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Motivation (1)

Example

Volterra lattice eq. on V = k[un | n ∈ Z] : (char(k) = 0)

dun
dt

= unun+1 − un−1un , n ∈ Z

Underlying structure :
– eq. commutes with automorphism S : un 7→ un+1

– Poisson bracket {um, un} = (δm,n+1 − δm,n−1)umun compatible with S

Intuitively :
– Hamiltonian “h =

∑
m∈Z um = (

∑
m∈Z S

m)u0” ( ! ! !)



Motivation (2) – local lattice PA

Fix V a commutative algebra with Poisson bracket
(↪→ bilinear skewsymmetric map {−,−} : V × V → V + Leibniz rules + Jacobi identity)

Definition

(V, {−,−}) is a lattice Poisson algebra if it admits an automorphism S of
infinite order compatible with {−,−}, that is {S(a), S(b)} = S({a, b}).

Furthermore, it is local if, given a, b ∈ V , we have {Sn(a), b} = 0 for all but
finitely many n ∈ Z.

 can define the Laurent polynomial {aλb} :=
∑

n∈Z{Sn(a), b}λn.

 recover {a, b} := mResλ{aλb} by picking order λ0



Motivation (3) – equivalence

Fix V a commutative algebra with infinite order S ∈ Aut(V )

Theorem ([De Sole-Kac-Valeri-Wakimoto,’19])

There is a 1− 1 correspondence between the following structures on V :

local lattice Poisson algebra (with {−,−}) ;

multiplicative Poisson vertex algebra (with {−λ−}) ;

which is given by
{−,−} −→ {aλb} :=

∑
n∈Z{Sn(a), b}λn

{a, b} := mResλ{aλb} ←− {−λ−}

The second type of structure is obtained by translating properties :

compatibility with S ↔ sesquilinearity Leibniz rules ↔ left/right Leibniz rules
skewsymmetry ↔ “skewsymmetry” Jacobi identity ↔ “Jacobi identity”

Example (Volterra lattice)

{um, un} = (δm,n+1 − δm,n−1)umun is equivalent to

{uλu} = uλS(u)− uλ−1S−1(u) for u := u0



Motivation (4) – MPVA

Fix V a commutative algebra with infinite order S ∈ Aut(V )

Definition ([De Sole-Kac-Valeri-Wakimoto,’19,’20])

A multiplicative λ-bracket on V is a linear map
{−λ−} : V ⊗ V → V [λ±1], a⊗ b 7→ {aλb} , such that

{S(a)λb} = λ−1{aλb} , {aλS(b)} = λS({aλb}) , (sesquilinearity)

{aλbc} = {aλb}c+ b{aλc} , (left Leibniz rule)

{abλc} = {aλxc}
(
x=S

b
)

+
(
x=S

a
)
{bλxc} . (right Leibniz rule)

V is a multiplicative Poisson vertex algebra if moreover
{aλb} = −

∣∣
x=S
{bλ−1x−1a} , (skewsymmetry)

{aλ{bµc}} − {bµ{aλc}} − {{aλb}λµc} = 0 . (Jacobi identity)



Motivation (5) – D∆E

Fix V a multiplicative Poisson vertex algebra (for S, {−λ−})
Let V := V/(S − 1)V , with elements denoted

∫
f (“local functionals”)

Proposition ([De Sole-Kac-Valeri-Wakimoto,’19,’20])

We have that V is a Lie algebra for {
∫
f,
∫
g} :=

∫
{fλg}

∣∣
λ=1

Furthermore, V acts by derivations on V through {
∫
f, g} := {fλg}

∣∣
λ=1

and such derivations commute with S.

Example (Volterra lattice)

Recall {uλu} = uλS(u)− uλ−1S−1(u) for u := u0 on V = k[un | n ∈ Z]

Then
∫
u is such that

dun
dt

:= {
∫
u, un} =

(
(λS)n{uλu}

)∣∣∣
λ=1

= unun+1 − unun−1

(so
∫
u allows to make sense of “h =

∑
m Sm(u)” )



Plan for the talk

1 Definition and properties of DMPVA

2 Application to integrable systems

3 Non-local and rational cases



Double Poisson brackets (1)

V denotes an associative unital algebra over k

For d ∈ V⊗2, set d = d′ ⊗ d′′(=
∑

k d
′
k ⊗ d′′k), and dσ = d′′ ⊗ d′ (⊗ = ⊗k)

Multiplication on V⊗2 : (a⊗ b)(c⊗ d) = ac⊗ bd.

Definition ([Van den Bergh,double Poisson algebras,’08])

A double bracket on V is a k-linear map {{−,−}} : V⊗2 → V⊗2 with

1 {{a, b}} = − {{b, a}}σ (“cyclic” skewsymmetry)

2 {{a, bc}} = (b⊗ 1) {{a, c}}+ {{a, b}} (1⊗ c) (left Leibniz rule)

3 {{ac, b}} = (1⊗ a) {{c, b}}+ {{a, b}} (c⊗ 1) (right Leibniz rule)

To shorten notations, use the V-bimodule structures on V⊗2

a(d′ ⊗ d′′)b := ad′ ⊗ d′′b , a ∗ (d′ ⊗ d′′) ∗ b := d′b ⊗ ad′′

⇒ {{a, bc}} = b {{a, c}}+ {{a, b}} c , {{ac, b}} = a ∗ {{c, b}}+ {{a, b}} ∗ c
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Double Poisson brackets (2)

Let V be equipped with a double bracket {{−,−}}

Definition ([Van den Bergh,’08], [De Sole-Kac-Valeri,’15])

(V, {{−,−}}) is a double Poisson algebra if ∀a, b, c ∈ V

{{a, {{b, c}}}}L − {{b, {{a, c}}}}R − {{{{a, b}} , c}}L = 0 . (double Jacobi identity)

for {{a, b′ ⊗ b′′}}L = {{a, b′}} ⊗ b′′, {{a, b′ ⊗ b′′}}R = b′ ⊗ {{a, b′′}},
for {{a′ ⊗ a′′, b}}L = {{a′, b}} ⊗1 a

′′ := {{a′, b}}′ ⊗ a′′ ⊗ {{a′, b}}′′.

On rep. space : a ∈ V  “matrix entry” aij ∈ VN := C[Rep(V, N)]

Theorem ([Van den Bergh,’08])

If (V, {{−,−}}) is a double Poisson algebra, then VN has a unique Poisson
bracket {−,−} satisfying

{aij , bkl} = {{a, b}}′kj {{a, b}}
′′
il .
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(squared) NC Volterra lattice

Example

V = k〈un | n ∈ Z〉 has double Poisson bracket

{{um, un}} = (δm,n+1 − δm,n−1)unum ⊗ umun

Thm. ⇒ VN = k[un,ij | n ∈ Z, 1 ≤ i, j ≤ N ], N ≥ 1, has a Poisson bracket

{um,ij , un,kl} = (δm,n+1 − δm,n−1)(unum)kj (umun)il

For N = 1, V = k[ûn := un,11 | n ∈ Z] ' V1 has Poisson bracket

{ûm, ûn} = (δm,n+1 − δm,n−1)ûmûn ûnûm = (δm,n+1 − δm,n−1)û2mû2n

(This is the square of the PB for Volterra lattice)

Note : the double Poisson structure is compatible with S : un 7→ un+1

 lattice double Poisson algebra



Local lattice DPA

(From now on, mainly follow [F.-Valeri,’21 / arXiv :2110.03418])

Definition

(V, {{−,−}}) is a lattice double Poisson algebra if it admits an infinite order
automorphism S ∈ Aut(V) compatible with its double Poisson bracket :

{{S(a), S(b)}} = S({{a, b}}) := S⊗2 {{a, b}}.

Furthermore, it is local if, given a, b ∈ V, we have {{Sn(a), b}} = 0 for all
but finitely many n ∈ Z.

 Laurent polynomial {{aλb}} :=
∑

n∈Z {{Sn(a), b}}λn ∈ V⊗2[λ±1].

 recover {{a, b}} := mResλ {{aλb}} by picking order λ0



NC equivalence

Fix V an associative algebra with infinite order S ∈ Aut(V)

Theorem ([F.-Valeri,’19])

There is a 1− 1 correspondence between the following structures on V :

local lattice double Poisson algebra (with {{−,−}}) ;

double multiplicative Poisson vertex algebra (with {{−λ−}}) ;

which is given by
{{−,−}} −→ {{aλb}} :=

∑
n∈Z {{Sn(a), b}}λn

{{a, b}} := mResλ {{aλb}} ←− {{−λ−}}

The second type of structure is obtained by translating properties :

compatibility with S ; Leibniz rules ; “cyclic” skewsymmetry ; double Jacobi identity

Example (squared Volterra lattice)

{{um, un}} = (δm,n+1 − δm,n−1)unum ⊗ umun on V = k〈un | n ∈ Z〉
{{uλu}} =

∑
ε=±1 ε uS

ε(u)⊗ Sε(u)u λε for u := u0



double MPVA

Fix V an associative algebra with infinite order S ∈ Aut(V)

Definition ([F.-Valeri,’21], see also [Casati-Wang,’21])

A double multiplicative λ-bracket on V is a linear map
{{−λ−}} : V⊗2 → V⊗2[λ±1], a⊗ b 7→ {{aλb}} , such that

{{S(a)λb}} = λ−1 {{aλb}} , {{aλS(b)}} = λS({{aλb}}) , (sesquilinearity)

{{aλbc}} = {{aλb}} c+ b {{aλc}} , (left Leibniz rule)

{{abλc}} = {{aλxc}} ∗1
(
x=S

b
)

+
(
x=S

a
)
∗1 {{bλxc}} . (right Leibniz rule)

V is a double multiplicative Poisson vertex algebra if moreover
{{aλb}} = −

∣∣
x=S
{{bλ−1x−1a}}σ , (skewsymmetry)

{{aλ {{bµc}}}}L − {{bµ {{aλc}}}}R −
{{
{{aλb}}λµ c

}}
L

= 0 . (Jacobi identity)

for {{aλb′ ⊗ b′′}}L = {{aλb′}} ⊗ b′′, {{aλb′ ⊗ b′′}}R = b′ ⊗ {{aλb′′}},
for {{a′ ⊗ a′′λb}}L = {{a′λxb}} ⊗1

(
x=S

a′′
)
.

There is a master formula to write {{−λ−}} easily, e.g. with generators



Link to representation spaces (1)

Recall V  VN parametrised by “matrix entries” aij , a ∈ V, 1 ≤ i, j ≤ N
Extend S ∈ Aut(V) through S(aij) = (S(a))ij

Theorem ([F.-Valeri,’21])

Assume that {{−λ−}} is a double multiplicative λ-bracket on V. Then there
is a unique multiplicative λ-bracket on VN which satisfies

{aij λbkl} =
∑
n∈Z

(anb)
′
kj(anb)

′′
ilλ

n ,

where {{aλb}} =
∑
n∈Z

((anb)
′ ⊗ (anb)

′′)λn .

Furthermore, if (V, {{−λ−}}) is a double multiplicative Poisson vertex
algebra, then (VN , {−λ−}) is a multiplicative Poisson vertex algebra.



Link to representation spaces (2)

Combining this Theorem with the one of Van den Bergh + equivalences :

(V, {{−,−}} , S) (V, {{−λ−}} , S)

(VN , {−,−}, S) (VN , {−λ−}, S)

Equiv of [F-V,’21]

Equiv of [DS-K-V-W,’19]

Thm of [VdB,’08] Thm of [F-V,’21]

Theorem ([F.-Valeri,’21])

This diagram commutes.



Plan for the talk

1 Definition and properties of DMPVA

2 Application to integrable systems∗

3 Non-local and rational cases

∗ Initiated in [Casati-Wang,’21] for V = R〈ui,n | i ∈ I, n ∈ Z〉, S(ui,n) = ui,n+1

Ideas follow the application of DPVA from [De Sole-Kac-Valeri,’15]



Trace map and associated Lie bracket

Fix V a double multiplicative Poisson vertex algebra (for S, {{−λ−}})

Let F := V/
(
(S − 1)V + [V,V]

)
, with elements denoted

∫
f

f ∈ V 7→ tr(f) ∈ V/[V,V]︸ ︷︷ ︸
trace functions

7→
∫
f ∈ F︸ ︷︷ ︸

local functionals

Proposition ([F.-Valeri,’21])

We have that F is a Lie algebra for {
∫
f,
∫
g} :=

∫
m {{fλg}}

∣∣
λ=1

(extend multiplication m : V⊗2 → V as map m : V⊗2[λ±1]→ V[λ±1])

Furthermore, F acts by derivations on V through {
∫
f, g} := m {{fλg}}

∣∣
λ=1

and such derivations commute with S.

⇒ {
∫
f1, {

∫
f2,−}} − {

∫
f2, {

∫
f1,−}} = {{

∫
f1,
∫
f2},−} on V



NC D∆E

Given
∫
f ∈ F , get a Hamiltonian equation on V :

du

dt
:= {

∫
f, u} = m {{fλu}}

∣∣
λ=1

∀u ∈ V .

⇒ NC differential-difference equation commuting with S

Example (squared Volterra lattice)

Recall that we have a DMPVA structure on V = k〈un〉, S(un) = un+1,
{{uλu}} =

∑
ε=±1 ε uS

ε(u)⊗ Sε(u)u λε for u := u0

Then
∫
u is such that

du

dt
:= {

∫
u, u} =

∑
ε=±1

ε u Sε(u2)u = uu21u− uu2−1u



Towards integrable systems

On DMPVA (V, {{−λ−}}) : {
∫
f1, {

∫
f2,−}}− {

∫
f2, {

∫
f1,−}} = {{

∫
f1,
∫
f2},−}

When are derivations Xk := {
∫
fk,−} on V commuting ?

e.g. {
∫
fj ,
∫
fk} = 0, ∀j, k

⇒ To have compatible D∆Es on V, need to find such local functionals !

First, we need examples of DMPVA to play with



NC polynomials in ` = 1 variable (1)

Fix V to be k〈un | n ∈ Z〉, S(un) = un+1. Set u := u0

Lemma

Any DMPVA structure with {{uλu}} ∈ V⊗2[λ±1] must satisfy
{{uλu}} =

∑
k∈Z(fkλ

k − S−kfσk λ−k), fk = fk(u, u1, . . . , uk)

Proposition ([VdB,’08 – Powell,’16])

Any DMPVA structure with {{uλu}} ∈ V⊗2 (no λ !) is s.t.
{{uλu}} = α(u⊗ 1− 1⊗ u) + β(u2 ⊗ 1− 1⊗ u2) + γ(u2 ⊗ u− u⊗ u2)
for αγ − β2 = 0.

Not interesting for integrability as {
∫
uk, u} = m

{{
ukλu

}}
|λ=1 = 0, ∀k ≥ 1



NC polynomials in ` = 1 variable (2)

Fix V to be k〈un | n ∈ Z〉, S(un) = un+1. Set u := u0
Introduce bullet product : (a′ ⊗ a′′) • (b′ ⊗ b′′) = a′b′ ⊗ b′′a′′

Proposition ([F.-Valeri,’21])

Any DMPVA structure with
{{uλu}} = g(u) • r(λS)g(u), r(z) ∈ k[z±1] s.t. r(z−1) = −r(z),

is such that g = (αu+ β)⊗ (αu+ β) for α, β ∈ k.

Proposition ([F.-Valeri,’21], [Casati-Wang,’21])

Any DMPVA structure with
{{uλu}} = fλk − S−k(f)λ−k, f ∈ V ⊗ V, k ≥ 1,

is such that f = g • Skg for g as above.

No easy commuting local functionals to identify...



NC polynomials in ` = 2 variables (1)

Fix V to be k〈un, vn | n ∈ Z〉, S(un) = un+1, S(vn) = vn+1.
Set u := u0, v := v0.

If e.g. {{uλu}} = 0, guaranteed that {
∫
uk,
∫
ul} = 0, ∀k, l ≥ 1

Proposition ([F.-Valeri,’21])

Any DMPVA structure on V of the form
{{uλu}} = 0 = {{vλv}}, {{uλv}} = gλk, g ∈ V⊗2

is given, modulo translation (u, v) 7→ (u+ α, v + β), by

(i) g = a 1⊗ 1, a ∈ k ;

(ii) g = a v ⊗ v, a ∈ k× ;

(iii) g = a uk ⊗ uk, a ∈ k× ;

(iv) g = a v ⊗ v + b [v ⊗ uk + uk ⊗ v] + b2

a uk ⊗ uk, a, b ∈ k× ;

(v) g = a vuk ⊗ ukv + b [vuk ⊗ 1 + 1⊗ ukv] + b2

a 1⊗ 1, a ∈ k×, b ∈ k.
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NC polynomials in ` = 2 variables (2)

The 5 DMPVA structures ({{uλv}} = gλk) on V = k〈un, vn | n ∈ Z〉 give
5 families of compatible D∆Es (for k ≥ 1 fixed) with d

dtj
:= 1

j {
∫
uj ,−}

Example

(i)
dv

dtj
= a uj−1k ,

du

dtj
= 0

(ii)
dv

dtj
= a vuj−1k v ,

du

dtj
= 0

(iii)
dv

dtj
= a uj+1

k ,
du

dtj
= 0

(iv)
dv

dtj
= a vuj−1k v + b(vujk + ujkv) +

b2

a
uj+1
k ,

du

dtj
= 0

(v)
dv

dtj
= a vuj+1

k v + b(vujk + ujkv) +
b2

a
uj−1k ,

du

dtj
= 0



NC polynomials in ` = 2 variables (3)

Slight generalisation of cases (iv)-(v) :

dv
dtj

= αvuj−1k v + (vujk + ujkv) + βuj+1
k , du

dtj
= 0 , j ∈ Z+ ,

These are compatible D∆Es.

They come from (
∫
uj) with skewsym. double mult. λ-bracket

{{uλu}} = 0 = {{vλv}} , {{uλv}} = (v⊗uk +uk⊗v+αv⊗v+βuk⊗uk)λk
This operation does not satisfy Jacobi identity when αβ 6= 1

⇒ There is a “weaker” version of DMPVA to get compatible D∆Es
(see Subsect. 6.4.3 in [F.-Valeri,’21], also Sect.5 in [Casati-Wang,’21])



Plan for the talk

1 Definition and properties of DMPVA

2 Application to integrable systems

3 Non-local and rational cases



Nonlocal DMPVA

Take the definition of DMPVA and use nonlocal map

{{−λ−}} : V⊗2 → V⊗2[[λ±1]], a⊗ b 7→ {{aλb}}

All properties still make sense !

Example

V = k〈un | n ∈ Z〉, S(un) = un+1. Set u := u0
We have a nonlocal DMPVA structure :

{{uλu}} :=
∑
n∈Z

sgn(n) (uun ⊗ unu)λn



Nonlocal DMPVA and rational operators

In [Casati-Wang,’21], different point of view with operators

e.g. H = ruSru − luSlu − 1
2aucu − 1

2cu
1+S
1−S cu

(for the non-commutative Narita-Itoh-Bogoyavlensky hierarchy)

to be interpreted as

{{uλu}} :=(1⊗ u)λS • (1⊗ u)− (u⊗ 1)λS • (u⊗ 1)

− 1

2
(u⊗ 1 + 1⊗ u) • (u⊗ 1− 1⊗ u)

− 1

2
(u⊗ 1− 1⊗ u)

1 + λS

1− λS
• (u⊗ 1− 1⊗ u)

√
all axioms are formally satisfied

X it does not define a nonlocal DMPVA due to Jacobi identity
using suitable expansion 1+λS

1−λS =
∑
n>0[(λS)

n − (λS)−n] for skewsymm.



Rational DMPVA

Use (positive) embedding of rational functions as Laurent series :
ι+ : k(z) ↪→ k((z)) = {

∑
n≥−N anz

n | an ∈ k} e.g. ι+(
1

1−z ) =
∑
n≥0 z

n

Rational
operators Q(V) := {

∑
f1ι+r1(S) • · · · • fnι+rn(S) • fn+1 ∈ (V ⊗ V)((S))}

adjoint A(S) 7→ A(S)∗ =
∑
fσn+1ι+rn(S−1) • · · · • fσ2 ι+r1(S−1) • fσ1

e.g. A(S) = ι+
1

1−S =
∑
n≥0 S

n  A(S)∗ = ι+
−S
1−S = −

∑
n≥1 S

n

Definition ([F.-Valeri,’21])

A rational double multiplicative λ-bracket on V is a double multiplicative
λ-bracket (i.e. sesquilinearity/Leibniz rules) with {{aλb}} = Aab(λ) being the
symbol of an element Aab(S) ∈ Q(V)

V is a rational double multiplicative Poisson vertex algebra if moreover
Aab(λ) = −Aba(λ)∗ (skewsymmetry) + (Jacobi identity) as before
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symbol of an element Aab(S) ∈ Q(V)

V is a rational double multiplicative Poisson vertex algebra if moreover
Aab(λ) = −Aba(λ)∗ (skewsymmetry) + (Jacobi identity) as before



A classification result

H(S) = (1⊗ u)ι+a(S) • (1⊗ u) + (1⊗ u)ι+b(S) • (u⊗ 1)
+(u⊗ 1)ι+c(S) • (1⊗ u)− (u⊗ 1)ι+a(S−1) • (u⊗ 1)

Theorem ([F.-Valeri,’21])

The pseudodifference operator H(S) induces a DMPVA structure of
rational type on V = k〈un | n ∈ Z〉 through {{uλu}} = H(λ) (symbol of H)

if and only if for some k ≥ 1 and p ∈ Z,
a(z) = zpa1(z

k) , a1(z) := α 1
1−z ,

b(z) = c(z) = b1(z
k) , b1(z) := β 1+z

1−z ,
where α, β ∈ k are such that α(2β + α) = 0.

Example (Casati-Wang operator)

Case k = 1, p = 2, α = −1, β = 1
2

H(S) = −ruι+ S2

1−S • ru + 1
2
ruι+

1+S
1−S • lu + 1

2
luι+

1+S
1−S • ru − luι+

S−1

1−S • lu
= (ruS • ru − luS

−1 • lu)− 1
2
au • cu − 1

2
cuι+

1+S
1−S • cu



Thank you for your attention !
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