AN INVITATION TO QUANTUM STOCHASTIC
CALCULUS

A. FRESLON'

These notes are a very elementary introduction to quantum stochastic calculus. It is aimed at people with a prob-
abilistic background and some notions of classical Ité6 calculus might help, even though it is not mandatory. We
have tried to be as careful and precise as possible concerning the operator-theoretic aspects of the construction of the
quantum stochastic integral. In that perspective, and to keep the text as simple as possible, we work in a restricted

framework which avoids several technicalities while keeping the main features of the theory.
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1 INTRODUCTION

The purpose of this text is to give an elemntary yet rigorous introduction to quantum stochastic
calculus, a noncommutative generalization of the classical It6 calculus within the framework of
quantum probability theory. This theory extends the tools of stochastic integration to operator-
valued processes acting on Fock spaces, providing a natural setting for describing continuous-time
evolutions in quantum systems.

Our aim is to make the construction of the quantum stochastic integral accessible to readers
with a probabilistic background. Nevertheless, even though familiarity with the basic ideas of
classical Ito calculus can be helpful, it is not strictly necessary. We have tried to emphasize the
essential analytical and operator-theoretic aspects of the theory while avoiding the most technical
functional-analytic difficulties. To this end, we work in a simplified setting, focusing primarily on

TA. FRESLON, Université Paris-Saclay, CNRS UMR 8628, Laboratoire de Mathématique d’Orsay, 91405 Orsay
CEDEX, FRANCE.
e-mail : amaury.freslon@universite-paris-saclay.fr
url : https://www.imo.universite-paris-saclay.fr/.freslon/



AN INVITATION TO QUANTUM STOCHASTIC CALCULUS

the fundamental case of creation and annihilation operators and expressing all formulas using
inner products with exponential vectors.

The general plan of the exposition is inspired by the survey [Kho91], while the organiza-
tion and proofs in the final section on quantum stochastic calculus closely follows the classical
treatment given in [Par92]. The reader may also see [Mey95] for an alternative introduction to
quantum probability theory and a sligthly different exposition of quantum stochastic calculus,
including the construction based on so-called Maasen kernels.

Let us now outline the structure of the text. In Section 2, we review the basic facts of clas-
sical stochastic integration, restricted to the one-dimensional Wiener process. We then develop
the Wiener chaos decomposition, which expresses the space L2(Q, %r,P) in terms of iterated Ito
integrals. This decomposition serves as a conceptual bridge toward the symmetric Fock space,
introduced in Section 3 where we reverse the viewpoint: starting from a space of “exponential
vectors”, we reconstruct operator analogues of the Wiener process.lation processes. This leads
naturally to the definition of creation and annihilation processes, which play the role of infinites-
imal building blocks of stochastic integration in the quantum setting. We then turn in Section 4
to quantum probability theory. Building on the interpretation of the Wiener process as a combi-
nation of creation and annihilation operators on Fock space, we construct a quantum stochastic
integral and establish its fundamental properties—linearity, adaptedness, and an analogue of the
It6 isometry. This culminates in a quantum It6 formula, which generalizes the classical one to the
noncommutative setting. We conclude with a brief discussion of extensions and generalizations,
such as the inclusion of number processes and more general operator-valued integrators.

2 THE WIENER CHAOS

Our first goal is to give a description of the Wiener process in the setting of Hilbert spaces through
the use of It6 calculus. This will serve as a motivation for the introduction of the fundamental
operators of quantum stochastic calculus and the development of an associated integration theory.
To start with, it might be helpful to recall some basic facts concerning the standard theory of
stochastic integration. We will restrict for simplicity to the case of integration with respect to the
one-dimensional Brownian motion and refer the reader to [@k13] for a comprehensive treatment
of the general theory. For the sake of simplicity, we will work with real-valued functions in the
sequel, except for one proof where the use of complex numbers is required.

2.1 PRELIMINARIES ON ITO CALCULUS

2.1.1 The Ito6 integral

The aim of classical stochastic integration is to be able to define integrals of functions — or more
generally of random variables — with respect to stochastic processes. The prominent example is of
course the Wiener process, also known as Brownian motion. Let us recall what we mean by this.

DEFINITION 2.1 (WIENER PROCESS). A family (W;);cr+ of real-valued random variables on
a probability space (2, %,P) is called a (one-dimensional) Wiener process if it satisfies the
following properties:

Independent increments - For any ¢g <?; <--- <{,, the random variables W;, , — W;, are
independent for all0<i<n-1;

Gaussian distribution - For any Borel subset A cR,

1
P~ Wo) €A]= —— fA e tqy
ViA

Continuity — P[¢— W; is continuous] = 1;

Initialization - P[W,=0]=1.
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It is a fundamental fact of the theory that such processes exist, and we refer for instance to
[@k13, Sec 2.2] for a proof. The core of stochastic calculus is the construction of an integration
theory where the usual integration element d¢ is replaced by dW;. We will not explain how one
makes rigorous sense of this (see below for the construction in the quantum setting, which uses
the same strategy), but simply list some essential properties of that construction. We refer once
again to [@k13] for a detailed treatment.

First, we do not simply want to integrate functions, but more generally random processes.
This will require some compatibility with W;. More precisely, let &; be the o-algebra generated
by the random variables (W)o<s<:- These provide a filtration of the probability space (Q2,%,P),
and a process (L(2)):cr+ is said to be adapted if L(¢) is measurable with respect to &; for all € R...
Given such an adapted process which is moreover locally square integrable in the sense that

t
f L(s)%ds < +00
0

for all t € R*, we can define a new stochastic process (X;);er+ — called its stochastic integral —
through the formula

t
X(t) = f L(s)dW,.
0

The process (X (#))cr+ satisfies several important properties. The most elementary ones are as
follows (see [@k13, Thm 3.2.1 and Cor 3.2.6] for proofs):

¢
Constant process — If L(s) = L for all almost all s € R*, then f L(s)dWs = L(W; — Wy) for all
0
teRy;

Linearity - Given two processes (L(£));er, and (L'(¢))icr,, we have
t t t
f (L(s)+ AL'(s))dW; :f L(s)dW; +)Lf L'(s)dWs;
0 0 0

Adaptedness - X () is #;-measurable for all te R, ;
Martingale — X(¢) is a martingale with respect to the filtration ()R, , i.e.
E(X (@) | F5)=X(s)
forall 0<s <.

There are also two more elaborate properties which will be important as motivations in our
study of their quantum counterparts. The first one relates stochastic integration to Hilbert spaces.

Proposition 2.2 (ITO ISOMETRY). Let (L());er+ and (L'(t));cr+ be adapted locally square inte-
grable processes and let (X(£))ier+ and (X' ())ier+ be the associated stochastic integrals. Then, for
allteRY,

t
EX®X'(t)=E (/ L(S)L/(s)ds) .
0

Proof. See for instance [@k13, Lem 3.1.5]. [ ]

The second property tells us how to perform changes of variables in stochastic integrals, and
is the cornerstone of the theory.

THEOREM 2.3 (ITO FORMULA) Let (L(¢));cr+ be an adapted locally square integrable process
and let (X (¢));cr+ be its stochastic integral. Let furthermore g € €2(R2). Then, the process
(g(t,X(1)ser+ is itself an It6 integral, in the sense that

L(s)? dg
2 0x2?

t t
gt X(8) = f (a—g(s,X(s)H (s, X(s))|ds + f L() %8 (s, X (s))dW,
o \ Ot 0 ox
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I
Proof. See for instance [@k13, Thm 4.1.2]. [ ]

The last statement involves not only a stochastic integral as defined above, but also a classical
integral of a stochastic process with respect to the Lebesgue measure ds. Such an integral is
straightforward to define, but its appearance calls for an important remark: even if X, is given
by an integral with respect to the Wiener process, performing a change of variables may force the
appearance of a deterministic integral. This can be translated into a more common form of the
It6 formula once one passes to the language of stochastic differential equations.

Instead of expressing X (¢) as an integral involving L(s), one may formally write the differen-
tial equality

dX () = L(t)dW;.

In that form, Theorem 2.3 reads

0 ) 1 02 dt
dg(t, X () = S5t X (Ot + @X () 5 (¢, X (0) + §(dX(t))20—3§g(t,X(t))d—W
The first two terms are what is expected from the standard chain rule, but the third one is strange
given that there is only one order two term. Moreover, since it corresponds to derivation with re-
spect to x twice, one would expect (dW;)? to appear while we get d¢ in the end, which is represented
by the fraction we used in the formula. This is usually summarized through a modification of the
chain rule where products of second order derivatives are given by the following table:

de¢ | dW;
de | O 0
dw; | 0 | dt

An interesting consequence of that fact is the following: consider another quantum stochastic
differentiel equation
dY (t) = K(t)dW;.

Then, the product X (¢)Y (¢) again defines a process of the same nature, which is given by the
formula

dX @)Y @) = X@&)K(@#)dW; + L)Y (£)dW; + L(#)K (t)dz.
2.1.2 Symmetric functions and iterated integrals

Let us now turn to a more hilbertian point of view. We would like to use stochastic integration to
give an alternative description of the Hilbert space L%(Q, %,[P). To do this, we need to iterate the
construction: starting with a deterministic function f on n variables, we can define

_ t
f(tatza'“ atn):\/(; f(tla ,tn)thl

and get a stochastic process, which we can now try to integrate again. However, an issue appears:
the new process, seen as depending on #2, need not be adapted anymore. One way round this
problem is to restrict the function f to a smaller space, namely the simplex

Ay ={(t1, -, tn) ERL [t <ta<---<tn}.

From now on, we will work at a fixed time 7', meaning that we consider the value of processes
at that time, and can therefore work on the simplex

An(T)={(t1, -+, t) €10, T]" |21 <ta <-- <tn}

What we seek is a description of the Hilbert space L%(Q, Zr,P), and iterated Ité integrals will
provide the building blocks.
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DEFINITION 2.4 (WIENER CHAOS). The n-th Wiener chaos at time T is the closed subspace
Kn(T) of L%(Q, Zr,P) spanned by the elements of the form

T rt, to
Jn(f)Tzf fo A ft1, -, t,)AW, ---dW;,
0

for f € L2(A,(T)).

The point is that these subspaces provide a nice decomposition of the Hilbert space. This is
however not a trivial fact, and for the moment we will simply give an elementary property.

Lemma 2.5. The subspaces K,(T) are pairwise orthogonal.

Proof. Let n >k and consider f € L2(A,(T)) and g € L2(A.(T)). Then, by Proposition 2.2,
T
E(Prdi(@)r) = [E( [RERC /e

T
_ fo E(n-1(F)sTp—1(g)s)ds

and by induction it is enough to prove that the inner product vanishes when 2 = 0. But in that
case, Jo(g) = g is deterministic, so that

E(Jn(H)rg(T))) =E(Jn(f)1)g(T) =0

since the stochastic integral of a square integrable adapted process, being a martingale, has van-
ishing expectation. [ ]

2.2 THE CHAOS DECOMPOSITION

The chaos spaces enable a coordinate free description of the space L%(Q, Zr,P), and this is what
we will prove in this section. In other words we will show that the space

K(T)= P K.(T)
neN

is dense in L2(Q, %7, P). In fact we will prove some slightly stronger property. To state it, let us
introduce a notation: for a function f € L2(R"), we define a function f®" € L%(A,(T)) through the
formula

FE 1, ) = (1) f(En)
and we set

L)1 = Ju(F) 1 € K (D).

Our building blocks will not be these elements, but rather some series involving them. To describe
it, we will need a definition.

DEFINITION 2.6 (EXPONENTIAL PROCESS). For a fixed 1 € R and a deterministic function
f € L’(R,), we define a stochastic process (M:(f)):cr, through the formula

t )L2 t
M (1) = exp (/1 f f(s)dWs—? f f(s)2ds).
0 0

This is called the exponential process associated to f with parameter A.

To see that these are decomposable along the chaos spaces, we will use an elementary compu-
tation.

Lemma 2.7 (EXPONENTIAL PROCESS AS A STOCHASTIC INTEGRAL). The process My satisfies the
equation

t
Mp(t)=1+A f M f(s)dW,.
0

— 5 —
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Proof. Let us write M instead of Mf(¢) in the sequel to lighten the notations. Setting

/12 t
g(t,x) = exp (/lx -5 f f(s)zds),
0

we have a deterministic function such that M; = g(¢,X;), where X; is the random variable defined
as

t
X(@) :f f(s)dWg,
0

so that dX (¢) = f(¢£)dW;. Therefore, the ITO FORMULA from Theorem 2.3 reads

_%e 9g 1o 2
am(t) = i xwnar+ e Xaxw+ 555 XONax )

22 A2
= —Ef(t)zg(t,X(t))dt +Ag(t, X@)f )AW, + gg(t,X(t))f(t)zdt

=Ag(t, X)) f (@)dW;

and
¢ ¢
Mf(t):M0+f dMs=1+)Lf M f(s)dWs,
0 0

as claimed. |
We can now relate stochastic exponentials to the chaos decomposition.

Proposition 2.8. For any f € L2(R.) and A € R, we have for all t e R
+00 @ n

Met)=)_ an(f)t,

n=0

¢
where Io(f)t:f f(s)ds.
0

Proof. Recall first the definition of the (physicist’s) Hermite polynomials H,(x): for any t,x € R,
they satisfy the formula

+OOTL

txff — Z H (x)

Therefore, we have by definition

‘ Allf Nz 0.0
Mf<t>=exp((lenz,[o,ﬂ) [ dWs-%)

1F 120,

°°(7L||f||2[0t]) t f(s)
; ————H, fo 2 aw,|.

IIfIIz[Ot]

In other words, M(¢) has a power series expansion in A.
Observe now that by the formula of Lemma 2.7, a direct iteration yields for any integer &
(with the convention that Iy(f) =1)

k t pty 173
Mf(t):z/xkzk(f)tmk“fofo A F@1)- F @) Mp(tps1)dtpeq - dey.
n=0

This implies that
d*M £(t)
dak |/1:0
and the result follows. ]

= BL(f)
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Remark 2.9. As a byproduct of the previous proof, we have the following formula: for f € L2(R,)
and teR,,

t
fﬂmm

Li(f) = 1120 gHn | 2 |.
n(F)=1Flg104Hn I£1l2,10.41

If f has norm one, then this simplifies to

t
I,(f)=H, (fo f(s)dWs) .
With this in hand, we are ready for the main result of this section.

THEOREM 2.10 (WIENER CHAOS DECOMPOSITION) For any T € R, there is an equality of
Hilbert spaces

L2%Q, F1r,P) =@, N En(D).

Proof. We have to prove that if an element in g € L2(Q, %7, P) is orthogonal to the right-hand
side, then it vanishes. By Proposition 2.8, we know that such a g is orthogonal to all stochastic
exponentials, and we will show that this forces g = 0.

Fix 1g,--,A, e Rand 0 =¢y < t; <---<t¢, =T. We define a function f € L%([0;T]) in the
following way: for ¢; <t <t;+1, f(£)=A;, and f(T) = A,. Then,

T n—1
‘[ﬂMM=ZMWm—MJ
0 i=0
n—1
=Y Aic1 =AWy, + A1 Wy,
i=1
Moreover,
T n-1
fo F@Pdt =Y A%(tiv1—t;)
i=0

is a constant, so that in that case, M ¢(T) is proportional to
n
exp Z i Wti )
i=1

where y; =A;—A;j_1 for1<i<n-1and u, = 1,-1. Conversely, any such random variable is of the
form M¢(T), so that if a function g € L2(Q,Zp,P)is orthogonal to all the random variables M (T),
we have in particular for all yy,---,up € Rand 0=to<t¢1<:---<t, =T that

fQ eFWer @+ Wi, @) 5 (3 qP () = 0.

Note that for the needs of the proof, we have to work here with complex-valued functions, while
we were using only real-valued ones before. Consider now the following function of n complex
variables:

G(Zl, . ’Zn) — f ezlwtl(u))+-..+antn((x))g(w)d[p(w).
Q
It is analytic and vanishes on R”, hence it is identically 0. In particular, for any y1,---,y, € R,

G(Lyl’ ’iyn)=0'
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This enables us to use the Fourier transform. More precisely, if ¢ € 65°(R") is a smooth function
vanishing at infinity and if ¢ denotes its Fourier transform, then

fQ Wy, (@), , Wy (0))g(w)dP(w)

1 . . . [
= fQ W( fR ¢>(y1,---,yn)e’yIth(“’)+"'+‘y”W‘"(“’)dy1---dyn)g(w)dp(w)

= (Zn)n/z fRn ¢(y1, e >yn) (L ely1Wz1(w)+--~+Lantn(w)g(a))d[p(a))) dyl e dyn
=0.

In other words, g is orthogonal to all the random variables of the form ¢(W;,,---,W; ) for ¢ €
€5 (R"). We are therefore left with proving that the latter condition implies g = 0. To do this, let
us pick a countable dense subset (¢,),en of [0; 7], and denote by & the o-algebra generated by
Wi, ,---,W;,. On the one hand, by the MARTINGALE CONVERGENCE THEOREM (see for instance
[@k13, Cor C.9]), we have
g=Elg| Frl= lim Elg|Fn]
N—+o00

in L2(Q, Zr,P). On the other hand, by the DOOB-DYNKIN LEMMA (see for instance [@k13, Lem
2.12]), there exist Borel measurable functions gy :RN — R such that

Elg | Fn1=gnWy, -+ ,Wy).
Approximating gy by functions in €°(R"), we see that
(8, 8NWy -+ , Wy, )y =0,
and we conclude that || gll2 =0. [ |

Remark 2.11. For simplicity, we have worked at fixed time T in this section. One can use the
same strategy to prove a more general isomorphism

L* (W)= DK,
neN
where the left-hand side consists in all square integrable processes in L%(Q,%,P) adapted to &
and K, is the closed subspace generated by n-fold iterated It integrals.

3 FROM WIENER CHAOS TO FOCK SPACE

Our goal is now to revisit the definition of the Wiener process using the point of view of the chaos
decomposition. More precisely, we would like to construct a Hilbert space, together with a family
of operators which encode the same information as the process (W;);cr,. The story starts with
very general considerations on Hilbert spaces, for which we assume some basic knowledge on
tensor products of vector spaces.

3.1 THE SYMMETRIC FOCK SPACE

We will work for some time in a general abstract framework. For the sake of simplicity, and
to stay as close as possible to the setting of real-valued processes on R, we will only consider
real Hilbert spaces in the sequel. Given two such Hilbert spaces H and K, recall that there is a
canonical pre-Hilbert space structure on the vector space tensor product H ® K, given by

xox',y®y"y = (x,x)y,y).

Completing if necessary yields a Hilbert space which will again be denoted by H®K (we will never
consider non-completed tensor products). In the same way as we could construct the chaos spaces
by looking at “exponentials” of functions, we will build a new Hilbert space out of H using some
kind of exponential construction.
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DEFINITION 3.1 (FOCK SPACE). The Fock space over a Hilbert space H is the Hilbert space
direct sum

F(H) =D, H",

where by convention H®? =R.

If H = L?2(R,), then H®" is naturally isomorphic to the space L2(R’j) through the map sending
f1®:--®f, to the functions
(tls e ’tn) — fl(tl)' ‘ fn(tn)~

Therefore, & (H) contains square integrable functions in all number of variables, which is practi-
cal for the construction of iterated stochastic integrals. However, as we have already seen, this is
too large because of the necessity of adaptedness. Since using the simplex A, makes no sense for
an abstract Hilbert space, we have to find a substitute. As it turns out, there is a simple way to
do this using symmetrization.

DEFINITION 3.2 (SYMMETRIC FUNCTION). A function f € L2(R?") is said to be symmetric if
for any 0 € G,,,

f(to) s tom) =F @1, tn).

The space of quare summable symmetric functions is denoted by L2(R?).

Given a symmetric function f € L2(R’i), one can of course restrict it to A,, to produce a square
integrable function. Moreover, f is completely determined by that restriction: for any (¢1,---,t,) €
R, on can always find a permutation o € &, such that ¢,) < - < {4 so that f only depends on
its values on A,,. In other words, we have an isomorphism of Hilbert spaces

L%(A,) = L2(RM).

To extend the idea of symmetric functions to an arbitrary Hilbert space, simply observe that
for two functions, f,g € L2(R,), we have

(f ®g)t2,t1) = f(t2)g(¢1) = g(t1)f ((2) = (g @ [)(t1,t2)

so that the function f ® g + g ® f is symmetric. In other words, to symmetrize the functions, we
should simply consider linear combinations of tensors which are symmetric. Concretely, let us
define an operator P, : H®" — H®" through the formula

1
Po(x1®--®x,)= -~ Z Xg(1) ®*** ® Xg(n)-
n. o€eS,

This extends by linearity to a projection onto the space H®" of symmetric tensors, hence we are
close to what we want. The only missing piece is to check that the previous operators can be
patched together to define a map on the full Fock space.

Lemma 3.3. The map
P . H@n _ H®n
0

is a projection and has norm 1.

Proof. First, observe that for any 0 € &,,,

n
l%51)® - ®xomll = [ 1ol
i1

n

=[] il
=1

=lx1®-- ®x,],
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so that |Pp(x1®---®x,)| < |lx1®---

® x,| and P, has norm at most one. Moreover,

1
Pn(Pn(x1®"'®xn)): _‘ Z Pn(xa(1)®"'®xg(n))
n. ge6,
1 1
= Z — Z X100(1) @ *** ® X100 (n)
n5es, ' 1e6,

For any 0 € G,,, we have {to0 |T€ &,} ={ro0 | 7T € G,}, hence the second sum above does not
depend on ¢ and simply equals P,(x1 ® --- ® x,,). Therefore,

1
Z - Z P,(x1®---®x,)

n: 1€6,

Pn(Pn(x1®--~®xn)):i

!
n. €6,

=P,(x1®---®xy,).

This shows that P,, is a projection and that its norm is exactly one, thereby completing the proof.
|

Assembling these operators, we get a bounded linear map
P,:#H)— F(H)
which coincides with P,, on H®*"” and whose range is the space that we are looking for.

DEFINITION 3.4 (SYMMETRIC FOCK SPACE). The symmetric Fock space over H is the range
of P, denoted by &,(H). Being the range of an orthogonal projection, it is a closed subspace,
hence inherits a Hilbert space structure.

Let us illustrate that construction in the case H = L2(R.) which is of prominent interest to us.
We claim that the isomorphisms

o]

map L2(R,)®" to L2(R?). Indeed, for any 0 € &,

LA(R,)®" L*(R})
fi®---0f, — ((tl,"' ,tn)'_’Hglzlfi(ti))

=

@y, (fomy®+® fom)) (t1,+ s tn) = [ | Foir(t)

~
—

1=

filts-10))

=1

~

so that

1

n!

Z 1_[ fi(ta‘l(i))

0eG, i=1

- 2 [ filtowy

1
n: €6, i=1

q)nOPn(f1®"'®fn):

The right-hand side is a symmetric function, hence (Dn(Lz(R+)®sn) c LE(R’D. As for the converse
inclusion, let f € L%(RK) and let ( ff )i<i<n be a family of tuples of functions in Lo(R,) such that

|

fo@@fr{

(eN

f=0,

10
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the series being convergent in L2(R)®". Then, we have

1
ft1,,tn) = - Y flte@), - tom)

‘€6,
1
=a ZG [Xl‘,\lflé(ta(l))"'frf(ta(n))
1
=Y = 2 i) frltow)
eN TV e,
= Y @ [Pulf{ ® @ f)t1, 1)
(eN
=, ZPn<ff®~--®f,f)(t1,~-,tn))
(eN
=D, Pn(z ff®"'®f7{)(tl,"',tn)))
(eN

and the proof is complete.

3.2 THE FUNDAMENTAL PROCESSES

The construction of the symmetric Fock space originates in physics. In quantum mechanics the
possible states of a system — say a particle — are described by a Hilbert space. If now several
systems are coupled, the states are described by the tensor product of the corresponding Hilbert
spaces. But what if we couple identical particles that we cannot distinguish ? Then, the correct
space describing the system might rather be the symmetric Fock space. There is a subtelty here,
since this principle only holds for specific particles called bosons, while fermions require the use
of the antisymmetric version of that construction (that we will not consider in this text).

Anyways, that physical intuition underlying the symmetric Fock space naturally leads to the
definition of two fundamental families of operators. Let us right away mention that these oper-
ators are unbounded, which means that in general, one has to carefully deal with domain issues
and all the technicalities of unbounded operators when working with quantum stochastic inte-
gration. However, we will take in the sequel an easy path which focuses on a canonical dense
subspace of the symmetric Fock space on which all the operators involved are defined.

Let H be a Hilbert space and let x € H. The corresponding exponential vector e(x) is defined as

+o0o x®n
e(x)= — e Fs(H),
r;O N
where x®° =1 € R = H®? by convention. Observe that the sum converges because [|x®"| = ||x|".

The square root in the denominator might be surprising at first sight. However, it will look more
natural once we realize that it yields a useful formula for inner products, namely

(e(x),e(y)y = e,

As we will see, these vectors are very practical for computations, and this is the reason why
we will restrict to them in the sequel.

DEFINITION 3.5. The exponential domain of H is the subspace §(H) c &;(H) of finite linear
combinations of exponential vectors.

Before going further, let us check for sanity that restricting to the exponential domain does
not “loose information”, in the sense that this subspace is dense in the symmetric Fock space.

Proposition 3.6. The exponential domain is dense in Fs;(H).
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Proof. Let x € H. We will prove by induction the following assertion, where by convention x®° =

leR:
F, : “The vector x®* is in the closure of the exponential domain for all 0<k <n.”

Let us proceed.

Initialization — Observe that by definition, e(0) € &(H) is the vector 1 = x®° € R = H®? so that
4 holds.

Heredity — Assume that /£, holds for some n = 0, and observe that
L e(ex)— i ix®k . ;x®n+1
entl mo VRl =0 Vmn+ D)
Because the right-hand side is in &(H) by #,, this readily yields 7, 1.

We are now left with proving that any symmetric vector in H®" is a linear combination of
tensor powers. This follows from the following computation: given x1,---,x, € H, we have

Y (ﬁfi)(£1x1+"'+£nxn)®n= i ( > (ﬁfi)fil"'fin)Xil®"~®xin.

e1,,en€(~1,1} \i=1 1,500 =1 \€1,,6,€{-1,1} \i=1

If all the indices ij are distinct, then

n
=1

so that
n n 2
> |[elee, = X [([le
e1,,en€i-1,1} \i=1 £1,,en€l-1,1} \i=1
=9n
Otherwise, there are some equal indices, therefore there exists ig € {1,---,n} which is different
from iq,-,i,. Let us assume without loss of generality that ig = 1, so that

n
[1e:|ei e, =

e1,,En€l-1,1} (izl

n
[lei)ei e,

€9, En€l—1,1} (izz

5 (fefe

€9, ,E,€{—1,1} \i=2
=0.
In other words,
n
2"Ps(xi1®~-®xin): Z Hé’i (£1x1+~~~+£nxn)®”
£1,,6,€{—-1,1} \i=1
and the proof is complete. [ ]

We are now ready to make sense of our fundamental operators. Their most general definition
is as follows: given a vector x € H, and a tensor v = x1®---®x, in the Fock space & (H), the operator
A(x) “annihilates” the first tensor of v by turning it into

Ax)v = (x,x1)x9® - Q@ xp,
while the operator AT “creates” a new tensor in v by turning it into

Al =X®X1® - ®X,.



AMAURY FRESLON

The problem with these descriptions is that they do not preserve symmetric tensors. One
therefore has to symetrize the formula: by letting the operator act on all tensors and averaging
the results. Instead of doing such computations, we will directly define our operators through
their action on exponential vectors, since these are the only ones we are going to work with. This
however requires first checking that these vectors form a linearly independent set.

Lemma 3.7. The exponential vectors form a linearly independent set.

Proof. Let x1,---,x; € H and A1,---,A; € R be such that
k

Aje(x;)=0.
=1

12

For 1 <i # j <k, consider the set
Uij={x e H|{x,x;) # (x,x;)}.

It is the complement of a closed hyperplane, hence both open and dense in H. As a consequence,
the set

U= () Uy
1<i#j<k

is also an open dense subset, and in particular is non-empty. Picking x € U, we then have that the
numbers 6; = (x,x;) are all distinct. But now we can compute, for any ¢ € R,

k
0= (e(tx), Y Aje(x;)
i=1

/1i6<tx’xi

Il
‘Ma“

«
Il
—

1]
-
1l e
ng
N
&
®
-
&

The linear independence of the exponential functions then implies 1; =0 for all 1 <i <% complet-
ing the proof. u

DEFINITION 3.8 (CREATION AND ANNIHILATION OPERATORS). Let x € H. The annihilation
operator A(x) and the creation operator Af(x) are defined on the exponential domain &(H)
through the formulae

A(x)e(y)
Af(x)e(y)

(x,y)e(y)

d
ae(y +tx) o

Annihilation operators are nice objects because all exponential vectors are proper. Mean-
while, it is essential to note that creation operators do not map the exponential domain to itself !
Notwithstanding, we will ignore the part that is sent “out of exponential vectors” by focusing on
coefficients, that is, inner products with other exponential vectors. Indeed, one has the following
fundamental computation:

d
(e@.4T@e(y) = Z(e(@)ely+t)]|
d

d¢

={(z,x)e

=(z,x)(e(2),e(y)

(z,y+tx)

t=0
(2,

Using this, we can establish some important relations between the creation and annihilation
operators. Note that in all the sequel, we will work exclusively with exponential vectors. Some
of the results can be extended to other dense subspaces of %;(H), sometimes to the price of more
involved analysis.
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Proposition 3.9. The creation and annihilation operators are adjoint to one another on the expo-
nential domain, in the sense that for any x,y,z € H,

(Awe(2),e(y) = (e(2), Al we ).
Moreover, they satisfy the canonical commutation relations
ANAT ) - AT0AE) = (o, x)1d
for all x,x' € H, in the sense that the equality holds for any coefficient given by exponential vectors.

Proof. To prove the adjunction, we simply compute

(A(x)e(2),e(y)) = ({x,2)e(z),e(y))
=(z,x) (e(2),e(y)

= {e(2),AT@e)).

To prove the canonical commutation relations, we proceed similarly using vectors z,w € H. We
first observe that

(e(2), A@TAGe() = (') (e(2), AT @e(y))
= (z,0)(x’, y) (e(2),e(y))

while
d
(e(2), AGDATe(y) = < (@, AWely + )] _,
= %(x’,y +tx){e(z),e(y + tx)) ’t:O
= (', x)(e(2),e(y)) + (&', y)(z,x)(e(2),e(y)).
Substracting the two quantities yields the result. [ ]

The creation and annihilation operators first appeared in the study of the quantum harmonic
oscillator. They were built from the two basic operators of the physical system: the position and
momentum operators. The point was that creation and annihilation give an equivalent description
for which the spectral analysis is simpler (see for instance [Hall3, Chap 11]). Let us now reverse
the construction, with a little abuse: the definition of the momentum operator P requires the use
of complex numbers, hence we will temporarily work with complex Hilbert spaces, but they will
not be used afterwards.

DEFINITION 3.10. For x € H, the operators

Qw=[(Aw+4a'w) & PW=i(Aw-4'w)

are called respectively the position and momentum operator.

These operators satisfy an important relation which is one of the corenerstones of quantum
mechanics.

Proposition 3.11 (HEISENBERG COMMUTATION RELATIONS). The position and momentum op-
erators satisfy the following commutation relation on the exponential domain

P(x)Q(x") - Q(x)P(x) = 2iR({x,x")),

in the sense that the equality holds for any coefficients given by exponential vectors.
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Proof. Recall that the statement is meant to hold for all coefficients given by exponential vectors.
Using Proposition 3.9, we compute

PR - QuIP() =i [AWAG) +AwAT ) - AT @A) - AT wAT )
~i[A@A@ + AEAT0) - AT)AW - AT W)
:u@¢®+@uwndp«mAuh—AuﬁAu»—JAHmAMw—AHMmHm)
= 2iR((x,x")) + i (A(@AK) - A(xNA X)) — i (AT(x)AT(x') - AT(x')AT(x))

We are therefore left with computing the commutator of two creation or annihilation operators on
the exponential domain. This follows quite easily from the definitions: for any y € H,

A(x"A()e(y) = (x, y)Ax)e(y)
= (x, y)(x', y)e(y)
= (', y)A(x)e(y)
= A(x)A(xe(y).

and same for AY,
d
TeayAT — AT(+!
A'(xNA " (x)e(y)=A'(x )dte(y+tx)|t:0
d
_ T
= th e(y+tx)|t:0

dd
=——e(y+tx+sx')

s:OL:O

"~ dtds
_ 44 (y +tx +sx')
Tasdr Y TS ole=0
= iAJr(x)e(y +3sx')

ds s=

= AT0AT()e(y).

3.3 THE ISOMORPHISM

We will now join the two topics discussed so far — Wiener chaos decomposition and symmetric
Fock space — by recovering the Wiener process from the position operator. More precisely, let us
fix from now on our Hilbert space to be H = L2(R*). This leads to very natural operator-valued
processes given by

A=A )
Al =A%)
Qi=A,+A],

where 1g denotes the indicator function of the set S. Our claim is that (@;):.r, is the same in
some sense as the Wiener process. To make sense of such an assertion, it is first necessary to
recast W; as an operator. But that is simple to do: simply consider the operator

mw, : LX(Q, %, P) — LX(Q, %, P)

of multiplication by W;, i.e. sending g to W;g.

In order to compare @; with m, we need to map the Hilbert space on which one acts to the
Hilbert space on which the other one acts. As it turns out, we have a very natural way of doing
this, thanks to the notions of exponentials that we have introduced.
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DEFINITION 3.12. For f € L2(R.), we denote by &(f) the stochastic exponential associated to
f with A = 1. We define an operator

v L2(Q, Fr,P) — FL(L2(0,T)

by the formula

Y(E(f)r) = e(f L1

We can now conclude this section with a statement describing the Wiener process in the
Hilbert space framework.

THEOREM 3.13 (FOCK SPACE REALIZATION OF WIENER PROCESS) For all T € R,, the map
YV is an isomorphism satisfying
\P_IOQTO\P = mWT

on stochastic exponentials.

Proof. We first have to prove that W preserves inner products. Let us start by computing the
expectation of a stochastic exponential: because Itd integrals are martingales and therefore have
vanishing expectation, the recursion formula from Lemma 2.7 yields for f € L2(R.) and ¢ € R,

t
E(Mr(t)=E|1 +A/ Mf(s)f(s)dWS) =1.
0

With this in hand, we can compute the inner product of two stochastic exponentials: for f,g €
L2(R+)’

T 1
E&(F)ré@r) =E (exp ( fo (F(s)+ g(NAWs = (I I3 071+ ||g||§,[o,n)))

1 2 2 T

= o (I *lelon)g (exp ( f (£(s) +g(s))dWs))
0
1 2 T
_ oomgtom =317+l m) g (exp (f (f(s)+ g(s))dWs))
0

T 1
= e Ton&lon)g (exp ( fo (F(s)+ g(sNAWs — - (If + gn%,[o,m)))

= Mol E(&(f + g))
= ¢{flom,8l0,m)

= (e(f1io,1),e(glo,17)) -

A first consequence of the previous computation is that W is an isometry on stochastic exponen-
tials. This is implies both that it is injective and that it has dense range. But since exponential
vectors are dense in F,(L2([0, T1), we conclude that ¥ is an isomorphism of Hilbert spaces.

Let us now prove the equality in the statement. Given f, g € L2([0, T1),

(8@, (P oQroW)E(f)r) = (P 8(8),Qre(f 1))
= (e(glio,r1),@Te(f110,11))
= (e(glo,m), Are(flro,)) + <e(g1[o,T]),ATTe(fl[o,T])>
= (e(1o,1, e(f 110,77)) (e(gLio,), e(f 110,17))
+(e(g1io,17), e(Lo,17)) (e(glio,11), e(f 110,77))

T T
- ( fo f(s)ds) (e(gliom),e(FLiom) + ( fo g(s)ds) (e(gliom),e(FLiom)

T
= (f f(s) +g(s)ds) efoT f(S)g(s)ds.
0
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Meanwhile,
(&@r,mw, (1) =EE@TWré(f)r)
T T
f F(s)+ g(s)dW, — % f F(s)?+ g(s)zds))
0 0

=k (WTg(f + g)TefoT f(S)g(s)ds)

=E (WT exp

= [E(WTéa(f + g)T)eijf(S)g(S)ds

To complete the computation, observe that Wp = fOT dW, € K1(T), so that by Lemma 2.5, Wr is
orthogonal to K, (T') for all n # 1. It then follows from proposition 2.8 that

+00

1
EWrE(f +2)r)= ) ;[E(WTIn(erg)T)
n=0""*

=EWrIi(f +8)1)
=E (Il(l[oyT))Il(f + g)T)
=E(Ljo,7(f +8))

T
= fo f(s)+ g(s)ds

and the proof is complete. [ ]

Remark 3.14. The same arguments show that the momentum process P; also encodes the Wiener
process on Zs(H). This is remarkable, since it provides two distinct realization of the Wiener pro-
cess on the same Hilbert space, which moreover do not commute with one another by Proposition
3.11. This is a typical situation where quantum probability theory exhibits properties which are
not classically possible.

Remark 3.15. As in Remark 2.11, one can prove along the same lines the existence of a global
isomorphism

¥ LAW)— & (L*(R.))
such that ¥ 1oQ,0 ¥ = my, forall te R,.

4 QUANTUM STOCHASTIC CALCULUS

In this section, we proceed to define integrals of stochastic processes, using the creation and
annihilation processes as integrands instead of the Wiener process. As in the classical theory,
the strategy is first to construct the integral for processes with a particularly tractable form, and
then derive enough information on these to be able to extend the construction to larger families
of processes. Our treatment of the theory is a simplified version of [Par92, Part III], which is the
standard reference on the subject. We refer to 4.4 for details on the simplifications we made and
how the constructions and results can be generalized.

4.1 SIMPLE PROCESSES

We start by defining the class of processes with which we will be working for the first step of the
construction. This is very elementary and parallels the classical theory.

DEFINITION 4.1 (SIMPLE PROCESS). A simple process is a family (L(¢));cr, of operators on
L2(R,) for which there exists 0 =#y < ¢; <--- < £, such that

* L#)=L; forallO<j<n-1land¢;<t<tji1;
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* L(t)=L;, forallt>¢,.

The definition of the corresponding integral is straightforward.

DEFINITION 4.2 (STOCHASTIC INTEGRAL OF A SIMPLE PROCESS). Let M € {A,A'} and let
(L(2))ter be a simple stochastic process. The (quantum) stochastic integral of (L(t))ier, With
respect to M is the stochastic process (X (¢));cr, defined as

k
_ZLtj—l(Mtj_Mtj—l)—i_Ltk(Mt_Mtk) if tp<t<tps1
X@)=4 7
Y Ly (M, —M;, )+L:, (M;—M,,) if th <t
j=1

Remark 4.3. 1t is important to note that this process is of course no longer simple.

Even though this setting is natural, it is too general to produce interesting results. For in-
stance, in classical stochastic calculus, the notion of adaptedness is crucial, and no quantum
counterpart of it has appeared yet. Let us work this out now. The definition relies on a specific
decomposition of the symmetric Fock space.

Proposition 4.4. For any t € R,, there is an isomorphism
@, : F (LAR,)) = F, (L(10,8)) ® F, (L2(1¢, +o0D))
given on exponential vectors by
@:(e(f)) = e(f Ljo,11) ® e(f 11z 4o0)-

Proof. Let us first check that ®; preserves inner products. This follows from a direct computation:

(Dy(e(f)), Dele(@))) = (e(f L10,1) ® e(f Ly +oop), e(f110.47) ® €(8 11z 4oop))

= (e(f1j0,1),e(g110,1)) (e(f L1t +00p), €(€ 112 400())
— oo [(9)86)ds , [ f(s)g(s)ds

— oo T F(9)g(s)ds

=(e(f),e(g)).

As a consequence, @, is injective and has dense range. Moreover, let g € L2([0,¢]) and & €
L2(1t,+00l). Then, defining a function f by

| g(s) if s<t
f(S)‘{h(s) if t<s

we have ®u(e(f)) = e(g) ® e(h). Since the elements on the right-hand side generate the subspace
&(L2[0,T)) ® E(LA(T, +ool)) of F (L%([0,t])) ® F; (L2(I¢, +ool)), which is dense by Proposition 3.6,
we conclude that ®; is surjective, and the proof is complete. ]

We can now give a natural notion of adaptedness for our processes.

DEFINITION 4.5. A stochastic process (L()):er, is said to be adapted if for all ¢ € Ry, there
exists an operator L(¢) acting on Z;(L2([0,¢])) such that

(Dt oL(t)o q)t_l = E(t) ® Idgs(Lz(]t,+oo[))'

To try our hands on the definitions, let us check for sanity that this property is preserved
under integration.
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Lemma 4.6. Let (L(¢));cr, be a simple adapted process and let M € {A,A"). Then, the correspond-
ing stochastic integral (X (t)):er, is an adapted process.

Proof. Let us fix t € R; and observe that we can refine the partition in the definition of an adapted
process to have 0 =ty <t1 <---<t, =t. Then,

n
Do X(t)o®; =Y ®0Ly, oMy, — My, )o®; !
Jj=1

1
™M=

®ioLy, o@t_l o®yo(My, —Mtj_l)oq)t_l

~.
S |l
=

(f‘tj—1 ® Idgs(LZ(]tﬁoo[))) ° q)t(Mtj - Mtj_1)o q)t_l
1

J

Therefore, all that we have to prove is that the fundamental processes are adapted. Let us start
with the annihilation process. We have

D;0A; 0D, e(f110,1) ® e(f Ly 1oof) = Pro Ase(f)

_ ( fo t f(s)ds) Oy(e(f)

_ ( fo t f(s)ds) e(f 110.9) ® e(F 11 +o0p)
= (Ase(f110,) ® e(f 111 +00f)
so that it is adapted. The result for the creation process follows from a similar computation:
D0 Ao ® Le(f110,7) ® e(f 11y 4o0) = Do Al e(f)

d
= (Dt (—e(f + Sl[o,t])) |
ds

s=0

d
= i (e(f +51p0,) |

s=

d
= Ee(fl[o,t] +51j0,17) ® e(f 11z +o0f + 10,1112, +00[) 520

d
= d_e(fl[O,t]+Sl[0,t])| _®e(f 1 4o0)
S s=0
= (Ae(f1om) @ e(f 11 o)
|

As in the classical theory of It6 integration, the idea is now to prove an isometry formula in the
spirit of Proposition 2.2 which enables to extend the integration functional from simple processes
to more general ones. As a first step, let us try our hands on the definition and compute some
simple inner products involving the integral of a simple process. In order to lighten computations
in the sequel, we will use the following shorthand notations:

e L(¢) will simply be denoted L(¢) as soon as the context is unambiguous;
* e(f1jo,) and e(f 1y +o0) Will be denoted e(f})) and e(f);) respectively.

Proposition 4.7 (FIRST FUNDAMENTAL LEMMA). Let L be a simple adapted process, let M in
{A,A"} and set

t
X(t):f L(s)dM;.
0

Then, for any f,g € L%R,),

t
(e(F), X(De(g)) = fo (e(F), L(s)e(g)) du(s),
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where

[ gls)ds if M=A
d (S)‘{ fs)ds if M=At

Proof. Let t € R, and let us fix a partition 0 = ¢ty < --- < t, = ¢ of [0,¢] with respect to which L is
simple. By adaptedness of the process, we have

(), XDe(@) = Y (e(fy, ) Lt;-De(gr, D) e(fir, ), (M, - My, ) elgr, )

J=1

Assume first that M = A. Then, we have for any a < b that
(e(fia),(M(D) = M(a))e(g1a)) = (110,61, 8L1a,+o0l ) (€(fia)s€(81a)) = (110,01, 8 L1a,+ool ) {(fia), €(81a))

b
_ f g(9)ds (e(fia), e(gla)
= (e(fia), e(g[a)) pla, b]).

Assume now that M = AT. In that case, by the adjunction relation between A and A" from
Proposition 3.9,

(e(fia), (M (D) - M(a))e(g(a)) = ((A(b) - A(a)) e(fia), e(gla))
= (110,61, f Lia,+ool) {€(fia), €(81a)) — (L[0.a1> [ Lia,+c0l) {€(fla), €(8[a))

b
:f f(s)dS(e(f[a),e(g[a»

= (e(fa),e(gra ) lla, b]).
To complete the proof, it is enough to observe that by what precedes,

n

(e(f),X(®e@) =Y (e(fy, ), L(t;-De(gs,_ 1)) e(fir,,),e(gre, ) ltj-1,,1)

Jj=1

=Y (e(f),L(tj-1)e(g)) u(lt;-1,t;1)
j=1

t
= fo (e(f),L(s)e(g)) dpucs).
]

This is of course not enough for our purpose. Indeed, we would like to compute the norm of a
vector of the form X(¢)e(f), where X is the integral of a process. This means that we also have
to understand the inner product between two such integrals. This is what we will do now. As
one may expect, the measures u corresponding to M; and M9 will appear, but also another term
involving both creation and annihilation processes. Before stating and proving that core result,
we need a bit more analytical information on quantum stochastic integrals. Namely, we have to
make sure that the construction produces processes which are continuous in a reasonable sense.

Lemma 4.8. Let (L(s))scr, be a simple adapted process and let M € {A,AT). Then, the correspond-
ing quantum stochastic integral X is continuous in the sense that for any f,g € L>(R,), the map

t— (e(g),X(e(f))
1S piecewise continuous.

Proof. Letusfixte R, \{t1, --,¢,}. For any ¢’ € R*, we have by the FIRST FUNDAMENTAL LEMMA
(Proposition 4.7)

t!
[(e(g), X (D)e(F)) — e(), Xe(fN| < || (e(g),L(s)e(f))duls)
t

max(t,t')

- f Ke(g), L(s)e(f))] duls)

min(z,t")
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Observe that ||L(s)e(f)|| is bounded for min(¢,#') < s < max(t,t') because it only takes a finite
number of values. If C is a bound, then because u is absolutely continuous with respect to the
Lebesgue measure, there exists 17 > 0 such that

<<
e, t]) < C

as soon as |t —t'| < 7. Therefore, for |t —t'| <7, we have
|(e(g),X(t)e(f)) - (e(g),X(t’)e(f))| <€,
hence the result. n

We are now ready for the main result of this text.

THEOREM 4.9 (SECOND FUNDAMENTAL LEMMA) Let L,L' be simple adapted processes, let
Mi,Ms€e{A,AT} and set

Xi(t)zj(;tLi(S)dMi(S)-
Then, for any f,g € L2(R.),
(X1(@e(f), Xa(t)e(g)) = fot (L1(s)e(f),Xa(s)e(g)) dui(s)
«f i ©e(F), La(e(@) das(s)
+f L), La()e(e) dv(s),

where
® 1 is the measure corresponding to M I in Proposition 4.7,

* 9 is the measure corresponding to M in Proposition 4.7;

e dv=dsif M1 =My =A" and dv = 0 otherwise.

Note that the definition of u; should not be a surprise, since X7 is on the right-hand side of
the inner product while it was on the left-hand side in Proposition 4.7.

Proof. For the sake of clarity, we will write M1(¢), M2(t) instead of M1; and M3 ;. The computa-
tions are similar to those of Proposition 4.7. First of all, let us fix t € R; and choose a partition
to <--- <ty =t of R; which is adapted to both L; and Ls. Then,

(X1@®)e(f), Xa(te(g)) = <Z La(tj-1) (Ma(t)) - Mat;-1)) e(f), Y. La(tj-1) (Ma(t,) - Ma(t 1)) e(g)>

=1 j=1

To understand that sum, we are going to decompose it. The basic observation is that by definition,

(La(tj-1) (M1(t)) — M1(tj-1) e(f), Xa(tj-1)e(g))
Jj=1

n Jj-1
=> <L1(tj—1)(Ml(tj)—M1(tj—1))e(f), Y Lz(tk—1)(M2(tk)—M2(tk_1))e(g)>
J=1 k=1
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A similar formula holds exchanging the roles of the two processes, and adding both yields the sum
we are interested in, except from the diagonal terms. In other words,

(X1(te(f),Xae(g)) = > (L1(tj—1) (M1(¢;) — M1(tj-1)) e(f), Xa(tj-1)e(g))
=1

+ Y (X1(tj_1)e(f), Lot 1) (Ma(t;) — Ma(t;-1)) e(g))
j=1
+ (L1(tj-1) (M1(¢j) — M1(¢j-1)) e(f),Lo(tj—1) (M2(t ;) — Ma(tj-1)) e(g))

j=1

We will denote by S1, Sg and S3 the three sums appearing above and study them separately.
We start with S;. Using the fact that all the processes involved are adapted, we have

S1=) (Li(tj-De(fy,_ )& (M1(t;)) - Mi(t;-1))e(fir, ), Xa(t;-1)e(gs, 1) ®e(gr, )

Li(tj-ve(fy, ), Xa(tj-1e(gy, 1)) ((M1(t;) — M1(tj-1) efir, ), e(gre,,))

Li(tj-ve(fs,_ ), Xo(tj-De(fy, 1)) elfir;_),e(grr,.)) ua(ltj-1,25])

2. ¢
j=1
2. ¢
j=1
2. ¢
j=1
Y (La(tj—1e(f), Xa(tj-1)e(@)) 1t j—1,t,1).
j=1

A similar computation yields

Sg =) (X1(tj-e(f),La(tj-1)e(g)) palt -1, ;1.
j=1

Both S and S9 are Riemann sums of piecewise continuous functions on the interval [0,¢,]=[0,{]
by Lemma 4.8. As a consequence, if we denote by 7 the partition that we use and set

0, = sup (tj - tj_l),

1<js<n

then as §,; — 0, both sums converge, respectively to the first and second terms in the formula of
the statement.
We are therefore left with S, which can be written as

S3= il@l(tj-ne(ft,1]>,Lz<tj-1)e<gt,.ﬂ>>
x 2 (M)~ My(t;-1)) efir, ), (Ma(t )~ Ma(t;1) elgpe, )
The main point is then the computation of the quantity
I'ia(a,b) = (M1(b) — M1(a))e(f),(Ma(b) — Ma(a))e(g))

for a < b. Let us split the cases:

o If M1 =Ms=A, the computation is straightforward and yields
b b
T12(a,b) = ( f f(s)ds) ( f g(s)ds) = wu(a, bz (la, b).
a a

e If M;=A and My = AT, once first applies M1, and the uses the adjunction relation to move
M to the right-hand side, yielding

b b
Flz(a,b)Z( f f(s)ds)( f f(s)dS)=u1([a,b])u2([a,b]).

— 22 —
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e If M1 =A" and My = A, then I'12(a,b) is the same as in the previous situation, hence once
again

I'12(a, ) = pi(la, bDus(la, b)).
o If M; = My =A", using the adjunction we have to compute a coefficient of the operator.
(A(D) - A@)AT(B)-AT(@) = ABIAT(BD) - AB)AT(0) - A@AT(B) + A@AT(@).
Using the computations in the proof of Proposition 3.9, we have
<A(b)AT(a)e(f),e(g)> = (110,51, L10,01) €(f), e(@)) + (10 1, 8) ([, L10,a1) (e(F), e(8)).
Therefore,

T'2(a,b)=(b—a—a+a)e(f),e(@) + (Lo.51,8) (L1061 — (> 110.a1)) (e(f), e(Q))
= L10,a1,8) (> Li0.a1) — {F> Li0,61)) Ce(f), e(g))

b
= (b—a)e(f),e(g) + ( f f <s>ds) (110,61, 8)(e(f), e(g))
b
- (f f(S)dS) (Li0,a1,8)(e(f),e(g))

b b
=(b—a)<e(f),e(g)>+( f f(s)ds)(f g(s)ds)<e(f),e(g)>
=v([a,b]){e(f),e(g)) + u1(la,bDua(la,b]){e(f),e(g)).

We have proved the following formula:

n

Sz =) (Li(tj-De(fr, ), Latj-De(g:, D) efir, ), e(gre, WVItj-1,;])

J=1

+ ) (Laitj-ve(fy,_,),Latj-1)e(gs, 1)) (e(fir, ) e(gre, W paltj1, ¢ Dot j-1,;1)

n
J=1

t t
=f0 (L1(s)e(f),La(s)e(g)) V([tj—1,tj])+f0 (L1(s)e(f),La(s)e(g)) u1([t -1, Dualtj-1,2;1

t
= fo (L1(s)e(F), La()e(@) v[tj1,t,) +R.

To conclude the proof, we have to show that R — 0 when §,; — 0. For that purpose, observe that

t
IRI< max |us(t1,t,)) fo KL1(s)e(f), La(s)e(@) | dp | (5).

Only the first factor depends on the partition 6,, and because pg is absolutely continuous with
respect to the Lebesgue measure, it has no atom. As a consequence,

max |uo([ti_1,£:])] — O
lstnI'u2 I |5,,—»0

and the proof is complete. [ ]

4.2 EXTENSION

We will now use the previous results to extend the construction of the quantum It6 integral to
more general processes. Let us start with a useful definition.

DEFINITION 4.10 (MEASURABLE PROCESS). An adapted process is said to be measurable if
for all f € L2(R.), the map
t — L(t)e(f)

is Borel measurable. Two measurable processes L and L’ are said to be equivalent if for all
f €L2(R+)7
{t| L@®e(f) # L' (De(f)}
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has Lebesgue measure 0. We then write L ~ L.

As in the setting of classical It6 calculus, as well as in the theory of Riemann integration, we
want to consider processes which are approximable by simple ones.

DEFINITION 4.11 (STOCHASTICALLY INTEGRABLE PROCESS). A process L is said to be stochas-
tically integrable if it is adapted, measurable, and for all ¢ € R, there exists a sequence
(Lp)nen of simple adapted processes such that for all f € L%R,),

t
fo | (Ln(s) = L(s))e(F)]12ds — 0.

Given a sequence of (L,),cN simple adapted processes approximating a given stochastically
integrable process L, one can consider for M € {A, AT} the new sequence

¢
X0 = [ Loam.
0
What we would like to prove is that the sequence (X, ),eN converges to some adapted process,
and that the limit is independent from the choice of the approximating sequence. In that way, we

will get a reasonable definition of the quantum stochastic integral of L. To do this, let us start by
deriving some bound on the norm of the integral of a simple process.

Lemma 4.12 (BOUNDEDNESS OF THE STOCHASTIC INTEGRAL). Let L be a simple adapted pro-
cess, let M € {A, AT} and let X be the corresponding integral. Then, for any f € L2 (R.),

+ t
IX()e(f)]? < elo F©)1ds fo IL(s)e(IZ(f(s)] + 1)ds

Proof. Start by applying the SECOND FUNDAMENTAL LEMMA (Theorem 4.9) with L1 = Lo and
Mi=Ms:

t t
IIX(t)e(f)||2=2§R( fo <X(s)e(f),L(s)e(f)>du(s))+ fo IL(s)e(F)IIZ dv(s)

The CAUCHY-SCHWARZ INEQUALITY and the fact that du = fds then yield

t t t
IX@®)e(f)I1? < fo IX(s)e(FI21f(s)lds + fo IL(s)e(FI% | (s)lds + fo IL(s)e(F)IIZ dv(s)

and because dv is either ds or 0, we conclude that

t t
IX(e(f)]? < fo IX()e(HIZ|f(s)lds + fo ILS)e(AIZ(F ()] + Dds.

The result now follows from a direct application of GRONWALL'S LEMMA. [ ]

We are ready to prove the main theorem of this section, which constructs the quantum It6
integral for a large class of processes.

THEOREM 4.13 Let L be a stochastically integrable process and let M € {A,A'}. Then, there
exists an adapted process X such that for any ¢ € R, and any sequence (L,),eN of simple
adapted processes which approximate L, we have for all f e L2(R,) and te R,,

t
( fo Ln(s)dM) e(f) — X(De(f).
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Proof. For k,n €N, we have by Lemma 4.12

. ¢
IX:@e(f) = Xn(®)e(f)]? < elo1)ds fo I(Lx(s) = L(s)e(HIZ(f(s)] +1)ds

; t
<ehIFOds sup (1£(s)] + 1) A I(Ly(s)— Ln(s)e(f)*ds

0sss<t

t
— alt, ) fo I(La(s) = Ln(s))e(F) ]2 ds.

Let now € > 0, and let N be such that for all n = N,

t
fo I @ L@ eI < 5.

Then, for all 2,n =N,

t t t
fo L)~ Ln(s) e(FI2 < fo I(La(s) = Ls)e(F)I2 + fo I(L(s) = Ln(s)e(F)I1?
€

a(t, f)
and this, together with the first part of the proof yields

<

IX5()e(f)— X ®e(HI> <e

for all £,n = N. In other words, the sequence (X,,(t)e(f)),eN is Cauchy in %;(H) which is complete,
hence it converges to a limit which we denote by X (¢)e(f).

Let now (L)) en be another sequence of adapted simple processes approximating L and let X’
be the corresponding limit process. Then,

t
(XL () = X, () e(OI® < alt, f) fo (L)~ La(s)) | *ds

t t
<alt,f) fo (L)~ L(s)) |2ds + att, ) fo I(L(s) - Ly ()2 ds

Because the right-hand side goes to 0 as n goes to infinity, we conclude that X'(¢)e(f) = X(t)e(f),
and the proof is complete. [ ]

The process given by Theorem 4.13 is called the (quantum) stochastic integral of L with respect
to M and is denoted by

¢
X)= [ L6)aMe),
0
Let us record some elementary properties of that construction.
Proposition 4.14. Stochastically integrable processes have the following properties:

1. If L is stochastically integrable and L' ~ L, then L’ is stochastically integrable and its inte-
gral equals that of L,

2. The space % of stochastically integrable processes up to equivalence is a vector space;
3. Stochastic integration is linear on ¥;
4. The stochastic integral of a stochastically integrable process is continuous.

Proof. We will proceed pointwise.

1. Simply observe that if L’ ~ L, then any sequence of simple processes approximating L also
approximates L'.
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2. This is a direct consequence of the definition.
3. This follows from the definition of the stochastic integral of a simple process.
4. Fix t>0and f,g € L?(R,). For ¢ € R,, taking limits in the FIRST FUNDAMENTAL LEMMA

(Proposition 4.7) shows that

t/
|(e(2), X (D)e(f)) — (e(@), X (e(f))] < ft (e(@), L(s)e(F)duls)

max(t,t')
_ f (e(2), L(s)e(£))| du(s).

min(z,t")

The result now follows from the fact that s — (e(g),L(s)e(f)) is measurable with respect to
the Lebesgue measure by definition of a measurable process, hence with respect to y, and
that ¢ has no atom since it is absolutely continuous with respect to the Lebesgue measure.

Let us show that this class is fairly large, using the following definition:

DEFINITION 4.15 (REGULAR PROCESS). A process L is said to be regular if for all f € L2(R..),
the map
t— L(t)e(f)

is continuous.

Proposition 4.16. Regular processes are stochastically integrable.

Proof. Let us fix a regular process L and ¢ € R.. For n € N, we define L, by splitting the interval
[0,%] into n pieces and fixing the value on each of these small intervals. More precisely, we set, for
teRy,

La(s)= n w2 S5,
L(t) if t<s

This is by construction a simple process, which is moreover adapted because L is. Moreover, for
s€[0,¢] and f € L?(R,), the regularity of L implies that

(t_]) £ tj< tj+1)

L, (s)e(f) — L(s)e(f).
n—oo
Furthermore, again by regularity, we have that

K; = sup |[L(s)e(f)| < +o0

Osss<t

Therefore, observing that ||L,(s)e(f)| < K; since L, takes as values a subset of the values of L,
we have
ILn(s)e(f) — L(s)e(f)II* < 2K?

and a straightforward application of the DOMINATED CONVERGENCE THEOREM yields

t
fo ILn(s) = Lis) eI — 0.

In other words, L is stochastically integrable. [ ]

Though Proposition 4.16 provides a large class of stochastically integrable processes, is not as
general as the classical construction of the It6 integral which works under the weaker assumption
of local square integrability. This is of course not a problem, once we introduce a very natural
notion of local square integrability:
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DEFINITION 4.17 (SQUARE INTEGRABLE QUANTUM PROCESS). A process L is said to be lo-
cally square integrable if for all f € L2(R..),

t
f IL(s)e(f)]1%ds < +oo.
0

Corollary 4.18. Locally square integrable processes are stochastically integrable.

Proof. For fixed ¢t and f, one may define an inner product on the space of locally square integrable
processes through the formula

¢
(L,L,>t,f:f0 (L(s)e(f),L'(s)e(f))ds.

This procudes a Hilbert space H;y in which regular processes are dense. The result therefore
follows from Proposition 4.16. [ ]

4.3 A QUANTUM ITO FORMULA

So far, we have constructed a quantum It6 integral for regular stochastic processes. But the main
tool in It6 calculus is the It6 formula, usually stated in its elementary form

th th = dt.

So what about the quantum setting ? Here we run into the very issue that we have been trying to
avoid all along: because we deal only with unbounded operators, there are analytical subtleties
concerning domains which prevent making sense of formulas like dAdA for instance. Neverthe-
less, one can get a weak version of the It6 formula by restricting, as we have done all along, to
coefficients in the exponential domain. More precisely, taking limits in Theorem 4.9 yields the
following:

THEOREM 4.19 (QUANTUM ITO FORMULA) Let L1,L9 be stochastically integrable processes,

and let M1,Ms € {A,AT}). If X; and X5 denote the corresponding quantum stochastic inte-
grals, then

t
(X1(®)e(f), Xa(t)e(g) =f0 (L1(s)e(f),Xa(s)e(g)) dui(s)
t
; fo (X1(9)e(f), La(s)e(g)) dps(s)
t
; fo (L(s)e(f), La(s)e(g)) dv(s)

where
® 7 is the measure corresponding to M I in Proposition 4.7,

® (9 is the measure corresponding to M3 in Proposition 4.7;

e y=dsif My =Ms=A" and v = 0 otherwise.

To see why this is an It6 formula, let us get away with domain issues and work as if all
compositions and adjoints are well-defined. Consider then the composition X = X IX 2. Observe
that formally taking adjoints in the FIRST FUNDAMENTAL LEMMA (Proposition 4.7) shows that
given a process

t
X(t)=f L(s)dM;,
0

the process

t
Xt = f Lis)an’,
0
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is adjoint to X (¢) on exponential vectors. Therefore, shifting all operators to the right-hand sides
yields

e(f), X1 Xze(g) ) = (X1(D)e(f), X2(t)e(g))
1
t
= [ (e L} Xare(@)) dpr(s)
0
t
+ [ (D X|OL29ew@) dusts)
t
+ f (e(F), LY a(s)e(@) ) V).
0

Comparing with Proposition 4.7, we see that the first term above is exactly the one corresponding
to the stochastic integral of the process L§X2 with respect to M Jlr Similarly, the second term
corresponds to the integral of the process X ILQ with respect to My. As for the third term, it
vanishes unless M; = My = AT, in which case it is just the deterministic integral of the process
LiLz with respect to ds.

In other words, using the differential notations

dX;=L;dM; & dXg=LadMy,

X IX 2 is a stochastic integral, and the corresponding process can be written in differential form
as
d(X[X2) = L1XodM| + X1LodMy + L1L2dM | d My,

where dM{dMs is ds if M1 = Ms = A and 0 otherwise.
Forgetting the adjoints, this can be summarized into the following 6 table giving the value
of dM 1 dM. 92:

M, AlA
A 0 | ds
AT 0] 0

Remembering now that @; = A; + A;r is the Wiener process, we immediatly recover the celebrated
formula:

thth =dt.

44 FURTHER PERSPECTIVES

As mentionned in Section 1, we have been working in the simplest possible framework: we focused
on the symmetric Fock space over L2(R, ), considered only the creation and annihilation operators
as integrands, and only worked with coefficients given by exponential vectors. This shows that
there are at least three directions in which one may enlarge our setting. Let us dicuss them one
by one.

More Hilbert spaces

First, we have been working in Z,(L?(R,)) all along. This is natural, since R, is needed in the
framework to provide the time-dependence of the processes and make sense of adaptedness. Nev-
ertheless, one may want the operators to act on a larger space. This can be done by fixing another
Hilbert space K — called the source space — and considering operators on K ® Z;(L?(R,)) instead.
One may then define similarly adapted and simple processes, and proceed to prove a bound on the
norm of the corresponding stochastic integrals enabling the extension of the framework. However,
one does not in general want to impose the operators defining the processes to be bounded on K.
Therefore, we will have to assume that for a given process, there is a common dense subspace on
which the operators act at all time. One then has to deal with this all along the computations,
and to be careful about what happens when trying to compare two processes.
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Another way of extending the framework could be to replace L2(R.) by another Hilbert space
H. The main question then is how to make sense of time evolution and adaptedness. The solution
is to fix a “time measure” of H by means of a map

¢: FR,)— PH),

where Z#(R.) is the Borel o-algebra of R, and Z2(H) is the set of all orthogonal projections in
H. The idea is then that the range of ¢([0,¢]) will then be the set of vectors available up to time
t, so that we can make sense of adapted processes. However, this can only work if ¢ statisfies
some natural conditions (for instance ¢([0,t]) < ¢([O,t']) for t < t') making it a projection-valued
measure. The usual conditions are as follows:

* o(p)=0and pR;)=1d,

* Given pairwise disjoint subsets (E;);en in F(R,), for any v e H,
n o0
(Z(P(Ei) v— @ E;|lv
i=1 i=1

Assuming that this is done, we still have to replace the elements 1j; in the definition of the
creation and annihilation operators. This will be done through maps x : R, — H which are com-
patible with the time evolution ¢ in the sense that for any s < ¢,

([0, sDx(2) = x(s).

By an obvious anology, such a one parameter family of vectors is called a ¢-martingale. Note that
in that setting, the measures p and v appearing in Theorem 4.9 have to be changed since they
will depend on ¢ and x.

Before turning to the next point, let us mention another constructions based on the Fock space:
the antisymmetric Fock space &,(H). 1t is given by a projection P, : & (H) — % (H) which takes
thje signature of the permutations in account when averaging:

P,(v1®---®v,)= Z €(O')Ug(1) ® - ®Ug(n)-
€&,

A simple computation shows that if one of the tensors is a linear combination of the others, then
the result is 0. This implies for instance that if H is finite-dimensional, then %,(H) also is, in
contrast with the symmetric case. This also implies that there is no exponential vectors in %, (H)
so that one has to find other dense subspaces to work. Despite these differences, a similar theory
of stochastic integration can be developped in that setting. Since the use of the antisymmetric
Fock space is used in quantum physics to describe the statistics of particles called fermions, this
is usually called fermionic stochastic calculus and details can be found for instance in [AH84].

More processes

Even though the addition of a source space is important to enlarge the setting and allow for
a richer theory, it is more of a technical extension of the framework. The second point brings
in a new concept. Indeed, quantum mechanics uses a third type of operators besides creation
and annihilation: the conservation (or gauge) operators. These are not associated to a vector in
H but to a bounded linear map T € %(H). The precise definition involves the notion of second
differential quantization and we will therefore skip, but we give the expression of coefficients
between exponential vectors:

(e(y), A(T)e(x)) = (y, Tx){e(y),e(x)).

Observe that formally, A(T)* = A(T"), so that A(T) is essentially self-adjoint when T is self-
adjoint. Using the multiplication operators T = my,, then provides an adapted process (A; =
A(Ty))ter, with respect to which one may perform stochastic integration. One important feature
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of that new integrator is that it enables the realization of the standard Poisson process on the
symmetric Fock space, in a way similar to the Wiener process in Theorem 2.10. The Poisson
process with intensity a > 0 will then correspond to the operators

A+ \/EQt + at.

Of course, the introduction of conservation operators leads to a larger It6 table for computing
products of quantum stochastic integrals, which is the following one:

Mo
M Al AT | A
A 0| ds | dA
AT 0] o 0
A 0 | dAT [ dA

If one uses the more general framework explained in the previous point involving a time evolution
@ in a general Hilbert space H, then an operator T € %(H) is compatible with ¢ is @([0,t])T =
Te([0,¢]) for all £ € R,. Then, denoting by T'; that operator, one gets a conservation process A(T).

As a finel comment, let us mention that the main issue when dealing with conservation op-
erators is that they are not directly defined on exponential vectors. This raises the question of
a better dense subspace to work with. A natural choice would be the subspace of finite tensors,
which is simply the algebraic direct sum of vector spaces

FH)gn = P H®".
neN

The drawback of that space is that it does not contain exponential vectors, so that for instance one
cannot directly realize the Wiener process on it. This motivates the search for better subspaces,
but we will not go into it here.
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