400, and 0 < M < 400 (with the obvious adaptation
when ¢ = 400).
A theorem of Dorronsoro [Do] says that if f is locally integrable on R? and if

1
1 /a

(21) YoM (T, 1) =717

2d
(22) 1§q<ﬂwhend>1;1§q§+oowhend=1,

the distributional gradient of f lies in L? if and only if

1
dxdt
(23) / /7‘1*00(17,7“)2 T i
Rd 0 t
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Recall that this result is somewhat easier to prove when ¢ = 2; in particular the
direct estimate eventually reduces to a Fourier computation with Plancherel. [See
Exercise 17.]

By an easy localization argument, we can deduce from this that if f : R4 — R
is Lipschitz and (22) holds, then

dydt
(24) o et R <o,
yeB(z,r) Jte(0,r)

for z € R? and r > 0. We even have the same result with v, 1o replaced with
~¢,M, where M is any bound for || f||Lip.

Of course it is not a coincidence that the authorized exponents in (22) are the
same as in the geometric lemma above, and indeed if f is a Lipschitz function, the
numbers (¢, I for the graph I' of f are equivalent to the 7, oo for f. This is the
easy part of the analogy between some of our results on uniform rectifiability for
sets and Littlewood-Paley theory for functions.

Now consider Lipschitz functions on the uniformly rectifiable set E. It turns
out that in this case the Carleson estimate (24) is still valid, and even

dydt
(25) [ et B < o,
yEENB(z,r) Jte(0,r)

with a similar definition of 4 ar(z,7) (except that we integrate on E N B(z,r) and
with respect to H? in (21)), and as long as we take M > ||f||1ip. See Proposition
4.2 in [DS4].

Now we want to see whether such a result is characteristic of uniformly rectifi-
able sets. As often, let us consider a weaker property. We say that the d-dimensional
Ahlfors-regular set satisfies the property of weak approximation by Lipschitz
functions on F by affine functions, or more shortly that £ € WALA, if there is a
constant M > 1 such that, for every Lipschitz function f : E — R with || f||z:p < 1,
and every € > 0,

(26) {(z,r) € E x (0,diam (E)) ; V4oo,m(x,7) > €} is a Carleson set.

It is fairly easy to see that we could replace 740 ar in (26) with any ~y, ar, because
Y+o0,M is largest, and dominated by a power of each given ~y, as, so that changing
the power ¢ in (26) can be compensated by replacing ¢ with a power of €. Thus
(26) is weaker than (25). The situation in this respect is quite similar to what
happened with the Geometric Lemma (2.6) and its weak counterpart, the WGL
defined below (6).

The discussion concerning M is a little more subtle. We do not think that it
would be reasonable to take M = +oco here. If F is a d-plane, then it is true that
we can easily restrict to approximations of f : £ — R by affine functions on F
with Lipschitz constants at most ||f||Lip .- And these functions can be extended to
functions that are defined and Lipschitz on R™ with the same constant. But in
general, we do not have any reason to think that if f : £ — R is very close to
an affine function in a ball, then this function is Lipschitz with constant less than
C||f||Lip, or even that it can be replaced with another affine function with similar
bounds. And when this does not happen it seems legitimate to consider that f is
not well approximated by affine functions (even though it is very close to one).

We would like to say that E is rectifiable as soon as E € WALA, but unfortu-
nately we can only prove it in dimension d = 1. See Theorem 2.49 in [DS4].
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Maybe we should say that the W ALA is a nice way to say that it is not so easy
to construct Lipschitz functions (because they must have all the rigidity hidden
in the fact that they are so close to affine functions). In contrast, it is very easy
to construct Lipschitz functions on a Cantor set, say. The point is that you can
essentially decide independently about what the functions do at each scale, which
gives loads of “fractal” Lipschitz functions. See Exercise 20.

The WALA also has a very nice generalization, which we shall call the
GWALA. Let E be Ahlfors-regular, and give yourself, for each x € F and
0 < r < diam (FE), a finite dimensional vector space A, of functions a : E — R.
But assume that N = sup,, ,. dim(A; ;) is finite.

For each Lipschitz function f, we can define the v, am(z,7) as we did in (1),
except that we replace A(M) with the set of functions a € A, p such that ||a||u, <
M.

And we say that E satisfies the GWALA (generalized WALA) when we can
find M, N, and a collection of vector spaces A, , of dimensions at most IV, such
that the analogue of (26) holds for all Lipschitz functions f with norm less than 1
and all € > 0. [To be precise, the definition in [DS4] is a little different, because we
wanted to avoid issues of measurability and allow other values of ¢, but the reader
will probably be happy to ignore the difference for the moment.] It is still true that
the GW AL A implies uniform rectifiability in dimension d = 1; see Theorem I11.4.14
in [DS4]. And it would be nice to know what happens in general, in particular
because the GWALA can be stated nicely for an abstract Ahlfors-regular metric
space (while the notion of affine functions depends on an embedding in R™). If the
finite-dimensional vector space A, ; does not depend on = and r, we already get
a nice condition, and perhaps the functions in A can be used as a special set of
coordinates on E.

See [DS4], and in particular the table of acronyms for additional and even more
exotic conditions.
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Corona decompositions

The goal of this section is to give an idea of what typical arguments using
the corona construction look like. Perhaps let us first say where the name comes
from. All the constructions described below are strongly inspired of the stopping
time argument that was invented by L. Carleson ([Cal, see also [Ga]) to prove the
corona conjecture for bounded holomorphic functions in the disk.

We shall try to give an idea of the proof of uniform rectifiability for Ahlfors-
regular sets that satisfy a geometric lemma (as in (2.6)), or a bilateral weak geo-
metric lemma (as in Section 3, near (3.7)). But there are other arguments that use
the same general scheme.

Since such arguments are based on stopping times, it is easier to use analogues
on F of dyadic cubes. We shall do this, in particular because we shall not have to
construct the cubes, but it should be said that there are other ways to do stopping
time arguments when F is not Ahlfors-regular, either by working on standard dyadic
cubes (not especially adapted to E), as in [Lel, Le2] and [JL] or [To4], or just on
the set of pairs (z,t), as in [Leg].

1. Dyadic cubes on F

Let E be an Ahlfors-regular set of dimension d in R™, and let us first assume that £
is unbounded. Then there is a family A of “dyadic cubes” on E, with the following
properties. First, A is the disjoint union of subsets Ay, k € Z, and for each k

(1) FE is the disjoint union of the sets Q,Q € A.

The cubes are correctly embedded, i.e.,

(2) QQ C R whenever Q € Ay, Re A, k<1, and QN R # 0.
Then there is the size condition

(3) C~ 128 < diam (Q) < C2* for Q € Ay.

Also, each cube () comes with a “center” cg such that

(4) dist (cq, F \ Q) > C~!diam (Q).

Finally, we have the “small boundary condition”
He{x € Q;dist (z, E\ Q) < 72F}) + HY({x € E\ Q;dist (z,Q) < 72*})
< Orl/Cokd
whenever Q € Ay, and 0 < 7 < 1. The constant C in (3)-(5) depends on n, d, and
the regularity constant for F.
When FE is bounded, we have a family A = UpAg as above, except that we

restrict to k < kg, where ko is such that diam E < 2F < 2diam E. We can also
choose A so that Ay, has only one element (i.e., @ = E).

()

35
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There is a minor difference with the usual dyadic cubes in R?, because the
number of children of a given cube @ € Ay (ie., of cubes R € Ag_; that are
contained in @) may depend on (. This number may even be equal to 1 in some
cases. But it is always less than C, and altogether our family A is often as easy to
use as dyadic cubes in R%.

See [Dad], page 86 and Appendix 1, for a construction of A, [Ch2] for an
extension to spaces of homogeneous type, and even [DM] for a (slightly more
complicated) variant where the measure is not doubling.

2. Construction of a corona region

Let E be Ahlfors-regular, and let us assume (for instance) that E satisfies a geo-
metric lemma, as in (2.6), or a bilateral weak geometric lemma (E € BWGL), as
defined below (3.7). We want to prove that F is uniformly rectifiable.

Let us choose a set A of dyadic cubes on E, as above. The proof will use what
is called a coronization in [DS4], i.e., a decomposition of A into stopping time
regions. We shall not give a formal definition of coronizations here, but just show
how to construct some.

Pick any cube Q¢ € A, and let us first see how to construct a “corona region” S
under Q. First, we should give ourselves a good set of cubes G, and its complement
B = A\ G. For the present argument, we choose a very small constant ¢ > 0 and
a reasonably large geometric constant Cp, and call G the set of cubes @ € A for
which there is an affine d-plane Fg such that

(6) dist (z, Pg) < ediam (Q) for z € EN B(cg, Cp diam (Q)),

where cq is the center of ) (but here any other point of ) would do). Of course, in
this sort of argument, we should not choose G and B completely at random, because
we shall need later a control on the size of B for the Carleson packing condition
(15). If E satisfies the geometric lemma (2.6) (say, with ¢ = 1), and for the choice
of B above, this control will come from the fact that E € WGL (see below (3.6)); if
E € BWGL, it will follow more directly from the definitions. But let us not worry
about this for the moment.
Actually, if F € BWGL, let us even require that in addition to (6),

(7) dist (z, E) < ediam (Q) for x € Py N B(cg, Cp diam (Q)),

i.e., we have a bilateral approximation of £ by Fg near Q.

In the construction below, we shall stop whenever we hit a cube @ € B. But we
may also decide to stop for other reasons, that may depend on @y. For instance, if
E satisfies the geometric lemma (2.6), let us decide to stop when @ and Qg lie in
g, but

(8) Angle(Pg, Pg,) > ¢

for some other small constant 6 > €. [The precise definition of angle does not really
matter.] In other arguments, other stopping reasons exist.

To construct S = S§(Qo), we start from Qo. If Qo € B, we stop and set
S = {Qo}. Otherwise, we still put Qo in S, but we continue and look at the
children of Q)g. For those which lie in B, we stop; this means that we include them
in §, but will not consider any of their descendants. If E satisfies the geometric
lemma (2.6), we also stop for the cubes which lie in G, but satisfy (8). We are left
with some good children R of Qy. For each R, we consider the children @ of R, put
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them all in S, but stop at those which lie in B or satisfy (8) (if E satisfies (2.6)),
and continue with the others. This means that we consider the children of these
others, and proceed with them as before. Eventually, we get a description of the
stopping-time region S by induction.

Let us call Stop(S) the collection of cubes where we stopped, and End(S) the
set of points x € Qg such that all cubes @ such that x € Q C Qg lie in §. Then

©) Q=end@u( | @)

QEStop(S)

and this union is disjoint.

So far we only played with definitions, but if we did things right we can already
build something that will be useful. For instance, consider the case when F satisfies
the geometric lemma (2.6), and we kept cubes that satisfy (6) and not (8). [The
situation for the BWGL is a little more complicated, and will be addressed later.]
We claim that we can find Lipschitz graph I' = T'(S) which approximates E fairly
well at all the scale between diam (Qo) and the size of the cubes of Stop(S). That
is, I' is the graph of some Cé-Lipschitz function f : Py, — Pé-o, and

(10) dist (z,T') < ndiam (Q) whenever Q € S and z € EN B(cg, 2diam (Q)),

where 7 is any small constant given in advance. [But we need to take e small
enough, depending on 7.] Also, we have the analogous estimate for End(S), i.e.,

(11) End(S) cT

(which actually follows from (10)). The construction of T" takes some time, but is
not especially subtle. The point is to use the good d-planes Py that satisfy (6),
plus the fact that they vary fairly slowly with @ (a reasonably easy consequence of
(6) and the Ahlfors-regularity of E), and some argument with partitions of unity
at the scale of Stop(S). See Section 7 of [DS3].

The Lipschitz graph I' will be useful in more than one way. At the end of the
argument, we shall use the various sets I' that correspond to selected top cubes Qg
to glue them and find an w-regular surface that contains E, but even before that it
will be useful to be able to go back and forth between F and I' to code information
about B-numbers. Of course I' will be more useful if End(S) is large, or if S at
least contains a lot of generations of cubes. For instance, in the perfect case where
End(S) = Qo, (11) says that Qo C I'. But even if End(S) is empty but most of
Stop(S) is composed of very small cubes, (10) will often say that E stays very close
to I' (compared to the initial scale diam (Qg). We expect this to be the case on
average, but this will have to be proved.

3. The corona condition

Once we know how to define a stopping time region S = S(Qp) associated to a
given cube, we can decompose our set A (or large regions of A if F is unbounded)
into stopping time regions.

Let us fix some cube Qy € A; if E is bounded, we may as well take Qg = FE.
Call A(Qo) the set of descendants of Qg (grosso modo, the set of cubes ) € A that
are contained in @), but for a formal definition we should be a little more careful,
since a given set can correspond to cubes of a few different generations). We want
to decompose A(Qp) into a family F of stopping-time regions S.
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We first apply the construction above to @y and get a stopping-time region
S(Qo). We also apply the construction above to every child @ of a cube Q' €
Stop(S(Qo)) and get various regions S(Q). Then we apply the construction to the
children of cubes of all the Stop(S(Q)) and get new regions. We continue like this,
unless we eventually come to a situation where there is no cube in any Stop(S(Q))
of some generation (and then we are finished). Our family F is the collection of
all the stopping time regions that we get this way. By construction, A(Qp) is the
disjoint union of the regions S, § € F.

Our construction will not lead us too far if we do not control the number of
stopping time regions. [Think about the amount of information that we would have
if all the regions were reduced to one cube!] Call Q(S) the top cube of the region S
(i.e., in our construction, the cube @ such that S = §(Q)). The estimate we need
is the following “Carleson packing condition”: there is a constant C' such that

(12) S HAQLS) < 0

SeF;Q(S)CB(x,r)

for all x € R™ and r > 0. In other words, since almost all top cubes are children of
stopped cubes, we did not stop too often.

Let us concentrate on the case when F satisfies the geometric lemma (2.6),
with ¢ = 1 (we lose no generality because ¢ = 1 gives the weaker form of (2.6)).
Then we used the conditions (6) and (8) to define the stopping time regions.

If (12) holds, we shall say that E has a corona decomposition. Actually, there
is a more abstract and general definition of the locution “E has a corona decompo-
sition”, where we allow coverings of A that may have been obtained from different
algorithms. Nonetheless, the covering regions S are required to satisfy some co-
herence conditions (i.e., each S really looks like a stopping time region constructed
from a top cube), we require the existence of Lipschitz graphs I' = I's (with uni-
form bounds on the Lipschitz constants) such that (10) and (11) hold, and the
Carleson packing condition (12) should hold too. See Section 2 of [DS3] or [DS4]
for definitions, but note that in [DS3] there is a small imprecision in the definition
of coherence, which is corrected in [DS4].

The notion was introduced and used before by Semmes [Se3], where the point
was to get a corona decomposition and use it to prove estimates on singular integrals
and harmonic measure on some class of Ahlfors-regular sets of codimension 1 (the
sets with “Condition B” of [Sel]). See Exercise 14 for a definition of Condition B.

So there are two things to do in our argument: first prove (12), and then show
that (12) (or the existence of a corona decomposition) implies uniform rectifiability.

4. The Carleson packing estimate when E satisfies a geometric lemma

So how do we prove a Carleson packing estimate like (12)? Let us distinguish
between different sorts of regions S. Call F; the set of regions S € F such that

(13) HY(End(S)) 2 107 HY(Q(S)).

Notice that when x € End(S) for some S, then it does not lie in any of the stopped
cubes Q € Stop(S), nor of course in their descendants. Also, End(S) C Q(S).
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Then the sets End(S), S € F are disjoint, and

S om@e)< Y H(EdS))

(14) SeF1; Q(S)CB(z,r) SeF1; Q(S)CB(x,r)
<10HY(E N B(z,r)) < Crd.

This takes care of F;. Next consider

(15) F={ser; Y HYQ=107'HQES)}.
QEeStop(S)NB
Then
> HQW)

SeF2; Q(S)CB(x,r)

<10 > >, HYQ)
(16) SEF2;Q(S)CB(x,r) QEStop(S)NB
<10 Y HYQ)
QEB; QCB(x,r)
<ot

by (15), because our stopping time regions are disjoint, and (for the last inequality)
because E satisfies a weak geometric lemma. The verification is straightforward;
one has to check quietly that a Carleson measure estimate on a bad set of balls (the
Carleson set B(e/C4), where B(e) is defined a little below (3.6) and C; is somewhat
larger than Cj) transforms into a Carleson packing estimate on our set B of bad
cubes.

If we were trying to prove (12) in the case when bad cubes are the only reason
for stopping (which is the case for the proof with the BWGL), we would be finished
because (9) would say that F = F; U Fa. In the present situation, we still have to
control F3 = F \ F1 U Fo.

Call Stops(S) the set of cubes Q € Stop(S) that do not lie in B. Theses are
cubes where we stopped because of (8). By definitions (and (9)),

(17) Z HYQ) > il HYQ(S)) for S € F3.

— 10
QEStopa (S)NB

Now we want to control 3 e 7. o(s)c B, HY(Q(S)). To do so, we prove that
for each S € F3, we can associate a region H = H(S) of

[E N Blcgs), C diam (Q(8))] x (0, C diam (Q(S)))

such that
(18) / B2 EEWE S o s, HQ(S)),
H t

and also such that the regions H(S), S € H, have bounded overlap (that is, no
point of E x (0,400) lies in more than C regions H(S)). Once we do this, we get
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that
> HYQ(S))
SeF3;Q(S)CB(x,r)
dt
S O(Ev 57 n, d) / ﬁE 1 y7 (y)
(19) SeFs; Q(S)CB(w )

d

<Clednd) [ / By, 1)2 LWt
y€B(z,Cr) Jt=0 3

< C"(e,8,n,d)r?

by (17), because the H(S) have bounded overlap and are contained in B(z,Cr) x
(0,Cr), and by the geometric lemma (2.6). [Recall that we took ¢ = 1 in (2.6), but
anyway (2.6) is stronger when ¢ > 1, by Holder.]

The construction of H(S) and the verification of (18) is a little technical, so we
only give an idea of the proof. Grosso modo, H is the set of pairs (y,t) such we can
find Q € S with dist (y,Q) < diam (Q) and C~!diam (Q) < t < Cdiam (Q). In
particular, (y,t) € H for t small if y € End(S). Then the sets H(S), S € H, have
bounded overlap essentially by construction, and the important part is (18).

Recall that there is a Lipschitz graph I' = I's associated to §. Call f =
fs : Ps — Pz the Lipschitz function whose graph is I' (in the appropriate set of
coordinates). Because of (10) and (11), we can go back and forth between estimates
on the 8g1(y,t) and the numbers

a affine | [B(§, )] B(&,s)

That is, we introduce a region H* in Ps x (0, C diam (Q(S))) that corresponds to
H (just a little bit smaller), and we prove that (18) holds as soon as

(21) [ s =2

In the computations, we have to estimate the differences between the numbers
Bea(y,t) and v71(&,s), but the errors turn out to be summable because they
are of a definite (small) size at the scale of cubes of Stop(S), and then decrease
geometrically at larger scales, because (10) (applied to the same cubes of Stop(S))
gets comparatively better.

Why should (21) hold when S € F37 Recall that Stops(S) is the set of cubes
Q € Stop(S) where we stopped because of (8). Thus, near such a cube, E is close
to a d-plane Py that makes an angle at least § with Ps. Because of this, |V f| > /2
near the projection of  onto Ps. By (17), the union of these neighborhoods of
projections has a measure at least C~'H?(Q(S)), and hence

(22) /P VP > T RHYQS)).

(20) vaEs) =5t inf { ! If(C)—a(C)IdC}

> C(e,6,n,d)~ diam (Q(S))%.

This gives a lower bound on fPSX(O ooy V11(Er s 5)2 %845 - (compare with (3.23)) and

since we can also control [p o 1y 7.1(€,8)* B2 quite well (by construction
of " and if € is small enough), one eventually gets (21).

This completes our sketch of proof of (12) when F satisfies the geometric lemma
(2.6).
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5. Construction of an w-regular surface

We continue with the case when E satisfies (2.6), and show how the existence of
a corona decomposition leads to uniform rectifiability. As before, the argument
below is just a sketch, and the details (or necessary modifications) can be found
in Section 18 of [DS3]. Let us just try to find an w-regular surface that contains
a given cube @) in F; thus for an unbounded set E there would be an additional
gluing argument like the one we already did not do for connected Ahlfors-regular
sets of dimension 1.

So let Qo C E be given. We construct a family F of stopping time regions S,
each with a Lipschitz graph T's associated to it, and the Carleson condition (12)
says that there are not too many regions.

Notice that by (12) and Fubini,

(23) /Q S Lo (@) < 3 HUQ(S)) < Cdiam (Qo),

0SeF SeF

so that for H%almost every z € Qo, = only lies in finitely many cubes Q(S). Then
x € End(S) for some S (namely, the region whose top cube is the smallest Q(S)
that contains ). Hence

(24) Qo C ( U End(S))_ c ( U rs)
SeF SeF

(where the bars mean “closure”), and it is enough to construct an w-regular surface
that contains all the I's, or even the sets End(S) C I's.

Let us first choose the pieces of I's that we want to keep and glue to each
other. Fix S, call Ps the good d-plane associated to the top cube Q(S), and 7s
the orthogonal projection onto Ps. Select a point cs in Q(S), and set D1 (S) =
75 (B(rs(cs), C1 diam (Q(S))); the constant C; will be chosen soon.

Also call Chop(S) the set of children of cubes of Stop(S). We care about the
cubes of Chop(S) because they are the top cubes of the regions &’ that lie directly
“under” § in our family F. For each @ € Chop(S), call cg € @ the center of Q (as
in (4)). This time we shall really use the fact that dist (cq, F\ Q) > C~! diam (Q).

Set D(Q) = 5 ' B(ms(cq), Cy ' diam (Q)) for every @ € Chop(S). If we choose
C1 large enough, then 2D(Q) € DT (S) for Q € Chop(S), and

(25)
dist (D(Q), D(R)) > C~![diam (Q) 4 diam (R)] for Q, R € Chop(S),Q # R,

essentially by (4) and if ¢ is small enough. Now set
(26) GE =snDEN[ U D@];

QeChop(S)
this is the piece of I's that we want to keep. It looks like a big disk, with lots of little
holes in it, one for each cube of Chop(S). It is easy to check that End(S) C G(S),
again by (25) and if ¢ is small enough. Thus it is enough to find an w-regular
surface that contains all the G(S).

Now we connect all the G(S). That is, we connect each I's to the various
GS’), where &’ is a region such that Q(S’) € Chop(S). For this we just use a tube
T(S,S8’) from the (d — 1)-sphere I's N dD(Q) to the (probably somewhat larger)
(d — 1)-sphere I'ss N DT (S’). Once we do this for all the regions S and take the
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closure, we get a connected surface 3; and then we have to prove that ¥ is an
w-regular surface.

First, we have to verify that X is an Ahlfors-regular set. It is true that our
various sets I's may meet each other, but it is possible to control He[(|JTs) N
B(z,1)] because the I's are Lipschitz graphs that stay close to E, and E is Ahlfors-
regular. We have to be a little more careful with the tubes T'(S,S’), because we
could inadvertently build lots of tubes of different scales that pass through a given
tiny ball. To avoid this, we decide to use an extra dimension and construct our tubes
in R"*1, The extra dimension allows us to make sure that the last coordinate of a
point of T'(S, S’) is essentially bounded below by its distance to E, which diminishes
the chances of fortuitous intersections. This little complication is the reason why
we decided to allow w-regular mappings with values in R"™! in Definition 1.11 (of
uniform rectifiability). When 2d < n, there is enough room in R™ to construct tubes
T(S,S8’) that almost avoid each other, and we do not need the extra dimension.
[But the argument is a little painful.] At any rate, it is possible to prove that ¥ is
an Ahlfors-regular set.

We also need to parametrize ¥ by a disk Dy of radius diam (Q) in R¢, but
there is no serious difficulty. Of course it is very easy to parametrize the top graph
I's, with Dy, where Sy is the region such that Q(Sp) = Qo. The smaller set G(Sp)
corresponds to Dy, minus a collection of small disjoint disks D;, that correspond to
cubes Q; € Chop(Sp). We leave the annuli D; \ 1D; for a parametrization of the
tubes T'(Sp, S;) (where S; is the region whose top cube is @), and we are ready
to continue the argument. That is, we parametrize the graph I's, with D;, and
remove the part of the D; that corresponds to cubes of the Chop(S;). This leaves
a collection of very small disks D’; we keep the annuli D’ \ %D; to parametrize
tubes, and we are left with smaller disks %D; that we use to parametrize all the
remaining sets G(S). Eventually, we get the desired parametrization z of X.

Of course our estimates for z deteriorate a little each time we go through a
generation of stopping time regions. For instance, note that the disks D; of the
first generation are already about C times smaller than the corresponding cubes
Q;. This seems to be needed in the argument, because we want the sets D; to
be disjoint and reasonably far from each other, so it is more convenient to make
them small. Of course the 1 D; are even a little bit smaller. Thus we are forced
to parametrize the I's, about C; times faster than would be natural. And the
parametrization of graphs of the k' generation will be about CF times faster.

The result of this is that z is not Lipschitz, there are places where its derivative
is very large. But these places are not too numerous, because of the Carleson
packing condition (12) and the fact that T' is Ahlfors-regular. And eventually one
proves that z is w-regular for some A; weight w. But the reader easily imagines
that it would be much harder to find a 1-regular parametrization of 3.

We did not give details here, but the complete proof of the fact that the ex-
istence of a corona decomposition of F implies its uniform rectifiability is not too
bad. Tt takes 18 pages in [DS3]; the reader should see this as an indication of the
strength of corona decompositions. In [Se3|, such decompositions are also used to
prove estimates on singular integrals on E, and even harmonic measure estimates
for domains bounded by E (when E satisfies Condition B, see Exercise 14). The
point is that these results are known for Lipschitz graphs, and then (12) allows one
to control errors.
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6. The case of BWGL

Let us also say a few words about the case when £ € BWGL, and we want to prove
uniform rectifiability. Here also we shall merely sketch the proof, and even tell a
small pedagogical lie if the occasion arises. In the present case we decided to stop
only when we meet a bad cube, so at least (12) is easy to get (see (14) and (16)).
But of course we do not have a Lipschitz graph IT" as in (10) and (11), because the
approximating planes Py are allowed to turn slowly when @) becomes smaller.

So instead of building a Lipschitz graph, we construct a surface E(S). We use
a building block X, which is the intersection of the unit ball with a finite union
of d-planes, which we take large enough to make sure that the projection of ¥y on
every d-plane is reasonably large. For each cube @, we pick a point cg such that
(25) holds, and set £(Q) = cg + (2C)7'E¢, with C as in (25). Thus ¥(Q) stays
reasonably far from F \ Q. Finally set

(27) E(S) = [Ends)u | z(@)]_

QEStop(S)

The main point of the argument is that E(S) is a nice set. First, it is Ahlfors-
regular. This comes from the Ahlfors-regularity of E, plus the fact that F(S) always
stays close to F; the details are tedious, but easy.

Next, F satisfies the weak geometric lemma; again this comes from the same
property for E. Alternatively, if you pick a small constant ¢y (depending on the
Ahlfors-regularity constant) and just want a control on the single bad set B(gg) =
{(z,t) € E(S)x(0,diam (Qo)) ; Br(s) > €o}, I think (but did not check thoroughly)
that you can get it for free (i.e., without using our assumption that £ € BWGL)
by definition of S, and if € is chosen sufficiently small compared to &g.

Then we can show that E(S) has big projections. Recall that this means that
there is a constant § > 0 such that, if z € E(S) and 0 < r < diam (Qo), we can
find a d-plane P such that HY(mp(E N B(z,7))) > 0r¢, where 7p is the orthogonal
projection onto P. At scales r smaller than the diameters of the cubes Q € Stop(S),
this comes from our choice of Xy. At larger scales, we have to use the definition of
S, and in particular the fact that we decided to stop also when @ is a cube with a
good approximating plane Pg as in (6), but (7) does not hold, i.e., when there is
an apparent hole in @ of size > e diam (Q).

The argument is a little easier to imagine in codimension 1. The idea is that
at all the large scales, and until we hit a bad cube, E looks like a hyperplane.
This allows us to cut the space near F roughly into two components. Because we
can do this for all the cubes until we stop, there is even a coherent way to do the
rough splitting. That is, we can define something like an orientation of F near
Q for every @ € S. With a little more effort, we can prove the big projection
property; the argument is a little technical, but hopefully the reader imagines that
if you start from a cube @ € S and pick two balls of radius diam (Q)/10 near Q,
lying on different sides of E, then many of the line segments from one ball to the
other one will have to cross F(S). Clearly, such segments must pass at distance
< 2ediam (Q) from E, by (7), and the idea of the proof is to look more carefully at
what happens at smaller scales, when you pass near F and go from one local side
of E to the other.
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The case of higher codimension also uses the same sort of idea (starting from
the construction a local orientation), but is a little more algebraic. We leave the
details; see Chapter 2.2 in [DS4].

Notice that all our estimates on F(S) get better when we take € smaller; the
only thing that gets worse is the constant in the Carleson packing estimate (12).
The conclusion of all this is that since F(S) is Ahlfors-regular that satisfies a weak
geometric lemma and has big projections, the main result in [DS2] says that E(S)
is uniformly rectifiable, and even contains big pieces of Lipschitz graphs. Since for
this result one only needs to control the bad set B(gp) above for a single (but small)
€0, the verification of the weak geometric lemma should be slightly easier than what
we did in [DS4].

The proof is not finished yet. Now we have a decomposition similar to what
we had in the last subsection, when F satisfied a geometric lemma. The difference
is that we now have uniformly rectifiable sets E(S) with big pieces of Lipschitz
graphs, instead of the Lipschitz graphs I's. With the vocabulary of [DS4], F has a
generalized corona decomposition, in terms of uniformly rectifiable sets. And there
are various proofs of uniform rectifiability in that case; for instance, one could use
the fact that each E(S) satisfies a geometric lemma, with uniform estimates, to
show that F itself satisfies a geometric lemma (see [DS4]). Or we could use the
L2-boundedness of singular integrals on the E(S). But apparently there is no direct
argument.

7. Last comments

We like the corona construction and its geometric variants for various reasons.
First, it has a strong algorithmic flavor. Once we give ourselves the stopping rules
for the construction of regions S, we get an automatic decomposition of A(Qo)
(our set of cubes) into regions S, and we usually can associate to each region a nice
set E(S). This is almost the same as decomposing our initial set F into nicer sets
E(S) (a missing piece in the analogy with Littlewood-Paley theory on sets). It was
proposed to try to study data sets (or large clouds of points) this way; the result
would be something like an automatic cartography of E.

A second important feature of the construction is that we can do estimates on
the various regions, or the sets F(S), without really knowing the good properties of
E yet. These properties show up only when we try to prove the Carleson packing
estimate (12). In some cases (like in our proof of uniform rectifiability when we
have a geometric lemma), we can already use estimates on the approximating sets
E(S) to prove (12). In other cases, like when one tries to prove results about
operators on F, the corona construction can be used a little bit like a linearization:
we prove that E has a corona decomposition into better sets (like Lipschitz graphs
with small constants), and then we can reduce to proving the desired result on the
better class.

The sort of construction that we presented here, but often more elaborate, has
been used in a range of papers. See other results in [DS4, JL, Leg, Le2, To4],
and [To5].
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Menger curvature, other applications

Menger curvature is at the center of a very impressive series of recent results,
and even though it is not directly related to uniform rectifiability a priori, it seems
a good idea to spend some time discussing it. More details on many results of this
section will be found in the recent book [Pa3].

Recall that the Menger curvature of a triple (x,y, z) is the inverse of the radius
of the circle that goes through these three points. We shall denote it by ¢(z, y, z).
We set ¢(z,y, z) = 0 when the three points lie on a line.

Menger curvature can be seen as another way to measure the rectifiability (or
flatness) of a set, a little bit like the Jones numbers Sg(z, ) in Section 2. And in
this respect it is easy to invent higher-dimensional analogues, with the same sort of
rectifiability results. But since Menger curvature is a little harder to manipulate (for
instance, because it gives rise to triple integrals), its true justification in Euclidean
spaces is its close relation with the Cauchy integral. Menger curvature can also be
used in metric spaces as a means to control the geometry, as was originally planned
by Menger. See for instance [Ha2].

1. The Cauchy kernel

The main reason why the Menger curvature is so useful is through the following
magic formula, discovered by M. Melnikov and rapidly used by Mattila, Melnikov,
and Verdera in connection with the Cauchy operator (see for instance [MMV]): if
21, 22, and z3 are three distinct points of the complex plane, then
1
(1) Z —_— = 0(21722723)27
dezs (Zo() = 20(2))(Z0(1) ~ Zo(3)

where X3 denotes the set of permutations of the set {1,2,3}. The verification is of
course straightforward, but the miracle is that the right-hand side is nonnegative
and has a geometric meaning.

Because of (1), there is an obvious relation between the Cauchy kernel and
Menger curvature. Let us say how it could be used. Let p be a locally finite
positive Borel measure on the plane, without atoms, and set

o) Toty= [ T

for f continuous and compactly supported, say, and € > 0. Suppose in addition
that the T}, ., € > 0, are uniformly bounded operators on L?(dy). It is not too hard
to show that p has linear growth, i.e., that there is a constant C' > 0 such that

(3) w(B(z,r)) < Cr for x € C and r > 0.
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See for instance [Dad4], page 56. But we seek additional geometric information. Let
B = B(x,r) be any disk in the plane. Notice that

(4) 718113 < C 5|5 = Cu(B) < Cr.
On the other hand,

© st [ [ [ e ddn)in)

where A = {(z,y,2) € B®; |[xt —y| > ¢ and |z — 2| > £}. Now let us try to replace
A with the more symmetric domain A’ = {(z,y,2) € B3; |z —y| > ¢,z — 2| >
e, and |y — z| > a}. A fairly straightforward estimate shows that

) //»/A\A’ (@ = y)(@ = 2)| " dpu(x)dp(y)du(z) < Cu(B),

because of (3); see for instance [Ve2], page 187. And then

/// (. g, 2)2dp(x)dp(y)dpu(2)

(7)
6 /// m du(z)dp(y)dp(z) < Cu(B),

because we can symmetrize the integral in A’, then use (1), (6), (5), and (4). Since
the estimates are uniform, we can let € tend to 0 and we get that

(8) ///B'* c(x,y, 2)?du(x)du(y)du(z) < Cu(B) for every ball B.

Thus we get some geometric information on the support of p. This was in
particular used in [MMYV] to prove that if £ C C is Ahlfors-regular, p is the
restriction of H! to E (or just any Ahlfors-regular measure on E) and if the T}, .
are uniformly bounded on L?(du), then E is uniformly rectifiable. Once they have
(8), they do not need to use the Cauchy kernel any more, and most of the proof
consists in going from estimates on the Menger curvature to Carleson measure
estimates on the squares of the Jones numbers Bg 2(z, 7).

After this, Tolsa [Tol] and Nazarov, Treil, Volberg [NTV1] completed the
characterization of uniform boundedness of the T}, ., by showing that (3) and (8)
are also sufficient.

The converse to [MMYV], i.e., the fact that the T, . are uniformly bounded
when p is the restriction of H! to an Ahlfors-regular curve (or a uniformly rectifiable
set) was already known before, but even before [MMYV], Verdera noticed that (1)
could give very elegant proofs of L2-boundedness results. That is, let x be the
restriction of H! to an Ahlfors-regular set E (of dimension 1), and suppose that
you can prove that (8) holds. Then a minor variant of the T'(1)-theorem shows that
the T}, . are uniformly bounded. The proof of T(1) can even be simplified in this
special case, and the argument in [Ve2] avoid using the T'(1)-theorem.

So Melnikov and Verdera [MeV] got a new proof of L2-boundedness for the
Cauchy integral on Lipschitz graphs, where they just needed to show that (8) holds
for Lipschitz graphs. This turns out to follow from a simple computation based on
Plancherel. Let us rapidly see how.

Let A : R — R be Lipschitz, and set z(x) = x + iA(z). Thus z gives a
parametrization of the graph of A, and (8) will follow at once from the next lemma.
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Lemma 9. There is a universal constant C' such that

(10) [ [, et 2. 0P dsdyan < el

for every Lipschitz function A and every interval I C R.

Of course we can restrict to x < y < w, and a simple geometric estimate shows
that in this case

C

(11) c(2(2), 2(y), 2(w))? < (w—27 Aa(z,y,w)?,
where we set A4 (z,y,w) = A(y;:f(m) - A(wuz y( Y) Tt may help the reader to think
of Aa(z,y,w) as the difference between the slopes of the segments [z(z), z(y)] and

[2(y), 2(w)].

So we want to find upper bounds for triple integrals of the right-hand side of
(11). Let us start with an L? estimate, and then we shall localize to get (10). We
claim that if F' is a compactly supported Lipschitz function, then

1
(12) /// —— Ap(z,y,w)*dvdydw < C||F'||3.
rzly<w (w - .%')2 ?

Fix x, and write w = x + ¢ for some ¢ > 0 and y = x + st for some s € (0,1). Also
set f = F’, and note that the slopes F(y;:i:(m) and F(w):g(y)
on the intervals [z,y] and [y, w] respectively, so that

(13) AF(Iava) = (¢st*f)($)7

where 1), 4(£) = 1 +¥s(&/t) and s = 21 g — 1[S 1] The reader may think of
s as being a parameter and then ws is a functlon with a fairly mild singularity
(which will go away when we integrate on s) and integral zero.

Call J the triple integral in (12). Then

/ 01)/>0/I€]R [vse % fI( )dl?dtds
(14) / o) />0 /&R o (€ Flo) 2 2edtds d&dtds
/ 0,1) />0 /EGR 19, () 2| F (o) |2 etes dédtds

by Plancherel. For each given &, set € = £/|£], and observe that

are the means of f

> ey2dt " odu _ > yedu
(15) JoerG = [ hwrf = [ hweg
(set u = |¢|t and use the fact that 15 is real). Then (14) yields
~ ~ duds
16 J = 2 )P g = 1| 1112,
(16) Liror [ [ et =i

with T = fse 0.1) Juso |ths (u )|?4uds  And (12) will follow as soon as we prove that
T < +o0.

The estimate for T' is of course straightforward; essentially we just have to
make sure that the singularity in s is small enough. Let us do the computation,
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but neglect the factors +27. First, %ﬂo\s](u) = %fos emrdy = L (e — 1), and

similarly 1_i51/[87\1](u) = ﬁ(em _ eius). So

(17) D) = — (e —1) — —

ius iu(l — s) (e — ™).
We shall only estimate the contribution of s < 1/2; the other case would work the
same way by symmetry.

When u > 1/s, we say that |$S(u)| <4

When 1 < u < 1/s, we simply say that |, (u)] < 2.

When u < 1, we have to use the fact that [ 1,(z)dz = 0, so we do an expansion
in (17) near u = 0 and find that ¢y (u) = - [ius + O(u?s?)] + ﬁ[zu —qus +

O(u?)] = O(u). Finally, [~ |$S(u)|2d7“ < Cfol udu + 4f11/s du 16 flo/os . <
C+4Log(1/s)+ 8, and then T' < 2 f01/2[0 +4Log(1/s)+ 8]ds < +o0; (12) follows.

Return to the Lipschitz function of Lemma 9, let the interval I be given, and
define an auxiliary function F' as follows. Write I = [a,b] and set F(x) = 0 for
x<aand x>2b—a, F(z) = A(z) — A(a) on I, and F(x) = A(20 — z) — A(a) for
b < x < 2b— a. Note that F' is Lipschitz and compactly supported. Then

///13 c(2(x), 2(y), 2(w))* dudydw

1
< _ )
- C///]3 (w - :17)2 AA(QC,y,w) dxdydw

(18) )
_ 2
= C’///J3 e Ap(z,y,w)*drdydw
<CIF|I; = C/ |4 (2)|*dz < CI|IA|1%
1
by (11) and (12). This completes our proof of Lemma 9. O

So (8) holds for Lipschitz graphs I', and we have a rapid proof of boundedness
for the Cauchy operator on I'. The proof even gives fairly good estimates: it

shows that the kernel %_() defines an operator on L?(R), with norm less than

(z)—z(y
C||A’||o- Recall that the optimal estimate in that case is by C||A’| 2 see [Mu].
A modification of the argument above even gives the best known result for the
kth Calderén commutator. Recall that it is the operator with kernel K(z,y) =

%, where A is a (real or complex valued) Lipschitz function on R. Ma-

teu and Verdera [MV] observed that when we symmetrize K (z,y) as we did for
the Cauchy kernel, simplifications occur and one is left with terms that can be esti-
mated. We actually just did the necessary verification for the first commutator; the
other ones lead to more complicated computations, but the end result is that one
can show that K (z,vy) defines an operator with norm less than C(1+k)||A’||%,. This
is a little shocking; the best result so far was C.(1+k)1T¢||4’||%,, and was obtained
by Christ and Journé [ChJ] with impressive multilinear integral expansions.
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2. Analytic capacity

The most important recent use of Menger curvature is with analytic capacity. Recall
that the analytic capacity of a compact set K C C is defined by

" V(K) =
) sup {|f/(c0)|; f is a bounded analytic function on C \ K, with [|f||oc < 1}
[notice that since f is bounded and analytic in a pointed neighborhood of oo, it has
a removable singularity there, and a Laurent expansion f(z) = f(oc0) + f'(00)/z +

..]. This quantity was introduced by Ahlfors [Ah2], and measures how many
bounded analytic functions live on C\ K. Ahlfors also showed that v(K) = 0 if and
only if K is removable for bounded analytic functions, which means that if 2 is a
neighborhood of K and f is a bounded analytic function on Q\ K, then f extends
to a bounded analytic function on 2.

X. Tolsa [To4] recently showed that analytic capacity is semiadditive; there
is even an absolute constant C' such that v(K; U Ka... U K,) < Cly(Ky) +
v(K3) + ...v(Kpy)] for all choices of compact sets Ki,...K,. He also showed
that v(K) > 0 if and only if there is a positive measure p supported on K, with
linear growth (i.e., (3)), and such that p(K) > 0 and the total Menger curvature
A(p) = [ [ [rs (@, y, 2)2dp(x)dp(y)dp(z) is finite. [There is also a quantitative
statement that we do not copy down here.]

The main point was to prove the equivalence of v(K) with its variant v (K),
which is defined as in (19), but with the additional constraint that f should be the
Cauchy integral of some positive measure on K. [Thus v (K) < y(K) trivially;
the other inequality is nontrivial.] This required a lot of machinery (such as T'(b)-
theorems for non doubling measures), as well as a clever bootstrap argument. The
connection between 4 (K) and the Menger curvature was known a little before:
see [Me, To2, To3].

Let us just say a few words about the special case when 0 < H'(K) < +oc.
This is not such a weird assumption to make, because Painlevé showed that K is
removable when H'(K) = 0, and a simple argument with the Cauchy integral of
a Frostman measure shows that v(K) > 0 when the Hausdorff dimension of K is
strictly larger than 1. In this case Tolsa’s theorem was proved a little before (in
[DM] and [Da6]), and can be stated in simpler terms: v(K) = 0 if and only if K is
totally unrectifiable (that is, H!(K NT) = 0 for every curve I' with finite length).

This is a little more directly in the subject of these lectures, because one of
the important ingredients of the proof is a result of [Leg], which says in particular
that if K is compact, H'(K) < +4oo, and u is a positive measure on K, with
linear growth and such that u(K) > 0 and ¢?(u) < 400, then K has a nontrivial
rectifiable piece, i.e., there is a curve I' with finite length such that H*(K NT) > 0.
And of course the proof in [Leg] is based on a corona construction.

See [Da7] for a vague description of [Leg|, [Da8], [Ma6, MaT7]| and [Ve3]
for surveys on the results on analytic capacity prior to [To4], and [Pa3] for more
details on the same subject.

The question arose as to whether the characterization above by the existence
of a positive measure with linear growth and finite Menger curvature was really a
good geometric characterization. [The proof did not really construct a measure.]
At least, Tolsa showed that this characterization is invariant under biLipschitz
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mappings [To5]. Once again, the argument will make a lover of elaborate stopping
time arguments particularly happy!
See [NTV2, Pal, Pa2, To6, To7, Vol for surveys or more recent results.
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Other applications

Here we just want to report very rapidly on two other domains where uniform
rectifiability has played a role. This subsection will look more like an advertisement
than real mathematics.

The first domain is the study of minimizers for the Mumford-Shah functional.
The functional is given by the formula

(1) J(u, ) = H™V(K) + / Vul? + / fu — g2,
Q\K Q\K

where (2 is a given simple domain in R", g is a given function in L*°(Q2), K is
required to be a closed subset of 2, H"~! denotes the Hausdorff (surface) measure
of codimension 1, and u is defined on Q \ K, with a derivative in L?(Q2\ K).

It was originally proposed to use J for image segmentation. Here 2 would
be a screen, g would represent an image (i.e., a grey level at each point), and we
would be looking for a simplified, cartoon-like approximation u of g. In particular,
u would be required to be reasonably smooth, except that we would allow jumps
on a singular set K. The three terms of the functional reflect these two constraints,
plus of course a last one that u — g be reasonably small, and we expect minimizers
of J to give a decent compromise between the constraints, and hence an acceptable
segmentation. There are a few variants of this, but mathematically they are not so
far from J.

Even though the existence of minimizers for J was fairly hard to establish, it
is true, and the main concern is the regularity of the minimizing pairs (u, K). In
fact, u is fairly easy to describe once we know K, so we can concentrate on the
regularity of K.

When n = 2, Mumford and Shah conjectured that modulo a set of vanishing
H' measure that does not matter, K is a finite union of C! curves, and such curves
may only meet by sets of three and with 120° angles. In higher dimensions, we do
not have such a precise conjecture, but it is probably safe to conjecture that K is
a finite union of C' hypersurfaces, that meet on a reasonably nice set of dimension
n — 2.

At some point of time, it looked reasonable to try to prove that K is locally
uniformly rectifiable, because it was known to be rectifiable almost for abstract
reasons (it is the singular set of some function of bounded variation) and locally
Ahlfors-regular. (see [DMS] when n = 2 and [CL] in larger dimensions). And
indeed it is the case [DS5], [DS6]. However it is not true that uniform rectifiability
is the right notion here, because we expect K to be somewhat more regular than
that, and actually there are already results where it is shown that there are lots
of balls B centered on K such that K N B is a C!' hypersurface [AFP], [Da5].
But some of the standard techniques of these lectures, including a modest use of
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Carleson measures and big pieces, were quite useful in the subject. We refer the
reader to the beginning of [Dall] for a longer introduction, and to [MoS] for a
discussion of functionals in the context of image processing.

Our second application concerns quasiminimal sets. It is perhaps a little more
serious, in the sense that the class of objects under scrutiny is invariant under biLip-
schitz mappings, so we cannot expect more smoothness than uniform rectifiability.

What we shall call quasiminimal sets here is a class of subsets of R™ introduced
and studied by F. Almgren [Al], under the name of “restricted sets”. A slightly
long (but clever) definition is needed.

Let © C R™ be open, and let E C 2 be closed in ). The quasiminimality of E
will be determined by comparing E with f(E), when f is a suitable deformation.
But let us first say what we mean by that.

We only consider Lipschitz mappings f from 2 to itself, but we never require
any bound on the Lipschitz constant. For such f, we set

(2) Wi ={zeQ;f(x) #a},

and demand that

(3) W U f(W) be relatively compact in (2,
(which means that its closure is compact and contained in 2) and
4) diam (W U f(W)) < 4,

where ¢ € (0, +00] is some constant.

The condition (3) acts like a Dirichlet constraint on 9 (we are not allowed
to modify F on 0Q), while (4) is a way to make our definition of quasiminimal
sets local. We can take QO = R™, and then (3) simply says that f(x) = z out of a
compact set. We can also take § = +o00, and then (4) is void.

The statement below is still valid if we add the constraint that f is the endpoint
of a one-parameter family {f;} of deformations, with conditions like (3) and (4) for
the union of the Wy, U f,(W7y,), but let us refer to [DS10] for details.

Note that our deformations f do not need to be bijective; we also allow Lipschitz
functions f that crush parts of E.

Let d < n be an integer, and M > 1 another constant. We say that E is an
(Q, M, 0)-quasiminimal set of dimension d when

(5) HYE N B) < + for every closed ball B € Q
and
(6) HUE Wy) < MEY(f(ENW)))

for every Lipschitz mapping f : Q@ — Q such that (3) and (4) hold.

Thus, when we do the comparison, we only count what has moved.

When M = 1, we get minimizers, i.e., sets E for which Hd(E) cannot be made
strictly smaller when we replace F with f(FE), f as above, but allowing M to be
large can be very useful. The conditions (3) and (4) can be useful too. For instance,
the line segment (a, b) is (€2, 1, +00)-quasiminimal in Q@ = R™\ {a, b}, and a circle is
(R™, M, §)-quasiminimal for any given M > 1, if we take ¢ small enough (depending
on M and the radius).
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Here we want to work with 6 and M fixed, and talk about uniform rectifiabil-
ity, but often one considers smaller classes of sets F such that E is (2, M (9),9)-
quasiminimal for all small §, with a function M (4) that tends to 1 when § tends to
0. Then F is asymptotically minimal at small scales, and there are more precise
regularity results in this case [Al].

It is fairly easy to see that the image of a quasiminimal set by a biLipschitz
mapping is a quasiminimal set (with probably worse constants). Thus Lipschitz
graphs are quasiminimal, for instance, and so we cannot hope for great smoothness
results.

A typical way in which quasiminimal sets may arise is when you try to minimize
a functional like J(E) = [}, h(z)dH*(x) under some topological constraint, with a
function h on 2 such that 1 < h(x) < M everywhere. Then (5) may come directly
from minimality (if the topological constraints are sufficiently stable), and if h is
complicated it may be hard to use more precise information than that. A typical
situation like this already occurs in [DS9], where h = 15+ M 1gn\ r and we do not
have so much control on F'.

So the reader is asked to believe that quasiminimal sets show up. And the main
point here is that, modulo a set of vanishing Hausdorff measure, they are locally
Ahlfors-regular and uniformly rectifiable. More precisely, call

(7) E*={xc E;HYEnB(x,r)) >0 for all > 0}

the closed support of the restriction of H? to E. It is easy to see that E* also is
closed in 2, and

(8) HYE\ E*)=0.

Theorem 9. For each choice of n, d, and M > 1, there are constants Cy and
Cy with the following properties. Suppose Q C R™ is open, E is an (2, M,d)-
quasiminimal set of dimension d, and let E* be as in (7). Then for all choices of
x € E* and 0 < r < § such that B(z,3r) C Q, we can find a set F such that

(10) E*NB(z,r) C F C E*NB(x,2r),

and F' is Ahlfors-reqular with constant Cy and contains big pieces of Lipschitz graphs
with constant C4.

In particular, F' is uniformly rectifiable. The local Ahlfors-regularity and plain
rectifiability were proved in [Al], and the existence of big pieces of Lipschitz graphs
was proved in [DS10]. See [Dal2] for another application of Theorem 9.

Hopefully other examples of uniformly rectifiable sets will show up; we would
like to say that this will often happen in situations where there is a sufficient
amount of invariance, and rectifiability holds. And that uniform rectifiability is
substantially easier to use.

Exercises

Exercise 1. We want to prove that if 4 is a measure on F that satisfies (1.1), then
there is a constant C' = C(Cy,n, d) such that

(%) Cu(A) < HY(E N A) < Cu(A) for every Borel set A.

(1) Check the first inequality. You will need to know the definition of Haus-
dorff measure.
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(2) Prove that H4(E N B(z,7)) < Cr? for x € R™ and r > 0. (Cover E N
B(z,r) by balls of radius ¢ for each small € > 0. You will need less than
Ce4rd of them, if you take their centers at mutual distances > %)

(3) Let K be a compact subset of E. Check that for each § > 0 we can find
e > 0 such that u(K®) < p(K) + d, where K¢ is an e—neighborhood of
K.

(4) Show that H4(K) < Cu(K) for all compact subsets of E. (Cover K by
balls of radius € with centers on K and at mutual distances > %)

(5) Complete the proof of (x). (Use the regularity of Hﬁg)

Exercise 2.

(1) Check that in Definition 1.2, it is enough to verify (4) for z € z(I) and
0 < r < diam (E).
(2) Show that if z : I — R™ is an Ahlfors-regular mapping with constant C1,
2
2~ !(z) never has more than % + 1 points. [Consider little intervals near
these points.]

Exercise 3. Let I' be a simple curve in R", which we also assume to be locally
of finite length. If ' is open, we say that I' is chord-arc if there exists a constant
C > 1 such that y, z in T, the length of the arc of T from z to y is at most C|z —y|.
If T is a loop, take the same definition, but only consider the shortest arc of I' from
x to y. Show that chord-arc curves are Ahlfors-regular curves.

Exercise 4. Let I be an interval in R, choose an origin xg in I, and call Z(Cy)
the set of mappings z : I — R"™ that are Ahlfors-regular with a given constant C
and for which z(z¢) = 0. Show that Z(Cy) is sequentially compact, in the sense
that if {21} is a sequence in Z(C}), we can extract a subsequence that converges
uniformly on bounded subsets of I, and the limit lies in Z(Ch).

Exercise 5.

(1) Check that z(I) is an Ahlfors-regular set when z : I — R™ is an Ahlfors-
regular mapping. [Hint: take the image of dz.] Same question for an
w-regular mapping defined on (a cube of) R

(2) Show that H9(A) is equivalent to the Lebesgue measure of z~1(A) for
A C z(I) measurable. [Use a previous exercise.]

Exercise 6. Let F be the union of the two axes in the plane. Check that F is not
an Ahlfors-regular curve, but find an Ahlfors-regular mapping z from R to R? such
that E C z(R).

Exercise 7. Check that the two definitions of uniform rectifiability in dimension
1 are equivalent. That is, if z : I — R" is w-regular for some weight w € A;, then
there is an Ahlfors-regular mapping z* : I* — R”™ such that z*(I*) = z(I).
Exercise 8. [Not every A, weight gives w-regular mappings.|
(1) Let w be a continuous weight on R%. Show that if z : RY — R satisfies
(1.9), then z is locally Lipschitz and |Vz(z)| < w(z)'/¢ almost-everywhere.
(2) Set w(z,y) = z* for (z,y) € R?. This is a weight in As,. Show that if
z satisfies (1.9), then z is constant on the vertical axis. Show that this

that there is no w-regular mapping for this weight. In fact, a necessary
condition is the “strong Ao condition” from [DS1]. But Semmes [Se4]
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showed that at least for each weight w € A'(R?), then for n large enough
there exist w-regular mappings z : R — R™.

Exercise 9. [T. Hrycak’s construction with venetian blinds.] Given a compact
interval I in the plane, a small angle «, and a big integer N, call F, n(I) the
closure of the set obtained from I by cutting it in N equal intervals and then
replacing each of the N pieces with its image by a rotation of angle « centered at
the center of the piece.

To construct our basic set E, we choose a very small «, a very large N, and
start with a unit interval Iy. We replace Iy with Fy n(lo), then replace each of
the NV intervals I that compose Fy, n(lo) with F, x(I), then iterate. We iterate M
times, where M is a little larger than a—!. For definiteness, take for M the integer
part of 1 +a~!. The final set E is thus composed of about N™ intervals of length
N~M_ For the rest of the exercise, we assume that « is small enough, and then N
is small enough (depending on «).

(1) Show that E is Ahlfors-regular and contained in an Ahlfors-regular curve,
with constants that do not depend on o« and N.

(2) Call 7 the orthogonal projection onto any line L. Show that H!(7(E)) <
Ca. [Observe that there is a stage of the construction where all the
segments I make angles less than o with L; if NV is large enough, the
small projection at this stage will not be disturbed by the rest of the
construction.]

(3) Find an Ahlfors-regular set that is contained in an Ahlfors-regular curve,
but does not have big projections. [Glue different sets F.]

Exercise 10. Check the description of the Rising Sun Lemma (see below (1.26)).

Exercise 11. Find a sequence of compact sets Ej, C [0, 1] that converge to [0, 1],
but such that H'(Ej) tends to any given number « € [0, 1).

Exercise 12. Find a sequence of compact curves in the plane, each with finite
length, that converge to a set E which is not connected. Hint: E = (—o0,0] U
[1,400).

Exercise 13. A logical attempt to deduce Proposition 1.29 from the case when E
is bounded is the following. Suppose 0 € F, and suppose to simplify that for each
k > 0 there is an Ahlfors-regular set Ej, such that £ N B(0,2%) C Ej, C B(0,2F1).
The special case when F is bounded gives an Ahlfors-regular mapping zy : Iy — Ej
such that zx(Ix) = Ej. We can even assume that I = [0,2*] and 2;(0) = 0. Then
we can extract a subsequence for which z; converges to some z. What goes wrong?
Check what happens with the union of two lines.

Exercise 14. An Ahlfors-regular set of dimension n — 1 in R"™ is said to satisfy
condition B if there is a constant C' > 1 such that, for x € F and 0 < r <
diam (E), we can find two balls By and By of radius C~!r that are contained in
B(z,r) \ E, and that lie in different connected components of R™ \ E. Show that
if F satisfies Condition B, then it has big projections. That is, there is a constant
6 > 0 such that if z € F and 0 < r < diam (E), there is a hyperplane P such that
H" Y(7p(ENB(x,7))) > 67"~ where mp denotes the orthonormal projection onto
P. [Actually, E contains big pieces of Lipschitz graphs (see [Da3] or [DJ]), hence
it is uniformly rectifiable. Previously Semmes had showed that singular integrals
define bounded operators on E.
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Exercise 15. Let £ C R"™ be Ahlfors-regular of dimension d, and define the
numbers Og(z,r) and fgpq(z,7) as in (2.1) and (2.2). Show that Sg(z,r) <
CBp q(x,2r)7% for x € E and 0 < r < diam (E). Hint: pick an almost op-
timal d-plane P in the definition of Sg 4(z,2r), suppose y € E N B(y,r) lies at
distance d from P, and estimate the contribution of E N B(y,d/2) to Bk q(z, 2r).

Exercise 16. Check that Theorem 2.3 follows from Theorem 2.9.

Exercise 17. Here we want to prove the estimate (3.23) on the numbers y2 oo (2, ).
To simplify things, we shall restrict to one dimension. Let ¢ be a smooth function on
R, with integral 1 and support in [—1,1], and set ¢ = ¢’. Also set ¢y (z) = T¢(z/t)
and ¥y (x) = T1p(z/t) for t > 0.

Let f : R* — R be smooth and compactly supported. For 2 € R and ¢ > 0,
set agy = ($U * f)(z) = (pe * f/)(z) and by = (o1 * f)(x). Then set Ay 4(y) =
g t(y — x) + by for y € R.

dwdydt
(1) Show that/// — A () PEEE < C|If)P. Check that
yeB(a, t) t

(3.23) follows. [This may be long; see Lemma 5.9 for a hint.]
(2) Deduce (3.24) from (3.23). Do it also in R4,

Exercise 18. State analogues of the LCV or LS conditions for Lipschitz functions.
A little longer: prove them. It could be easier to prove directly a (slightly stronger)
L? version.

Exercise 19. Show that if E is Ahlfors-regular of dimension d and convex (or
symmetric with respect to each of its points), then it is a d-plane.

Exercise 20. Set H = {0,1} and, for ¢ = {ex} € H, p(c) =Y, exd™".

(1) Show that E = ¢(H) is Ahlfors-regular of dimension 1/2. [Hint: there
is a natural measure on H.] Comment: thus F is a “middle half Cantor
set”. The set E x E C R? is our favorite non-rectifiable Ahlfors-regular
set of dimension 1.

(2) Suppose we are given, for each finite sequence (eg,...,ex), a number
a(eo, ..., ex) € [-1,1]. Consider the function g defined on H by g(e) =
Sopaleos- . ,ex)4 " Teppq. Show that g o p~! is Lipschitz on E. The
point of this example is to show that there are lot of Lipschitz functions
on E, much more than we would expect on a rectifiable set. In particular,
the analogue of Rademacher’s theorem on the differentiability almost-
everywhere of Lipschitz functions fails brutally.

(3) Show that E does not satisfy the WALA, or the GWALA (see the end of
Section 3). The same thing would be true on F x E.

Exercise 21. Let E be Ahlfors-regular of dimension d, and let A be a collection
of dyadic cubes as in (4.1)-(4.5).
(1) Show that for each @ € Ay, we can find a “center” c¢g € @ such that
dist (cq, B\ Q) > C~12%.
(2) Show that if Q, R € Ay, [, [ lx —y[~?dH(x)dH(y) < C2*. This is
the typical computation that makes (4.5) useful.

Exercise 22. Use the computations of Lemma 5.9 (and the T'(1)-theorem) to show
that for A : R — R Lipschitz, the kernel % defines a bounded operator on
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L?(R) (the first Calderén commutator). A little more complicated: do the same
2
thing with the kernel %.

Exercise 23. Show that chord-arc curves (see Exercise 3) are quasiminimal sets
(with appropriate constants).

Exercise 24. Check (5.26).
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