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Motivation (1)

Example

Volterra lattice eq. on V =Kk[uy, | n € Z] : (char(k) = 0)
duy,
E = UpUp+1 — Un—1Un, N E Z

Underlying structure :
— eq. commutes with automorphism S': u, — uy11
— Poisson bracket {wm,, un} = (dmn+1 — Omn—1)Umuy, compatible with S

Intuitively :
— Hamiltonian "h =3 7ty = (3,75 )uo” (111)



Motivation (2) — local lattice PA

Fix V' a commutative algebra with Poisson bracket
(< bilinear skewsymmetric map {—, —} : V X V — V + Leibniz rules + Jacobi identity)

Definition
(V,{—,—1}) is a lattice Poisson algebra if it admits an automorphism S of
infinite order compatible with {—, —}, that is {S(a), S(b)} = S({a, b}).

Furthermore, it is local if, given a,b € V, we have {S"(a),b} = 0 for all but
finitely many n € Z.

4

~~ can define the Laurent polynomial {a\b} := > _,{S"(a),b}\".

recover {a,b} := mResy{a\b} by picking order \°



Motivation (3) — equivalence
Fix V' a commutative algebra with infinite order S € Aut(V)
Theorem ([De Sole-Kac-Valeri-Wakimoto, '19] )
There is a1 — 1 correspondence between the following structures on V' :
@ local lattice Poisson algebra (with {—,—1});
e multiplicative Poisson vertex algebra (with {—x—1});

which is given by

{77 *} — {Cl)\b} = ZnEZ{Sn(a)a b})\n
{a,b} := mResy{a b} «— {—r—}

The second type of structure is obtained by translating properties :

compatibility with S <> sesquilinearity Leibniz rules < left/right Leibniz rules
skewsymmetry < “skewsymmetry” Jacobi identity <» “Jacobi identity”

Example (Volterra lattice)

{tm, un} = (6mnt+1 — Omn—1)umly is equivalent to
{upu} = uAS(u) —uA"1S~(u) for u = ug




Motivation (4) — MPVA

Fix V' a commutative algebra with infinite order S € Aut(V)

Definition ([De Sole-Kac-Valeri-Wakimoto,'19,'20] )

A multiplicative A-bracket on V' is a linear map
{—2=}: VeV = VA, a®b {axb}, such that

{S(a)rb} = A Haxb}, {anS(b)} = AS({axb}), (sesquilinearity)
{axbc} = {arb}c + b{axc}, (left Leibniz rule)

{ab,\c} = {a)\xc}(‘x:sb) + (‘ Sa){beC}. (right Leibniz rule)

r=

V' is a multiplicative Poisson vertex algebra if moreover
{a)b} = —‘x:S{b)\—lx—la}, (skewsymmetry)
{ax{buc}} — {bu{arc}} — {{arb}ruc} =0. (Jacobi identity)




Motivation (5) — DAE

Fix V' a multiplicative Poisson vertex algebra (for S, {—x—1})
Let V :=V/(S — 1)V, with elements denoted [ f (“local functionals")

Proposition ([De Sole-Kac-Valeri-Wakimoto,'19,'20] )
We have that V is a Lie algebra for  {[f, [g} := [{fag}],_,

Furthermore, V' acts by derivations on V through { [ f,g} := {f,\g}}/\:1
and such derivations commute with S.

Example (Volterra lattice)
Recall {uyu} = uAS(u) —uA"1S~(u) for u :=wug on V =Kk[u, | n € Z]
Then [u is such that

dun B n B
- = {[u,un} = (()\S’) {u,\u}) ‘/\:1 = W1l — U1l

(so [u allows to make sense of “h =3 5™ (u)" )




Plan for the talk

@ Definition and properties of DMPVA
@ Application to integrable systems
© Non-local and rational cases



Double Poisson brackets (1)

V denotes an associative unital algebra over k

Forde V®? setd=d @d"(=Y ,d,®@d}),and d° =d" ®@d (=)
Multiplication on V2 : (¢ ® b)(c ® d) = ac @ bd.

Definition ([Van den Bergh,double Poisson algebras, 08] )

A double bracket on V is a k-linear map {—, —} : V¥2 — V2 with
QO {a,b} =— {b,a}}’ (“cyclic” skewsymmetry)
Q {a,be}=0b21){a,c}+ {a,b} 1®c) (left Leibniz rule)
O {ac, b} =1 ®a){c,b} + {a,b} (c®1) (right Leibniz rule)

v



Double Poisson brackets (1)

V denotes an associative unital algebra over k

Forde V®? setd=d @d"(=Y ,d,®@d}),and d° =d" ®@d (=)
Multiplication on V2 : (¢ ® b)(c ® d) = ac @ bd.

Definition ([Van den Bergh,double Poisson algebras,'08])

A double bracket on V is a k-linear map {—, —} : V¥2 — V2 with

QO {a,b} =— {b,a}}’ (“cyclic” skewsymmetry)
Q {a,be}=0b21){a,c}+ {a,b} 1®c) (left Leibniz rule)
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v

To shorten notations, use the V-bimodule structures on V®2

a(d @ d")b:=ad @d"b, ax(d®d)xb:=db®ad
= {a,bc} =b{a,c}+ {a,b}c, fac,b} = ax {c, b} + {a, b} ¢



Double Poisson brackets (2)

Let V be equipped with a double bracket {—, —}

Definition ([Van den Bergh,'08], [De Sole-Kac-Valeri,'15])
(V,{—,—1}) is a double Poisson algebra if Va,b,c € V

{a,{b,c}}, — {0, fa,c}}r — {{a,b},c}, =0. (double Jacobi identity)

for {a, b @V}, =f{a, '}V, {a, b @b"}, =0 ® {a, 0"},
{d ®a",b}, = {a',b} @1 a" = {d,b} ®a’ @ {a’,b}".
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(V,{—,—1}) is a double Poisson algebra if Va,b,c € V
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v

On rep. space : a €V ~ "matrix entry” a;; € Vi := C[Rep(V, N)]

Theorem ([Van den Bergh,'08])

If (V,{—,—1}) is a double Poisson algebra, then Vy has a unique Poisson
bracket {—, —} satisfying

{aij, bu} = {a, b}, fa, b} -




(squared) NC Volterra lattice

Example
V = k(uy, | n € Z) has double Poisson bracket

{{Umv Un} = (5m,n+1 - 5m,n71)unum & U Unp,

Thm. = Vn =k[u,ij | n € Z,1 <i,j < NJ], N > 1, has a Poisson bracket

{um,ija un,kl} = (6m,n+1 - 5m,n—1)(unum)kj (umun>zl

For N =1, V =k[ty := up11 | n € Z] >~V has Poisson bracket

{&ma ﬂn} = (6m,n+1 - 5m,n71)aman Up Uy = (5m,n+1 - 6m,n71)a2nﬂi

(This is the square of the PB for Volterra lattice)

Note : the double Poisson structure is compatible with S : uy, — w41
~ lattice double Poisson algebra



Local lattice DPA

(From now on, mainly follow [F.-valeri,”21 / arXiv :2110.03418])

Definition
(V,{—,—1}) is a lattice double Poisson algebra if it admits an infinite order
automorphism S € Aut()) compatible with its double Poisson bracket :

{5(a), S(0)} = S({a,b}) := 592 {a,b}.
Furthermore, it is local if, given a,b € V, we have {S"(a),b} = 0 for all
but finitely many n € Z.

~~ Laurent polynomial {a b} := ", ., {S™(a),b} A" € VE2AEL].

recover {a,b} := mRes) {a)b} by picking order \°



NC equivalence

Fix V an associative algebra with infinite order S € Aut(V)

Theorem ([F-valeri,'19])

There is a1 — 1 correspondence between the following structures on V) :
@ local lattice double Poisson algebra (with {—,—1});
@ double multiplicative Poisson vertex algebra (with {—x—1});

which is given by
{_a _}} — {akb}} = ZnEZ {Sn(a)v b]} A"
{a,b} ;== mResy {arb} «— {—r—}

The second type of structure is obtained by translating properties :

compatibility with .S'; Leibniz rules; “cyclic’ skewsymmetry ; double Jacobi identity

Example (squared Volterra lattice)
fum, un} = Omnt1 — Ompn—1)Untm @ Umuy, on V =k(u, | n € Z)
furu} =5 1 euS(u) ® S (u)u X for u := wy




double MPVA

Fix V an associative algebra with infinite order S € Aut(V)
Definition ([F-Valeri,21], see also [Casati-Wang,21])
A double multiplicative A\-bracket on V is a linear map
{—=3:V®2 5 VO2NE D @b {anb) , such that
{S(a)b} = A {andb} , LarSO)} = AS({axd}), (sesquilinearity)
{{a,\bc} = {{a)\b} c+b {{a)\C} , (left Leibniz rule)
{abye} = Lanzc) =1 (‘ Sb> + (‘ Sa) x1 {bazcl} . (right Leibniz rule)

V is a double multiplicative Poisson vertex algebra if moreover
farb} = _‘x:S {or-1,-1a}7 , (skewsymmetry)
far {buch Y, — by farch - {{{{a,\b}}/\u c}}L —0. (Jacobi identity)

for fa b’ @0}, = {arxd'} @b, {art/ @b"}, =" @ {axd"'},
{a’ ® a0}, = {a’ b} @1 (‘ _Sa").

There is a master formula to write {—x—J} easily, e.g. with generators



Link to representation spaces (1)

Recall V ~~ Vy parametrised by “matrix entries” a;j, a €V, 1 <14, < N
Extend S € Aut(V) through S(a;;) = (S(a))ij
Theorem ([F -Valeri,21])

Assume that {—x—}} is a double multiplicative \-bracket on V. Then there
is a unique multiplicative \-bracket on Vy which satisfies

{aijabu} = (and)i;(anb)h A",
ne”z

where fab} = ((anb)’ ® (anb)")A\".

nez

Furthermore, if (V,{—x—1}) is a double multiplicative Poisson vertex
algebra, then (Vn,{—x—}) is a multiplicative Poisson vertex algebra.




Link to representation spaces (2)

Combining this Theorem with the one of Van den Bergh + equivalences :

Equiv of [F-v,21]

(V,{{—,—}},S) < (V,{—)\—}},S)

Thm of | [VdB,'08] Thm of | [F-V.21]

Equiv of [DS-K-V-w,'19]
(VN7{*7*}aS) (VN’{*A*}VS)

Theorem ([F-valeri,21])

This diagram commutes.




Plan for the talk

@ Definition and properties of DMPVA
@ Application to integrable systems”

© Non-local and rational cases

* Initiated in [Casati-Wang,'21] for V = ]R(um,, liel,neZ) S(uin) = Ui 41
Ideas follow the application of DPVA from [De Sole-Kac-Valeri,'15]



Trace map and associated Lie bracket
Fix V a double multiplicative Poisson vertex algebra (for S, {—x—})
Let F:=V/((S— 1)V + [V,V]), with elements denoted [ f

fev — w(f)ev/V,V] — [feF
N——

trace functions local functionals

Proposition ([F.-Valeri, 21])
We have that F is a Lie algebra for  {[f, [g}:= [m{frg}|,_,

(extend multiplication m : V®? — V as map m : V2 \F!] = Y[AF!))

Furthermore, F acts by derivations on V' through { [ f, g} := m{ frg} ‘/\:1
and such derivations commute with S.

= AJhAlR - =S - ={[h [} -} onV



NC DAE

Given [f € F, get a Hamiltonian equation on V :

du
E::{ff,u}:m{{f)\u}}!k:l YueV.
= NC differential-difference equation commuting with S

Example (squared Volterra lattice)

Recall that we have a DMPVA structure on V = k(uy,), S(un) = tn41,
furu} =>4 euS(u) ® S (u)u X° for u := wy

Then [u is such that

d
ditt ={fu,u} = Z ew S (u?) u = uudu — uu? ju
e=*x1




Towards integrable systems

On DMPVA (V. {—x=}) : {J fr. {[ o, =1} = {J . AU S, =1} = {S Fu. [ 2}, =}

When are derivations Xy := { [ fz, —} on V commuting?

eg {Jfi, [fe} =0,V k

= To have compatible DAEs on V, need to find such local functionals!

First, we need examples of DMPVA to play with



NC polynomials in ¢ = 1 variable (1)

Fix V to be k(uy, | n € Z), S(un) = upt+1. Set u := wy

Lemma

Any DMPVA structure with {uyu} € VE2[A\T1] must satisfy
furu} =D pen(fiN" = STFFANTH), fo = falu,ua, .. ug)

Proposition ([vdB,'08 - Powell,'16])
Any DMPVA structure with {uyu} € V2 (no \!) is s.t.

fuyu} =a(u®1l—-10u) + B ®1 -1 u?) +vy(u? @ u —u® u?)
for ay — 2 = 0.

Not interesting for integrability as { [u*, u} = m {uful} [\21 =0, V& > 1



NC polynomials in ¢ = 1 variable (2)

Fix V to be k{u, | n € Z), S(uy) = upn41. Set u := ug
Introduce bullet product : (a’ ® a”) e (V/ @ V") = 't/ @ b"a”

Proposition ([F-Valeri, 21])
Any DMPVA structure with

{urul} = g(u) e r(AS)g(u), r(z) € k[zF] s.it. r(271) = —r(2),
is such that g = (au + B) ® (au + B) for a, B € k.

Proposition ([F.-Valeri,21], [Casati-Wang,'21])
Any DMPVA structure with

fuau) = fAF —SH(HAF, fevev k>1,
is such that f = g e Skg for g as above.

No easy commuting local functionals to identify...



NC polynomials in ¢ = 2 variables (1)

Fix V to be k(uy, v, | n € Z), S(upn) = tnt1,S(vn) = Upy1.
Set u := ug, v := vyg.

If e.g. {uru}} = 0, guaranteed that { [u¥, [ul} =0, Vk,1> 1



NC polynomials in ¢ = 2 variables (1)

Fix V to be k(uy, v, | n € Z), S(upn) = tnt1,S(vn) = Upy1.
Set u := ug, v := vg.

If e.g. {uru}} = 0, guaranteed that { [u¥, [ul} =0, Vk,1> 1

Proposition ([F.-valeri,21])
Any DMPVA structure on V of the form

fupul} = 0= fuav}, furv} =g\, geV*?
is given, modulo translation (u,v) — (u+ a,v + f3), by

(i) g=al®l,ack;
(i) g=av®v, a € k™,

(iii)

(iv) g:av®v+b[v®uk+uk®v]—i—%uk@uk, a,bek”;

(v) g:avuk®ukv+b[vuk®1+l®ukv]+%1@1,aekx,bek.

g=auu, a€k*;




NC polynomials in ¢ = 2 variables (2)

The 5 DMPVA structures ({u v} = gA¥) on V = k(uy, v, | n € Z) give

5 families of compatible DAEs (for £ > 1 fixed) with % = %{fuj, -}
J

Example
dv ; du
j—1
_— = _— = 0
O T
dv ~ du
— J—1
ek 20
(i) i avuy, v, i,
... dv i+1 du
(ZZ'L) % = aufc s % 0
dv - - - v du
(iv) i avuy, v+ b(vug, + upv) + Uk i
dv i1 ; ; 2 g du
(v) %j:avui U—HJ(vugg%—uiv)—qufg , %:0




NC polynomials in ¢ = 2 variables (3)

Slight generalisation of cases (iv)-(v) :

dv __ Jj—1 J J Jj+1 du __ .
& = avuy v+ (vuy, + ugv) + Buy @—0, j €Ly,

These are compatible DAEs.

They come from ( [u’) with skewsym. double mult. A\-bracket
furu} = 0= {orv}, furv} = (v@up +up Qv+ v v+ fug @up)NF
This operation does not satisfy Jacobi identity when af # 1

= There is a “weaker" version of DMPVA to get compatible DAEs
(see Subsect. 6.4.3 in [F.-Valeri,'21], also Sect.5 in [Casati-Wang,'21])



Plan for the talk

@ Definition and properties of DMPVA
@ Application to integrable systems
© Non-local and rational cases



Nonlocal DMPVA

Take the definition of DMPVA and use nonlocal map

(==} : V22 S VDY a®b i {arb}

All properties still make sense !

Example

V =k(u, | n €Z), S(up) = tupt+1. Set u = ug
We have a nonlocal DMPVA structure :

{uru}} = Z sgn(n) (v, @ upu) A"

neEL




Nonlocal DMPVA and rational operators

In [Casati-Wang, 21], different point of view with operators

e.g. H =r,Sr, — 1,51, Qaucu — %cu i+§cu

(for the non-commutative Narita-ltoh-Bogoyavlensky hierarchy)

to be interpreted as
{furul} =1 @u)ASe(1®u)— (u@1)AS e (u®1)

1
——(uel+lu)e(u®l—1®u)

2

1 14+ AS
CCu®l-1

2(u® ®u)1_)\5

e(u®1l—-1®u)

all axioms are formally satisfied
X it does not define a nonlocal DMPVA due to Jacobi identity

using suitable expansion 132 = Y nsol(AS)™ = (AS) "] for skewsymm.




Rational DMPVA

Use (positive) embedding of rational functions as Laurent series :
Ly k(z) = k((2) = {an—N an2" | an €k} eg i (25) =350 2"

Rational

operators Q(V) :={>_ fityri(S)e---e friir,(S)e frr1 € VOV)((5))}

adjoint A(S) — A(S)* =3 fo qtern(S7) e 0 fTuiri(S7Y) e f7
eg A(S) =ttt =2,508" ~ AS) =g =5 5"



Rational DMPVA

Use (positive) embedding of rational functions as Laurent series :
Ly k(z) = k((2) = {an—N an2" | an €k} eg i (25) =350 2"

Rational

operators Q(V) :={>_ fityri(S)e---e friir,(S)e frr1 € VOV)((5))}

adjoint A(S) — A(S)* = [T qtqrn(S™ ) e 0 fTuiri(S71) e f7
eg A(S) =125 =2 ,505" ~ A(S) = L+% == 2n>1 5"

Definition ([F-Valeri,21])

A rational double multiplicative A-bracket on V is a double multiplicative
A-bracket (i.e. sesquilinearity/Leibniz rules) with {axb} = Aup(N) being the
symbol of an element A, (S) € Q(V)

V is a rational double multiplicative Poisson vertex algebra if moreover
Aap(A) = —Apa(N)* (skewsymmetry) + (Jacobi identity) as before




A classification result

H(S) = (1®u)ra(S) e (1@ u) + (1@ u)b(S) e (u® 1)
Hu®)pe(S) e (1ou) — (u@era(S™) e (u®1)

Theorem ([F-valeri,21])

The pseudodifference operator H(S) induces a DMPVA structure of
rational type on V = k(uy, | n € Z) through {uyu}} = H()\)  (symbol of H)
if and only if for some k > 1 and p € Z,

a(z) = 2Pay (%), a1(2) = a,

b(z) = c(2) = bi(z"), bi(2) = B2,
where a, B € k are such that a(2f + a) = 0.

Example (Casati-Wang operator)
Casekzl,p:Q,a:_l,ﬁ:%

S2 1 148 1 148 s~
H(S) = —ruty 775 @ 1o + 5Tult +5 o1, + §luL+1f—S o1y, —lyty 5ol

1-5
= (tuSer, — 1,87t ol,)— %au eC, — %cuw% ecCy,




Thank you for your attention!

Maxime Fairon
Maxime.Fairon@glasgow.ac.uk — M.Fairon@lboro.ac.uk

https://www.maths.gla.ac.uk/~mfairon/
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