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Part I
Vertex algebras: definitions and examples



Write an introduction.



Chapter 1
Jet schemes and arc spaces

This chapter is devoted to the study of jet schemes and arc schemes/spaces associated
with a scheme X defined over the field of complex numbers.

Roughly speaking, an arc on a scheme X is a formal path on X, that is, a morphism
from the formal disc D = Spec C[[¢]] to X. Jets on X are obtained by truncation of
such paths at a finite order.

The study of singularities via the space of arcs was initiated by Nash [163].
He conjectured a tight relationship between the geometry of the arc space and
the singularities of X, see Ishii and Kollar [105]. More precisely, he suggested
that the study of the images by the truncation morphisms of the space of arcs
should give information about the fibers over the singular points in a resolution of
singularities of X. The work of Mustata [ 161] supports these predictions; for example,
rational singularities of a locally complete intersection variety can be detected by the
irreducibility of all its jet schemes. The space of arcs also plays a key role in motivic
integration, as the domain over which functions are integrated. We refer the reader
to the the recent book by Chambert-Loir, Nicaise and Sebag [46], and the references
given there, for more about this topic.

It turns out that arc spaces are also of great importance in the theory of vertex
algebras. One of the main reasons is that the structure sheaf of the arc scheme over
a scheme X has the structure of a sheaf of commutative vertex algebras ([36, 77]),
see Chap. 2. Moreover, any vertex algebra is canonical filtered, and the associated
graded space is a quotient of the space of the functions on the arc space of the
associated scheme of the vertex algebra, see Chap. 4 for more details. The space of
the functions on an arc space will be thus the most important example of commutative
vertex algebras.

The chapter is structured as follows. Section 1.1 is about the jet construction
of differential algebras. Section 1.2, Section 1.3, and Section 1.4 concerns first
properties and examples related to arc schemes. We study in Section 1.5 geometrical
properties of arc spaces. In the context of vertex algebras one needs also to consider
the loop space £ X of an affine scheme X. This is the topic of Section 1.6. Arc
spaces of group schemes acting on a scheme is discussed in Section 1.7.
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Throughout this chapter, the ground field will be the field C of complex numbers.
We shall work with the Zariski topology, and by variety we mean a reduced and
separated scheme of finite type over C.

1.1 Jet construction of differential algebras

Definition 1.1 In this book, a differential algebra is a commutative C-algebra A
equipped with a derivation 0, that is, a homomorphism of vector spaces 9: A — A
satisfying the Leibniz product rule d(ab) = d(a)b + ad(b) for every a, b € A.

A differential algebra homomorphism f: A — A’ between two differential alge-
bras (A, d) and (A’,9’) is a C-algebra homomorphism which commutes with the
derivations, that is, 3’ (f(a)) = f(d(a)) for every a € A.

Lemma 1.1 For any finitely generated unital commutative algebra R, there exists an
unique (up to an isomorphism) differential algebra ¢ R such that

Hompr a1(_ZR,A) = Homy, (R, A) (1.1)

for any differential algebra A. More precisely, the differential algebra 7R satisfies
the following universal property: we have an algebra morphism j: R — _Z«R such
that for any algebra morphism f: R — A from R to a differential algebra (A, d),
there is a unique differential algebra morphism f : FwR — A such that foj=f.

Proof The uniqueness of _Z.,R follows from Yoneda’s lemma.

Let us show the existence. First, let R = C[x1,...,xy]. We define Z.R to be
the polynomial ring C[0/x;: i = 1,...,N, j > 0] with infinitely many variables
dx;,i=1,...,N, j > 0, with the differential

d: &x; — 87, (1.2)
We have the embedding
ji R JoR, xj+— 3, (1.3)

and _Z. R is generated by R as a differential algebra. From now, we identify x; with
8%x;. Itis clear that (_Z R, d) satisfies the desired property.
Next, let R be general. We may assume that

R:C[.XI,...,XN]/<f1,f2,"' ’fr>
with f; € C[xy,...,xn]. We define
IoR=Cld'x;:i=1,....,N, j201/{¢’ firi=1,...,r, j > 0), (1.4)

where f; is considered as an element of C[0/x;: i = 1,..., N, j > 0] by the embed-
ding j. Since (8/ f;: i =1,...,r, j > 0) is a differential ideal, 7R is naturally a
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differential algebra with the derivation 0. Because (' f;:i = 1,...,r, j = 0)
is the smallest differential ideal of C[d7x;:i = 1,...,N, j = 0] containing
(i, oo i) (Z=R, 0) satisfies the required property.

From the above construction, one can also prove the uniqueness more explicitly.
Assume that there is another differential algebra (B, d) satisfying the universal
property. First, since the identity is a differential algebra morphism from B to B,
we get an algebra morphism jp from R to B. Applying the universal property to B
and _Z.R, we get algebra morphisms f: B — Z.Rand g: #R — B such that
fojp=jandgoj= jg. By the uniqueness, of liftings we get that f o g = id 4 _r
and g o f =idp. ]

The differential algebra _Z.,R is called the jer algebra of R.

By the proof of Lemma 1.1 we have the embedding j : R — £ R given by the
correspondence (1.3). In particular, R can be regarded as a subalgebra of _#.,R and
the isomorphism (1.1) is given by restriction.

Observe that the correspondence R — _Z.R is functorial. If f: R — R’ is
an algebra homomorphism, then we naturally obtain a morphism Z.f: R —
R’ making the following diagram commutative:

R—T g

[

wR—— 7R’
SR ——= I
Lemma 1.2 Let Ry and R, be finitely generated unital commutative algebras. Then

Fo(RI®R)) = R ® ZoR>

as differential algebras, where the differential of 7R\ ® ZwR3 is given by A(0) =
0®1+1®0.

Proof For any differential algebra A, we have

HomAlg(Rl ® Ry, A) = HomAlg(Rl, A) ® HomA[g(Rz, A)
= Hompjf 414 ( e R1, A) ® Hompys 414 ( _FZeoR2, A)
= Holef A]g(jooRl ® /ooRL A).

Corollary 1.1 Let A be a finitely generated commutative Hopf algebra with counit
€: A — C, coproduct A: A — A ® A and antipode S: A — A. Then Z. A is a
commutative Hopf algebra with counit f«€, coproduct ¢« and antipode #S.
Moreover, if M is a comodule over A with comodule map yu : M — A ® M, then
F M is a comodule over ZoA with comodule map _Z o pi.

Proof Note that ¢,C = C. Hence _Z.e defines an algebra homomorphism
FwA — C. Itis straightforward to check the assertion using Lemma 1.2. O
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For any C-algebra A, we set

Allz]] = {Z an?": ay € A}, (1.5)

n>0

which is naturally an algebra. Note that A ® C[[z]] & A[[z]] in general.
As an algebra, R has the following characterization.

Proposition 1.1 For a finitely generated unital commutative C-algebra R, ZR is
the unique (up to isomorphisms) unital commutative C-algebra such that

Homy, (_ZR, A) = Homy, (R, A[[z]])

for any unital commutative C-algebra A.

Proof The uniqueness follows from Yoneda’s lemma.
For f € 7R, we set

=3 @ N € (SR

n>0
Next, for @ € Homy, (_ZwR, A), we define ®(a) € Homye (R, A[[z]]) by

D(a)(f) = (e f) = > a(d"f/n)2", feR.

n>0

Since e?9(fg) = e%9(f)e??(g), ®() is an algebra homomorphism. Hence, ®
defines a map @: Homyje(_ZoR, A) — Homy, (R, A[[z]]).
Conversely, define map ¥': Homye (R, A[[z]]) — Homy, (7R, A) by

Y(B) (0" f) = Zli_r{})é‘z"(ﬁ(f)), f €R, n€Zs.
It is easy to see that ¥ is well-defined and we have ® o ¥ = ¥ o ® = id. This
completes the proof. O

We have

JoR=1im 7R, (1.6)

where _Z,,R is the subalgebra of f#R generated by d/x; with i = 1,...,N,
j =0,...,m in the presentation (1.4). The inductive limit is taken with respect to
the natural inclusions _#,R — _#,,R, forn < m.

The proof of the following assertion is similar to that of Proposition 1.1 and is
left to the reader.

Proposition 1.2 Let R be a finitely generated unital commutative C-algebra. For
m >0, _ZmR is the unique (up to isomorphisms) commutative C-algebra such that
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HomAlg(ija A) = HomAlg(R, A [Z]/(Zm+l))
for any unital commutative C-algebra A.

Exercise 1.1 Let K be a field of characteristic p > 0. Let us call a unital commutative
K-algebra A a differential algebra if it is equipped with linear maps

ol A A, nxo,

(that corresponds to the divided power differential 3" /n!) such that
ol (ab) = Z AUl (@)o" (), a,b e A.
j=0

Show that statements of Lemma 1.1, Proposition 1.1 and Proposition 1.2 hold by
replacing C-algebra by K-algebra and defining _#,, R to be the subalgebra generated
by ollx; withi=1,...,N,j=0,...,m.

1.2 Arc spaces for affine schemes

Let Sch be the category of schemes over C.
Let X be an affine scheme of finite type, that is, X = Spec R for some finitely
generated unital commutative C-algebra R. Define

FX :=Spec(_ZwR). (1.7)
Then by Proposition 1.1,

{C-points of _Z..X} = Homg¢1,(SpecC, £ X) = Homyu(_ZR, C)
= Homye (R, C[[z]]) = Homsc, (D, X)),

where D is the (formal) disc defined by
D = SpecC[[Z]].

A morphismy: D — X is called an arc of X. The scheme _Z., X, whose C-points
are arcs of X, is called the arc space of X. Note that _#,X is a scheme of infinite
type in general.

By Proposition 1.1, we have

Homg.p,(Spec A, ZX) = Homg.p,(Spec A[[z]], X) (1.8)

for any commutative C-algebra A, and the arc space _#.X is characterized as the
unique scheme satisfying this property (see e.g. [66, VL.1]).
We also define for m > 0
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ImX =Spec(_ZmR). (1.9)

By the similar argument using Proposition 1.2, we find that the C-points of _#,,X
are the m-jets of X, that is, the morphisms

Spec(C[z]/(z™)) — X.

The scheme _Z,, X is called the m-th jet scheme of X. It is a scheme of finite type.
By Proposition 1.2, the m-th jet scheme _¢#,,X is characterized as the unique
scheme satisfying

Homg,.;, (Spec A, Z,,X) = Homg,p,(Spec A[z]/(z™"), X) (1.10)

for any commutative C-algebra A.
Denote by ,,, the canonical morphism

Am: Im(X) — Fo(X) =X
induced by the projection

Clz]/(z™") —» Clz]/(2) = C.
More generally, we have truncation morphisms:

USRI /m(X) — /n(X), m = n,

induced by the projection
Clz]/(2™*") —» Clz]/ (™).

Namely, 7, , is the affine scheme morphism whose comorphism is the embedding
of C-algebras _#,R — _Z,R.
By (1.6), we have

FoX =1lim _7,,X (1.11)

in the category of affine schemes. For m € Z3(, we have the canonical truncation
morphism

Toom: Foo(X) — Fim(X)

whose comorphism is the the embedding of C-algebras _#,,R — _ZR.

The canonical injection C < C[z]/(z"*!) induces a morphism ¢,,: X —
_Im(X) whose comorphism is the canonical projection of C-algebras #,,R - R.
Since 7, o 1, = idx, we get that &, is surjective and ¢,, is injective.

Example 1.1 Let us consider a concrete example. Let

X = SpecClx", x%, 3] /((x")? +x%x%) c A3,



1.3 Arc spaces for general schemes 13

Set |

Xy = i—'a"xf, j=1,23,i>0.
(l—l>’ x2 with x%_l) and x3 with x?_l), the equations of the
embedding of Z.,(X) in /OO(A3) are given by the vanishing of the coefficients of
the polynomial

Identifying x' with x

(xé_1)+xé_2)z+x(l_3)z2+- . )2+(x(2_1)+x%_2)z+x%_3) 24 ')(x?71)+x?72)z+x?73)z2+' )

in C[[z]] or, equivalently, by the following equations:

1 2 2 3 _
i) 1+x(_1)2x(_l)% 3.2 0
2x§71)x(172) +x(711)xi_%) +x(_1)x(72) . . =0
2x (X () + 2 )T H XX (L3 F XN () T X)X =0

The truncation morphism 7e : Zoo(X) — _Zm(X) is given by forgetting the

coordinates xf_l._l), fori > m.

1.3 Arc spaces for general schemes

The result of this section is not used for the rest of the book.

Theorem 1.1 (Greenberg [96, 97]) Let X be a scheme of finite type.

i). For any m € Zsq there exists a unique scheme _¢,,X such that
Homyg,,(Spec A, #,,X) = Homg,,(Spec A[z]/(z™), X) (1.12)
for any commutative C-algebra A. Equivalently,
Homsen(Z, fmX) = Homsen (Z Xspece Clz] /(2. X) (1.13)

for any scheme Z.
ii). there exists a unique scheme X such that

Homg.,(Spec A, Z.X) = Homg,,(Spec A[[z]], X) (1.14)
for any commutative C-algebra A. Equivalently,
Homgcr(Z, ZoX) = Homgep (ZQspecc Spec C[[z]], X) (1.15)

Jfor any scheme Z, where Z?specc Spec C[[z]] is the formal completion of Z X
Spec C[[z]] with respect to Z x {0}.



14 1 Jet schemes and arc spaces

Thus, the C-points of _#Z,,,(X) are the C[z]/ (z™*1)-points of X, and the the C-
points of _Z.,(X) are the C[[z]]-points of X. From Theorem 1.1, we have for example
that _#y(X) ~ X and that _#;(X) =~ TX, where TX denotes the total tangent bundle
of X.

We have a canonical projection 71, ,: _#Zm(X) — _#Zn(X) form > n.Itis defined
at the level of the functor of points using (1.12): the induced map

Homs.(Spec A[z]/(z™*"), X) — Homg.(Spec A[z]/(z"*"), X)

is induced from the truncation morphism A[z]/(z"*") — A[z]/(z"*!). Similarly,
we have a canonical projection e 11 _Zoo(X) — FZim(X) for m € Zyy.

For an arbitrary scheme X of finite type, the following lemma allows to describe
the jet schemes ¢, X, for m € Z, and the arc scheme _#., X from the affine case.

Lemma 1.3 ([64]) Given any m € Z>oU{co} and any open subset U of X, Zn(U) =
-1
7, (U).

Proof Assume first m € Zs(. Let A be a C-algebra and
jm: Spec A — Spec A[z]/(z™)

be the morphism induced by truncation. An A-valued point of _#,,(X) is a morphism
of schemes y: Spec A[z]/(z™*!) — X. Such a morphism is an A-valued point of
7. 1(U) if and only if y o j,, factors through U. Clearly, if y is an A-valued point of
FIm(U), that is, the image of y lies in U, then y is an A-valued point of o, N (U).

Conversely, assume that y: Spec A[z]/(z"*') — X is an A-valued point of
7,1 (U). Then y o j,, factors through U. Note that the set of prime ideals of
Alz]/ (2™ = A ® C[z]/(z™*") is in one-to-one correspondence with the set
of prime ideals of A since Spec C[z]/(z"*!) contains a unique element. Hence, y
induces a map from Spec A[z]/(z"*") to U (just between sets). Because U is open in
X, we have Oy = Ox|y. Hence the map induced from the morphism of schemes y
is automatically a morphism, too. So y induces a morphism Spec A[z]/(z™*!) — U,
that is, an A-valued point of _Z,,(U).

For m = oo, the statement is obtained by taking the projective limit since
n;l’o(U) = limﬂ;nl(U) and ¢, (U) =1lim Z,,(U) . O

It follows from the lemma that for an arbitrary scheme X of finite type with an
affine open covering {U,};¢s, its jet scheme _#,,(X) is obtained by glueing the jet
schemes _Z,,(U;) (see [64, 104]). Over an affine open subset U; C X, the space of
arcs is described by

(Moo @ g.x) (Ui) = ﬁ/mx(ﬂ;,l,o(Ui)) = lim O 7,x (1 (U) = O 5. x( FUp),
where 710 0 g x denotes the pushforward sheaf of & 4, x induced by

M0 Foo — X.
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In particular, the structure sheaf (7,00 ¢ (x) is a sheaf of differential algebras
on X.

1.4 Functorial properties

The map from a scheme to its jet schemes, or its arc space, is functorial. If f: X — Y
is a morphism of schemes, then we naturally obtain a morphism _Z,,, f: _Z,,(X) —
Im(Y) making the following diagram commutative,

() 2L g1

ml lnm

XﬁY

In terms of arcs, it means that _#,, f(a) = f o a for @ € _#,,(X). This also holds
for m = oo.
In addition, we have the following results.

Lemma 1.4 ([64]) Let m € ZoU{oo}. For every schemes X, Y, we have a canonical
isomorphism

Im(XXY) = Jin(X) X _Fu(Y).

For X, Y affines, and m = oo, the lemma is just a reformulation of Lemma 1.2.

Proof Assume first that m € Zs(. Then for any affine scheme Z in Sch,

Hom(Z, Zu(X xY)) = Hom(Z Xgpec. C[z]/(Z™), X X Y)
= Hom(Z Xspec. Clz]/(Z™"), X) x Hom(Z XSpece Clz]/(Z™),Y)
= Hom(Z, ¢,,(X)) x Hom(Z, #,,(Y))
= Hom(Z, Zn(X) X _Zu(Y)),

whence the statement in this case. For m = oo, just replace C[z]/(z"*") with C[[z]]
and take the completion ZXspec ¢ Spec C[[z]] instead of Z Xspec. C[z]/(z™*'). O

Let f: X — Y be a morphism between affine schemes X,Y € Sch. Recall that
f is called formally smooth (resp. unramified, étale) if for every C-algebra A, every
nilpotent ideal J of A, and every commutative square,

Spec B 2 x

/7{
)
s

Spec A T> Y,
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where B = A/J, there exists one (resp. at most one, one unique) diagonal arrow ¢,
called the lifting, making the two triangles commutatives, [98].

Since f is of finite type (the schemes X,Y are of finite type), the morphism f
is formally smooth if and only if it is smooth. For the relation between formal and
standard smoothness we refer for instance to [152, Chap. 10, Section 28].

Lemma 1.5 ([64],[46, Proposition 3.7.1 and 3.7.4]) If f: X — Y is a smooth sur-
Jective morphism between affine schemes X,Y € Sch, then for everym € Zo, I f
is also smooth and surjective. Moreover, Y« f is formally smooth and surjective.

Recall [178, proposition 4.8] that a morphism of schemes f: X — Y is surjective
if and only if for any field K and any y € Y (K) there is a field extension L/K and
x € X(L) whose image by X(L) — Y (L) is the image of y under Y(K) — Y (L)

Proof We prove at the same time the statements for _#,, f and _Z. f. In the latter
case, set m = oo and for every C-algebra A, read A[z]/(z"*") as A[[z]].

Let us first prove the surjectivity. Let K be a field. Given a K-valued point
ImY (K) is the same as giving a morphism ¢ : Spec K[z]/(z™*') — Y. Denoting
by tx : Spec K — Spec K[z]/(z*!) the natural closed immersion, the composition
map ¥ o tg : Spec K — Y yields a K-valued point y. Since f is surjective, there is
a field extension L/K and x € X (L) whose image by X(L) — Y (L) is the image of
yunder Y(K) — Y(L). Hence we get an L-valued point ¢y: Spec L — X such that
the following diagram commutes:

%0

Spec L

Y |

Spec L[z]/(z™*") —0 Spec K [z]/(z™) - Y,

where p: Spec L[z]/(z™") — Spec K[z]/(z™*!) is the natural morphism induced
from K < L. Assume first that m < oco. Then the ideal of ker:} is generated by
(), hence it is nilpotent in L[z]/(z"*!). The morphism f being formally smooth,
there exists a morphism ¢: Spec L[z]/(z™*') — X, making the two triangles
commutative:

Spec L ‘po—))( X

Ll‘l <p/ - f
_ -

Spec L[Z]/(Zm+l) W Y,

thatis, #,,f(¢) =y’, with ' := y o u. This proves the surjectivity of #,, f.
Assume now that m = oo. Since _Z..X is the projective limit of the _Z,, X, in
order to show the surjectivity of #, f it is enough to check the compatibility of
Imf with the truncation morphisms 7, ,: _ZnX — _#,X. The foregoing shows
that for every n, there exists a morphism ¢, : Spec L[z]/(z**') — X such that

W' o, = fop,,thatis, ”m,n(lp) = /nf(San):
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Spec L %  x

P
$n //
L - f
b
-

Spec Llzl/(z"*) — ¥

e
e
tn -,
e
_ v

Spec L[z]],

where 1,: Spec L[z]/(z**') — Spec L[[z]] is the canonical closed immersion.
Moreover, ., (¢m) = ¢, for every m > n. Therefore, the family (¢,), defines an
L-valued point of lim Zn(X), hence, an L-arc ¢ of X. This proves the surjectivity
of Zof.

We now show that _Z,,(X) is formally smooth, for m € Z>o U {oo}. As before,
we prove together the statement for _#,,, f and _Z. f. Notice that for m < co, #,, f
is of finite type because f is so. Hence ¢, f will be smooth if formally smooth.

Let A be a C-algebra, J a nilpotent ideal of A and set B = A/J. Let
: Spec A[z]/(z™*!) — Y bean A-valued pointof _#,,Y andgo: Spec B[z]/(z™*') —
X a B-valued point of _¢#,,X such that f o ¢y = o j,

Spec B[z]/(z™*") 2 x

1

Spec A[z] /(™) T) Y,

where j: Spec B[z]/(z™*') — Spec A[z]/(z™*!) is the canonical closed immer-
sion. The ideal of ker j* is generated by J[z]/(z™*'), hence it is nilpotent. Since f
is formally smooth, there exists a morphism ¢: Spec A[z]/(z"*!) — X making the
two triangles commutatives:

Spec Blz] /(") “—; X

jl v - lf
P
-~

Spec A[z]/ (™) - Y.

This shows that the morphism _Z,, f is formally smooth. Indeed, by definition, an
A-valued pointof _#,,,Y (respectively, a B-valued pointof #,,X)isan A[z]/ (z"*1-
valued point of ¥ (respectively, B[z]/(z™*!)-valued point of X). O

Remark 1.1 Similarly, one can show that if f: X — Y is a formally étale morphism
of affine schemes, then the canonical morphism _#,,(X) — _#,,(Y) Xy X induced
by Zu(f)andmp,: Z,(Y) — Y is anisomorphism. Hence Lemma 1.3 also follows
from this fact applied to the open immersion U < X since 7,/ (U) = _#,,(X) xx U.
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1.5 Geometric properties of arc spaces

It is known that the geometry of the jet schemes _#,,(X), for m > 1, is closely
linked to that of X. More precisely, we can transport some geometrical properties
from 7,,(X) to X.

The following proposition gives examples of such phenomena:

Proposition 1.3 Let m € Z, and let X be an affine scheme of finite type. If 7, (X)
is smooth (respectively, irreducible, reduced, normal, locally a complete intersection)
for some m, then so is X.

For smoothness, the converse is true, even with “every m” instead of “for some m”.
In fact, for smooth varieties, we have the following more precise statement, [64,
Corollary 2.11].

Proposition 1.4 If X is a smooth variety of dimension N, then the truncation mor-
phism 1, p, for p € {0,...,m}, is a Zariski locally trivial projection with fiber
isomorphic to A"=P)N In particular, Fm(X) is a smooth variety of dimension
(m+1)N.

Proof Around every point in X we can find an open subset U and an étale morphism
U — AN . Using Remark 1.1 the assertion reduced to the case where X is the affine
space AV, in which case the statement is clear by Sections 1.1 and 1.2. O

For the other properties stated in Proposition 1.3, the converse is not true in
general. We refer for instance to [104, §3] for counter-examples. See also [160] for
counter-examples in the setting of nilpotent orbit closures in a simple Lie algebra.

The following lemma gives a necessary and sufficient condition for the converse
of Proposition 1.3 to hold for irreducibility.

Lemma 1.6 Assume that X is an irreducible reduced affine scheme of finite type
over C, and let m € Zsq. Then the Zariski closure of n;({m(Xreg) is an irreducible

component of Z,(X), and #,,(X) is irreducible if and only if ﬂ;({m(Xsing) is
contained in the Zariski closure of ﬂ;({m(X,eg). Here, Xieo stands for the smooth part
of X, and Xging for its complement in X.

Proof Since X, is smooth and irreducible, the Zariski closure n}lm(Xreg) of

n)‘(lm(Xreg) is an irreducible closed subset of _¢#,,(X) of dimension (m + 1) dim X
by Proposition 1.4. Then the lemma easily follows from the fact that we have the
decomposition

jm(X) = ﬂ;({m(Xsing) U ﬂ;(l,m(Xreg)
of closed subsets, and that n;({m(Xsing) ) ﬂ;(l’m(Xreg). |

There are also subtle connections between the geometry of #,,(X), form > 1,
and the singularities of X. In particular, by results of Mustata, we have:
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Theorem 1.2 ([161]) Let X be an irreducible affine variety over C.

i). If X is a complete intersection, then 7, (X) is irreducible for every m > 1 if and
only if X has rational singularities.

ii). If X is a complete intersection and if #,,(X) is irreducible for some m > 1, then
FIm(X) is also reduced.

We have seen that jet schemes and arc spaces share several functorial properties.
For topological properties, they behave rather differently. The main reason is that
C[[z]l is a domain, contrary to C[z]/(z™*!). Thereby, although _Zw(X) is not of
finite type in general, its geometric properties are somehow simpler than those of
the finite jet schemes ¢, (X).

Let us now turn to topological properties of the arc spaces.

Lemma 1.7 The natural morphism Xeq — X induces an isomorphism

j oered i) f X
of topological spaces. Here Xieq stands for the reduced scheme associated with X.

Proof We may assume that X = Spec R, with R a ring. An arc @ of X corresponds
to a ring homomorphism a*: R — C|[[z]]. Since C[[z]] is an integral domain, it
decomposes as @*: R — R/V0 — C[[z]]. Thus, & is an arc of Xq. O

Note that Lemma 1.7 is false for the schemes _#,,,(X).

! Warning

If Z.X is reduced, then X is reduced, but _#.,X no need to be reduced if X is
reduced.

The following example was discovered by Julien Sebag [172]: let X be the hy-
persurface of A? defined by equation x> — y? = 0. Then X is reduced, and one can
verify that 3y _1)x(-2) — 2x(-1)y(~2) is a nilpotent element of C[_Z., X], where x(_y)
and y(_1) identify with x and y, respectively, and x(_2) = 0x(-1), Y(-2) = 0y (-1)-

Mustatd’s result (Theorem 1.2) furnishes a converse to the above “warning” in
the case where X is a locally complete intersection with rational singularities:

Theorem 1.3 ([161]) If X is a locally complete intersection with rational singulari-
ties, then o is reduced (and irreducible).

If X is a point (as topological space), then _#,(X) is also a point (as topological
space), because Hom(D, X) = Hom(C, C[[z]]) consists of only one element. Thus,
Lemma 1.7 implies the following.

Corollary 1.2 If X is zero-dimensional, then #(X) is also zero-dimensional.

In contrast to jet schemes, the irreducibility property is preserved for the space of
arcs.
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Theorem 1.4 (Kolchin) The arc scheme 7. (X) is irreducible if and only if X is
irreducible.

Proof Since f.X = _f.Xrd as topological spaces, we may assume that X is
reduced. Assume first that X is smooth. In this case, the result is easy. Indeed, by
Proposition 1.4, the jet schemes _¢,,X are smooth for any m and the canonical
projections #X — _#,,X are all surjective. Therefore #.X = lim FImX with
the projective limit topology is irreducible, too.

Consider now the general case. We argue by induction on d = dim X, the d = 0
case being trivial. By Hironaka’s Theorem, there is a resolution of singularities
f: X’ — X. In particular, f is a proper morphism and X’ is smooth. Suppose that
Z is a proper closed subset of X such that f is an isomorphism over U = X \ Z.

We claim that

(X)) = F(Z) UIm(_Ff). (1.16)

Indeed, since f is proper, the Valuative Criterion for properness implies that an arc
v: SpecC[[z]] — X lies in the image of #.,(f) if and only if the induced morphism
y: Spec C((z)) — X can be lifted to X’ (moreover, if the lifting of  is unique, then
the lifting of 7 is also unique). On the other hand, y does not lie in _#(Z) if and
only if y factors through U < X. In this case, the lifting of ¥ exists and is unique
since f is an isomorphism over U. This proves (1.16).

The smooth case implies that _Z.,(X”) is irreducible and so is Im(_# f). Hence
by (1.16) it only remains to prove that _#.(Z) is contained in the closure of
Im(_fe ).

Consider the irreducible decomposition Z = Z;U...UZ,, inducing by _Z(Z) =
Fo(Z1) U ... U _Fu(Z,). Since f is surjective and proper, for any i, there is
an irreducible component Z; of f ~1(Z;) such that the induced map Z, — Z;is
surjective. By the Generic Smoothness Theorem ([134, Corollary 10.7]), one can
find open subsets U; and U; in Z] and Z;, respectively, such that induced morphisms
gi: U/ — Uj; are smooth and surjective. In particular, we get

Ho(Ui) =Im(_Z(gi)) € Im(_Foo f).

On the other hand, by induction, every #.(Z;) are irreducible. Since _#.(U;) is a
nonempty open subset of _Z.,(Z;), it follows that

Heo(Zi) S Im( I f)
for every i. This completes the proof of the theorem. O

This result is classically referred to as the Kolchin irreducibility theorem, and is an
analogue for arc schemes of a theorem in differential algebra [130, IV.17, Prop. 10].

As a consequence of Kolchin’s Irreducibility Theorem, if Xi,..., X, are the
irreducible components of X, then #.(X1),..., f«(X,) are the irreducible com-
ponents of ¢ X.
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Lemma 1.8 Let Y be an irreducible affine scheme, and let f: X — Y be a morphism
that restricts to a bijection between some open subsets U C X and V C Y. Then

Foofi: Jo(X) = Fu(Y) is dominant.

Proof The map _# f restricts to the isomorphism _Z.,(U) - F(V), and the
open subset _Z.,(V) is dense in _Z(Y) since _Zo(Y) is irreducible. O

Remark 1.2 Note that all results of Sections 1.4 and 1.5 hold for any scheme of finite
type (not necessarily affine).

1.6 Loop spaces

In the context of vertex algebras one needs also to consider the loop space £ X of an

affine scheme X. One of the reasons is that an &'( 7., X)-module as a vertex algebra

is the same as a smooth module over the topological ring 0 (£ X) (see Section 2.14).
Assume that X = Spec R is an affine scheme of finite type over C.

Proposition 1.5 i). There exists a unique, up to isomorphism, ind-scheme £ X which
is the inductive limit of affine schemes £, X of infinite type such that for any
commutative C-algebra A,

Homye (0(X), A((2)) = Homye(0(£X), A),
where A((2) =lim, z " All2])
ii). If X is smooth, then £ X is formally smooth.

For a commutative C-algebra A, by
Homy, (0(£X), A)

we always mean the set of continuous morphisms, that is, the morphisms from
O (£ X) to A which factorize through one of the quotients of the projective limit,

Poon: O(LX) —» O(L,X).

Proof The unicity of the ind-scheme £ X follows from Yoneda’s lemma.
(i) Assume first that X = AN = Spec C[x'];=;...._n. Then set

.....

ZX = lim Spec C[xé,j,l)]i,p—n,

n

i

. (=J- : )

giving by y(x') = 3, yz 2’ to the scalar y|_._, . We have
o (ZI7D) (=j-1)

where the coordinate x i1 is defined by sending a morphism y: C[x']; — C((z))

O(LX) = i Clx{_;_, Ji.j>-n. (1.17)
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with respect to the surjective homomorphisms
Pm,n C[xl(fjfl)]i,j>—m —» C[xl(fjfl)]i,j>—n» m 2z n.

A continuous algebra morphism from (£ X) to a C-algebra A is the same as a
morphism from &(£X) to A which factorizes through one the quotient morphisms

Poo,n - ﬁ(ZX) - C[xl(._j_l)]i,j}—m
Hence we get that for every commutative C-algebra A,

HomAlg(ﬁ(XX)a A) = li_n}HomAlg(C[xé_j_U]i,j>—n, A)
= Homye(0(X),limz " A[[z]])

n

= Homy, (0(X), A((2)),

and .Z X satisfies the required condition.

Suppose now that X = Spec R if an affine subscheme of A"V defined by equations
fis--., fr. Any polynomial f € C[x']i=1....~ induces a morphism of ind-schemes
f: LAN — ZA via base extension. Hence one may realize the loop space .ZX as
the sub-ind-scheme of ZAN defined by the equations fi, ..., f,. More concretely,

replacing x’ by x(z) = jgn xé_j_l) z/ in the equations fj, we get, for each m, a system

of equations in C[xé_ 1,...,N, j > —m] which defines a subscheme in

T
ZAN . Our desired ind-scheme .ZX is the inductive limit of these schemes as
n — oo,

(ii) Assume that X = Spec R is smooth. We need to prove that for any surjection
of C-algebras B — A whose kernel J satisfies I" = 0 for some n, the map of sets
Homyy, (R, B((z))) — Homg;e (R, A((z))) is surjective. But the kernel of B((z)) —
A((z)) is J((z)) which is also nilpotent of order n. So the smoothness of R implies
that any morphism R — A((z)) can be lifted to a morphism R — B((z)). O

Since X is separated, the valuative criterion for separated morphisms gives an
inclusion of the arc space #.X into the loop space £’ X. One could extend the
definition to any scheme, and the inclusion

FuX Cc LX

would still hold. The valuative criterion for properness guarantees that this inclusion
is a bijection if and only if X is proper. In fact, if X is proper, let’s say projective,
then there is no difference between A[[z]]-points and A((z))-points of X. However,
the category of €'(_# X) is different than the category of €'(.£X). In this book, we
only need to consider the case of affine schemes. We refer the reader to [121] for an
appropriate construction in a more general setting.
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1.7 Arc spaces of group schemes acting on an algebraic variety

A proalgebraic group is an inverse limit of algebraic groups. As a consequence of
Lemma 1.4 we get the following result.

Lemma 1.9 Let m € Z( (respectively, m = o). If G is a group scheme over C, then
Im(G) is also a group scheme (respectively, a proalgebraic group scheme) over C.
Moreover, if G acts on X, then #,,(G) acts on 7, (X).

Proof According to Lemma 1.4, the multiplication morphism u: G X G — G
induces a morphism Z,u: Zn(G X G) =2 _7,G X ZuwG — _7,G for any m.
Moreover, since the jet of a point is a point, the restrictions to {¢} X G — G and
G x {e} — G of y induces morphisms {e} x ¢#,,G — _#,G and Z,,G x {e} —
ZmG and, so, the neutral element e of G is still a neutral element for the operation
Zmis. From this, it is easy to verify that the operation _Z,,,u gives to _¢#,,G a group
scheme (respectively, a proalgebraic group scheme) structure.

Suppose now that G acts on X. The above group scheme (respectively, a proal-
gebraic group scheme) structure shows that _#,,G acts on _#,,X using the map
In(GxX)= 7,GX _Z,X — _Z,X induces from the action map G x X — X.O

Remark 1.3 As a consequence of Lemma 1.9, if G is an affine group scheme over C
acting on an affine scheme X, the action comorphism,

O( FX) = O(_FxG) ® O(_FX),
is a morphism of differential algebras.

Example 1.2 Let G be an linear algebraic group, g = Lie(G). By Lemma 1.9, _7..G
is an affine proalgebraic group, whose C-points are the C[[¢]]-points of G. We denote
by G[[¢]] the set of C-points of G. We have

Lie(_7oG) = fug=gll1]l. Lie(_7.G) = frg=glt]/™),
with Lie bracket:
[xt™, yt"] = [x, y]™", X,y €@, m,n € L. (1.18)

Indeed, by definition, for r € Zo Ll {0}, Lie(_#,G) is the Lie algebra of the left
invariant vector fields on _¢#,.G, that is,

Lie(_#,G) = {D € Der(0(_#,G)): Ao D = (1 ® D) o A}

(see Appendix B, Section B.3), where A: 6(_#,G) — O(_#,G) ® O(_7,G) is
the coproduct induced by the coproduct of &'(G), see Corollary 1.1. Note that if
A(f) =2;u; ®v; for f € O(G), we have

A(f(-n-1)) = Z Z(”i)(kfnfl) ® (Vi)(~k-1) (1.19)
-0

i k
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where f(_,—1) = 0" f/n!. This is clear for r = oo since A is the homomorphism
of differential algebras, and the coproduct of &'(_#,G) is obtained by restricting
the coproduct of (_Z.G) to O(_#.G). Let r € Z3( and consider the Lie algebra
homomorphism ¢: g[¢]/(t"*) — Der(0(_#,G)) defined by

¢(Xtm)f(—n—l) = (fo)(m—n—l): (1.20)

where x is the left invariant vector field on G corresponding to x € g and we have
put f(,) = 0 for n > 0. We find from (1.19) that the image of ¢ is contained in
Lie(_#,G), and thus, we have the Lie algebra homomorphism

v o[t/ (") — Lie( 7,G).

The map y is injective since g = Lie(G), and therefore, ¢ must be isomorphism
since dim g[¢]/(t"*') = dim Lie(_#,G). As this is true for all m > 0, we find that
g[[t]] = Lie(_Z»G), and that the action of g[[¢]] on J(_f.G) as left invariant
vector fields is given by the formula (1.20).

By Lemma 1.9, note that the adjoint action of G on g induces an action of _Z.,(G)
on _fZ.(g), and the coadjoint action of G on ¢* induces an action of _#.(G) on

Foo(89).

We conclude this section with an application of Theorem 1.3 to the nilpotent cone
A of a simple Lie algebra g.

Example 1.3 Assume that g is simple, and let .4 be the nilpotent cone of g that
is, the set of nilpotent elements of g. (The reader is referred to Appendix A for
basics on semisimple Lie algebras, and to Appendix D for properties of the nilpotent
cone and nilpotent elements.). It is well-known that .#” is the reduced scheme of g
defined by the equations p, ..., p,, where py, ..., p, are homogeneous generators
of 0'(g)®. Hence, Foo(A) is the subscheme of g[[]] defined by the equations 8’ p;,
i=1...,randj >0.

Furthermore, according to Kostant [133], the nilpotent cone is a complete in-
tersection, which is irreducible and reduced. Moreover, it was proved by Hesselink
[101] that it has rational (hence canonical) singularities. Using Mustatd’s result
(Theorem 1.3), it was shown that Eisenbud-Frenkel [65] that!:

F(8//G) = Jot]] JooG,

where g//G = Spec 0(9)C and _#.8// G = Spec O([_F8)#~C. In other
words, the invariant ring &'(_#9) /=G is the polynomial ring

O( I(8//G)) =Cld/pizi=1,...,r,j >0],

since 0(g//G) =C|[p1,...,pr]. In particular,

1 This result was obtained independently by Rais-Tauvel [169] and Beilinson-Drinfeld [37] by other
methods.



1.7 Arc spaces of group schemes acting on an algebraic variety

Foo(N) = Spec O(_7:08)]0( 7)™,

where 0(_f0){ G is the augmentation ideal of O( joog)l""G.

25






Chapter 2
Operator product expansion and vertex algebras

In this chapter, we collect the basic definitions and standard properties of vertex
algebras (see Section 2.7). We give several equivalent caracterisation of the locality
axiom, which is the most important axiom of a vertex algebra, and derive from this
the Borcherds identities (see Section 2.3 and 2.8). The easiest examples of vertex
algebras are the commutatives vertex algebras which are discussed in Section 2.9.
First interesting examples of non-commutative vertex algebras are given in the next
chapter (Chap. 3). Other important examples of non-commutative vertex algebras
will occur in the rest of this book.
The best general references for this chapter are [77, 112].

2.1 Notation

For R a C-algebra and n € Z, we denote by R[[z], ..., z; | the vector space of all
R-valued formal power series (or formal Laurent series) in the variables z1, ..., 2,
that is, the elements of the form

Z"'Z““ ,,,,, 22, @.1)

where each a;, . ;, isin R. If a € R[[z},....z;]l and b € R[[wi,....w;, ]I,

.....

m,n > 0, then the product ab is well-defined in R[[z7, ..., z;, W], ..., wy,]|. Butif
a, b are two elements of R [[zli, ...,z ], then their product does not make sense in
general since the coefficient in a given z{ ,fori=1,...,nand j € Z, of the product
may be an infinite sum. However, the product of a € R[[z},...,z;]] by a Laurent
polynomial, that is, a series as in (2.1) such that a;,, ._;, = 0 for all but finitely many
n-tuples iy, . . ., Iy, is well-defined.

Given a formal power series in one variable a(z) = ), a,z" € R[[z*]], we define

. nez
its residue at z = 0 as:

Res;—9a(z) :=a-;.

27
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If R = C and if a(z) is the Laurent series of a meromorphic function defined on a
punctured disc at 0, having pole only at 0, then

Res,—ga(z) = 2ﬂ\l/__ly/a(z)dz,

where the integral is taken over any closed curve y winding once around O.

2.2 Formal delta function

Define the formal delta-function by

S(z—w) = %é (%) e C[[z*, w].
We have
1 1
0(z=w) =Tz w (Z_W)_Tw,z (Z—W)’ 2.2)

where the two maps 7 ,, and 7, ; are the embeddings of algebras defined by:

_ _ 1 1 1 w\”
Tow: Clew, 7 hw™, —] — C() (W), ——+— = (_) ’
=W =W Zn>0 Z

ft Sl o, 2] (@), -1 3 (2]
=W

W Zn>0 W

Thus the map 7 ,, (f) is the expansion of f in |z| > |w| and 7y, (f) is the expansion
of fin |w| > |z].
Lemma 2.1 For any C-algebra R and any f € R[z,z"'], where R(z,z7'] is the set

of all Laurent polynomials in the variable z with coefficients in R, we have
f(D6(z—w)=f(w)d(z—w). (2.3)
Proof Note that f(z) — f(w) is divisible by z — w. We have

(z=w)d(z-w)=(z—w) (Tz,w (;) — T,z (#))

(z-w) (z—w)
= Tz,w(l) - Tw,z(l) =0,
whence the assertion. O

Remark 2.1 In fact, for any formal series f € R[[z, z”']], the multiplication f(z)6(z—
w) makes sense and the equality (2.3) holds.
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Both homomorphisms 7, and 7, , commute with d,, and d,. Therefore, it follows
in the same way as above that

(z —w)! %a:;a(z -w)=0 (2.4)

forn > 0.

Lemma 2.2 For m,n > 0 we have
m 1 n
RGSZ:() (Z - W) ;6W6(Z - W) = 6m,n
Proof Observe that

Wl 1 1
(z=w) and(z_w):‘rz,w (m)—m,z (W)

The meromorphic function f(z) = %, for fixed w € C, has poles con-

(z—w

tained in {w, 0, co}. It admits the following Laurent series expansions:
1

Tzw W
1

Tw.z W

with @, (w), b, (w) € C[[w*]],
Now we have

) - ZmEZ QM(W)Zm if |Z| > |W|
(@)=
) = ZnEZ bn(W)Zn if |W| > |Z|’

1 )) =gy (w) = 1 dz
(z — w)n-m+l =da-1lw) = V=1 Ciw (z — w)n-m+l >

where C ,, is the contour described in Figure 2.1 (a circle centred at 0 with radius
r1 > |w| =r), while

Res,-g (TZ’W ( (2.5)

1 1 dz
_— =b_ = s
(Z _ W)n—m+l )) 1(W) o ,—_1 Cone (Z _ W)n—m+l

where C,,,, is the contour described in Figure 2.2 (a circle centred at 0 with radius
rp < |w|=r).

Clearly, by the residue theorem applied to the meromorphic function f(z) defined
on the domain C \ {w, 0}, we get

Res;-o (Tw,z ( (2.6)

dz Y
27v-1 Je,, (z- w)rn=m+l m

where C,, is the contour described in Figure 2.3 (a circle with center w and radius
< min(r — ry,r; — r)). This concludes the proof.

(2.5)-(.6) =
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Fig. 2.1 The contour Cy ,,

Ciw

Fig. 2.3 The contour C,,,

2.3 Locality and Operator product expansion (OPE)

Let V be a vector space over C. We denote by (End V)[[z, z”!]] the set of all formal
Laurent series in the variable z with coefficients in the space End V. We call elements
a(z) of (EndV)[[z,z"']] a series on V. For a series a(z) on V, we set

an) = RCSZ:()(Z(Z)Zn

so that the expansion of a(z) is

a(z) = Z amz " 2.7)

nez

The coeflicient a,) is called a Fourier mode of a(z). We write
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a(z)b = Z ambz™!

nez

forb eV.

Definition 2.1 A series a(z) € (EndV)[[z,z"']] is called a field on V if for any
b eV,a(z)b € V((z)), thatis, for any b € V, a(,)b = 0 for large enough n.

In the sequel, the space of all fields on V will be denoted by Fields(V).
For a(z),b(z) € Fields(V), the product a(z)b(z) does not make sense in gen-
eral. However, the normally ordered product

ca(2)b(2): = a(z)+b(2) + b(2)a(z)-,

a(z)s = Z amz ", a(z)- = Z amz """,

n<0 n>0

where

does make sense and belongs to % ields(V). However, the normally ordered product
is neither commutative nor associative. By definition, ¢ a(z)b(z)c(z): stands for
ca(z)ib(z)e(z): .

Although a(z) b(w) makes sense, we also consider the following normally ordered
product in End(V)[[z*, w*]]:

ca(z)b(w): =a(2)+b(w) +b(w)a(z)-.

Note that °a(z)b(w):v € V[[z,w]][z~", w™!], while a(z)b(w)v € V((z))(w)), for
a(z),b(z) € Fields(V),v eV.

Definition 2.2 We say two fields a(z), b(z) on V are mutually local if
(z=w)N[a(z),b(w)] =0
in (End V)[[z*, w*]] for a sufficiently large N.

We note that a field a(z) needs not be local to itself.

Proposition 2.1 ([112], see also [156]) Fix two fields a(z), b(z) on a vector space
V. The following assertions are equivalent:

i). a(z) and b(z) are mutually local, that is, (z — w)N [a(z), b(w)] = 0 for some
N € Zg in (End V) [[z*, w*]];

ii). There exist co(w),c1(w),...,cn-1(w) € Fields(V) such that
N-1 |
[a(2),bw)] = > en(w)—d6(z—w).
g n!

in (EndV)[[z*!, w!]];
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iii). There exist co(w),c1(w),...,cn_1(w) € Fields(V) such that
N-1 |
a(z)b(w) = ;) cn(W)Tz,w (m) +2a(2)b(w):

and

z

-1

b(w)a(z) = Y cn(w)Tu.. (ﬁ) +2a()b(w):

n=0

in (End V) [[z*!, w*!]].
Proof The direction (iii) = (ii) is obvious and (ii) = (i) follows from (2.4). We
shall show that (i) = (iii). We have
a(2)b(w) — 2a(2)b(w): = [a(z)-, b(w)],
b(w)a(z) = 2a(2)b(w): = [b(w),a(z)+].

By the locality assumption,

(z=w)N [a(2)-,b(W)] = (z=w)" [b(w), a(2):]. (2.8)

Observe that the left-hand-side of (2.8) does not have terms greater than N — 1
in z whereas the right does not have terms of negative degree in z. Hence, they
are polynomials of degree at most N — 1 in z. It follows that there exists c;(w) €
(EndV)[[w,w™']],j=0,...,N — 1, such that

N-—
(z=w)N[a(2)-.b(w)] = > c;j(w)(z—w)N /L.
Jj=0

For v € V, the element [a(z)-,b(w)]v = (a(z)b(w) — 2a(z)b(w):)v belongs to
V((z)) ((w)), which is a vector space over C((z))((w)). We have

[a(2)=. BNV = T2 (m) (2= w)N [a(z)-. b(w)]v

1 N-1 ]
= () 2 e

j=0
-1

= Z 7, ( W)]+1)cj(w)v.
Jj=

Since v € V is an arbitrary, we have obtained the first formula of (iii). The second
formula is similarly shown. Finally, we need to show that each c;(w) is a field.
Since we have shown that [a(z), b(w)] = Z}V:B] cj (w)%afvd(z —w), it follows from
Lemma 2.2 that
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cj(w) = Res.—o((z = w)/ [a(z), b(W)]). (2.9)
As both a(z) and b(w) are fields, c;(w) is a field as well. O
By abuse of notation we often just write

a(z)b(w) ~ Z (ZC"(W) (2.10)

n+l
n=0 W)

for the relations of Proposition 2.1 (iii).

Definition 2.3 Formula (2.10) is called the operator product expansion (OPE) of
a(z) and b(w).

Proposition 2.2 The OPE (2.10), or the relations of Proposition 2.1 (iii), is equiva-
lent to the relation,

N-1

[am)> D] = Z ( )(Cj)(m+n i (m,neZ)

j=

fora,b eV, m,neZ inEndV.

In the above formulas, the notation (’7) for j > 0 and m € Z means

s

(m)_m(m—l)x---x(m—j+1)
i) JjG-Dx---x1

with the convention (1(1)1) =1.

Proof We only show that (2.10) implies that the above relation. The other direction
is easy to see. We have

[@(m)» b(n)] = Resyy=0 (W" Res —o(z"'[a(z), b(w)])) .
As in the same manner as in the proof of Lemma 2.2, we get
N- o _
Res;=o(z"[a(2), b(w)]) ZO Res - ( — w)Jl ) cjw) = Z ( ) cj(wyw™.
This completes the proof. O

Proposition 2.2 says that the right-hand-side of the OPE encodes all the brackets
between all the coefficients of mutually local fields a(z) and b(z).
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2.4 Example

Let B be the unital associative algebra generated by elements b,,, for n € Z, with
relations

[bm, bn] = MOmin0, M,n € Z.

A B-module M is called smooth if for each m € M there exits an integer N such that
b,m =0 for n > N. If M is a smooth 8-module,

b(z) = Z bz !

nez

is a field on M. We have

(@b = Y (b balz™ W = 37 mz ™ ! = 8,,6(z - w).

m,nez mez

Hence, b(z) is local to itself and

b(Z)b(W) ~ m

2.5 n-th product of fields

Let a(z), b(z) be mutually local fields on V, so that (z — w)N [a(z), b(w)] = O for
some N. For n > 0, define the field a(z) ) b(z) by

a(2)(n)b(z) : = Resy=0((w — 2)"[a(w), b(2)]).
Then, the OPE of a(z) and b(z) is expressed as

a(w)jb(w)
(z—w)i*t

a(x)b(w) ~ .

j>0

@2.11)

see (2.9). (Note that a(z)(jyb(z) = 0for j > N.)
In fact, the field a(z))b(z) makes sense for all n € Z, where we undestand
Res,—o((w — 2)"[a(w), b(z)]) as

Res,y—0 (Tw,z((w = 2)")a(w)b(2)) = Resw=o (tz,w (W = 2)")b(2)a(w)) .

Explicitely, we have

a(z><n>b<z)=2(z (’f) (@m-nbisy = (=D"buk-na@) |51 @212)

keZ \i>0
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Definition 2.4 The field a(z),)b(z) is called the n-th product of a(z) and b(z).

Note that
a(z)(-nb(z) = ca(2)b(z) 2, (2.13)
1 (n=1) ;
——=0 a(z) ifn>0,
a(z)(—p idy = { (=DE 2.14
(@)om) idv {0 ifn < 0. (19
The last formula follows from the fact that
. a(w)
a(z)(_n) ldV = RCSW=Z (m)
(recall the proof of Lemma 2.2), where
a(w) w1
Resy=; | ———— | = nResy—, [ ———.
WZ((W—Z)”) ngza() WZ((W—Z)")
Similarly, we have
(idy)(nya(z) = 0p,-1a(2). (2.15)

Also, we have

9:(a(2)(n)b(2)) = (8:a(2)) () b(2) + a(2)(m) (9:b(2)) - (2.16)

This is clear from the fact that Res;=9 d,(...) = 0.
The n-th product is not associative. By definition, a(z) m)b(2) ) c(z) stands for
a(z) (m) (b(z)(nyc(z)) as in the case of the normally ordered product.

Lemma 2.3 ([141]) If a(z), b(z), c(z) are three mutually local fields on a vector
space V, then the fields a(z)n)b(z) and c(z) are also mutually local for all n € Z.

Lemma 2.3 is usually referred to as Dong’s Lemma.

Proof By assumption there exists N > 0 such that

(z-w)Na()b(w) = (z-w)Nb(w)a(z), (2.17)
(z=wNa()c(w) = (z-w)" c(u)a(z), (2.18)
w—w)Nb(w)e(u) = (w—u)Ne(u)b(w). (2.19)

We may assume that N +n > 0. We claim that

(W =)™ (1w ((z = W) a(@)b(w) = 1w 2 ((z = w)")b(w)a(2)) ¢(u)
= (w =)™ e@) (12,0 ((z = w)a(2)b(w) = 1w o ((z = w)"b(w)a(2)) . (2.20)

Indeed, we have
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3N
w=—uw)*N = (w=-u)N Z (3;\]) (z—u)*(w—2)°Ns.
s=0

IfO < s <N, (w=2N "7 ((z=w)") = (=1)*N 7,y ((z=w)*N ") and 3N —
s+n > N.Thus, (w=2)*N " (7, ((z=w)")a(2)b(w) =7y ((z=w)")b(w)a(z)) = 0
by (2.17), and so the left-hand-side of (2.20) is equal to

3N
w0 (= 1)* (w = 2V (2 (2 = W) a(@)b(w) = T (2 = w))b(W)a(2)) c(w).

s=N+1
Similarly, the right-hand-side of (2.20) is equal to

3N

w0 (= 1) (w = 2N ew) (1 (2 = w))a(b (W) = T2 (2 = w)")b(W)a(2)) |

s=N+1

But these two are equal thanks to (2.18) and (2.19).
The assertion follows by taking Res,—( of both sides of (2.20). O

The following assertion should be compared with Proposition 2.2.

Proposition 2.3 Let a(z), b(z), c(z) be three mutually local fields on a vector space
V. Then,

a(z) (m)b(2)(nyc(z) = b(2)(mya(z) (myc(z) = Z (’]n) (a(2)(jyb(2)) man—jyc(2)

j>0
(2.21)
form,n € Z.
Proof The left-hand-side is equal to the sum of the following two terms:
Res,y=0 Resu=0 (Tw,z (W = 2)") 7,z ((u — 2)")a(w)b(u)c(2))
— Resy—g Resy=0 (Tw,z (W = 2)") 7w,z ((u = 2)")b(u)a(w)e(2)) , (2.22)
— Res,,—o Res,=o (Tz,w ((W - Z)m)Tz,u((” - Z)n)c(z)a(w)b(u))
+ Resyy=0 Resu=0 (72w (W = 2)™) 72 (U = 2)")c(2)b(w)a(w)) . (2.23)

By using the formula
m . .
(w—-2)" = ( ) w—u)! (u—2)"",
jZ>O ]

and the fact that
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T (W =) )Ty (= 2)" ) in C(w) () (2),

oV (= 2y = , .
T~ =2 {ru,w«w—u)f)ru,z«u—z)m-f) in C(0) (W) (),

we find that (2.22) is equal to
m )
Z ( ) Resy=0 (Tu,z ((u = 2)™"77) (a(u)(;yb(u)) c(z)) .
>0 J
Similarly, we find (2.23) is equal to
m m+n—j
- Z ( .)Resu_g (T2,u (= 2)"" ) (a(u) (b (u)) c(2)) -
j>0 ]
This completes the proof. O

Exercise 2.1 Show that

a(z)(-n-1b(z) = %2(6;a(z))b(z)§ forn > 0.

2.6 Wick formula and an example (continued from Section 2.4)

Wick’s formula that we shall present below is very useful to compute OPE’s between
mutually local fields.

Recall that the normally ordered product of fields a'(z), . . ., a*(z) over a vector
spaces V is defined inductively from right to left:

2a'(z)...a"(2): = 2a'(z) ... 2a* N (2)a*(2): ... .
It is a sum of 2% terms of the form
a"(2)4a(2)s ... a7 (2)-a*(2)- ..., (2.24)
where i} <iy---,j| > jo» > --- is a permutation of the index set {1,..., k}.

Remark 2.2 1t is clear from (2.24) that if [a'(z)+,a’(z)+] = O for all i, j, then
cal(z)...a"(z):2 = 2a(z)...a%(z) 2 for any permutation {i1, ..., iy}. It follows
that in this case the normally ordered products is commutative and associative.

We write (a’, a’) = [a'(z)_, a’ (w)] for the contraction of a'(z) and a’ (w). As
already observed in the proof of Proposition 2.1, we have

(@',a’) = d'(z)a’ (w) = s d' (2)al (w):

so that {(a’, a’) represents the “singular part” of a’(z)a’ (w).
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Theorem 2.1 (Wick’s formula) Let a' (z), ..., a"(z) and b'(2), . .., b"(z) be two
collections of fields such that the following properties hold:

i). [{a’,b7),a*(z)+] = 0 and [{a, b)), b*(2).] = 0 foralli,j, k;
ii). [a"(2)s, b/ (W)+] =0 foralliand j.

Then one has the following OPE:

cal(z)...a™(z)s b (w)...b"(w): (2.25)
min(m,n)
= Z Z ((all,b11>...<als,bJS>Za1(Z),..am(z)bl(w)...b"(w)z(il ,,,,, Ggif1 e js))’
=
where the subscript (iy, . . . ,is; 1. . . ., js) means that the fields a™ (z) . . . a’s (2) b7V (w) ... b%s (w)

are removed.

Proof The typical term of the left-hand-side of (2.25) is
(ah(z)+ah(z)+...a“(z)_a&(z)_...)(bkl(wo+bkzov)+...bh(wo_bh(mo_...)

Then we have to move the a’(z)_ across the b/ (w), in order to bring this product to
the normally ordered product as in (2.24). Due to the condition (ii) of the theorem,
we have 4 _ . _ o

a'(z)-b’ (w)y = b/ (w),a' (z)- + {a', b’).
But due to condition (i), the contractions commute with all fields % (w)., hence can

be moved to the left. This proves the theorem. O

Using Proposition 2.3 for n = —1 we obtain the non-commutative Wick formula :

a(z)(my 2 b(2)c(z) 3 (2.26)

m—1

= (@@ b () ()2 + 2 b(2) (@@ e @) ¢ + " (@@ 5R) (o) €@
] J

7=0

Formulas (2.25) and (2.26) allow to compute OPE of arbitrary normally ordered
product of pairwise local fields from the knowledge of the OPE of these fields if they
form a closed system under n-th products for n € Zs.

Remark 2.3 There is a Mathematica package [177] which provides a computer pro-
gram for these OPE calculations.

Remark 2.4 1t is not difficult to adapt Wick’s formulas (2.25) and (2.26) in the case
where V is a superspace, see [112, Section 3.3].

Keep the notation of Section 2.4. For @ € C, set

L@)=%:bufz+a@b@y
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By Lemma 2.3, L(z) is local to b(z) and itself. To compute the OPE’s between them,
we use Wick’s formula.

Exercise 2.2 Using Wick’s formula, show that

BB = e e 0 s b))
0D HOVPE) ~ — s b(w)

(B2 )b ) ~ () + s b0) + s B (),
0b()b(w) ~ ——

() ~ -2 bw)  Bub(w)

(z=w)  (z-w)? (z-w)’
(1-12a%)/2 2L(w) dwL(w)
(z—w)* (z-w)?  (z=w)’

L(z)L(w) ~ 2.27)

2.7 Definition of vertex algebras

Definition 2.5 A vertex algebra is a vector space V equipped with the following data:

e (the vacuum vector) a vector |0) € V,
* (the vertex operator) a linear map

Y:V — Zields(V), aw—Y(a,z)=a(z) = Z a(n)z_"_l,

nez
* (the translation operator) alinearmap7:V — V.

These data are subject to the following axioms:

* (the vacuum axiom) Y (|0), z) = Idy . Furthermore, for alla € V,

Y(a,z2)|0) € V[[z]]

and lin}) Y(a,z)|0) = a. In other words, a(,)|0) = 0 for n > 0 and a(-1)|0) = a,
Z—

* (the translation axiom) we have T|0) = 0 and for any a € V,
[T.Y(a,z)] = 8:Y(a,z2),

* (the locality axiom) for all a, b € V, the fields Y (a, z) and Y (b, w) are mutually
local, that is,

(z=w)N[Y(a,2),Y(b,w)] =0 (2.28)
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forsome N = N, p € Z3o.

Let V, W be vertex algebras. The tensor product V ® W is a vertex algebra with
the vacuum vector |0) ® |0), the translation operator T ® 1 + 1 ® T, and the vertex
operator Y(a ® b,z) = Y(a,z) ® Y(b, z). A vertex algebra homomorphism from V
to W is a linear map ¢ : V — W such that ¢(|0)) = |0), ¢#(Ta) = T¢(a), and
¢(amyb) = ¢p(a)my¢(b) foralla,b e V,neV.

2.8 Goddard’s uniqueness theorem and Borcherds identities

Theorem 2.2 (Goddard’s uniqueness theorem) Let V be a vertex algebra, and
A(z2) a field on V. Suppose there exists a vector a € V such that

A(2)[0) = Y(a,2)|0)

and A(z) is local with Y (b, z) for all b € V. Then A(z) =Y (a, 2).
Proof Let ¢ € V. By the hypothesis and the locality axiom, we obtain that for N
large enough, the following equalities hold in V[[z*!, w*!]]:
(z=w)NA)Y (e, w)[0) = (z = w)" ¥ (¢, w) A(2)|0)

= (z=w)"Y (e, w)Y(a,2)[0) = (z = w)" Y (a,2)Y (¢, w)|0).
Using the vacuum axiom, we deduce evaluating at w = O the above equalities, that

foreveryc €V,
A(z)c =Y(a,2)c,

that is, A(z) = Y (a, z) as expected. o

Remark 2.5 We notice that in the proof of Goddard’s uniqueness theorem, only the
vacuum and the locality axioms are used, but not the translation axiom.

Corollary 2.1 Fora € V, we have Y (Ta, z) = 3,Y (a, z).
Proof First, we have
1
Y(a,2)|0) = eTa = Z —(T"a)7". (2.29)
e n!

Indeed, 8.Y(a,2)|0) = [T,Y(a,z))]|0) = TY(a,z)|0). Using this repeatedly, we
obtain 0'Y(a,2)|0) = T"Y(a,z)|0) since (9,Y(a,2))|0) = 8,(Y(a,z)|0)) which
can checked directly. In particular, we have

lin}) 0;Y(a,z)|0) =T"a,
Z—?

which proves (2.29). Therefore, .Y (a, z)|0) = 0,(e*T a) = T (Ta) = Y(Ta, z)|0)
and the assertion follows from Theorem 2.2. O
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By Corollary 2.1 and its proof, we have
(Ta)ny = —na-1

foralla € V,n € Z, and
1
a(-n-1)|0) = ;T"a, forall n>0. (2.30)

Proposition 2.4 (skew-symmetry) Let V be a vertex algebra. Then the identity
Y(a,2)b=eTY (b, —2)a.

holds in V((z).

Proof By (2.29) and locality,

(z-w)NY(a,2)e"Th = (z-w)NY(a,2)Y (b, w)|0) = (z = w)NY (b, w)Y (a, z)|0)

=(z-w)NY(b,w)eTa

for a sufficiently large N. Now we have

e TY(b,w)e T = Z % ad(zT)" (Y (b,w)) = Z i—r:@xY(b, w)=Y(b,z+w)

n>0 "’ n>0

in (End V) [[z*, w*]], where by (z+w)~! we understand its expansion 7, ,, (1/(z+w)).
(The formal variable version of the Taylor formula.) Hence,

(z=w)NY(a,2)¢"Th = (z = w)Ne Y (b,w - 2)a,

where by (w — z)~! we understand its expansion 7,,, (1/(w — z)). Since there is no
negative power of w on the left-hand-side, we can set w = 0 on both sides to get the
desired formula. O

Lemma 2.4 Let V be a vertex alegbra, a,b € V, n € Z. Then,
Y(Cl(n)b, Z) = Y(a, Z)(n)Y(b, Z).
Proof By Lemma 2.3, the field Y (a, z)(,)Y (b, z) is mutually local to all Y (v, z),
v € V. Hence it is sufficient to show that Y (a )b, 2)|0) = Y(a, )Y (b,z)|0) by
Theorem 2.2.
We have Y (a, z)(n)Y (b, 2)|0) € V[[z]] and
lim ¥(a. 2) (¥ (6, 2)I0) = @) b(-1)[0) = aw) b,

see (2.12). Also, we have

(Ta)(,,)b = —na(n_l)b +dn) (Tb),
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while (2.16), we have,
0 (Y(a,2)(mY (b,2)) = —n¥(a,2)(n-1)Y (b, 2) +Y (@, 2) (n) (3:Y (b, 2)).
Hence, we obtain
lim Y(T*a(wb,2)|0) = lim 0%Y (a,2) (Y (b, 2)|0) (2.31)
Z— >
inductively for all £ > 0. By Corollary 2.1, this is equivalent to the required formula
Y(amb,2)10) =Y (a,2)mY (b, 2)[0). o
Theorem 2.3 (Borcherds identities) Ler V be a vertex algebra, a,b € V. We have
m
[a(m)’ b(")] = ZO (l) (a(i)b)(m+n—i), (232)
i>

P [m
(amb)m) = Z(—I)J (J) (@am-pbmej) = (D"bman-pagy).  (2.33)
7>0

form,n € Z.
Proof By (2.11) and lemma 2.4, we have

Y(a(i)b,w)
(Z _ W)i+l :

Y(a,2)Y(b,w) ~ Z

i>0

Hence, (2.32) follows from Proposition 2.1. As for (2.33), it is equivalent to the
statement of Lemma 2.4 and formula (2.12). |

The relations (2.32) and (2.33) are called Borcherds identities.

Remark 2.6 The two identifies (2.32) and (2.33) are equivalent to the following single
identity, for p, q,r € Z:

7
Z (1;) (@(r+iyD) (prg-i) = Z(—l)' (l) (a(prr-iyb gty = (D) b (ger—iy@(p+i)) »
i>0 i>0

(2.34)

which is equivalent to the Jacobi identity in [139], see [156]. Note that (2.34) is also
equivalent to the following identity:

Res;_, Y(Y(a,z = w)b,w)Ty ;—wF(z,w) (2.35)
=Res; Y(a,2)Y (b, w)t, wF(z,w) —Res, Y(b,w)Y (a,z)Tyw . F(z, W),

where F(z,w) = zPw9(z — w)".

Remark 2.7 Tt is easy to adapt the definition of a vertex algebra to the supercase.
To be more specific, if V = Vi @ Vi is a superspace, then the data and axioms
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shoud be modified as follows: if a € V;, then all Fourier modes of Y («, z) should be
endomorphisms of V of parity , |0) should be an element of Vj, T should have even
parity and the locality axiom should be:

(z-w)NY(a,2)Y(b,w) = (=Dl (z = s)NY (b, w)Y (a, 2)

for N sufficiently large, where |a| denotes the parity of a € V. The Borcherds
identities have to be understood in the supercase as follows:

m
[am)s b = @b = (DM bgagm = (,) (@) D) (mn-py»  (2:36)

i>0

i (m
(amb)m = Z(—l)’ (1) (@mjybinsjy = (DU =1)"D en-jyagy))-
70
(2.37)

2.9 Commutative vertex algebras

A vertex algebra V is called commutative if all vertex operators Y(a,z), a € V,
commute each other (i.e., we have N, = O in the locality axiom (2.28)). This
condition is equivalent to that

[am)y,by] =0 forall a,beV, mnel

This condition is also equivalent to that a(,)b = O foralln > 0, a,b € V, that
is, Y(a,z) € EndV][[z]] for all a € V. Indeed, if Y(a,z) € EndV|[[z]] for all
a € V then V is commutative by (2.32). Conversely, if V is commutative, then
a(n)b = a(n)b(_1)|0) = b(—l)a(n)|0> =0forn > 0.

Suppose that V is commutative. Then, the relation (2.33) form = n = —1 simplifies
to (a(,l)b)(,l) = a(,l)b(,l), that is,

(a-nyb)(-1yc = ac1y(bpe).

for all a, b, c € V. It follows that a commutative vertex algebra has a structure of a
unital commutative algebra with the product:

a-b= a(_l)b,

where the unit is given by the vacuum vector |0). The translation operator T of V
acts on V as a derivation with respect to this product:

T(a-b)=(Ta) -b+a-(Th).

Therefore a commutative vertex algebra has the structure of a differential algebra,
see Definition 1.1.
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The converse holds according to the following exercice.

Exercise 2.3 Show that a differential algebra R with a derivation d carries a canonical
commutative vertex algebra structure such that the vacuum vector is the unit, and

Y(a.2)b= () b= Z(@"a)b forall a,beR.
n!
n>0
This correspondence gives the following result.

Theorem 2.4 ([39]) The category of commutative vertex algebras is the same as that
of differential algebras.

Example 2.1 If X = Spec R is an affine scheme, then (0(_Z-R),T) is a differential
algebra (see Section 1.1 and Section 1.2, ) hence a commutative vertex algebra
by Theorem 2.4, where T = 0 is the derivation defined by (1.2). More generally,
(7e0)+ O g..x is a sheaf of commutative vertex algebras on a scheme X.

2.10 Vertex subalgebra, commutant and center

Definition 2.6 A subspace W of a vertex algebra V is called a vertex subalgebra if
|0y e W, TW c W,and a(,)b € Wforalla,n e W,n € Z.

Let W be a vertex subalgebra of V. We set
Com(W,V) ={v eV: [Wim), V] =0forallw e W, m,n € Z}. (2.38)
Then,
Com(W,V)={veV:wyyv=0forallwe W,n > 0}. (2.39)

Indeed, if w,yv = O forall w € W, n > 0, then v € Com(W,V) by (2.32).
Conversely, if v € Com(W, V) then w,)v = wiyv-1|0) = vciyw(»)|0) = 0 for
n > 0. It is straightforward to see that Com(W, V) is a vertex subalgebra of V.
Com(W, V) is called the commutant of W in V, or the coset of V by W.

The same line of arguments shows that we also have

Com(W,V)={veV:ivpyw=0forallw e W,n > 0}. (2.40)

Vertex sualgebras Wy, W, of V are said to form a dual pair of W; = Com(W,, V)
and W, = Com(Wy, V).

The commutant Com(V,V) of V in V is called the center of V is denoted also
by Z(V).
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2.11 Vertex algebra of local fields and reconstruction theorem

Theorem 2.5 ([141]) Let M be a vector space, and let V be a subspace of
Fields(M) that satisfies the following properties.

i). a(z) and b(z) are mutually local for all a(z),b(z) € V,
ii). idy € V,
iii). a(z)(n)b(z) €V forall a(z),b(z) €V, n € Z

Then V has the structure of a vertex algebra with the vacuum vector idyy, the
translation operator 8,, and

Y(a(2),€) = ) a(@)mé ™",

nez
where a(z)(n) denotes the linear map b(z) — a(z)mb(z) on V.

Proof By (2.14) for n = 2, V is stable under the translation operator 7 = d,. The
vaccum axiom is satisfied by (2.14) and (2.15). By definition and (2.16), we have
[02,Y (a(2),8)] = Y(0;a(z),£). Since Resyy—9 8y, (W = 2)"[a(w), b(2)]) = 0, we
get that (0;a(z))(n) = —na(z)u-1), and hence the translation axiom holds. The
locality axiom holds by Proposition 2.3, in view of Proposition 2.1. O

Let S be a set of pairwise mutually local fields on a vector space M. Denote by
(8) s the subspace of Fields(M) spanned by the fields constructed by successive
application of the n-th products to the fields in S as well as the identify field idss. By
Lemma 2.3 and Theorem 2.5, (S),, has a structure of a vertex algebra. The vertex
algebra (S),, is called the vertex algebra of the local fields generated by S.

Lemma 2.5 (State-field correspondence) Let V be avertexalgebra, S = {Y(a,z): a €
V} ¢ Fields(V). Then the linear map

V—-(S)y, a—Y(az), (2.41)
is an isomorphism of vertex algebras.

Proof 1t is a vertex algebra homomorphism by Corollary 2.1 and Lemma 2.4. It is
an isomorphism since we have the inverse map Y (a, z7) — lir% Y(a, 2)|0). O
Z—

Theorem 2.6 (Reconstruction theorem [78]) LetV be a vector space, |0) a nonzero
vector, and T an endomorphism of V. Let I be a set and {a'};e1 be a collection of
vectors in V. Suppose also that we have given fields

a'(z) = Z ain)z_"‘l e (EndV)[[z,z ', iel,
nez
such that the following conditions holds:
(1) Foralli, a'(2)|0) € a' + zV[[z]],
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(2) T|0)=0and [T,a'(z)] = 8,a'(2) for all i,
(3)  all fields a'(z) are mutually local,
(4) V is spanned by the vectors

i im .
A - ..a(nm)|0), nj <0.

Then there exists a unique vertex algebra structure on'V such that Y (a',7) = a'(z)
fori € I and |0) is the vacuum vector.

Proof LetV = (a'(z): i € I)y, the vertex algebra of local fields on V generated by
a'(z).

By the assumption (1), we deduce by induction and (2.12) that a(z)|0) € V[[z]]
for all a(z) € V. Moreover,

lim a'(2) () b(2)10) = () b(-1)10) (2.42)
fori € I,n € Z and b(z) € V. Then by induction,
lim @ (2)ny) - @ (2)(n D(2)10) =, -, b1 [0) (2.43)

fori; € I,nj € Zand b(z) € V.
Since ad T and 9, act as derivations on the m-th product, we deduce by induction
and the assumption (2) that

[T,a(z)] = d:a(2)

for all a(z) € V. It follows that 07'a(z)|0) = ad(T)"(a(z))|0) = T"a(z)|0) for all
n > 0. By setting z = 0 on both sides, we get that lin}) 0l'a(z)|0) = T"a(-1|0), or
Z—

equivalently,
a(z)|0y = e*T a(_)|0). (2.44)
Consider the linear map

V-V, a(z) — lirr(l)a(z)IO) =apl0). (2.45)
Z—?

By the assumption (4) and (2.43) with a(z) = idy, this map is surjective. We claim
that this map is injective as well. Indeed, if a(1)|0) = 0, then a(z)|0) = 0 by (2.44).
It follows in the same manner as the proof of Theorem 2.2 that a(z) = 0.

It is now clear that there is a unique algebra structure on V which makes the linear
isomorphism (2.45) a vertex algebra isomorphism. Namely, we set

Y(a-1)10),2) = a(z)

fora(z) € V. O
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A collection {a': i € I} of elements of a vertex algebra V is called strong
generators of V if V is spanned by

al' .. .ai" |0)

(7’11) 7”5)

with s > 0, n, > 1 and i, € I. In view of Theorem 2.6, the structure of V is
completely determined by the OPEs among a'(z),i € I.

Remark 2.8 By Exercise 2.1, the vertex operator for V in Theorem 2.6 can be explic-
itly described as

i i i
Y@y n@ ey - 4o |00-2)

1 ny i ny i ny i, o
:nl!nz!.“nr!o(ﬁz‘a‘(z))(@zzaz(z))...((?z a”(z)):

forn; > 1.

2.12 Example (continued from Section 2.6)
Let
T = C[bq,bfz,. . .,].

Then 7 is a smooth 8-module on which b,,, n > 0, acts as na%, and b_,,, n > 0,
acts as multiplication by b_,,. Define

T= an_nq% € Endr.

n>0

Then [T, b(z)] = 0;b(z) on x. It follows from Theorem 2.6 that there is a unique
vertex algebra structure on 7 such that 1 is the vacuum vector and Y (b_1, z) = b(z).

Exercise 2.4 Let M be a smooth 8-module.

i). Show that the following correspondence gives the vertex algebra (b(z)),, a B-
module structure:

B — End((b(2))pr) bn— b(2)m
ii). Show that there is a surjective homomorphism 7 — (b(z)),, of vertex algerbas.

Exercise 2.5 i). Set w = %b%l +ab_p € m, so that L(z) = Y(w, z). Verify that the
OPE (2.27) is equivalent to the following relations:

boa)IO, blwzb_l, b2w=2a/.

ii). Show that L_; =T on 7.
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2.13 Vertex ideals, vertex algebra modules and quotient vertex
algebras

A representation M of a vertex algebra V, or a V-module M, is a vertex algebra
homomorphism from V to a vertex algebra of the local fields on M. We denote by
Yr(a,z) =a¥(z) = ¥,z a(Mn)z_"_l the image of a € V in Fields(M), or simply
by Y(a,z) = a(z) = Ypez agmz """ if no confusion should occur.

The following assertion is clear.

Lemma 2.6 A vector space M is a module over a vertex algebra V if and only if
there exists a linear map V. — Fields(M), a — Yy (a, 7), such that

Y (10), 2) = idy, (2.46)
1 .
[Ya (@, 2), Yo (b, w)] = )" Y (ayb, w)ﬁafvé(z - w), (2.47)
j=0 :
Yy (amyb,2) =Yu(a, 2)(mYm (b, 2) (2.48)

foralla,b eV, neZ,

A vertex algebra is a module over itself by (2.41), which is called the adjoint
representation.

By definition, a subspace N of a V-module M is a submodule if a,)N C N for
all a € V, n € Z. It is clear that the category V -Mod of V-modules is an abelian
category.

A T-stable proper submodule of the adjoint representation is called an ideal of
V.If f : V — V’is a vertex algebra homomorphism, ker f is an ideal of V. For an
ideal I of V, the quotient V/I inherits the vertex algebra structure from V. Indeed,
there are two ways to see this. One is to use Reconstruction Theorem (Theorem 2.6),
since V/I is spanned by the images of a(_1)|0), a € V. The other one is to use the
skew symmetry (Proposition 2.4), as it shows that Y (a, z)b = T Y (b, —z)a € I for
acl,beV.

The category V /I -Mod is a full subcategory of V -Mod consisting of objects M
such that Yy;(a,z) =0foralla € I.

Exercise 2.6 Show that the vertex algebra 7 is simple, that is, there is no non-trivial

ideal of m. This implies that the vertex algebra (b(z)),, of local fields on any
non-trivial smooth 8-module M is isomorphic to .

2.14 Loop spaces and commutative vertex algebras

Let V be a commutative vertex algebra, and let M be a V-module. Then,

[(Yam(a,2),Yn (b, w)] =0
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for all a,b € V by (2.47). However, Yy, (a, z) needs not be in (End M)[[z]]. This
implies that a V-module as a vertex algebra is not the same as a V-module as a
differential algebra. In fact, we have the following assertion.

Theorem 2.7 Let X be an affine scheme. Then the category of vertex O(_Z«X)-
modules is the same as the category of smooth O (£ X)-modules.

Here, by smooth O£ X)-module we mean an 0'(.Z X)-module M such that, in the
notation of §1.6, f(,y.m = 0 for sufficiently large n.

Proof First, let X = AN = SpecC[x',...,x"N]. Recall that

(LX) =limC[x{, :i=1,....N, n<r]

see (1.17). Let M be a smooth &'(.Z X)-module. Then

X (z) = le('n)z—n—l
nez

is a field on M, since xin) acts as zero for a sufficiently large n because M is smooth.

Moreover, x'(z) and x/ (z) are mutually local as they commute each other. Therefore,
we have a well-defined vertex algebra homomorphism

O( FX) — (x'(2):i=1,...N)p € (End M)[[z,27']]

thatsends x’ € (X) € O(_Z-X) toxi(z). Conversely, let M be a vertex 0(_# X)-
module. Then the correspondence

0(ZX) — End(M), xin) — Res,— 2"V (x, 2),

defines a smooth &'(.Z X)-module structure on M. It is clear that this correspondence
is compatible with the morphisms.
Next, let X = Spec R with

R :C[-xl’xz"" ’-xN]/(fl’f27"' ’fr)~

Then O(_fX) = O(_ ZAN)/I, where I = (T/ f;:i = 1,...,r,j > 0). Hence,
0(_ZxX)-Mod is the full subcategory of &(_#AN)-Mod consisting of modules
M such that

YM (fl’ Z) =0
for all i = 1,...,r. (Here we have used the fact that Yy, (Ta,z) = 0,Yp(a,z).)

But under the above identification of &(_Z.A") -Mod with the category of smooth
O (£ AN )-modules, this is nothing but the category of smooth &'(.# X)-modules.00

One of the advantages of vertex algebras to loop spaces is that one can avoid using
completions, which can be sometimes tedious.
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2.15 Conical vertex algebras

A Hamiltonian of a vertex algebra V is a semisimple operator H on V satisfying
[H, a(,,)] =—(n+ 1)a(n) + (Ha)(n) (2.49)
foralla e V,n € Z.

Definition 2.7 A vertex algebra equipped with a Hamiltonian H is called graded. In
that case, set Vo = {a € V: Ha = Aa} for A € C, so thatV = @Aec Va.Fora € Vy,
A is called the conformal weight of a and it is denoted by A,. We have

amyb € Va,+a,-n-1 (2.50)

for homogeneous elements a,b € V. A graded vertex algebra is called conical if
there exists a positive integer m such that V.= (P, .1,  Vaand Vg = C.

We set

an = A(n+Ay-1)

forn € —A, + Z, so that a,,VAo C Va_,,. Then we have

a)= Y. apz", 2.51)

ne-Ay+2Z

which is more standard notation in physics than (2.7).

Any (proper) graded ideal of a conical vertex algebra V does not contain the
vacuum vector |0), and hence, there is a unique simple graded quotient of V.

Let X be a conical affine scheme, that is, X = Spec R with a graded ring
R=@P 1 7.0 Ra such that Ryp = C, where m is some positive integer. Then the
commutative vertex algebra 0(_f«X) = _ZwR is conical, where the Hamiltonian
is defined by

[H, fem]l = (A+n—=1)fn), f€Ra.

In particular the scheme #.X is conical, and we have a contracting C*-action
on _Z.X corresponding to the comorphism #oR — C[t,t71] ® R, fi-n) —
2171 ® fiiny (f € Ra).



Chapter 3
Examples of non-commutative vertex algebras

We present in this chapter important first examples of non-commutative vertex
algebras: the Heisenberg vertex algebras (see Example 3.1), the universal affine
vertex algebras (cf. Section 3.1) and the Virasoro vertex algebras (cf. Section 3.2).
Heisenberg vertex algebras are particular cases of the affine one, and these three
families of examples are all constructed from infinite-dimensional Lie algebras
(affine Kac-Moody Lie algebras, Virasoro Lie algebras). We will see next chapter
more sophisticated examples using BRST reduction.

By considering quotients of these examples of vertex algebras, that is, quotient
by vertex ideals, we construct many other interesting families of vertex algebras.

3.1 Universal affine vertex algebras

Let a be a Lie algebra endowed with a symmetric invariant bilinear form «. Here, a
bilinear form « on a is called invariant if k([x, y], z) = «(x, [y,z]) =0forx,y,z € a.
Let

a =a[t,t']@C1
be the Kac-Moody affinization of a. It is a Lie algebra with commutation relations

[xt™, y*] = [x, 1™ + mSpan.0k (x, Y)1, [1,6,] =0,

forall x,y € aand all m,n € Z, where ¢; ; is the Kronecker symbol.
An a,-module M is called smooth if for any m € M there exists N € Zs( such
that xt"m = 0 for all x € g, n > N or, equivalently,

x(2) = ) Mz

nez

is a field on M for all x € a.

51
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Lemma 3.1 For any smooth G,-module M the fields x(z), y(z), X, y € a, are mutually
local, and we have

k(x,y)
(z-w)?

L ey +
—Ww

x(2)y(w) ~

Proof The assertion is equivalent to the fact that

[x(2), y(W)] = [x, y](W)d(z = w) + k(x, y)By6(z = w),
which can be checked directly. O

Let M be a smooth G,-module on which the central element 1 acts as the identity.
By Lemma 3.1, (x(z): x € a),, has a structure of vertex algebras (see Section 2.11).
Moreover, the correspondence

A 3x®1" = x(2)(n) € End({x(2): x € a)y)

gives an a,-module structure on the vertex algebra (x(z): x € a),,, see Proposi-
tion 2.3. By Proposition 2.3, we find that the d,-module (x(z): x € a),, is generated
by the vector id,s, which satisfies the condition

aff]idys = 0.

Hence, by the Frobenius reciprocity, there is an a,-module homomorphism from the
a,-module

V¥(a) := U(6x) ®u (a[s]ect) C, (3.1

where C is a one-dimensional representation of a[#] @ C1 on which a[¢] acts trivially
and 1 acts as the identity, to the G,-module (x(2): x € a),,.
By the Poincaré-Birkhoff-Witt Theorem, the direct sum decomposition (as a
vector space)
ic = (a@r'C[r']) @ (a[r] ®C1)

gives us the isomorphism of vector spaces
U(a,) = U(a® ™ 'C[r™']) @ U(a[t] @ C1),

whence
VE(a) = U(a® 1 'C[r71])

as C-vector spaces.
The space V¥ (a) is naturally graded,

Ve(@) = D V* (@, (3.2)

A€Zso

where the grading is defined by
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m

deg(x1#7™) ... (ximg~m)|0) = Z ni,

i=1

where |0) = 1 ® 1. We have V¥(a)y = C|0), and we identify a with V¥(a), via the
linear isomorphism defined by x — x¢~1|0).

Proposition 3.1 ([80, 141]) There is a unique vertex algebra structure on V*(a)
such that |0) = 1 ® 1 is the vacuum vector and Y (x, z) = x(z) for x € §. Moreover,
there is a surjective homomorphism V*(a) — (x(2): x € ay,, of vertex algebras for
any smooth G,-module M on which 1 acts as the identity.

Proof The first assertion is clear from Theorem 2.6. For the second one, first recall
that there is a homomorphism of a,-modules V¥(a) — (x(z): x € a),,. It is
clearly a homomorphism of vertex algebras by construction. Since both V*(a) and
(x(z): x € a),, are generated by |0), the surjectivity follows. O

The vertex algebra V¥ (a) is called the universal affine vertex algebra associated
with a and «. It is a conical vertex algebra by the grading (3.2). The unique simple
graded quotient L, (a) of V¥(a) is called the simple affine vertex algebra associated
with a and «.

Proposition 3.2 The category V¥(a) -Mod of V¥ (a)-modules is the same as that of
smooth representations of G, on which 1 acts as the identity.

Proof Any V*(a)-modules is a smooth G,-module by the correspondence xt" —
Res;-0(z"x(z)). Conversely, we have a vertex algebra homomorphism V¥(a) —
(x(z)) s for any smooth d,-module M on which 1 acts as the identity, and hence, M is
aV*(a)-module. It is clear that this correspondence is compatible with morphisms.O

By Proposition 3.2, the category L,(a)-Mod of L,(a)-modules is a full-
subcategory of the category of smooth a,-module consisting of objects M on which
Yy (v, z) = Oforany element v in the kernel of the natural surjection V¥ (a) — L, (a).

Example 3.1 Let b be a vector space viewed as a commutative Lie algebra, and « be
any bilinear form on ). Then V¥ (}) is the Heisenberg vertex algebra associated with
b and k. In the case that }) is one-dimensional and « is a nonzero bilinear form, then
V¥(bh) is isomorphic to the vertex algebra  in Section 2.12.

Example 3.2 Let us consider another important example. Assume that a is a simple
Lie algebra g, and that

k
K= TRl x Killing form of g, for k € C,
where kY its dual Coxeter number of g. The reader is referred to Appendix A for
main notations and standard facts about simple Lie algebras (Section A.1), and the
corresponding affine Kac-Moody Lie algebras (Section A.2).
In this case, V¥(a) is identical to the §-module
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V() = U(8) ®u (g]r] k) Ck

where § = g[t,77!] ® CK is the affine Kac-Moody algebra associated with g as in
Appendix A, and Cy is the one-dimensional representation of g[¢] & CK on which
g[?] acts trivially and K acts as multiplication by k. We will preferably use the
notation V*(g) in this case.

The representation V¥ (g) is a highest weight representation of § with highest
weight kA, where A is the highest weight of the basic representation (it corresponds
to k = 1)', and highest weight vector v, where v; denotes the image of 1 ® 1 in
Vk(g). According to the well-known Schur Lemma, any central element of a Lie
algebra acts as a scalar on a simple finite dimensional representation. As the Schur
Lemma extends to a representation with countable dimension?, the result holds for
highest weight §-modules.

A representation M is said to be of level k if K acts as kId on M (see §A.5.2).
Then V¥ (g) is by construction of level k.

The vertex algebra V¥ (g) is also called the universal affine vertex algebra asso-
ciated with g at level k. The simple quotient L, (g) is denoted also by L (g) and is
called the simple affine vertex algebra associated with g at level k.

Exercise 3.1 Let V be a vertex algebra, and suppose that there exists a vertex algebra
homomorphism ¢ : V¥(g) — V, so that V is a §,-module. Show that

Com(¢(V*(g)), V) = v8lrl,

where V8!l = {y e V: g[t]v = 0}.

3.2 The Virasoro vertex algebra

Let Vir = €p
relations

nez CLn, ® CC be the Virasoro Lie algebra, with the commutation

n3 —-n
[Ln’ Lm] = (I’l - m)Ln+m + T6n+m,ocs

[C,Vir] =0.

A Vir-module M is called smooth if

L(z) = Z Lz "2

nez

is a field on M. For any smooth Vir-module M the fields L(z) is local to itself, and
we have

1 that is, the dual of K in f)* with respect to a basis off) adapted to the decomposition f) =heCK.
2 i.e., it admits a countable set of generators.
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1 2 c/2
T WaWL(W) + mL(W) + m

L(z)L(w) ~

A Vir-module M is said to be of central charge ¢ € C if the central element C
acts as multiplication by c.

Let M be a smooth Vir-module of central charge c¢. Then (L(z)),, is a smooth
Vir-module of central charge c by the action L, — L(2)(»+1)- Itis generated by idp,
and we have L(z)(,) idy = 0 for n > 0. Similarly to the case of V*(a) we obtain
that (L(z)),, is a quotient of the induced representation

Vir€ := U(Vir) ®U(@n271 CL,&CC) Ce,

where C acts as multiplication by ¢ and L,,, n > —1, acts by 0 on the one-dimensional
module C..
By the PBW Theorem, Vir¢ has a basis of the form

Lj...Lj10),  j1< < jm<=2
where |0) is the image of 1 ® 1 in Vir€.

Proposition 3.3 ([80, 141]) There is a unique vertex algebra structure on Vir® such
that 10) = 1 ® 1 is the vacuum vector and Y (w,z) = L(z), where w = L_;|0).
Moreover, there is a surjective homomorphism Vir® — (L(z))as of vertex algebras
for any smooth Vir-module M of central charge c.

The vertex algebra Vir€ is called the universal Virasoro vertex algebra with central
charge c.

Note that T = L_; on Vir® since L(z))L(z) = 0,L(z) (or equivalently,
L_;L_,]0) = L_3|0)). Also, Vir¢ is conical by the Hamiltonian H = Lg:

Vir = @ Vir§,  Vir§ = C|0), Vir{ =0, Vir§ = Co. (3.3)
A€Zs

The unique simple quotient of Vir¢ is called the simple Virasoro vertex algebra with
central charge ¢ and is denoted by Vir,.

Proposition 3.4 The category Vir® -Mod of Vir®-modules is the same as that of
smooth representations of Vir of central charge c.

3.3 Conformal vertex algebras

Definition 3.1 A graded vertex algebra V = @5, V, is called conformal if there
exists a vector w, called the stress tensor, or the conformal vector, such that the
corresponding field

Y(w,2)=T(z) = Z Lz "2

nez
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satisfies the following conditions:
n—n .
(1) [Lp, L] = (n—m)Lyym + Té,ﬁm,oc, where ¢ is a constant called the
central charge of V,
2) we=L=T,
(3) wq) =Lo=H,thatis, Lo|y, = Aldy, forall A € Z.

A Z-graded conformal vertex algebra such that dim V) < coforallA € Zand V) =0
for sufficiently small A is also called a vertex operator algebra.

For a conformal vertex algebra of central charge ¢, we have a homomorphism
Vir® — V, w — w, of vertex algebras.

Let M be a module over a conformal vertex algebra V of central charge c. Then
the Virasoro algebra acts on M via the vertex algebra homomorphism Vir® — V.
The module M is called a positive energy representation if Ly acts semisimply with
spectrum bounded below, that is, M = @ ash Ma where

Myg={meM: Lym = dm}.

A positive energy representation M is called an ordinary representation if each My
is finite-dimensional. For an ordinary representation M the normalized character

X (q) = trag (7072 = g7/ (dim M) g (3.4)
d

is well-defined.

Example 3.3 The Virasoro vertex algebra Vir¢ is clearly conformal with central
charge ¢ and conformal vector w = L_;|0).

Example 3.4 The universal affine vertex algebra V¥ (g), with g simple, is conformal
by Sugawara construction provided with k # —h" (here h" is the dual Coxeter
number): Set

1 dimg
S = E zl: xi,(,l)x;71)|0),
where {x;; i =1,...,dim g} is the dual basis of {x’; i =1, ..., dim g} with respect
to the bilinear form ( | ). Then for k # —hY, L = e R is a stress tensor of V¥(g)
with central charge
kdimg
k)= —.
k) = T

We refer to [77, §3.4.8] or to [76, 3.1.1] for a proof of this nontrivial statement; see
also [112, Theorem 5.7] and its proof. We have

[Li,X(n)] = —nX(m4n)y X €8, m,n €Z. 3.5)
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Exercise 3.2 Let V*(I)) be the Heisenberg vertex algebra associated with the com-

mutative Lie algebra f) of dimension r. Assume that « is nondegenerate. Show that
r .

T(z) = % >, oxi(z)x'(z): is a conformal field with central charge r, where {x; }1<;<,

i=1

and {x'}<;<, are dual basis of } with respect to « (see also Exercise 2.5).
It follows from Exercise 3.1 that Z(V*(g)) = V¥ (g)%!"], where
V()8! = {a € VF(g): x(ma = Oforall x € g, m € Zs0}.

The following exercise gives a description of the vertex center of VX (g) which
has a priori nothing to do the vertex algebra structure.

Exercise 3.3 Show that we have the following isomorphism of commutative C-
algebras (the product on the commutative vertex algebra Z(V*(g)) is the normally
ordered product):

Z(V¥(9)) = Endg(V*(g)).

Remark 3.1 1t is easily seen that Z(V*(g)) = C|0) for k # —h" using the stress
tensor L. For k = —h", the center

Z(v" () = 3(8)

is “huge”, and it is usually referred as the Feigin-Frenkel center [73]3: we have
gr3(8) = 0(_Z(a//G)). with g//G = Spec O (g)“.

3.4 Chiral differential operators on a group

Let G be a affine algebraic group, g = Lie(G), « an invariant bilinear form on g, and
set

Ac =U(8) ® 0(LG),

where .ZG is the loop space of G (see Section 1.6), and consider A¢ as an algebra
such that the natural embeddings U(§,) — Ag, O(LG) — Ag, are embeddings
of algebras and

[(xt™, f)] = L) (msny forx e g, f € O(G), m,neZ (3.6)

We regard 0(_7.G) as a module over the subalgebra Ag . = U(g[t]®Cl) ®
O(ZLG) c Ag on which 0(ZG) acts via the natural surjection 6(£G) —
0(_7xG), an element of g[t] C g[[¢]] acts as a left invariant vector field on
0(_ZG) (see Example 1.2), and 1 acts as the identity. Define

3 See Example 1.3 for more details about the scheme 7., (g//G).
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D' = Ac 8., O J<G). (3.7)

Note that
D' = U(84) Bu gl oct) O( FG) (3.8)

as §-modules. We have the mutually local fields

¥(z) = ) (M (xeq), fR)=) fwz" (fe0(G)

nez nez

on Z)ghk satisfying the OPEs

K@y ~ 2l + S g0 <0 6
QSO0 ~ == (10)

forx,yegq, f,g € O(G).
The following assertion is clear from Theorem 2.6.

Theorem 3.1 There is a unique vertex algebra structure on Dghk such that the
embeddings
wp: VE(g) — Dg’fk, ul0) — u®l1,
JiO0(JsG) — D'\, f—18f,

are homomorphisms of vertex algebras, and

1
—w

x(2)f(w) ~ (xL.f)(w) (3.11)

forxeg, feO(G).

The vertex algebra Z)E';hk is called the algebra of (global) chiral differential operators
(cdo) on G. It is naturally Z5o-graded by the following conditions:

¢ elements of g, embedded in Z)g”( through 77, have weight 1,
¢ elements of &'(G), embedded in Z)g’K through j, have weight 0.

Let Q be the subspace of (Z)ghk)l spanned by vectors fdg, with f,g € O(G),
where 0 = T is the translation operator on (_#G). Recall that the embedding
g — Derc(0(G)), x — xr, induces an isomorphism of left &'(G)-modules

0(G) ®c g — Derc(0(G)). (3.12)
It is easy to see that

(D' = Q@ Derc(0(G)) (3.13)
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as vector spaces. Let Q' (G) be the space of global differential forms on G as in
Appendix B. Recall that Q' (G) is generated as a &(G)-module by the elements df,
for f € O(G), where d is the de Rham differential (see Appendix B), and that

Q'(G) = Home(g, (G))
through the map df — (x — xp f) (see Lemma B.2).

Lemma 3.2 The C-linear map sending fdg € Q to the element h ® x
(hx)(1y(f0g) of Homg ) (Derc(O(G)), O(G)), with h € O0(G) and x € g, is
an isomorphism of vector spaces. Therefore Q = Q'(G) as vector spaces.

Proof First of all, note that for x € g and f,g,h € 0(G),

(hx)(y(f0g) = hf(xLg) € O(G)

and, clearly, the map sending h ® x € 0(G) ® g to (hx)(1)(fdg) = hf(xrg) is a
morphism of &(G)-modules. Hence the map of the lemma is well-defined. Let is
denote it by I".

By the Frobenius reciprocity,

Homg (g) (Derc(0(G)), €(G)) = Home(g, 0(G)),

and through this isomorphism, the map I'(fdg) sends x € g to f(x.g). Hence it
suffices to show that the &'(G)-linear map sending dg € Q to the element (x — x1.g)
of Home (g, 0'(G)) is an isomorphism of &'(G)-modules. By Lemma B.2, this is
equivalent to showing that the ¢’(G)-linear map sending dg € Q to dg € Q'(G) is
an isomorphism.

But dg = g(-2)|0) is by construction a regular function on ¢;(G) = TG, where
TG is the tangent bundle of G, and through this identification, dg is nothing but dg,
so the statement is obvious. O

We denote by (, ): Derc(0(G)) X Q — €(G) the canonical &(G)-bilinear
pairing. The Lie algebra Derc (&' (G)) acts on Q by the Lie derivative given by (B.6).

Lemma 3.3 Let x € g and w € Q. Then x(yw = (x, w) and xpyw = (Liex).w

Proof The identity x(jyw = (x, w) is clear by Lemma 3.2. Let us prove the second
one using it. The Lie derivative action can be written as:

vy ((Liex).w) =x.(yyw) =[x,y (hw = xyyw = [x, y] (o,

for all y € g. But
Yy (xw) =x@ymw - [x, ylw

for all y € g, whence x(o)w = (Lie x).w. O

Let
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K" = —K — Kq, (3.14)
where kg is the Killing form of g.
Theorem 3.2 i). There is a vertex algebra embedding
mr: V¥ (@) < Com(V*(g), DE',) c DE',
such that
(7R (X) (m)> fm)] = (XR)(man) forx € g, f € O(G), myn €Z,

where xg denotes the right invariant vector field corresponding to x € g.
ii). There is a vertex algebra isomorphism

ch ~ h
z)G,K = Dé,x*
that sends f € O(G) to S(f) € O(G), where S : O(G) — O(G) is the antipode.

Proof 1) From now, we identify x € g with its image in Z)ghk through ny .
* Analysis. We assume that such a morphism 7x does exist. Then in particular

ar(x)yx/ =0 forall i,j=1,...,].
Fixi,je{l,...,j}.
Let {x!,...,x%} be a basis of g, and {w',...,w?} the dual &(G)-basis of

Q = Q!(G). The isomorphism (B.2) tells that {x', ..., x?} forms an &(G)-basis of
Derc(0(G)). In particular,

o= Y PP, =1, .d,
p

for some invertible matrix (f"*”)i<; p<a Over O(G). We will repeatidily make use
of the identities of Lemma B.2 and Lemma B.3.
Wesetforalli € {1,...,d},

7R (xY) =x2+ZK*(xp,x")fi”’wq. (3.15)
q.p

We first verify that for all i, j,
() mmr(x)) =0 (3.16)

for all 7, j and n > 0. By (3.9), (3.10), the condition (3.16) is clearly satisfied for
nz2.

Fix i, j. We first verify that (x")(;y7g(x/) = 0. First, by (B.3), (3.9), (3.10) and
Borcherds identity (2.33), we have



3.4 Chiral differential operators on a group 61
PP g
(xi) ()’ ‘Z(f< ! ‘Z(f< D5 %0 16)*")
= Z(f””x(xp,xh —xD (PP (BAT)
p

Using Lemma B.2 (i) twice, we get

—xp (e foP) = Y XD (ehT ) = = Y ek el = ) eyt

K S,u s,u

Since

i N i,q j.p L.
Kg(x,xj)—Zcp gty Lj=1,....d,
P-q

we deduce that

= DA ) = 3 kg (6 (3.18)
p

u

Combining (3.17), (3.18) and (3.14), we obtain that fori, j = 1,...,d,

(W) x! == > K @ ) o
p

On the other hand, by Lemma 3.3, we have for any p,q € {1,...,d},
(K" (P 6 fP ) ] = K (P 2) 7 (@ 6T = K (a2 1,

whence (x')(yr(x/) =0
We now wish to prove that (xi)(o) 7r(x/) = 0. We have
() mr(x) = (x)0) (xf + Y K (6P, x9) f1P ).
P.q

One one hand, using Lemma B.2 (i),

xloxh = > xlo (F19x0) = 3 xly (10 x Z((fof De-nxd + fE I x9) =0
q

q

On the other hand, using Lemma B.2 (i) and Lemma 3.3, we get
XZO)(K*()CP?xq)fj’pwq) = k" (xP,x7) ((xiij”’)wq + f"'”’(Liexj).wq)

=— Z (K*(xp,xr)c’};sfj’swr + K*(xp,xq)cf]’rfj’pwr)

__Z (XXX [ = (P [ X)) TP ")

=0
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due to the invariance of «*. This proves that (x*) )7z (x/) = 0.

In conclusion, (3.16) holds for any i, j = 1,...,d and n > 0 as desired.

It remains to verify that mr defines a vertex algebra homomorphism that is
injective. Due to the decomposition (3.13), we see that the map mr defined by (3.15)
is injective since the map g — Derc(0(G)), x — xp, is.

For the vertex algebra homomorphism part, we have to show that

(1)) (2) (TR () (W) ~ —— ([, ) (w) + X (34
Z-—w (z—w)
forall x,y € V"*(g), that is,
mr(X)(7R(Y) = K" (x, ), (3.20)
nr(x)7r(Y) = mr([x,¥]). (3.21)
for all x, y € V¥ (g).
To compute g (x)(1ymr(y) we notice that for i, j € {1,...,d},

q.pP q.p

rr(x)(yrr(x)) = x;'e+ZK*(xp,xq)f"’qu) (x{Q+ZK*(xP,xq)fj’qu
(1

is a sum of four terms. We have
(R))3k = D (S PxP) )y ()
pP,S
= P FIP x) = fOP () = IR O fP) = (D) (6 )
pP,S

Using (3.14) and Lemma B.2 we see that
—fPPxy (e f50) = =75 () f5F) = (e f70) () f0F) = kg (6P, x°) f1P f75,
for all i, j, s, p, whence

(k) = = D K (6P x) fHP 75,
p.s

Next, using Lemma 3.3, we get for all i, j, p, g,
(K (P, x9) fP ) ) xfp = K7 (P, 2) f20 121
Similarly,

(KRt (K (5 f75 ) )y = K (P, 2) 1 1,

and evidently,



3.4 Chiral differential operators on a group 63
(K*(x”,x")fi”’w")(]) (k* (x*,x") f1S ™) =0
Adding up, we get
rR() R (1) = ) K (6P, x9) f1P 1, (3.22)
p.q

We differentiate the above relation. By Lemma B.2, we have for i, j, p, q, s,

x5 Z K*(xp,xq)f"”’fj’q) - Z K (xP, x7) ((xzjci,p)fj,q + fi,p(xzfj,q))
pq Pq
_ Z K*(xp,xq) (—Cj;ufi’ufj’q _ C;’vfi’pfj’v)
p.q,u,v
= (KL X f (P ] XV P fT)
p.q.u,v
=0.
Therefore, (3.22) is constant. This constant can be computed by observing that the
matrix (f'/), considered as a function on the group G, is equal to the identity at
the neutral element of G by the identity (B.3). Hence, (3.22) is equal to «*(x',x/),

which proves (3.20).
We now compute g (x))r(y). Fori, j € {1,...,d} we have

ﬂR(xi)(())ﬂ'R(xj) = ﬂR(Xi)(O) ij,qxq + Z K*(xs’xu)fj,swu )
s,u

q

Using (3.16) with n = 0, we have
mR(x) o) (f79x?) = (mR(x) o) f9)x1

= DUFP QL N =[x, xp] = ¥, 2Tk, (3.23)
p

by Lemma 3.3, Lemma B.2 (ii), Lemma B.3.
On the other hand,

R (x) 0) (K* (&%, x*) f1P ") = (xR) o) (K" (x°, x* [T w™)
K (x5, ) (75w (3.24)

KO0, ) fIP ] (f70)wt) = K (%, 2 cg” f45 ')

by Lemma 3.3, Lemma B.2 (ii), and Lemma B.3. Adding up (3.23) and (3.24) we
obtain that

R () @ r(F) = 7R ([x', x7])

foralli,j =1,...,d, which proves (3.21).
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To sum up, we have proven that g is an injective vertex algebra homomorphism.
Complete the proof about the bracket [7r (X)), fn)] = (XRS) (m4n) ---
ii) Consider the unique vertex algebra homomorphism

. ch ch
O: Dgl, — Dg i

whose restriction to '(G) is given by the antipode S, and restriction to V¥(g) is
the map np(x) — mg(x). It is easy to verify that @ is indeed a vertex algebra
homomorphism by (3.19), since

@)@ @N)W) ~ —— (@LO() (0
for x € g, f € O(G) which holds by

xrS(f) = S(xLf)

forx eg, f e O(G).
It remains to show that @ is an isomorphism. Consider the vertex algebra ho-

momorphism from Z)gf,(* to Z)g,l(m)* whose restriction to ¢(G) is given by the

antipode, and restriction to V¥ (g) is the map 7z (x) — 7z (x). Note that (k*)* = «.

Similarly to @, we verify that ¥ is indeed a vertex algebra homomorphism. More-

over, we have ¥ o @ = idz)g! and ® o ¥ = id,en  This concludes the proof of
K G,k*

(ii). o

Theorem 3.3 Suppose that G is connected. The vertex algebras V*(g) and V¥ (g)
form a dual pair in Z)éhk.

Proof We have to show that

Ve(g) = (D¢ )™ 6D and v (g) = (D& ) ellrD),

By Theorem 3.2, we have already established the inclusions V¥ (g) C (Z)E;hk) 7w (8llr1D)
and VX' (g) (Z)ghk)”L(g[[’ D' To show the other inclusions, observe that

(Dg’zk)me(g[[t]]) = (U(@K) ®U (g]r] &C1) ﬁ(/mG))nR(g[[z]])
= U(8«) ®u (g[r] e C1) ﬁ(/ooG)”R(g[[l]])

since the image by 7z of VX' (g) commutes with U(§). But since G is connected,
we get that

C =~ ﬁ(/ooG)/"“(G) — ﬁ(fmG)g[[t]] — ﬁ(/DOG)”R(Q[[t]])_

As aresult,
(D)D) = v (g),

Using the isomorphism D', = D¢ . of Theorem 3.2, we obtain that
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-h " *
(DE’K)HL(QHIJJ) = V¥ (g).

This concludes the proof of the theorem. O

Suppose that G is reductive. The algebraic Peter-Weyl theorem states that

O(G) = @ Vi® Vi (3.25)

xeG

as G X G-modules, where G is the set of isomorphism classes of finite-dimensional
simple rational G-modules, V,; denotes a representation of 1 € G and A* is an element
of G such that V- is the dual G-module to V, (see e.g. [176, Theorem 27.3.9]). The
Lie algebra g = Lie(G) is reductive, so that

[a.9] = é} G,
i=

where each g; is a simple Lie subalgebra of g. Then «|4, is a constant multiplication
of the Killing form «g4, of g;. We say « is irrational if and k|, /4, ¢ Q for all i.

Proposition 3.5 ([29]) Let G be reductive, and suppose that k|4 q is irrational and
that k|y(g) is non-degenerate, where 3(g) is the center of g. Then we have

h
DE;,K = @VA,K ®V/l*,/<*’
1eG

where V¥, = U(8«) ®u (g[t] @c1) Va and V) is considered to be a g[t] ® C1-module
on which g[t] acts by the projection g[t] — § and 1 as the identity.

Proof By the assumption on «, V, , and V. for 1 € G are irreducible G-
module and §,+-module, respectively ([123]). Moreover, Z)ghk is completely re-
ducible as . ® §,~-modules and a direct sum of Vy, ® V-, with A, u € G.
Because « is generic (and so is k*), the category of integrable §,--modules is
equivalent to the category of integrable g-modules and the equivalence is given
by M — MU see [123] and [124, Section 30]. Since Vtg [t = V., it is suf-
ficient to show that (Z)‘h )Rl = Gy ¢ Vax ® V,}* as §x X g-modules.
But we have (D‘h )”"*(tg e = U§e) QUi ect (O Fw G)7r(rallr] ])) =
U(84)®u (a[e]] @Cl)ﬁ (G). Hence the assertion follows from the algebraic Peter-Weyl
theorem. O

Example 3.5 Let G be a torus T, {hy,...,h,} a basis of the abelian Lie algebra
g = Lie(T). Then 0(G) = (C[P] where P = @[r | Zw; is the weight lattice of g.
The subalgebra V*(g) C Z) . 1s the Heisenberg vertex algebra generated by the
field hp(z), h € g, satlsfymg the OPE

k(h,h")

hi(2)hy (w) ~ Gow?
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The OPE (3.11) reads as

hr(z)e®(w) ~ Zaf—h:)e“(w) (heg, a€P).

Since the Killing form of g is zero, we have * = —«. The subalgebra g (VX" (g)) C
Z);’fK is generated the fields hgr(z), h € g, defined by

hi(2) = hi(2) = ) k(h, hi)e™ ™ (2)de™ (2) (3.26)
i=1

(Note thate™ @i (z2)0e™i(z) = ;e @i(2)0e™i(2) = (e”ide™i)(z) since O(_Z-G)
is commutative.) We have

K*(h,h')

hL(Z)h;Q(W) ~ O, hR(Z)h;Q(W) ~ (Z _ W)z .

The stress tensor vector of Z)gfk is given by

T(z)

r

= ) (TN @): 5 D whi ) (TP (2):
i=1

ij=1

which has central charge 2r.
Now suppose that « is non-degenerate. Then we have the embedding of vertex
algebras

VE(9) ® V¥ (g) = DE,.
and we have

T(z) =Tp(z) + Tr(2),

AN i AN i (e
where T7.(z) = 3 ; shi(2)h} (2): and Tgr(z) = > ; hi R(2)h(z) 5 are
the stress tensors of the vertex subalgebra V¥(g) and V¥ (g), respectively. As a
V¥(g) ® V¥ (g)-module we have

D = P Vi ® Vi, (3.27)
AEP,

Here V, , is the highest weight representation of the Heisenberg algebra g, with
highest weight A.

In the case that « is non-degenerate it is possible to give the vertex algebra
structure using the decomposition (3.27) ([79]). Note that the vector |[1) = v, ® v, €
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V.« ® V., where v, is the highest weight vector of V , or V .+, corresponds to
the vector e? € 0'(G) on the left-hand-side. Observe from (3.26) that

9:Y(|14),2) = 2 (AL(2) — AR ()Y (1), 2) 2, (3.28)

where we identified P, as a subspace of g via the form «. In view of Theorem 2.2,
(3.28) together with the relation Y (|4}, z)|0)|;=0 = |1) completely determines the
field Y (|1), z). As a result, we find that

ALy — (4
(A1) (n) = (AR) () ) ford e Py,
—-n

Y(|A),z) = e’ exp (
nez\{0}

where e? is the operator on €, ., Vi, ® Vo, defined by et|u) = [A + p),
[(hL)(n)s el] = [(AR)(n)> e'] = 0. Here note that A7 (z) — Ag(z) generates a com-
mutative vertex subalgebra and (A7) — (Ar)(0) acts as zero on the whole space
(compare with (3.31) below). It is straightforward to check that

Y4, )Y (uw) ~0, Y(,2)Y (1 2) = Y1+ 2), (3.29)
DY) ~ 2y, he@Y (0 w) ~ 2y (), w). (330)
—Ww —Ww

This construction is useful to construct Déhk—modules for a non-degenerate «.
Forde P, = G, set

M/l,K = @ V/l+,u,l< ® Vﬂ,/(*a
HEP,

which is naturally a V¥ (g) ® V¥ (g)-modules. The V¥ (g) ® V¥ (g)-module structure
extends to the Dghk—module structure by setting

a —(a
Yoty (@.2) = eexp () ( L)(n)_n( R ) oo-(emo (331)
nez\{0}

for @ € P, where e is defined by e (v 114 ® V) = Vaspra ® Vyras [(hL) (), €] =
[(hR)(n), €] = 0. (Note that z(@) 0 ~(aR)©) = zx(4.a) on M) )

Exercise 3.4 Show that M, , is a simple Z)ghk—module forall 1 € P,.






Part 11

Poisson vertex algebras, Li filtration and
associated varieties



In this part, we introduce important objects related to vertex algebras and discuss
interesting relations between them.

Chapter 4 gives a concise presentation of Poisson vertex algebras (a particular
class of commutative vertex algebras). It will be observed that any vertex algebra
is naturally filtered and that the corresponding graded space has a structure of a
Poisson vertex algebra. The Zhu C,-functor V — Ry associates with any vertex
algebra V a certain quotient that has a Poisson algebra structure and that generates
the Poisson vertex algebra grV as a differential algebra. The spectrum of the Zhu
C»-algebra Ry is called the associated scheme. Its maximal spectrum is called the
associated variety. Associated schemes and associated varieties, as well as their
spaces of arcs, will occupy a central place in the rest of this book. Chapter 5 is
about the Zhu functor V +— Zhu(V). It gives a correspondence between the theory
of modules over a vertex algebra and the representation theory of its Zhu’s algebra.
This correspondence is particularly well-understood in the case of the universal affine
vertex algebras, where Zhu’s algebras are enveloping algebras of the corresponding
finite-dimensional simple Lie algebras. In Chapter 6, we develop the theory of
Poisson vertex modules and Frenkel-Zhu’s bimodules. These notions generalize all
above constructions to the setting of modules over a vertex algebras.

We summarize in the following diagram the main objects that we will encounter
in this part:

Note that we do not claim that this diagram commutes. In general, only the upper
right triangle does. We will see, however, many interesting examples where the
above diagram commutes, that is, gr Zhu(V) = Ry . We will also discuss relations
between the Poisson vertex algebra gr V and the coordinate ring over the arc space
of the associated scheme Spec Ry .



Chapter 4
Poisson vertex algebras

We refer the reader to Appendix C for basics on Poisson algebras and Poisson
varieties. Just as the graded space of an almost-commutative filtered associative
algebra with unit have naturally a structure of a Poisson algebra, we will see in
this chapter that any vertex algebra is naturally filtered and that the corresponding
graded space is naturally a Poisson vertex algebra (Definition 4.1). A nice way to
construct Poisson vertex algebras is to consider the coordinate ring of the arc space
of an affine Poisson variety (see Section 4.2). Actually, strong relations exists, at
least conjecturally, between the arc space of the associated variety and the singular
support of a vertex algebra, that is, the spectrum of the corresponding graded algebra.

In this Chapter, we also introduce the Zhu C,-algebra Ry of a vertex algebra
V. The corresponding scheme and the corresponding reduced scheme, called the
associated scheme and the associated variety, respectively, are crucial invariants of
the vertex algebra V which capture important information about V. The singular
support of V is deeply related to the arc spaces of these schemes. Not surprisingly,
the associated variety is usually easier to describe than the associated scheme as we
will observe in many examples in the following parts. It already contains meaningful
information. One can, for example, detect from it the lisse condition.

In Section 4.3, we define the Zhu C,-algebra Ry of a vertex algebra. The notion
of associated scheme and associated variety are introduced in Section 4.4. We will
also discuss in this section connections between the singular support and the arc
spaces of these schemes. Section 4.7 deals with the lisse condition.

4.1 Definition

Recall that a vertex algebra V is a commutative vertex algebra (cf. Section 2.9), that
is, a unital commutative algebra equipped with a derivation, if and only if a(,,) = 0
in End(V) for all n > 0.

Definition 4.1 A commutative vertex algebra V is called a Poisson vertex algebra if
there exists a linear map

71
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/1n
VeV — V[, a®b»—>{a,1b}=Z;a(n)b, 4.1)

n>0

called the A-bracket, such that

{(@a) b} = —A{a b}, {a0b} = (A1+0){a b}, (sesquilinearity) 4.2)
{a b} = —{b_ _pa}, (skewsymmetry ) 4.3)

{ai{byc}} —{bu{aac}}y = {{arb},c}, (the Jacobi identity) 4.4)

{a (bc)} ={ab}c +b{ac}, (left Leibniz rule). 4.5)

0, are “new" operators. (The “old" ones given by the
0 since V is commutative.)

Here, in (4.1), a(y), for n
field a(z) being zero for n

ARV

"<

In terms of operators a ), “sesquilinearity”, “skewsymmetry”, the “Jacobi identity”
and the “left Leibniz rule” are equivalent to the following properties, respectively:

(0a)(n) = [0, a(n)] = —na-1), (4.6)
amb = Z(—l)"+’”78’(b<n+j>a), 4.7
j>0 J:
m
[a(m)a b(n)] = Z ( ) (a(j)b)(m+n—j)’ (4.8)
j=0 J
a(n) (b . C) = (a(n)b) -c+b- (a(n)c) (4.9)

foralla,b,c e Vandalln,m > 0.

The equation (4.9) says that a,), for n > 0, is a derivation of the ring V. (Do not
confuse a(,) € Der(V), for n > 0, with the multiplication a(,) as a vertex algebra,
which should be zero for a commutative vertex algebra.)

It follows from the definition that we also have the “right Leibniz rule” ([113,
Exercise 4.2])

{(ab)ac} ={baroc} a+{arsc}_b, (4.10)
where {b,,9c}_, means that 9 is moved to the right, that is,
1 1 ) )
{baroct—a = Z Z A (b)) (8" a).
n>0 j=0 Jin=p!

One finds that (4.10) is equivalent to

(a-b)mec= Z(a(-i-l)bom)c +b(_i—1)A(n+1)C),

i>0

forall a,b,c € V, and n € Z3( (compare with (2.33), cf. Section 4.3).



4.2 Poisson vertex structure on arc spaces 73

4.2 Poisson vertex structure on arc spaces

Arc spaces over an affine Poisson scheme naturally give rise to a Poisson vertex
algebras, as shows the following result.

Theorem 4.1 ([6, Proposition 2.3.1]) Given an affine Poisson scheme X, that is,
X = Spec R for some Poisson algebra R, there is a unique Poisson vertex algebra
structure on 7« (R) = O(_f (X)) such that

{axb} = {a, b}

forall a,b € R, that is,

{a,b} ifn=0,
amb = .
0 ifn>0,

foralla,b € R.
Proof The bilinear map

R®R — R[], a®b {ab}={a,b}, 4.11)

clearly satisfies {a,1b} = —{b__pa}, {ai{buc}} — {by{arc}} = {{aib} c}. This
extends uniquely to the linear map

JwR® Ju(R) — Fu(R){A}, a®b— {a,b}, 4.12)

satisfying (4.2), (4.3) and (4.5). Here, the well-defindness of this map follows from
the fact that the relations in _Z. R is spanned by the relations of the form " a, where
a is arelation in R, and that (4.11) is well-defined.

Finally we need to show that the Jacobi identify (4.4) is satisfied. By the Leibniz
rule it is sufficient to show this for the generators 0" a, for a € R, n € Z, but this is
easily done. O

Remark 4.1 More generally, given a Poisson scheme X, not necessarily affine, the
structure sheaf & 7 (x) carries a unique Poisson vertex algebra structure such that

f(n)g = 6n,0{fv g}

forall f,g € Ox C ﬁ/m(X), see [18, Lemma 2.1.3.1].

Example 4.1 Recall that C[g*] has naturally a Poisson structure induced from the
Kirillov-Kostant-Souriau Poisson structure on g* (see Example C.2). Namely, for all
f,g€ O(g") and all x € g%,

{f.8}(x) = (x, [dxf, dxgl),

where d, f, d, g are the differentials of f, g, respectively, atx € g* viewed as elements
of (g*)* = g. In particular, for f,g € g = (g*)* c O(g%),
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{f.8y =1/l

Since
Fo(g") = SpecC[xé_n) si=1,...,d, n>1],

where {x!,...,x?} is a basis of g, it follows from Theorem 4.1 that O(_f(g"))
inherits a Poisson vertex algebra from that of (g*).
We may identify &(_#(g*)) with the symmetric algebra S(+~'g[¢7']) via

X(—n) /> xt ", xeg, nzl.

For x € g, identify x with x(_1)|0) = (xt71)|0), where |0) stands for the unit element
in S(+"'g[#7']). Then (4.8) gives that

[x(m)J’(n)] = (x(())y)m+n = {x’)’}(m+n) = [x,y] (m+n)»

for all x,y € g and all m,n € Zyo. So the Lie algebra ¢#.(g) = g[[¢]] acts on
O( J~(g")) by:

o[zl = End(0( Fx(8)), xt" = x(n), n>0,

where x(p,), for n > 0, is the endomorphism of &'(_#.(g*)) given by the Poisson
vertex structure on &'(_#«(g")). This action coincides with that obtained by dif-
ferentiating the action of Z.,(G) = G[[t]] on _Z(g") induced by the coadjoint
action of G (see Example 1.2). In other words, the Poisson vertex algebra structure
of 0(_Z~(g")) comes from the Z.,(G)-action on Z.(g").

Example 4.2 Consider the cotangent bundle 7*G to an affine algebraic group G,
which is a smooth affine symplectic variety. In particular, &(T*G) is a Poisson
algebra. Since TG = G X g*, we have

O(T*G)=0(g") ® O(G).

The Poisson algebra structure of &(T*G) is described as follows. The natural em-
beddings

0(g") — O(T*G), O(G)— O(T"G),

are homomorphisms of Poisson algebras, where &'(g*) is equipped with the Kirillov-
Kostant-Souriau Poisson structure and &'(G) is equipped with the trivial Poisson
structure. Finally, the Poisson bracket between &'(g*) and &'(G) is described by the
following formula:

{X, f} = fo’
forxegc O(g"), f € O(G).
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By Theorem 4.1, 0(_f,T*G) is naturally a Poisson vertex algebra. Since
FoT*G = _7oG X _fg* by Lemma 1.4, we have

O(JT"G) = O( Jxg") ® O( FxG),
and the Poisson vertex algebra structure is given by the following formulas:
{xayr =[xy, xyegcO(g) cO( fg),

{fag} =0, f.8€0(G) c 0( 7-G),
{xafy=xLf xeg, fe0(G).

4.3 The Li filtration and the corresponding Poisson vertex
structure

Our second basic example of Poisson vertex algebras comes from the graded vertex
algebra associated with the canonical filtration, that is, the Li filtration.

Definition 4.2 Let V be a vertex algebra. A set {a’: i € I} of vectors in V is called
a set of strong generators if V is spanned by |0) and the elements of the form

i i
Ay 2, 1y|0)

with7 > 0,i; € I, n; > 0. A vertex algebra V is called finitely strongly generated if
there exist a finite set of strong generators.

Note that {a: a € V} is a set of strong generators.

The universal affine vertex algebra V¥ (a), the vertex algebra of cdo Dgfk on an
affine algebraic group G, the Virasoro vertex algebra Vir® and their quotient vertex
algebra are strongly finitely generated.

Haisheng Li [143] has shown that every vertex algebra is canonically filtered. For
a vertex algebra V, choose a set {a’: i € I} of strong generators of V. Let FPV be
the subspace of V spanned by the elements

i i i
@y 74 )10 (413)
withi; € I,nj > 0,n; +ny+---+n, > p. Then
V=FVoFlvo.. ..

It is clear from the definition that TF?V c FP*'V, where T is the translation operator
of V.

Definition 4.3 The decreasing filtration (F”V),, is called the Li filtration.

Setforn € Z,
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(FPV)F1V = spang{amb ; a € FPV, b € F1V}.

Lemma 4.1 For p > 1 we have

FPV =

p
(FV)(joyFPIV.

j=1

In particular, the Li filtration F*V is independent of the choice of the strong gener-
ators of V.

Proof Letv € (FOV)(_j_l)FP‘jV, for j € {1,..., p}. Since {a’: i € I} is a set of
strong generators of FOV, one can write
i i i
v=(al a8y 8 - b,
withi; € I,n; >20,b € FP ~JV. Then it follows from Borcherds identity (2.33) and
induction that v is a linear combination of elements of the form

i ar b (4.14)

i2 ...
4 m-14 (=ma-1) (=m,—1)"7"

,
with m; > O such that my +---+m, = '21 nj+ j > j. From this, it is now easy to
j:

see that v € FPV because b is in FP~/V. This shows the inclusion

p
D UEV) oy FPTIV C FPY.
j=1

To show the other inclusion, set

r
FpV = Y (FOV) (o FPV.

j=1
It is enough to prove that any monomial of FPV of the form (4.13) is contained in
F »V. We argue by induction on r, the length of a monomial (4.13). Let v € FPV
be a monomial as in (4.13). Then v = a'(‘_nl_l)b, with b € FP7™MV. . If g > 1, we
clearly getv € F,V since FOV =V.

Assume that n; = 0. Then b € FPV is a monomial of length r — 1. By the

induction hypothesis, it is a sum of elements of the form w_;_)c, withw € F Oy,
je{l,...,p}l,ce FPTiV, By Borcherds identity (2.32), we have

~ - -1
Al W(=j-1)C = W(j—nal e+ Z ( ; ) (a@w)(-j-i-2c

i>0
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Since aill)c € FP7/V and w € FOV, we see that W(_j_l)a?fl)c € FPV. Next,
ampw € FOV and ¢ € FP7IV c FP~I=i=1y_ Therefore (a@yw)(—j-i—2)c € FPV.
This shows that v € F,V, whence the expected inclusion. O

Proposition 4.1 Let p, g € Z. We have (FPV)(,,)(F1V) C FPra=1y foralln € Z.
Moreover, if n > 0, then (FPV)(,y(F1V) c FP*9™"V. Here we have set FPV =V
for p < 0.

Proof + First case. n < —1, that is, n = —j — 1 with j > 0. Any element of
(FPV) ) (F1V) is a linear combination of elements of the form

i i iy
(@@ Engry " A o) D o0 b

withi; € I, n; > 0,n1 +---4+n, > p, b € F1V. So, arguing as in the proof of
Lemma 4.1 by using Borcherds identity (2.33) and induction, we easily obtain that
any element of (FPV)(,(F4V) is a linear combination of elements of the form
i i iy
Tty Cmt) " -1y
r
withm; > 0,mi+---+m, = X n;j+j2p+j=p-n—-1,be FIV, whence the
j=1
inclusion (FPV),)(F4V) c FpPra—n-ly.
x Second case. n > 0. Since FP*4"y c FP*4"-ly it suffices to show that
(FPV)(n (F1V) c FP*47"V. We prove the statement by induction on ¢, observing
that for ¢ < n — p, the inclusion is clear because FP*4™"V = V.
Assume g > n—p. The space (FPV),) (F4V) is generated by vectors a,)b, with
a€FPV,be F1V.By Lemma 4.1, a vector b € F7V is a sum of vectors u(_;_j)c,
withu € V, j € {1,...,q}, c € F9=/V. By Borcherds identity (2.32), we have

n
A (—jo1)€ = U a(mE+ ) (,) (agp)u) (n-i-j-ne.

i>0

By the induction hypothesis, a(, c € F PH4=j="Y gince g — j < ¢ and, hence,
Uj_1yamyc € FP47V. Next, assume for awhile that aiyu € FP~'V. Then by
the first case, (a(ju) (ni-j-1yc € FP~+a=J=(n=i=j=0=1y = pp+a-ny and, therefore,
amu—j-1c €F P41y which shows the expected conclusion.

So, it remains to show that for p € Z and n > 0, we have (FPV),,)V c FP7"V.
We prove this fact by induction on p, observing that the statement is obvious for
p < Osincethen p—n < 0and FP™"V = V. Assume p > 0. By Lemma 4.1, a vector
a € FPV is a sum of vectors u(_;j_nb, withu € V, j € {1,...,p}, b € FP7JV. By
Borcherds identity (2.33), we have for c € V,

(—i-1 .
(uj-nb)me = Z(—l)’ ( Jl- ) (U (i) D ey € = (=17 b joriniy iy ©).

i>0
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By the induction hypothesis, bu.iyc € FP~/™""'V because p — j < p. Hence
u(—j—i-1ybnsiyc € FP7"'V. On the other hand, by the first case or the induction
hypothesisif —j—1+n—i > 0, b(_j_14n—i)l@i)C € Fr-i=(mj=ln=i)=ly — pp-ntiy
FP7V because i > 0. In conclusion, we have shown the inclusion (FPV),)V C
FP~V for n > 0, as desired.

This concludes the proof of the lemma. O

Definition 4.4 A vertex algebra V is called good if the filtration F*V is separated,
thatis, (50 F7V = {0}.

In Corollary 4.2 below we show that any positively graded vertex algebra is good.
Set
e’V =P Frv/Frly.
p=0

We denote by o), : FPV — FPV/FP*V, for p > 0, the canonical quotient map.
When the filtration F is obvious, we often briefly write gr V' for the space grf'V.
We have V = grV as vector space for a good vertex algebra V.

Proposition 4.2 ([143]) The space gr*'V is a Poisson vertex algebra by

op(a)-oq(b) = opig(acnb), (4.15)
0op(a) = opu(Ta), (4.16)
0p(a)(nyoq(b) = 0psg-n(amb), 4.17)

foralla € FPV\ FPY'V, b € FiV, n > 0.

Proof First of all, the space gr’"V naturally inherits a graded vertex algebra structure
from the vertex algebra structure on V. The vertex operator is given by

Y(op(a),z)b := Z Tprg-n-1(@mb)z" ",

nez

for a € FPV \ FP*'V, b € F9V, n € Z, the vacuum is |0) = 00(|0)) and the
translation operator is the linear map sending a € FPV \ FP*'V to op(a)—2|0) =
0p+1(Ta), since Ta = a()|0). The axioms are easy to check. The verifications are
left to the reader.

Furthermore, by Proposition 4.1, Y (0, (a), z) (0¥ (04 (b),z) = 0 fora € FPV \
FP*V b € FAV, n > 0 and, hence, ng V is a commutative vertex algebra whose
product is given by (4.15), and derivation is given by (4.16).

It remains to show that (4.17) defines a Poisson vertex algebra on gr V. It is easy
to check that the axioms (4.6), (4.7) and (4.8) are satisfied. We prove only (4.9). Let
a € FPV\ FPYV beFiV,c e F'V,n > 0. By Borcherds identity (2.33), we have
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n
a(m) (b(-1)€) = bname+ ) (,) (a@b)mn-1-ne
>0

n-1

m
= bename+(amb)ne+ Y ( ; ) (a@b)m-1-pc.
i=0

Fori € {0,...,n— 1}, (a)b)(n-1-ic € FPT "1V gince n — 1 —i > 0, while
a(n)(b(_l)c), b(_l)a(n)c and (a(n)b)(_Uc are in FP+*4*"~"V_ Hence,

0p (@) (n) (04 (b).07(¢)) = 074(b).(0p (@) (m) 07 () + (07 (@) (m) 074 (D)) .07 (©),

(4.18)
whence the expected statement. O
Define
Ry :==V/F'V =FV/F'V c gif'v. (4.19)
Note that
F'V = spanc{a(_2b: a,b € V} (4.20)

by Lemma 4.1. We also write C5(V) for the space F'V by historical reason.

Proposition 4.3 ([184]) Ry is a Poisson algebra by

a-b=acpb, {d,E}Za(o)b
fora,b €V, where a = oy(a).

Proof First, by (4.15) with p = g = 0, the product a - b= a-nb,fora,b €V, gives
to Ry a ommutative associative algebra structure, with unit W

Let us prove that the bracket {@, b} = ab, for a,b € V, is Poisson for the
commutative algebra Ry . It verifies the skew-symmetry property by (4.7) withn =0
and a,b € FOV so that Bj(E(j)d) € F'V for j > 0, and the left Leibniz rule by
(4.18) with p = g = 0 and n = 0. Then it also verifies the right Leibniz rule by the
skew-symmetry. As for the Jacobi identity, it follows from (4.8) withm =n=0. O

Definition 4.5 The Poisson algebra Ry is called the Zhu C;-algebra of V.
Proposition 4.4 ([143]) As a differential algebra, gr'V is generated by Ry .

Proof SetA =@ A, =gV, A, = FPV/FP*'V. We wish to show that the graded
p>0
differential algebra A is generated by Ag = Ry as a differential algebra.
First, note that we have

A, = @ A, = ADA. 421)
p>0
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Indeed, it is clear that AOA C A,.

Conversely, let us show that A, € AGA.Letv € FPV.By Lemma4.1, v is a sum
of terms of the form a(_;_1)b, with j € {1,...,p},a € FOV and b € FPIV. By
Borcherds identity (2.32) and (2.30), we have

—i-1
aj-nb = acjnbn|0) = byacnl0)+ ( ]z ) (a@b)-j-2-110)
>0
Tia —j =1\ T7*"*(a)b)
= by | —- —
“’(j!)+z( ! ) G+l+ D!

120

Hence,

[ oo(a) —j =1\ . isgnr (Op—j-i-1(a@b)
o(acj-1)b) = op_;(b).0 (Oj—,)+;( z )af“("(;”—ﬂ)!).

This shows that A}, is contained in A9 A for all p > 0, whence A, C AJA.
Let A’ be the differential subalgebra of A generated by Ag. We will show by
induction on p that A, c A".

p-1

Clearly, Ag € A’. Solet p > 0. By (4.21), A, = Z A;0A,_;_1, which is con-
i=0

tained in A’ by the induction hypothesis. O

Corollary 4.1 Let {a': i € I} be a set of vectors of a good vertex algebra V. The
following are equivalent.

i). {a': i € I} are strong generators of V;
ii). the image of {a': i € I} generates Ry .

In particular, a vertex algebra V is finitely strongly generated if and only if Ry is

finitely generated.

In this book we will always assume that a vertex algebra V is finitely strongly
generated.

Definition 4.6 Let ¢: V — W be a map between two Poisson vertex algebras. We
say that ¢ is a Poisson vertex algebra homomorphism if ¢ is a homomorphism of
differential algebras such that

¢(amyb) = ¢(a)ny¢(b),
foralla,b e V,n > 0.

The following assertion is clear.
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Lemma 4.2 If ¢: V — W is a homomorphism of vertex algebras, then ¢ respects
the canonical filtration, that is, $(FPV) c FPW. Hence it induces a homomorphism
grf' V. — grf' W of Poisson vertex algebra homomorphism which we denote by grf’ ¢.
The map grf ¢ restricts to a Poisson algebra homomorphism Ry — Ry, which
we denote by ¢. If in addition ¢ is surjective, then ¢(FPV) = FPW. In particular,
gro : grtf'V.— gt Wand ¢ : Ry — Rw are surjective homomorphisms of Poisson
vertex algebras and Poisson algebras, respectively.

4.4 Associated variety and singular support

We now focus on geometrical objects associated with Ry and grf' V.

Definition 4.7 Define the associated scheme Xy and the associated variety Xy of a
vertex algebra V as

Xy :=Spec Ry, Xy = Specm Ry = (Xy )req.

Definition 4.8 Let X be an affine Poisson variety. A vertex algebra V is called a
chiral quantization of X if Xy = X as Poisson varieties.

By Proposition 4.4, grf'V is generated by the subring Ry as a differential algebra.
Thus, we have a surjection ¢ (Ry) — grf'V of differential algebras by Lemma 1.1
since Ry generates 7. (Ry ) as a differential algebra, too.

This is in fact a homomorphism of Poisson vertex algebras.

Proposition 4.5 ([6, Proposition 2.5.1]) The identity map Ry — Ry induces a
surjective Poisson vertex algebra homomorphism

Fo(Ry) = O( Jo(Zy)) » g™ V.

Proof As noticed just above, the identity map Ry — Ry induces a surjective
homomorphism of differential algebras f: Z.(Ry) — grf'V. Let us show that f
is a Poisson vertex algebra homomorphism. It suffices to verify that f(a(,b) =
fl@)m f(b), foralla,b € Zo(Ry)andalln > 0.

By construction, this is true for all @, b € Ry and n > 0, since the restriction of
f to Ry is the identity map, and a ()b = 6, 0{a, b} for a, b € Ry . The statement is
then a direct consequence of Lemma 4.3 below. O

Remark 4.2 Suppose that the Poisson structure of Ry is trivial. Then the Poisson ver-
tex algebra structure of _#., (Ry ) is trivial, and so is that of grf'V by Proposition 4.5.
This happens if and only if

(FPV)(ny(F1V) c FP*y  forall n > 0.

If this is the case, one can give gr/' V yet another Poisson vertex algebra structure by
setting
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0p(a)(n)yoq(b) = Oprg—ns1(ab) forall n>0.
(We can repeat this procedure if this Poisson vertex algebra structure is again trivial.)

Lemma 4.3 ([142, Lemma 3.3]) Let V,W be two Poisson vertex algebras, and
¢:V — W an algebra homomorphism such that $0 = 0¢. Suppose that

d(amb) = ¢p(a)my¢(b) forall a,b e Randn >0,

where R is a generating subset of V as a differential algebra. Then ¢ is a vertex
Poisson algebra homomorphism.

Proof Leta,b €V be such that
d(amyb) = ¢(a)(my¢(b) forall n > 0. (4.22)

Using (4.6) for both V and W, the assumption ¢d = d¢ and (4.22), we obtain for all
n > 0:
¢(a(n)0b) = ¢(da(m)b) + ng(am-1)b)

= 0¢(a)(n)¢(b) + nd(a)(n-1)¢(b)

= ¢(a)(n)(0¢(b)).
By the left Leibniz rule (4.9) and induction we deduce that (4.22) holds foralla € R
andb e V.

Next, using the skew-symmetry (4.7) and ¢0 = 0¢ we get that ¢(da(,b) =

¢(0a)(m¢(b) foralla € R, b € V and n > 0. Again by the left Leibniz rule (4.9)

and induction, we deduce that (4.22) holds for all a, b € V.
This concludes the proof of the lemma. O

Definition 4.9 Define the singular support SS(V) of a vertex algebra V as
SS(V) = Spec(grfv) c _zXy.

Definition 4.10 We say that a vertex algebra V admits a PBW basis if there exists a
collection {a’: i = 1,...,n} of vectors of V such that the set of monomials

i i i . . . [P .
a a ...a 0 1 <ih<...<0,, ng < ngyq if iy = i
(=n) ¢ (-m2) (_nr)| )s 1x12% Xy, Ny X Hg+1 K s+1s
form a basis of V.

Lemma 4.4 The following conditions are equivalent.

i). V admits a PBW basis.
ii). Ry is isomorphic to a polynomial ring and SS(V) = jw)?v.

Proof Should we provide a proof? O
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4.5 Examples

The following assertion is easily seen from definition, Lemma 4.1 and Borcherds
identity (2.32).

Lemma 4.5 Let {a': i € I} be a set of strong generators of a vertex algebra V such
that for all i,iy € I and all n > 0, @' a® is a linear combination of |0) and the

) m?
a'’s,i € 1. Then
Flv = spanc{ai_ni_z)v: iel, ni>0,veV}

Proof Writing v as a linear combination of elements of the form (4.13), we see that
ai_ni_z)v, ie€l, n; >0,v eV belongs to F1V, whence one inclusion.

Conversely, show by induction on the length r of monomials v of the form (4.13)
that F'V is contained in the right-hand-side. Let v = al(‘_n _l)a’(Z_ a0y e

1 ny—1) (=n,-1)

F'V. At least one of the n j’s is greater than 1. If ny > 1, then the statement
is clear. In particular, the statement is clear if » = 1. Assume n; = 0. Then
v = al(z_nz_l) X 'a?—nr—l) |0) € F'V and by the induction hypothesis, there is j € 1,
m > 0, w € V such that

S . _ 1N
V= al(‘_l)a{_m_z)w = af_m_z)a’(‘_l)w + Z ( / ) (a’(‘l)a/)(_m—3—z)w.
10

J i
-m-2)%(-1)
the hypothesis of the lemma, (a

The element a w lies in the right-hand-side set of the lemma. Moreover, by

i

( l)aj )(=m—3-1)W is a linear combination of elements

a’(im%fl)w, i € I. Note that [0} _,,,_3_w = 0 because —m — 3 — [ cannot be equal
to —1. Since m, [l > 0, we get that v € spanc{ai_ni_z)v: iel, n >0,veV} as
desired. ]

Example 4.3 Consider the universal affine vertex algebra V¥(a) as defined in Sec-
tion 3.1. Since V¥ (a) is strongly generated by x € a € V¥(a), we have

F'V¥(a) =t 2a[t']V*(a)
by Lemma 4.5. Therefore,
Ry«(a) = V<(a)/t2a[t™' V¥ (a).
By the PBW theorem we have an isomorphism linear map
O(a*) = S(a) — Ry« (a) (4.23)

that sends the monomial x'x?...x" € S(a), for x' € a, to the image of
.. .xz_l) |0) in Ry« (q). This is in fact an homomorphism of Poisson algebras.

x! 0
Ti]erefore,
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Xve(a = Xve(q) = 0.

In particular, V¥(a) is a chiral quantization of a*. Moreover, the surjection
O Fot?) — g V¥ (a)

is an isomorphism since both sides have the same graded dimension with respect to

degxt™ =n, n e Zsg.
(Here we have used the fact that V¥ (a) is good, see also Example 4.4 below.) Hence
SS(V¥(a)) = Fea”.

For the simple quotient L, (a) of V¥(a), the surjection V¥(a) - L, (a) induces a
surjection '(a*) = Ry« (q) » Ry, (q). Thus,

R (o= 0(a")]/1

for some graded Poisson ideal I of &'(a*), and X; _(q) is the zero locus of I in a”,
which is a conic Poisson subvariety. Similarly, SS(L,(a)) is a C*-invariant closed
subscheme of _Z..a".

Exercise 4.1 Let Vir® be the universal Virasoro vertex algebra of central charge
ceC.

i). Show that grf Vir® = C[L_», L_3, .. .].
ii). Deduce from (i) that Ry;c = C[x], where x is the image of L := L_,|0) in Ry,
with the trivial Poisson structure.
iii). Show that one can endow gr’ Vir® with a non-trivial Poisson vertex algebra
structure such that
{L,L}=TL+2AL.

4.6 The conformal weight filtration and comparison with the Li
filtration

Suppose that V is positively graded:

where r( is some positive integer. (In most cases we assume that ro = 1 or 2.) There
is another natural filtration of V defined as follows [142].

Choose a set {a': i € I} of homogeneous strong generators of V. Let GV,
p € %220, be the subspace of V spanned by the vectors
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il i2 DY ir
-1 % (—na-1) a(fnr,1)|0> (4.24)

withi; € I,nj > 0,A i +---+ A4, < p. Then G,V defines an increasing filtration
of V:

0=GVcGVc..GVe..., V=[G,V
p

Definition 4.11 The increasing filtration G,V is called the conformal weight filtra-
tion.

Lemma 4.6 We have

TG,V c G,V, (4.25)
(GpV))GqV C G pigV forneZz, (4.26)
(G V)GV C G gV forn € Zsy. (4.27)

Proof Since [T,a’é_n)] =
easily seen.

For n < 0, we establish (4.26) exactly as for the proof of Proposition 4.1, using
Borcherds identity (2.33).

Assume n > 0. Since Gpig-1V C Gpi4V it suffices to establish (4.27). In
addition, it suffices to prove that a(,)b C Gpig-1V foralla € G,V, b € G,V that
are homogeneous.

Recall that by (12.7), we have for n > 0,

nai_n_l), forany i € I, n > 0, and T|0) = 0, (4.25) is

(VA) (i) Va € Vasar-n-1. (4.28)

Therefore, (4.27) will be a consequence of the equality (4.29) in Lemma 4.7 below.
Indeed, setting F'Vp := F'V NVa, G;Vy := G;V NV, fori > 0, we obtain by (4.29)
and Proposition 4.1,

a(n)b c (FAu_pVAa)(n) FAh_q VAb C FA‘l_p+Al)_q_nVAa+Ab—n—l

= Gp+q—lVA“+Ab—n—l C Gp+q—lv

for homogenous elements a € G,V,b € G,V andn > 0.
Notice that the proof of Lemma 4.7 uses (4.26) for n < 0, but does not use (4.27)
or (4.26) forn > 0. ]

It follows that gr; V = 6B » GV /G p-1V is naturally a Poisson vertex algebras.
Lemma 4.7 ([6, Proposition 2.6.1]) We have
FPVpA = Ga—pVa, (4.29)

where FPVA = VAN FPV, G,VA = VAN G,V. Therefore
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arf'v = grgV
as Poisson vertex algebras.

Proof The second assertion easily deduces from the first one. Let us prove the first
assertion. Clearly, Vo C GaVj since for a € V,, one can write a = a(—1)|0) € GAV.
The other inclusion is obvious and, hence, Vo = GAVa, that is,

FOVA = GpVa.

We now show the inclusion F”Vy C Ga-,Va by induction on p > 0. Let p >
0. By Lemma 4.1, FPV, is generated by elements v = a_;,_b, with a € Vu_,
b € F”‘[VAb, i > 1, A, +Ap +i = A. Hence it suffices to show that for such
elements, v € Ga_,Va. By the induction hypothesis, FP”'VAb C Gap—p+iVa,-
Because a € VA, C Ga,V, we have by (4.26) withn=—-i -1 <0,

v=aci-nb € (Ga,Va,)(-i-1)Gap-p+iVa, C Gag+ap-p+iVa = Ga-pVa.

Hence FPVp C Ga—pVa.
It remains to show the opposite inclusion Ga-,Va C FPV,. We prove that
any element v of the form (4.24) belongs to FPV, by induction on r > 0. For

r = 0, the statement is obvious. Assume » > 0. Then v = ai‘fmil)w, with w =
i i _ i
a(z_nz_l) . "a'(_nr_l)|0), nj >0, %:Aaij < p, Ay + Ay + 11 = A, where each a'

is homogeneous. Because w € G s , Va,,, the induction hypothesis gives that

w e Fha*™w=Py,  Hence

v w e Fhai +Aw_p+anAaf1+Aw+n1 = FAPV,

=gl
(=ni-1)
since a € FOV, i O
a”

By Lemma 4.7, it follows in particular that the conformal weight filtration is
independent of the choice of the set of strong generators.

Corollary 4.2 A vertex algebra is good if it is positively graded.

Proof This is clear from Lemma 4.7 since F”Vp = Ga_,Va = 0if p > A for each
A. O

Example 4.4 Consider the universal affine vertex algebra V*(a). Since V¥(a) is
strongly generated by x € a ¢ V¥(a), which has conformal weight one, it follows
that

GpV* (a) = Up(alt™'1t7)]0),

where U, (a[t~']¢7!) is the PBW filtration of U(a[¢~']¢~") (see Example C.2). On
the other hand, we have the isomorphisms (cf. Example 4.1)
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grUa[t ") = S(a[r ]! = C[_Fw(a®)].
Hence, as a consequence of Lemma 4.7, we reconfirm the fact that
g V¥(a) = grgV*(a) = C[ Fw(a")]
as Poisson vertex algebras.
Example 4.5 Consider the cdo Z)ng on G at level k. We have
G =Up(8[t17!) ® 0(JG).
Thus
g’ D' = grg O, = C[_70(89)] ® O(JG) = O( Fo(T°G)),

which restricts to the isomorphism

Rypen = O(T*G). (4.30)
In parcticular, we have
Xi,)g; =T'G, SS(DF') = JT'G. 4.31)

4.7 The lisse condition

Geometrical properties of the associated variety Xy should reflect important infor-
mation about the vertex algebra V. It is natural to first consider the simplest case
where Xy has dimension 0.

Recall that we are assuming that a vertex algebra V is finitely strongly generated
so that Xy is a scheme of finite type.

Lemma 4.8 ([30, Exercise 8.3]) Let X = Spec R be an affine scheme of finite type
over a field K. Then the following assertion are equivalent:

i). dimX =0,
ii). R is a finite dimensional K-algebra.

If so, then X is a finite discrete topological space.

Proof To prove the equivalence (i) <= (ii), recall that a Noetherian ring has
dimension zero if and only if it is Artinian [152, Theorem 3.2 and Example 2 in §5].
So the converse implication (ii)=>(i) is clear because a finite dimensional algebra
is an Artinian ring. Indeed, if R is a finite dimensional K-vector space, then it is
Artinian as K-vector space. But every ideal of R is a K-vector space and thus they
satisfy the descending chain condition, which proves that R is Artinian as ring.
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Conversely, assume that dim X = 0, that is, R is Artinian. Then R is a finite
product of Artinian local rings (cf. [30, Theorems 8.7]). So one may assume that R
is an Artinian local ring, with maximal ideal m. Then R/m if a finite extension of K
by Zariski lemma. Since R is Artinian, m is the radical of A ([152, proof of Theorem
3.2]) and thus m” = O for some n. Thus we have a chain

2

Romom 2---om"=0.

Since R is Noetherian, m is finitely generated and each m‘/mi*! is a finite di-
mensional R/m-vector space, hence m is a finite dimensional vector space. This

completes the proof. O

Definition 4.12 A vertex algebra V is called lisse (or Cy-cofinite) if dim Xy = 0 or,
equivalently, if Ry = V/F'(V) is finite dimensional.

As a consequence of Proposition 4.5, we have the following result.
Theorem 4.2 We have dim SS(V) = 0 if and only if dim Xy = 0.

Proof The “only if” part is obvious since 7, (SS(V)) = Xy . The “if” part follows
from Corollary 1.2 and Proposition 4.5. O

By Theorem 4.2 we get:
Lemma 4.9 The vertex algebra V is lisse if and only if dim SS(V) = 0.

The C;-cofiniteness condition, dim V/C, (V) < oo, was introduced by Zhu [184],
while the term lisse has been borrowed from Beilinson, Feigin and Mazur who
considered the finiteness condition dim SS(V) = 0 in the case of Virasoro vertex
algebras. The equivalence between these two notions was established in [6]. In this
book, we will be rather using the name /isse.

Lemma 4.10 Suppose that V is conical, so that V = aso Va and Vo = C|0). The
algebras grf'V and Ry are equipped with the induced grading:

gV = @(ngV)m (e V)o =C,
A>0

Ry = @(RV)A, (Ry)o =C.

A>0
Then the following conditions are equivalent:

i). Vis lisse,

ii). Xy = {point},
iii). the image of any vector a € V for A > 0 in Ry is nilpotent,
iv). the image of any vector a € Va for A > 0 in grf'V is nilpotent.

Thus, lisse vertex algebras can be regarded as a generalization of finite-dimensional
algebras.
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Proof The equivalence (i) & (ii) follows from Lemma 4.8. Let us prove the
equivalence (i) &= (iii). One can assume that Ry = C[x',...,x"N]/I for some
ideal 1. If Xy = {point}, then Ry /VO = C. So VI is the argumentation ideal
of C[x',...,xN] or, equivalently, each x’ is nilpotent. Conversely, if each x' is
nilpotent, VI is the argumentation ideal of C[x',...,x™], that is, Ry /V0 = C and
so dim Xy = 0.

To prove the equivalence (i) & (iv), write

ngV=C[xE_j),...,x?ij>, j=1/J

for some ideal J, which is possible by Proposition 4.5. Part (i) is equivalent to
that dim SS(V) = 0 by Lemma 4.9. Hence one can argue as for the equivalence
(i) & (iii). Namely, if SS(V) = {point}, then gr¥V/v0 = C. So VJ is the
argumentation ideal of C[xé_j), e ,xi\i i)’ j = 1] or, equivalently, each x’('_j) is

nilpotent. Conversely, if each xé_ is nilpotent, VJ is the argumentation ideal of

Clx

7)
E_j),...,xﬁj), j = 1], that is, gr V/v0 = C and so dim SS(V) = 0.

Lemma 4.11 Let V be a conical vertex algebra, {a': i € I} a set of homogenous
strong generators, so that O( £ Xy ) is a topological ring generated by the image
d’@, i € I, where @' is the the image of a’ in Ry. If V is lisse, then each din) is
nilpotent in O(ZLXy).

Proof Recall that the ind-schemes Xy is the direct limit of schemes %, Xy,
with %Xy = _ZwXv. The canonical morphism (Xy)rea = Xy — Xy induces
morphisms %, Xy — %, Xy for each n and, hence, a morphism of ind-schemes
LXy — ZXy. Since C((z)) is a field, similarly to Lemma 1.7 we establish that

LXy — LXy,

whence %, Xy — %, Xy for each n as well.

Moreover, if Xy is a point as topological space, then .Z Xy is also a point since
Homy (C,C((z)) = Homgcp(Spec C((z), Xv) = Homgcp(SpecC, ZXy)) =
Homy, (0(£Xy),C) consists of only one point. It follows that if Xy is zero-
dimensional, then each .%, Xy is zero-dimensional too.

Hence, if V is lisse, then &(.%, Xy ) /V0 = C, that is, C[dé_j_l) ci€l]jsn/NO=

C. So the augmentation ideal ofC[di_j_l) : i € I]j>_p is generated by the ai—i—l) ’s.
In particular each di_j_l), fori € I and j > —n, is nilpotent in &(.%, Xy ). Since
this is true for each n we get the statement. O

Proposition 4.6 Let V be a conformal, finitely strongly generated conical vertex
algebra. If V is lisse, then any simple V-module is Ly-graded.

Proof Let{a': i € I} be afinite set of strong generators of V, M a simple V-module,
and mo € M \ {0}. Let us first show that the Lo-module spanc{Lim: n € Zso}
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generated by my is finite-dimensional. Define an increasing filtration GoeM on M as
follows. Set G_1M = {0}, GoM = Cmg,, and

GpM = spanc{al(‘nl) .o.ar

(n,yM0" ijel,nj€Z, Ay +---+Ay, <p},

for p > 0. Then M = Up GpM and for any p,q,n € Z, (GpV)(n)GgM C G psgM;
this follows from Borcherds identity (2.33). Set grg M := EBWO GyM/G, M.
The commutative vertex algebra grg; V acts on M := grg M by setting

(O',Da)(n)o'q (m) = Op+q (a(")m)

fora € G,V \ Gp_1V and m € G4M. Here o, denotes the symbol map for both
gr, V and gr, M. By the correspondence between commutative Ry -modules
and 0 (£ Xy )-modules (see Theorem 2.7), this induces an action of (£ Xy ) on
M by aj, .0q(m) = 0pig(al, m) fora’ € G,V \ G,V and m € GyM, where
a denote the image of a € V in Ry . Since the image of Ly in Ry is nilpotent in
O(ZXy), we deduce I:gag(mo) = opn(Limo) = 0 for sufficiently large n, where
p such that Lomg € G,V \ G,_1V. Hence Lgmo = 0 for sufficiently large n.

As a consequence, spanc{Lym: n € Z} is finite-dimensional. This proves that
the action of Ly on M is locally finite. Hence, M is a direct sum of generalized
eigenspaces,

M = @ ker(Lg — A1d)™ > @ ker(Lo — A1d) =: M’
AeC AeC

Using (12.7) for H = Ly, we easily verify that M’ is a vertex submodule of M which
is nonzero since the action of Ly is locally finite. Hence, M = M’ which concludes
the proof. O

In the notation of the above proof, note that if m € M has Ly-eigenvalue A, then
by (12.7), a(,ym has eigenvalue 4 + A, — n — 1 for homogeneous a.

Definition 4.13 Call a V-module a positive energy representation if there is 1 € C
such that M = @ My, where My = {m € M: L)' m = dm}.

neZso

Note that any (nonzero) simple Lg-graded V-module is Z-graded. Indeed, given
such a module M, choose A such M, # 0. Then

M’ = @MM

is a nonzero submodule of M: the element Lg’[ .(a(,ym) has conformal weight
A+Ad+n-r—-1ed+2

for any homogenous a € V, n,r € Z and m € M,,,. Hence M’ = M, the module M
being simple.
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As a result, the following proposition implies that any simple module of a con-
formal, finitely strongly generated conical vertex algebra is an irreducible positive
energy representation.

Proposition 4.7 Let V be a conformal, finitely strongly generated conical vertex
algebra. If'V is lisse, then any Z-graded simple V-module is positively graded. Add
that each component is finite-dimensional!

Proof We keep the notation of the proof of Proposition 4.6. We may assume that m
is an Ly-eigenvector of weight A € C. Notice that the Lo-weight of al(‘nl E a’(rn )10
is

A+A i+ + Ay =01 — - —np =T (4.32)

Since M is smooth, there is N > 0 such that for all » > N and all i € I,
alén)mg = 0. Furthermore since d’%n) is nilpotent in &'(£Xy ) for any n, we deduce

that(ci’&‘nl))ll ...(&i’n ))lr.mo = OinMifnj > Nand/;largeenoughforj=1,...,r,
whence the statement by (5.14). m]

4.8 Remarks on the Poisson center of the Zhu C3-algebra.

Let Z(Ry) be the Poisson center of Ry, that is,
Z(Rv)={aeRy |{a,by=0VbeV}.

If V is conformal with conformal vector w, then & belongs to Z(Ry ).

Lemma 4.12 Let a € V such that a € Z(Ry ). Then
D, : Ry — Ry, 13»—>a(1)b,

defines a derivation of Ry .

Proof Since @ € Z(Ry), we have a(,)FPV ¢ FP~"V._1In particular, a()F'V c
F'V. Thus, the linear map D, : Ry — Ry is well-defined. We have

aqy(b-nc) =laq), b-nle+bnanye = (awb) e+ (amb)ayc+bnaqac.

Since a € Z(Ry), aqyb € F'V. Hence (a(o)b)oyc € F'V, Therefore D, is a
derivation as required. O

Note that D, (a@) = Aga for a homogenous element a of V of conformal weight A,,.

Theorem 4.3 Let V be a conical conformal vertex algebra. The following conditions
are equivalent.

i). @ is nilpotent in Ry .
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ii). the argumentation ideal of Z(Ry ) is contained in the radical of Ry .

Proof The direction ii) = 1) is obvious. So let us show that i) = ii). Let a be a
homogenous element a of V of conformal weight A, > 0 such that @ € Z(Ry).
Since @ € /(0), we have D, (@) € +/(0). However,

aqyw = [aq), wnll0) = -[w1),a@)]10) = = > (=) (wja)10)
j>0
= —Z(—l)j(u)(j)a)(_j)w) = —(wna)-nl0) = -Agza (mod FIV).
j>1

Therefore, a € +/(0). O

Corollary 4.3 Let V be a conical conformal vertex algebra such that Ry is Poisson
commutative. Then the following conditions are equivalent.

i). Vis lisse.
ii). @ is nilpotent in Ry .



Chapter 5
Modules over vertex algebras and Zhu’s functor

We introduce in this chapter the Zhu algebra Zhu(V) and the Zhu functor V +—
Zhu(V) assigning to a vertex operator algebra an associative algebra. Zhu established
that the equivalence classes of the irreducible representations of V are in one-to-one
correspondence with the equivalence classes of the irreducible representations of
Zhu(V) (see Theorem 5.2). The Zhu algebra Zhu(V) has a much simpler structure
than V, for example, the one-to-one correspondence theorem implies that if V is
rational then Zhu(V) is semisimple. The associative algebra Zhu(V) also plays a
crucial role in the proof of the modular invariance; see, for example, [184, 157, 15].

Section 5.1 is about the Zhu algebra of a vertex algebra, the Zhu functor and
consequences for the modules over the vertex algebra. In Section 5.4, we discuss the
connexion between the Zhu algebra and the Zhu C-algebra. Using this, we explicitly
compute in Section 5.6 the Zhu algebra in some examples.

We continue to assume that a vertex algebra V is finitely strongly generated.

5.1 Zhu’s algebra and Zhu’s functor

We assume in this chapter that V be a Z-graded vertex algebra (see Definition 2.7).
Definition 5.1 For homogeneous elements a, b of V, set
(z+1)%a Aq
aob :=Res, Y(a,z)b—2 = Z ; ag-2)b,
< i>0
and extend the products o linearly. The expression (z + 1)*, for k € Z, means
P
2 (j)z/. We set
Jj=0

Zhu(V):=V/VoV,

where VoV :=span{aob ; a,b € V}.

93
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Theorem 5.1 ([80, 184]) The quotient Zhu(V) is an associative algebra, called the
Zhu algebra of V, with multiplication defined as

(z+ 1)Aa A
a*b = Res, Y(a,z)bT = Z ia ag-nb

i>0

for homogeneous elements a,b € V. Its unit is the image of the vacuum |0) in the
quotient Zhu(V).

A vertex algebra V is called a chiralization of an algebra A if Zhu(V) = A.
Before proving the theorem, we need some lemmas.

Lemma 5.1 For a homogenous element a and n € Zs, we have
n —Aa
T"a =n! a (mod VoV).
n

Proof From a o |0) = a(2)|0) + Aqa = Ta + A,a, we deduce that Ta = -Asa
(mod V o V). Using this relation and Ar, = A, + 1, the identities follows from an
easy induction on n. O

Lemma 5.2 For a, b homogeneous elements,

Ag—1 _
b xa = Res, (Y(a,z)bw) = E (Aa ) 1)a(5_1)b (mod Vo V).
z i

i20

Proof By skew-symmetry (Proposition 2.4) and Lemma 5.1, we have

Y(b,2)a=e""Y(a,~2)b = Z e agb(-2)™""!

nez

=22, _Tj(i(zn—)b) (=)™

nez j>0

Ay —Ap+n+1)\ o
ZZZ( i )Z’a<n>b(—z) "

nez j>0
= > () e TR g

nez

= (z+ 1) DBy (g, —— )b,
(24 )Y (@ -—)

Therefore, we get

(z+ D)%

(z+ 1) Ba"B

1)2»
b+ a = Res, (Y(b,z)au)
z

z
=R Y(a,———
esz( (a, Z_{_1)19

Recall the formula for change of variable for residue. For g(w) = 3,527 VW™ €
V((w)) and f(z) = X5y an2” € zC[[z]] with a; # 0, the power series g(f(z)) €
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V((z)) is defined as

(o)

g(f(@)= D vmf@" = va<a1z>"1(’7)ff,

m>M m>M j=1

where f = s Z—jzi_l. Then we have the following formula:

Res,, () = Resz(g(f(Z)))dizf(Z)- 5.1)

Using the formula of change of variable (5.1) with w = —Z% we deduce that

i

1 Aqg—1
b % a = Res,, (Y(a, w)b%)

whence the expected result. O

Lemma 5.3 For homogeneous elements a, b, we have

Ag—1
a*b—b*a:Z( ; )a(i)b (mod V o V)

i>0
In particular, the image of the conformal vector belongs to the center of Zhu(V).

Proof The first assertion is an easy consequence of Lemma 5.2. The last assertion
follows from the fact that w * @ — a * w = Y50 (ﬁ)w(i)a =Ta+Ha=ao|0). O

Lemma 5.4 For every homogeneous elementa € V, andm > n > 0,

(Z + 1)A0+n

Z2+m

Res, (Y(a, 2) b) eVoV.

Proof Since

b}

Z2+m i Z2+m—i

(z+ 1)t Z": (n) (z+1)ha

i=0
we only need to prove the lemma for the case n = 0 and m > 0. We prove the
statement by induction on m, the case m = 0 being clear from the definition of Vo V.

Assume the statement true for any m < k, and prove it for m = k + 1. By induction,

we have
(z+ 1)Rat!

Res, (Y(Ta, 2) o

b)EVoV.

On the other hand,
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(z 4 1)Aat! 0 (z+ 1)Aat!
Res;, Y(Ta’z)z2—+kb = Res, a—ZY(a,Z)Z2—+kb
F) 1 Ag+1
_&b)

= _Resz (Y(a’ Z) 0z Z2+k

= —(As + 1) Res, (Y(a,z)wb)

Z2+k

+ (24 k) Res, (Y(a, z)wb) ,

Z2+k+1

whence the statement for m = k + 1 since the first term of the right-hand-side is in
V o V by induction. O

Proof (Proof of Theorem 5.1) First, for homogenous a,
ax|0)=apl0)=a and |0)+*a=10)_ja=a. 5.2)

To prove the theorem, we have to show that V o V is a two-sided ideal of Zhu(V), so
that * is well-defined on Zhu(V), and that Zhu(V) is an associative algebra for =. It
suffices to show that the following relations hold for homogeneous elements a, b, c:

ax(VoV)cVoV, (5.3)
(VoV)sacVoV, (5.4)
(axb)yxc—ax(bxc)eVoV, (5.5)

since (5.2) will ensure that the image of |0) is a unit for the multiplication * on
Zhu(V).

We only detail the proof of (5.3), the other identities are proven using the same
technics. The idea is to show that for homogeneous elements a, b, ¢ of V, we have
ax(boc)—bo(axc)eVoVsothata* (boc)eVoV.Using (2.35), we get

ax(boc)=bo(axc)=Res, (Y<a,z)w) Res.s (Y(b,W)—(W a c)

Z
(w+ D (z+ D )
Z c

— Res,, (Y(b, W)T) Res, (Y(a, 2)

(z+ D)2 (w+1)% ))
p c

w2

Res,, (Resz_w (Y(Y(a, z—w)b,w)

A .
“ o (A (w4 1)Aatdoi
= J ( ia) RCSW (Y(a(iﬂ)b, W)(—l)j T

i=0 j>

Since Ag,, ;b = Aa + Ap — i — j — 1, the right hand side of the last equality belongs
to V o V in virtue of Lemma 5.4. O

For a simple positive energy representation M = (P, 7.0 Masn, Ma # 0, 0of V,
let My, be the top degree component M of M. Using (2.50), we see that for any d,
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M Mg c M, 5.6
aiyMa C Masn,—n-1- (5.6)

For a homogeneous vector a € V, let o(a) = a,-1) = al(‘ia_l), so that o(a)
preserves the homogeneous components of any graded representation of V by (5.6).

The importance of Zhu’s algebra in vertex algebra theory comes from the follow-
ing fact that was established by Yonchang Zhu.

Theorem 5.2 ([184]) For any positive energy representation M of V, [a] — o(a)
gives a well-defined representation of Zhu(V) on My, where [a] is the image of a
in Zhu(V). Moreover, the correspondence M +— Moy gives a bijection between the
set of isomorphism classes of irreducible positive energy representations of V and
that of simple Zhu(V)-modules.

The proof of this theorem will be given after Theorem 5.3.

5.2 Current algebra and Zhu algebra

Lemma 5.5 For a vertex algebra 'V, V|TV is a Lie algebra by
[a+TV,b+TV]=ab+TV, a,beV

Proof The skew symmetry property follows from the skew symmetry property of
vertex algebra, which is equivalent to (4.7). The Jacobi identity follows from the
Borcherds identity (2.32). O

Lemma 5.6 ([39]) Let V be a vertex algebra, (R, 0) a differential algebra. Then
Lie(V,R) =(VOR)/(T®1+1Q®39)(V®R)
is a Lie algebra by
1 .
[a@r.besl =) apbe (ﬁ&’r) 5. (5.7)
j>0

Proof Since R is a commutative vertex algebra, V ® R is a vertex algebra with the
translation operator T ® 1 + 1 ® 9. The assertion follows by applying Lemma 5.5 to
the vertex algebra V ® R. O

The Borcherds Lie algebra associated with a vertex algebra V is by definition the
Lie algebra

Lie(V) := Lie(V,C[t,t ') = V@ C[r,t ']/(T®1+1®8,)(V&C[r,17']),

where C[t,17!] is viewed as a differential algebra with the derivation 9,. We have
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[@my, bny] = Z (’7) (a(jyb) gmen-j3 (5.8)

j>0

where a,) is the image of a ® 1" € V ® C[1, t~!] in Lie(V). By definition, we have
(Ta){n} = —na{n-1}.
The following is clear from (2.47).

Lemma 5.7 Any V-module M is a Lie(V)-module by a ) — a ) = a(Mn) fora eV,
nez

Note that a Lie(V)-module needs not to be a V-module since the identities (2.47)
and (2.48) may not be satisfied.
Recall that (2.48) is equivalent to the identity (2.33), which contains an infinite

sum. In order to make sense of (2.33), we shall introduce a completion U(Lie(V))
of the the universal enveloping algebra U(Lie(V)) of Lie(V) as follows.

Assume that V is Z-graded by a Hamiltonian H. Then Lie(V) is a graded Lie
algebra, by defining the action ad H of H on Lie(V) by

adH(a(y) = —(n+ Da) + (Ha) ().
We have

Lie(V) = P Lie(V)a, Lie(V)a = {x € Lie(V): (ad H)x = dx}.
dez

Let U(Lie(V)) = @dez U(Lie(V)),4 be the induced Z-grading on U(Lie(V)).
Define

U(Lie(V)) = P U(Lie(v)),,

deZ
U(Lie(V)), = lim U(Lie(V))d/Z U(Lie(V))a—pU(Lie(V)) .

psr

The space U (Lie(V)) is aZ-graded topological ring with each component U (Lie(V)) 4
being complete. Now the identity

(amb)(ny = Z(—l)j (T) (@(m-jybnejy = (=1)"b min-jyay;y) (5.9)

Jjz0

makes sense as an element of U(Lie(V)). Let I = P, 14 be the graded ideal of
U(Lie(V)) generated by (5.9) and (|0)) () = dn,—1. Let

UV) =P UV, UV)a=ULie(V)a/Ta,
deZ
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where 14 is the closure of I; in U (Lie(V))4. Then U(V) is again a Z-graded
topological ring with each component U (V)  being complete, which is called the
universal enveloping algebra [80] , or the current algebra [153] of V.

A U(V)-module M is called smooth if the action U (V) x M — M is continuous,
where M is equipped with the discrete topology.

Lemma 5.8 A V-module is the same as a smooth U (V)-module.

Clearly, U (V) is a subalgebra of U (V). Define the algebra A(V) by

AW) = UWV)o/ Y, UV UWV)-.

r>0
where — denotes the closure.

Theorem 5.3 We have the isomorphism of algebras
Zhu(V) = A(V).

Let U(V)<o = DU (V)a € U(V). For an A(V)-module E, define the

positive energy representation Ind:f{((‘y)) (E) of V by

UV)
Ind,, ) (E) = U(V) uv), E, (5.10)

where U (V)< acts on E by the projection U (V)¢o — A(V).

Proof (Proof of Theorem 5.2) Let M be a simple positive energy representation
V. Then M, is a simple U (V)o-module on which U(V)_, acts trivially for r >
0. Hence M, is a simple module over A(V) = Zhu(V). Conversely, let E be

a simple Zhu(V)-module. Since Ind:i’(%)(E) is a positive energy representation
of such that IndZJ((VV)) (E)iop = E, any proper graded submodule of Ind?((vv)) (E)

intersects E trivially. Indeed, if N is any such proper graded submodule such that
Niop = NN E # {0}, then for any nonzero element v in the intersection, we have

E = A(V).v C N since E a simple Zhu(V)-module. But E generates Ind%Y) (E) as

A(V)
V-modules, because Ind:?((vvf(E) = U(V)so.E, whence N = Ind:i(((‘y))(E). Hence
there exists a unique simple graded quotient L(E) of Ind:i(((vv)) (E). Clearly, the maps
E — L(E)and M — M, are inverse to each other. O

5.3 Proof of Theorem 5.3

This section is devoted to the proof of Theorem 5.3, following [100]. We use the
following notation, which is defined for any homogeneous element a € V and extend
linearly to V:

Jn(a) == aga,14ny-
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The advantage of this notation is that J,, (a) has always degree —n. The proof of the
following combinatorial lemma essentially follows from (5.9):

Lemma 5.9 ([100, Corollary A.2]) For all integers s, t, N satisfying N + s > 0, the
following identity holds in the universal enveloping algebra of V:

N
@)= 3 S0 (NN T e

7=0 i>0
N (N+s+j\(N+s—k

- > Z(—l)-'( ‘. )( o )J_k_s(a>fk+t(b>

k=N+1 j=0 J J

N . . .

N+s+ N+s+j+i

+ZZ(—1)N+S+1( i ])( ; / )Jz—N—s—l—i(b)JN+1+i(a)-

7=0 i>0

Lemma 5.10 Every element a = J,,(ay) ... Jn, (am) can be expressed in the quo-
tient A(V) as Jy(v) for some v = v(a) in V depending on a.

Proof We prove the statement by induction on the length m. If m = 1, there is
nothing to do. Let m > 2, and assume the statement true for every monomial of
length < m. Apply Lemma 5.9 to J,,, _, (@m-1)Jn,, (am), Where

—S =Nm-1, t=Nm, a=am-1, b=an.

In Lemma 5.9, choose N big enough so that min{N + n,,, N} > 0. Then Jiyp,, (am)
and Jy4+14i(am—1) are both contained in @j<0 U(V)jfor k > N +1, and so a is
congruent to a linear combination of the following terms with length < m:

Jnl (al) e Jnm_z(am—Z)Jnm_1+nm((am—l)(—N+nm,1—i—j—l)am)~

By induction, these terms are congruent to monomials of the form Jo(v’), v/ € V.
So a is itself congruent to some monomial Jy(v). Here, notice that for any n € Z,
a,b € V,we have J,,(a) + J,(b) = J,(a +b). O

We are now in a position to prove Theorem 5.3. Let ¢ be the composition map of the
linear map from V to U(V)o sending homogeneous element a to a a1} with the
canonical quotient map from U(V) to A(V). Lemma 5.10 ensures that this map is
surjective.

Let us show now that ¢ factors through Zhu(V), that is,

p(VoV)c ) UV)UWV)-,.

r>0

Let a, b be homogeneous elements a,b € V. We have Au(H)b =A,+Ap,—i+1.
Using the identity (5.9), we get
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A
plaob) = ; ( l.a)(a(i2)b){Aa+Ahi}

)
= Z(—l)l( )(a{Aa—Z—i}b{Al,H} = bia,—2-iya{A,+i})

i
>0

= Z(—l)i(_iz) (Jois1(a)Jis1(b) = J-i—1(D)Jir1(a)).

i20

Since deg J;+1(b) = degJir1(a) = —i — 1 < 0, we get that

plaob) e Y UV UV,

r>0

whence the statement. As a result, we get a well-defined map, still denoted by ¢,
from Zhu(V) to A(V) which is surjective.

Next, we prove that ¢ is an algebra homomorphism. It is enough to show that
p(a *b) = p(a)p(b) for homogeneous elements a, b € V. Again using the identity
(5.9), we get

A
plaxb)= Z ( l.a)(a(il)b){Aa+A,,il}

i>0
(-1
= Z(—l) (a(ao-1-iyb {8y -14iy + D (a,-2-iy@ (A +i})

i
i20

= Z(—l)l‘(‘z)u_i(a)fi(b) + 11 (D)1 (a)

i
i>0

= Jo(@Jo(b) ~ (mod > UV)UWV)-,).

r>0

On the other hand, by letting s = = N = 0 in Lemma 5.10, we have

(@) = Y1 (3 tacip) - mod 3w V)-,)

i
>0 r>0

= Z(—l)f(A“)<a<,~1>b){Au+A,,+i1} (mod » UWV), UV)-,),

i
i>0 r>0

whence p(a * b) = p(a)p(b) in A(V).

It remains to construct an inverse map for ¢. By Lemma 5.10 every element of
A(V) can be expressed as Jo(a) + (mod 2,0 U V), U(V)-,). We want to define
a map ¥ from A(V) to Zhu(V) sending Jo(a) + (mod 3.0 UV), U(V)-,) to
a +V o V. Once we can show this, it is clear that ¢ and ¢ are inverse to each other.
The well-definedness requires that whenever Jo(a) € (mod .o UV), UV)-;),
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then a € V o V. This can be shown using the functor L° constructed by Dong, Li and
Mason [60]. To be completed...

5.4 Relations between the Zhu algebra and the Zhu C,-algebra

We define an increasing filtration of the Zhu algebra. For this, we assume that V
is Zso-graded, that is, V = @, Va. Then Vg, := D} _, Va gives an increasing
filtration of V. Define

Zhu, (V) :=im(V¢p, — Zhu(V)).
Obviously, we have

0 =Zhu_ (V) c Zhug(V) € Zhu; (V) € ---, and Zhu(V) = U Zhu, (V).
p>-1

Also, since a ()b € Va,+a,-n-1 fora € Va,, b € V,,, we have
Zhu, (V) * Zhug (V) € Zhu, 4 (V). (5.11)

The following assertion follows from the skew symmetry.
By Lemma 5.3, we have

[Zhu, (V), Zhuy (V)] C Zhup,, 1 (V). (5.12)

This means that the filtered associative algebra Zhu(V) is almost-commutative (see
Section C.3). By (5.11) and (5.12) the associated graded space,

grZhu(V) = @Zhup(v) /Zhu,_(V),
p=0

is so naturally a graded Poisson algebra (see Section C.3).
Our next focus is to explore the connections between the Zhu algebra and the Zhu
C,-algebra or, equivalently, between the Poisson schemes Xy and Spec gr Zhu(V).
First, note that a o b = a(_2)b (mod P, <A, V) for homogeneous elements
a,binV.

+Ap

Lemma 5.11 (Zhu [57, Proposition 2.17(c)] and [19, Proposition 3.3]) The fol-
lowing map defines a well-defined surjective Poisson algebra homomorphism:
nv : Ry — grZhu(V)

ar—a (mod VoV+€BVA).
A<Aqy
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Proof We have a o b = 3 (Al“) ai-nb = aayb+ %, (Al.“)a(iz)b. Since the
i>0 izl
degree of a(;_p)bis Ay +Ap +1—i < degapbifi> 1, we get that

a(_z)b:aOb (mod @ VA).

A<Aa(_2)b
This shows that C>(V) is contained in Vo V + P, _ a, Va and, hence, ny is well-
defined. Clearly, it is surjective. It remains to show that njy is an algebra homomor-
phism. But v (@.b) = v (a(-1)b) = a-1yb (mod VoV + P, ,a, Va) While
the image of a * b in grZhu(V) is a1y (mod V oV + @A<AH+A,, V) since the
degree of a;i_1)bis Ay +Ap —i <Ay +Ap fori > 1. m]

Remark 5.1 The map ny is not an isomorphism in general. For example, let g be the
simple Lie algebra of type Eg and V = L (g). Then dim Ry > dim Zhu(V) = 1. This
counter-example was discovered by Gaberdiel and Gannon[83] . In other words, the

diagram
Zhu C: 2
Zhu

Zhu(V) p ?

is not always commutative.

Remark 5.2 Tt was shown in [71] that Ry = grZhu(V) for V = L(g) for any
nonnegative k € Z, if g is the simple Lie algebra sl,,.

By Lemma 5.11, we have Specm(gr ZhuV) c Xy .
Conjecture 5.1 ([9]) IfV is a simple Zsy-graded conformal vertex algebra, then
Xy = Specm(gr ZhuV).
Remark 5.3 One may also ask wether the following diagram is commutative.

F
V—2 eV

ZhuJ/ thu

Zhu(V) ———?

1 The equality dimZhu(V') = 1 follows from the fact that L;(g) is holomorphic, that is, the
only simple module is itself, because it is the only integrable affine g-module of level 1. Because
Zhu’s algebra of any holomorphic vertex operator algebra is one-dimensional ref?, we get that
grZhu(V) = C. On the other hand, it is easy to check that dim Ry, > 1 since the unique proper
maximal submodule of V ! (g) is generated by (egz~']0))?: see Section 7.1.
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In other words, one may ask wether one has Zhu(grf' V) = gr Zhu(V). Note that Ry
is not isomorphic to Zhu(grf V) in general since C5 (V) # VoV even for commutative
vertex algebras.

Although the above diagram is known to be commutative in several examples,
e.g., the universal affine vertex algebra V*(g) (cf. §5.6.2), the fermion Fock space
(cf. §5.6.3), the W-algebra V/k(g, f), etc., it is not true in general.

Exercise 5.1 Verify that the example V = L;(g), with g simple of type Eg as in
Remark 5.1, furnishes an example of vertex algebra V such that Zhu(grf'V) #
grZhu(V).

? Open problem

Is there an example of a vertex algebra for which Ry % Zhu(grf V)?

Corollary 5.1 If V is lisse then Zhu(V) is finite dimensional. Hence the number of
isomorphic classes of simple positive energy representations of V is finite.

5.5 Filtration of current algebra

We continue to assume that V is Zo-graded.
Recall the increasing, conformal weight filtration G,V (Section 4.6). This induces
the increasing filtration G, Lie(V) of Lie(V) such that

(G, Lie(V), Gy Lie(V)] C G pyqi Lie(V),

where G, Lie(V) is the image of G,V ® C[t,77'] in Lie(V). Hence, gr; Lie(V) =
b »0p Lie(V)/G -1 Lie(V) is naturally a commutative Lie algebra. On the other
hand, Lie(gr; V) is also a commutative Lie algebra since gr V is commutative.

Lemma 5.12 There is a surjective Lie algebra homomorphism
Lie(grg V) — grgs Lie(V)
that sends op(a) () to op(agny).

Proof The map obtained by composing the quotient map V ® C[t,17!] — Lie(V)
with the quotient map Lie(V) — grs; Lie(V) is clearly surjective, and it factorizes
through the composition map V®C[t,17'] — gr; V®C|t,17'] — Lie(grg V) since
any element 7o, (a) (ny +nop(a) (n-1y of (T®1+1®0;) grs V is mapped to the ele-
ment 01 (Ta(y)+nop(apm-1y) of (T®1+180,)G,Vfora € G,V\G,_1V,n € Z.
It remains to verify that the resulting surjective map is a Lie algebra homomorphism,
but this is clear from (5.8). (Note that both Lie algebras are commutative.) m]
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The filtration G, Lie(V) induces a filtration G,U(Lie(V)) of the universal en-
veloping algebra U (Lie(V)). This in turn induces a filtration G.U (V) of the current
algebra U (V), where G , U (V) is the closure of the image of G , U (Lie(V)) in U (V).
Let grg U(V) = P » O pUV)/Gp-1U(V) be the associated graded topological
algebra.

Lemma 5.12 immediately gives the following result:

Lemma 5.13 There is a surjective algebra homomorphism
U(grg V) — grg U(V).

The surjection in Proposition 4.5 induces a surjection (£ Xy ) — U(grs V). Thus
by Lemma 5.13 we have a surjection

O(LRy) —» grg UWV). (5.13)

Theorem 5.4 ([1]) Let V be a strongly finitely generated conformal lisse vertex
algebra. Then any simple V-module is an ordinary positive energy representation.
Therefore the number of isomorphic classes of simple V-modules is finite.

Proof Letm € M\ {0}. Then M = U(V)m since M is simple. Define an increasing
filtration G , M by setting G,M = G, U(V)m. Then gr; M = @p GpM|GpaM
is naturally a module over grg U(V), and hence over &(.ZXy ). By construction,
we have grg M = O0(%£ Xy )m, where m is the image of m in grg M.

Let us first now that the Lo-module spanc{L{m: n € Z3} generated by m is
finite-dimensional. Let {a': i € I} be a finite set of strong generators of V.

Since grg M = O(LXy)m, there is Ag € O(£Xy) such that Lim = Ajm.
By Lemma 4.11, the images of the aén) ’s in Ry are nilpotent in (£ Xy ), whence
Agm = 0 for sufficiently large n. As a result, Lgm = 0 for sufficiently large n too,
and so spanc{L{m: n € Z¢} is finite-dimensional. This proves that the action of
Lo on M is locally finite. Therefore, M is a direct sum of generalized eigenspaces,

M = P ker(Lo - 11d)"™ > (P ker(Lo — 11d) = M".
AeC AeC

Using (12.7) for H = Ly, we easily verify that M’ is a vertex submodule of M which
is nonzero since the action of Ly is locally finite. Hence, M = M’ which proves that
M is Ly-graded.

Let us now show that M is positively graded. We may assume that m is an
Lo-eigenvector of weight A4 € C. Notice that the Lo-weight of a’(‘nl) .. .ai’n )Mo is
A+Ay +- +Ayir =0y — =y — 7. (5.14)

Since M is smooth and [/ is finite, there is N > O such that for all » > N and
alli € I, ain)m = 0. Furthermore using again Lemma 4.11, we deduce that

(c"z"‘nl))ll (di’"n ))l’.m =0ingrg Mifn; > N and/; large enoughforj =1,...,r,

whence the statement by (5.14).
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It remains to prove that each graded component M,,, is finite-dimensional.
Since M, # 0, we may assume that m € M,. A Lo-weight space in grg M is
generated by some (d’(‘nl))" ... (&l('ﬁ ))"n"1, with (d’(‘nl))’I ... (d’(’n ))’f e O(ZLXy).

Since each éin) is nilpotent in &(.ZXy) and [ is finite, each Lo-weight space is

finite-dimensional. O

Theorem 5.5 ([59, 153]) Le V be lisse. Then the abelian category of V-modules is
equivalent to the module category of a finite-dimensional associative algebra.

5.6 Computation of Zhu’s algebras

This section describes some technics to compute the Zhu algebra, and contains some
explicit examples.

5.6.1 PBW basis

Recall that a vertex algebra V admits a PBW basis if Ry is a polynomial algebra and
if the map C[_Z(Xy)] —» grf'V is an isomorphism (cf. Definition 4.10).

Theorem 5.6 IfV admits a PBW basis, thenny : Ry —» gr ZhuV is an isomorphism.

Proof We have grZhu(V) =V /gr(V o V), where gr(V o V) is the associated graded
space of V o V with respect to the filtration induced by the filtration V,,. We wish to
show that gr(VoV) = F'V.Sinceaob = a(-yb (mod Va4, ) for homogeneous
a,b €V, itis sufficient to show that a o b # 0 implies that a(_2)b # 0.

Suppose that a(_»)b = (T'a)(-1)b = 0 for homogeneous a, b € V. Since V admits
a PBW basis, ng V has no zero divisors, whence Ta = 0. Also, from the PBW
property we find that Ta = 0 implies that a = ¢|0) for some constant ¢ € C. Thus, a
is a constant multiple of |0}, in which case a o b = 0. O

5.6.2 Universal affine vertex algebras

The universal affine vertex algebra V¥ (g) admits a PBW basis. Therefore
Nyi(g: Ryrg = Clg"] — grzhuv*(g).
On the other hand, from Lemma 5.3 one finds that

U(g) — Zhu(V*(g))

(5.15)
g3 x+— [x1)|0)]
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gives a well-defined algebra homomorphism. This map respects the filtration on both
sides, where the filtration in the left side is the PBW filtration. Hence it induces a
map between their associated graded algebras, which is identical to iy « (4 . Therefore
(5.15) is an isomorphism, that is to say, V¥ (g) is a chiralization of U(g).

Exercise 5.2 Extend Theorem 5.6 to the case where g is a Lie superalgebra.

Theorem 5.2 gives the following in this example. The top degree component of
the irreducible highest weight representation L(A) of § with highest weight A is
L4(A), where A is the restriction of A to the Cartan subalgebra § of g.

Let N; = Ni(g) be the maximal ideal of V*(g) as in Example 3.2 so that

Li(g) = V¥ (g)/ Nk,

where Ly (g) is the unique graded quotient of V*(g). We have the exact sequence
Jr — U(g) — Zhu(Lg(g)) — 0, where Jy is the image of Ny in Zhu(V) = U(g)
through the compound map Ny <— V — Zhu(V), and thus

Zhu(Ly(9)) = U(g)/Jx-

Hence when the homomorphism 7z, (;) of Lemma 5.11 is an isomorphism, the
associated variety Xy, (q can be viewed as an analog of associated varieties of
primitive ideals (see Section D.4). However, there are substantial differences (see
Example 8.1). In general, it is a hard problem to compute Ny and 7.

5.6.3 Free fermions

Let n be a finite-dimensional vector space. We refer to Appendix E for basics on
superalgebras and Clifford algebras.

Consider the Clifford algebra CI associated with the vector space n @ n* and
the non-degenerate bilinear forms ( | ) defined by (¢ + x|y + y) = ¢(y) + ¢ (x) for
¢, € 1", x,y € n. Specifically, C! is the unital C-superalgebra that is isomorphic
to A(n) ® A(n*) as C-vector spaces, and

[x.¢] =¢(x), xenc A(m), gen’ c A(n).

(Note that [x, ¢] = x¢ + ¢x since x, ¢ are odd.) Define an increasing filtration on CI
by setting CI,, := ASP (1) ® A\ (n*). We have

0=Cl.;cClycClyc---cCly=Cl,
where N = dimn, and
Cl,.Cly C Clpyy, [Clp,Cly] € Clpig-1.

As a consequence, the associated graded algebra,



108 5 Modules over vertex algebras and Zhu'’s functor

is naturally a graded Poisson superalgebra. We have CI = A(n) ® A(n*) as a
commutative superalgebra, and its Poisson (super)bracket is given by:

{x.0} =¢(x), {x.y}=0, {$.y}=0, x,yenc Am), .y en” c A\(W').

The charged fermion Fock space

The Clifford affinization CI of n is the Clifford algebra associated with n[z,#7!] @
n*[z,¢7'] and its symmetric bilinear form defined by

" f1) = Omanof (), (xt™|yi") = 0= (fr"|gt")

forx,yen, f,gen ,mmneZ
Let {x;}1<i<s be a basis of n, and {x]}i<;<s its dual basis. We write ¢; ,, for
xit™ € Cl and vy, for xit™ € Cl, so that Cl is the associative superalgebra with
* odd generators: ¥; ,, l//;-im, mezZi=A{1,...,s},
* relations: [ m, ¥ n] = [z//l.*’m,n//j.,n] =0, [zjri,m,z//]*.,n] = 0, O m4n,0-

Define the charged fermion Fock space associated with 1t as

Cl .
- - = A, 0 ® A <0
Y Clyim+ ¥ Cly ( ln)127<3‘ ( j’m)lzj@’
1212(1 12;2;

F(n) :=

where A(a;);e; denotes the exterior algebra with generators a;, i € I. It is an
irreducible C/-module, and as C-vector spaces we have

Fn) = A [ e Al ]eh.

There is a unique vertex (super)algebra structure on ¥ (1) such that the image of 1
is the vacuum |0) and

Y(Wio110),2) = 4i(2) 1= ) Wi " i= L,

nez

Y(¥70l0),2) = ¢;(2) := Zt//;‘,nz_", i=1,...,s.

nez

We have F'F (n) = nw* [t~ 'F (n) + n[+~1]~2F (n), and it follows that there is an
isomorphism
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a i) RT(TI) ’

xi — ¢i-110),

x; — i ,l0)
as Poisson superalgebras. Thus,

Xy = T"(In),

where IIn is the space n considered as a purely odd affine space. Its arc space
F (T (IIn)) is also regarded as a purely odd affine space, such that

C[ Jo(T* ()] = A [~ ]) @ A(m[e™']e7).

The map C[_Zo(X#m)] — grF (n) is an isomorphism and, hence, ¥ (1) admits a
PBW basis. Therefore we have the isomorphism

NeEm) : Remy = Ccl = gr Zhu(F (n))
by Exercise 5.2. On the other hand the map

Cl — Zhu(F (n))
x; — ;_1]0),
X — 'ﬁz‘*,0|0>

gives an algebra homomorphism that respects the filtration. Hence we have
Zhu(F (n)) = CI.

That is, ¥ (n) is a chiralization of CI.






Chapter 6
Poisson vertex modules and their associated
variety

In this chapter we give the definition of a Poisson vertex modules over a Poisson
vertex algebra and we study some their properties. This notion will be useful to
construct new Poisson vertex algebras in Chap. ?? applying the BRST reduction.

6.1 Poisson vertex modules

Definition 6.1 A Poisson vertex module over a Poisson vertex algebra V is a V-
module M in the usual sense of vertex V-module, equipped with a linear map

Vis (EndM)[[z7'1z7Y, a—TYM(a,z) = Za(Mn)z_”_l,

n>0
satisfying
a(Mn)m =0 for n>0, 6.1)
(Ta)(n = —nag, ), (6.2)
aj(‘;[l) (bv) = (aj(‘;[)b)v + b(a<Mn)v), (6.3)
M M _ m M
CHNIAEDY ( ; ) (@@ b) (an-iy» (6.4)
i>0
(ab)ihy = > (a(inbit, +binall,,) (6.5)

i=0
foralla,b e V,m,n>0,v e M.
A Poisson vertex algebra V' is naturally a Poisson vertex module over itself.

Example 6.1 Let M be a Poisson vertex module over C[ _Z(g")]. Then by (6.4), the
assignment
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112 6 Poisson vertex modules and their associated variety
xt" - xpl, xeg=(g) cClg'] cC[ Lw(ah)], n>0,

defines a _Z.(g) = g[[]]-module structure on M. In fact, a Poisson vertex module
over C[_Z.(g")] is the same as a C[_#.,(g")]-module M in the usual associative
sense equipped with an action of the Lie algebra _#.,(g) such that (xt")m = 0 for
n>0,xeqg,meM,and

(xt") - (am) = (x(mya) -m+a(xt") -m
forxeg,n>0,a €C[_fu(g")],me M.

Below we often write a ) for a(l\fl )
The proofs of the following assertions are straightforward. (We refer to §C.6 for
the definition of Poisson modules.)

Lemma 6.1 Let R be a Poisson algebra, E a Poisson module over R. There is a
unique Poisson vertex . (R)-module structure on #«(R) ®g E such that

amy(b®m) = (amb) ®m+06,0b ®{a,m}

forn > 0,a € RC Zu(R), b € Zo(R), m € E (Recall that 7 (R) =
C[_Z(SpecR)].)

Proof Proof? O

Lemma 6.2 Let R be a Poisson algebra, M a Poisson vertex module over ¢ (R).
Suppose that there exists a R-submodule E of M (in the usual commutative sense)
such that a,)E = 0 forn > 0, a € R, and that M is generated by E (in the usual
commutative sense). Then there exists a surjective homomorphism

Fo(R)QRE » M
of Poisson vertex modules.

Proof Proof? O

6.2 Canonical filtration of modules over vertex algebras

Let V be a vertex algebra graded by a Hamiltonian H. A compatible filtration of a
V-module M is a decreasing filtration

M=T'M>T'M>-..

such that



6.2 Canonical filtration of modules over vertex algebras 113
amT?M cTP*" M fora € FPV, Vn € Z,

amTIM cTP™"M forae FPV, n >0,
HIPM cI'’PM forallp >0,

(\rPm =o.
P
For a compatible filtration I"* M, the associated graded space
g M =PTrm/rrtm
p=0

is naturally a graded vertex Poison module over the graded vertex Poisson algebra
grf’V, and hence, it is a graded vertex Poison module over #.(Ry) = C[Xy] by
Theorem ??.

The vertex Poisson _Z.,(Ry )-module structure of gr’' M restricts to a Poisson
Ry -module structure of M/T'M = TOM/T'M, and a(,)(M/T'M) = 0 for a €
Ry € _Zw(Ry), n > 0. It follows that there is a homomorphism

I(Ry) ®r, (M/T'M) — g M, a®in s am,

of vertex Poisson modules by Lemma 6.2.
Let {a’ | i € I} be a set of strong generators of V. Set

FPM = spanC{a;_nl_l) . ..az_nr_l)m la' eV, meM, nj+--+n, > p}.

Proposition 6.1 ([143]) F*M is a compatible filtration of M. In fact, it is the finest
compatible filtration of M, that is, FPM c TPM for all p for any compatible
filtration T*M of M. In particular, F*M is independent of the choice of strong
generators.

Proof Proof O

F*M is called the Li filtration [143] of M.
The subspace F! M is spanned by the vectors a(—ym witha € V, m € M, which
is often denoted by C,(M) in the literature. Set

M=M/F'M(= M/Cy(M)), (6.6)

which is a Poisson module over Ry = V.

Proposition 6.2 ([143, Proposition 4.12]) By [143, Proposition 4.12], the vertex
Poisson module homomorphism

Fw(Ry) ®ry M — g M

is surjective.
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Proof Proof? O

Let {a’; i € I} be elements of V such that their images generate Ry in the usual
commutative sense, and let U be a subspace of M such that M = U + F'M. The
surjectivity of the above map is equivalent to that

FPM (6.7)

— i . .
= spanc{a(fnlil) ceal, ym |meU, n;20,n+---+n, 2p, i1,...,i, €I}

Lemma 6.3 Let V be a vertex algebra, M a V-module. The Poisson vertex algebra
module structure of gr’ M restricts to the Poisson module structure of M :== M |F'M
over Ry, that is, M is a Poisson Ry -module by

a-m=acym, ad(a)(m)=agqm, aeRy,meM.

A V-module M is called finitely strongly generated if M is finitely generated as a
Ry -module in the usual associative sense.

Definition 6.2 For a finitely strongly generated V-module M, define its associated
variety Xps by

Xum = suppg,, (M)
={p € SpecRy ; p D Anng,, (M)} c Xv,
equipped with the reduced scheme structure.

A finitely strongly generated V-module M is called lisse, or C-cofinite. if
dim XM =0.

Lemma 6.4 ([6, Lem. 3.2.2]) Let M be a finitely strongly generated V-module. Then
the following are equivalent:

(1) M is lisse.
(ii) M is finite-dimensional.

Proof Proof? O

6.3 Example: Associated varieties of modules over affine vertex
algebras

For aV = V¥*(a)-module M, or equivalently (cf. §2?), a smooth a,-module, we have
M=M/a[t %M,

and the Poisson C[a*]-module structure is given by
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x-m=(xt"Dm, ad(x)m =3xm, xXeameM.

Now suppose that G is a connected semisimple group, g = Lie(G).

Let KL(g,) be the full subcateogory of the category of §,-modules consisting
of modules on which tg[#] acts locally nilpotently and g acts semisimply. Clearly,
KL(§,) is an abelian category, which can be regarded as full subcategories of the
category of V¥(g)-modules.

For a g-module E, let

Vi(E) :=U(8«) ®u(g[r] oc1) E,

where E is considered as a g[t] & Cl-module on which g[7] acts trivially and 1
acts as the identity. Then V,(E) is an object of KL(§,) for a finite dimensional
representation E of g. Note that V¥(g) = V,(C) and its simple quotient L, (g) are
also objects of KL(§,).

Lemma 6.5 For M € KL(§,) the following conditions are equivalent:

(1) M is finitely strongly generated as a V*(g)-module,
(2) M is finitely generated as a g[t~' |t~ -module,
(3) M is finitely generated as a §,-module.

Proof Proof? O

Exercise 6.1 We have V, (E) = C[g"] ® E and Xy, (g) = g for a finite dimensional
representation E of g.

6.4 Frenkel-Zhu’s bimodules

Recall that for a graded vertex algebra V, its Zhu’s algebra is defined by Zhu(V) =
V/V o V. There is a similar construction for modules due to Frenkel and Zhu [80].
For a V-module M, set

Zhu(M)=M|V oM,

where V o M is the subspace of M spanned by the vectors

Ag
aom=Z( ; )a(iZ)m

fora € Vpa,, Ay € Z,and m € M.

Proposition 6.3 ([80]) Zhu(M) is a bimodule over Zhu(V) by the multiplications

a*m:Z(Aia)a(i_l)m, m*a:Z(Aai_ l)a(i—l)m

i>0 i>0
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fora € Va,, Ay €Z andm € M.
Proof Proof? O

Thus, we have a right exact functor
V -Mod — Zhu(V) -biMod, M +— Zhu(M),
where Zhu(V) -biMod is the category of bimodules over Zhu(V).

Lemma 6.6 Let M = @deh+Z>o My be a positive energy representation of a Zso-
graded vertex algebra V. Define an increasing filtration {Zhu, (M)}, on Zhu(V)
by

h+p
Zhu, (M) = im(EH M, — Zhu(M)).
d=h

(i) We have

Zhu, (V) - Zhu, (M) - Zhu, (V) C Zhupsger (M),
[Zhu, (V), Zhuy (M)] € Zhu g (M).

Therefore grZhu(M) = EBP Zhu,(M)/Zhu,_1 (M) is a Poisson grZhu(V)-
module, and hence is a Poisson Ry -module through the homomorphismny : Ry —»
grZhu(V).

(ii) There is a natural surjective homomorphism

v M(= M/F'M) — grZhu(M)

of Poisson Ry -modules. This is an isomorphism if V admits a PBW basis and
gr M is free over gr'V.

Example 6.2 Let M = V§. Since gr V£ is free over C[_#w(g")], we have the isomor-
phism

My VE = E®Clg'] — grZhu(V¥).
On the other hand, there is a U(g)-bimodule homomorphism

E ® U(g) — Zhu(VE),

(6.8)
vOX| ... xp = (1@V) % (et ) - % (xpr71) + V() OV]bf

which respects the filtration. Here the U(g)-bimodule structure of U(g) ® E is given
by

x(v@u)=(v)Qu+vexu, (VOu)x=v®e (ux),
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and the filtration of U(g) ® E is given by {U;(g) ® E}. Since the induced homo-
morphism between associated graded spaces (6.8) coincides with My (6.8) is an
isomorphism.

Let HC be the category of Harish-Chandra bimodules, that is, the full subcate-
gory of the category of U (g)-bimodules consisting of objects M on which the adjoint
action of g is integrable, that is, locally finite.

Lemma 6.7 For M € KLy, we have Zhu(M) € HC. If M is finitely generated, then
so is Zhu(M).






Part I11
Quasi-lisse vertex algebras



As a Poisson variety, the associated variety of a vertex algebra is a finite disjoint
union of smooth analytic Poisson manifolds, and it is stratified by its symplectic
leaves. The case where the associated variety has finitely many symplectic leaves is
particularly interesting. They were first considered by the authors in [24], and then
referred to as quasi-lisse vertex algebras in [15].

Definition 6.3 ([15]) A finitely strongly generated Zo-graded vertex algebra V is
called quasi-lisse if Xy has only finitely many symplectic leaves.

Lisse vertex algebras appear as special cases quasi-lisse vertex algebras: those
vertex algebras whose associated variety is just a point (remember that all vertex
algebras are assumed to be strongly generated and Z(-graded).

In this part we give various examples of quasi-lisse vertex algebras, and present
remarkable properties of lisse and quasi-lisse vertex algebras. Most of our examples
are particular cases of (simple) affine vertex algebras. We will see other examples
Part IV in the context of W-algebras by taking the quantized Drinfeld-Sokolov
reduction of quasi-lisse affine vertex algebras. There are other expected examples
coming from four dimensional NV = 2 superconformal field theories.

As a first motivation, let us comment the quasi-lisse condition in the setting of
affine vertex algebras.

We have seen that V*(g) plays a role similar to that of the enveloping algebra of
g for the representation theory of the affine Kac-Moody algebra § (cf. §??). Because
of this, it would be nice to have analogs of the associated varieties of primitive ideals
in this context (see Section D.4). Unfortunately, one cannot expect exactly the same
theory. One of the main reasons is that the center of U(§) is trivial (unless for the
critical level k = —h"), and so we do not have analog of the nilpotent cone (for
the critical level, the analog is played by the arc space of the nilpotent cone, see
Example 1.3 and Exercice 3.3). So we need some replacements. In this context, the
associated variety of the highest weight irreducible representation L(kAg) = Lk (g)
of §, k € C, viewed as a vertex algebra, is a better analog. More generally, one can
consider the associated variety of any irreducible highest representation L(A) of §,
by exploiting the notion of associated variety for any module over a vertex algebra;
see Section 6.3. We will see next chapters some analogies between the associated
variety of Ly (g) and the associated variety of primitive ideals. However, there are
substantial differences. For example, since Ly (g) = V*(g) for k ¢ Q (cf. [114]), we
see that X, (4) is not always contained in the nilpotent cone .4 of g. We observe that
X1, (g) is contained in the nilpotent cone .4 if and only if Ly (g) is quasi-lisse (see
Proposition 8.1). Thus, in this context, the quasi-lisse condition looks very natural.

This part is structured as follows. Chap. 7 is devoted to lisse and rational vertex
algebras. Chap. 8 contains various examples of quasi-lisse (simple) affine vertex alge-
bras. Remarkable properties of quasi-lisses vertex algebras are described in Chap. 9.
We also discussed in this chapter open problems (the irreducibility conjecture and
the Higgs branch conjecture in physics) related to quasi-lisse vertex algebras. In
fact, the vertex algebras constructed from 4d SCFTs are expected to be quasi-lisse,
since their associated varieties conjecturally coincide with the Higgs branches of the
corresponding four dimensional theories ([170]).



Chapter 7
Lisse and rational vertex algebras

Recall that a vertex algebra V is called lisse if dim Xy = 0, or equivalently, if Ry
is finite-dimensional (see Section 4.7). Examples of lisse vertex algebras are given
in Section 7.1 and Section 7.2 below. Close to the lisse condition, we have the
rationality condition:

Definition 7.1 A conformal vertex algebra V is called rational if every Zs(-graded
V-modules is completely reducible (that is, isomorphic to a direct sum of simple
V-modules).

Our below examples are actually also examples of rational vertex algebras. In Sec-
tion 7.3 we list a few properties of lisse vertex algebras and rational vertex algebras,
and we discuss the connections between the lisse and the rationality conditions.

7.1 Integrable representations of affine Kac-Moody algebras

Let g be a complex simple Lie algebra. Recall that the irreducible g-representation
Lg4(A), with highest weight A € b, is finite-dimensional if and only if its associated
variety ¥ (Anny ) (Lg(4))) is zero (Example D.6). Contrary to irreducible highest
weight representations of g, the irreducible g-representation L(A1), where A € f)" is
finite-dimensional if and only if A = 0, that is, L(A) is the trivial representation.

The notion of finite-dimensional representations has to be replaced by the notion
of integrable representations in the category . (See Section A.4 and Section A.5 for
the category & and the definition of integrable representations for affine Kac-Moody
algebras.)

Let k € C. Recall that the simple affine vertex algebra Ly (g) is isomorphic to the
irreducible highest weight representation L(kAg) as a §-module.

Theorem 7.1 ([8, 61]) The following are equivalent:

@) L (g) is rational,

121



122 7 Lisse and rational vertex algebras

(it)  Lx(g) is lisse, that is, X1, () = {0},
(iii)  Lg(g) is integrable as a §-module (which happens if and only if k € Z).

It should be noted a clear analogy between the equivalence (iii) <= (iii) and the
equivalence mentioned in Example D.6.

The equivalence (i) <= (iii) is well-known ref ?, as well as the last equivalence
in parenthesis of Part (iii). We explain below only the implication (iii) = (ii).

Lemma 7.1 Let (R, d) be a differential algebra over Q, and let I be a differential
ideal of R, i.e., I is an ideal of R such that 81 C I. Then dVI c VI.

Proof Leta € V1, so that a™ € I for some m € Zso. Since I is d-invariant, we have
o™ma™ € I. But
™a™ = m!(da)™ (mod VI).

Hence (da)™ € VI, and therefore, da € VI O

Recall that a singular vector of a g-representation M is a vector v € M such that
fiv=0,if§ = fi_dhofiisa trianglar decomposition of § (see §A.4.3). In particular,
regarding V¥ (g) as a §-representation, a vector v € V*(g) is singular if and only if
ftv =0.

In the case where k is a nonnegative integer, the maximal submodule Nj of
Vk(g) is generated by the singular vector (egt~1)**1|0) ([111]), where 6 is the
highest positive root and ey € g \ {0}.

Proof (Proof of the implication (iii) = (ii) in Theorem 7.1) Suppose that Ly (g) is
integrable. This condition is equivalent to that k € Zs( and, if so, the maximal
submodule Ny (g) of V¥(g) is generated by the singular vector (egt~1)**1|0). The
exact sequence 0 — Ny (g) — V*(g) — Li(g) — 0 induces the exact sequence

0— I — Rvk(g) — Rr, (g — 0,

where I is the image of Ny in Ry« = C[g*], and so, Ry, (g = C[g"]/Ix. The
image of the singular vector in ;. is given by e’é“. Therefore, eg € VI;. On the

other hand, by Lemma 7.1, v/T; is preserved by the adjoint action of g. Since g is
simple, g C V1. This proves that X, 4 = {0} as required. O

The proof of the “only if” part follows from [61]. It can also be proven using
W-algebras.

In view of Theorem 7.1, one may regard the lisse condition as a generalization of
the integrability condition to an arbitrary vertex algebra.

7.2 Minimal series representations of the Virasoro algebra

Let ¢ € C. Denote by N, the unique maximal submodule of the Virasoro vertex
algebra Vir, and let Vir, := Vir®/N, be the simple quotient.
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Theorem 7.2 The following are equivalent:
(i) Vir. is rational,
(i)  Vir. is lisse,
6 2
iy c=1-20P=a"
q
precisely the central charge of the minimal series representations of the Virasoro
algebra Vir.)

for some p,q € Zsy such that (p,q) = 1. (These are

The equivalence (ii) & (iii) is well-known [181].
We explain below the equivalence (i) <= (iii) (see [6, Prop. 3.4.1]).

Proof (Proof of equivalence (i) <= (iii) in Theorem 7.2) Itisknown thatthe im-
age of N, in Ryj«c is nonzero if N. # O (see e.g., [181, Lem 4.2 and 4.3] or [95,
Prop. 4.3.2]. Therefore Xv;;, = {0} if and only if Vir® is not irreducible. This happens
if and only if the central charge is of the form in (iii) ([110, 74, 95]). O

7.2.1

Where to add the results of Heluani-Van Ekeren on arc spaces of Virasoro? Here?

7.3 On the lisse and the rational conditions

It is known ([59]) that the rationality condition implies that V has finitely many
simple Zo-graded modules and that the graded components of each of these Z(-
graded modules are finite dimensional. In fact lisse vertex algebras also verify this
property. More precisely, we have:

Theorem 7.3 ([1, 184, 157]) Let V be a Zs¢-graded conformal lisse vertex algebra.

(i) Any simple V-module is a positive energy representation, that is, a positively
graded V-module. Therefore the number of isomorphic classes of simple V-
modules is finite.

(i) Let My, ..., Mg be representatives of these classes, and let fori =1,...,s,

xmy (7) = Trag (g7 %) = 3 dim(M)g"™5, g = e,

n>0

be the normalized character of M;. Then y s, (T) converges in the Poincaré half-
plane {T € C | Im(t) > 0}, and the vector space generated by SLy(Z).xm,(7) is
finite-dimensional.

If V is as in Theorem 7.3 and also rational, it is known [ 103] that under some mild
assumptions, the category of V-modules forms a modular tensor category, which for
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instance yields an invariant of 3-manifolds, see [31]. It is actually conjectured by
Zhu in [184] that rational vertex algebras must be lisse (this conjecture is still open).

The converse is not true: is there a known counter-example? Conjecturally, we
have W (g, finin) with g € DES and k = —h" /6 — 1 + n such that k € Z...

There are significant vertex algebras that do not satisfy the lisse condition. For
instance, an admissible affine vertex algebra Lj(g) (see Section 8.2) has a com-
plete reducibility property ([9]), and the modular invariance property ([117]) in the
category O still holds, although it is not lisse unless it is integrable.

So it is natural to try to relax the lisse condition. This is the purpose of the next
chapters.



Chapter 8
Examples of affine quasi-lisse vertex algebras

We now intend to give various examples of quasi-lisse vertex algebras in the context
of affine vertex algebras. We start in Section 8.1 with general facts on the associated
variety of affine vertex algebras. Then we focus essentially on two interesting families
of quasi-lisse simple affine vertex algebras: those coming from admissible levels
(Section 8.2) and those coming from the Deligne exceptional series (Section 8.3).
So far, they are roughly the only known quasi-lisse simple affine vertex algebras (see
Remark 8.1 for a couple of other known cases) while they are certainly much more
examples.

In what follows, g is a complex simple Lie algebra with adjoint group G, and .4
is the nilpotent cone of g, that is, the set of nilpotent elements of g. We identify g
with its dual g* using a non-degenerate bilinear form, for instance the bilinear form

1
(1) = Wx Killing form of g. We shall use the notations of Appendix D, particularly
for the nilpotent orbits in s, in correspondence with partition of n (Section D.2).

8.1 General facts on associated varieties of affine vertex algebras

Let V¥ (g) be the universal affine vertex algebra associated with g at the level k € C.
Recall first that the associated variety of V¥(g) is g* = g (cf. Example 4.3). In
particular, VX (g) is never quasi-lisse (see Proposition 8.1).

Let us look now at the the associated variety of the simple quotient Ly (g) =
V¥(g)/Ny, where Ny is the maximal proper submodule of VX (g). Contrary to the
associated varieties of primitive ideals of U(g), the associated variety of L (g) is not
always contained in the nilpotent cone .#". Indeed, if V¥ (g) is simple, for example
if k ¢ Q, then Li(g) = V¥(g) and so X1,(q) =8 ¢ . By the main result of [16]
the converse is true:

Theorem 8.1 ([16]) Let k € C. Then X1, (q) = @ if and only if Li(g) = V*(g), that
is, VX(g) is simple.
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On the other hand, we have a simple criterion to check whether L (g) is quasi-
lisse:

Proposition 8.1 The simple affine vertex algebra Ly (@) is quasi-lisse if and only if
X () C N

Proof Recall that the symplectic leaves of g are the adjoint G-orbits of g, It is
well-known that the nilpotent cone .4 of the simple Lie algebra is a finite union of
adjoint orbits (see Section D.1). Hence, if X, (q) is contained in .4 then L (g) is
quasi-lisse.

Conversely, assume that X7, (4 contains a non-nilpotent element x, with Jordan
decomposition x = x; + x,. If x,, = 0, then X7, (4 contains GCrx = GC*xg since
X1, (g) 1s a closed G-invariant cone of g. But GC*x; contains infinitely many sym-
plectic leaves because xg is semisimple. So X7, (4) is not quasi-lisse. If x,, # 0,
choose an sl,-triplet (x,, h,y,) in g* and consider the one-parameter subgroup
p: C* — G generated by ad . We have for all t € C*,

p()x = x5 + 12xy.

Taking the limit when ¢ goes to 0, we deduce that x; € X;, () and, hence, by the first
case, X1, () is not quasi-lisse. m|

Proposition 8.2 If X;, (o) C A, then Li (@) has only finitely many simple objects in
the category O.

Proof We know that Zhu(L (V)) is a quotient U(g)/I of U(g) (see §5.6.2). More-
over, by Zhu’s correspondence (Theorem 5.2), it suffices to show that there are finitely
many simple highest weight g-modules L (4) annihilated by / since L(/i)wp = L4(1),
where A is the restriction to § of A € h* since simple objects in the category & are
precisely the simple highest weight modules L(1), [110, Proposition 9.3].

Let us denote by x.: 2 (g) — C the infinitesimal character associated to Lg(A4).
Recall that for A, u € b*, ya = x, if and only if A and u are in the same W-orbit
with respect to the twisted action of W, where W is the Weyl group of (g, h). Hence,
identifying the maximal spectrum of Z°(g) with the set of all homomorphisms
Z(g) — C, it is enough to show that Specm (Z(g)/ 2 (g) N I) is finite, or equiv-
alently, that 2°(g)/ 2’ (g) N I is finite-dimensional. This will show that the set of
possible infinite characters of simple U(g)/I-modules is finite and so is the set of
possible simple U(g)/I-modules.

Using the surjective Poisson algebra homomorphism (cf. Lemma 5.11),

Ry, (g — grZhu(Li(g)) = grU(g)/grl,

we get that (Spec grU(g)/grI),.q C X1, (g) C -+, whence the augmentation ideal
(gr Z(q)) of gr Z(g) is contained in +/gr I because (gr Z°(g)); = C[g]. is the
defining ideal of .#". As a result, gr 2°(g)/gr(Z°(g) N I) is finite-dimensional and
sois Z(9)/Z (g) NI O
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In view of the above results, it is natural to ask whether there exist pairs (g, k)
such that X;, (4) is neither g nor contained in the nilpotent cone .#". This is indeed
the case, as the following examples illustrate.

Example 8.1 ([23, Theorem 1.1])

e Forn >4,
X (s1,) = GC*ayy ¢ N,

where @ is the fundamental co-weight associated with a; if a1,...,a,-1 are
the simple roots of sl,,. Note that GC*w| = ST, where S is the unique sheet (see
the footnote 2 of Section 8.4) of s, containing the minimal nilpotent orbit Oy,
in its closure.

e Form > 2,

XL () = GC* By € N,

where @, is the fundamental co-weight associated with a,,. Note that GC*@w,,, =
S, where S is the unique sheet of sl,, containing the nilpotent orbit O pm)
associated with the partition (2™) in its closure.

As a next step, in the light of Theorem 8.1, one can ask whether there is a pair
(g, k) such that X;, (4) is a maximal proper G-invariant closed subcone of g.

* For g = sl, ./ is the unique maximal proper G-invariant closed subcone of g. In
fact the only G-invariant closed subcones of sl are: {0}, .4, g. All these subsets
can be realized as the associated variety of some L (sly) (see Section 8.2 and
more specifically Exercice 8.1).

* For g = sl3, one can construct a maximal proper G-invariant closed subcone of
g as follows. Let (e, h, f) be a principal sly-triple, that is, f is regular nilpotent
element of g. Let 2" = GC*h be the G-invariant closed cone generated by .
This set is referred to as the principal cone in [52]. It contains the nilpotent cone
A and has dimension dim .4 + 1. So, for g = sl3, it is maximal for dimension
reasons (it has dimension 7 while g has dimension 8). More generally, for any
regular semisimple element x € g, the set GC*x is a G-invariant closed subcone
of g containing .4 (see [53, Th. 2.9]). The principal cone 2" is somehow more
canonical: it is precisely the closure of the set of principal semisimple elements
(that is, the semisimple elements which are central elements of principal sl;-
triples).

? Open problem

Assume that g = sl3. Is there a level k such that X;, (q) = 2, where 2" = GC*h is
the principal cone of sl3?

In the next two sections, we describe families of quasi-lisse simple affine vertex
algebras. In other words, we provide pairs (g, k) for which X (g) is contained in .4".
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8.2 Admissible representations

Recall that the irreducible highest weight representation L(A) of § with highest
weight A € b* is called admissible if A is admissible in the sense of Definition A.6.
For example, an irreducible integrable representation of § is admissible. More gen-
erally, the simple affine vertex algebra Ly (g) is called admissible if it is admissible
as a §-module, and the level & is called admissible if L;(g) is addmisible (see
Definition A.7). This happens if and only if (Proposition A.3):

nY if (g,rY) =1,

)2
k=-h"+%withp,g€eZs, (p,g)=1, p >
p P>q €Zz1, (p,q) p {h if (g.rY) = V.

Here rV is the lacety of g (i.e., r¥ = 1 for the types A, D, E, r¥ = 2 for the types
B, C, F and rV = 3 for the type G,), and & is the Coxeter number.

The fist statement of the following assertion was conjectured by Feigin and Frenkel
and proved for the case that g = sl, by Feigin and Malikov [75]. The general proof
is achieved in [8].

Theorem 8.2 ([8])

i). If k is admissible, then SS(Li(g)) C Zw(A") or, equivalently, the associated
variety Xp, (q) Is contained in N
ii). In fact, a stronger result holds: we have

Xr (o) = Ok,
where Qy is a nilpotent orbit which only depends on the denominator q, with q
as above.

Example 8.2 Let us describe explicitly the nilpotent orbit Oy of Theorem 8.2 in the
case where g = sl,,. Recall that the nilpotent orbits of sl,, are parameterized by the

partitions of n. Let k be an admissible level for sl,,, thatis, k = —n + E, with p € Z,
q

p = n,and (p,q) = 1. Then
X1, (9 = {x € g: (adx)* =0} = O,

where Oy is the nilpotent orbit corresponding to the partition (n) is ¢ > n, and to
the partition (¢, q,...,q,s) = (¢, s), where m and s are the quotient and the rest
of the Euclidean division of n by ¢, respectively, if ¢ < n.

Next exercise gives a proof of Theorem 8.2 for g = sl,. It is based on Feigin and
Malikov approach (see also [8, Theorem 5.6]).

Exercise 8.1 Let N, be the proper maximal ideal of V¥ (sl,) so that Ly (sl)
VK(sly)/Ni. Let I be the image of Ny in Ry (s, = C[sly] so that Ry, (4
C[slp]/Ix. It is known that either Ny is trivial, that is, VX (sl,) is simple, or Ny is
generated by a singular vector v whose image v in I is nonzero ([116, 155]).

We assume in this exercise that Ny is non trivial. Thus, Ny = U(sh)v.
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i). Using Kostant’s Separation Theorem show that, up to a nonzero scalar,
v =Q"e",

for some m,n € Zso, where Q = 2ef + %hz is the Casimir element of the
symmetric algebra of sl,.
ii). Deduce from this that X7, (41, is contained in the nilpotent cone of sl,.

It is known that Ny is nontrivial if and only k is an admissible level for sl,, or k = -2
is critical. Thus we have shown that X7, (s1,) is contained in the nilpotent cone of sl
if and only if £ = =2 or k is admissible, i.e., k = =2+ g, with (p,q) =1land p > 2.

On the other hand, since Xy, (¢,) = {0} if and only if k € Z( by Theorem 7.1,
we get that X;, (s1,) = -/ if and only if k = —2 or k is admissible and k ¢ Z.

The following exercise explains how to compute the associated variety in a con-
crete example exploiting a singular vector (see §A.4.3). This example is covered by
both Theorem 8.2 and Theorem 8.3.

Exercise 8.2 The aim of this exercice is to compute X;, ., , (s;)- It was shown by PerSe

3/2
[165] that the proper maximal ideal of V~3/2(sl3) is generated by the singular vector
v given by:

vi= 5 () ens)10) = (ot e 51710 (et~ enst7) 0= 3e1,517710)

where hy = ey] — e, hy := ez — e33 and ¢; ; is the elementary matrix of the
coefficient (i, j) in sl identified with the set of traceless 3-size square matrices.

i). Verify that v is indeed a singular vector for ETI;, thatis, e; j4;v =0fori = 1,2 and
(63,11‘)1/ =0.
ii). Let} := Chy+Ch be the usual Cartan subalgebra of sl3. Show that X}, , (s15)Nh =
{0}, and deduce from this that X;,_, , (s1;) is contained in the nilpotent cone of sls.
iii). Show that the nilpotent cone is not contained in Xp,_ , (siy)-
iv). Denoting by Oy,,;,, the minimal nilpotent orbit of sl3, conclude that

XL_3/2(SI3) = (O)min-

8.3 Exceptional Deligne series

There was actually a “strong Feigin-Frenkel conjecture” stating that k is admissible
if and only if Xj, () C .4 (provided that k is not critical, that is, k # —h" in which
case it is known that Xy, 4y = 4" ). Such a statement would be interesting because
it would give a geometrical description of the admissible representations Ly (g).

As seen in Exercise 8.1, the equivalence holds for g = sl,. The stronger conjecture
is wrong in general, as shown the following result.

reference for that?
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Theorem 8.3 ([22]) Assume that g belongs to the Deligne exceptional series ([56]),

Al cA,cGycDyCcFyCEqgCEyCEg,

hV
and that k = e 1 +n, where n € Zxq is such that k ¢ Z>o. Then

XLk (q) = (O)min,

where Q,,;y, is the minimal nilpotent orbit of g.

A%

Note that the level k = —% — 1 is not admissible for the types D4, E¢, E7,
Eg (it equals -2, -3, —4, —6, respectively). Theorem 8.3 provides the first known
examples of associated varieties contained in the nilpotent cone corresponding to
non-admissible levels. We will see that Theorem 8.3 also allows to produce “new"
examples of lisse simple W-algebras (see Chap. ??).

By Proposition 8.2, if (g, k) is as in Theorem 8.3, then Ly (g) has finitely many
simple objects in the category &. One can describe them thanks to Joseph’s classi-
fication [109] of irreducible highest weights representation Ly(A) whose associated
variety is Omin (see Theorem 8.4).

We give in the next section a broad sketch of a proof of Theorem 8.3.

Remark 8.1 There are a couple of other examples of simple quasi-lisse affine vertex
algebras Ly (g), at non-admissible level k ([22, 23, 24]). Namely, for (g, k) as below,
the simple affine vertex algebras Ly (g) is quasi-lisse:

» if gof type G; and k = -2, then Xz, () = m

» ifgoftype D,,r > 5and k = -2, -1, then Xz, (g =m,

» ifgoftype D,, withr aneveninteger > 4,and k = 2—r, then Xz, (q) = @(2r—2’14),

» if gof type By, r > 3 and k = -2, then X7, (q = m, where QOgport 1S the
nilpotent orbit associated with the sl,-triple (eq,, hg,, fo,), With 65 the highest
short root £1 (note that g, = 2wlv ). Notice that Ogpore = 03,1202y

* Finally, for any g, if k = —h" is critical then X, (q) = A

Except for g = sl,, the classification problem of quasi-lisse affine vertex algebras is
wide open.

8.4 Joseph ideal and proof of Theorem 8.3

We refer the reader to Section D.4 for standard facts on primitive ideals and their
associated varieties.

If g is not of type A, it is known [107, 86] that there exists a unique completely
prime ideal, that is, the corresponding graded ideal is prime, in U(g) whose associ-
ated variety is the minimal nilpotent orbit Q,,;,, which is the unique nilpotent orbit
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of g of minimal dimension 21" — 2, with 2 the dual Coxeter number of g (see
Section D.1). See [168] for a more recent review on this topic.

Definition 8.1 If g is not of type A, the unique completely prime ideal whose as-
sociated variety is Oy,;, is denoted by Jp, and is referred to as the Joseph ideal of

U(g).

For g of type A, the completely prime primitive ideals I of U(g) with ¥ (I) = Oyip
form a single family parametrized by the elements of C ([107, 168]).

8.4.1 Infinitesimal character

In [107], Joseph has also computed the infinitesimal character of Jy, that is, the
algebra homomorphism Z°(g) — C through which the centre 2°(g) acts on the
primitive quotient U(g)/Jo. In fact, Joseph has described the set of A € §* such that
such that Jy = Anngy(g)(Lg(2)) (see [107, Tab. p.15] or [22, Tab. 1]).

Do we need of this recall?? Let us briefly recall how to deduce the infinitesimal
character of Lq(A) (or of Anng () (Lg(2))) from the knowledge of A € h*. Identify
Spec Z'(g) with the set of all homomorphisms Z2°(g) — C. Such morphisms are
called infinitesimal characters. Consider the projection map from U(g) to U(h) =
S(h) with respect to the decomposition

U(g) =S(H) & (n_U(g) +U(g)ny).

It is not a morphism of algebras in general, but its restriction to U(g)? = {u €
U(g): (adx)u = 0 for all x € b} is. In particular, we get a morphism

p: Z(8) — C[b7]

since S(h) = C[h*], usually called the Harish-Chandra morphism. Its comorphism
gives a map

x:h" — Spec(Z(g)), A xa,

where y(z) = p(2)(A+ p) for z € Z(g) with p the half-sum of positive roots. An
important consequence of the Harish-Chandra Theorem is that the map y induces a
bijection

Y /W — Spec(Z(g)).

Here the Weyl group W acts on h* with respect to the twisted action of W:
wod=w.(1+p) - p, weW,1ebh",

where - stands for the usual action of W on h*. In particular, y, = y, if and only
if A and u are in the same W-orbit with respect to the twisted action of W, and
the infinitesimal character associated with the irreducible representation Lq(A) is

just xa.
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8.4.2 Gan and Savin’s description of the Joseph ideal

Outside the type A the nilpotent orbit O,,;, is rigid!, hence forms a single sheet?
in g* = g. So, Jp cannot be obtained by parabolic induction from a primitive ideal
of a proper Levi subalgebra of g. Different realizations of %) can be found in the
literature for various types of g. Joseph’s original proof of the uniqueness of
was incomplete. This led Gan and Savin [86] to give another description of the
Joseph ideal Jp. Their argument relies on some invariant theory and earlier results
of Garfinkle.

Let us outline their description.

Suppose that g is not of type A. According to Kostant, Jy is generated by the
g-submodule L4(0) ® W in S?(g), where W is such that, as g-modules,

S2(g) = Lg(20) ® Ly (0) @ W.

Note that the above decomposition of S%(g) still holds in type A ([87, Chap. IV,
Prop. 2]). Also, observe that L4(0) = CQ where Q = }; x;x" is the Casimir element
in §(g), with {x;}; is a basis of g, and {x'}; its dual basis with respect to ( | ).

Lemma 8.1 Suppose that g is not of type A. The ideal Jy in S(g) generated by W
contains Q2, and hence, \[Jw = Jo, where Jy is the prime ideal of S(g) corresponding
to the minimal nilpotent orbit closure QOp;y.

Proof By the proof of [86, Th. 3.1], the ideal Jw of U(g) generated by W contains
g - Q, and so the assertion follows. O

The structure of W was determined by Garfinkle [87]. Consider the sl-triple
(eg, hg, fo) of g where fy = e_g is a -root vector (6 denotes the highest positive
root) so that it lies in Q,,,;,,. Set

gj = {x € g: [ho,x] = 2jx}.
Then (cf. Remark D.1)
3=0-1908-12990D 812D a1,
8-1=Cfp, 61 =Cep, 80=Che@g®, o¥={xeg: (hglx)=0}.

The subalgebra gf is a reductive subalgebra of g whose simple roots are the simple
roots of g perpendicular to 6. Write

[o", 6% = P

i>1

1 Rigid nilpotent orbits are those nilpotent orbits which cannot be properly induced from another
nilpotent orbit in the sense of Lusztig-Spaltenstein [42, 40].

2 The sheets of g* are by definition the irreducible components of the locally closed subsets
g = (& e g*: dimG.&€ =2m}, m € Zsg. A nilpotent orbit is a sheet if and only if it is rigid.
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as a direct sum of simple summands, and let 8; be the highest root of g;.

 If g is neither of type A, nor C;,

W= @Lg(awi). 8.1)

i>1

 If gis of type C,, then g7 is simple of type C,_y, so that there is a unique 6;, and
we have

W=Lg(0+0))®&Ls((0+61)/2).

By [87, 86], Yo is generated by W and Q — ¢, where W is identified with a g-
submodule of U(g) by the g-module isomorphism S(g) = U(g) given by the sym-
metrization map, and ¢ is the eigenvalue of € for the infinitesimal character that
Joseph obtained. We have

grJo =Jo=+VJIw

and this shows that Jp is indeed completely prime.
Let Jw be the two-sided ideal of U(g) generated by W.

Proposition 8.3 ([22]) We have the algebra isomorphism

U(g)/Iw = CxU(9)/ .

Proof By the proof of [86, Th. 3.1], Jw contains (Q — c¢)g. Hence it contains
(Q — ¢0)Q. Since ¢g # 0, we have the isomorphism of algebras

U(9)/Jw — U(9)/{(Iw, Q) x U(8)/{IJw, 2~ co).

As we have explained above, {Jw, Q—co) = Jo- Also, since Jyw contains (2—c)g,
(9w, Q) contains g. Therefore U(g)/{(Jw,€2) = C as required. O

8.4.3 Proof sketch of Theorem 8.3

We now outline the proof of Theorem 8.3 following [22]. The proof is closely related
to the Joseph ideal and its description by Gan and Savin. The key point is that this
description was successful in constructing singular vectors of V¥ (g) with g, k as in
Theorem 8.3.

Recall that the vertex algebra VX (g) is naturally graded:

V@) = P VE@a. VE(@)a = (v € V¥ (0): Dv = —dv}.
d€Zs

The following lemma, for d = 2, will be useful.

This should arrive before Lemma 8.1
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Lemma 8.2 Let d € Z~o. We have a g-module embedding

1 _ _
aa: $U8) = VE(@a, x1...xa— 7 Z eyt ™) o (et HI0),

’ T€Gy

where S(g) = P, S4(g) is the usual grading of S%(g).

Let v be a singular vector for g in S¢(g). Then oy(v) is a singular vector of V¥ (g)
if and only if (fgt)oy(v) =0.

For g of type Ay, A, G2, Fy, the number n — h¥ /6 — 1 is admissible for n € Z,
and Theorem 8.3 is a special case of Theorem 8.2. So there is no loss of generality
in assuming that g is of type D4, E¢, E7, or Eg.

Recall from §8.4.2 that the Joseph ideal Jy is generated by the g-submodule
Ly(0) ® W in S?(g), where W is such that, as g-modules,

S2(g) = Lg(20) ® Ly (0) @ W.

Let W = B, W; be the decomposition of W into irreducible submodules, and let w;
be a highest weight vector of W;. Recall also that by (8.1), we have W; = Ls(6 +6;).
Note that for g of type E¢, E7, Eg, W = W) is simple. Moreover, according to [87,
Chap. IV, Prop. 11] if g is not of type Eg, we have3:

%H

Wi =¢€g€q, — eﬁ_,"kgie(;l“f—g,—’

Jj=1

where (8}, 6 ;) runs through the pairs of positive roots such that

ﬂj+5j=0—9,‘.

The number of such pairs turns out to be equal to #¥/6+ 1. Choose a Chevalley basis
{hi}i U{eq, fa}a of g so that the conditions of [87, Chap. IV, Def. 6] are fulfilled,
that is

Vi, les;leg-eoll =eo, lep el =epra, les;,ea]=es+0-

Exercise 8.3 Assume that g is of type D4, Eg or E7, and let n € Zs(. Show that for
each i, o (w;)"*! is a singular vector of VX (g) if and only if

k=n-"_1.
"%

(The statement holds for g of type Eg but one needs to consider a slightly different
description of wy.)

We are now in a position to prove Theorem 8.3.

3 The construction is slightly different if g is of type Eg due to the fact that Eg is not of depth one
(cf. [87, Chap. IV, Def. 1]), and that (6 — 6;)/2 is not a root: see [22, proof of Th. .4.2].
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Proof (Sketch of proof of Theorem 8.3) Assume that g is of type Dy, E¢, E7, or Eg

and that
\

k:n—?—l with n € Zyy.
Let Ny be the submodule of VX (g) generated by o (w;)™*! for all i, and set
Li(g) = V¥(8) /Ny
The exact sequence 0 — Ny — V¥(g) — Li(g) — 0 induces an exact sequence
Ne /gl 172N — Vi (@) /gl 172V  (9) — Li(9) /gl 11 Li(g) — 0.

Under the isomorphism V¥ (g) /a[r~']#72V¥ () = S(g), theimage of Ny /g[t™' ]t 72Ny
in V¥(g)/a[t~'1t72V*(g) is identified with the ideal J; of S(g) generated by w; for
all i. Hence Ji C Jw C VJx. Therefore by Lemma 8.1,

VI = VIw = Jo,

where Jj is the defining ideal of O,,;,. Hence X fi(e) = Omin by Lemma 8.1.
Next, since Ly (g) is a quotient of Ly (g), we get that

X1 (9) € Xiy(g) = Omin = Omin U {0}.

Therefore Xy, (g is either {0} and Op,;n. The theorem follows since Xp, (q) = {0} if
and only if k € Z5¢ (cf. Theorem 7.1). O

8.4.4 Consequences of Theorem 8.3 and its proof

First, in the previous notation, we formulate a conjecture.

Conjecture 8.1 Assume that g is of type D4, Eg, E7, or Eg and thatk = n—h" /6 - 1.
Then Ly (g) = Li(g), that is, L (g) is simple, if k < 0.

Conjecture 8.1 was proven in [22, Proof of Theorem 3.1] for n = 0. Note that if
k > 0, Li(g) is obviously not simple as, if so, the maximal submodule of V*(g) is
generated by (egr™")**1|0).

As a consequence of Lemma 8.1, Lemma 8.2 and the proof of Conjecture 8.1 for
n = 0, we obtain the following result. Recall that Jy is the two-sided ideal of U(g)
generated by W.

Theorem 8.4 Assume that g belongs to the Deligne exceptional series outside the
\%

h
type A and that k = e 1. Then Ly (@) is a chiralization of U(8)/ Jw, that is,

Zhu(L(9)) = U(9)/Iw =CxU(g)/Fo-
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In particular since o is maximal, the irreducible highest weight representation L(Q)
of § is a Ly (8)-module if and only if

A=0 or Annyg Lg(d) =S,

and such A are described by Joseph (see [107, Tab. p.15] or [22, Tab. 1]).



Chapter 9

Properties of quasi-lisse vertex algebras and
irreducibility conjecture

In this chapter, it is assumed that V is a strongly generated Zs(-graded vertex algebra
such that V, = C|0). Recall that Xy is called quasi-lisse is Xy has only finitely
many symplectic leaves. The quasi-lisse obviously condition generalizes the lisse
condition. We have already noticed that lisse vertex algebras are very nice (see e.g.,
Lemma 4.9 and Theorem 7.3). This chapter explores interesting properties of the
larger class of quasi-lisse vertex algebras.

It is known that Poisson varieties with only finitely many symplectic leaves
have special properties. For example, Brown and Gordon have proved [45] that the
finiteness of the symplectic leaves in a Poisson variety X implies that the symplectic
leaf .Z, at x € X coincides with the regular locus of the zero variety of the maximal
Poisson ideal contained in the maximal ideal m, corresponding to x (see Section 9.2
for more details about this). Thus, each symplectic leaf %, is a smooth connected
locally-closed algebraic subvariety in X. In particular, every irreducible component
of X is the closure of a symplectic leaf [90, Cor. 3.3]. On the other hand, it has been
established by Etingof and Schedler [68] that if R is a finitely generated Poisson
algebra such that X = Specm(R) has finitely many symplectic leaves, then

dim R/{R, R} < .

As one can expect, these important facts play an important role in the study of
quasi-lisse vertex algebras. That is what we shall see in this chapter.

Section 9.1 is about the modular invariance properties of quasi-lisse vertex alge-
bras (Theorem 9.1). In Section 9.2, we introduce the notion of chiral symplectic leaf
and exploit them to show that any quasi-lisse vertex algebra V is a quantization of
the reduced arc space of its associated variety, in the sense that its reduced singular
support Specm(gr V) coincides with ¢, (Xy ) as topological spaces (Theorem 9.2).
Finally, Section 9.3 concerns the irreducibility conjecture for the associated variety of
quasi-lisse vertex algebras (Conjecture 9.1) and its connection with the Higgs branch
conjecture in four-dimensional N = 2 super-conformal theories (Conjecture??).

137
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9.1 Modular invariance property of quasi-lisse vertex algebras

A V-module is called ordinary if it is a positive energy representation and each
homogeneous space is finite-dimensional, so that the normalized character

xa (1) = Trpg (g7 %)
is well-defined.

Theorem 9.1 ([15]) A quasi-lisse conformal Zso-graded vertex algebra has only
finitely many simple ordinary representations. Moreover, the normalized character
of any ordinary module has a modular invariance property, in the sense that it
satisfies a modular linear differential equation.

Using a modular linear differential equation, the explicit character formulas of
the simple quasi-lisse affine vertex algebras associated with the Deligne exceptional
series at level k = —hY /6 — 1 (cf. Theorem 8.3) are obtained in [15].

It is known that the admissible representations Lk (g) have only finitely many
simple objects in the category & and that their normalized characters satisfy a
modular invariance property. Note that the above result means different things, and
was new even for an admissible affine vertex algebras.

9.2 Chiral symplectic leaves and applications

Let X = Spec R be a reduced Poisson scheme. For I an ideal of R, we denote by
Pr(I) the biggest Poisson ideal of R contained in /. The symplectic core €r(x) of
a point x € X is the equivalence class of x for ~, with

X~y & Pr(my) = Pr(my).

Here, m, stands for the maximal ideal of R corresponding to x. The notion of
symplectic cores, introduced in [45], are expected to be the finest possible algebraic
stratification in which the Hamiltonian vector fields are tangent. Brown and Gordon
showed that the symplectic cores coincide with the symplectic leaves, if there is only
finitely many numbers of symplectic leaves.

9.2.1 Chiral symplectic leaves

It is natural to try to adapt this notion to the context of vertex Poisson algebras.
Assume for awhile that V is a vertex Poisson algebra. Let I be an ideal of V in the
associative sense.
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Definition 9.1 We say that [ is a chiral Poisson ideal of V if a(,y1 C I foralla € V,
ne Z;O.

Thus a vertex Poisson ideal of V is a chiral Poisson ideal that is stable under the
action of T'. The quotient space V/I inherits a vertex Poisson algebra structure from
V if I is a vertex Poisson ideal. Note that if / is a vertex (resp. chiral) Poisson ideal
of V, then so is its radical VI ([58, §3.3.2)).

Denote by &y (I) the biggest chiral Poisson ideal of V contained in /. It exists
since the sum of two chiral Poisson ideals is chiral Poisson. Set

L := Specm(V),
and define a relation ~ on £ by
x~y & Py(nyg) = Py(my),

where m, denotes the maximal ideal corresponding to x € L. Clearly ~ is an
equivalence relation. We will write €’z (x) for the equivalence class in £ of x, so
that

L= L| Cr(x).

We call the set €z (x) the chiral symplectic leaf* of x in L. Chiral symplectic leaves
are expected to be the finest possible algebraic stratification in which the chiral
Hamiltonian vector fields are tangent.

Let us return to the case where V is arbitrary (not necessarily a vertex Poison
algebra). Recall that SS(V) stands for the singular support of V, that is, the spectrum
of grf'V (cf. Definition ??).

Theorem 9.2 ([25]) Assume that V is a quasi-lisse vertex algebra. Then SS(V) =
Joo Xy as topological spaces, that is,

SS(V)red = (fDOXV )red~

Moreover, the reduced singular support SS(V)weq have finitely many irreducible
components, and each of them is the closure of some chiral symplectic leaf.

Let Ry be the C,-algebra of V (Section ??), and denote by Xy = Spec Ry the
associated scheme of V (cf. Definition 4.7).

Corollary 9.1 ([25, Cor. 9.3]) Suppose that Xy is smooth, reduced and symplectic.
Then grf'V is simple as a vertex Poisson algebra, and hence, V is simple.

Proof If Xy is a smooth symplectic variety then _Z.,Xy consists of a single chiral
symplectic leaf. So _ZoXy = € 7 _x, (x) forany x € #Xy. It follows that there
is no nonzero proper chiral Poisson subscheme in _#., Xy . From Theorem 9.2, we

1In [25] we call this set the chiral symplectic core of x but in fact we think that that term leaf is
more appealing than the term core.



140 9 Properties of quasi-lisse vertex algebras and irreducibility conjecture

conclude that there is no nonzero proper chiral Poisson subscheme in Spec grf V, too.
Therefore grf'V is simple as a vertex Poisson algebra. This shows that V' is simple,
because any vertex ideal / C V yields a vertex Poisson (and so chiral Poisson) ideal
grf I'in grf'v. o

We now derive some applications of the above results.

9.2.2 Chiral differential operators

So far, all our examples of quasi-lisse, non lisse, vertex algebras are all affine vertex
algebras. Here is a different kind of example.

Given a smooth affine variety X, the global section of the chiral differential oper-
ators Z);;h ([151, 93, 36]) is quasi-lisse because its associated scheme is canonically
isomorphic to the cotangent bundle 7*X. As a consequence of Corollary 9.1 the
vertex algebra Z))C(h is simple, since the associated scheme is smooth, reduced ans
symplectic. In particular, the global section of the chiral differential operators Z)gfk
on the group G ([92, 29]) is simple at any level k. This example is important since
Z)g’,’f ,v appears in the 4d/2d duality for the class S theory (cf. [14] or, here, Part. 2?).

9.2.3 Vertex Poisson center of the arc spaces of Slodowy slices

Assume that g is a complex simple Lie algebra with adjoint group G. Identify
g with its dual g* through the bilinear form ( | ) as before. Denote by .7 the
Slodowy slice f + g¢ associated with an sl,-triple (e, i, f) of g. The affine variety
¢ has a Poisson structure obtained from that of g* by Hamiltonian reduction (see
Section 10.2). Consider the adjoint quotient morphism

l/lfiyf —a*//G.

Itis known [166] that any fiber Lp;.l (&) of this morphism is the closure of a symplectic
leave, which is irreducible and reduced.

Theorem 9.3 ([25, Th. 11.1])

(i) Any fiber of the induced vertex Poisson algebra morphism

Fulbip: JoTs = Jeol87]/G)

is an irreducible and reduced chiral Poisson subscheme of fe-s .

(ii)  The comorphism (_Zwoy r)* induces an isomorphism of vertex Poisson al-
gebras between C[/mg*]wa and the vertex Poisson center of C[_Zw.%f].
Moreover, C[ 7] is free over its vertex Poisson center.
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Theorem 9.3 is proved similarly to Theorem 10.6, thanks to our results on chiral
symplectic leaves.

Shall we give a proof?

As a consequence of Theorem 9.3, we obtain? that the center of the affine W-
algebra W "' (g, f) (see Part IV) associated with (g, f) at the critical level is
identified with the Feigin-Frenkel center 3(§) (see Exercice 3.3), that is, the center
of the affine vertex algebra y-h' (g) at the critical level.

9.3 Irreducibility conjecture

Taking all these examples of simple quasi-lisse vertex algebras into consideration,
and other ones, particularly, the (generalized) Drinfeld-Sokolov reduction of these
examples of simple quasi-lisse affine vertex algebra provided that it is nonzero
(cf. Part IV), we formulate a conjecture.

Conjecture 9.1 ([23, Conj. 1]) Let V= ®450Vy be a simple, finitely strongly gen-
erated, positively graded conformal vertex operator algebra such that Vo = C|0).
Assume that Xy has finitely many symplectic leaves, that is, V is quasi-lisse. Then
Xy is irreducible. In particular, if Xy, () C A, then Xy, (g) is the closure of some
nilpotent orbit in g.

The conjecture is a natural affine analog of the irreducibility theorem (cf. Theo-
rem D.3) for the associated variety of primitive ideals of U(g), which has been
generalized to a larger class of Noetherian algebras by Ginzburg [89]:

Theorem 9.4 ([89]) Let A be a filtered unital C-algebra. Assume furthermore that
gr A = C[X] is the coordinate ring of a reduced irreducible affine algebraic variety
X, and assume that the Poisson variety Spec(gr A) has only finitely many symplectic
leaves. Then for any primitive ideal I C A, the zero locus V(I) of grl in X is the
closure of a single symplectic leaf. In particular, it is irreducible.

Ginzburg’s proof of Theorem 9.4 is an adaptation of a more direct proof of
Theorem D.3 discovered subsequently by Vogan [180], combined with the results
by Brown and Gordon [45] on symplectic cores. We hope that Theorem 9.2 can
serve as a first step in proving Conjecture 9.1. The main difficulty is that the algebras
considered in Conjecture 9.1 are not Noetherian.

The reader is referred to Remark 13.1 for more about this conjecture in the context
of W-algebras.

2 This fact was claimed in [7] but the proof was incomplete.
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Appendix A

Simple Lie algebras and affine Kac-Moody
algebras

The ground field is the field C of complex numbers. Recall that a Lie algebra is a
vector space g equipped with a bilinear form [, ]: gxg — C satisfying the following
conditions:

e (skew-symmetry) [x,y] = [y,x], forallx,y € g,
e (Jacobi identity) [x, [y, z]] + [y, [z, x]] + [z, [x,¥]] =0, for all x, y, z € g.

It is assumed that the reader is familiar with the basics on Lie algebras. We review in
this appendix some of the standard facts on the structure of semisimple Lie algebras,
and corresponding affine Kac-Moody algebras. This appendix is also used to fix the
main notations relative to these structures.

Recall that the enveloping algebra of a Lie algebra g over C is the quotient

U(g) :=T(g)/ 7 (9),

where

——e
i times

T(e) =P71'(0), T'(@=98-8s,
i=0

is the tensor algebra of g and _# (g) is the two-sided ideal of Tg generated by
elements x ® y — y ® —[x, y], for x,y € g. It is a unital associative C-algebra. The
enveloping algebra U(g) is naturally filtered by the PBW filtration U.(g), where
U;(g) is the subspace of U(g) spanned by the products of at most i elements of g,
fori > 0, and Uy(g) = C1. By the PBW theorem, we have

grU(g) = S(a), (A.])

as graded commutative algebras, where S(g) = C[g*] is the symmetric algebra of g,
that is, the quotient 7' (g)/J(g), where J(g) is the two-sided ideal of 7'(g) generated
by elements x ® y —y ® x, forx, y € g.

Our main references for this chapter are [50, 136, 137, 176, 158, 110, 114]. See
also [99] for a survey.
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A.1 Quick review on semisimple Lie algebras

Let g be a complex finite dimensional semisimple Lie algebra, i.e., {0} is the only
abelian ideal of g. Its adjoint group G is the smallest algebraic subgroup of G L(g)
whose Lie algebra contains ad g. Since g is semisimple, G = Aut,(g), where Aut,.(g)
is the subgroup of GL(g) generated by the elements exp(ad x) with x a nilpotent
element of g (i.e., (adx)" = 0 for n large enough). Hence

Lie(G) =adg=g

since the adjoint representation ad: g — End(g), x — (adx)(y) = [x, y] is faithful,
g being semisimple.

A.1.1 Main notations

For a a subalgebra of g and x € g, we shall denote by a* the centralizer of x in a,
that is,
a* ={yea:[x,y] =0},

which is also the intersection of a with the kernel of the map
adx: g —g9, y— [x].
Let k4 be the Killing form of g,
kg: gxg—C, (x,y)—tr(adx ady).
It is a nondegenerate symmetric bilinear form of g which is G-invariant, that is,
Kg(g.x,8.y) = kg(x,y) forall x,yeg and g €G,

or else,
Kg([X,y]’Z)z’(g(X, [y’z]) forall -x7y7Z€g'

Since g is semisimple, any other such bilinear form is a nonzero multiple of the
Killing form.

Example A.1 Let g be the Lie algebra sl,, for n > 2, which is the set of traceless
complex n-size square matrices, with bracket [A, B] = AB — BA. The Lie algebra
sl,, is known to be simple , that is, {0} and g are the only ideals of g and dim g > 3.
Its Killing form is given by

(A, B) — 2ntr(AB).

The bilinear form (A, B) — tr(AB) is more naturally used.
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In fact, mathematicians usually consider a certain normalization ( | ) of the Killing
form which will coincide with this bilinear form for sl,, (see Section A.2).

A.1.2 Cartan matrix and Chevalley generators

Let b be a Cartan subalgebra of g, and let

g=b®@ga, 8o :={y €g: [x,y] = a(x)y forall x € b},

be the corresponding root decomposition of (g, ), where A is the root system of
(8.h). LetIT = {a1,...,a,} be abasis of A, with  the rank of g, and leta’, . . ., @,
be the coroots of a1, ..., @,, respectively. The element al.v, fori=1,...,r, viewed
as an element of (h*)* = b, will be often denoted by 4;.

Recall that the Cartan matrix of A is the matrix C = (C; ;) 1<, j<r» Where C; ; =
@ (h;). The Cartan matrix C does not depend on the choice of the basis II. It verifies
the following properties:

C;j€Zforalli,j, (A2)
C;; =2foralli, (A.3)
Ci;<0ifi#j, (A4)
Ci; =0ifand only if C;; = 0. (A.5)

Moreover, all principal minors of C are strictly positive,
det ((Ci,j)0<i,j<s) >0 for 1<s<r.

The semisimple Lie algebra g has a presentation in term of Chevalley generators.
Namely, consider the generators (e;)1<i<r» (fi)1<i<r> (hi)1<i<r With relations

[hishi] =0, (A.6)
[ei, fi]1 = 6i jhi, (A7)
[hi,e;] = Ci jej, (A.8)
[hi, fi1 =—=Ci i fis (A.9)
(ade;)"Ciie; = 0fori # j, (A.10)
(ad f;)!7C1i f; = 0 for i # j, (A.11)

where 0; ; is the Kronecker symbol. The last two relations are called the Serre
relations. By (A.8) and (A.9), e; € gq, and f; € g, for all i.

It is well-known that dim g, = 1 for any @ € A. One can choose nonzero elements
€q € Gq, for all @, such that {h;: i =1,...,r} U{eqy: @ € A} forms a Chevalley
basis of g. This means, apart from the above relations, that:
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[lep,ey] = =(p + Depay, (A.12)

for all B,y € A, where p is the greatest positive integer such that y — pg is a root.
Here we consider that eg,, = 0if 8+7 isnotaroot, and that e, = ¢;, e_o, = f; for
i=1,...,r.

Let A, be the positive root system corresponding to II, and let

g=n_eheon, (A.13)

be the corresponding triangular decomposition. Thus 1, = P, A, 8o and m_ =
P s 8a are both nilpotent Lie subalgebras of g.

A.1.3 Verma modules

Let A € h* and set

Ko(2) = U(g) + ) U(g)(x = A(x)).

x€h
Since Kg(A) is a left U(g)-module,
My(2) :=U(8)/Kq(2)
is naturally a left U(g)-module, called a Verma module .

Theorem A.1 ([50, Theorem 10.6])

i). Each element of My(Q) is uniquely written in the form um, for some u € U(g)
where m) =1+ K4(Q).
ii). The elements f['gl1 .. .f[?:’ my, for all n; > 0, form a basis of Mg(A).

Note that My(2) can also be described as follows (up to isomorphism of U(g)-
modules):
My(2) = U(g) ®y ) Ca = Indi(Cp),

where b := h @& n; and C, is a one-dimensional b-module whose b-action is given
by: (x +n).z = A(x)z forx € h, n € n, and z € C,. Then, up to scalars, my =1 ® 1.
For each u € b, set

My(A), :={m € My(2): xm = pu(x)m for all x € h}.

For A, € h* we write u < A if A — y belongs to the root lattice

Q = 2 Z(Z[.
i=1

This defines a partial order on b*.
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Theorem A.2 ([50, Theorem 10.7])

). My() = P,y Mg(D)
ii). Mg(A)u # 0 if and only if u < A, and dim Mg(A), is the number of ways of
expressing A — u as a sum of positive roots. In particular, dim Mg(A), = 1.

If Mg(2), # 0O, then y called a weight of My(1), and Mg(A), is called the weight
space of My(A) with weight p.

Theorem A.2 says that the weights of My(1) are precisely the elements u € h*
such that u < A. Thus A is the highest weight of My(A) with respect to the partial
order <. We say that M () is the Verma module with highest weight A.

One of the important fact about My(1) is that it has a unique maximal submodule
Ny (). Itis constructed as follows: since My(1), = Cm 4 and that Mg(1) is generated
by m ,, any proper submodule N of Mg (1) satisfy Ny = 0. In particular the sum Npyax
of all proper submodules of M satisfies (Nyax)a1 = 0. This proves the existence and
the unicity of the maximal proper submodule of M(A): just set Ng(2) := Npax.

Since N (1) is a maximal submodule of M(1),

Lg(/l) = Mg(ﬁ)/Ng(/l)

is a simple U(g)-module, that is, an irreducible representation of g. There is v, €
Lg(2) \ {0} such that

e hiv=A(h;)viforalli=1,...,r,

e e;v=0foralli=1,...,r,thatis, n,v =0,
o Ly()=Um_)vy,

A s the highest weight of Lg(1).

Let

P:={1ebh*: A(h;) e Zforalli=1,...,r},
Pt:={1ebh: A(h) € Zygforalli=1,...,r},

be the weight lattice of h* and the set of dominant integral weights , respectively.
The elements @; € h*,i = 1,...,r, satisfying @;(h;) = 6; ; for all j are called the
fundamental weights. We denote by @', ..., @, the fundamental coweights. They
are the elements of b such that {@ ', ..., @,’} is the dual basis of {a,...,a,}.

We conclude this section by the following crucial result.

Theorem A.3 ([50, Theorem 10.21]) The simple U(g)-module Ly(2) is finite dimen-
sional if and only if A € P*. Moreover, all simple finite dimensional U(g)-modules
are of the form Lq(Q) for some A € P*. These modules are pairwise non-isomorphic.

The highest weight modules My(1) and Lq(A) are both elements of the category
O of g. To avoid repetitions, we will define the category & only for affine Kac-Moody
algebras (see Section A.4); the definition and properties are very similar.

For more about semisimple Lie algebras and their representations, possible ref-
erences are [50, 136, 176]; see [137] about the category .
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For the category & in the affine Kac-Moody algebras setting, we refer to Moody-
Pianzola’s book [158].

A.2 Affine Kac-Moody algebras

Our basic reference about affine Kac-Moody algebras is [110]. We assume from now
on that g is simple, that is, the only ideals of g are {0} or g and dim g > 3.

A.2.1 The loop algebra

Consider the loop algebra of ¢ which is the Lie algebra
Lg:=g[t,r =g Cl1,t7'],
with commutation relations
[xt™, yt"] = [x, y]£™*", X,y €g, mné€Z,

where xt" stands for x ® .

Remark A.1 The Lie algebra Lg is the Lie algebra of polynomial functions from the
unit circle to g. This is the reason why it is called the loop algebra.

A.2.2 Definition of affine Kac-Moody algebras
Define the bilinear form ( | ) on g by:

1
(|)=Wkg,

where h" is the dual Coxeter number (see §A.3.3 for the definition). For example, if
g = sl,, then 1Y = n. Thus, with respect to the induced bilinear form on §*, (6|0) = 2,
where 6 is the highest positive root of g, that is, the unique (positive) root 8 € A such
that 0 +a; ¢ AU{O}fori=1,...,r.

Definition A.1 We define a bilinear map v on Lg by setting:
af
v(x® f,y®g) = (xly)Resi-o(—-8),

for x,y € g and f,g € C[t,t7'], where the linear map Res;—o: C[t,#7!] — C is
defined by Res;~o(t") = §,,,—1 form € Z.
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The bilinear v is a 2-cocycle on Lg, that is, for any a, b, ¢ € Lg,

v(a,b) = -v(b,a), (A.14)
v(la,b],c) +v([b,c],a) +v([c,a],b) =0. (A.15)

Definition A.2 We define the affine Kac-Moody algebra § as the vector space § :=
Lg @ CK, with the commutation relations [K, §] = 0 (so K is a central element), and

[x®f,y®gl =[xyl +v(x® f,y®gK, x,y€eg f.geCltt'], (A.16)

where [, ]1q is the Lie bracket on Lg. In other words the commutation relations are
given by:

[xt™, yt"] = [x, y]£"™" + mSman.0 (x| V) K,
[K, 8] =0,

forx,y e gand m,n € Z.

A.2.3 Chevalley generators

The following result shows that affine Kac-Moody algebras are natural generaliza-
tions of finite dimensional semisimple Lie algebras.

Theorem A.4 The Lie algebra § can be presented by generators (E;)o<i<r, (Fi)o<i<rs
(H;)o<i<r, and relations

[H;, H;] =0, (A.17)
[E;, Fj]1 = 6, jH;, (A.18)
[H:, E;] = Ci jEj, (A.19)
[H;, Fj] = =Ci;Fj, (A.20)
(ad E;)'"CHE; =0 fori # j, (A.21)
(ad F;)'"CiF; =0 fori # j, (A.22)

where C = (Ci,j)o<i<r is an affine Cartan matrix, that is, C satisfies the relations
(A.2)—(A.5) of a Cartan matrix, all proper principal minors are strictly positive,

det ((Ci,j)lsi,jss) >0 for 0<s<r-1,
and det(C) = 0.

Moreover, we can choose the labeling {0, . . ., r} so that the subalgebra generated by
(Eh<i<rs (Fi)i<isr> (Hi)1<i<r is isomorphic to g, that is, (C;,j)1<i<r is the Cartan
matrix C of g.



152 A Simple Lie algebras and affine Kac-Moody algebras

Let us give the general idea of the construction of the Chevalley generators of §
(see [99]1). Setfori=1,...,r,

E,=e;=¢;®1, Fi::fizfi®17 H, =h;=h;®1.

The point is to define Ey, Fy, Hy. Recall that 6 is the highest root of A. Consider
the Chevalley involution w which is the linear involution map of g defined by
w(e;) = —fi, w(fi) = —e; and w(h;) = —=h; fori = 1,...,r. Then pick fy € g¢ such
that

hV hV

e -2

(folw(fo0)) =
Then we set eg := —w(fp) € g-¢ and,
Ey:=ept=eg®t, Fy:= fotil =f0®t71, Hy := [Ey, Fo].

Example A.2 Assume that g = slp. Then the Cartan matrix C is C = (2). Let us

2 _2). We have

check that the affine Cartan matrix of 9:12 isC = (_2 )

sb=e®C[t,r '@ fRC[t,r ']@oh®C[1,1'] ® CK,

) 8 ()

We follow the above construction. We set E| := e, F| := f and H| := h. We have
hY =2 and A = {a, —a} with a(h) = 2. The highest root is § = @ and (sl;)g = Ce.
So fy is of the form fy = de, 4 € C* and verifies:

-1 = (fo, w(fo)) = -2,

whence A2 = +1. Let us fix 4 = 1. So we have

where

Ey=ft and Fozet*l.

Then
Hy = [Eo, Fol = [f.e] + (fle)K = K — H|.

We can verify the relations of Chevalley generators. In particular, [H;, Eg] = —2E
and [Hy, E|] = —2E, whence the expected affine Cartan matrix C.

1 Since our normalization of ( | ) is slightly different, we give the details here.
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A.3 Root systems and triangular decomposition

In order to construct analogs of highest weight representations, we need a triangular
decomposition for § and the corresponding combinatoric, that is, a system of roots.

A.3.1 Triangular decomposition

Recall the triangular decomposition (A.13) of g, and consider the following subspaces
of §:
fiy ;== (m_®h) ®C[t] ® ny ® C[z] = ny +1g[¢],
fii=(meher'Clr'len oClr ! =n_+rg[r ],
h:=(bHo1)eCK =h+CK.

They are Lie subalgebras of g and we have
j=f_obho,. (A.23)

In fact, fi, (resp., fi_, f)) is generated by the E; (resp., F;, H;), fori = 0,...,r. The
verifications are left to the reader.

A.3.2 Extended affine Kac-Moody algebras

We now intend to define a corresponding root system, and simple roots. The simple
roots @; € b* are defined by aj(H;) = C;jfor0 <i,j <r. As det(C) = 0, the
simple roots ay, . . ., @, are not linearly independent. For example, for sl,, we have
ag+a; =0.

For the following constructions, we need linearly independent simple roots. This
is the reason why we consider the extended affine Lie algebra :

g:=3geCD,
with commutation relations (apart from those of g),

[D,x®f]=x®t%, [D,K]=0, xeg, feC[tt],

that is,
[D,xt™] = mxt™, [D,K] =0, xegqg, meZ.

We have the new Cartan subalgebra
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b= f) @ CD.

It is a commutative Lie subalgebra of § of dimension 7 + 2, and we have the corre-
sponding triangular decomposition :

d=fi_ehon,.

Let us define the new simple roots «; € f)*, fori =0,...,r. The action of a; on f) has
already been defined, and so we only have to specify «;(D), fori =0, ..., r. From
the relations

Cli(D)EiZ[D,E,’]Z[D,Ei]ZO, i=1,...,l’,
we deduce that @; (D) =0 fori =1,...,r. From the relation
ao(D)Ey = [D, Eg] = [D, eot] = Ey,

we deduce that (D) = 1.

A.3.3 Root system

The bilinear form ( | ) extends from g to a symmetric bilinear form on g by setting
forx,y e g, m,neZz:

(xt™|yt") = Sman.0(x]y), (Lg|CK @ CD) =0,

(KIK) = (D|D) =0, (KID) = 1.

§ince thg restriction of the bilinear form ( | ) to b is nondegenerate, we can ifientify
h* with b using this form. Through this identification, ¢y = K — 6. For @ € §* such

2a .
that (a|a) # 0, we set ¥ = @) Note that & obviously corresponds to & = h;
ola
fora=a;,i=1,...,r.
The set of roots A of § with basis II := {ag, @1, ..., @, }is

A= Aryam
where the set of real roots is
A*:={a+nK:a €A, neZl,
and the set of imaginary roots is
A™:={nK:neZ n+0}.

Then we set AY := AV U AV with
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AV i={a": @ e A®), AV :={a": @ e AM}.
The positive integers
hi=("10)+1 and K" =(p|8")+1

are called the Coxeter number and the dual Coxeter number of g, respectively, where
p (resp., p¥) is the half sum of positive roots (resp., coroots), that is defined by
(ple)) = 1 (resp., (p"|a;) = 1), fori = 1,...,r. Defining p := h"D +p € b and
P := hD + p¥ € D we have the following formulas: (p|e;) = 1 and (p"|a;) = 1,
fori=0,...,r.

A.4 Representations of affine Kac-Moody algebras, category ¢

We extend some notations and definitions of Section A.1 to §. For example, for M a
g-module and A € §*, we set

My :={me M: xm = A(x)m for all x € h}.

The space M, is called the weight space of weight A of M. The set of weights of M
is
wt(M) := {1 € h*: My # 0}.

is extended to b* as follows: we write u < Aif d—p = Yi_ymi;
0.For A e h*, weset D(A) :={uebh*: u<a}.

The partial order
with m; € Z, m;

AN

A.4.1 The category &

Let U(g) -Mod be the category of left U(g§)-modules.

Definition A.3 The catgeory C is defined to be the full subcategory of U(g) -Mod
whose objects are the modules M satisfying the following conditions:

(01 Mis f)-diagonalizable, that is, M = e Mo,
(02)  all weight spaces of M are finite dimensional,
(03) there exists a finite number of A1, ..., A, € h* such that

wt(M) c U D(A;).

1<i<s

The category O is stable by submodules and quotients. For M/, M, two representa-
tions of § we can define a structure of g-module on M; ® M, by using the coproduct
d— 8, x—x®1+1®x forx € g Then if M; and M, are objects of &, then so are
M, & M, and M| @ M.
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A.4.2 Verma modules

We now give important examples of modules in the category &. For 1 € §*, set:

K() = U@, + > U@ - A(x)).

xeb*
As it is a left ideal of U(§),
M(2) =U(§)/K(1)
has a natural structure of a left U(g)-module. It is called a Verma module .

Proposition A.1 The U(g)-module M () is in the category O and has a unique
proper submodule N(Q).

We construct N(A) in the same way as Nq(4) for g (see §A.1.3).
As a consequence of the proposition, M (4) has a unique simple quotient

L) = M(D)/N(Q).

Proposition A.2 The simple module L(A) is in the category €' and all simple mod-
ules of the category O are of the form L(Q) for some A € h*.

The character of a module M in the category & is by definition

ch(M) = Z (dim My)e (),
Aeh*

where the e(2) are formal elements.

In general a representation M in ¢ does not have a finite composition series.
However, the multiplicity [M : L(1)] of L(1) in M makes sense ([114]). As a
consequence, we have

chM = Z[M :L()]chL(d), [M:LQ)] € Zso,
A

A.4.3 Singular vectors

A singular vector of a g-representation M is a vector v € M such that n;.v = 0, that
is, e;.v =0 fori =1,...,r. A singular vector of a §-representation M is a vector
v € M such that fi,.v = 0, that is, e;.v =0 fori = 1,...,r, and (fgt).v = 0, with

fo € 9-¢ \ {0}.
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A.5 Integrable and admissible representations
A.5.1 Integrable representations

The representation L(1), for A € 5* is finite dimensional if and only if 2 = 0, that is,
L(Q) is the trivial representation. The notion of finite dimensional representations
has to be replaced by the notion of in the category &.

Definition A.4 A representation M of § is said to be integrable if

(1) M is h-diagonalizable,

(2) for A € §*, M, is finite dimensional,

(3) forall A € wt(M), foralli =0,...,r, there is N > 0 such that for m > N,
A+ma; ¢ wt(M) and A — ma; ¢ wt(M).

Remark A.2 As an a;-module, i = 0,...,r, an integrable representation M decom-
poses into a direct sum of finite dimensional irreducible f)-invariant modules, where
a; = sly is the Lie algebra generated by the Chevalley generators E;, F;, H;. Hence
the action of a; on M can be “integrated” to the action of the group SL,(C).

The character of the simple integrable representations in the category & satisfy
remarkable combinatorial identities (related to Macdonald identities).

A.5.2 Level of a representation

According to the well-known Schur Lemma, any central element of a Lie algebra
acts as a scalar on a simple finite dimensional representation L. As the Schur Lemma
extends to a representation with countable dimension, the result holds for highest
weight g-modules. In particular, K € § acts as a scalar k € C on the simple
representations of the category &.

Definition A.5 A representation M is said to be level k if K acts as kId on M.

All simple representations of the category & have a level. Namely, L(A) has level
k=A(K) € C,and so k = u(K) for all u € wt(L(2)). Note that

r

k=A(K) = Z aiA(a))

i=0
where the a; are defined by K = }7_ a;a;’ .

Lemma A.1 The simple representation L(A) is integrable if and only if A is dominant
and integrable, that is, A(H;) € Zsqo foralli = 0,...,r. It has level 0 if and only if
dimL(1) = 1.
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Recall that §* is identified with § through ( | ), and that through this identification
the dual of K is D. Then, as a particular case of Lemma A.1, L(kD) is integrable if
and only if k € Z5.

The category of modules of the category & of level k will be denoted by Oy
([1100). o

The level k = —h" is particular since the center of U(§)/U(§)(K — k) is large
and the representation theory changes drastically at this level. Here, U(g) is the
completion of the enveloping algebra U(§). This level is called the critical level.

Although the category & is stable by tensor product, the category Oy is not stable
by tensor product (except for k = 0). Indeed from the coproduct, we get that for
M, M, representations in Oy,, Oy, respectively, the module M; ® M is in Oy, 1k, .
This is one motivation to study the fusion product; see [31], [99, Section 5] for more
details on this topic.

A.5.3 Admissible representations

We now introduce a class of representations, called admissible representations,
which includes the class of integrable representations. The definition goes back to
Kac and Wakimoto [117]. While the notion of integrable representations has a geo-
metrical meaning, the notion of admissible representations is purely combinatorial.
However, conjecturally, admissible representations are precisely the representations
which satisfy a certain modular invariant property (see below).

Retain the notations of §A.3.3, and recall the definition of the affine and extended
affine Weyl groups (see e.g., [119]). Let W be the Weyl group of (g,h) and extend
it to b by setting w(K) = K, w(D) = D forallw € W. Let Q¥ = _ Za; be the
coroot lattice of g. For a € ), define the translation ([111]),

1 N
ta() = v+ (vIK)a - | SlaP (1K) + Gl | K. Ve,
and for a subset L C b, let
tr :={tq: @ € L}.
The affine Weyl groups W and the extended affine Weyl group W are then defined by:
W::Wxth, W =W xtpv,

so that W ¢ W. Here P = {1 € h: (1,a) € Zforall@ € Q}, with Q = Y/, Zo;
the root lattice.

The group W, := {w € W: w(ITV) = [TV} acts transitively on orbits of AutIT
and simply transitively acts on the orbit of ag . Moreover W = W, = W. Here,
I :={a": « eI1}.

Definition A.6 ([117, 119]) A weight A € f)* is called admissible if
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(1) Ais regular dominant, that is,
A+p,a’y ¢ -Zs forall aeA®,

(2) the Q-span of A contains A™, where A, := {@ € A™: (1]e") € Z}.

The irreducible highest weight representation L (1) of § with highest weight 1 € §* is
called admissible if A is admissible. Note that an irreducible integrable representation
of g is admissible.

Proposition A.3 ([119, Prop. 1.2]) For k € C, the weight A = kD is admissible if
and only if k satisfies one of the following conditions:

D). k=-h"+ P ohere D.q €Zs0, (p,q) =1, and p > h",
q

ii). k = —-h" + % where p,q € Zso, (p,q) =1, (p,r¥)=1land p > h.
r'q

Here rV is the lacety of g (i.e., r¥ = 1 for the types A, D, E, r¥ = 2 for the types
B,C,F and r¥ = 3 for the type G»), h and h" are the Coxeter and dual Coxeter
numbers.

Definition A.7 If k satisfies one of the conditions of Proposition A.3, we say that k
is an admissible level.

For an admissible representation L(A) we have [116]

ch(L(2)) = Z (=) ch(M(w o 1)) (A.24)
wew (1)

since A is regular dominant, where W () is the integral Weyl group ([129, 158]). of
A, that is, the subgroup of W generated by the reflections s, associated with @ € A,
wod =w(l+p)—p,and £, is the length function of the Coxeter group W(A1).
Further, Condition (ii) of Proposition A.3 implies that ch(L(1)) is written in terms
of certain theta functions [111, Chap. 13]. Kac and Wakimoto [117] showed that
admissible representations are modular invariant, that is, the characters of admissible
representations form an SL,(Z) invariant subspace.

Let A, u be distinct admissible weights. Then Condition (1) of Proposition A.3
implies that

Bxt} (L), L) =0

Further, the following fact is known by Gorelik and Kac [94].
Theorem A.5 ([94]) Let A be admissible. Then

Exté(L(/l),L(/l)) =0

Therefore admissible representations form a semisimple full subcategory of the
category of §-modules.






Appendix B
Differential operators

In this chapter, X = Spec A is an affine algebraic variety over the complex number
field of dimension n. We are particularly interested in the case where X is an affine
algebraic group G.

Our main references are [102, 152].

B.1 Tangent sheaf and cotangent sheaf

Let Ox be the sheaf of rings of regular functions, that is, the structure sheaf on X.
We denote briefly the algebra &’y (X) of global sections by & (X).

We say that a section 6§ € (Endc Ox)(X) is a vector field on X if for each open
subset U C X, 8(U) := 0|y € (Endc Ox)(U) satisfies the condition

0(U)(fg) =0(U)(f)g + fO(U)(g).  f.g€ Ox(U).

For an open subset U of X, denote the set of vector fields 6 on U by ®(U). Then
O(U) is an Ox (U)-module, and the presheaf U — ©(U) turns out to be a sheaf of
Ox-modules. We denote this sheaf by ®x and call it the fangent sheaf of X. Thus

@x = Der@(ﬁx).

It is a coherent sheaf of Ox-modules. Indeed, if X = SpecA, with A =
Clxt,...,x,]/1, with I an ideal of C[x1,...,x,], then

n
DerC(C[xl,...,x,,]):@C[xl,...,xn]&-, where  §; ::ai,
i=1

i
is a free C[xy, . . ., x,]-module of rank n, and

Derc(A) = {6 € Derc(Clxy,...,x,]): 6(1) C I}.
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Hence Derc(A) is finitely generated over A.
We define the cotangent sheaf of X by Q; =6 1(I/1?%),where 5: X — X x X
is the diagonal embeddings, J is the ideal sheaf of §(X) in X x X defined by

I(V) ={f € Oxxx(V): f(VN5(X)) =0}

for any open subset V of X x X, and 6~! stands for the sheaf-theoretical inverse
image functor. (We usually keep the notation Qx for the sheaf /\”Q;( of differential
forms of top degree.)

Sections of the sheaf Q;( are called differential forms. By the canonical morphism
Ox — 6~ Oxxx of sheaf of C-algebras, Q;( is naturally an Ox-module.

We have a morphism d: Ox — Q}( of Ox-modules defined by

df =f®1-1®f mod s 12
It satisfies d(fg) = d(f)g + f(dg) forany f,g € Ox.
We denote briefly the &'(X)-modules @x (X) = Derc(£(X)) and Q§( (X) by
O(X) and Q' (X), respectively.
Thus Q' (X) = 7(X)/Z(X)?, and I (X) is the kernel of the morphism
e:0X)®c O0O(X) — O(X), fog— fg.

The 0(X) ®c O(X)-modules 7 (X), 7(X)?> and Q!(X) are viewed as &(X)-
modules via the homomorphism &(X) — 0(X) ®c O(X), f — f® 1.
In 0(X) ® O(X) we have

fog=fe@l+f(leg-gol)=s(f®g)+f(dg mod I(X)?).

Therefore, if 3; f; ® g; € T (X) = ker g, then

D Ji®gi= ) fdgi mod I(X),

and so any element of Q!(X) = 7(X)/Z(X)? has the form Y; fidg;, for f;,g; €
0(X).

In conclusion, we obtain the following fact.
Lemma B.1 As &(X)-module, Q;( is generated by df, for f € O(X).

For @ € Homg (x) (Q;( Ox) we have @ o d € Oy, which gives an isomorphism
Homg(x)(Qy. Ox) = Ox
as Ox-modules.

Theorem B.1 Assume that X is smooth. For each point x € X, there exist an affine
open neighbourhood V of x, regular functions x; € Ox (V), and vector fields d; €
Ox(V), fori € {1,...,n}, satisfying the conditions:
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[0;,0;1 =0, 8i(x;)=0:;, 1<ij<n,
oy =P ova.
i=1

Moreover, one can choose the functions x1,x»,...,X, so that they generate the
maximal ideal my of the local ring Ox  at x.

Proof Since the local ring Ox . is regular, there exist n = dimX functions

X{,...,Xn € my generating the ideal m,. Then dx,...,dx, is a basis of the
free Ox_ x-module Q;(,x' Hence we can take an affine open neighbourhood V' of
x such that Q;(V) is a free module with basis dx,...,dx, over Ox (V). Tak-

ing the dual basis di,...,9, € Ox(V) = Homﬁx(v)(9§(V),ﬁx(V)) we get
n

0;(x;) = 6; ;. Write [0;,0;] as [0;,0;] = ng.jf)l € Ox(V). Then we have
=1

gij = [0,<,<9j]x1 = (9,-6jx1 - 8]-0,-x1 = 0. Hence [81',(9]'] =0. m}

The set {x;, 0;: 1 < i < n} defined over an affine open neighborhood of x
satisfying the conditions of Theorem B.1 is called a local coordinate system at x.

B.2 Sheaf of differential operators

We define the sheaf Dx as the sheaf of C-subalgebras of Endc(Ox) generated by
Ox and Oyx. Here we identify 0x with a subsheaf of Endc(OY) by identifying
f € Ox with the element g — fg of Endc(0x).

We call the sheaf Dy the sheaf of differential operators on X. For any point
of X we can take an affine open neighborhood U and a local coordinate system
{xi, 0;: 1 <i < n}. Hence we have

Dy =Dx (V) = (P Opo?. o2 =0 o2

n
a/EZZo

We define the order filtration Fo Dy of Dy by

FiDy = Z Oy ay, l € Zso, |a| = Z%ﬂ
7

la|<l

More generally, for an arbitrary open subset V of X we define the order filtration
FoDx over V by

(F1Dx)(V)
={P e Dx(V): resg P € (F;Dx)(U) for any affine open subset U of V},

where resg : Dx (V) — Dx(U) is the restriction map.
For convenience we set F, Dx = 0 for p < 0.

Because DX is a quantization of
71+ O ¢, 1 think this section should come
after Poisson algebra section.

It is explained in Example C.3: is it OK?
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Proposition B.1

i). FoDx is an increasing filtration of Dx such that Dx = J;»0 F1Dx and each
F1Dx is a locally free module over O.
ll) F()DX = ﬁx and (Flﬂx)(Fmﬂx) = F[+mﬂx.
iii). [F1Dx, FuDx] C Fiym1Dx.

Remark B.1 One can alternatively define F,Dx by the recursive formula:
Fi1Dx = {P € Endc(ﬁx)l [P, f] € F;_1Dx for all fe ﬁx}, le Zsp.

Let us consider the sheaf of graded rings

ar Dx = g Dy = (P e, Ox,
>0

where gr; Dx = F;Dx /F;-1 Dx, F_1Dx = 0. By Proposition B.1, gr Dx is a sheaf
of commutative algebras finitely generated over 0. Take an affine chart U with a
coordinate system {x;, d;} and set

fi = (Bl mod F()Z)U = ﬁU) € gry DU~
Then we have

ar, Dy = (P oue”,

la|=l

grDU = ﬁU[gls"w‘fn]'

We can globalize this notion as follows. Let 7* X be the cotangent bundle of X and let
m: T*X — X be the projection. We may regard &1, . . . , &, as the coordinate system of
the cotangent space €P'_, Cdx; and hence Oy [£1, . . ., &,] is canonically identified
with the sheaf 7, 0r-x of algebras. Thus we obtain a canonical identification

gl".Z)X = ﬂ*ﬁT*X. (Bl)

The algebra D (X) := Dx (X) is called the algebra of differential operators on X.

B.3 Derivations and differential forms on a group

Let G be an affine algebraic group. By definition, the Lie algebra of G is the Lie
algebra of left invariant vector fields on G, that is,

Lie(G) = {0 € Derc(0(G)): Ao =(1Q6) oA},
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(seee.g. [173, Proposition 10.29]), where A: 0(G) — O(G) ® O(G) is the coprod-
uct induced by the multiplication G. Thus, 8 € Derc(£(G)) is in Lie(G) if and only
ifforall g € G, 1,0 = 64,4, where (1, f)(y) = f(gly) for f € O0(G)and y € G.

The Lie algebra of G is canonically isomorphic, as a Lie algebra, to the Lie
algebra Lie, (G) of right invariant vector fields 6, that is, the Lie algebra consisted of
6 € Derc(0(G)) such that p,6 = 6pg, where (pg f)(y) = f(yg) for f € O(G) and
y € G. It is also canonically isomorphic to 7, (G), the tangent space at the identity
to G, via the isomorphism,

Lie(G) — T.(G),

sending 6 € Lie(G) to ev, o6, where ev, is the evaluation map at the neutral element
e, in which we have identified ®(G) = Derc(0(G)) with the tangent bundle 7G.
We denote by g this Lie algebra.
Thus, we have
TG=Gxqg and T'G=Gxg".

For x € g, we write x;, (resp., xg) the corresponding left (resp., right) invariant
vector field on G. Note that (xz f)(a) = x(A,-1f) for f € 6(G) and a € G.

Remark B.2 Concretely, viewing G as a complex analytic space, we have for x € g
and f € 0(G),

wh@) = 2| flaepr), acG,

t=0

xf) @) = L

7 f(exp(tx)a), acgG,

t=0

where exp: g — G is the exponential map.

The embedding g — Derc(&(G)), x — xr, induces an isomorphism of left
0 (G)-modules

0(G) ®c g — Derc(0(G)). (B.2)

Indeed, both sides are free &'(G)-modules of rank the dimension of g since G is
smooth.

We denote by ( , ): Derc(0(G))xQ'(G) — O(G) the canonical & (G)-bilinear
pairing.

Let us collect some useful identities. Let {xl, - ,xd} be a basis of g, and
{w',...,w?} the dual @(G)-basis of Q!(G). Write

[, =D el for ij=1,....d,
p

with (¢;’) € C. The isomorphism (B.2) tells that {x', ..., x?} forms an & (G)-basis
of Derc (0 (G)). In particular,
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xgzz LPxP. i=1,...,d, (B.3)
p

for some invertible matrix (f"?)1<;, p<a Over O(G).
Lemma B.2 The following identities hold:
i). foralli,j,s € {1,...,d},

xifj’s+ZCi’pfj’p =0
p

ii). foralli,j,s € {1,...,d},

DGy = Y e e
p

q

Proof The identities of (i) hold because they are equivalent to the commutation
relations

[xi,x}] =0 (B.4)

for all i, j, s.
To prove (ii), we write down the relations

[, xh] =[x, x7 1R, (B.5)

fori,j =1,...,d, in coordinates. We have

[Xs Xh] = D ¥ 725" Z(x Pt = 3 o st
s,p

by (B.4) and (B.3). Plugging this into (B.5), we get the identities of (ii). |
The Lie algebra Derc(€(G)) acts on Q' (G) by the Lie derivative as follows:
((Lie 0).w)(61) = ({01, w)) — ([0, 01], w), (B.6)

for w € QIG and 6, 01 € Derc(0(G)). (In fact, the Lie algebra Derc((G)) acts on
Q(G) = A?Q!(G) by the Lie derivative; see [102, §1.2].)
Sofori,j=1,...,d, we have

Liexi .wj = Cli’ja)p,
s
s

for some ai’j e C.
Lemma B.3 The following identities hold:
i). foralli,j e {1,...,d},
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(Liex').w’ = Z c‘;.’la)s,

)

ii). foralli,j € {1,...,d}, . _
(Liexg).w’ =0.

Proof Fori,j,s € {l,...,d}, we have
ay) = (e, (Liex').w') = (Liex)).(x*, ) + ([x*,x'], /) = ¢,

whence (1).
Similarly, for i, j,s € {1,...,d}, we have

(x> (Liex}é).aﬂl) = (Liex}).(x;,wj) + ([x*, x'1R, /)

= 2GRS Y e =0
p p

by (B.3) and Lemma B.2, whence (ii). whence (ii). m]

By the Frobenius reciprocity, we have
Homg ) (Derc(6(G)), €(G)) = Home(g, 6(G))
since Derc(0'(G)) = 0(G) ®c g. Hence, as a C-vector spaces,
Q!(G) = Home(g, O(G)).

The above isomorphism has to be understand as follows. Write w € Q'(G) as

w =Y, f;dg; by Lemma B.1. To such an w we attach the element of Home (g, 0'(G))
i

which maps an element x € g to Z filxrgi) € O(G).

12
As a consequence we obtain the following proposition.

Proposition B.2 The linear map from QIG to Home (g, O(G)) sending dg to the
element x — xp.g of Home (g, O(G)) is an isomorphism of O(G)-modules.

B.4 The algebra of differential operators on a group

We keep the notation of the previous section.
Let D(G) be the algebra of differential operators on G. We have a natural
embedding
O0(G) — D(G).

Moreover, from the embedding g <— ©(G), x — x, given by the left invariant
vector fields, we get an embedding

U(g) — D(G),
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where U(g) is the enveloping algebra of g (see Appendix A). This induces a map
t: 0(G)U(g) — D(G) B.7)

of /(G)-modules. We have a structure of G-equivariant sheaf on both sides, with
respect to the left translation action of G on itself. The G-equivariant structure on
the left-hand-side comes from the G-action on &'(G) induces by the left translation
action of G on itself, that is, the G-action on U(g) is trivial; the G-action on the
right-hand-side is described as follows: for g € G, f € 0(G) and § € g C O(G)

then g.(f0) = (g.f)6.
Let D;(G) be the algebra of left invariant differential operators on G, that is,
the algebra of elements @ € D(G) such that for all g € G and all f € O(G),

/lg (af) = a(/lgf)-

Proposition B.3 The map t induces an isomorphism of 0 (G)-modules,
O(G)®U(g) = D(G).

Moreover,

U(g) = Di(G) = D(G)C.

Proof Let us first show that ¢ is an isomorphism. The algebra D(G) is filtered by
the order filtration F, 9D (G). On the other hand, the PBW filtration F,U(g) on U(g)
induces a filtration F, (0 (G) ® U(g)) on 0(G) ® U(g) by setting

Fi(0(G)® U(g) == 0(G)® FiU(g), [ €Zs.

The map ¢ sends F;(0(G) ® U(g)) to F;D(G), and both filtrations are exhaustive.
So it suffices to check that the map on associated graded space is an isomorphism.
The associated graded of the right-hand-side is

Or-g = Ogxy = 0(G) ® 0(g),
by (B.1), while by the PBW theorem the associated graded of the left-hand-side is
0(G)® S(9),

whence the statement since 7(g*) = S(g).
Next, since the map ¢ is G-equivariant,

(D(G)Y = (0(G)U(8) = 0(G)° @ U(g) = U(g) — Di(G).
To show the other inclusion, observe that gr U(g) = S(g) = 0(g*) while
zr Di(G) = (0(G)® 0(g")% = 0(G)° ® O(g") = O(g"),

where G acts on on &(G) by g, g € G, and trivially on &(g*). Hence, D;(G) =
(D(G))C = U(g) as desired.



Appendix C

Poisson algebras, Poisson varieties and
Hamiltonian reduction

We have compiled in this appendix some basic facts on Poisson algebras and Poisson
varieties.

C.1 Poisson algebras and Poisson varieties

Let A be a commutative associative C-algebra with unit.

Definition C.1 Suppose that A is endowed with an additional C-bilinear bracket
{,}:AXA — A. Then A is called a Poisson algebra if the following conditions
holds:

i). A is a Lie algebra with respect to { , },
ii). (Leibniz rule) {a,b - c} = {a,b}-c+b -{a,c}, forall a,b,c € A.

The Lie bracket { , } is called a Poisson bracket on A.
Similarly, one can define the notion of Poisson superalgebra: see Appendix E.

Example C.1 Let (X, w) be a symplectic variety. Then the algebra (& (X),{, }) of
regular functions, with pointwise multiplication, is a Poisson algebra.

As an example, let ¢ = Lie(G) be a complex algebraic finite-dimensional Lie
algebra. and pick a coadjoint orbit O = G.£ of g*. Then O has a natural structure of
symplectic structure, see e.g. [54, Proposition 1.1.5]; for & € g*, we have

T¢(0) =T¢(G/G¥) = g/g*

and the bilinear form wg: (x,y) — &([x,y]) descends to g/g¢. This gives the
symplectic structure. Hence, together with a coadjoint orbit in g*, we have a natural
Poisson algebra.

169
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C.2 Tensor products of Poisson algebras

C.3 Almost commutative algebras

In another direction, we have examples of Poisson algebras coming from some
noncommutative algebras. Let B be an associative filtered (noncommutative) algebra
with unit,

0=B_,cBycB C--, UBi:B,

i>0

such that B;.B; C B;,j forany i, j > 0. Let
A:=grB= @Bi/Bi_l
i

be its graded algebra (the multiplication in B gives rise a well-defined product
Bi/Bi-1 X Bj/Bj_i — Bi,j/Bi+j-1, making A an associative algebra). We said that
B is almost commutative if A is commutative: this means that a;b; — bja; € Biyj_
forai c Bi,bj € Bj.

Assume that B is almost commutative. Then gr B has a natural structure of Poisson
algebra. We define the Poisson bracket

{,}:Bi/Bi-1 XBj/Bj-1 — Bi1j-1/Bi+j-2

as follows: for a1 € B;/B;_i and a; € B;/Bj_1, let by (resp. by) be a representative
of a1 in B; (resp. Bj) and set

{a1,a2} :==b1by —bob; mod By .
Then we can check the required properties.

Example C.2 Let g be any complex finite-dimensional Lie algebra. Let U.g be the
PBW filtration of the universal enveloping algebra U(g) of g, that is, U;(g) is the
subspace of U(g) spanned by the products of at most i elements of g, and U(g)o = C1
(see Appendix A). Then

0=U_1(8) CUp(8) CUI(8) C ..., U(g)= U Ui(g),

Ui(g)-Uj(g) cUij(9), [Ui(g),U;(g)] CUitj-1(9).

The associated graded space grU(g) = B, Ui(8)/Ui-1(g) is naturally a Poisson
algebra, and the PBW Theorem states that

gru(g) = S(g) = Clg’]

as Poisson algebras, where S(g) is the symmetric algebra of g.
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Let us describe explicitly the Poisson bracket on C[g*] (see [54, Proposition
1.3.18]). Let {x1,...,x,} be a basis of g, with structure constants cf.‘j, that is,

[xi,x;] =2 cf.‘jxk. Through the canonical isomorphism (g*)* = g, any element of
T

g is regarded as a linear functions on g*, and thus as an element of C[g*]. We get for
/.8 €Clg’],
ko Of 0g

P Xk .
BT Ox; (9x;i

{f.gr=) ¢

i,j.k

In a more concise way, we have:

{f.8}: 6" —C, &r— (& [def.dsgl)

where d¢ f,dgg € (g")* = g denote the differentials of f and g at &. In particular,
ifx,y € g = (g%)* c C[g*], then

{x, ¥} =[x, y].

Moreover, if O is a coadjoint orbit of g%,

{f’ g}|© = {f|©s gl@}symplectic-

The above Poisson structure on C[g*] is referred to as the Kirillov-Kostant-Souriau
Poisson structure.

Example C.3 Let G be an affine algebraic group, g = Lie(G), and D (G) the algebra
of (global) differential operators on G. It is filtered by the order filtration FeD(G),
see Section B.2.

According to Proposition B.1, the filtered algebra D (G) is almost commutative.
It fact, by (B.1), one knows that

grD(G) = Or-c,

where T*G is the cotangent bundle of G. Thus Or-g inherits a Poisson algebra
structure from that of gr D(G).

One the other hand, 7*G is a symplectic variety and therefore Or - has a Poisson
algebra structure arising from its symplectic structure. It turns out that these two
Poisson structures coincide (see, for example, [54, Theorem 1.3.10]).

A affine Poisson scheme (resp., affine Poisson variety) is an affine scheme X =
Spec A (resp. X = Specm A) such that A is a Poisson algebra. A Poisson scheme
(resp. Poisson variety) is a scheme (resp. reduced scheme) such that the structure
sheaf Oy is a sheaf of Poisson algebras.

For example, let B be as above and continue to assume that B is almost com-
mutative, that is, A = gr B is commutative. Assume furthermore that A is a finitely
generated commutative algebra without zero-divisors. In other words, A = C[X]
is the coordinate ring of a (reduced) irreducible affine algebraic variety X. So the
Poisson structure on A makes X a Poisson variety.
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C.4 Symplectic leaves

If X is smooth, then one may view X as a complex-analytic manifold equipped with
a holomorphic Poisson structure. For each point x € X one defines the symplectic
leaf £ through x to be the set of points that could be reached from x by going along
Hamiltonian flows!.

If X is not necessarily smooth, let Sing(X) be the singular locus of X, and for any
k > 1 define inductively Sing* (X) := Sing(Sing*~!'(X)). We get a finite partition
X = |, X*, where the strata X* := Sing"*~!(X) \ Sing(X) are smooth analytic
varieties (by definition we put X = X \ Sing(X)). It is known (cf. e.g., [45]) that
each X* inherits a Poisson structure. So for any point x € X there is a well defined
symplectic leaf ., ¢ XX. In this way one defines symplectic leaves on an arbitrary
Poisson variety. In general, each symplectic leaf is a connected smooth analytic (but
not necessarily algebraic) subset in X. However, if the algebraic variety X consists
of finitely many symplectic leaves only, then it was shown in [45] that each leaf is
a smooth irreducible locally-closed algebraic subvariety in X, and the partition into
symplectic leaves gives an algebraic stratification of X.

Example C.4 If g = Lie(G) is an algebraic Lie algebra, the space g* is a (smooth)
Poisson variety and the symplectic leaves of g* are the coadjoint orbits of g*, cf.
[179, Prop. 3.1]. The Poisson structure on the coadjoint orbits of g* is known as the
Kirillov-Kostant Poisson structure.

If g is simple, the nilpotent cone .4 of g, which is the (reduced) subscheme of g*
associated with the augmentation ideal C[g*]¢ of the ring of invariants C[g*], is an
example of Poisson variety with finitely many symplectic leaves. These are precisely
the nilpotent orbits of g* = g.

C.5 Induced Poisson structures and Hamiltonian reduction

There are roughly two ways to construct a new Poisson variety from a Poisson
manifold X: the induction and the Hamiltonian reduction.
Recall first a result of Weinstein about the induction; see [179, Prop. 3.10]:

Theorem C.1 (Weinstein) Let Y be a submanifold of a Poisson manifold X such
that:

i). Y is transversal to the symplectic leaves, i.e., for any symplectic leaf S and any
xeYNS T,Y +T,S =T, X,

ii). forany x € Y, TyY N TS is a symplectic subspace of TxS, where S is the leaf of
X containing x.

1 A Hamiltonian flow in X from x to x’ is a curve y defined on an open neighborhood of [0, 1] in
C, with y(0) = x and y(1) = x’, which is an integral curve of a Hamiltonian vector field &, for
some f € 0(X), defined on an open neighborhood of y ([0, 1]). See for example [138, Chap. 1]
for more details.
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Then, there is a natural induced Poisson structure on Y, and the symplectic leaf of Y
throughx € Y is Y N S if S is the symplectic leaf through x in X.

Let us now turn to the classical Hamiltonian reduction. Let G be a Lie group,
with Lie algebra g, acting on an affine Poisson variety (X, {, }).

Definition C.2 The action of G in X is said to be Hamiltonian if there is a Lie
algebra homomorphism

H:qg— Ox(X), x+—— H,
such that the following diagram is commutative:

g— 2 (X)

~
~
~
H™ T
~

Ox (X)

where 2 (X) is the Lie algebra of vector fields on X and the vertical map is the
natural map from Ox (X) to 2 (X) given by f — {f, }. As for the horizontal map,
it comes from the G-action on X. Namely, it is the map

d
g— Z(X), ar— (x+— E(exp(t ada).x)|;=0 € T X).
The map H: ¢ — Ox(X) is called the Hamiltonian. Define the moment map
X —g

by assigning to x € X the linear function u(x): g — C, a — H,(x). The moment
map induces a Poisson algebra homomorphism

Clg"] — Ox(X).

Moroever, if the group G is connected, then u is G-equivariant with respect to the
coadjoint action on g*.

We refer to [179, Theorem 7.31] or [138, Proposition 5.39 and Definition 5.9] for
the following result.

Theorem C.2 (Marsden-Weinstein) Assume that G is connected and that the action
of G in X is Hamiltonian. Let v € g*. Assume that y is a regular value? of u,
that u='(y) is G-stable and that u='(y)/G is a variety. Let t: u~'(y) — X and
7w~ (y) » u~'(y)/G be the natural maps: ¢ is the inclusion and r is the quotient
map. Then the triple

0 TR CONTIICIYIE)

21If f: X — Y is a smooth map between varieties, we say that a point y is a regular value of
f ifforall x € f£~'(y), the map d f : Tx(X) — T, (Y) is surjective. If so, then fl(y)isa
subvariety of X and the codimension of this variety in X is equal to the dimension of Y.



174 C Poisson algebras, Poisson varieties and Hamiltonian reduction

is Poisson-reducible, i.e., there exists a Poisson structure {,}’ on u='(y)/G such
that for all open subset U C X and for all f,g € Ox(n(U N u~'(y)), on has

{f.8Y om(u) = {f,8} o u(w)

at any point u € U N u~'(y), where f,§ € Ox(U) are arbitrary extensions of
f ° ﬂlUﬁ,u*I(y)’g ° ﬂ'Uﬂ,u"(y) to U.

C.6 Poisson modules

Let R be a Poisson algebra. A Poisson R-module is a R-module M in the usual
associative sense equipped with a bilinear map

RXM — M, (r,m)w— adr(m)={r,m},
which makes M a Lie algebra module over R satisfying
{ri,rom} ={ri,roaym+ ro{ri,m},  {rira,m} = ri{ro,n} +ro{ri,m}
forri,rp € R,me M.

Lemma C.1 For any Lie algebra g, a Poisson module over C[g*] is the same as a
C[g*]-module N in the usual associative sense equipped with a Lie algebra module
structure § — End M, x — ad(x), such that

ad(x)(fm) = {x, f}.m + f.ad(x)(m)
forxeg, feClg’], me M.

Example C.5 If g = Lie(G) isasimple Lie algebra, let ?TC(Q) be the full subcategory
of the category of Poisson C[g*]-modules on which the Lie algebra g-action is
integrable, that is, locally finite. If X is an affine Poisson scheme equipped with a
Hamiltonian G-action, then C[X] is an object of HC(g). Note that the action of
Clg*] on C[X] is given by {f, g} = {u*(f), g}, for f € C[g*] and g € C[X], where
u*: Cl[g*] — C[X] is the comorphism of the moment map u: X — g*.



Appendix D

Nilpotent orbits and associated varieties of
primitive ideals

In this appendix, g is a complex simple Lie algebra with adjoint group G. We keep
all the related notations used in Appendix A. Our main references for the results of
Section D.1 are [106, 55, 176].

D.1 Nilpotent cone

Let A" = A4 (g) be the nilpotent cone of g , that is, the set of all nilpotent elements
of g. If g is a simple Lie algebra of matrices, note that .4” coincides with the set of
nilpotent matrices of g. For e € g, we denote by G .e its adjoint G-orbit. The nilpotent
cone is a finite union of nilpotent G-orbits and it is itself the closure of the regular
nilpotent orbit , denoted by Ope,. It is the unique nilpotent orbit of codimension
the rank r of g. An element x € g is regular if its centralizer g* has the minimal
dimension, that is, the rank r of g. Thus, Oy is the set of all regular nilpotent
elements of g. Regular nilpotent elements are sometimes called principal.

Example D.1 1If g = sl,,, then the rank of g is n — 1 and Oy is the conjugacy class
of the n-size Jordan block J,,, i.e., Oy = SLy.J, with

01 0
n-1
Jn = = Zé’i,m,
1 i=1
0 0

where e; ; is the elementary matrix whose entries are all zero, except the one in
position (Z, j) which equals 1.

Next, there is a unique dense open orbit in .4 \ Oy, Which is called the subregular
nilpotent orbit of g, and denoted by Ogypreg. Its codimension in g is the rank of
g plus two. At the extreme opposite, there is a unique nilpotent orbit of smallest

175
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positive dimension called the minimal nilpotent orbit of g, and denoted by O,y Its
dimension is 24" — 2 ([182]).

D.2 Chevalley order

The set of nilpotent orbits in g is naturally a poset & with partial order <, called
the Ch_evalley order, or closure order, defined as follows: O’ < O if and only if
0’ € O. The regular nilpotent orbit Oy, is maximal and the zero orbit is minimal
with respect to this order. Moreover, Ogypreg is maximal in the poset & \ Oy and
Onmin is minimal in the poset &2 \ {0}.

The Chevalley order on & corresponds to a partial order on the set &?(n) of
partitions of n, forn > 1, for g = sl,,, first described by Gerstenhaber. More generally,
the Chevalley order corresponds to a partial order on some subset of &?(n) when g
is of classical type as we explain below.

Let n € Z.¢. As a rule, unless otherwise specified, we write an element A of
P (n) as a decreasing sequence A = (A1, ..., dy) omitting the zeroes. Thus,

Ay z--2A,21 and A1 +---+4;,=n.

We shall denote the dual partition of a partition A € £ (n) by ‘A.
Let us denote by > the partial order on & (n) relative to the dominance. More
precisely, given A = (Ay,- -+ ,A5),p = (1, ..., u4;) € P(n), wehave 1 > n if
k k
Z/li > Zui for 1<k <min(s,?).
i=1

i=1 i

D.2.1 Case sl,,

Every nilpotent matrix in sl,, is conjugate to a Jordan block diagonal matrix. There-
fore, the nilpotent orbits in g are parameterized by &?(n). We shall denote by O,
the corresponding nilpotent orbit of sl,,. Then O, is represented by the standard
Jordan form diag(J,,,...,Ja,), where J is the k-size Jordan block. If we write
"A=(d,...,d;),then

t

dim0, = n? - Z d2.

i=1
If A,n € #(n), then Oy C 0, ifand only if < A.
The regular, subregular, minimal and zero nilpotent orbits of sl,, correspond to
the partitions (n), (n —1,1), (2,1"72) and (1") of n, respectively.
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We give in Figure D.1 the description of the poset & (n) for n = 6. The column
on the right indicates the dimension of the orbits appearing in the same row. Such
diagram is called a Hasse diagram.

Oreg =0(g) 30
Osubreg = O(5,1) 28

26

032y 24

2

03,13 18

16

Omin =0, 14 10
0 0

Fig. D.1 Hasse diagram for slg

D.2.2 Cases o, and so,,

For n € N*, set
P (n) := {1 € H(n) ; number of parts of each even number is even}.

The nilpotent orbits of sp,, are parametrized by & (n), with the exception that each
very even partition 4 € Z1(n) (i.e., A has only even parts) corresponds to two
nilpotent orbits. For 1 € &;(n), not very even, we shall denote by Oy ,, or simply
by O, when there is no possible confusion, the corresponding nilpotent orbit of so,,.
For very even A € &2 (n), we shall denote by (O){ qand (O){I , the two corresponding
nilpotent orbits of so,,. In fact, their union forms a single O (n)-orbit. Thus nilpotent
orbits of o, are parametrized by & (n).
LetAd=(Ay,...,45) € P(n)and'A = (dy,...,d;), then

-1) 1y
dim0O} , = % -3 (Z d? = #{is odd}) ,
i=1
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where OF | is either Oy 4, o! or ol I ', according to whether A is very even or not.
Using the same notations, If A, € &;(n), then Wn c WA if and only if p < A4,
where @I’ ) is either Oy g, O{’ 201 (O){I , according to whether 4 is very even or not.
Given A € Z(n), there exists a unique A* € 22 (n) such that ¥ < A, and if
n € P (n) verifies g < A, thenn < A*. More precisely, let A = (14, ..., 4,) (adding
zeroes if necessary). If 1 € 22 (n), then ¥ = A. Otherwise if 1 ¢ &2 (n), set

/l, = (/119'-'7/1‘?’/15‘+1 - la/lS+2’-"’/1t*15/ll + 1’/1t+l’~"’/1n)a
where s is maximum such that (1y,...,45) € Z1(4; +--- + Ay), and ¢ is the index
of the first even part in (Ad542,...,4,). Note that s = 0 if such a maximum does not

exist, while 7 is always defined. If A" is not in &) (n), then we repeat the process
until we obtain an element of &2 (n) which will be our A*.

D.2.3 Case sp,

For n € N*, set

P_1(n) := {1 € H(n) ; number of parts of each odd number is even}.

The nilpotent orbits of sp,, are parametrized by &_;(n). For A = (1y,...,4,) €
Z_1(n), we shall denote by O_; 4, or simply by O; when there is no possible
confusion, the corresponding nilpotent orbit of sp,,, and if we write ‘’A = (d1, ..., d;),
then

D 1<
dimO_; 4 = n(n2+ ) 3 (Z d? + #{i; A odd}) .
i=1

As in the case of sl,,,if A, € Z_1(n), then O_;, C @—_1,1 if and only if p < A.
Given A1 € Z(n), there exists a unique A~ € Z_;(n) such that A~ < A, and if

n € Z_;(n) verifies n < A, then 7 < A~. The construction of A~ is the same as in

the orthogonal case except that 7 is the index of the first odd part in (A2, ..., 4,).

D.3 Jacobson-Morosov Theorem and Dynkin grading
A %Z-gmdl’ng of the Lie algebra g is a decomposition I': g = € jelz8j which
verifies [g,-, gj] C Gi+j for all i, J.

Lemma D.1 ( cite[Proposition 20.1.5]Tauvel-Yu) If T" is a %Z-gmding of @, then
for some semisimple element hr of g,

g;j ={xeg; [hr,x] =2jx}.
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1
Let (|) = T be the non-degenerate symmetric bilinear form on g as in

Appendix A. Since the bilinear form ( | ) of g is ad Ar-invariant and nondegenerate,
we get
(8i,0/) =0 = i+j#0.

Hence g; and g_; are in pairing. In particular, they have the same dimension.

Fix a nonzero nilpotent element e € g. By the Jacobson-Morosov Theorem (cf.
e.g., [55, §3.3]), there exist &, f € g such that the triple (e, &, f) verifies the sl,-triple
relations:

[A, e] = 2e, [e, f] = h, [, f]1=-2f.

In particular, % is semisimple and the eigenvalues of ad / are integers. Moreover, e
and f belong to the same nilpotent G-orbit.

Example D.2 Let g = sl,,, and set,

n

n-1
e:=J,, h:= Z(n +1-2i)e;;, f = Z i(n—i)ej,.
i=1

i=1

Then (e, h, f) is an sl,-triple. From this observation, we readily construct sl,-triples
for any standard Jordan form diag(Jy,,, ..., Ja,) with (44,...,4,) € Z(n).

The group G acts on the collection of sl,-triples in g by simultaneous conjugation.
This defines a natural map:

Q : {sl,-triples}/G — {nonzero nilpotent orbits}, (e, i, ) — G.e.
Theorem D.1 ([55, Theorem 3.2.10]) The map Q is bijective.

The map Q is surjective according to Jacobson-Morosov Theorem. The injectivity
is a result of Kostant ([55, Theorem 3.4.10]); see [183, §2.6] for a sketch of proof.

Since & is semisimple and since the eigenvalues of ad & are integers, we get a
%Z-grading on g defined by 4, called the Dynkin grading associated with A:

gz@gj, g; ={xeg: [hx] =2jx}. (D.1)

ol
JE€ZFZ

We have e € g;. Moreover, it follows from the representation theory of sl, that
g° C (P59, and that dim g¢ = dim go + dimg; .

One can draw a picture to visualize the above properties. Decompose g into simple
slh-modules g = V| @ - - @V and denote by dj the dimensionof Vi fork =1,...,s.
We can assume that dy > -+ > d; > 1. We have dimV N g; < 1 forany j € 3Z.
We represent the module Vi on the k-th row with dy boxes, each box corresponding
to a nonzero element of Vi N g; for j such that Vi, N g; # {0}. We organize the
rows so that the 2j-th column corresponds to a generator of Vi N g;. Then the boxes
appearing on the right position of each row lie in g°.
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Example D.3 Consider the element e = diag(J3, J;) of sly. Here, we get dimgp = 5,
dimg L= 0, dimg; = 4 and dimg, = 1. The corresponding picture is given in
Fig. D.2. In the Fig. D.2, the empty boxes O correspond to nonzero elements lying

012

Fig. D.2 Decomposition into
slp-modules for (3, 1)

in [ f, g]. The boxes ® correspond to nonzero elements lying in g°.

This is an example of even nilpotent element, which means that g; = {0} for all
half-integers i. The nilpotent orbit of an even nilpotent element is called an even
nilpotent orbit. Note that the regular nilpotent orbit is always even.

Example D.4 Consider the element e = diag(J,,J1,J1) of sly which lies in the
minimal nilpotent orbit of sl4. Here, we get dimgp = 5, dim g 1= 4,dimg; = 1. The
corresponding picture is given in Fig. D.3:

012

Fig. D.3 Decomposition into
sl,-modules for (2, 12)

We observe that €, g; equals g; and has dimension 1.

Remark D.1 This is actually a general fact: if e lies in the minimal nilpotent orbit of
a simple g, then ®;>19; = g1 = Ce and thus @Dl g; has dimension 1.

One can assume that the Cartan subalgebra § of g is also a Cartan subalgebra of
the reductive Lie algebra go.

Lemma D.2 i). For any a € A, g4 is contained in g for some j € %Z.
ii). Fix a root system Ag of (80, ), and set Ao+ = Ay N Ag. Then

Ay =Ap+ U {a; 8o C 850}
Denoting by IT the set of simple roots of A, we get

M= | J0; with T :={aell; gy Cg;}
jeiz
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Lemma D.3 We have I1 = Iy U H% U I1;.

Proof Assume that there exists 8 € 15 for s > 1. A contradiction is expected. Since
e € g and since g; is contained in the subalgebra generated by the root spaces g4
with @ € Ty U H% U IIi, we get [e,g-g] = {0}. In other words, g_g C g¢°. This
contradicts the fact that g C gso. O

From Lemma D.3 we define the weighted Dynkin diagram, or characteristic, of
the nilpotent orbit G.e when g is simple as follows. Consider the Dynkin diagram
of the simple Lie algebra g. Each node of this diagram corresponds to a simple
root @ € II. Then the weighted Dynkin diagram is obtained by labeling the node
corresponding to @ with the value a(h) € {0, 1, 2}.

By convention, the zero orbit has a weighted Dynkin diagram with every node
labeled with 0.

Example D.5 In type Eg, the characteristics of the regular, subregular and minimal
nilpotent orbits are respectively:

An important consequence of Lemma D.3 is that there are only finitely many
nilpotent orbits, namely at most 3™"%8_ Also, the weighted Dynkin diagram is a
complete invariant, i.e., two such diagrams are equal if and only if the corresponding
nilpotent orbits are equal, [55, Theorem 3.5.4].

The regular nilpotent orbit always corresponds to the weighted Dynkin diagram
with only 2’s (this result is not obvious, cf. e.g., [55, Theorem 4.1.6]). More generally,
a nilpotent orbit is even if and only if the weighted Dynkin diagram have only 2’s or
0’s (see Example D.3 for the definition of even).

D.4 Digression on primitive ideals

Let  be a two-sided ideal of the enveloping algebra U(g). The PBW filtration on
U(g) induces a filtration on /, so that gr / becomes a graded Poisson ideal in C[g*]
(see Example C.2). Denote by ¥ (1) the zero locus of gr I in g%,

¥ (I) := Specm (C[g*]/grl) C g".

The set ¥ (I) is usually referred to as the associated variety of I. Identifying g*
with g through a non-degenerate bilinear symmetric form on g, we shall often view
associated varieties of two-sided ideals of U(g) as subsets of g.

A proper two-sided ideal I of U(g) is called primitive if it is the annihilator of a
simple left U(g)-module. Let us mention two important results on primitive ideals
of U(g).

Theorem D.2 (Duflo Theorem [62]) Any primitive ideal in U(g) is the annihilator
Anny (g Lg(2) of some irreducible highest weight representation Lg(2) of g, where
A ebhn
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Theorem D.3 (Irreducibility Theorem [41, 128, 108]) The associated variety V' (I)
of a primitive ideal I in U(g) is irreducible, specifically, it is the closure O of some
nilpotent orbit O in g.

In particular, the associated variety of a primitive ideal in contained in the nilpotent
cone ./, which is a crucial property. Theorem D.3 was first partially proved (by a
case-by-case argument) in [41], and in a more conceptual way in [128] and [108]
(independently), using many earlier deep results due to Joseph, Gabber, Lusztig,
Vogan and others.

It is possible that different primitive ideals share the same associated variety. At
the same time, not all nilpotent orbit closures appear as associated variety of some
primitive ideal of U(g).

Let A € h*. The associated variety of the irreducible highest weight representation
Lg(2) of gis

7 (Ly(D) := ¥ (Anng ) (Lg(D)).

Naturally, the geometry of #(Lq4(1)) is expected to reflect some properties of the
representation Lg(A).

Example D.6 It is known that the irreducible highest weight representation Lq(1) is
finite-dimensional if and only if its associated variety #(Lg4(1)) is reduced to {0}.



Appendix E
Superalgebras and Clifford algebras

A superspace is a C-vector space E equipped with a Z,-grading, E = E° @ E'.
Elements in EY are called even, elements of E! are called odd. We denote by
[v| € {0, 1} the parity of homogeneous elements v € E. A morphism of superspaces
is a linear map preserving Z,-gradings. It is itself a superspace by:

Hom(E, F)G = Hom(E(_), F(_)) ® Hom(Ei, FI),

Hom(E, F)' = Hom(E?, F') ® Hom(E!, F0).
The category of superspaces is a tensor category. Then one may define superalgebras,
Lie superalgebras, Poisson superalgebras, etc. as the algebra objects, Lie algebra
objects, Poisson algebra objects etc. in this tensor category.

For example, a Lie superalgebrais a superspace A together withabracket [ , ] : Ax
A — A such that for all homogeneous elements a, b € A,

la,b] = ~(=D)“"![b,al,
[[a’b]’c] = [a’ [b,C]] - (_1)|“Hb|[b’ [(l,C]].

Note that any superalgebra A is naturally a Lie superalgebra by setting for all
homogeneous elements a, b € A,

[a,b] = ab — (=1)!l1lpq.

It is supercommutative if [A, A] = 0.

A superspace A is a Poisson superalgebra if itis equipped with abracket { , }: AX
A — A such that (A, {,}) is a Lie superalgebra and for any a € A, the operator
{a, . }: A — Ais a superderivation: for all homogeneous elements a, b € A,

{a,bc} = {a,b}c+ (-1)1Plp{a, c}.
Let E be a C-vector space. The exterior algebra \E is the quotient of the tensor

algebraT(E) = P, TX(E), with TK(E) = E® - - - ® E the k-fold tensor product,

183
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by the two-sided ideal I(E) generated by elements of the form v @ w + w ® v with
v,w € E. The product in AE is usually denoted by v A w. Since I(E) is graded, the
exterior algebra inherits a grading

NE = @ A¥E.

kezZ

Clearly, A°’E = C and A'E = E. We may thus think of \E as the associative
algebra linearly generated by E, subject to the relations v Aw +w A v = 0. We will
regard AE as a graded superalgebra, where the Z,-grading is the mod 2 reduction
of the Z-grading. Since

[ur, u2] = uy Auz — (=1)"%2uy Auy =0

for u; € AME and u, € AR E, we see that A\ E is supercommutative.
Assume that E is endowed with a symmetric bilinear form B: E X E — E
(possibly degenerate).

Definition E.1 The Clifford algebra® CI(E, B) is the quotient of T(E) by the two-
sided ideal .7 (E, B) generated by all elements of the form

vOW+w®v—B(v,w)l, v,weE.

Clearly, CI(E,0) = AV.

The inclusions C — T'(E) and E — T(E) descend to inclusions C — CI(E, B) and
E — CI(E, B) respectively. We will always view E as a subspace of CI(E, B).

Letus view T(E) = €D, Tk (E) as a filtered superalgebra, with the Z,-grading
and filtration inherited from the Z-grading. Since the elements v@w+w®v—B(v, w)1
are even, of filtration degree 2, the ideal .# (E, B) is a filtered super subspace of T'(E),
and hence CI(E, B) inherits the structure of a filtered superalgebra. The Z,-grading
and filtration on C/(E, B) are defined by the condition that the generators v € E are
odd, of filtration degree 1. In the decomposition

CI(E,B) = CI(E,B)° & CI(E, B)"

the two summands are spanned by products v ... v, with k even, respectively odd.
We will always regard C/(E, B) as afiltered superalgebra. Then the defining relations
for the Clifford algebra become

[v,w] =vw+wv = B(v,w), v,weE.
The quantization map, given by the anti-symmetrization:

qg: N(E) = CIL(E,B), ViA...AVvp+— Z sgn(o)Weol - -Voks

oeCy

UIn [154], there is a factor 2. For some reasons, we prefer here a different normalization.
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with S the permutation group of order k, is an isomorphism of superspaces. Its
inverse is called the symbol map.

Proposition E.1 The symbol map o : CI(E, B) — AE induces an isomorphism of
graded superalgebras,
grCI(E,B) — \E.

Since A (E) is supercommutative, gr CI(E, B) inherits a Poisson superalgebra struc-
ture?, and the graded symbol map is an isomorphism of graded Poisson superalge-
bras. The Poisson bracket on A E can be described by:

{v,w} =B(v,w), vwweE=A\E.

For more about Clifford algebras, we refer to the recent book of Eckhard Mein-
renken (it also adsresses Weil algebras and quantized Weil algebras) [154].

2 The arguments are similar to the case of almost commutative algebras; see §C.1.






Hints for the exercises

Hints for the exercises of Chapter 2

2.3 Notice that the locality axiom is automatically satisfied by the OPE (cf. Propo-
sition 2.1, (ii)=(1)).

Hints for the exercises of Chapter 3

3.3 Apply the “Frobenius reciprocity”, which asserts that

Homg (U(8) ®y[rjeck Ck, V¥ () = Homg[,jeck (Cr, VX (g)).

Hints for the exercises of Chapter 4

4.1

i). Describe FPViry, where A € Z, using the PBW Theorem.
ii). Just use (1).
iii). Remember that by Remark 4.2, one can go one step further, and then compute
o1(LyL), oo(L(1)L) using the commuting relations.
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188 Hints for the exercises

Hints for the exercises of Chapter 4

Hints for the exercises of Chapter 5

5.1 Note that the maximal submodule of L;(g) is generated by the singular vector
(et~ ") *1)0) to show that Ry = Zhu(gr’ V) and use Remark 5.1.

Hints for the exercises of Chapter 8

8.1

i). Kostant’s Separation Theorem [133, Th. 0.2 and 0.11] says that S = ZH, where
Z = C[Q)] is the center of the symmetric algebra S of sl,, and H is the space
of invariant harmonic polynomials which decomposes, as an sl,-module, as H =
EB/IeZ)O V/’{“, with m, = 1 for all A. Therefore, S2d¢ = @26220 ZVj‘de. To
conclude, observe that, v being a singular vector, it has a fixed weight and, hence,
a fixed degree.

ii). Note that from (i), Qe € VT and, so, Qsl, € VI, whence Q € VI. But in s,
the nilpotent cone is precisely the zero locus of Q.

8.2

i). Just use the commuting relations in V=3/2(sl3).
ii). Observe that the image I of the maximal proper maximal ideal of V=3/2(sl3) is
generated by the vector v as an (ad sl3)-module, where

_ 1
V=3 (h1—hy)eiz+eipers

is the image of v in Ry 32 g1,y = Clhy, ex 15 i = 1,2, k # []. Verify that

_ 1
(adesp)(ades 1)V = —erpen + €1 33,1 + 3 (2h1 + o) hy,

_ 1
(ades1)(adesn)V = —ex3e32 + €1 331 + 3 (h1+2hy) hy,

and deduce from this that the intersection X, , , (s;) N Y is zero. For the last part,
resume the arguments of the proof of Proposition 8.1.

iii). Verify that )2 + ez 3 isnotin Xz, , (s1y)-

iv). Observe that X;,_; ,(s1;) cannot be reduced to zero.
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