Sélection de modéles ou d'estimateurs: une
introduction

Sylvain Arlot!23

LUniversité Paris-Saclay
2Inria Saclay, équipe-projet Celeste

3Institut Universitaire de France

Séminaire Modal'X
23 Septembre 2021

Référence principale:  arXiv:1901.07277

Sélection de modéles ou d'estimateurs: une introduction Sylvain Arlot



Introduction

Outline

@ Introduction

© Fixed-design regression

© Model selection in fixed-design regression
@ General prediction framework

@ Estimator selection

/estimator selection: an introduction Sylvain Arlot



Introduction
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Regression: data (X1, Y1),..., (X, Y»)
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Goal: find the signal (denoising)
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Model selection: regular regressograms, choose D?
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Estimator selection: k nearest neighbours, choose k?
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Estimator selection: kernel ridge, choose \?
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Nadaraya-Watson, choose bandwidth h?
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Regressogram, ridge, k-NN or Nadaraya-Watson?
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Fixed-design regression
°

Statistical framework: regression, least-squares risk

@ Observations:
Y = f*(X,') +ei€R

with e1,...,g, i.i.d. ~ N(0,02), f* and 0% unknown
o Fixed design: x; € X deterministic

@ Notation: Y = F + ¢ with
Y =(Yi<icn, F=("(x))1cicpr €= (e1<icn €R"
@ Least-squares risk of a predictor t € R” (“t; = t(x;)"):
1 s 1 5
—|[t=F[" =~ i—Fi
e FIP =3 (6 F)

i=1

— Estimator F(Y) € R"?

Model/estimator selection: an introduction Sylvain Arlot



Fixed-design regression
©00

Least-squares estimators

o Natural idea: minimize an estimator of the risk 1 ||t — F|?

Model/estimator selection: an introduction Sylvain Arlot



Fixed-design regression
©00

Least-squares estimators

o Natural idea: minimize an estimator of the risk 1 ||t — F|?
@ Least-squares criterion:

1 » 1< >

L vIP =Y (6 v

i=1

1 1 1
veeR",  E[Llle- YIF| = 1 lle= FIP+ B [Jel?]
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Fixed-design regression
©00

Least-squares estimators

o Natural idea: minimize an estimator of the risk 1 ||t — F|?

@ Least-squares criterion:
1 1<
= YIP =23 (5 vy

i=1

1 1 1
veeR",  E[Llle- YIF| = 1 lle= FIP+ B [Jel?]

@ Model: S C R" = Least-squares estimator on S:
= (1 2 1 2
Fs € argmin< — ||t — Y||“ ¢ = argmin — Z (ti —Y9)
tes N tes n:3
so that

Fs = Ms(Y) (orthogonal projection)
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Fixed-design regression
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Estimators: example: regressogram
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Fixed-design regression
ooe

Model examples

@ histograms on some partition m of X’
= S, = Vect{(]lxie,\)lg,'gn/)\ S m}
= the least-squares estimator (regressogram) can be written

Fs (x) =Y Byl 3
sn(x) =D Blgern  Br= Card{x,e)\}zy

AEM

. ,...,x,-(P)) € RP gathers p
variables that can (linearly) explain Y;

: . 1
@ variable selection: x; = (x( )

VYmc{l,...,p} , Sm:vect{xU) s.t.jEm}

@ 5., subspace generated by a subset of an orthogonal basis of
R" (Fourier, wavelets, ...)
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@ Introduction

© Fixed-design regression

© Model selection in fixed-design regression
@ General prediction framework

@ Estimator selection
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Model selection: regular regressograms, choose D?
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oce

Model selection

o Model collection (Spm)mem = (Fm)meart = m(Y)?

~

Fn=MNpY =1Ms,Y

@ Goal: minimize the risk, i.e.,
Oracle inequality (in expectation or with a large probability):

H R A

memM

@ Other possible goal: identify the “true” model

Model/estimator selection: an introduction Sylvain Arlot
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Approximation and estimation error

Fixed model S, linear subspace of R", dimension D,, = dim(S,,).

@ Approximation error of Sp;:

o1 1 1
inf — ||t — FI[> = = [ Fn — FI* = = ||(la — Nm) F|I?
teSm N n n

where Fm = My F orthogonal projection of F onto Sp,

S

0 Fn€Sm = L|Fw—F[" > 21F0—FPP
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©0000

Approximation and estimation error

Fixed model S, linear subspace of R", dimension D,, = dim(S,,).

@ Approximation error of Sp;:

o1 1 1
inf — ||t — FI[> = = [ Fn — FI* = = ||(la — Nm) F|I?
teSm N n n

where Fm = My F orthogonal projection of F onto Sp,

. ~ 2

2
0 Fn€Sm = L|Fm—F| =1 |Fm—F
@ Estimation error of It_m:

L

Model/estimator selection: an introduction Sylvain Arlot



Model selection
0®000

Expectation of the estimation error

~ 2 2
[P = F||" = INm(F +2) = F
= INmF = F|? + 2 (MmF — F, Mme) + |[Mmel|?

=0
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0®000

Expectation of the estimation error

~ 2 2
[P = F||" = INm(F +2) = F
= INmF = F|? + 2 (MmF — F, Mme) + |[Mmel|?

=0

= Estimation error (of F,):

B = F = S 1= FIP = el = (e, )
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0®000

Expectation of the estimation error

~ 2 2
[P = F||" = INm(F +2) = F
= INmF = F|? + 2 (MmF — F, Mme) + |[Mmel|?

=0

= Estimation error (of F,):

B = F = S 1= FIP = el = (e, )

~

= Expectation of the estimation error (of Fp,):

%EKnmg? 5>] = =
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Bias-variance trade-off

£ [3 7o~ ] = 150 - i 22
n n n

Approximation error / Bias:
1 1
~[|Fm = FI* = = [NmF — F?
n n

E[Estimation error] / Variance:

oD,

n

model

variance
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Model selection
00®00

Bias-variance trade-off

£ [3 7o~ ] = 150 - i 22
n n n

Approximation error / Bias:
1 1
~[|Fm = FI* = = [NmF — F?
n n

E[Estimation error] / Variance:

oD,

n

Bias-variance trade-off
& avoid overfitting and underfitting

model

variance

Model/estimator selection: an introduction
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Bias-variance trade-off

T —0— Approx. error
0.357 —»—Estim. error
——E[Risk]

0.3r

0.25

0.2

0.15

0.1

0.05

0 60
dimension D
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Overfitting/underfitting: regressograms

Underfitting Overfitting
D =1 (too small) D = 37 (too large)

Model/estimator selection: an introduction Sylvain Arlot
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Why should the empirical risk be penalized?

= = =Biais
Exces de risque r

—— E[Risque empirique]
0.1F
0.05F
0 3
-0.05f
-0.1F

0 5 10 15 20 25

Dimension
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Penalization

rAnGargr?Viln{ HF —YH + pen(m )}
me

/estimator selection: an introduction Sylvain Arlot
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Penalization

. (12 2
me a;g;emn {n HFm - YH + pen(m)}

o Ideal penalty:

pen;qy(m) := % HF_’" - FH2 - % HrEm - YH2 = Risk — Empirical risk

e Mallows' heuristic: pen(m) ~ E [pen;q(m)]
= oracle inequality if Card(M) not too large
(4 concentration inequalities)

Model/estimator selection: an introduction Sylvain Arlot
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2
-r-d

Frn — FH2 + ||5||2 —2<IA-_,,, —F, 5>
E

2
m— F|| + el = 2(NmF = F, &) = 2(Mme, )

2
m = F|| + el = 24N + Mppe — F, &)

)




N

o' -

2
-

= B = F| + 1l ~ 2(Fn— . €)
= [[B— [ + el — 2(NmF 4+ e — F )

)

2
- m_FH +H8H2_2<an_F7 5>_2<n’"8’ €>
= Ideal penalty

pena(m) = - [F = A= L [Fo ¥

2 2 L, 2
= — I_lmF_F. — rlm 9 -
=X vy + — (Mme, &) =~ el
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|deal penalty and its expectation

= ldeal penalty

pena(m) = [ — [~ L o~ v
= 2 (MWF—F, o) + % (Mime, &) = = [lelf?

= Expectation of the ideal penalty

Elpenig(m)] = 2E[(MnF — F, )] + 2E[{lne, )] ~ +E[J|?)
202D, 5

= -0
n

——
Mallows" C,

Sylvain Arlot
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Towards theoretical guarantees: a key lemma

Let crit : M — R be any function (possibly data-dependent).
On the event Q on which, Vm,m" €¢ M

ritm) = = B = £| = [erittm) — £ [P =[]
< A(m) + B(m'),

we have, Vm € arg minmem{crit(m)},

i IRt b s )

Model/estimator selection: an introduction Sylvain Arlot
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Proof of the key lemma

For any m € M, we have
1~ 2
H

= crit(m) + % HI?;1 — FH2 — crit(m)

Model/estimator selection: an introduction Sylvain Arlot
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Proof of the key lemma

For any m € M, we have
1~ 2
H el
1~ 2
= crit(m) + - Han — FH — crit(m)

1~ 2
< crit(m) + - HFa - FH — crit(m)

Model/estimator selection: an introduction Sylvain Arlot



Proof of the key lemma

For any m € M, we have




Proof of the key lemma

For any m € M, we have
e
N 1=~ 2 P
= crit(m) + - Han — FH — crit(m)
< crit(m) + % H,?% - FH2 — crit(m)

o S [T e (Rt A s

< % |Fm - FH2 + A(m) + B(f)




Proof of the key lemma

For any m € M, we have
1~ 2
o P =l
= crit(m) + % Hlt_;1 — FH2 — crit(m)
< crit(m) + % H,?% - FH2 — crit(m)
e GO RIS B
< % |Fm - FH2 + A(m) + B(m)

hence

ol =rlF o < ot {7 o= rl s ).

meM
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Key lemma (reformulated)

Let pen : M — R be any penalty (possibly data-dependent).
On the event Q on which, Vm,m" €¢ M

[pen(m) — penjq(m)] — [pen(m') — pen;q(m")]
< A(m) + B(m'),

we have Vm € arg m|n { HF = YH + pen(m )}

meM

;H%_FH — B(@) < inf {nH?m—FH +A(m)}

Proof: take crit(m) = 1 Hlt'm - YH2 + pen(m). O

Model/estimator selection: an introduction Sylvain Arlot
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How to use the key lemma here?

@ Take pen(m) = E[pen;q(m)] (up to a translation).

@ Prove that Ym € M, pen;y(m) concentrates around its
expectation.

© Union bound over m € M (if Card(M) “small”).

© Apply the key lemma with A(m) o deviations of pen;y(m).

Model/estimator selection: an introduction Sylvain Arlot
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|deal penalty (reminder)

pena(m) = - [P A = 1 [P = v

2 1
— ; <r|mF - F7 €> + E <nm57 €> - ; H€H2

Model/estimator selection: an introduction Sylvain Arlot
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|deal penalty (reminder)

penia(m) = = [ — F[" = = |[Fn— v
- % (MuF — F, &) + % (Mme, ) — % l)®
@ Linear term:
2

. (MNmF —F, ¢) = mean = 0, Gaussian distribution

Model/estimator selection: an introduction Sylvain Arlot
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|deal penalty (reminder)

pena(m) = 1 [Fo— "= 1 [ v
2

2 1
= (N,F—F, &)+ . (Mme, €) — - H5H2

@ Linear term:
2
—(MpF —F,¢€) = mean =0, Gaussian distribution
n
@ Quadratic term:
202Dy,

2
— (Mpe, €) = mean = , X2 distribution
n n

Model/estimator selection: an introduction Sylvain Arlot
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|deal penalty (reminder)

pena(m) = 1 [Fo— "= 1 [ v
2

2 1
= (N,F—F, &)+ - (Mme, &) — . H€H2

@ Linear term:
2
P (MNmF —F, €) = mean =0, Gaussian distribution

@ Quadratic term:

2 202D o
n (Mme, €) = mean = T x? distribution
n
@ Constant term:
1 2 )
— ||| = can be discarded
n

Model/estimator selection: an introduction Sylvain Arlot
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Concentration of the ideal penalty (1): linear term

Proposition (Gaussian concentration)

If e ~ N(0,021,) and o € R", for every x >0,

P (|(e, )| < ov2xflal) > 1-2e7.

Model/estimator selection: an introduction Sylvain Arlot
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Concentration of the ideal penalty (1): linear term

Proposition (Gaussian concentration)
If e ~ N(0,021,) and o € R", for every x >0,

P (|(e, )| < ov2xflal) > 1-2e7.

= with probability > 1 — 2e™%, for every 6 > 0,

20/2 2x02
TN — Fl| < fuan—Fu%i

On

2
E|<I’ImF— F,e)| <

since 2ab < #a® +60~1b?> Va, b > 0,6 > 0.
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Concentration of the ideal penalty (1): linear term

Proposition (Gaussian concentration)
If e ~ N(0,021,) and o € R", for every x >0,

P (|(e, )| < ov2xflal) > 1-2e7.

= with probability > 1 — 2e™%, for every 6 > 0,

20/2 2x02
TN — Fl| < fuan—Fu%i

On

2
E|<I’ImF— F,e)| <

since 2ab < #a® +60~1b?> Va, b > 0,6 > 0.

@ Can be generalized to sub-Gaussian noise, see
arXiv:1901.07277 (Remark 1).
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Concentration of the ideal penalty (2): quadratic term

Proposition (see A. & Bach 2011 (arXiv:0909.1884), Proposition 6)
If e ~ N(0,0%1,) and M € M,(R), for every x >0,

P <y<a, Me) — o? tr(M)| < 2024/x tr (MT M) + 202 | M| x) >1-2eF.

Model/estimator selection: an introduction Sylvain Arlot
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Concentration of the ideal penalty (2): quadratic term

Proposition (see A. & Bach 2011 (arXiv:0909.1884), Proposition 6)
If e ~ N(0,0%1,) and M € M,(R), for every x >0,

P <]<a, Me) — a? tr(M)| < 2024/ x tr (MT M) + 202 | M| x) >1-2eF.

= with probability > 1 — 2e™*, for every § > 0,

%|<I’Im€, g) — %Dy < \/xD —1—40 X

Model/estimator selection: an introduction Sylvain Arlot
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Concentration of the ideal penalty (2): quadratic term

Proposition (see A. & Bach 2011 (arXiv:0909.1884), Proposition 6)
If e ~ N(0,0%1,) and M € M,(R), for every x >0,

P <y<a, Me) — o? tr(M)| < 2024/x tr (MT M) + 202 | M| x) >1-2eF.

= with probability > 1 — 2e™*, for every § > 0,

%|<I’Im€, g) — 0%Dp| < \/XD —1—40 X

62D 4\ o2
<2 m+(4+>ax.
n 0) n
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Concentration of the ideal penalty (2): quadratic term

Proposition (see A. & Bach 2011 (arXiv:0909.1884), Proposition 6)
If e ~ N(0,0%1,) and M € M,(R), for every x >0,

P <y<a, Me) — o? tr(M)| < 2024/x tr (MT M) + 202 | M| x) >1-2eF.

= with probability > 1 — 2e™*, for every § > 0,

%|<I’Im€, g) — 0%Dp| < \/xD —1—40 X

902Dm ( 4>a2x
< +(4+-)—.
n 0) n

@ Can be generalized to sub-Gaussian noise, see
arXiv:1901.07277 (Remark 1).
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Concentration of the ideal penalty: summary

e With probability > 1 — 4e™*, for every 6 > 0,

LT Lo 2
pena(m) + 1 eI = B penig(m) + <]

0 2x0% 002D 4\ o
< —|INF = 2+ =+ = "’+(4+>UX

0) n
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Concentration of the ideal penalty: summary

e With probability > 1 — 4e™*, for every 6 > 0,

LT Lo 2
pena(m) + 1 eI = B penig(m) + <]

2 2 2
L ALY P L
n fn 6) n
1)~ 2 4 2
:HE“)Fm—FMJr(m)XU
n 6) n

Model/estimator selection: an introduction
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Concentration of the ideal penalty: summary

e With probability > 1 — 4e™*, for every 0 € (0, 1),

1. 1
pena(m) + 7 [l ~ Epenia(m) + 7 ¢l

2 2 2
< F - Fp2 4 2 0 D’”+(4+4>”
n On 0
1)~ 2 4 2
zeEHFm_FM+<6+)XU
n 0) n
0 1~ 2 xo2

Model/estimator selection: an introduction
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Concentration of the ideal penalty: summary

e With probability > 1 — 4e™*, for every 0 € (0, 1),

2
peng(m) + <] — E [penig(m) + 7 [

2 2 2 - 2
<IN F -2y 2 07 Om (4+4>”
n On 0
1)~ 2 4\ xo?
:HE[ |Fm = F| ] + <6+>XU
0/) n

6 1
<1 ga lFr
= end of step 2 (concentration of pen;q(m))

XU2
FH +L(0)— — =t A(m) =: B(m).

Model/estimator selection: an introduction
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Concentration of the ideal penalty: summary

e With probability > 1 — 4e™*, for every 0 € (0, 1),

1. 1
pena(m) + 7 [l = E|peniy(m) + <]

2 2 2
< F - Fp2 4 2 0 D’”+(4+4>”
n On 0
1~ 2 4 2
:OE[ |Fm—F| ] + <6—|—>XU
n 0) n
0 1~ 2 xo2

@ Step 3: union bound = with probability
>1—4Card(M)e >, V0 € (0,1), Ym,m' € M,

202Dy, 202D,y
[ - penid(m)] - [ - Pe“id(m,)]

< A(m) + B(m').

Model/estimator selection: an introduction
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Application of the key lemma (step 4)

e With probability > 1 — 4 Card(M)e™*, V0 € (0,1),

Vm € argmin{ HF — YH 20" D } )
meM

2 xo?

n

< 1_9,”'2L;HF i B0k

Model/estimator selection: an introduction Sylvain Arlot
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Application of the key lemma (step 4)

e With probability > 1 — 4 Card(M)e ™, V0 € (0,1),

Vm e argmin{ HF — YH 20" D } )

meM

(1- 29)1 H'Ea - FH2

X()'2

] N RET

Model/estimator selection: an introduction Sylvain Arlot
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Application of the key lemma (step 4)

e With probability > 1 — 4 Card(M)e™, V0 € (0,1/2),

Vm € argmin{1 Hl?m — YH2 + 202Dm} )
meM (N n

1 2(1 — 0)L(0) xo?
1—29n1|2.]/c\/lnHF _FH (1_;9())“;‘

Model/estimator selection: an introduction Sylvain Arlot
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Conclusion: oracle inequality for C,

Theorem (Birgé & Massart 2007, reformulated = Theorem 1 in
arXiv:1901.07277)

Assumptions: pen(m) = M%, i.i.d. Gaussian noise.
Then, for every x > 0, with probability at least 1 — 4 Card(M)e™*
for every 0 € (0,1/6),

’

HFA—FH (1+30) inf {1HﬁmFH2}+L/(9)U2X‘
meM (n n

oracle risk

Model/estimator selection: an introduction
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Conclusion: oracle inequality for C,

Theorem (Birgé & Massart 2007, reformulated = Theorem 1 in
arXiv:1901.07277)

Assumptions: pen(m) = M%, i.i.d. Gaussian noise.
Then, for every x > 0, with probability at least 1 — 4 Card(M)e™*
for every 0 € (0,1/6),

’

HFA—FH (1+30) inf {1HﬁmFH2}+L/(9)U2X‘
meM (n n

oracle risk

Generalization (arXiv:1901.07277): sub-Gaussian noise.
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Meaning of an oracle inequality

T —0— Approx. error
0.357 —»—Estim. error
——E[Risk]

0.3r

0.25

0.2

0.15

0.1

0.05

0 60
dimension D
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Prediction framework
[ ]

Outline

@ Introduction

© Fixed-design regression

© Model selection in fixed-design regression
@ General prediction framework

@ Estimator selection
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General prediction setting

e Data: D, = (X, Yi)ici<n € (X x )" assumed i.i.d. ~ P
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Prediction framework
@00

General prediction setting

e Data: D, = (X, Yi)ici<n € (X x )" assumed i.i.d. ~ P

@ Predictor: t: X — )Y
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Prediction framework
@00

General prediction setting

e Data: D, = (X, Yi)ici<n € (X x )" assumed i.i.d. ~ P

@ Predictor: t: X — )Y
new data X,41 ~ t(Xp+1) “predicts” Ypi1

@ Risk (prediction error): R(t) = E{c(t(X), Y)} where
(X, Y)~P
minimal for t = f* (Bayes predictor)
= Excess risk (t, f*) := R(t) — R(f*) = 0.
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@ Predictor: t: X — )Y
new data X,41 ~ t(Xp+1) “predicts” Ypi1

@ Risk (prediction error): R(t) = E{c(t(X), Y)} where
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minimal for t = f* (Bayes predictor)
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Prediction framework
@00

General prediction setting

e Data: D, = (X, Yi)ici<n € (X x )" assumed i.i.d. ~ P

@ Predictor: t: X — )Y
new data X,41 ~ t(Xp+1) “predicts” Ypi1

@ Risk (prediction error): R(t) = E{c(t(X), Y)} where
(X, Y)~P
minimal for t = f* (Bayes predictor)
= Excess risk (t, f*) := R(t) — R(f*) = 0.

e Goal: from D, only, find t with R(t) minimal.

@ More general setting possible, including density estimation
with LS or KL risk.
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Prediction framework
(o] lo}

Prediction setting: examples

@ Regression: YV =R
o least squares: c(y,y') = (y — y')?
= f*(X) = E[Y|X] and {(t, *) = E[(t(X) — £*(X))?]
o LPloss: c(y,y')=ly—y'|P.p=>1
o Huber loss (robustness):

cly,y') = {

(v —y')? if ly —y'| <90
(ly=y'1-9%) otherwise

< NI
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Prediction framework
(o] lo}

Prediction setting: examples

@ Regression: Y =R
o least squares: c(y,y’) = (y — y')?
= f*(X) = E[Y|X] and {(t, *) = E[(t(X) — £*(X))?]
o LPloss: c(y,y')=ly—y'|P.p=>1
o Huber loss (robustness):

oy [H-P fly—y| <5
’ s(ly=y'1-9%) otherwise

@ Binary classification: J = {0,1}
o 0-1loss: c(y,y’) =1y,

= (X) = lgivix>1/2
o convex losses (hinge, logistic, exponential, ...)

e Multi-class classification: ) = {0,...,M — 1}
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Prediction framework
ooe

Link with fixed-design regression

@ Random-design regression, least-squares loss:
Xi,..., X, iid.

o Fixed-design regression:
X1,...,X, deterministic
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Prediction framework
ooe

Link with fixed-design regression

@ Random-design regression, least-squares loss:
Xi,..., X, iid.
target: f*(X) =E[Y|X]

o Fixed-design regression:
X1, ..., X, deterministic
target (F(X)) <, = (E[YiIX)

1<i<n 1<i<n
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Prediction framework
ooe

Link with fixed-design regression

@ Random-design regression, least-squares loss:
Xy, Xy iid.
target: f*(X) =E[Y|X]
excess risk: ((t, ) = R(t) = R(f*) = E| ((X) — £(X))"|

o Fixed-design regression:
X1, ..., X, deterministic
target (f*(Xi))lg,’gn = (E[Y,‘X,])
excess risk: 251 (¢(X;) — £(X)))
s X U Xy, Xn )"

1<i<n
2

Sylvain Arlot
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Estimator selection
°

Outline

@ Introduction

© Fixed-design regression

© Model selection in fixed-design regression
@ General prediction framework

© Estimator selection
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Estimator selection
°0

Estimator selection

e Estimator collection (fr)mest = M(Dy)?
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Estimator selection
°0

Estimator selection

e Estimator collection (fr)mest = M(Dy)?

@ Examples:
e model selection
e parameter tuning (choosing k or the distance for k-NN, choice
of a regularization parameter, choice of a kernel, etc.)
e choice between different methods
ex.: k-NN vs. kernel ridge?

Sylvain Arlot
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Estimator selection
°0

Estimator selection

e Estimator collection (fr)mest = M(Dy)?

Examples:
e model selection
e parameter tuning (choosing k or the distance for k-NN, choice
of a regularization parameter, choice of a kernel, etc.)
e choice between different methods
ex.: k-NN vs. kernel ridge?

Goal: minimize the risk R (?%(Dn)(Dn))

Other possible goal: identify the “best” estimator (or the
“true” model)
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Estimator selection
oe

Approximation / estimation error decomposition?

@ No general decomposition of the risk between approximation
and estimation error
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Estimator selection
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Approximation / estimation error decomposition?

@ No general decomposition of the risk between approximation
and estimation error

@ Sometimes possible:
o empirical risk minimizer: £, € argmin,cs_ Ra(t)
o “linear” estimators (fixed-design regression)
o local averaging estimators
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Estimator selection
oe

Approximation / estimation error decomposition?

@ No general decomposition of the risk between approximation
and estimation error

@ Sometimes possible:
o empirical risk minimizer: £, € argmin,cs_ Ra(t)
o “linear” estimators (fixed-design regression)
o local averaging estimators

@ Always have to avoid overfitting and underfitting
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Estimator selection
€00000

Estimator selection: methods

@ Classical approach:

m(D,) € argmin{crit(m)}
meM
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Estimator selection: methods

o Classical approach:

m(D,) € argmin{crit(m)}
meM

@ Examples:

e penalization (Mallows' C,, AIC, BIC, structural risk
minimization, ...)

e cross-validation

o FPE, GCV, ...
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Estimator selection: methods

o Classical approach:

m(D,) € argmin{crit(m)}
meM

@ Examples:
e penalization (Mallows' C,, AIC, BIC, structural risk
minimization, ...)
e cross-validation
o FPE, GCV, ...

@ How to choose crit?
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Estimator selection
€00000

Estimator selection: methods

o Classical approach:

m(D,) € argmin{crit(m)}
meM

@ Examples:

e penalization (Mallows' C,, AIC, BIC, structural risk
minimization, ...)

e cross-validation

o FPE, GCV, ...

@ How to choose crit?
Idea: use the key lemma

Model/estimator selection: an introduction Sylvain Arlot



Estimator selection
000000

The key lemma (revisited)

Let crit : M — R be any function (possibly data-dependent).
On the event Q on which, Vm,m' €¢ M

{crit(m) -R (?m)} — {crit(m’) -R <?m/>}
< A(m) + B(m'),

we have Vm € arg minmen{crit(m)},

((F5.F*) = B(A) < mig}‘w{ﬁ(?m,f*) + A(m) }
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Proof of the key lemma

For any m € M, we have
R (%)
= crit(m) + R (f;) — crit(m
Lcritf(m)+ R (fA) crit(m
=R ( ) + crit(m)—R (?m) +R (?a) — crit(m)
<R (Fn) + A(m) + B(m)

/-\

hence




Proof of the key lemma

For any m € M, we have
R (%)
= crit(m) + R (F;) — crit(m)
Lcrit(m) + R (fA) crit(m
=R ( ) + crit(m)—R (?m) +R ( ) — crit(m)
<R (Fn) + A(m) + B(m)
hence

R (f;) - B(#

)
and e(?a, f*) — B(m




Estimator selection
000000

Application 1: unbiased risk estimation

VYme M, E[crit(m; D,)] = E[R <?m(Dn))}

e Examples: Cp, AIC, cross-validation, FPE, ...
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Estimator selection
000000

Application 1: unbiased risk estimation

VYme M, E[crit(m; D,)] = E[R <?m(Dn))}

e Examples: Cp, AIC, cross-validation, FPE, ...
@ Concentration inequalities + M “not too large”
= with a large probability, Vm, m" € M,

[crit(m) = R (Fn)] = [crit(m') = R (For )| < A(m) + B(m),
with A(m) = B(m) < 616(?,,,, f*) +eé.
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Estimator selection
000000

Application 1: unbiased risk estimation

VYme M, E[crit(m; D,)] = E[R <?m(Dn))}

e Examples: Cp, AIC, cross-validation, FPE, ...
@ Concentration inequalities + M “not too large”
= with a large probability, Vm, m" € M,

[crit(m) = R (Fn)] = [crit(m') = R (For )| < A(m) + B(m),
with A(m) = B(m) < 616(?,,,, f*) +eé.
o If ¢g <1, by the key lemma

() < 12 ot L0} + 125

= oracle inequality, firsAt—order optimal if e < 1 and
€ K infmeM{E(f*, fm(Dn))}

Sylvain Arlot
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Estimator selection
000000

Application 2: upper bound on the risk

VmeM,  crit(m;Dy) > R (fn(D))  (or €(Fn(Da). F*))

(with a large probability)
@ Examples: BIC, structural risk minimization, ...
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Application 2: upper bound on the risk

VmeM,  crit(m;Dy) > R (fn(D))  (or €(Fn(Da). F*))

(with a large probability)
@ Examples: BIC, structural risk minimization, ...
@ Then, Vm,m € M,

{crit(m) -R (?m)] - [crit(m’) -R (?m/)} < A(m) + B(m'),
with  A(m)=0 and B(m) = crit(m) — R (fm(Dn)) -
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Estimator selection
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Application 2: upper bound on the risk

VmeM,  crit(m;Dy) > R (fn(D))  (or €(Fn(Da). F*))

(with a large probability)
@ Examples: BIC, structural risk minimization, ...
@ Then, Vm,m € M,

{crit(m) -R (?m)] - [crit(m’) -R (?m/)} < A(m) + B(m'),
with  A(m)=0 and B(m) = crit(m) — R (fm(Dn)) -
o By the key lemma

o(F ) < njgf\/{{ﬂ(?m(Dn),f*) + B(m)}

= oracle inequality, interesting if B(m) small enough.
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Estimator selection
00000@

Estimator selection by penalization

c(t(Xi), i) (empirical risk)

S|
3
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Estimator selection
00000@

Estimator selection by penalization

c(t(Xi), i) (empirical risk)

S|
3

o Ideal penalty:

penyg(m; D) == R(?m(D,,)) ~ R, (?m(D,,)) .
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Estimator selection
00000@

Estimator selection by penalization

Vme M, crit(m; D) = R (?m(Dn)> + pen(m)
. 1.0
=23 ), Yi irical risk
where Rn(t) n 2 c(t(Xi), i) (empirical risk)

o Ideal penalty:
pen,y(m; Dp) == R(?m(D,,)) — R, (?m(D,,)) .

@ Unbiased risk estimation
& Vme M, E[pen(m; D,)] =~ E[pen;q(m; Dy)].
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Estimator selection
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Estimator selection by penalization

Vme M, crit(m; D) = R (?m(Dn)> + pen(m)
. 1.0
=23 ), Yi irical risk
where Rn(t) n 2 c(t(Xi), i) (empirical risk)

o Ideal penalty:
pen,y(m; Dp) == R(?m(D,,)) — R, (?m(D,,)) .

@ Unbiased risk estimation
& Vme M, E[pen(m; D,)] =~ E[pen;q(m; Dy)].

@ Upper bound on the risk
& Vme M, pen(m;D,) > peny(m; Dp).

Model/estimator selection: an introduction Sylvain Arlot
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