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& : A stupid shuffle

Method :
» Spread the cards on a table ;
» Select one card uniformly at random ;

» Select a second card uniformly at ran-
dom ;

» Swap the cards if different ;
» Otherwise, do not do anything.
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& : A stupid shuffle

Method :
» Spread the cards on a table ;
» Select one card uniformly at random ;
» Select a second card uniformly at ran-
dom ;
» Swap the cards if different ;
» Otherwise, do not do anything.
Interpretation :

» uy = uniform measure on transposi-
tions in Ssg ;
51 1
» u=—py+—>0id;
y’ 52 ,thr 52 id »
» Random walk on S5o with driving prob-

ability u.
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& : A stupid shuffle

Question : Does this acutally mix the cards ?
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& : A stupid shuffle

Question : Does this acutally mix the cards ?

After k iterations, the distribution is given by

wk A ok ({(01,---,ak)€S§2|01---Uk €A}).
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& : A stupid shuffle

Question : Does this acutally mix the cards ?

After k iterations, the distribution is given by

wk A ok ({(01,---,ak)€S§2|01---Uk GA}).

The deck will eventually be well mixed :

The sequence ** converges weakly to the Haar measure of Sss.
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& : A stupid shuffle

Question : How fast ?

1
Set |u—vlrv = sup |uA)—v(A)| =-llp—vl1
AcSy 2
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& : A stupid shuffle

Question : How fast ?

1
Set |u—vlrv = sup |uA)—v(A)| =-llp—vl1
AcSy 2

Theorem (DIACONIS-SHAHSHAHANTI)
Set kny = NIn(N)/2. For any € > 0,

0

,u*r(l_e)kN]—Haar" 1 & |
v

u*[(1+e)km —Haar”
TV N—-+oco
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& : A stupid shuffle

Question : How fast ?

1
Set |u—vlrv = sup |uA)—v(A)| =-llp—vl1
AcSy 2

Theorem (DIACONIS-SHAHSHAHANTI)
Set kny = NIn(N)/2. For any € > 0,

0

This is the cut-off phenomenon :

,u*r(l_e)kN]—Haar" 1 & |
v

u* [(A+e)kn] _ Haar”
TV N—-+oco

F — Haar|)
/ TV

] o(ky)
kn i k
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& : A stupid shuffle

We can zoom in on the phase transition :

Theorem (TEYSSIER)

For any ceR,

IJ* [kxy+cN1 _ Haar” r ||Poiss(1 +e ) — POiSS(l)”TV .

V N—+oo

K

25 3

1 15 2
(=Jel(+)
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& : A stupid shuffle

We can zoom in on the phase transition :

Theorem (TEYSSIER)

For any ceR,

IJ* [kxy+cN1 _ Haar” r ||Poiss(1 +e ) — POiSS(l)”TV .

V N—+oo
0.s
- - 1 - . rasprssess sons ey
(=)6e+)
This is the cutoff profile.
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& : A stupid shuffle

Interpretation of the cutoff time :
» Assume all products of & transpositions are different ;
» Then (N(N-1)F =N!~Fk~T;
» Extra In(NV) = simplifications.
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& : A stupid shuffle

Interpretation of the cutoff time :
» Assume all products of & transpositions are different ;
» Then (N(N-1)F =N!~Fk~T;
» Extra In(NV) = simplifications.
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& : A stupid shuffle

Interpretation of the cutoff time :
» Assume all products of & transpositions are different ;
» Then (N(N-1)F =N!~Fk~T;
» Extra In(NV) = simplifications.

Interpretation of HPoiss(l +e %) — Poiss(l)HTV :

» Poiss(1) = law of fixed points ;

» i INIn)2+eN hag too many fixed points.
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@ : Playing cards in the quantum world
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@ : Playing cards in the quantum world

Quantum permutation group : C(S},) universal C*-algebra generated
by (p;;)i<i j<n such that

1. p},=pij=p};;

N N
2. ) pir=1=) ppj;
k=1 k=1
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@ : Playing cards in the quantum world

Quantum permutation group : C(S},) universal C*-algebra generated
by (p;;)i<i j<n such that

1. p},=pij=p};;

N N
2. ) pir=1=) ppj;
k=1 k=1

Abelianization : 7, : C(S}) — C(Sy) is given by p;j — (0 — 853:);)-

A. FRESLON, L. TEYSSIER & S. WANG How to (badly) quantum shuffle cards



@ : Playing cards in the quantum world

Observation : F = expectation onto central functions.
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@ : Playing cards in the quantum world

Observation : F = expectation onto central functions.
f f(0)dpe(o) = f f f(ror dpg(o)dr
SN Sy JSn
_ f ( f(mfl)dr) dpee(0)
Sy \JSy

_ f E(F)dpe(0).
SN
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@ : Playing cards in the quantum world

Observation : F = expectation onto central functions.
f f(0)dpe(o) = f f f(ror dpg(o)dr
SN Sy JSn
_ f ( f(mfl)dr) dpee(0)
Sy \JSy

- f E(F)dper(0).
SN

Definition

Let E be the conditional expectation onto central functions. Then,
Py X — f T ap © E()d iy ().
SN

is a state on C(SX,), called the uniform measure on the quantum conjugacy
class of transpositions.
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< : Quantum transpositions

Set (ptk = (p®k A® | then

Theorem (F.-TEYSSIER-WANG)

Set hy = [k +cN/2]

@, —Haar ”
converges to

st

G _e*C

. 1 .
HDW (IVIelXJr (ﬁ, Te_c)) * 68’” —Me1x+(1,0)

TV

where Meix" are free Meixner laws.
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< : Quantum transpositions

Set (ptk = (p®k A® | then

Theorem (F.-TEYSSIER-WANG)

Set hy = [k +cN/2]

@, —Haar ”
converges to

st

G _e*C

. 1 .
HDW (IVIelXJr (\/ﬁ, Te_c)) * 6e—c —Me1x+(1,0)

TV

where Meix" are free Meixner laws.
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> : Coffee break

Question : But what are these “free Meixner laws” ?

|
ma

BlCYCLE. ...
BOB ww

THE UNITED STAY
PLAYTING CARD CON

N
U
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> : Coffee break

Question : But what are these “free Meixner laws” ?

mA

BlCYCLE. ...
A1 —r_ 2 s 008w
V4 +b)-(t—a) da :

Meix " (a,b)(t) = >
2m(bt2 +at+1) N
+ atoms.
THE UNITED STAY

PLAYTING CARD CON

N
U

» Meix*(0,0)=SC ;
» Meix*(1,0) =Poiss™(1,1).
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> : Coffee break

Question : But what are these “free Meixner laws”

BlCYCLE. ...
V41 +b)—(t—a)? =
Meix*(a,b)(t) = dt &>
eix" (a,b)(t) bR rat D D\
+ atoms.

THE UNITED STAY
PLAYTING CARD CON

N
U

» Meix*(0,0)=SC ;
» Meix*(1,0) =Poiss™(1,1).

Now that you are here : Orthogonal polynomials for Poiss*(1,1) :
Qo(X)=1,Q1(X)=X and

XQn(X) = Qn+1(X) + Qn(X) + Qn—l(X)-
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< : Quantum transpositions

For ¢ > 0, @, is absolutely continuous with respect to the Haar state :

*[kn+cN/2]

HC(SXI)* - % H Pir Haar

H (p:rrk N+eNE2] _faar

LY(S3)

(=Jbel(+)
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< : Quantum transpositions

For ¢ > 0, @, is absolutely continuous with respect to the Haar state :

*ky+eN/2] _ 1 H 1 H [y +eN/2]
—Haar =— —Haar
L wrky+eN/2)
< = —Haar
2 H Pir L2(S3)

(=Jbel(+)
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< : Quantum transpositions

For ¢ > 0, @, is absolutely continuous with respect to the Haar state :

o

#[kn+cN/2]
i —Haar

HC(SX,)* - % H(ptr

2

*Thy+eNI2) _ppoon
LY(S})
L wrky+eN/2)
< = —Haar
2 H Pre LS

2

n=1

1 (+oo Q.(N _2)2!'kN+cN/2] )1/2

Qn(N)2 [kn+cN/21-2




< : Quantum transpositions

For ¢ <0, ¢, is never absolutely continuous with respect to the Haar
state, but we have a card up our sleeve !
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& : Quantum transpositions

For ¢ <0, ¢, is never absolutely continuous with respect to the Haar
state, but we have a card up our sleeve !

‘w, i
v\‘v -

“‘*2‘
A
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< : Quantum transpositions

For ¢ <0, ¢, is never absolutely continuous with respect to the Haar
state, but we have a card up our sleeve !
The BIANE trick :

» Consider the classical process on the ‘_tfe‘:"'r !
central subalgebra ; ‘

> C(S;\—r)central =C(0,ND);

N *
> M) = 0 * (F). ’
fo FeuN e = ok ‘
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< : Quantum transpositions

For ¢ <0, ¢, is never absolutely continuous with respect to the Haar
state, but we have a card up our sleeve !
The BIANE trick :

» Consider the classical process on the ‘_tfe‘:":.; 3
central subalgebra ; 4 —a
> C(S;\—r)central =C(0,ND; ;

> f f(x)N(N)(x)_‘Ptk(f) ‘

Theorem (F.-TEYSSIER-WANG)
Setting k. = [kn + cN/2], there exists N(k.)e[0,N]and a(k.)> 0 such that

wY = k), ke (0)Qn(N) - Qu(N (k)| @,d Poiss™ (1,1).
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& : Quantum card shuffling ?

What about the analogue of the stupid shuffle ?
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& : Quantum card shuffling ?

What about the analogue of the stupid shuffle ?

Problem :
N-1 1 1
> (p:T(ptr+ﬁ£2 NE;

» ¢ is never absolutely continuous ;
» The strategy falls apart !

A. FRESLON, L. TEYSSIER & S. WANG How to (badly) quantum shuffle cards



& : Quantum card shuffling ?

What about the analogue of the stupid shuffle ?

Problem :
N-1 1 1
> (p:T(ptr+ﬁ£2 NE;

» ¢ is never absolutely continuous ;
» The strategy falls apart !

A. FRESLON, L. TEYSSIER & S. WANG How to (badly) quantum shuffle cards



& : Quantum card shuffling ?

The coin trick :
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& : Quantum card shuffling ?

The coin trick :

» Flip a biaised coin with probability 1/N
for heads ;

» If you get heads, do not do anything ;

» If you get tails, move randomly accord-
ing to ¢y ;
» X;=Binom(j,1-1/N);

> o= [E((p:er).
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& : Quantum card shuffling ?

The coin trick :

» Flip a biaised coin with probability 1/N
for heads ;

» If you get heads, do not do anything ;

» If you get tails, move randomly accord-
ing to ¢y ;
» X;=Binom(j,1-1/N);

> o= [E((p:er).

Theorem (F.-TEYSSIER-WANG)
For any ceR,

0

C(S7)* N—+oo
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Thanks for your attention !
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