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GEOMETRIC INVARIANT THEORY. II
HYPERSURFACES WITH SEMIHOMOGENEOUS SINGULARITIES

THOMAS MORDANT

ABSTRACT. This paper establishes the formula for the stable Griffiths height of the middle-
dimensional cohomology of a pencil of projective hypersurfaces H, with semihomogeneous sin-
gularities, over some smooth projective curve C, that appears as Theorem 5.1 in the first part of
this paper [Mor25].

The proof of this formula relies on the strategy developed in [Mor22] to derive an expression
for these Griffiths heights when the only singularities of the fibers of H over C' are ordinary double
points. To deal with general semihomogeneous singularities, we complement this strategy by the
construction of a finite covering C’ of C such that the pencil H' = H x¢c C’ over C’ admits a
smooth model H’ with semistable fibers with smooth components. This allows us to circumvent
the delicate issue of the determination of the elementary exponents attached to the singular fibers
of H/C.
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1. INTRODUCTION

1.1. The stable Griffiths height of the middle-dimensional cohomology of a pencil of
projective hypersurfaces with semihomogeneous singularities. This paper is a sequel to
[Mor25], and is devoted to the proof of [Mor25, Theorem 5.1], which provides a closed formula for the
stable Griffiths height of the middle-dimensional cohomology of a pencil of projective hypersurfaces
with semihomogeneous singularities.

Let us recall the statement of this theorem:
Theorem 1.1. Let C be a connected smooth projective complex curve with generic point n, E a
vector bundle of rank N +1 > 2 over C, and H C P(FE) an horizontal hypersurface of relative
degree d > 2, smooth over C. Let us assume that the set of critical points ¥ of the restriction
f=mu:H—C
is finite, and that the restriction
Ty X —C
is injective. For every point P in H, let dp be the multiplicity at P of the projective hypersur-

face Hy(py in IP’(E,,(p)).l Let us further assume that for every point P of H, the projective tangent
cone P(CpHy(py) of Hx(py at P is smooth.

Then the following equality of integers holds:
(1.1) > (6p =)V = (N 4+ 1)(d = )"ty (H/C).
Pex
Moreover the following equality of rational numbers holds:
(12) htGK’Smb(HN_l(Hn/Cn)) = —(N =+ l)wN’d htzmg(H/C) + Z wN,5p>
Pex

where for every positive integer §, wy s is the rational number in (1/12)Z defined by:
(1.3) wn,s = (06— 1 [(NS+1)(6 — N1+ (=1)N (6 + 1)] /(126?).
The stable Griffiths height htgx siab (HN_l(Hn/Cn)) of the variation of Hodge structures

HY 1 (H, /Cy)

attached to the middle-dimensional relative cohomology of the pencil H/C' is defined in [Mor25, 2.2],
and the intersection theoretic height ht;,.(H/C) of the hypersurface H in the projective bundle P(E)
in [Mor25, 3.2.1].

The requirement in Theorem 1.1 on the projective tangent cone P(CpH (py) of Hr(py at any
point P of ¥ to be smooth precisely means that P is a semihomogeneous singularity of H.p). We
refer the reader to [AGZV85, Part II, 12 and 13] for a general presentation and references concerning
semihomogeneous (and more generally semiquasihomogeneous) singularities.

LObserve that the positive integer dp is at least 2 if and only if P is in X.
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In the special case where the multiplicities p of the points P of ¥ are all equal to 2 — or
equivalently when the singularities of the fibers of H/C' are ordinary double points — then the
equality (1.2) in Theorem 1.1 is easily seen to become the equality:

htGK,stab (HN_I(HW/CW)) = Fstab(da N) htznt(H/C)7

established in [Mor22, Theorem 1.4.2], and used in the first part of this paper (see [Mor25, 4.2]).

1.2. Main Theorem. Theorem 1.1 will be a consequence of a more general theorem, concerning
hypersurfaces with semihomogeous singularities in arbitrary smooth pencils.

1.2.1. Notation. Consider a connected smooth projective complex curve C, with generic point 7,
and:

7: X —C

a smooth projective morphism of (necessarily smooth) complex projective varieties, of fibers of pure
dimension N.

Consider also a non-singular hypersurface H in X such that the following conditions are satisfied:
(i) the set ¥ of critical points of the restriction 7y : H — C'is finite;”

(ii) the restriction 75 : ¥ — C' is injective;

(iii) for every point P in X, the projective tangent cone P(CpH(p)) is non-singular.

We shall denote by:

A:=7(%)
the “locus of bad reduction” of my : H — C.

For every z € A, we shall denote by P, the unique point in 7T‘_El($), and by dp, the multiplicity
at P, of the fiber H, := 71'|_H1 (). Observe that the hyperplanes Tp, X, and Tp, H in Tp, X coincide,
and that dp, is precisely the degree of the projective tangent cone P(Cp, H,) seen as an hypersurface
in the projective space P(Tp, X,) = P(Tp, H) ~ PN~1.

We shall also denote by L the line bundle Ox (H) on X.

1.2.2. The following theorem is the main result of this paper.

Theorem 1.2. With the above notation, the following equality holds in CHo(X):
(1.4) > 0p = DN [P]=[(1 = er (L) e(Qy )] VY.
Pes

Furthermore, if the line bundle L on X is ample relatively to the morphism m, then the following
equality of rational numbers holds:

(L5)  hter,star(HY H(H,/Cy)) = htar (HY~1(X/C)) — htak (HY(X/C)) + htax (HNTH(X/C))

+1/12 [ (1= D) e(@e)e@e) =112 [ aDen(@e)+ 3 wvs
Pex

where wy 5 is defined by (1.3).

In the right-hand sides of (1.4) and (1.5), we denote by C(Qﬁ(/c) the total Chern class of the
vector bundle Q% .

This theorem extends our results in [Mor22, 6.1], where we consider pencils of hypersurfaces
whose only singularities are ordinary double points. Indeed Proposition 6.1.1 in loc. cit., with 75

2This implies that 7z is a flat morphism.
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assumed to be injective, is the variant concerning lower and upper Griffiths heights of the special
case of Theorem 1.2 where all the §p are equal to 2.3

1.2.3. The proof of Theorem 1.2 will be completed at the end of Section 5, devoted to the geometry
of the pencil of hypersurfaces H in the smooth pencil X over C. It will rely on the auxiliary results
from [Mor22] gathered in Section 2, on the construction of a semistable model of H over some finite
covering C’ of the curve C developed in Section 3, and on the computations of characteristic classes
of Kahler and logarithmic relative differentials in Section 4, which themselves are minor variations
on computations in [Mor22].

Section 6 provides the proof of a technical result stated in Section 3 (Proposition 4.1). It follows
from standard arguments, and could have been left as an exercise for the reader. Considering the
length of its derivation, we preferred to give some details.

1.2.4. A major difference between the proof of Theorem 1.2 and the proof of its “special case”
Proposition 6.1.1 in [Mor22] is the introduction in Section 3 of the covering C’ of C' such that, base
changed to C’, the pencil of hypersurfaces H over C' admits a model H' with semistable fibers with
smooth components. This construction allows us to compute directly the stable Griffiths height
htak stab (HN ’1(Hn / Cn)) with no knowledge of the elementary exponents attached to the singular
fibers of H/C' (compare [Mor22, 2.2-5]).

1.3. Proof of Theorem 1.1 from Theorem 1.2. Before turning to the proof of Theorem 1.2, we
explain how it implies Theorem 1.1.

We adopt the notation introduced in 1.2.1, and we introduce some further notation, similar to
the one in [Mor22, 6.2.1].

1.3.1. The structure of the Chow groups of P(E) (see [Ful98, Th. 3.3 (b)], with k = dim(P(EF)) — 1),
implies that the line bundle L := Op(g)(H) can be written:
L~0Og(d)®@n"M,
where M is some line bundle on C.
Moreover we define classes in CH'(C') and CH'(P(E)) by:
e:=ci1(E), m:=ci (M), and h:=c(0Og(1)).
With this notation, the height ht;,;(H/C) is given by (see [Mor22, (6.2.13)]):

(1.6) htine (H/C) = /C (m—d/(N +1)e).

Moreover, according to the definition of the Segre classes of E and to their relation to the Chern
classes of E (see for instance [Ful98, 3.1, 3.2]), the following equalities hold in CH’(C) and CH'(C)
respectively:

(L.7) mhN =[C] and 7w hNTI=—e¢.
The proof of Theorem 1.1 shall rely on the following generalization of [Mor22, Proposition 6.2.5].

Proposition 1.3. With the above notation, and denoting by L the line bundle Opgy(H) on P(E),
the following equalities hold in CHy(P(E)):

(1.8) > (0p = )N[P] = (d— DNEN[(d - Dh + (N + 1)7*m — 7*e],
pPex

3The interested reader may actually check that the statement of Theorem 1.2 and its proof in the next sections
remain valid when 75 is not assumed to be injective anymore, but when the multiplicity 6p of a point P in ¥ only
depends on m(P). This covers the variant of Proposition 6.1.1 in loc. cit. concerning stable Griffiths heights.
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(1.9) c1(L)en (g o) = (=1)VAN[A(N + 1)+ (N + 1)7*m + dN7*e],
and:
(1.10) [(1- cl(L))_lcl(Q]%”(E)/C)C(Q]%”(E)/C)](N+1) = 1" (an,dh + byam*m + cyam*e),
where an 4, bn,a and cn,q are the integers defined by:
an.g = %( (d—1)NF 4 (_1)N+1)7
_N+1

bn.d = 7( —(d=1DN(@N + 1)+ (-1)N),
and: L
CN.d = é( —(d=1D)N(d-N-2)+ (-1)NTH(N +2)).
Proof. The proof follows from the computations of Chern classes on H and X in the proof of [Mor22,
Proposition 6.2.5], by replacing the O-cycle i,[¥] in loc. cit. by Y pes(0p — 1)N[P] and using the
expression of this sum given by equality (1.4). a

1.3.2. As in the proof of [Mor22, Theorem 6.2.4], pushing forward equality (1.8) by the morphism 7,
then using equalities (1.7), and finally taking the degree and using equality (1.6) establishes equality
(1.1).

Reasoning similarly with equalities (1.9) and (1.10) yields the following equalities:

(1.11) /P(E) c1(L)en(Qppy o) = (—=1)N(N 4 1hty (H/C)

and:

/ Lm0y ) = [ Gnam + (exa = anae)

(1.12) = (N +1)/d* (=(Nd +1)(d = )N + (=1)N) hty (H/C).

Applying equality (1.5) from Theorem 1.2 to the hypersurface H in the smooth pencil X := P(E)
over C, and using that the Griffiths height of the relative cohomology in any degree of P(E) over C'
vanishes, we obtain the following equality:

(1.13)  htgk star(HN 1 (H,/Cy)) = 1/12 /X(l—cl(L))—lcl(Qﬁ(/C)c(Q;/C)

—1/12 /XCl(L)CN(Qﬁ(/C)-FZ’LUN’(;P.

pPcx

Combining this equality with equalities (1.11) and (1.12) yields the following equalities:

oo (B (/) = | T - va+ 0@ -1 + (0%) - 0+ )] bty
+ Z WN,5p
pPex
= (N + Dwy.ahtin(H/C) + Y wnsp-

Pex
This concludes the proof of Theorem 1.1.

2. SOME RESULTS FROM [Mor22]

The remainder of this paper is devoted to the proof of Theorem 1.2. It will rely on various
auxiliary results established in [Mor22], which we recall in this section.
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2.1. Alternating sums of Griffiths heights. Firstly it will use the expression for the alternating
sum of Griffiths heights associated to a pencil of projective varieties whose singular fibers are divisors
with strict normal crossings established in [Mor22, Theorem 4.2.3].

For the convenience of the reader, we recall this expression.
Let C be a connected smooth projective complex curve with generic point 7, Y be a connected
smooth projective N-dimensional complex scheme, and let
g:Y —C

be a surjective morphism of complex schemes. Let us assume that there exists a finite subset A in C'
such that g is smooth over C'\ A, and such that the divisor D := Ya is a divisor with strict normal
crossings in Y.

We write this divisor as:

D= Z m; D,
iel
where [ is a finite set, for every ¢ in I, m; > 1 is an integer, and D; is a smooth connected divisor,
such that the (D;);es intersect each other transversally.

The set I may be written as the disjoint union:
1= L,
TEA
where, for every x € A, I, denotes the non-empty subset of I defined by:

I :={iel]|g(D;) ={a}}.
For every subset J of I, let us denote:
Dy := (D
icJ
it is a smooth subscheme of codimension |J|. As in [Del70, II, 3.4], for every integer r > 1, we

denote by D" the subscheme of codimension r of Y defined by the union of all the intersections of
r different components (D;):

D" = U Dj.
JCI,|J|=r

Let us choose a total order < on I. For every element i in I, we define an open subset Dl of the

divisor D; by:
D;:= D;\ D;n D%
Similarly, for every pair (4, ) in I? such that i < j, we define an open subset Dw of the subscheme
Dij = Dyizy
by:
Dij = Dij \ Dij N DS.
Finally we denote by xtop the topological Euler characteristic.

Theorem 2.1 ([Mor22, Theorem 4.2.3]). With the above notation, we have:

2(N-1)
n— n 1
(2.1) Z (1) 1htGK,— (H (Yn/C,,)) = E/y(clcN_l)(w;l/\;c) + Z Qg
n=0 TEA
where for every x in A, a, is the rational number given by:
N -1 . 1 .
(2.2) ar === > (mi = Dxiop(Di) + 15 > (3= mi/m; —mj/mi) Xtop(Dij),
€ls (i,j)€l,

<]
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In the proof of Theorem 1.2, we shall only use the case of Theorem 2.1 where the divisor Y is
reduced, i.e. the multiplicities m; are all equal to 1. In this case equality (2.1) becomes the following
equality (also given in [Mor22, (1.3.8)]):

2(N—1)
— n 1 1
23) X ()" ek (B (/) = 35 [ ereelev-a(elie) + 13 xen(D*\ D)
n=0

2.2. Some combinatorial formulas. The following combinatorial formulas will also be used in
the proof of Theorem 1.2.

Proposition 2.2 ([Mor22, Proposition 5.3.1]). For every a in C*, and every n and r in N, the
following equalities hold:

(2.4)
nln—r] " (e ) . -
e AR R M
29
(1+ )n+1 [n—r] B . natl o
(2.6) = %[(r—i— (n+1-ma)a-1)"= > (k-7 (”‘]:1>(—1)"+1kak],

0<k<r

where f(y)P! denotes the coefficient of y? in some formal series f(y) € C[[y]].

3. CONSTRUCTION OF A SEMISTABLE MODEL OF H

In this section, we introduce an auxiliary construction which will allow us to compute the stable
Griffiths height in the left-hand side of (1.5) as the Griffiths height attached to some family of
projective varieties with semistable reduction, hence with unipotent monodromy.

3.1. A local description of the divisor H in X. Let P be a point in X, and let ¢ be a local
coordinate of C' near 7(P), namely a uniformizer of the discrete valuation ring O¢ -(p)-

The pullback 7*¢ can be completed into a local coordinate system (7*t,x1,...,xx) of X near
P. In other words, z1,...,xn belong to the local ring Ox p and (7*t,21,...,2N) generate its
maximal ideal mx p. Since P belongs to 3, the hyperplanes TpXrpy and TpH in TpX coincide,
and therefore the restrictions (xqg, ..., 2y ) induce a local coordinate system on H near P.

Let F5,(T1,...,Tn) be an equation in C[T1,...,Ty] of the projective tangent cone P(CpH (py)
seen as a projective hypersurface in P(TpH) that we identify with ]P’é:V ~! through the (differential at

P of the) coordinate system (z1|g,...,2N|g). Since by hypothesis P(CpH,(py) is a smooth hyper-
surface of degree dp, the homogeneous polynomial Fis, has degree p, and has nonzero discriminant.

Proposition 3.1. After possibly replacing Fs, by AFs, for some X in C*, the germ at P of the
divisor H in X is defined by an equation of the form:

(3.1) 7T*t=F5P(.’L'1,...7.%'N)+F>5P,

where Fss, belongs to the ideal mi{ﬁl of Ox,p.

Proof. The divisor Hy(p) in H is defined by the equation (w7t = 0). Therefore there exist A € C*

and Gs5, € m‘;}i}tl such that the following equality holds in Og p:

7T\*Ht = AFsp (1?1|H, e ,JTN\H) + Gsop-
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We may assume A = 1 and choose an element F.;, of mig’;l whose restriction to (the germ at P

of) H is Gss,. Then the equation (3.1) defines a germ of smooth hypersurface in X which contains,
hence coincides with, the germ of H at P. ([

3.2. Construction of the blow-ups H and H'.

3.2.1. Let C’ be a connected smooth projective complex curve, and let
c:C —C
be a finite morphism such that, for every point z’ in the finite set
A= o7 HA),

the index of ramification of o at z’ is precisely 0,(,,y. Such a finite covering C’ of C is easily
constructed, for instance as a cyclic covering.

Consider the fiber product of X and C’ over C:
X=X xcC,
and denote by:
7: X' —C" and 7:X' — X

the two projections.

Moreover let us denote the set theoretic inverse images of H and ¥ by 7 by:
H':=7"'(H) and Y :=7%),

which we shall also see as reduced* subschemes of the smooth scheme X’.
Let:

X X' — X' (resp. x: X — X)
be the blow-up of ¥’ (resp. X) seen as a reduced subscheme in X’ (resp. in X), and let:
Z':=x"NY) (resp. Z :=x"1(%))
be the exceptional divisor of x’ (resp. of x). Its connected components are the inverse images:
Zp =x"YP"), P'e¥ (resp. Zp:=x"'(P), PcY).

Finally let H’ (resp. H) be the strict transform of H' (resp. H) in X’ (resp. in X).

The following morphism:
Vo= Xiff’ ‘H — H’ (resp. v := X|f H— H)
can be identified with the blow-up of ¥’ (resp. X) in the complex scheme H' (resp. in the smooth

complex scheme H).

4The divisor H' coincides with the scheme theoretic inverse image 7*(H). However, if ¥ is not empty, then its
scheme theoretic inverse image by 7 is not reduced.
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3.2.2. These constructions are summarized by the following diagram where Zj is the Cartier divisor
in X’ defined as:

Z(/S = Z 6T(P’)Z;3’7
Presy

and where we identify the effective Cartier divisors H + Z§ and H + Z to the codimension one
subschemes they define:

A Z
H + 7} H+Z
X! X
pY >
N / . /
H' H
X/ T X
C’ C

[oa

Observe that, in this diagram, all rectangles with non-dotted arrows are cartesian.

The divisor H' in X’ is non-singular and intersects transversally the divisor Z’ := Upresy Zp..
Moreover, the following equality of divisors in X’ holds:

(3.2) X*(H') = H' + Z.

Similarly the divisor Hin X is non—singlllar and intersects transversally the divisor Z := Upex Zp,
and the following equality of divisors in X holds:

(3.3) X'(H)=H+ 2.

Moreover we denote by E, (resp. Ep) the intersection Zp, N H' (resp. Zp N H) for every point
P in ¥/ (resp. P in X), by Hj, and ﬁ’A, (resp. by Ha and fIA) the inverse images of the reduced
divisor A’ in C” (resp. of the reduced divisor A in C) by 7r|’ o and 7r|’ 0 © V' respectively (resp. by
7|y and T o v), and by L/[Z, (resp. by Ha) the strict transform in H' (resp. in H) of the divisor
H)\, (resp. Ha).

The divisor I;'Z/ is non-singular and intersects transversally the non-singular divisor E’ :=
Uprexy B/, and the following equality of divisors in H' holds:

(3.4) Huyo=Hy + > Ep.
Pey’
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Similarly the divisor f{z is non-singular and intersects transversally the non-singular divisor
E :=Upex Ep, and the following equality of divisors in H holds:

(3.5) Hx=Ha+ Y 0pEp.
Pex

In particular, the divisor H i\ in H' is a reduced divisor with strict normal crossings, and the
divisor Ha in H is a divisor with strict normal crossings, non-reduced when ¥ is not empty.

3.2.3. Computations of topological Euler characteristics.

Proposition 3.2. For every point P’ in X' with image P := 7(P’) in 3, the following equality of
integers holds:

(3.6) Xiop(Epr VHA) = (1) /6p [(6p = DN + (~1)N (N3p — 1)),

where Xiop denotes the topological Euler characteristic.

Proof. Consider P’ and P as above. As over some open neighborhood of P’ the complex scheme X’
is the blow-up at P’ of the smooth (N + 1)-dimensional complex scheme X', there is a canonical
isomorphism:

W L =5 P(Tp X).

Under this isomorphism, the divisor Ep, = Z}, NH'in Z > is mapped precisely onto the projective
tangent cone P(CprH') at P’ of the hypersurface H' in X', of which P’ is an isolated singular point.
By using Proposition 3.1, this projective tangent cone is easily seen to be smooth of degree dp.

Moreover, under the isomorphism ¢, the subscheme E, N H), of Zp, is mapped onto the projec-
tive tangent cone P(CprH),) at P’ of the subscheme H), = H'N X}, of X', or equivalently onto the
intersection of the projective tangent cone P(C'prH') and the projective tangent space P(Tpr X}, ),
which is well-defined because 7’ is smooth.

If we let:
h:=c1(Or,,x1, (1)) (€ CH'(P(Tp X)),
and:
I:=P(Cp H')NP(Tp Xh) = $(Ep N H,),

which is a smooth hypersurface of degree dp in the projective space P(Tp: X,), a standard compu-
tation of Chern classes yields the following equalities:

XeonBp VA = [ el )
E P/ A/

/ 7
P’mHA/

= /ICN—2(TI)

= /ICN—Q([TP(TP,X’A,)\I] — [N/P(Tp X p1)])

= [ ex-allTr X @ Or,c (01 = (01 = Orx (501

= /(1 + )N+ 6ph)t

I

:5p/ (14 h)N(1 4 6ph)~!
P(Tpr X',,)
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Finally, using equality (2.4) applied to n:= N, r := 2 and a := p, we get:

(1+y)V

(N—2]
L = 1o [6p — )Y + (1) (Ve - 1]

B xin(Bp 0 ) =0 |

This concludes the proof of Proposition 3.2. See also [Mor22, Proposition 5.2.1] for a similar com-
putation. O

4. CHARACTERISTIC CLASSES OF KAHLER AND LOGARITHMIC RELATIVE DIFFERENTIALS ON THE
HYPERSURFACES H, H, AND H'

4.1. Comparing w}fl Jc and w%, Jort The following proposition is arguably the point where the

proof of Theorem 1.2 differs the most significantly from the proof of [Mor22, Proposition 6.1.1].
This result concerning the geometry of the morphisms:
MOV : H-—C
and:
T oV H — '
will allow us to compute the stable Griffiths height htax stap (]HIN _1(H,, / Cn)) without controlling

the elementary exponents of the degeneration w5 : H — C.

Proposition 4.1. With the notation introduced in 3.2.1 and 3.2.2, the inverse image (7| ov')* (%),
seen as a subscheme of PNI’, is precisely the exceptional divisor E' = Uprexy Elp/; in particular, it is
a (Cartier) divisor in H'. Moreover there exists a unique morphism v : H' — H such that the
following diagram is commutative:

(4.1) H—YsH

H ——H.

T\H’
If we denote by:
@ Tl*I’I’Q}‘I/C % Q}_I//C/

the isomorphism of coherent sheaves on H' induced by the cartesian diagram:

ey

’
ﬂH/l l”H

Cl?c,

then the isomorphism of locally free sheaves on H' \ V/7UX) ~ H'\'Y defined by the restriction
of p extends to an isomorphism of locally free sheaves on H':

~ .k 1 ~ 1
PrUWE o T W

As explained in 1.2.2 above, we defer the proof of Proposition 4.1 to Section 6.

o g 1
4.2. Characteristic classes of wﬁ/c'
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4.2.1. The following proposition is a generalization of [Mor22, Lemma 5.1.1].

Proposition 4.2. The following equality holds in CH™ (H):

(4.2) vlaren-1)wg)e) = (cex-1) ([T ) + (DY Y0 (1= N/op) ((6p =1V + (=1 [P].
pPex

The remainder of this Subsection is devoted to the proof of Proposition 4.2. The method we shall
use for this proof is the same as the one used in the derivation of [Mor22, Lemma 5.1.1], and we
shall simply state without proof the intermediate results generalizing the ones in [Mor22, Sections
5.2 and 5.3] which were used to establish [Mor22, Lemma 5.1.1].

4.2.2. Let us first introduce some notation and recall several results of [Mor22, 5.2], which did not
assume any condition about the singularities of the morphism 7z : H — C, and therefore hold in
the present setting.

As in [Mor22], for every P in X, we introduce the following characteristic class:
np :=c1(Oz(Ep)) € CHY(H).
As in [Mor22, Proposition 5.2.1], for every point P in ¥, the following equality holds in CHN(H):
(4.3) vl = (—1)N1[P),

and for every non-negative integer r, the following equality holds in CH" (Ep):
T N T
(4.4 er(Tie) = (17 () )b

For every P in 3 and for every non-negative integer r, we may also directly apply equality [Mor22,
(5.2.5)] to the smooth hypersurface Qp := Ha N Ep of degree mp := dp in the projective space Ep,
and get the following equality in CH"(Ep):

N7l
, _ 41 (1+y) +1
(4.5 30 o Tigeey) = (1 0n | 2]
where iﬁZﬁEp Ep denotes the inclusion of ff; N Ep in Ep and where, as above, f(y)m denotes the

coefficient of y" in some formal series f(y) € C[[y]].

Moreover, as in [Mor22, Corollary 5.2.4], for every positive integer r, the following equality holds
in CH' (H):

(1.6 o (Trgon]) = v er (T ) + (1) [(N ) (Y 1)] > .

prPex

4.2.3. Applying the comparison in [Mor22, Proposition 3.1.7, (3.1.12)] of the Chern classes of the
vector bundle w%v/ o and the relative tangent class [Tr ,0,] in the case of a degeneration whose

singular fibers are divisors with strict normal crossings with empty 3-codimensional strata®, we

obtain the following equality in CH"(H) for every non-negative integer :

(47) Cr(w}_}\//c) = CT([TT{"HOV]) + Z (613 — 1) Z.EP*C’I‘fl(TEP) — Z op iEpﬁI/-I\;*CT*Q(TEpﬂH\;)'
PecXx Pcx

5This is the case here because of the expression (3.5) for the divisor Hn.
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Combining equality (4.7) with equalities (4.4) applied to ' := r—1 and (4.5) applied to v’ :=r—2
yields the following equality in CH" (H) generalizing [Mor22, Proposition 5.3.2], valid for every non-
negative integer 7:

(4.8) CT(W}}V/C) = CT([TTF\HOV]) + Z a(N,r,0p)np,
Pex.
where (N, r,d) is the integer defined by:

a(N,r,8) = (—1)"! [(5 ~1) (rﬂ) — 52 [%] M]] .

When r is positive, combining equality (4.8) with (4.6) yields the following equality in CH" (ﬁ )
generalizing [Mor22, Corollary 5.3.3]:
(49) CT(wll'T[\//0) = V*CT([TTF\H])+ Z /B(erv 5P) 77;37
Pex
where S(N,r,d) is the integer defined by:

B(N,7,8) = (1) [(f) —5(7@1) g [w] [7«_2]].

Multiplying equality (4.9) applied to r = 1 with itself applied to r = N — 1, and using (2.4)
applied to n := N, r := 3 and a := dp, and the fact that the restriction to Ep of the class v* [TﬂlH]

vanishes, we obtain the following equality in CHY (H) generalizing [Mor22, Corollary 5.3.4]:

(410)  (cren-1)(wg)o) = v (cren—1)([Tr ) + Y (1=N/op) ((6p = DY + (1)) .
pPex

Pushing forward by v equality (4.10) and using equality (4.3) concludes the proof.

5. THE GEOMETRY OF THE HYPERSURFACE H IN THE SMOOTH PENCIL X OVER (C

5.1. The top Chern class of Q%(/C|H ® Lig. Let us define a morphism s of vector bundles on H
by the composition:
We will also see s as a section of the vector bundle Q§/0|H ® Ly

The following proposition is a generalization of the second statement of [Mor22, Lemma 6.1.3].

Proposition 5.1. The section s is a regular sectionS of Qk/C‘H ® L|g, and the 0-cycle in H defined
by its vanishing is given by:

[(s=0)]=) (6 —DN[P].

pPex

Proof. By definition, the subset of X defined by the vanishing of s is precisely the set of critical
points of the morphism 7z : H — C, namely . The regularity of the section s follows from the
fact that X has codimension N in the smooth N-dimensional manifold H, while the vector bundle
Qﬁ(/C\H ® Lyp is of rank N.

Now let us compute the multiplicity of the 0-cycle [(s = 0)] at some point P in X.

As in Subsection 3.1 and Proposition 3.1 above, we denote by t a local coordinate of C near
m(P), and we complete its pullback 7*t into a local coordinate system (7*¢,x1,...,25) of X near
P. We still denote by Fs,.(T1,...,Txn) an equation in C[T7,...,Tn] of the projective tangent cone
P(CpH(p)) seen as a projective hypersurface in P(TpH) that we identify with PY~! through the

6in the sense of [Ful98, B.3.4].
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(differential at P of the) coordinate system (CUHH, ...,xN|g). It is a homogeneous polynomial of
degree 0 p, with nonzero discriminant.

According to Proposition 3.1, we may assume that the germ at P of the divisor H in X is defined
by the equation:

(51) W*t:ng(£17...,xN)+F>5P,

for some Fis, in mié’jgl.

The local trivialization of the line bundle L := Ox(H) on X given by this equation and the local
frame of the vector bundle Q7 /o on X defined by the relative differentials ([dz1], ..., [dzn]) induce
by restriction and tensor product a local frame of the vector bundle Qﬁ( o ® Ly on H. In this
local frame, the section s is given by:

s = (8$1\H(F5P(x1|H’ R 7xN|H) + F>5P|H)7 L. 787«'N\H(F5P('r1\H’ R ,.13N|H) + F>6P|H))-

Consequently, the multiplicity at P of the O-cycle (s = 0) is precisely the multiplicity at P of
the function on H given by the restriction to H of either side of equality (5.1), or equivalently, the
Milnor number of the singularity at P of the morphism m5 : H — C.

The fact that this multiplicity is equal to (6p —1)¥ is therefore a consequence of the computation
of the Milnor number of an isolated semiquasihomogeneous singularity, in the particular semihomo-
geneous case where the weights are all equal to 1. This computation was done in [MO70] in the
quasihomogeneous case where F\;, vanishes; the reduction of the semiquasihomogeneous case to
this case appears for instance in [AGZV85, Theorem p. 194]. |

From Proposition 5.1, we may derive the equality (1.4) as in the proof of [Mor22, (6.1.10)], simply
replacing the 0-cycle i,[%] in loc. cit. by > pes,(6p — 1)V [P]. This proof uses the fact that the cycle
[(s = 0)] defined by the vanishing of the regular section s is precisely the top Chern class of the
vector bundle Q%{/cm ® Lig (see for instance [Ful98, Example 3.2.16, (ii)]), together with simple
computations of Chern classes of vector bundles.

These computations also yield the following equality in CHy(X), which shall be useful to us later:

(5:2) Y Er=DNPl= Y e Fa(@,e):

Pex 0<k<N

5.2. Characteristic classes of the hypersurfaces H and H’. With the notation introduced in
3.2.1 and 3.2.2, let us denote by 1’ the generic point of the curve C’. Recall that the complex scheme
H’ is smooth and that the divisor H’ A+ is reduced with strict normal crossings, so that for every
integer n, the local monodromy at every point in A’ of the variation of Hodge structures:
H”(H,’]//C;]/) o~ H"(H;I,/C'T’,,)
is unipotent.
The following proposition is an analogue of [Mor22, Proposition 6.1.5].

Proposition 5.2. If the line bundle L' on X' is ample relatively to the morphism ©’, then for every
integer n such that n < N — 1, the following equality holds in CHy(C"):

(5.3) c1(GK e (H" (Hy, /Cy))) = er(GKer (H™(X'/C))),
and for every integer n such that n > N — 1, the following equality holds in CHy(C")qg:
(5.4) e1(GK e (H"(Hy, /C))) = er(GK e (H' (X' /CT))).

Proof. The proof uses the arguments used in the proof of [Mor22, Proposition 6.1.5]. Namely, for
proving (5.3), we apply Lefschetz’s weak theorem to the smooth horizontal hypersurface H'\ H), in
X"\ X'\, to obtain an isomorphism, for every n < N — 1, between the variations of Hodge structures
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H"(H'\ H),/C'"\ A") and H"(X'\ X),/C"\ A’) on C"\ A’. Then we use the unipotence of the local
monodromy of both variations of Hodge structures to extend this isomorphism into an isomorphism
of Deligne extensions over C’, and therefore of Griffiths line bundles.

Moreover equality (5.4) follows from equality (5.3) applied to the integer:
n:=2(N-1)—-n<N -1,

and from the consequence of Poincaré’s duality [Mor22, Proposition 2.5.2], applied to the degener-

ation H’ /C’" whose singular fibers form a reduced divisor with strict normal crossings and to the
smooth degeneration X’/C’. Indeed, applied to these data, [Mor22, Proposition 2.5.2] asserts that
for every n > N — 1, the following line bundles on C":

GK o (EXN D), /) @ GK o (B (H)y [ Cly )
and:
GK (N (X' /C")) @ GKor (H (X' /C"))Y

are of 2-torsion. 0

The following proposition is a generalization of [Mor22, (6.1.11)].

Proposition 5.3. Denoting by i the closed inclusion of H in X, the following equality holds in
CHo(X):

(5.5) is(cren—1)([Tr,]) = (cren)([Tx])

+ (DM = en(D) Tt ea( @y 0)e( QY + Y (6 = DNIP] - er(L)en (i /c))-

Proof. The proof relies on the same computations of Chern classes on H and X as in the proof of
[Mor22, (6.1.11)], simply replacing the O-cycle i, [¥] in loc. cit. by 3 pes(6p — 1) [P], using the
expression of this sum given by equality (5.2), and using that the morphism of smooth schemes
mg  H — C is smooth on a dense open subset of H so that the following equality holds in K Y(H):

[Tm\H] [QH/C] : u

5.3. Completing the proof of Theorem 1.2. As equality (1.4) was established in Subsection 5.1,
to complete the proof of Theorem 1.2, it only remains to show equality (1.5) under the hypothesis
that the line bundle L on X is ample relatively to the morphism .

5.3.1. The alternating sum ZQ(N 1)( 1)”*1htGK (H”(H{?,/C;?/)). We shall use the notation intro-
duced in 3.2.1 and 3.2.2 and denote by 1’ the generic point of the curve C’. As already observed at
the beginning of 5.2, for every integer n, the local monodromy at every point in A’ of the variation
of Hodge structures:

H"(HT’I,/C;,) ~ H"(H;,,/C,’,,)
is unipotent.
Recall also that by hypothesis the restriction mx : ¥ — C' is injective, so that the restriction
7T‘/Z, : ¥ — (' also is injective.
Consequently, applylng the special case of Theorem 2.1 stated in equality (2.3) to the degeneration

H'/C’, which over 7' coincides with H’/C’ and whose divisor of singular fibers HY, is a reduced
divisor with strict normal crossings as shown by equality (3.4), the following equality holds:

2(N—-1)

(5.6) Z (—1)" "htex (H*(H,, /C;)) :1/12/~

n=0

(clcN_l)(w};I\f/c,) +1/12 Xtop(HA, N E')).

’
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Using Proposition 3.2, for every point P’ in ¥’ the Euler characteristic of the connected component
H)\, N E%, of Hy, N E' is given by:

Xtop(Has N Ejp) = (=1)N /8, (pry [(6-(p1) = DN + (=1)N (NS, (pry — 1)].

Since the morphism of smooth curves o : C’ — C' is ramified at every point z’ in A’ with
ramification index 5P0(w,) where Py, denotes the unique point in 3 Nm~1(o(a2")), each point z in A
has precisely deg(c)/dp, pre-images in A’; and therefore each point P in ¥ has precisely deg(c)/dp
pre-images in ¥’. Consequently the Euler characteristic of I/{Z, N E’ can be written as follows:

Xtop(Har N E') = Y~ deg(o) /6p (—1)N/3p [(5p — )V + (-1)N (Nop — 1)]
Pex

(5.7) — (—1) deg(0) 3 1/03 [(6p — )N + (—1)N (Nop — 1)),

Pex
Replacing (5.7) in (5.6) yields the following equality:

2(N—1)
(58) Z (_1)n—1hth (H”(H;?//Cyll/)) = ]_/]_2 /~ (clcN,l)(w}}\f/C,)
n=0 H'

T+ (—1)V deg(0)/12 3 1/6% [(3p — DY + ()N (Nop — 1)].

pPex

* 1\/
H'/C H/C"
restriction of the morphism v : H — H to the dense open subset H'\ E' ~ H’\ &' coincides with
the morphism

According to Proposition 4.1, the vector bundle w~ is isomorphic to v Moreover the

TlH/\E/ZHI\E/—)H\E

which is, by base change, a finite morphism of degree deg(c). Therefore the morphism v is generically
finite, of degree deg(o). Consequently, using the projection formula applied to v, we may rewrite
equality (5.8) as follows:

2(N—-1)

(5.9 Y (=1)"'htex (H"(H;,/C),)) = deg(o)/12 /ﬁ (cren—1)(Wh'e)

n=0

+(=1)Vdeg(0)/12 Y 1/63 [(6p = DN + (=1)V(Nop — 1)].

pPex

Using Proposition 4.2 and the projection formula applied to the birational morphism v, we may
rewrite equality (5.9) as follows:

2(N-1)
(5.10) > (=1)"'htex (H"(H),/C},)) = deg()/12 / (cren—1)([Tr ) + deg(0) > un s,
n=0 H pPex

where upy s is the rational number given by:

uns = (DN /12 (1= N/O[(6 = )Y + (—1)V ] + (=) /(126%) [(6 = DV + (=) (N5 — 1)]
= (=DM (5 —1)/(126%) [(N§ — 62 + 1)(6 — DN 7L+ (=1)N(s + 1)].
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Using Proposition 5.3, we may rewrite equality (5.10) as follows:

2N—-1)
(511) S (—1)" g (H(H], /CL,)) = deg(0)/12 /X(clcN)(m])
n=0
(-1 deg(0)/12 ( /X (1= 1 (D)1 (R s )el @l )| V4D /X q(L)«:N(ﬂk/c))
+ deg(o) Z UN.5ps
Pex

where vy 5 is the rational number given by:
ons =uns + ()N (6 — 1)V /12
(5.12) = (—1)Nwp 5.

5.3.2. Using again Theorem 2.1, this time applied to the smooth morphism 7’ : X’ — C’, yields the
following equality:
2N

(5.13) Z(—1)"—1htGK(H"(X’/C’)) =1/12 /X/(clcN)([T,r/]).

n=0

Moreover, using that by base change the line bundle L’ on X’ is ample relatively to the mor-
phism 7/, since L is ample relatively to 7, Proposition 5.2 implies the following equality:

2(N-1) 2N
(5.14) > (=)™ 'htex (H"(H, /Cp)) = Y (=1)" 'htex (H"(X'/C"))
n=0 n=0

= (-1)N [htGK (HN=Y(H], /CL)) = htgr (HY (X' /C")) + htgx (HY (X' /C"))
~htex (HN“(X’/C’))]
Combining equalities (5.11), (5.12), (5.13), and (5.14) yields the following equalities:
htgx (HN =1 (H,,/Cy))) = htax (HYH(X'/C")) — htex (HY (X'/C")) + htax (HYTH(X'/C")
012 [ (@en (T + ()Y des(0)/12 [ (@en)(T2)

+ deg(0)/12 (/X[(l — (L) e () 0)e(Qx )] — /XC1(L)CN(Q§</0))
+ deg(o) Z WN,5p
Pex

= deg(0) [htGK (HN1(X/C)) — htax (HV (X'/C")) + htek (HN“(X/C))}

+aego)/12 ([ 10- @)@kl - [ abe@le)
(5.15) + deg(o) Z WN.5ps
Pex
where in (5.15) we used that 7' : X’ — C” is the base change of 7: X — C by 0 : C' — C.

Since the local monodromy of the variation of Hodge structures H™ 1 (H, ./ Cyy) is unipotent, the
stable Griffiths height htgx stas (]HIN’l(Hn/Cn)) is by definition given by:

htex stas (HY " (Hy/Cy)) = 1/ deg(0) htax (HY ' (H,, /Cy)).
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Combining this relation and equality (5.15) concludes the proof of equality (1.5) and of Theo-
rem 1.2.

6. PROOF OF PROPOSITION 4.1

The existence of v such that (4.1) is commutative will follow from the fact that (15 o v')*(¥) is
a Cartier divisor and from the universal property of blow-ups, and its unicity is clear.

The assertions that (75, o v/)*(X) and E’ coincide and that ¢ extends to an isomorphism @
between v*wllq Jc and wllq, s Are local on H’, and clearly satisfied outside of the closed subscheme
E =v*(%2).

Consequently, we may choose a complex point Q' in E’, and work locally near Q' to establish
these assertions.

We shall denote by P’ the image of Q' by v/ and by P the image of P’ by 7:
P =/(Q)eY and P:=7(P)ex.

For simplicity’s sake, we shall write ¢ for §p.
6.1. Coordinate systems on X and X'.

6.1.1. Notation. As in Subsection 3.1 and Proposition 3.1 above, we denote by ¢ a local coordinate
of C near 7w(P), and we complete its pullback 7*¢ into a local coordinate system (7n*t,z1,...,znN)
of X near P.

We still denote by F5(T4,...,Tn) an equation in C[Ty,...,Tx] of the projective tangent cone
P(CpHr(p)) seen as a projective hypersurface in P(TpH) that we identify with PgA through the
(differential at P of the) coordinate system (CEH Hs+ s TN| ). It is a homogeneous polynomial of

degree §, with nonzero discriminant. According to Proposition 3.1, we may assume that the germ
at P of the divisor H in X is defined by the equation:

(6.1) 7"t = Fs(x1,...,xNn) + Fss,

for some FLs, in m‘SXfF.

Let ¢ be a local coordinate of C’ near 7/(P’). As the finite covering o : C’ — C' is ramified with
index § at 7'(P’), there exists a unit u in Oy (pry such that the following relation holds:

o*t =ut?.
Consequently the smooth complex scheme X' admits (7'*¢', ], .., zy) as local coordinate system

near P’, where for every integer 7 such that 1 <7 < N :

A
Ty =T @

Moreover the divisor H' in X’ is defined by the following equation:

(6.2) Pt = Fs(x), ..., aly) + 77 Fss.

6.1.2. Description of the blow-ups X’ and X. As the X’'-scheme X' (resp. the X-scheme )?) is
locally the blow-up of P’ (resp. P) in X’ (resp. X), it can locally” be identified with the closed
subscheme of X’ x PY (resp. X x PY) defined by the following equations, where (v( : v} : -+ : v}y)
(resp. (vo : w1 :---:wvy)) denote homogeneous coordinates on PY:

!/ / / / Ik gl )
vo- X xy = X"t

for every integer ¢ € {1,..., N}, and:

(resp. vo.X*x; = X 7 t.0;)
Ix ./ Ix ./ /'

!/ _ . O * e .
vp X"y = X" (vesp. vixTz; = X Ti.05)

"Namely on some open neighborhood of Z4, = x'"1(P") (resp. of Zp := x(P)).
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for every pair of integers (4,5) € {1,..., N}? such that i # j.

In particular, an open neighborhood of Z4, := x'~1(P’) (resp. of Zp := x~*(P))) in the complex
scheme X' (resp. in X) admits a covering by the open subsets Vy, ..., V{ (resp. V,...,Vn) defined
by the non-vanishing of v{, ..., v} (resp. of vg,...,vnN).

6.2. Description of wkl For future use, let us describe the open subset V; of X. This open

H/C|V:"®
subset admits as coordinate system®:

(m*t1, X x1,Z2,1, ..., TN1)

where %1 is defined by: .

Tt = g /ug
and satisfies the following equality:
(6.3) X 't = ﬁtl.x*xl,
and where for every integer ¢ € {2,..., N}, T, 1 is defined by:

Tiq = ui/uy
and satisfies the following equality:
(6.4) X '@ =T 1.7 21

Let us describe the divisor H N V1 in V4. Using firstly the equation (6.1) of the divisor H in X

and equalities (6.3) and (6.4), and then the homogeneity of Fj, the divisor x*H NV in V4 is defined
by the following equation:

7;;%1.)(*1‘1 = Fg(X*zl,EQJ.X*JIl, e ,ENJ.X*JJ) + F>5
= X*Itls [Fg(l, 52,1, - ,ENJ) + X*xl.hl},
where h; is defined by:

hy = X2’ X P,

and actually is a (germ of) regular function on V; along Zp NV, since Fs 5 belongs to the ideal m?j}a

of O p, and therefore the pull-back x*F%s vanishes at order § + 1 on the exceptional divisor Zp.

For convenience’s sake, we define the following function on Vj:

w = Fg(l,%&l, e 7%N,1) =+ X*Z‘l.hl.

Consequently, the divisor HNV; = (x*H — Z)NV; in V; is defined by the following equation:
(6.5) ™t = x*zi L,
and admits (x*z1,%2,1,...,2Zn,1) as coordinate system.

Moreover, the divisor H ANV in HN V; is defined by the following equation:

ﬁtl.x*xl =0,
or equivalently:
(6.6) X z8.w = 0.
Since t~he homogeneous polynomial Fjs has non-zero discriminant, for every point Q of Ep N'V; =
Zp N H NV, there exists an integer i(Q) in {2, ..., N} such that the derivative
0,0y, F5 (1, T21, ... JIN1)

does not vanish at Q. Moreover, since x*x; vanishes at @) because @) is in Zp, the partial derivative

851.@) ,w also does not vanish.

8In other words, the morphism (ﬁl,x*ml, ZT2,1,.-,ZN,1) VI — A(]CV is étale.
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Consequently, in some neighborhood of @, the complex scheme HnN V1 admits as coordinate
system:

(X*xla E2,17 s 7Ei(Q)71,15 w, 5i(Q)+1,17 s 7%1\/',1)'
This coordinate system is well-suited to the equation (6.6) of the divisor with normal crossings
Ha NV in HN Vi, and the locally free coherent sheaf w}? o of rank N — 1 on H NV, admits the

following set of IV local generators near Q:

/

(X*[d$1/171]7 [d’UJ/UJ], [d§2,1]a ey [dii(Q)—l,].L [dii(Q)J"l,l]v R [d%N,lD7
satisfying the following relation, which follows from (6.3):

0 = x*n"[dt/t] = dx"[dx1/z1] + [dw/w].

In particular, the vector bundle wk , = admits the following local frame near Q:

H/C
(6.7) (X*[dwy /@], [dT2 1], - . . [dZig)—11]: [dTi@)+1,1)s - - - » [dTN,1])-

The remainder of the proof of Proposition 4.1 shall be divided into two cases, according to the
location of the point Q' of H' relatively to the covering Vj, ..., Vy.
In both cases, we shall give a local equation of the divisor H' in X' in terms of the coordinate

systems introduced in 6.1 above, and establish the existence of the morphism v : H' — H. Then we

shall give a local frame near Q' of the locally free O,-module w}q, o Comparing this local frame
with the pullback by v of the local frame (6.7) will finally allow us to conclude that w}lql Jor and

*, .1 . .
V'Wh o are naturally isomorphic.
6.3. Case 1: The point Q' belongs to the open subset V of X',

6.3.1. The open subset V admits as coordinate system:

Ix __Ix

(X m™ T g, T ),
where for every integer i € {1,..., N}, 7, is defined by:
~/ / /
Tio = v; /g,

and satisfies the following equality of functions on Vj:

1% __I%

(6.8) X @y = Tj o Xt

Let us describe the divisor H' N V4 in V5. Using firstly the equation (6.2) of the divisor H' in
X' and equality (6.8), then the homogeneity of Fj, the divisor x*H’' N Vj in Vj is defined by the
following equation:

X/*Tr/* (u.t’é) _ F(S(Ell,O'X/*ﬂJ*tla o 7g/1\/,0'xl*ﬂj*t,) + X/*T*F>6
=\ 7"t [Fs(@ g, .., T o) + X 7"t ),

where hj, is defined by:

i 1% 1% 1—5—1

o=x Tt X5,

and, similarly to hq, is actually a (germ of) regular function on V{j along Z%, NV{, since the pull-back
X"*7*Fss vanishes at order § + 1 on the exceptional divisor Z%,.

Consequently, the divisor H' NVy = (\*H' — Z 5)NVy in Vj is defined by the following equation:
(6.9) X" u = F5(T) g, ..., Ty o) + X7t hy.

By hypothesis, Q) is in ﬁ’A,, so that this equation is satisfied at Q' and x*7'*t’ vanishes at @Q’.
Consequently there exists an integer ¢ such that 1 <7 < N and 77, does not vanish at Q'.
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Without loss of generality, we may assume that ¢ = 1. Let W C V{ be the open subset (a?’ i0 #0),
which contains @Q’.

The restriction to W of the morphism 7o x' : X' — X is described by the following equalities of
functions on W:
(7_ ° X/)*Tf*t _ X/*ﬂ_/* (’UJ.t/&),
and, for every integer i € {1,...,N}:

N Ik~ Ik 1% 4l
(Tox)'zi=x T =T 0x Tt

These equalities, along with the non-vanishing of 1 o on W, imply that the subscheme (Toy’)~1(2)N
W of W is defined by the vanishing of x*7"*t’, and is therefore the exceptional divisor Z5, NW.

Along with the universal property of blow-ups, this shows that there exists a unique morphism?
v : W — X' such that the following diagram is commutative:

’U|W

(6.10) w—"s X

ol |

X/?X

Moreover vy, satisfies the following equality of morphisms from W to P

UI*W[’UO Deetoy] = [x’*w’*(u.t"s*l) : 5/1,0 Teees %\,70].

In particular, the restriction vy, has values in the open subset Vi := (v; # 0) of X, and its
description in the coordinate system (7;*vt1, X*T1,Z2,1,...,Zn,1) of Vi defined above is given by the
following equalities of functions on W:

(6.11) vl = X (w0 F
(6.12) Vi x T =T 0.

and, for every integer i € {2,...,N}:
(6.13) U\*Wfi,l = 5;,0 5/{01-

Since the subscheme (70 x')~}(X) N W of W coincides with the exceptional divisor Z%, N W, we
obtain by restriction that the subscheme (715 0 /)~ (X) N W of H'N'W coincides with the divisor
Ep NW. Along with the existence of a morphism vy such that the diagram (6.10) is commutative,
this establishes the first assertion of Proposition 4.1 in Case 1.

Moreover equalities (6.11), (6.12), and (6.13) imply by restriction the following equalities of
functions on H' N W:

(6.14) Vo™t = X (wt T

(6.15) Ul*ﬁ’ﬂWX*xl =T ox" 1"t

and, for every integer i € {2,...,N}:
(6.16)

* ~ o -1
Yigaw Tl = Tio%10 -

9The notation vjw is slightly abusive, since there is no morphism from X’ to X that would fit in the top line of
the diagram (6.10).



22 THOMAS MORDANT

6.3.2. Now let us describe locally the vector bundle W~ near )’. Similarly to the function w on

//C/
V1, a function w{ on W may be defined as follows:
wy = Fs(1, 30"2,0.%'501, s Ty 0T DR G Oéh’
— 5’17_05.[F5(§’170, o ,$N70) + X7t hg),
where the second equality follows from the homogeneity of Fj.

Since the homogeneous polynomial Fs has non-zero discriminant, there exists an integer j in
{2,..., N} such that the derivative

Oz

~/—1 ~/—1
xJoFé(l 55203310’“ J’7N0x10)

does not vanish at @’. Without loss of generality, we may assume that j = 2. Moreover, since
X7t vanishes at @', the partial derivative 0z, ,w; also does not vanish. Consequently, after

possibly shrinking the open neighborhood W of Q' in X' , this neighborhood admits as coordinate
system:

(X" 7™t T g, w, T 9. .., TN 0)-
In this coordinate system, the equation (6.9) defining the divisor H'NW in W can be rewritten

as follows:

Ik __I%

X u = xl‘so wp,
or equivalently:
(6.17) wh =T JX T,
and therefore admits as coordinate system:
(x*r"t, i’LO, f'370 cey IN)-
Moreover, the divisor H N in H' AW is defined by the following equation:
X "t =0,

and is therefore non-singular.
Consequently, the vector bundle

1 ~ QL _
YE o Enw = QH//C/lH’nW

of rank N — 1 admits the following local frame:

(6.18) ([d2 o), [d75 o), - -, [dFy o))

6.3.3. Now let us describe the vector bundle v*w}?/c near @’.
Using successively the definition of the function h; on Vi, the commutativity of the diagram
(6.10), the equality (6.8) with ¢ := 1 and the definition of the function h{, on Vj, one easily obtains

the following equalities of functions on W:
vjwhi = UF‘W(X*acf‘S*l.X*FM)
— X ( /—6—1 T*F )
(371 o X/*ﬂ_l*t ) (X/*Wl*t/6+1.h6)
(6.19) =3y Ry
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Consequently, using first the definition of the function w on Vi, then equalities (6.12), (6.13) and
(6.19), and finally the definition of the function wj, on W, one obtains the following equalities of
functions on W:

’Ul*W’w = U|*WF5(1 fz Tyeon a%N,l) + UrW(X*fL’l.hl)
= F5(1, 5. 50"1*01, . -a%\r,o-flfol) + (T o X 7 t).(F ,06 'hg)
(6.20) = ’LU6

Using firstly equality (6.20), then the chain rule applied to the coordinate system on Vi:

(Ftl,x*xl,@J, Ce 7%N,1)a
then equalities (6.14), (6.15) and (6.16), we obtain the following expression for the partial derivative
8555,0106 in the local coordinate system (x"*7"*t', 7 ,..., 2y o) on W:
65'20106 = 85/20 (’Ul*Ww)

_ * wq * . L * * *
= Oz , (VT t1).V[w O, w + Oz (Vi X @1) V[ Oy W

N
* o~ *
+ > 0, , (O E1) Oy O, w
j=2
_ ~/—1 * -
= 85/2 0($2 01,0 )- U|W5x2,1w

~/—1
=10 U\Waxz 1

Consequently, since 0z, w; does not vanish at @', we obtain that dz, ,w does not vanish at v(Q’).

We can therefore apply the results of Subsection 6.2 near Q :=v(Q’") with i(Q) := 2. This allows

us to describe a local frame of the vector bundle v‘ o H o given by pulling back by v the

its components are:

|H' nW
local frame (6.7) of the vector bundle wH/Clv ;
Urﬁ’mwx*[dxl/xl] = T (A o] + X7 [at' /1),

and for every j in {3,...,N}:
[Urg/mwdij,l] = (@075 )] = =T 077 5 [T o] + T [dT ).

wi

The vanishing of the following class in UI HowH o’

Ol X LA/ = X7 ([du/u] + oldt /E]),
together with the invertibility of u, implies the vanishing of the class x*7'*[dt' /t']. Using also the
invertibility of 27 , on W, this shows that:

([ o), [dTs ), - ., [dTy o))
constitutes a frame of the vector bundle U‘ﬁ,mw H/C

Comparing this frame with the frame (6.18) for the vector bundle wk proves that, over

H'JC'|H' "W

H' NW, the isomorphism ¢ indeed extends to an isomorphism @ between the vector bundles v*wk i/c

. This concludes the proof of Proposition 4.1 in Case 1.

6.4. Case 2: The point @)’ belongs to the open subset V/ for some i € {1,...,N}.
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6.4.1. Without loss of generality, we may assume that ¢ = 1. The point @’ is then in the open subset
Vi, which admits a local coordinate system (7/*t'1, x"*7, 5 1, ..., Ty ), where 7/*t'1 is defined by:

T = vl v,
and satisfies the following equality of functions on V7:
(6.21) N = w
and where for every integer i € {2,..., N}, 7j ; is defined by:
A

and satisfies the following equality:
(6.22) X"z =5 X"

One easily checks that the intersection (70x)~1(Z)NV/ is defined in V{ by the equation (x"*z} =
0), so that it coincides with the exceptional divisor Z5, N VY as a subscheme of V. Together with

the universal property of blow-ups, this shows, as in Case 1, the existence of a unique morphism
vy + Vi — X' such that the following diagram is commutative:

V!
vy

(6.23) Vi—>X

’
le{l lX

X/ ? X
Let us now describe the morphism v}y,. Using equalities (6.21) and (6.22), the morphism 7 o y’
from V{ to X satisfies the following equalities of functions on V7:

1% 18

— 0
1-X 215

(7_ o X/)*ﬂ_*t _ XI*W/*(U.t/S) — XI*’/T/*U et
(7_ o Xl)*‘rl — X/*:I;a,
and for every integer i € {2,...,N}:
(tox)'x; = E;l X
Consequently v}y, satisfies the following equality of morphisms from v/ to PV:

—
* . . _ 1% __I% T4/ 1% 16—1 e~ . e~
vjyylvo o ron] = X ) XD 1Ty e s Ty

In particular, this morphism has values in the open subset V; := (v; # 0) in X.
In the coordinate system (ﬁtl, X*%1,%2,1,...,2n,1) of V1 defined above, the morphism
vyt Vll — W
may be described by the following equalities:

~ — 5
(624) U‘*Vl/ﬂ—*tl — X/*ﬂ—/*u . ﬂ./*tll . X/*x/l(;fl7
(6.25) Uy X Ty = X"z,
and for every integer i € {2,...,N}:
(6.26) Vlyy T = Tiq-

We may now proceed as in Case 1. Since the subscheme (70 x’)~1(X) NV of V/ coincides with
the exceptional divisor Z},, NV{, we obtain by restriction that the subscheme (75 ov/)~H(Z) NV of

H' NV coincides with the divisor Ej, N V. Along with the existence of a morphism vjy; such that
the diagram (6.23) is commutative, this establishes the first assertion of Proposition 4.1 in Case 2.
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Moreover equalities (6.24), (6.25), and (6.26) imply by restriction the following equalities of
functions on H' N VY:

— — 5
(6.27) vl*ﬁ,mvl,w*tl = 7wt e
/ !/
(6.28) Urﬁ,ﬂV{X*xl = X",

and for every integer i € {2,...,N}:

* ~ o~
(6.29) Yigavy il = i

6.4.2. Let us now describe the divisor H' N V{ in V{. Using first the equation (6.2) of the divisor
H' in X’ and equalities (6.21) and (6.22), then the homogeneity of Fj, one obtains that the divisor
X*H' NV in V/ is defined by the following equation:

1%, 15 1% 1 ! Ix 1 ~/ 1% 1 1% _x
XTEP = Fs(X 2y, 250 X, T X)) X s

= X/*xllé' |:F5(17 57//2,17 R 75§V,1) + X/*xll hll])

—
Ik __I%x 1% 41
X T w.

where h} is defined by:

/1 .— X/*xll—é—l ) X/*T*F>6a
and, similarly to h{, is actually a (germ of) regular function on Vj along Z%, NVY, since the pull-back
X'*7*Fss vanishes at order § + 1 on the exceptional divisor Z%,.

Consequently the divisor H' N Vi =(X"H' — Z§)NnV{ in V] is defined by the following equation:
—
(6.30) X u ) = Fs(1,25 1,..., Ty ,) + X2 hh.
L
H/C!
Similarly to the function w on Vi, a function w} on V; may be defined as follows:

Now let us describe locally the vector bundle w near Q'
wll = F5(]~a E/2,17 ) E3\/,1) + X/*Illhll'

Since the homogeneous polynomial Fs has non-zero discriminant, there exists an integer j in
{2,..., N} such that the derivative:
851,1F5(17 §/2,17 cee 7§IN,1)

does not vanish at Q’. Without loss of generality, we may assume that j = 2. Moreover, since x"*z
vanishes at Q' because Q' is in £}/, the partial derivative dz, ,w] also does not vanish.

Consequently some neighborhood W of @’ in V{ admits as coordinate system:
(Trf/:g/la X/*x,h wllv 5;},17 s 75§V,1)'
In this coordinate system, the restriction to W of the equation (6.30) defining the divisor H' NV

in V/ can be rewritten as follows:

(6.31) XLt = wi,
and therefore the divisor H' N W admits as coordinate system:
(W/*t/lv X,*x/la gé,h ceey %9\[,1)'
Moreover, it follows from equality (6.21) that the divisor with normal crossings H W in H'NW
is defined by the following equation:

%1%/ ey % 0
Xt =m*t T xy = 0.
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1

Consequently the vector bundle Wy, oW

of rank N — 1 admits the following local set of
generators:

([dﬂ-l*tll/ﬂ-/*t/l]’ X,* [dm/l/m/l]v [dig,lL SR [dgﬁ\f,l])v
which satisfy the following relation:

[dr/t/y /5 t'1] + X*[da} Jz}] = 0.
In particular, it admits the following local frame:

(6.32) (X" [da /1), [y o), - [dy 1 )-

6.4.3. Now let us describe the vector bundle v*w}l Jo Dear Q'. Using successively the definition of
the function hy on Vi, the commutativity of the diagram (6.23), and the definition of the function

hY on VY, one easily obtains the following equalities of functions on V7:

* * * —0—1 _ *x
U‘Vllhl = UIVII(X Ty X F>5)

_ X/* (Ill_é_l.T*F>§)

(6.33) = h}.
Consequently, using first the definition of the function w on Vi, then equalities (6.25), (6.26) and

(6.33), and finally the definition of the function w} on V{, one obtains the following equalities of
functions on V{:

UI*V{w = U‘*V{Fg(l, 5271, - 75]\/71) + UrW(X*$1.h1)
= F5(1,%5,..., T ) + X" 210}
(6.34) = wj.

Using first equality (6.34), then the chain rule applied to the coordinate system

— " _ _
(ﬂ—*thx L1, L2195+ 733]\7,1)

of V/, and then equalities (6.24), (6.25), and (6.26), we obtain the following expression for the partial
derivative dz;, wj in the local coordinate system (7/*t'1, x"*@, 75 1,..., %y 1) of V{:

I a_ *
Oz, w1 = O, , (v w)

_ 9. * * N o * * *
= O, , (v ™ 11).0yy Oy, w + Oz (Vfyy X 1) 0y Oxry w0
N
§ * o~ *
+ 85/211(’Ulvl/xjyl).vlvl/aijyl
=2

9. (= x o
= 87"’21 (x2,1)'v|Vl’a'E2,1w

— * )
= U‘V{a’czlw.

Consequently, since 85/2‘111)’1 does not vanish at @', we obtain that 0z, ,w does not vanish at v(Q’).

T2,1
We can therefore apply the results of Subsection 6.2 near @ := v(Q’) with ig := 2. This allows

. I * 1 : : B
us to describe a local frame of the vector bundle Vv Yo given by pulling back by Vi iavy the
1 . )
local frame (6.7) of the vector bundle w; e its components are:
Uiy X e /] = X [dx /2],

and for every jin {3,...,N}:

[Urﬁ,mvl,dij’ﬂ = [dig,l]
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As in Case 1 above, comparing this frame with the frame (6.32) for the vector bundle wk

H'/C'|H'"W
proves that, over H'NW, the isomorphism ¢ indeed extends to an isomorphism @ between the vector
Lok, 1 1 (o . sy . .
bundles v*w 5 Jc and w, o This concludes the proof of Proposition 4.1 in Case 2.
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