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Abstract

This text is based on lecture notes for a specialized course that I taught at Orsay in most
years between 2014 and 2021, as part of the second-year Master’s (Master 2) programme
“Analyse, Arithmétique, Géométrie” (AAG). Its purpose is to introduce the methods of
metric number theory that describe the size and structure of sets arising in Diophantine
approximation, with particular emphasis on Hausdorff measures, dimension, and large
intersection properties.

We begin with elementary Diophantine approximation and continued fractions, and
develop the measure theoretic tools needed to study exceptional sets. The first applications
concern the Jarnik-Besicovitch theorem, the typical behavior of continued fraction expansions,
and prescribed digit frequencies. We then study homogeneous ubiquity, eutaxic sequences,
optimal regular systems, and transference principles. These methods lead to a description
of approximation sets in terms of gauge functions and their behavior under countable
intersections.

The applications include homogeneous and inhomogeneous approximation, approxima-
tion by algebraic numbers, and random coverings. The final chapter introduces Schmidt’s
game and its application to badly approximable points. Throughout, we seek to explain
the constructions and arguments that connect these topics, rather than merely state their
dimensional consequences.

The present version corrects several errors in the previous text, while retaining the scope
of the original lectures. It does not attempt to account for developments in the subject since
the course was last taught.
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CHAPTER 1

Elementary Diophantine
approximation

1.1. Very well approximable numbers

Diophantine approximation is originally concerned with the approximation of real numbers
by rational numbers or, more generally, the approximations of points in R? by points with
integer coordinates. The first result on this topic is due to Dirichlet and is a simple consequence
of the pigeon-hole principle. In the statement, | - | stands for the supremum norm in R,

Theorem 1.1 (Dirichlet, 1842). Let us consider a point x € R*. Then, for any integer Q > 1, the
system

{ 1<g<Q?
9% = Pl <1/Q
admits a solution (p, q) in Z% x N.

Proof. As mentioned above, this is an illustration of the pigeon-hole principle. Let us consider
the points

0,1,{x}, {2x},...,{(Q% = D)x},

where { - } denotes the coordinate-wise fractional part, and 1 is the point whose all coordinates
are equal to one. These points all lie in the unit cube [0, 1]¢, which we may decompose as the
disjoint union over uy, ..., ugz € {0,...,Q — 1} of the cubes

ﬁ[ﬂ u,-+1>
Q" Q [’

i=1

where ) stands for the symbol ] if u; = Q — 1, and for the symbol ) otherwise; in other words,
the interval is closed if and only if u; = Q — 1.

There are Q% such subcubes, and Q% + 1 points. Thus, the pigeon-hole principle ensures
that there is at least one subcube that contains two of the points. As a result, there exist either
two distinct integers 1 and r, between zero and Q7 — 1 such that {r;x} and {r,x} are in the
same subcube, or one integer r, between one and Q7 — 1 such that {rx} and 1 belong to the
same subcube. In both cases, we deduce that there exist two integers r; and r; satisfying
0<rn<mn< Qd, and two points with integers coordinates s; and s in 74 such that

1
|(r1x = s1) = (r2x = 52)|o < Q'

The result now follows from letting g = 1, — 11 and p = s, — 57. O
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Theorem 1.1 means that the d real numbers x1, . . ., x4 may simultaneously be approximated
at a distance at most 1/Q by d rational numbers with common denominator an integer less
than Q¢, namely, the rationals p1/q, ..., pi/q. In what follows, P; is the set defined by

Py ={(p,q) € Z°xN| ged(p, q) = 1},

where gcd(p, q) denotes the greatest common divisor of g and all the coordinates of the
integer point p.

Corollary 1.1. For any point x € R? \ Q“, there exist infinitely many pairs (p, q) € P such that
14 1

X—E(x)<q1+—1/d.

Proof. For any point x € R? \ Q% let us consider the set

p 1
X E‘m < q1+1/d}

q<Qdand|qx—Plo<)Sé}-

Ex = {(p,q) €Py

and, for any integer Q > 1, the set

aer:%%WezﬁxN

Theorem 1.1 ensures that the sets £,(Q) are all nonempty. Moreover, the mapping (p, q) —
(p,q)/gcd(p, q) sends the sets E,(Q) into Ey, and reduces the value of [gx — p|w. Thus,

1
inf |gx —ple < Inf |gx —pleo < =.
E =P (p.9)€E(Q) op Q

Letting Q — oo, we deduce that the infimum of |[gx — p| over (p, q) € E, vanishes. Since at
least one coordinate of x is irrational, this implies that &, is necessarily infinite. ]

Corollary 1.1 ensures that for any point x € R?, the Diophantine inequality |x — p/gle <
1/q™1/4 holds infinitely often. In other words, the set

p

X — —

[s¢]

hﬂ={xeRd

< % forim. (p,q) € 29 x N} (1.1)

is equal to the whole space R? as soon as 7 < 1+ 1/d. In the above formula, i.m. stands
for “infinitely many”. Note that the mapping t + J; ; is nonincreasing; this enables us to
introduce the following definition.

Definition 1.1. Let us consider a point x € R? \ Q?. The irrationality exponent of x is defined by

t(x) =sup{t e R|x € i} =1+ % (1.2)
The point x is called very well approximable if its irrationality exponent satisfies
1
1+ -.
T(x) > 1+ ;

The set of very well approximable points is denoted by Well,.

It is clear from the above definition that the irrationality exponent reflects the quality
with which the points in RY \ Q¢ are approximated by those with rational coordinates: the
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higher the exponent, the better the approximation. Besides, observe that the set of very well
approximable points satisfies

Well; = ®\ QY0 | ) Jax (1.3)

>1+1/d

The main purpose of the metric theory of Diophantine approximation is then to describe
the size properties of sets such as J; ;, or generalizations thereof, in the case of course where
they do not coincide with the whole space R?. To this purpose, the most basic tool, but also
the less precise one, is the Lebesgue measure. As regards the specific case of the sets J; , and
their companion set Well;, we plainly have the following result. The Lebesgue measure in
R? is denoted by £ in what follows; we refer to Section 2.5 for its construction and its main
properties.

Proposition 1.1. The set Well, of very well approximable points has Lebesgue measure zero, that is,
L4(Welly) = 0.
Equivalently, we also have

VT>1+ % L%J4.) = 0.

Proof. The proof is elementary, and amounts to using an appropriate covering of the set J; ..
To be specific, for any integer Q > 1, we have

]d,”[ ﬂ [0/ 1]d g U BDO (%/ ql_,[) 7
d

92Q pe{0,...,q}

where B, (x, r) denotes the open ball centered at x with radius r, in the sense of the supremum
norm. As a result,

d
La.0[0,1% < > (g +1) (3)
q=Q 1

The above series clearly converges when 7 > 1+ 1/d. Letting Q — oo, we deduce that the
Lebesgue measure of J; . N [0, 1]¢ vanishes. The set Ja,« being invariant under the action of
74, its Lebesgue measure thus vanishes in the whole space.

To establish that the set Well; has Lebesgue measure zero as well, it suffices to observe
that the union in (1.3) may be indexed by a countable dense subset of values of 7, because
of the monotonicity of the sets J; . with respect to . More precisely, letting for instance
T, = (1 +1/d) + 1/n, we may write that

L(Welly) < £ (U ]d,u,) < Z L(Ja,,) =0.
n=1

n=1

Finally, knowing that Well; has Lebesgue measure zero, we can easily recover the fact that
the sets J;,., for T > 1+ 1/d, all have Lebesgue measure zero as well. It suffices to make use
of (1.3) again, and to recall that the set Q¢ of points with rational coordinates is countable and
therefore Lebesgue null. m]

It readily follows from Proposition 1.1 that, in the sense of Lebesgue measure, the
irrationality exponent is minimal almost everywhere, that is,

for £%-ae. x e R*\ Q° T(x) =1+ !

L (1.4)
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where a.e. means “almost every”. Moreover, as shown by Proposition 1.1, describing the size
of the sets J; . in terms of Lebesgue measure only is not very precise, as we just have the
following dichotomy:

1<1+1/d = LY RI\]Js.)=0
t>1+1/d = L%Ji.)=0.

A standard way of giving a more precise description is then to compute the Hausdorff
dimension of the set J; ,; this will be performed in Section 3.1 below.

1.2. Continued fractions

Throughout this section, we consider the one-dimensional case, thus assuming that d = 1.
In that situation, we know from Corollary 1.1 that an arbitrary irrational number x may be
approximated with precision at most 1/4% by a sequence of rationals p/g; the optimal rational
approximates p/q of x may then be computed through the continued fraction algorithm that
we now discuss. The material developed in this section is very classical; our main references
are [24, Chapter 3] and [55, Chapter 1].

1.2.1. Continued fraction expansions

1.2.1.1. Synthesis: from partial quotients to continued fractions. Let ap be a nonnegative
integer and, for any n € N, let a,, be a positive integer. The continued fraction associated with
the sequence (a,,),>0 is defined by

[ag;a1,a2,a3,...] = ao + : (1.5)

ap +
1

a+...

ap +

At the moment, this definition is purely formal; we shall give it a rigorous sense later, see (1.12).
In addition, we shall consider the finite fraction associated with the integers ao, . . ., a,, namely,

[ag;a1,az,...,a,] =ag+ ) (1.6)

ay—1 + —
an

In particular, using the above notation, we clearly have, for any choice of the integers ao, . . ., a,,
1

lay; a2, ..., a,]

The integers a, are called the partial quotients of the continued fraction. Moreover, the

irreducible rational numbers p, /g, defined by

Z_n = [aO;a1/a2/"'/an] (17)

[ao;al,az,...,an] =ap+

are called the convergents of the continued fraction. The next lemma gives an expression of
the numerator and the denominator of the convergents in terms of the partial quotients.
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Lemma 1.1. For any nonnegative integer ag, and any sequence of positive integers ay,az, . . ., the
irreducible rational numbers p,, /g, defined by (1.7) satisfy

Pn Pn-1) _ (a0 1) (a1 1} (an 1
T ) 0s
with the convention that p_1 =1, q-1 =0, po = ap and g0 = 1.

Proof. The lemma may be proven by induction. In view of the adopted conventions, the

formula (1.8) is clearly true for n = 0. Moreover, let us assume that (1.8) holds up ton = m,

regardless of the choice of the m + 1 integers ay, . . ., a,,. Then, let us consider m + 2 integers

denoted by ay, . . ., 4,,+1; we need to prove that (1.8) holds for these integers, and for n = m + 1.
To this end, let us apply (1.8) to the m + 1 integers a1, ..., an4+1. Thus,

popy_(m 1)  (ama 1
g ¢) \1 0 1 0J

where p/q and p’/q’ respectively denote the irreducible rational numbers equal to
[ai;az,...,am41] and [aq;ay, ..., a,]. On the one hand, we deduce that

ap 1y fams 1\ _fao 1\ (p p’\_(aop+q aop’+q’
10 1 0/ \1 0oJ\g ¢q) p 4 '

On the other hand, app + g and p are coprime, and their quotient is equal to

+
aop q:ao+g=u0+ 1

= |ag;a1,...,4 .
[a1;a2, .., Ams1] [ao; a1, ..., ams1]

Likewise, app’ +q’ and p’ are coprime and their quotient is equal to the fraction [ag; a1, . . ., Ay ].
This means that (1.8) holds for n = m + 1, with the integers ao, . . ., 1. ]

It directly follows from (1.8) that for any integer n > 0,
Pn+1  Pn — Pn Pn-1 An+1 1
Gn+1  qn n  qn-1 1 0}’
from which we deduce the next recursive formulas for the convergents:

{ Pn+1l = Au+1Pn + Pn-1

dn+1 = An+19n + gn-1-

(1.9)

In particular, since a, > 1 for all n > 1, it is easy to establish by induction that the numerators
pn and the denominators g, of the convergents are at least 201=2)/2 for all integers n > 1.
Furthermore, taking the determinant in (1.8), we readily obtain

Pnn-1— Pn-1qn = (1", (1.10)
so that :
_1\n+
Pn_Pn1_ D™ (1.11)
qn qn-1 Gn-19n
As a result, the convergents p,, /g, have a finite limit when n — oo, namely,
&) _1)n
lag;a1,a2,...,a4,] = Pr ————>ao+zu. (1.12)
gn n—ooo = Anqdn+1

This means that the formula (1.5) is not merely formal, but defines a true real number that
corresponds to

[S¢]

—1)"
x = ag;a1,az,as,...] = a0+Z (-1) .
=0 Indn+1
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Then, [ag; a1,az,a3, .. .] is called the continued fraction expansion of x.

Note that the above series converges because it satisfies the alternating series test. Indeed,
itis clear that the sequence (4, 4n+1)n>0 monotonically diverges to infinity. (In fact, the series is
also absolutely convergent, since 4,41 > 2132 forall n > 1.) Thus, the even terms pa, /qom
increase to x, while the odd terms pay,+1/92m+1 decrease to x, and moreover

Pn

X - —

1 1
<= (1.13)
qn

Vn > 0 57
q;ﬂ]n+l qn

<

where the latest inequality is due to the fact that the sequence (4, ),>0 is nondecreasing. This
means that the convergents of the continued fraction expansion of x yield a sequence of
irreducible rational numbers p,, /g, that approximate x with an error smaller than 1/42. This
is clearly in accordance with Theorem 1.1.

Note in passing that x is necessarily irrational. As a matter of fact, let us assume that x
can be written as an irreducible fraction of the form p/g. Then,

VYn >0 lPgn —pnql < i
dn

Thus, as g, — oo, the integer pg,, — p,q necessarily vanishes for n large enough. In view of
the coprimeness of p and ¢, and that of p, and q,, this implies that p, = p and g, = g for
n large enough, which contradicts the fact that g, — oo. We shall show in Section 1.2.1.2
below that, conversely, any irrational real number has a continued fraction expansion, and
this expansion is unique.

1.2.1.2. Analysis: continued fraction expansion of an irrational number. Let us begin by
establishing the uniqueness of the continued fraction expansion; this is the purpose of the
next proposition.

Proposition 1.2. The following mapping is injective:
No x N — (0, )

(an)‘rlZO — [QOI ai,az,as, .. ']-

Proof. Note that a continued fraction expansion is clearly always positive, and recall the
inductive relation
1 1

— —gy+
[a1;a2,a3,...] 1

al+ ——
[112,‘113,. . ]

lao;a1,a2,a3,...] = a9+

Thus, letting x denote the left-hand side above, we have

1
apg<x<a+—=<ap+1,
ai

so that x uniquely determines a9. Applying the above argument to

1
lai;a2,a3,...] = ,
X —ag

we deduce that x also uniquely determines a;. We can clearly iterate this procedure; this
shows that x uniquely determines all the integers a,,. m]

The procedure employed in the above proof suggests a way of computing the continued
fraction expansion of a given irrational number. Let us first consider the irrational numbers
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between zero and one. Specifically, let us define the set X = [0,1) \ Q and the mapping T
from X onto itself given by

T(x) = {%} (1.14)

for all x € X. The mapping T is called the Gauss map, or continuous fraction map. The Gauss
map enables one to compute the continued fraction expansion of an irrational number in X.
As a matter of fact, for any irrational number x € X and any integer n > 1, let us define

an(x) = {T—;l(x)J , (1.15)

where | - | denotes integer part. Moreover, for any sequence (a,),>1 of positive integers, let

[a1,a2,...] =[0;a1,4az,...];

this is merely the continued fraction defined by (1.5) with partial quotient a9 equal to zero,
and thus belonging to [0, 1). We then have the following result.

Proposition 1.3. For any irrational number x € X, we have the following continued fraction
expansion

x = lai1(x), ax(x),...].

Proof. Let us prove by induction on n > 0 that for any irrational x € X,

[a1(x), ..., a20(x)] < x < [a1(x), ..., a2p41(x)]. (1.16)

When n = 0, this amounts to proving that 0 < x < 1/a1(x), which readily follows from the
definition of a1(x). Let us suppose that the result holds for a given integer n > 0 and for all
x € X. Then, applying this result to T(x) instead of x, we obtain in particular

T(x) < [a1(T(x)), . .., az2n41(T(x))],

which gives

S () < [0, ey (0],
that is,
x > [ay(x),. .., axmus1)(X)];
this is the lower bound in (1.16) with n + 1 instead of n. Replacing x by T(x) again in the
above inequality, and repeating the procedure, we also get
x <[ay(x),..., axm41)41(2)],

which is the upper bound in (1.16) with n + 1 instead of n. Finally, (1.16) holds for all n > 0
and all x € X. To conclude, it suffices to recall that the both bounds in (1.16) both converge to
the continued fraction [a1(x), a2(x), .. .]. O

We may now give the continued fraction expansion of an irrational number that does not
necessarily belong to the interval [0, 1). If x denotes a positive irrational number, its fractional
part {x} then belongs to X, and we may extend (1.15) by letting

an(x) = an({x})
for any integer n > 1. In addition, let us define a(x) as the integer part | x]. We now deduce
that
x = |x]+{x} = ao(x) + [a1(x), a2(x), . . .] = [ao(x); a1(x), a2(x), . . .], (1.17)
as an immediate consequence of Proposition 1.3.
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1.2.2. Implications for Diophantine approximation

1.2.2.1. Better rational approximants. Let x be an irrational number with continued fraction
expansion [ag;a1,4az,...] as above and let p,/g, denote the corresponding convergents,
defined by (1.7). Due to (1.13) and in accordance with Theorem 1.1, these convergents yield
a sequence of irreducible rational numbers p,, /g, that approximate x with an error smaller
than 1/42. This property can be improved by the next two results.

Proposition 1.4 (Vahlen, 1895). Let x be an irrational number with continued fraction expansion
lao; a1,az,...], and let p,, /q, denote the corresponding convergents. For any fixed integer n > 0, at
least one among the two convergents py [qn and ppi1/qn+1 satisfies

S
9] 29
Proof. We begin by observing that
AR P s ) (1.18)
In+1 In qn+1  qn

In fact, as the convergents tend to the limit x in an alternating manner, the three terms above
all have the same sign, so that we can remove the absolute values around them, thus ending
with a trivial equality. If g4, = g,+1, then both denominators are equal to one, and the sum
in (1.18) is equal to one. Since x is irrational, the two summands cannot both be equal to 1/2,
so at least one is smaller than 1/2. We may therefore assume that g, < g,+1. Using (1.11) and
the fact that uv < (u? + v?)/2 for any distinct real numbers u and v, we deduce that

1 1 1
<

Pn+1
2 + 27
dnqn+1 2qn+1 an

dn+1

_ P
Gn

and the result follows. O

x|+ |x

Before stating the second improvement on the approximation property (1.13), let us point
out a useful relationship between a given continued fraction expansion x = [ag; a1, a2, .. .]
and its n-th tail defined by x,, = [ay; 4441, An+2, .. .]. For any k > 1, Lemma 1.1 ensures that

Pusk) _ (80 1) (an 1) (ana 1} (an+c 1) (1
gnek) L1 0 1 ofl1 o 1 0)lo
— Pn Pn-1 Pk—l(xn+1) pk—Z(xn+1) 1
dn  qn-1 Qk—l(xn+1) Qk—Z(xn+l) ’
where pr(x,+1)/gk(xn+1) denotes the k-th convergent to the (n + 1)-th tail. It follows that

Pk _ PrPi=1(Xn+1) + Prn-19k-1(Xn+1)
qn+k qnpk—l(xn+l) + qn—lf/Ik—l(xn+1) '

Letting k go to infinity, we finally deduce that

x = PuXn+1 + Pn-1

nXn+1 + qn-1 . (119)

This formula will come into play in the proof of the following improvement on (1.13).
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Proposition 1.5 (Borel, 1903). Let x be an irrational number with continued fraction expansion
lao; a1, a2, ...], and let p,, /q, denote the corresponding convergents. For any fixed integer n > 0, at
least one among the three convergents py [ qn, Pn+1/qn+1 and ppi2/qn+2 satisfies

p 1

X - — .
9] V542

<

Proof. Let x,,1 denote the (n + 1)-th tail of the continued fraction expansion of x. Then,
owing to (1.10) and (1.19), we have
PnXn+1 + Pn-1 _ (_1)n

= (1.20)

nX — Pun = qn n .
GnXn+1 + qn-1 nXn+1 + qn-1

As a consequence, letting §,, denote the ratio g,-1/4,, we have

1

nlgnX — pul = ——————-
5]|Qn P| xn+1+,3n

The proof now reduces to establishing that at least one among the three real numbers x;,.1+ 5,
Xn+2 + Pus1 and x,,43 + By is larger than V5.

Let us assume that x,,4+1 + , and x,42 + f,+1 are both bounded above by V5. Note that
Xp+1 = Ap+1 + 1/%,42 and, in view of (1.9),

1 qn+1 An+1qn + qn-1
= = =a,41 + Bu, 1.21
ﬁn+1 qn qn e ﬁn ( )
from which we deduce that 1/x,,42 + 1/4+1 = Xn+1 + pn. The supposed bounds on x,,41 + B
and x,12 + f,+1 then imply that

1:xn+2'x1 <(‘/§—ﬁn+1)(\/5 ! ),

n+2 B ﬁn+1

which means that the polynomial Z2 — V/5Z + 1 takes a nonpositive value when evaluated
at fu+1. In particular, f,41 is larger than or equal to the smallest root of this polynomial.
However, 3,41 is rational, so the inequality is strict, specifically,

V5-1
——

,Bn+1 >

Likewise, assuming that x,,42 + f+1 and x,,4+3 + fu+2 are both bounded above by /5 leads to
the same lower bound on f,,4+2. Using (1.21) with n + 1 instead of 1, along with the above
bounds, we then conclude that

L,

2 V5-1
1<ay2= _ﬁn+1 < - =

1
ﬁn+2 \/5 -1 2

which is a contradiction. m]

The next result shows that, conversely, an approximation result that beats (1.13) is
necessarily realized by some convergent.
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Proposition 1.6 (Legendre). Let x be an irrational real number with continued fraction expansion
lag; a1, a2,...], and let p, /q, denote the corresponding convergents. Then, for any pair of coprime
integers (p, q) € P,
< 1 = dn >0 P P_n

297 q

Proof. Let (p, q) denote a pair in P; such that |x — p/q| < 1/(2¢%). If g = 1 and p < x, then
p = |x] = ao, so p/q is the zeroth convergent. If g = 1and p > x,thenp =ap+1and {x} > 1/2,
so a1 = 1 and p/q is the first convergent. We may therefore assume that g > 2. Then, there
exist ¢ € {-1,1} and O € (0,1/2) such that

q q?

Moreover, it is easy to prove by induction on g that the rational number p /g has exactly two
finite continued fraction expansions, specifically,

p_co

P
E = [CO;C1/~ . ~1Ck] = [CO;C].I‘ ey Ck=1,Ck — 1/ 1]/

with k > 1 and cx > 2. Among these two representations, we may thus privilege that with
odd length if ¢ = 1, and that with even length if ¢ = —1. This yields a decomposition of the
form

p
_:[b;b/-”/bn]r
q 0,91

where by € Z, b1,...,b, € N and n > 0 is such that (-1)" = ¢. For k € {0,...,n}, let
7k /sk denote the convergents corresponding to the above continued fraction expansion. In
particular, r, /s, = p/q. As x is irrational, we may define

Tn-1— Sn-1X

SpX — Ty
Then, let us observe that, in view of (1.10),
€0 €0 P raw+ra Ty (="
Solving for w, we infer that
1 sy-
w=5- an 2-1=1

Furthermore, note that w is irrational, so we may consider its continued fraction expansion,
specifically,

w = [bn+1}bn+2/ . . ]

Since w is larger than one, all its partial quotients are positive. This means that we may
concatenate the continued fraction expansion of p/q with that of w, thereby recovering x. As
a matter of fact, owing to (1.19), we have

rn@w+7rp-1

[bo}bL e lbnrbn+1l .. ] =
Sy + Sy—1

As x is irrational, its continued fraction expansion is unique, see Proposition 1.2. In particular,
by =arforallk € {0,...,n}, sothatp/q =ru/sn = pn/qn. |
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1.2.2.2. The golden ratio and Hurwitz's theorem. The most simple example of continued
fraction expansion is certainly that of the golden ratio

=1 +2‘/5. (1.22)

Itis clear that ¢ —1is equal to 1/¢ and belongs to the interval (0, 1). Thus the partial quotients
of the golden ratio are all equal to one, that is, its continued fraction expansion is given by

1

1

1+...

Moreover, in view of (1.9) and the initial value of the convergents p, /g, one easily checks
that p, = fu+2 and g, = fu41 for all n > 0, where (f,)n>0 denotes the Fibonacci sequence,
defined by the recursive relation f,42 = fu+1 + fu, along with the initial terms fp = 0 and
f1 = 1. Itis then straightforward to establish Binet’s formula, namely,

(Pi/l _ (_¢)—I’l
V5
Hence, the convergents p, /g, to the golden ratio ¢ satisfy
1 1
Qn(Qnﬂb - Pn) = fn+1(fn+1§b - fn+2) = % ((_1)11 + ¢2n+2) .

As a consequence, we end up with

¢=[1,1,1,...]=1+
1+

Yn>0 fo=

pe (<D
9n 5q;
as n — oo. The next result shows that the same property holds for any irrational number
whose continued fraction expansion is ultimately constant equal to one.

¢ - (1.23)

Proposition 1.7. Given ag € Ny and (ay,...,ax) € Nk let x denote the irrational number with
continued fraction expansion [ag;ay,...,ax,1,1,...], and let p,/q, denote the corresponding
convergents. Then, as n goes to infinity,

I G Vi
9n 5q;

Proof. We adopt the same notations as in the proof of Proposition 1.5. In particular, recall
that (1.20) yields
="
Gn(qnX = pn)
where x,1 is (n + 1)-th tail of the continued fraction expansion of x, and 8, is the ratio
Gn-1/qn. Note that x,,41 is equal to the golden ratio ¢ when n > k. Furthermore, 8, satisfies
1 qn

ﬁ_n = Jn-1 = [an}an—lr cee /al]/

so that, for n > k + 1, the first n — k partial quotients in this finite expansion are equal to one,
and 1/, is between the two convergents of the form [1;1, ..., 1] whose lengths are n — k — 1
and n — k. These convergents both tend to ¢ as n — co. Finally,

= Xp41 + ﬁn/

1
xn+1+ﬁnn—>ﬁb+$:\/§,

and the announced result follows. O
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The above results lead to the following optimal refinement of the corollary to Dirichlet’s
theorem, namely, Corollary 1.1 in the one-dimensional case.

Theorem 1.2 (Hurwitz, 1891). For any irrational number x, there are infinitely many pairs

(p, q) € Py such that
=Pl 2

9] V5g2

Moreover, this property does not hold when /5 is replaced by any larger constant.

<

Proof. The first part of the theorem readily follows from applying Proposition 1.5 to the
absolute value of x. In order to prove the optimality of the constant, let us assume that the
inequality holds for all irrational number x and infinitely many pairs (p, q) € P, with \5
replaced by some larger constant A. In particular, applying this to the golden ratio yields an
infinite number of coprime integers p and g such that |¢ — p/q| < 1/(Ag?). However, A is
larger than two, so Proposition 1.6 ensures that p/q is a convergent to ¢. Thus, there exists an
increasing sequence (11x)r>1 of nonnegative integers such that

1

<
Aqy,

(P__

‘ Py
Gy

for all k > 1; this contradicts (1.23). O

For any real number x, let us define the exponent

x(x) = liminfq 9|, (1.24)
q—)oo

where ||y|| denotes the distance from a real y to the integers, that is, the infimum of |y — p|
over all p € Z. Note that x(x) clearly vanishes when x is rational; we shall see in Section 1.3
that this exponent also characterizes the badly approximable numbers. Moreover, Theorem 1.2
implies that «(x) is bounded above by 1/v/5, and its proof shows that the bound is attained
by the golden ratio. Thus,

sup k(x) = !

e B
In fact, Proposition 1.7 shows that the irrational numbers with continued fraction expansion
ultimately equal to one also satisfy (1.23); this implies that they also attain the above bound.
Furthermore, Hurwitz showed that the bound is attained by these numbers only; in fact,
every irrational number x with infinitely many partial quotients strictly greater than one
satisfies x(x) < 1/V8, see [55, Theorem 6C].

1.2.2.3. Optimality of the convergents. The convergents p,/q, yield the optimal rational

approximants to the irrational number x in the sense of Theorem 1.3 below. The proof of this
result calls upon the following simple lemma.
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Lemma 1.2. Let x be an irrational number with continued fraction expansion [ag; a1, az, . . .], and let
Pn/qn denote the corresponding convergents. Then, the sequence (|q,x — pul)nzo is decreasing.

Proof. In view of (1.11) and (1.13), we can deduce from (1.18) that

1 P
Anqdn+1 dn
the latest equality follows from the recursive formula for q,,. As a,4, is greater than or equal

to one, this readily implies that

1 3 1 _ Yn+2—qn _ Ap42
nqgn+1 n+19n+2 Andn+19n+2 Anqn+2 ’

> >

<|gnx = pul < (1.25)

qn+2 In+1 .
The result follows. |

We are now in position to show the optimality of the rational approximants supplied by
the convergents.

Theorem 1.3 (Lagrange, 1770). Let x be an irrational number with continued fraction expansion
[ag; a1,az,...], and let p, /q, denote the corresponding convergents. Then, for any integer n > 1 and
any pair (p, q) € Py such that 0 < q < qy,

P _ Pn
- =— or x — <lgx - p|.
7 lgnx = pnl <lqx —pl
In the latter case, we also have
dn q

Proof. We begin by dealing with the elementary case where q = gq,,. In that situation, if
p/q # pn/qn, we deduce from (1.13) and the fact that g,,+1 > 2 that

4 E_P_n_‘x_P_n LIS SN S
q q  qn Gn|  qn  qnqn+1 29n  Gunqn+

which gives |gx — p| > |g,x — pal.

Let us now assume that ,-1 < g < g,. There are two integers a and b in Z such that

o 5] G- ()

Indeed, the above matrix has integer-valued entries and determinant +1, so its inverse exists
and also has integer-valued entries. Note that the integers a and b are nonvanishing, as we
would have q € {g,-1, .} otherwise. Moreover, q = aq, +bg,-1 < g, so that a and b must be
of opposite signs. This is also the case of q,x — p,, and g,—1x — p,—1, because the convergents
tend to x in an alternating manner. Thus, the products a(g,x — p,) and b(gn-1x — pu—1) are of
the same sign; their sum is equal to gx — p, and is also of the same sign. Therefore,

Pn

X — —

qn

X—=—|2

>

7

|67x - P| = |a(an - pn)l + |b(%—1x - Pn—l)l > |an - Pnl
Thus, we have proven the result for any integer n > 1 and any integers p and g such that
ged(p,g) =1and g,-1 < g < qp.
It remains to consider the smaller denominators. Let us assume that n > 2 is fixed, and
that g,, < g < qm+1 for some integer m € {0, ..., n —2}. Then, applying what precedes with
m + 1 instead of n, we deduce that for any integer p such that gcd(p, ) = 1, we have either

p _ Pm+1

q Gm+1

or  |qm+1X — pm+1l < lgx - pl.
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Given that 0 < m + 1 < n, we now deduce from Lemma 1.2 that

|gnx = pul < |gme1X = pmsa| < |lgx = pl.

Finally, it remains to address the case where g = qo = 1. If g1 = 1, then we may use the
beginning of the present proof to infer that

p#p = lgx — pl > lq1x — pl,

so the result holds for n = 1. In particular, regardless of the value of p, the large inequality
holds and Lemma 1.2 implies that for n > 2 and for any p,

|9x = pl 2 1q1x = p1l > |qnx = pal.
If g1 > 1, then for any integer p # po, making use of (1.13), we have

Po 1 1 1 Po
x=plzlp-—pol-|x——|>1-—2=2 22— >|x——|=|q0x — pol,
l9x = pl = |p = pol 7 n2270 70| = 190% = ol
so that regardless of the value of p, the left-hand side is greater than or equal to the right-hand
side. The result follows from Lemma 1.2. m]

1.2.2.4. Characterization of the irrationality exponent. Recall that, according to Definition 1.1,
the irrationality exponent of an irrational real number x is defined as the supremum of all
reals 7 such that the inequality |x — p/q| < 4”7 has infinitely many solutions (p, q) € ZxN. In
addition, due to Corollary 1.1, the irrationality exponent of an irrational number is bounded
below by two. The following result shows that the irrationality exponent directly depends on
the growth rate of the denominators of the convergents.

Proposition 1.8. Let x be an irrational number with convergents p,/qn. Then, the irrationality
exponent of x satisfies

log g
7(x) =1+ limsup ngqqﬂ'
n—00 n

Proof. The right-hand side is clearly bounded below by two. Thus, in order to prove the
upper bound on 7(x), we may assume that 7(x) > 2. Then, for any real number 7 strictly
between two and 7(x), there are infinitely many pairs (p, q) € P; such that

Owing to Proposition 1.6, each of these rationals p/g actually corresponds to a convergent
Pn/qn. Now, it follows from (1.11), (1.13) and (1.18) that

iT > x — P > ! - ! 2 ! .

In Gu|  Gndn+1  Gue1qns2 2qnGn+l
For the last inequality, we used the fact that 4,12 > 24, owing to (1.9). We straightforwardly
infer that

log2 +log gn+1

log g,
for infinitely many integers n > 1, from which we deduce that 7(x) — 1 is bounded above by
the upper limit of log g,,+1/log gx.

For the lower bound, let us consider a real number 7 such that 7 — 1 is smaller than the
aforementioned upper limit. Then, one easily checks that g,.+1 > &' for infinitely many
integers n > 1. We finally make use of (1.13) to conclude that 7 < 7(x), and the result
follows. O

T<1+
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Thanks to the recursive relation on the denominators of the convergents, we may give an
alternate expression to that given above, specifically,

log a1

7(x) =2+ limsu .
o log gy
This is actually a direct consequence of Proposition 1.8, together with the observation that
gn+1 is between a,,119, and 24,419, owing to (1.9).

1.3. Badly approximable points

1.3.1. Definition and first properties

This section is devoted to the study of a class of points that are very particular from the
perspective of Diophantine approximation: the badly approximable points, which are defined
as follows.

Definition 1.2. A point x € R? is called badly approximable if the following condition is

satisfied:
e

> .
- q1+1/d

P
7o
The set of badly approximable points is denoted by Bad,. In dimension d = 1, the badly

approximable points are called badly approximable numbers.

de >0 V(p,q)€Z'xN

As the name seems to indicate, the elements of Bad, are badly approximated by the points
with rational coordinates. Indeed, the irrationality exponent, introduced by Definition 1.1,
satisfies

1
Vx € Bady (x) =1+ rE

This means that the points in Bad, attain the bound imposed by Dirichlet’s theorem and its
corollary, that is, Theorem 1.1 and Corollary 1.1. In other words,

Bad, € (R?\ Q%) \ Welly, (1.26)

where Well; denotes the set of points that are very well approximable, see Definition 1.1.
Due to Proposition 1.1, the set in the right-hand side of (1.26) has full Lebesgue measure in
R\ Q“. The badly approximable points thus supply specific examples of points for which
the typical property (1.4) holds.

Turning our attention to the left-hand side of (1.26), we now establish the following result.
Its proof relies on the corollary to Dirichlet’s theorem, along with general tools from measure
theory that are presented in Chapter 4; we postpone it to Section 1.3.2 for the sake of clarity.
The one-dimensional case may also be settled with the help of continued fractions, as detailed
in Section 1.3.3.

Proposition 1.9. The set Bady of badly approximable points has Lebesgue measure zero, that is,
L%(Bady) = 0.

The above measure theoretic considerations directly imply that the inclusion in (1.26) is
strict. As a matter of fact, Lebesgue-almost every point in the set R \ Q is neither very well
nor badly approximable. The next step in the description of the size properties of the set Bady
would be to consider its Hausdorff dimension; this will be discussed in Sections 3.3 and 12.2.
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1.3.2. Size properties

This section details the proof of Proposition 1.9. We begin by observing that the set of badly
approximable points satisfies
R\ Bady 2 |Jae, (1.27)
e>0
where E,E denotes the set obtained when replacing by ¢/7'*/? the approximation radii 1/4°
in the definition (1.1) of the set J; .. To be more specific,

ﬁg,g:{xeRd P

x——‘ <
T oo

q1+1/d

forim. (p,q) € Z° x N} .

It is clear that the mapping ¢ — Td, ¢ is nondecreasing, so that the intersection in (1.27) may
be taken on a sequence of positive values of ¢ that converge to zero, such as ¢, = 1/n for
instance. In order to show that Bad; has Lebesgue measure zero, it thus suffices to prove that

Ve>0  LIRY\Jz.) =0. (1.28)

As a matter of fact, assuming that (1.28) holds, we would then be able to write that
| Jre \Td,gn) < Y LR Tae,) =0,
n=1 n=1

which would directly lead to Proposition 1.9. The proof now reduces to establishing (1.28).
To proceed, we begin by remarking that this assertion holds for ¢ = 1. In fact, the corollary to
Dirichlet’s theorem, namely, Corollary 1.1 implies that

Jai = Jai+1/a = R (1.29)

In view of the monotonicity of the sets Ja,e with respect to ¢, the assertion also holds a fortiori
for e > 1.

The remaining case in which ¢ € (0, 1) may be settled by means of general measure theoretic
tools for sets of limsup type that are detailed in Chapter 4. Specifically, Proposition 4.4 therein
directly leads to the following weaker statement. Recall that the limsup of a sequence (E;;);>1

of subsets of R? is defined by
limsupE, = ﬂ U E.,

n—eo m=1n=m

£%Bad,) < £°

and consists of the points that belong to infinitely many sets of the form E,,.

Lemma 1.3. Let us consider a sequence (X, )n>1 in RY and a sequence (ry)n>1 in (0, 1] such that for
every integer m > 1, only finitely many indices n > 1 satisfy both x| < m and r, > 1/m. Then,

RY = limsup Beo(xy, 1) = V>0 Lt (Rd \ lim sup Beo(xy, c 1) | = 0.

n—oo n—00

It is clear that the sets J  fit nicely in the setting supplied by Lemma 1.3. In fact, letting
(Pn, gn)n=1 denote an enumeration of the countable set 7% x N, and then defining x,, = pn/qn

andr, =1/ q,lfl/ 4 we easily see that for any ¢ > 0,

ﬁi,g = lim sup Beo (X1, € 7).
n—00
Moreover, as a result of (1.29), the above limsup set coincides with the whole space R? when
¢ =1, so that the assumptions of the lemma are fulfilled by the sequences (x,),>1 and (7, )n>1.
We may conclude that all the sets J; . have full Lebesgue measure in RY. This leads to (1.28),
and thus to Proposition 1.9.
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1.3.3. Link with continued fractions

We assume in this section that the dimension d of the ambient space is equal to one. For any
real number x, recall that the exponent «(x) is defined by (1.24). This exponent characterizes
the badly approximable numbers: Definition 1.2 directly ensures that

x € Bad; — x(x) > 0. (1.30)

Moreover, we showed in Section 1.2.2.2 that x(x) is bounded above by 1/ V5, and the bound is
attained by the irrational numbers whose continued fraction expansion is ultimately equal to
one, so in particular by the golden ratio ¢ defined by (1.22). These numbers may therefore be
seen as the “most badly” approximable one.

The emblematic example of the golden ratio hints at the following characterization of the
badly approximable numbers in terms of the partial quotients of their continued fraction
expansion.

Proposition 1.10. Let x be a positive irrational real number with continued fraction expansion
[ag; a1, az,...]. Then,

x € Bad; = sup a, < oo.
n>0

Proof. Let us assume that x is badly approximable. Then, for some ¢ > 0 and all n > 0, the
corresponding convergents p, /g, satisfy

1 1
<

- 2
nqgn+1 An+19n

in view of (1.9) and (1.13). This implies that the partial quotients a,,+1 are bounded by 1/¢ for
alln > 0.

Conversely, let us assume that the partial quotients are bounded by some real M > 0. Then,
making use of (1.9), we see that ,+1 < (M + 1)g, for all n > 0. Now, let us consider a pair
(p,q) € Py, and let n > 1 be the smallest integer such that ¢ < g,. If n =1, then g, = a1 < Mq.
Otherwise, g,-1 < g, so in either case g, < (M + 1)q. By virtue of the optimality of the
convergents, combined with (1.25), we have

P Pn 1 1 1
X—=—|z2x-—|> = 2 ’
q Gn|  Guine2 — (M +1)2q; — (M +1)*q?
see Theorem 1.3. Thus, the number x is badly approximable. m]

The previous proposition yields a description of the size of the set of badly approximable
numbers in terms of cardinality.

Corollary 1.2. There exist continuum many badly approximable numbers, and there exist continuum
many numbers that are not badly approximable. In other words, the sets Bad; and R \ Bady have
cardinality equal to that of R.

The results of Section 3.2 give the asymptotic behavior of the continued fraction expansion
of typical irrational numbers. In particular, Proposition 3.3 ensures that for Lebesgue-almost
every irrational number, the mean of the 7 first partial quotients tends to infinity as n — oo.
The partial quotients are thus typically unbounded and, from this perspective, the badly
approximable numbers behave very peculiarly. This observation implies that the set Bad; has
Lebesgue measure zero. We therefore recover Proposition 1.9 in the one-dimensional case.
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1.4. Quadraticirrationals

Recall that a quadratic irrational is an irrational real number x such that there are integers a,
b and ¢ with a # 0 and ax? + bx + ¢ = 0, or equivalently such that Q(x) is a field extension
of degree two over Q. The golden ratio defined by (1.22) provides a simple example of
quadratic irrational, and also happens to supply the most simple example of continued
fraction expansion that is ultimately periodic. This coincidence is actually emblematic of a
result due to Euler and Lagrange that characterizes the quadratic irrationals in terms of the
partial quotients of their continued fraction expansion. In order to state this result, let us
begin by a definition.

Definition 1.3. A continued fraction is eventually periodic if there are integers m > 0 and k > 1
such that a,,4 = a, for all integers n > m. Such a continued fraction is written

[ao; al/ sy am—lr amr sy am+k—1]~

The aforementioned characterization of the quadratic irrationals is then given by the
following result.

Theorem 1.4 (Euler, 1737; Lagrange, 1770). Let x be an irrational positive real number. Then, the
continued fraction expansion of x is ultimately periodic if and only if x is a quadratic irrational.

Proof. The first proof of the direct part is due to Euler. Let us assume that x has a strictly
periodic continued fraction expansion, namely, x = [aq; 41, ..., 4x]. As a consequence, the
(k + 1)-th tail of the continued fraction expansion of x is equal to x itself, and (1.19) implies
that
‘= PkX + Pk-1
qexX + g1’

so that x is a root of the polynomial qxZ? + (qx—1 — px)Z — px-1, and is therefore a quadratic
irrational. Note in passing that the discriminant of this polynomial is equal to (py + qk_1)2 +
4(-1)F owing to (1.10), and thus cannot be a perfect square; this is compatible with the fact
that x is irrational.

Let us now consider the general case in which x has a continued fraction expansion
that is periodic only ultimately. Then, the continued fraction expansion of x is of the
form [ag;a1,...,8m=1,am,---, Am+k-1]. In particular, its m-th tail x,, has a strictly periodic
continued fraction expansion, thereby being a quadratic irrational. By virtue of (1.19) again,
we have

x = Pm-1Xm + Pm-2
Qm—lxn1+'Qm—2,
which proves that the two field extensions Q(x) and Q(x,,) coincide. In particular, Q(x) is of
degree two over Q, so that x is a quadratic irrational.

The converse part is more difficult and was first established by Lagrange. Let us suppose
that x is a quadratic irrational. Then, x is a root of a polynomial Ry = apZ? + BoZ + yo with
coefficients ag, fo and ) in Z, and with a discriminant 6 = ‘3(2) —4a)o that cannot be a perfect
square. Moreover, letting x,, denote the n-th tail of the continued fraction expansion of x,
we see again that the two field extensions Q(x) and Q(x,) coincide, so that x, is a root of a
polynomial R, = a,Z? + B, Z + y, of the above form.

It is possible to choose these polynomials in such a way that they satisfy a simple recurrence
relation. Since x,, = a, + 1/x,,1, we see that

XfH_an (ﬂn + ) = (a%an + anﬁn + ')/n)Xi_'_l + (zanan + ﬁn)xn+1 + an

Xn+1
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vanishes, so that we may assume that the coefficients of the polynomial R, are obtained
from those of R, thanks to the following relations:

Qps1 = A2, + anPn + Yn
ﬁn+1 =2ap,a, + ﬁn

Vn+1l = Oy

In particular, these relations imply that the integer 2 — 4a,y, does not depend on n. As a
result, all the polynomials R, have discriminant 6, which cannot be a perfect square. Thus,
a, # 0 for all integers n > 0.

Let us assume that there exists an integer m > 1 such that «, is positive for any n > m. As
a, is also positive, it follows from the above recurrence relations that the sequence (8, )n>m is
increasing, and furthermore that the three integers a;,, f, and y, are simultaneously positive
for n large enough. This contradicts the fact that x, is a positive root of R;. Replacing all
the polynomials R, by their opposites, the same argument excludes the possibility that a, is
eventually negative. Moreover, none of the integers «,, vanishes, since x,, is irrational. We
deduce that there is an infinite subset N of N such that «,,_1a, < 0 for all n € N. In that case,
we see that

0<p2<d and 0<—4da,y, <o.

This gives a bound on the coefficients of the polynomial R, when n € N, namely,

Bl < V5 and  maxilal bl < 5.
This means that when the index n runs through the infinite set NV, there are only finitely many
different polynomials R,,. As a consequence, there is at least a polynomial that is chosen
infinitely often. In particular, there are three integers 11 < 1, < n3 for which the polynomials
Ry, Ry, and Ry, coincide. Thus, x,,, x,, and x,, are a root of the same polynomial. Since a
quadratic polynomial has at most two zeros, we deduce that at least two among these three
numbers coincide. This ensures that the continued fraction expansion of x is ultimately
periodic. O

Thanks to Proposition 1.10, one easily checks that Theorem 1.4 leads to the following
corollary.

Corollary 1.3. Any quadratic irrational is badly approximable.

1.5. Inhomogeneous approximation

Inhomogeneous Diophantine approximation usually refers to the approximation of points in
R? by the system obtained by the points of the form (p + «)/q, where as usual p is an integer
point, and g is a positive integer, and where « is a point in R that is fixed in advance. When
a is equal to zero, one obviously recovers the situation discussed in Section 1.1, which is
referred to as the homogeneous one.

In this context, a point o being fixed arbitrarily in R, the analog of the set J; . defined
by (1.1) is now the set

Iy, = {x e R/

Proposition 1.1 may straightforwardly be extended to the inhomogeneous setting. Specifically,
one easily checks that the Lebesgue measure of the set /7 vanishes for any real number

7 > 1+ 1/d. Some more work is required to show that, just as in the homogeneous setting,

+
L _pa

< qi forim. (p,q) € 29 x N} . (1.31)

[S¢]
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the set ] has full Lebesgue measure in the whole space R? in the opposite case; this will
actually appear in the statement of Corollary 7.1. A much more precise description of the size
of the set J7 _ will in fact be given in this statement, and subsequently in that of Corollary 10.3
as well.

1.5.1. Atheorem of Khintchine

The main purpose of this section is to establish the following result due to Khintchine [39],
which in some sense complements Dirichlet’s theorem, namely, Theorem 1.1. Our proof sticks
to Khintchine’s method very closely, but we find it valuable to detail the arguments anyway,
because Khintchine’s original paper [39] is written in German.

Theorem 1.5. Let us consider a point x € R and assume that there exists a real number y > 0 such
that for any integer Q > 1, the system

{ 1<q<yQ*
lgx — pleo <1/Q

admits no solution (p, q) in Z% x N. Then, there exists a real number T > 0, which depends on y and
d only, such that for any point a € RY and any integer Q > 1, the system

1<q<TQ?
{ l7x —p —alo <1/Q
admits a solution (p, q) in Z% x N.
The remainder of this section is devoted to establishing Theorem 1.5. Let us begin by

introducing some notations. Let us consider a point x in R? and an integer Q > 1. Theorem 1.1
ensures that the system

{ 1<g<Q?
9% = pleo <1/Q
admits a solution (p, q) in Z% x N; we assume that g is minimal. Combined with the
assumption that bears on x in the statement of Theorem 1.5, this implies that
ged(p,gq) =1 and q>yQ".

In particular, y is necessarily smaller than one. Now, for any i € {1, ..., d}, let p; denote the
i-th coordinate of p, and let ¢;, p; and g/ be the integers defined by

ei = ged(pi, q)
pi = eip;
q = eiq;.

In addition, since p; and q; are coprime, p; is invertible modulo g7, and we may find an integer
b; such that
p:bi=1 mod g’
{ ged(e;, bi) = 1.
As a matter of fact, the solutions of the first equation are of the form b; = b; + zq;, forz € Z,

when b} is already a solution. The fact that one of these solutions also satisfies the second
condition is a plain consequence of the following fact.
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Lemma 1.4. Let b and c be two integers in Z with gcd(b, c) = 1. Then,
VaezZ\{0} FzeZ ged(a, b +zc) = 1.

Proof. When a divides ¢, we have ged(a, b) = 1, and the result clearly holds. In the opposite
case, let n denote the product of the prime numbers that divide |a| and do not divide c,
with the convention that an empty product is equal to one. Clearly, the integers c and n are
coprime, so there exists an integer z € Z such that

zc=1-b mod n.

Let us consider a prime divisor ¢ of a, and let us observe that £ ¥ zc + b. When ¢ 1 ¢, this
comes from the fact that ¢ | n. When ¢ | ¢, this is because ¢ 1 b. Finally, no prime divisor of a
divides zc¢ + b, and the result follows. O

On top of that, let E denote the product of the integers e;, that is,
E=e1...¢4.

We observe that E | ¢9~!. Indeed, since 4% = Eq . .. q/,, it suffices to show that g | g7 ...4/.
Let us consider a prime number ¢ and an integer s > 1 such that ¢° | 4. The components of p
are mutually coprime with g, so we must have ¢ 1 p; for some i. As e; | p;, we necessarily
have { { ¢; as well. Since q = e;q;, we deduce that {* divides g, thereby dividing 47 ... q/. It
follows that g | g7 ... g/, and therefore that E | 7771, We may thus introduce the integer

d-1
c=d

E

Following the lines of Khintchine’s original proof, We now state and establish a series of
lemmas.

Lemma 1.5. Let us consider d integers ny, ..., ng € Z, with each n; being less than e; in absolute
value, and let us further assume that
nibiqy = ... =nagbaq, mod q.

Then, the integers ny, ..., ng are all equal to zero.

Proof. The assumption of the lemma directly yields
nlblqiqd_l =...= ndbdq;qd‘l mod qd.

We have g4 = Eq...q),and e; = q/q; for each integer i, so that

1’11171E =...= ﬂdde mod E.
€1 €4

Let us consider an integer i € {1, ...,d}. We may obviously exclude the trivial case where

e; is equal to one. Thus, assuming that ¢; > 1, we may consider a prime number ¢ and an

integer s > 1 such that ¢° | ¢;. Since g and the coordinates of p are mutually coprime, there

exists an integer i’ # i such that ¢ { ¢;;. We have

nibiei/ = ni/bi/ei mod e;e;,

so that ¢° divides n;b;e;;. Moreover, as b; and e; are coprime, the prime number { cannot
divide b;. It does not divide e;- either, so we deduce that ¢° | n;. The previous analysis implies
that the integer n; is a multiple of e;, and the result follows from the assumption that it is
smaller than e; in absolute value. O
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Lemma 1.6. There exist a real number Co > 0 and an integer Qo > 1 that depend on y and d only

such that if Q > Qo, then there are 2d* integers xgk) and yfk),for i,k €{1,...,4d}, such that the
following conditions hold simultaneously:

(1) forany ke {1,...,d},
xgk)bl =...= x{(jk)bd mod g;

(2) forany i, ke{l,...,4d},

k ’
()_yz mOdqi;

(3) there exists an integer a > 1 such that
O] O]

yl e yd
A= =ac;
d d
yi ) L. %Ez)
4) foranyi, ke{1,...,d},
(d-1)/d
yPl<co

Specifically, one may choose Cy as the (d — 1)-th power of an arbitrary integer larger than 2(d —1)/y
and Qo as any integer larger than Co/y"/?.

1d

Proof. If d = 1, then e; = ¢ = Cp = 1, and we may choose x = ygl) = 1. We therefore assume

that d > 2 in what follows.

Let C denote an arbitrary integer larger than 2(d — 1)/y/4, and let Cy = C?~!. Moreover,
let Qo denote an arbitrary integer larger than Co/y!/?. We assume throughout the proof that
the condition Q > Qy is verified.

Then, let us consider 2d integers z; and j; satisfying the conditions

(d-1)/d

0<z; <Cy and OSji<€i,

€
fori e {l1,...,d}, and let us then define
ui = jiq; + z;.

We obviously have e; possible values for the integer j;, and | Coq“~)/?/e; | +1 for z;. Moreover,
note that Q > Qg > Cp/ yl/ 4 and q = de, so that g > Cg. This implies that the maximal
possible value for z; is smaller than g/, and thus that the set of all possible values of the
d-tuple (u1, ..., uy) has cardinality equal to

d -
Cogld-1/d
e (1P ) e
. €
i=1
Let U denote this set, and let @ be the mapping defined on U by

D(uq, ..., ug) = (ui1by —ugby, ..., u1by —ugby) mod gq. (1.32)

The mapping ® sends the set U to a subset of (Z/qZ)*"!. Therefore, the preimage sets
O 1({f}), for f € (Z/qZ)*"!, form a partition of U. As a result,
Clg*t<#u= > #7({f}) <q*! max #07({f}).
fe@/qzy1 fe@laz)

Consequently, there necessarily exists an element in (Z/gZ)?~! whose preimage has cardinality
larger than Cg. Thus, we can find Cg + 1 distinct d-tuples (uik), eee, u(k)), withk € {0, ..., Cg},
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whose images under the mapping ® coincide. The corresponding values for the integers z;
and j; are denoted by z(k) and j(k) respectively.

We consider in Z¢ the vectors y¥) = (y(k) Yy )) defined by y(k) (k) - zgo). Note that
there are Co 4 1 1 such vectors, and that the null vector is obtained for k equal to zero. Let us
assume that these vectors span a linear subspace of dimension at most 4 — 1, so that they all
lie in a hyperplane with normal vector denoted by (a1, ..., a;). Without loss of generality,
we may assume that |a;|/e; is maximal when i = 1. We may thus write the equation of the

hyperplane in the form
d

e1y1 = Z VieilYi,
i=2

where the real numbers v; are bounded above by one in absolute value.

Recalling that C is the positive integer for which Cy = C?~!, we may split each interval
[0, Coq“~1/4/¢;]into C* disjoint subintervals with common length g1/ /(Ce;). Accordingly,
the rectangle formed by the product of these intervals overall i € {2, ..., d} may be partitioned
into Cd disjoint rectangles. The Cd + 1 points (z(k) cey zl(ik)) are all contained in the large
rectangle The pigeon-hole pr1nc1p1e then ensures that at least two points lie in the same
smaller rectangle. These points correspond to two distinct choices of the index k and, for
simplicity, their components are denoted by z! and z’, respectively. We thus have

gd-n/d
Vie{2,...,d} |z] — z| < Ce,
It is clear that the corresponding components y; and y;” satisfy the same inequalities because

they are equal to z] — z( ) and z] = ( ) , respectively. In addition, as the points y” and y”’ both
belong to the aforementioned hyperplane we have

d @-n/d  4_1
ewly] - v}/l < Zma v -y < Yy e T = Tmgvi
i=2 !
We finally deduce that
1 gW-D/d
Vie{l,...,d} |y-y/<i= d i A (1.33)

e
Let us suppose that all the differences y -y’ Vanlsh, i.e. that the points z” and z” coincide.
As the corresponding d-tuples (u7, ..., u‘;) and (uy, ..., u;’) have the same image under the
mapping @, we have for any index i € {2,...,d},
ujby —ulb; = u’by —u;’b; mod g, (1.34)
that is,

7

(j1q1 + z)b1 = (jiq; + z))b; = (j;'q7 + z)b1 = (jI'q} + z{)b; mod q.
As a consequence, making use of the assumption that the points z” and z”” are the same, we
deduce that
Ui =jaibr = ... = (g = j§)a3ba mod g.
However, every integer j/ — ji” is smaller than e; in absolute value, so we may apply Lemma 1.5
to conclude that it is equal to zero. This is a contradiction because the points u” and u"" were
chosen to be distinct. Thus, all the differences y; — y” cannot vanish simultaneously.
Moreover, we also deduce from (1.34) that there is an integer g such that

(up—ur=...=(u),—uf)bg=g mod g
- <2¢g<q.
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As aresult, for each fixed i, since ¢/ divides g and b; is the inverse of p; modulo g7, we infer
that

8p; = (ui —uibip; = (ji = jbipiq; + (zi = 2 )bip; = y; —y;’ mod g;.
This plainly means that gp’ is equal to ¥/ — y!" + n;q’ for some integer n; € Z, which directly
leads to

Pi € Gy, —
g; —n;l = Elgpi _”lqil - glyi —Ji |— qu/d’

thanks to (1.33). Meanwhile, we know that |gx; — p;| is bounded above by 1/Q. It then follows
from the triangle inequality that

pz

Xi —

q - qQ qu/d —\2 Cyl/d Q/
where the latter inequality is due to the fact that |g| < q/2 and g > yQ?. We now recall that
the integer C is larger than 2(d — 1)/y'/%; this implies that the upper bound above is at most
1/Q, specifically,

|gx — 1]oo <

§ 5

Along with the fact that |g| is smaller than g, this contradicts the minimality of g, unless the

integer ¢ vanishes. Thus, the only possibility is that g is equal to zero, which means that
Vie{l,..., d} (u; —u)b; =0 mod q.

Given that g/ divides g and is coprime with b;, we deduce that the integers u/ and u’ coincide

modulo ¢’. The integers y and y" share the same property, specifically,

v, =2z () u{—ufo)zu;’—uz(.o)=zz'.’— (0)—% mod g;.
On top of that, (1.33) 1mphes that |y — y’| is smaller than g;. In fact, this holds because g is
large enough, specifically,
d— 1
C

We deduce that the differences y; — y!” are all equal to zero, a contradiction with what precedes.

ql/d > 7/l/dQ > Vl/dQO > CO > -

This means that the vectors y¥) cannot belong to a common hyperplane, and thus that they
span the whole space R

The upshot is that d of the vectors %) are linearly independent; up to reordering, we may
assume that these vectors are those indexed by k € {1,...,d} and that their determinant A
is positive. These vectors satisfy the condition (4) appearing in the statement of the lemma,
because of the bounds on the integers z;. We now define x(k as being equal to u( ) 50) for
any indices i and k in {1, ..., d}, so that

k k) s k ’ k k
xg ) — (]( ) ( )) (](0) (0)) — z( ) (0 (k)

) _ ,
q; +z; g, tz Y, mod qi,

i.e. the condition (2) is verified. Furthermore, the vectors (u(k) cer, ub(ik)) were chosen in such a
way that they have the same image under the mapping ®. In particular, for any i € {2,...,d}
and any k € {1,...,d},

uik)bl - ufk)bi = uio)bl - ufo)bi mod ¢,

which directly leads to the condition (1).

The determinant A of the integers yfk) is a positive integer but, in order to obtain the
condition (3), it remains to prove that A is a multiple of the integer c. Let us consider the
integers tgk) = el-yfk), and let A’ denote their determinant. Clearly, A’ is equal to EA, so it
suffices to establish that g~! | A’. This is the purpose of the remainder of the proof.
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Given four indices 7, 1’, k, k’ € {1, ..., d}, the condition (1) gives

{ ejejr x(k)x(k/)b = ejey x(k) (k,)b‘ mod qeiei,xg,)

(v O, = eienx (k) x®p, 0]

(1.35)
mod gejeirx;,”.

eiei X,
Let us consider a prime number ¢ and an 1nteger s > 1 such that ¢ | g, and let r denote the
maximal integer satisfying ¢ | tfk) foralli, k € {1,...,d}. The condition (2), combined with
the fact that g is equal to e;q, gives

9 = ey = ex®  mod g. (1.36)
Case where r < s. We see that {" divides both t(k) and ¢q, which itself divides t(k) e x(k).

Thus, ¢" divides e;x ( ) for any choice of 7 and k. This means that ge;¢" divides both ge;e lfx( )

and ge;e; x (,k) ,and takmg the two equations in (1.35) modulo ge;{", we deduce that

A N & B, X8 ®p,

ejey = ejerXx, X, )b =ejepx mod ge; ",

so that

= ejei X

0209 2520y =0 mod ge;e’. (1.37)

We now observe that b; is Coprlme with qelf ". As a matter of fact, assuming that this does
not hold, let us consider a prime number 7 that divides both b; and ge;{”. Since b; and e; are
coprime, n does not divide e;, and thus necessarily divides g¢". Furthermore, if n is different
from ¢, it then divides g = e;q], thereby necessarily dividing ¢;. This is impossible because b;
and q; are coprime. Hence, the prime number 7 is equal to {. As a consequence, {° divides g
and is coprime with e;, so it must divide gq/. This means that n divides both b; and q;, which
is impossible because these two integers are coprime. Finally, b; is invertible modulo ge;{", a
multiple of ¢°*", and we may thus deduce from (1.37) that

e;eirb; (x

ejejr (x(k) ®)_ (k) (k)) =0 mod . (1.38)
Now, starting from (1.36) again, up to replacmg i and k by i’ and k’, respectively, and
recalling that the integer ¢” divides both t(k ) and eixz(.k), we also have

= eX; mod g’

tl(lk’)ei Z(k) (k) (k)

tl(k)tz(f’) (k) (k)
=ejepx; X, mod g¢’,

from which we directly infer that
tl(.k)tg() = e;e; x(k)x(k’) mod 7.

We may obviously exchange the role of k and k’ and deduce a similar equality. Combined

with (1.38), this leads to
040 0 mog g,

Since all the integers tgk) are divisible by {”, they may be written in the form tl(k) = Wvl(.k) for
some integer vgk). The previous equation thus gives

v,(‘k)vl(-f{/) (k,) (k) =0 mod £°7". (1.39)

The determinant of the integers vz ) is denoted by A”, and is thus equal to {="A’. The

maximality of r ensures that there is a pair (t, k) of indices in {1, . .., d} such that the integer
E") is not divisible by ¢. We now transform the determinant A” as follows for each index
i # 1, we replace the i-th column by its product by vl ), minus v( “ times the (-th column.

Hence, if i # 1, the coefficient v( ) is replaced by v(k) (K) 1(.7‘) Ek) which, in view of (1.39),

(k)

may be written in the form ¢°7" (k) for some w;" € Z. The newly obtained determinant is
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thus equal to both (UEK))d_lA” and (E=E-DA” where A’ denotes the determinant of the

matrix formed by the integers wgk), for i # 1, and the integers vfk). In particular, (UEK))d_l

divides £6E@-DA”" and, since ¢ ¢ UEK), we deduce that (UEK))d_l divides A", i.e. that A””” may

be written in the form (UEK))d‘lm for some m € Z. Finally,

pls=r)(d-1)
(o)t

from which we conclude that (£%)%~! divides A’.

Case where r > s. In that situation, all the integers t;k) are divisible by ¢°, so that their
determinant A’ is clearly divisible by (£5)4-1.

The previous analysis shows that for any prime number ¢ and any integer s > 1 such that
% | g, we have (£)%1 | A”. Tt follows that g%~1 | A as required, and the condition (3) readily
follows. o

A = edrAu — edr A = g(d—l)s+rm/

Lemma 1.7. Let us consider 2d? integers xl(.k) and yfk), fori, k e{1,...,d}, such the conditions (1)
and (2) of the statement of Lemma 1.6 hold, such that the condition (3) holds with a > 1, and such that
forany i, ke{1,...,d},

i

7

Then, there are 2d* integers fgk) and yfk), for i,k € {1,...,d}, that satisfy the aforementioned
conditions (1) and (2), and also the following conditions:

nyk)l < A; with 0<Aj<

(3) there exists an integer a € {1, ...,a — 1} such that

_(1 _(1
yi) y;)
_(d _(d
yi) 3/1(1)
&) foranyi,ke{l,...,d},
71 < dA.

Proof. The vectors y(l), eel, y(d) form a sublattice L, of Z? with dimension equal to d. Its
fundamental domain, i.e. the half-open parallelepiped spanned by these vectors, is denoted
by J,. The Lebesgue measure of |, is the fundamental volume of the lattice and is equal to
A = ac. The index of L, in Z% is the cardinality of the quotient Z /L, ; it is equal to A and also
gives the number of points in 74 that belong to J,, see e.g. [58, Lecture V] for details.

Let us then consider the set A formed by the 2d-tuples (ji,...,j4, Y1,...,Yya) with
(Y1,---,Y4) € JaNZ% and j; € {0,...,e; — 1} for each index i. The mapping W defined
on A by

Wi, jaryis - ya) = (1qy +yi, .-, jaqy + ya) (1.40)
is one-to-one. Indeed, let us assume that jiq; + y. = j’q; + y;” for all i, for two distinct
2d-tuples. There necessarily exists an index m for which j,, # j;,., as otherwise the two
2d-tuples would coincide. Consequently,

Yo = Yol = i = Jl@n 2 G-
Given that (y1, ..., y(’j) and (yy,..., y;’) both belong to the parallelepiped J,, the distance
between y,, and y;, is bounded above by the diameter of the projection of ], onto the m-th
axis. Hence,

’ 144 d ’
o — vyl <y + .+ 1y < dr < g,
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thereby giving a contradiction. The mapping W being one-to-one, its image A’ has cardinality
equal to that of A, namely,

#A' =#A =e...eq-#(]J, NZ%) = EA = Eac = ag"™1.

In particular, since the integer a is greater than one, the set A’ has cardinality larger than
that of (Z/qZ)*!, namely, g%~!. Thus, the mapping ® defined on A’ as in (1.32) cannot be
one-to-one. This means that there exist two distinct d-tuples (x7, ..., x}) and (x{’, ..., x7) in
A’ such that for any index i € {2,...,d},

x1b1 — xb; = x{'by — x/'b; mod q.
Naturally, the corresponding 2d-tuples in A are denoted by (ji,...,j},yi,---,y;) and
( j{’, cen, j;’, yi’, ., y"j’), respectively. For any i, we then define

up =x,—x"
1 1

b=ji-
vi =Y~y
and we point out that
bi=...=uyb d
{ o tad MOSd (1.41)
|f1| < 81,...,|€d| < éeq.

Now fix an index k € {1,...,d}. Since the vectors y’ = (yi, e, y"i) and y”’ = (yi’, eee, y;’
belong to J,, they may be written in the form

d d
y=>ty®  and  y7= "y, 0 <1,
=1 I=1

By multilinearity of the determinant, replacing the k-th line of A by y’ or y” gives t, A or

t/A, respectively. Therefore, the signed determinant AW obtained by replacing that line by
v =y’ — y" satisfies

AR = (t, —t))A and thus AP < A.

The divisibility argument in the proof of Lemma 1.6 applies to these new rows as well, because

the corresponding rows of integers x!), with the k-th row replaced by u, satisfy the same
congruences. Hence, A®) = a®¥)¢ for some integer a¥) with [a®)] < a.

Let us now assume that the determinant A¥) vanishes regardless of the value of k.

Expanding AY) along the k-th line, we get

d

0= A(k) — Z viYi(k);

=1

1

where Yl.(k) denotes the (k,i)-cofactor in A, i.e. that in the same position as yfk). As a

consequence of Cramer’s rule, the determinant of the integers Yl.(k) is equal to A1 and is
therefore positive. It follows that all the integers v; vanish. Thus, u; = &q; for all 7, so that

€1q{b1 =...= qu:ibd mod q.

Applying Lemma 1.5 with the help of (1.41), we deduce that all the integers ¢; vanish as well.
Finally, the integers u; are all equal to zero. This contradicts the distinctness of the d-tuples
(X7, x;) and (x7,..., x(’i’), and means that one of the determinants A% is nonvanishing.
Let ko be an index for which A%0) # 0. Exchanging the two corresponding elements of A if
necessary, thereby changing the signs of both u and v, we may assume that Ak > 0 and
thus that 0 < ak) < g,



28 Elementary Diophantine approximation

To conclude, we define as follows the 2d? integers 7" and y_fk) announced in the statement

of the lemma: l
79 =20 itk 2 ko
)y,

7 =y ifk # ko

i =
The conditions (1) and (2) obviously hold for k # ko. When k = ko, the condition (1) follows
from (1.41) above, and the condition (2) is due to the simple observation that #; and v; coincide
modulo g; for any index i. On top of that, let us remark that the determinant A of the integers

yf") defined above is equal to A% ; the condition (3’) thus holds with @ = a%0). It remains to
establish the condition (4). The case where k # ko is elementary since we then have
—(k
791 = 1y®) < i < da;
for all index i. To deal with the case where k = kg, we use of the fact that the vector v joins
two points that belong to the parallelepiped J,. Thus, its component satisfy
_(k 1 d

for all i, as announced. O

Lemma 1.8. There exist a real number C1 > 0 and an integer Q1 > 1 that depend on y and d
only such that if Q > Q1, then for any integers my, ..., my, there are 2d integers x and y, for
ie€{l,...,d}, such that the following conditions hold simultaneously:

(1”) foranyie{2,...,d},
x1b1 —xibj =m; mod gq;

(27) forany i € {1,...,d}, there exists an integer j; € {0, ..., e; — 1} such that

Xj = Jidi + Vi
(4”) foranyie{l,...,d},
(d-1)/d
1<
lyil < Cp "
Specifically, one may choose C1 as being equal to Cod0%"” | and Q1 as any integer larger than

max{Qo, C1/y/}.

Proof. LetC; = Cod Co dd/z, and let Q1 denote an arbitrary integer larger than max{Qo, C1/ )/1/ 4,
We assume throughout the proof that Q > Q1. In particular, Q is larger than Qy, so we may

start from the 242 integers xgk) and yl(.k) that are obtained with the help of Lemma 1.6. Each

(d-1)/d

integer e; ygk) is bounded above by Cogq in absolute value, so that the Euclidean norm of

the vector (eq ygk), e, €4 y;k)) satisfies

k k k K _
ey, ... ,edy; Do < d2 ey, ... ,€d]/£l o < Cod!/2q#=1112,

Moreover, the determinant of the integers e; y}k) is equal to EA, which is itself equal to g%~
We then deduce from Hadamard’s inequality that

d
_ k k _
aq® ! = |EA| < rl |(31y§ ). ,edy; N < Cdqil2gi-1,
k=1
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It follows that the integer a is smaller than or equal to ngd /2. Along with the assumption
that Q > Qq, this yields

g = y1Q > Y1Q) > € = Cud%?™” > Cpd® = Cod. (1.43)

We now consider for each index i the real number A; defined by
q(d—l)/ d

Ai = Co e i g/’
By virtue of (1.43), each A; is smaller than g’ /d. If a > 1, we may therefore apply Lemma 1.7 to

the integers 2 and y(k)

; ., with the above values for the parameters A;. We end up with other
integers fl(.k) and gﬁk) such that the condition (3) holds with a replaced by some other integer
a€{l,...,a—1}. Wemay in fact apply Lemma 1.7 iteratively, thereby decreasing the value of
a up to one, provided that the parameters A; remain sufficiently small. Specifically, we apply
this lemma at most 4 — 1 times; this may be done if the initial values of the parameters satisfy
Ai < q7/d” for all i, a requirement that is guaranteed by (1.43). The upshot is that we may

dgd/2
dCod/

assume that 2 = 1 in what follows, up to multiplying by ~! the upper bound appearing

in the condition (4). Thus, we may finally consider 24? integers xl(.k) and ygk) that satisfy the
conditions (1) and (2), the condition (3) with 4 = 1, and the condition (4) with Cy replaced by
Codcgdd/z_l =(Cy/d.

We now proceed as in the proof of Lemma 1.7, except that 4 = 1 and the bounds A; on the
integers ygk) satisfy

(d-1)/d !
/\i:%-q . <%. (1.44)

Specifically, we consider the parallelepiped J; spanned by the vectors y@, ..., y@, and we
also consider the corresponding set A’. Here, the integers %) satisfy

la®| <a=1.

Thus, all the determinants A®) necessarily vanish. This implies that the mapping ® defined
on the set A” as in (1.32) is one-to-one. Also, again because a = 1, we have

#A = g1 = #(Z/q2)"".

We deduce that the mapping @ is a bijection from A’ onto (Z/gZ)?~'. As a consequence, for
every integers my, ..., my in Z,

Al(xq,...,x4) €A D(x1,...,xq) =(mp,...,myg) mod g. (1.45)

Furthermore, as shown in the proof of Lemma 1.7, the mapping W defined on the set A
by (1.40) is a bijection onto A’. Hence,

3!(j11~-~/jd/y1/-~-/yd)EA W(jlr---;jd/y1,~--,]/d):(xlf---,xd)- (146)

To conclude, it suffices to define X7 =X and Yi=Yi for all indices i. In fact, the conditions (1”)
and (2”) follow straightforwardly from (1.45) and (1.46), respectively. The condition (4”)
is a direct consequence of the approach developed in the proof of Lemma 1.7, along with
the values (1.44) of the bounds A;. More precisely, the point (y3, ..., y}) belonging to the
parallelepiped i, its i-th component is bounded by dA; in absolute value, in a way similar
to (1.42), and the condition (4”) finally holds. m|
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Lemma 1.9. There exists a real number Co > 0 that depends on y and d only such that
max e; < Cp q(d_l)/d.
1<i<d

Specifically, we may choose C as any real number larger than 2y/1-9/4,

Proof. When d = 1, the minimality of g gives e; = gcd(p1, q) = 1, so the result is immediate.
We may therefore assume that d > 2. Let us fix an arbitrary real number C, > 2y1=9/4 and
let us suppose that the reverse inequality e,, > C; 41/ holds for some index m. Thus,

(d-1)/d
ff
4

We now consider the point (g}, X1, . - ., @y Xm=1, Gy Xm+1, - - - , oy Xd) I R4 and apply Dirichlet’s
theorem, that is, Theorem 1.1. Accordingly, we infer the existence of an integer k and a
(d — 1)-tuple of integers (11, ..., ny—1, W41, - . ., Ngq) such that

em Co €m

C 2 2

1<k<Q¥! and Vitm |kq;,xi—ni| < é
In addition, regarding the m-th component, we have
’ ’ k Qd_l 1
- = — | € — < =— < —.
|kqum kpm' em|qu Pm' = emQ < emQ < 2Q

Therefore, letting n,, stand for the product kp;,, and letting n denote as usual the d-tuple
(n1,...,n4), we end up with

, 1
g =l < 5.
The minimality of the integer q implies that it is less than or equal to kg;,, so that k is bounded
below by e,,. This contradicts the fact that k < Q%1 < e,,/2, and the result follows. O

We are now in position to finish the proof of Theorem 1.5. We thus consider a point
a=(a1,...,ay)inR?, and for any index i, we define

q
si=|giai] = {_aiJ -
€i
Given that p] and g are coprime, there exists an integer r; such that
piri=s; mod q;.

We then define m; = r; —ry forany i € {2,...,d}. We assume that Q > Qj, so as to apply
Lemma 1.8. Therefore, we obtain 2d integers x; and y;, for i € {1,...,d}, such that the
conditions (1”), (2”) and (4”) hold simultaneously. In particular, the condition (1”) implies
that forany i € {2,...,d},

x1b1 —x:bi=ri—r; mod g, (1.47)
so that the value of x:bi + r; modulo g does not depend on the choice of i. This common value
is denoted by k and takenin {q, ..., 2g — 1}. Therefore, using the fact that 4 divides q, we get

pik =pi(xibi+ 1)) =pibix; +piri=x+s;=y; +s; mod q;.

Note that the last equality above follows directly from the condition (2”). In view of the
condition (4”), this implies that there exists an integer y; such that

(d-1)/d

lpik —qlyi —sil =y}l < C1

1
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Consequently, due to the definition of the integers s;, we get
(d-1)/d

lpik — qiyi — qiail < |pik — qjyi —sil + 1si — qjeil <1+ Cp —

ei
Multiplying by e; and making use of Lemma 1.9, we obtain
Ipik — qyi — qail = eilp/k — qlyi — gjail < ei + Cr g™V < (Cy + Cp)g“ Ve,

Using the approximation property satisfied by the rational number p;/q with respect to the
real number x;, we deduce that

|kx,'—y,'—0éi|S +k

pi pi C1+Co k
k;—yj—aj xi——‘ﬁ ql/d +q—Q,
and consequently that

Ci1+Cr+2

lkx —y — alew < (1.48)

gi/d
To conclude, let us consider an arbitrary integer Q > 1 and put
Cs = Cl+1—i21+2 and Q =max{Q7 +1,|C3Q] + 1}.
Y

Then, Q > Qq, so that the above construction applies, and Q > C3Q. Moreover, Q <
(Q1 + C3 +2)Q. Recalling that yQ“ < q < Q% and g < k < 24, we obtain
{ 1<k <20%<2(Q1 +Cs+2)Q1
kx -y —alo < (C1+Ca+2)g7 Y < CQ1 < Q7L

Thus, the conclusion of Theorem 1.5 holds with T’ = 2(Q; + C3 + 2), which depends on y and
d only.

1.5.2. A companion result

Inspecting the proof of Theorem 1.5, we may easily establish the next complementary result,
which will be called upon in the proof of Theorem 7.3. For any point x € R? and any integer
Q > 1, let us define

g(x, Q) =inf {q eEN||gx — pleo < éfor some p € Zd}.

It follows from Dirichlet’s theorem that g(x, Q) is finite; in fact, g(x, Q) is less than Q4, see
Theorem 1.1 above.

Proposition 1.11. For any real number y € (0, 1), there exist a real number I'. > 1 and an integer
Q. > 1, both depending on y and d only, such that the following property holds: for any points x and
a in R and for any integer Q > Q.,
q(x, Q) = q <2q(x, Q)
(x,Q 2yQ" = 3p,q) eZ'xN {
sy . 9% = p — ales < T./q(x, Q4.
Proof. It suffices to use the last part of the proof of Theorem 1.5. Indeed, assuming that
Q > Qi, the preceding lemmas use only the inequality g(x, Q) > yQ at this particular
value of Q, together with the minimality of q(x, Q). The integer k obtained after (1.47) lies

between g(x, Q) and 2g(x, Q) — 1, and satisfies (1.48). Thus, the required assertion follows
with T, = C; + Cy +2and Q. = Q. O
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1.5.3. Converse to the theorem

Khintchine actually showed in [39] that Theorem 1.5 gives a characterization of the uniform
inhomogeneous approximation. As a matter of fact, it is quite easy to establish the following
converse result.

Proposition 1.12. Let us consider a point x € R and let us assume that there exists a real number
T > 0 such that for any point a € R? and any integer Q > 1, the system

{ 1<q<TQ?
|7 —p = ale <1/Q
admits a solution (p, q) in Z% x N. Then, there exists another real number y > 0 such that for any
integer Q > 1, the system
{ 1<g<yQ?
9% = plo <1/Q
admits no solution (p, q) in Z* x N.

Proof. We argue by contradiction. Thus, for any real number ¢ > 0, there exists an integer
Q > 1, and a pair (p, q) € Z? x N satisfying

1
1<q< ™20 and  |gx - ple < o
Now, letting Beo(x, ) denote the closed ball centered at x with radius r, in the sense of the
supremum norm, we define the set

q
_ — p 2¢e
Mg—U U Boo(ka'i'y,m)
k=1 yeZd q
We assume from now on that ¢ is smaller than 1/12. For each integer k, there are at most
34 points y in Z? for which the above closed ball meets the cube [0, 1)¢. This means that the
volume occupied in the unit cube by the set M, satisfies
4e 4
L£9[0,1) n M,) < 3% (W) = (12¢)* < 1.
q
We may therefore consider a point a in the unit cube [0, 1)¢ that does not belong to the set
M.. We also introduce the integer Q = [¢q/9/¢]. The point « verifies
a — kE — > 2_6
q ql/d
for all points y € Z? and all integers k € {1, ..., q}. In addition, if the integer k is smaller than
Q%/(2%¢), then it is a fortiori smaller than g/&%*1, so that

(o]

€d+2 €

Pl _k k
kx—kaoo—aqu—plm<a'm<m.

We thus built the point @ and the integer Q in such a way that for any point y in Z¢ and any
positive integer k smaller than Q“/(2%¢), we have

P € o 1

| x—y—a|w>m_é—2.
We deduce that T must be larger than 1/(2¢). However, the above arguments are valid for
arbitrarily small values of ¢. This leads to a contradiction. m]
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Among Khintchine’s works, Theorem 1.5 and its converse, namely, Proposition 1.12 may
be regarded as an anticipation of his deep transference principle that relates homogeneous
and inhomogeneous problems, see e.g. [16, Chapter V].






CHAPTER 2

Hausdorff measures and dimension

The material discussed in this section is standard; our main references are [29, Chapters 2
and 4] and [46, Chapter 4], as well as [51]. The notion of Hausdorff dimension relies on
that of Hausdorff measure; the first definitions and properties of Hausdorff measures were
established by Carathéodory (1914) and Hausdorff (1919). Throughout this section, we restrict
our attention to the space RY, even if the discussed notions may be defined in more general
metric spaces.

2.1. Outer measures and measurability

Before dealing with Hausdorff measures, we introduce general definitions and establish
standard results from geometric measure theory. We shall not follow here the standard ap-
proach that originates in the work of Radon and consists in defining measures on prespecified
o-fields. Instead, our viewpoint is that initiated by Carathéodory: considering outer measures
on all the subsets of the space R, and then discussing further measurability properties of the
subsets. The collection of all subsets of R is denoted by P(RY).

Definition 2.1. A function u : P(RY) — [0, o] is called an outer measure if the following
conditions are fulfilled:

(1) w@) =0;
(2) for any sets E1 and E; in P (RY),

Ei1CE = u(E1) < u(Ez);
(3) for any sequence (E,),>1 in P(R?),

O En) < i W(Ey).
n=1 n=1

Hence, outer measures are defined on the whole collection P (R?). However, they will
enjoy further properties when restricted to the subcollection formed by the sets that are
measurable.

K

Definition 2.2. Let u be an outer measure. Then, a set E in P(RY) is called u-measurable if for
all sets A and B in P(RY),

ACE
BCRY\E

The collection of all u-measurable sets is denoted by 7.

= u(A U B) = u(A) + u(B).

The two sets A and B arising in the above definition are said to be separated by the set E.
Thus, a set E is u-measurable if the outer measure u is additive on sets that are separated by

35
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E. Let us also mention that it suffices to consider the case in which the sets A and B have
finite y-mass, and to prove that u(A U B) is bounded below by the sum of u(A) and u(B).

The connection with the standard approach of measures on o-fields is then given by the
following result. In its statement, we say that a set N € P(R?) is u-negligible if its measure
vanishes, namely, u(N) = 0.

Theorem 2.1. Let u be an outer measure, and let F,, denote the collection of all u-measurable sets.
Then, the following properties hold:

(1) the collection F, is a o-field of R;

(2) every u-negligible set in P(R?) belongs to Fy;

(3) for any sequence (Ey,)n>1 of disjoint sets in ¥, we have

M(D En) = 3 H(Ey).
n=1

n=1

Proof. We begin by establishing (2). To proceed, let us consider a set N in (R%) such that
p(N) = 0. Then, for any sets A € N and B C R4\ N, we have

u(B) < u(A U B) < u(A) + u(B) < u(N) + u(B) = u(B),
from which we deduce that /(A U B) is equal to the sum of u(A) and u(B). This implies that
N belongs to ..

In particular, as the empty set is u-negligible, it belongs to the collection #,,. Furthermore,
the definition of a y-measurable set is symmetric, in such a way that if a set E belongs to ¥,
then its complement R \ E belongs to F, as well.

Let us now consider two sets E1 and E; in ﬂ and show that their union E1 U E; belongs to
Fu- To this purpose, let A and B denote two sets with finite yu-mass that satisfy A C Eq U E
and B € R\ (E; U E). Now, remark that the two sets A N E; and (A U B) N (R? \ E;) are
separated by the measurable set E; and that their union reduces to A U B. Hence,

uAUB) = w(ANEy) +p((AUB) N R\ Ey)).

Moreover, the sets AN (R? \ E1) and B are separated by the measurable set E>, and their union
is equal to the set whose measure corresponds to the second term above. Therefore,

H(AUB) = u(ANE1) +u(An R\ E1)) + u(B).

However, the sets arising in the first two terms are clearly separated by E; and their union
is equal to A, so the sum of these two terms reduces to y(A). This means that E; U Ej is
py-measurable.

Now, let us consider a sequence (E;),>1 of disjoint sets in ¥, and let us show that their
union, denoted by E, belongs to the collection ¥, and that the formula in (3) holds. To
proceed, let A denote a subset of E and let B denote a subset of its complement R? \ E. Fixing
an integer m > 1 and applying what precedes iteratively to the sets Ey, ..., E;;, we infer that
the union of these sets is y-measurable, so

AmﬂEn)uB):y

n=1

wAUB) > p

AN |_| En) +u(B),
n=1

because the aforementioned union separates its intersection with the set A from the set B.
Furthermore, the set E,, is disjoint from the sets Eq, . . ., E;;—1 and is y-measurable, so the first
term in the right-hand side is equal to

m-1 m-1
ullAan |_|En u(AmEm)) =ulAan |_|En + u(A N Ey).
n=1 n=1
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Iterating this procedure, we infer that this term is equal to the sum of u(A N E,) over all
n €{1,...,m}. Thus, letting m go to infinity, we end up with

WAUB) 2 > i(ANE,) + u(B) 2 p

n=1

AN U En) +w(B) = u(A) + w(B),
n=1

from which we derive that the set E is u-measurable. Furthermore, letting B be the empty set,

we readily deduce that

u(A) = > HANE,); (2.1)
n=1

the formula in (3) now follows from choosing A to be equal to the whole set E.

In order to establish (1), it remains to show that when (E; ),>1 is a sequence of sets in F,
that are not necessarily disjoint, the union of these sets also belongs to ;. Given an integer
m > 1, what precedes ensures that the union E; U...UE,,_1 is y-measurable, as well as the set

Rd\UEn (Rd\Em)UUEn).
n=1

n=1
Here, we adopt the convention that the union is equal to the empty set if m is equal to one.
When m varies, the latter sets form a sequence of disjoint measurable sets, and what precedes
implies that their union, which coincides with the union of the original sets E,;, belongs to

Fu- O

Theorem 2.1 helps clarifying the connection between the standard viewpoint, and the
approach of outer measures that we adopt here. To be specific, this result ensures that the
restriction of an outer measure u to the o-field ¥, is a measure in the usual sense of for
instance [61, Chapter 1]. Conversely, let us consider a measure v defined on some o-field #
of subsets of R%. We may extend v to the whole collection P (R“) by letting

Vv(E) = glff v(F) (2.2)

FOE

EnN =R%\

for any set E € P (R%). This way, we obtain an outer measure, and the o-field of all v*-
measurable sets contains the original o-field . This is indeed a particular case of a more
general construction that we now present.

2.2. From premeasures to outer measures: the abstract viewpoint

Rather than just building an outer measure as the extension of a usual measure, we shall
explain how to obtain an outer measure starting from a function defined on a class of subsets
of RY.

Definition 2.3. A premeasure is a function of the form C : C — [0, co], where C is a collection
of subsets of R? containing the empty set, that satisfies {(0) = 0.

The construction makes use of the standard notion of covering. Given a set E in P(RY)
and a collection C of subsets of R? containing the empty set, recall that a sequence of sets
(Cy)nx11n C is called a covering of E if

Ecl Jcn
n=1

Note that this definition encompasses the case of coverings by finitely many sets, as we can
choose the sets C,, to be empty when n is large enough. The next result gives a general
method to build an outer measure starting from a premeasure.
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Theorem 2.2. Let C be a collection of subsets of R containing the empty set, and let C be a premeasure
defined on C. Then, the function C* defined on P(RY) by

C(E)= inf > C(Cy) 2.3)
Cnec  n=1

is an outer measure. Here, the infimum is taken over all coverings of the set E by sequences (Cy,)n>1 of
sets that belong to C.

Proof. It is clear from the definition that (* is a function defined on P (R%) with values in
[0, co]. Moreover, as the empty set belongs to the collection C, it can be used to cover itself, so
that C*(0) < C(0) = 0. In addition, if two subsets E; and E, of R are such that E; C E,, then
any covering of E; is also a covering of E1, so that C*(E1) < C*(Ey).

The only nontrivial property is thus the subadditivity of C*. To prove this fact, let us
consider a sequence (E;),>1 of subsets of R4, and let E denote their union. We may clearly
assume that the sum of the (*-masses of the sets E, is finite. In particular, every set E,, has
finite measure, so that if some real ¢ > 0 is fixed in advance, we have

D UCh) < C(E) + 27
m=1

for some covering (C};,)>1 of the set E,, by sets from the collection C. Then, the doubly-
indexed sequence (C};,)m,n>1 clearly forms a covering of the set E by sets from the collection C.

Hence,
CE)< ), D UCH < ) (C(E)+e2) < (Z c*(a») +e,
n=1 m=1 n=1 n=1
and the result follows by letting ¢ go to zero. m]

The next result is elementary and shows that the above procedure is “closed”, in the sense
that it leaves the outer measures unchanged.

Proposition 2.1. Let y be an outer measure. Then, y may be seen as a premeasure on P (R?) and the
outer measure " defined via (2.3) coincides with y.

Proof. Let E denote a subset of R?. Covering the set E by itself and the empty set, we infer
that u*(E) < u(E). Conversely, let us observe that for any covering (C,),>1 of the set E by

subsets of RY,
u(E) < p (U cn) < > u(C).
n=1 n=1

Taking the infimum over all the possible coverings in the right-hand side, we deduce that
p(E) < p(E). O

The next result now gives a rigorous justification to the remarks that we made around the
formula (2.2) above. In particular, we shall show that if v* is defined through (2.3), then it
actually takes the simpler form (2.2).
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Proposition 2.2. Let v be a measure defined on a o-field F of subsets of RY. Then, v may be seen as a
premeasure on F and the outer measure v* defined via (2.3) satisfies the following properties:
(1) the o-field ¥, of all v*-measurable sets contains F;
(2) the restriction of v* to the o-field F coincides with v;
(3) the formula (2.2) holds, namely,
Vv*(E) = inf v(F)
For

for any set E € P(RY), and the infimum is attained.

Proof. Let us consider a subset E of R and a covering (F,,),>1 of the set E by sets belonging
to the o-field . Then, the union F of the sets F, belongs to ¥, as well as the sets
Gn =F, \ (F1U...UF,_1). The latter sets form a partition of F and each of them is included
in the corresponding set F,,, so that

(o] (o8]

D v(E) 2 Y v(Gy) = (O G
n=1

n=1 n=1

= v(F).

Taking the infima above, we deduce that v*(E) is bounded below by the infimum of v(F) over
all sets F € ¥ such that F D E.

Conversely, let us consider a set F € ¥ satisfying F 2 E. Covering the set E by F and
the empty set, we infer that v*(E) < v(F). We may now take the infimum over all sets F.
Combined with what precedes, this ensures that (2.2) holds.

Moreover, (2.2) ensures that there exists a sequence (F,,),>1 of supersets of E that belong to
¥ and satisfy v(F,) < v*(E) + 1/n for all n > 1. Now, the intersection F of these sets belongs
to ¥ and contains E, so that

V(E) < v(F) < v(Fy) < v'(E) + %

for all n > 1. Letting n go to infinity, we deduce that v*(E) = v(F), so that the infimum in (2.2)
is attained. Besides, note that (2.2) also ensures that v*(E) coincides with v(E) when E belongs
to 7.

It remains to establish that any set F in # is v*-measurable. To proceed, let us consider
a subset A of F and a subset B of R? \ F. As the infimum is attained in (2.2), there exists a
superset G of A U B that belongs to the o-field ¥ and satisfies v*(A U B) = v(G). Then, the sets
FNGand (RY\ F) NG are disjoint, belong to ¥, and contain the sets A and B, respectively.
Hence,

Vi(A)+v'(B) < v(FNG) +v((RY\ F) N G) = v(G) = v(AUB),

from which we deduce that F is v*-measurable. O

Note that the restriction of an outer measure u to the o-field ¥, of its measurable sets is
a measure in the classical sense. It is then natural to ask whether we can recover the outer
measure u by applying the above procedure to its restriction. This will not happen in general,
except if the outer measure y is regular in the following sense.
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Definition 2.4. An outer measure y on R¥ is said to be regular if for any set E € P(R¥), there
exists a set F € #, such that

ECF and u(E) = u(F).

Using the terminology of this definition, we may deduce from Proposition 2.2 that for any
measure v defined on a o-field ¥, the outer measure v* defined via (2.3) is regular. Indeed,
given a set E € P(RY), Proposition 2.2(3) ensures that there exists a set F € # such that
E C F and v*(E) = v(F), which coincides with v*(F) by virtue of Proposition 2.2(2). The above
discussion can be summarized in the following statement.

Proposition 2.3. Let u be an outer measure, and let v denote the restriction of u to the o-field
of its measurable sets. Then, v may be seen as a premeasure on ¥, and the outer measure v* defined
via (2.3) satisfies the following properties:

(1) the outer measure v* is reqular;

(2) all u-measurable sets are v*-measurable, that is, ﬂ C Foe;

(3) all v*-measurable sets of finite v*-mass are u-measurable;

(4) v coincides with u if and only if u is regular.

Proof. To begin with, Theorem 2.1 ensures that v is a measure on the o-field ¥,. Then,
as already mentioned above, Proposition 2.2 ensures that the outer measure v* is regular,
coincides with v on ¥, and satisfies
*(E) = inf v(F
vi(E) = Inf v(F)
FDE

for any set E € P (R%), where the infimum is attained. Moreover, Proposition 2.2 also ensures
that 7, C Fr.

Conversely, let us now consider a set E in ¥, and assume that E has finite v*-mass. Then,
as the infimum above is attained, there exists a set F € ¥, that contains E and satisfies
v(F) = v*(E), the latter quantity being equal to v*(F) because v* and v coincide on ¥,. We
deduce that

V(E) = v'(F) = v'(F \ E) + v(E).

Given that v*(E) is finite, it follows that F \ E is v*-negligible. Thus, using again the fact that
the above infimum is attained, we infer that there exists a set G € ¥, that contains F \ E and
satisfies v(G) = v*(F \ E) = 0. Since v coincides with the outer measure y on ¥, we see that
u(F\ E) < u(G) = v(G) = 0. Thus, the set F \ E is u-negligible, and is therefore p-measurable,
by virtue of Theorem 2.1. Recalling that F is p-measurable, we conclude that E = F \ (F \ E) is
p-measurable as well.

Finally, if u coincides with v*, then it is necessarily regular, because v* is so. Conversely, if
u is regular, then

p(E) = inf p(F) = inf v(F) = v'(E)
FOE FOE

for any set E € P (R%), so that the outer measures p and v* coincide. O

2.3. Further properties of measurable sets

Let us now mention some useful properties satisfied by the measurable sets.
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Proposition 2.4. Let u denote an outer measure on R and let (F,;)ys1 be a nondecreasing sequence
of subsets of R%. The following properties hold:

1) if the sets F,, are u-measurable and E is an arbitrary subset of R%, then
( 1z Y

y(EﬁOTFn
n=1

(2) if the outer measure 1 is regular, then
u (U T Fn
n=1

Proof. Let us begin by assuming that the sets F,, are y-measurable and that E is a set in
P(RY). Given that the sequence (F,),>1 is nondecreasing, we obtain a sequence (G ),>1 of
disjoint p-measurable sets simply by letting G1 = F; and G, = F,, \ F,,—1 for any integer n > 2.
Then, for any subset A of the union of the sets G, it follows from (2.1) that u(A) is the sum of
u(ANGy)overall n > 1. Thus, on the one hand, choosing A to be the intersection of the set E
with the union of all the sets F,;, we deduce that

y(EﬂOTPn):i‘u(EﬂGn)
n=1 n=1

On the other hand, fixing an integer m > 1 and letting A be the intersection of E with the
union of the sets G, ..., G, we get

iy(EﬂGn):y(EﬂlilGn
n=1 n=1

The first part of the result then follows from letting m go to infinity.

Let us now drop the measurability assumption on the sets F,, and suppose instead that the
outer measure 1 is regular. First, it is clear that the p-mass of every single set F;, is bounded
by that of the union of these sets. Thus,

lim Tu(ENFy);

lim T p(Fy).

= u(ENFy).

lim T u(Fy) < u(UTFn)- (2.4)
n=1

For the reverse inequality, let us observe that for any integer n > 1, the regularity of u ensures
the existence of a y-measurable superset H,, of F,, that has the same uy-mass. Then, the
monotonicity of the sequence (F,),>1 implies that F, C I, € H,, for all n, where I, is defined
as the intersection over all m > n of the sets H,,. Now, observe that (I,),>1 is a nondecreasing
sequence of p-measurable sets, each of them having the same pi-mass as its counterpart in the
original sequence (F,),>1. As a consequence, the first part of the proof above ensures that

u(Um) < u(U 1 zn) = lim T (L) = lim 1 u(Fy),

n=1 n=1

and the result follows. O
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Proposition 2.5. Let u denote an outer measure on RY and let (F;)us1 be a nonincreasing sequence
of u-measurable sets. Then, for any subset E of RY such that u(E N F,,) < oo for some integer n > 1,

y(EﬂﬁlFH

n=1

= lim | W(ENFy,).
n—0o0

Proof. Let m denote an integer for which p(E N Fy,) is finite. Then, let us consider the sets
Gy = Fi \ Fyyan, for n > 1; they form a nondecreasing sequence of p-measurable sets to which
we may apply Proposition 2.4(1), thereby getting

M(EﬂulTGn) = lim T (ENGy)
n=

Now, the subsequence (F;),>m+1 is formed of p-measurable sets, and the set E N F,, has finite
p-mass, so that the left-hand side of this equality is equal to

y(Eum\ ﬁ an)zy(EﬁFm)—y(EﬁFmﬂ ﬁ m).

n=m+1 n=m+1

Likewise, its right-hand side is the limit as n goes to infinity of
WENF, \Fy)=wENFy)—uwENF, NEy).

It is now plain that the above equalities lead to desired result. O

2.4. From premeasures to outer measures: the metric viewpoint

We explained in Section 2.2 how to build an outer measure starting from a premeasure defined
on a class of subsets of R?. Let us now present another way of extending a premeasure into
an outer measure, by taking additionally into account the metric structure of the ambiant
space R?. Accordingly, the next result is the counterpart of Theorem 2.2. The diameter of an
arbitrary set E € P(RY) is denoted by |E| in what follows.

Theorem 2.3. Let C be a collection of subsets of R? containing the empty set, and let C be a premeasure
defined on C. Then, the function C. defined on P(R?) by

CE)=lm 1 Co(B)  with  Co(B)= _inf ) T(Co) (25)

CneC,|Cnl<d n=1

is an outer measure. Here, the infimum is taken over all coverings of the set E by sequences (Cy,)n>1 of
sets belonging to C with diameter at most 6.

Proof. The result follows straightforwardly from Theorem 2.2, combined with a simple
observation. As a matter of fact, for any fixed 6 > 0, Theorem 2.2 implies that (5 is an outer
measure, namely, that obtained from the restriction of the premeasure C to the collection of
sets in C whose diameter is at most 6. It now suffices to observe that C. may also be written
as the supremum over all 6 > 0 of the outer measures (s, and make use of the obvious fact
that the supremum of an arbitrary family of outer measures is also an outer measure. m]

Let us mention that it is obvious from (2.3) and (2.5) that for any premeasure C and any
subset E of RY, we have (*(E) < (s(E) for all 6 > 0; thus, taking the limit as 6 goes to zero, we
deduce that

VECR?  C'(E) < C(E). (2.6)
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The main advantage of the above construction over that given by Theorem 2.2 is that one
does not need to check whether two given disjoint sets are measurable when intending to
apply the additivity property of the outer measure C. to their union. Thus, C. falls into the
category of metric outer measures that we now define.

Definition 2.5. An outer measure p on R? is said to be metric if for all sets A and B in
PR\ {0},
d(A,B)>0 == (AU B) = u(A) + u(B).

In the previous definition, d(A, B) denotes the distance between the sets A and B, that is,
the infimum of |a — b| over all 2 € A and b € B. When this distance is positive, the sets are said
to be positively separated. The previous remark now takes the form of the following precise
result.

Proposition 2.6. For any choice of the premeasure C, the outer measure C. defined via (2.5) is metric.

Proof. Letus consider two nonempty subsets A and B of R?, and let us assume that d(A, B) > 0.
As C, is an outer measure, it suffices to prove that the sum of the C.-masses of these sets A and
B is at most the C.-mass of their union, which we may assume to be finite. For any ¢, 61,02 > 0,
letting 6 = min{61, 02, d(A, B)/2}, we deduce from (2.5) that there exists a sequence (Cy,),>1
of sets in C with diameter at most 6 such that

AuBc| Jc,  and U(Cp) < G(AUB) + e

n=1 n=1

Note that none of the sets C,, can intersect both A and B. Indeed, in that situation, there
would exist two points a € AN C, and b € BN C,, which would lead to

2la —b| <2|Cy| €20 <d(A,B) < |a—b|,

a contradiction with the disjointness of the sets A and B. As a consequence, letting A, = C,
if C,, intersects A and A,, = 0 otherwise, and letting B,, = C,, if C,, intersects B and B, = (

otherwise, we have
DICC) = DA + D LB,
n=1 n=1 n=1

Moreover, one easily checks that (A,),>1 and (B,),>1 are two sequences of sets in C with
diameter at most 61 and 6, respectively, that cover the sets A and B, respectively. Thus, we
end up with

CG(AUB)+ e > Cs(A) + Csy(B).
We conclude by letting 61, 67 and ¢ go to zero. m]
On account of the fact that the outer measures of the form C. are metric, we may now state

an analogue of Proposition 2.4 where the measurability assumptions are replaced by positive
separateness conditions.
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Proposition 2.7. Let C. be the outer measure defined in terms of a given premeasure C through (2.5),
and let (E,)n>1 denote a nondecreasing sequence of subsets ofRd. Let E = U,s1 En. Ifd(En, E\ Ens1)
is positive for any integer n > 1, then

C. (U 1 En) = lim 1 C.(Ex).
n=1

Proof. It is clear that (2.4) holds for the sets E,,. We thus need to prove the reverse inequality,
and we may assume that the sequence (C.(E;)),>1 is bounded. Now, let us consider the sets
Fi=Ejand F, = E,\E,— forall n > 2. Then, for any integer n > 1, theset F{LUF3U...LF2,1
is included in E»;,_1 and the set F,,41 is included in E \ Ey;, so that

d(F1UFsU...UF,-1,Fap41) 2 d(E2p-1, E \ E2y) > 0.
By virtue of Proposition 2.6, the outer measure C. is metric, and therefore
C(FiUF3U...UFu41) = C(F1UF3U. ..U Fu-1) + C(Fan+1).

Iterating this procedure, we readily deduce that

N N
Z Cu(Fop-1) = C. (I_I F2n—1) < C(Ean-1).
n=1 n=1

We may obviously apply the same ideas to the sets F;, for the even values of n, thereby

inferring that
N N
Z C«(Fan) = C. (I_I FZn) < C(Exn)-
n=1 n=1

Recalling that the sequence (C.(E;))n>1 is bounded, we deduce that the series ), C.(Fy)
converges. Now, for all N > 1, we have

Cs (O T En) = C. (EN u |i| Fn) < C*(EN) + i C*(Fn)/
n=1

n=N+1 n=N+1
and the desired inequality follows from letting N go to infinity. m|

We are now in position to state the main result concerning the outer measures of the form
C., namely, that the Borel sets are measurable. The Borel o-field is denoted by 8 in what
follows.

Theorem 2.4. Let C. be the outer measure obtained from a given premeasure C through (2.5). Then,
the Borel subsets of R are C,-measurable, that is, B C Fe..

Proof. We know from Theorem 2.1(1) that the {.-measurable subsets of RY form a o-field
denoted by ¥¢,. In order to show that the Borel o-field is included in #¢,, it thus suffices to
establish that every closed subset of R is {,-measurable.

Given a closed subset F of RY, let us consider two sets A and B in P (R?) that are included
in F and R? \ F, respectively. We may suppose that A and B are nonempty. Now, for any
integer n > 1, let B,, denote the set of points b € B such that d({b}, F) > 1/n. The sets B,
clearly form a nondecreasing sequence of subsets of B. Moreover, if b denotes a point in B,
then d({b}, F) is positive, because the set F is closed and cannot contain b. Thus, the point b
belongs to B, for n large enough. It follows that

B:OTBn.
n=1
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For any integer n > 1, let us consider two points b € B, and c¢ € B \ B,,4+1. Then, the distance
between the point ¢ and the set F is at most 1/(n + 1), so that there exists a point f € F
satisfying |c — f| <2/(2n + 1). Hence,

1 2 1
—c|>b-fl-lc—- fl=> F)—|c—- - — = .
o=cl 2o~ fl=le=fl2 (b}, F)~le = fI > 1 =~ 55 = s > 0
We may thus conclude that the distance between the sets B, and B\ B;,41 is positive, regardless
of the value of n. Proposition 2.7 therefore gives

C.(B) = lim T C.(By).

Moreover, the distance between A and B, is positive, since A is contained in F. By monotonicity
and the metric property of C., we obtain

C*(A u B) = C*(A U Bn) = C*(A) + C*(Bn)-

Letting # tend to infinity, we deduce that C.(A U B) > C.(A) + C.(B). The reverse inequality
follows from subadditivity. We may thus conclude that the set F is C,-measurable. m]

2.5. Lebesgue measure

The general theory developed in Sections 2.2 and 2.4 may be applied to define the important
example of Lebesgue measure and recover its main properties. The starting point is the
premeasure v defined on the open rectangles of R? by

v (ﬁ(a,‘, bl)) = li[(b,‘ - ai) (2.7)
i=1 i=1

for any choice of points (a1, ...,a4) and (b1, ..., bs) in the space R? such that the condition
a; <b;holds forany i € {1,...,d}.

Definition 2.6. Let v be the premeasure defined by (2.7) on the open rectangles of RY. The
d-dimensional Lebesgue outer measure £% is the outer measure on P (R?) defined with the help
of (2.3) from the premeasure v, namely,

L=
The d-dimensional Lebesgue measure, still denoted by L7 is then the restriction of this outer
measure to the o-field of its measurable sets.

A noteworthy property that readily follows from Definition 2.6 is that the Lebesgue
outer measure is translation invariant and homogeneous of degree d under dilations. We
also observe that, according to this definition, the Lebesgue outer measure is obtained
through (2.3). It is therefore an outer measure, as its name suggests, as a consequence of
Theorem 2.2. However, as shown by the next result, the Lebesgue outer measure may also
been obtained recovered with the help of (2.5). It will thus satisfy the additional metric
properties discussed in Section 2.4.
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Proposition 2.8. The Lebesgue outer measure L% coincides with the outer measure defined on P (R?)
from the premeasure v with the help of (2.5), that is,

Li=0,.

Proof. In view of (2.6), we already know that L%(E) is smaller than or equal to v.(E), for any
subset E of R?. In order to prove the reverse inequality, we may clearly assume that £4(E) is
finite and, given a real number ¢ > 0, consider a sequence (C,),>1 of open rectangles such
that

Ecl o, and > w(Co)<LUE)+e
n=1 n=1
A real number 6 > 0 being fixed, we now need to derive from the sequence (C;),>1 a covering
of the set E with open rectangles with diameter at most 0.

To proceed, we shall make use of the following elementary observation. We consider an
open rectangle R that is determined by two points (a1, ...,a4) and (by, ..., by) in R4. For any
integer g > 1 and any real number 1 > 0, the set R is clearly contained in the union of the
open rectangles

d

i—1 i+

Rp=l_l(ai+p b= e+ P b= )|
i=1

where p = (p1, ..., pa) ranges in the set {1,...,g}. Letting c denote a positive real number

such that |x| < ¢ |x|w for all x € R, we see that the diameter of each set R, satisfies

1+n
q

where the last inequality holds for an appropriate choice of g and r. Furthermore, turning
our attention to the premeasure v, we have

d d 1+n7 d
> uRy) =] | (Twi - a») = (1+)"v(R),
i=1

a value that may be arbitrarily close to v(R) if 1) is sufficiently small.
The upshot is that every rectangle C,, may be covered by finitely many open rectangles
Cui,--.,Cnm, with diameter at most 6 and such that

IRyl < ¢ b —ale <6,

My
Z V(Cym) S v(Cpy)+ 27",
m=1
Collecting all the rectangles Cy, ,,, we obtain a covering of the set E with sets of diameter
bounded above by 6, and therefore
co My =)
vo(E) < ) p v(Cum) < ) (0(Co) +627") < LUE) + 2,
n=1m=1 n=1

where v; is defined as in (2.5). We conclude by letting 6, and then ¢, go to zero. O

It follows from Proposition 2.8 that the Lebesgue outer measure enjoys all the properties
presented in Section 2.4. For instance, Theorem 2.4 ensures that the Borel subsets of R? are
measurable with respect to the Lebesgue outer measure. Equivalently, the Lebesgue measure
is well defined on Borel sets.

We finish this discussion of Lebesgue measure by a simple expected result that however
does not follow from the general theory presented in the previous sections.
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Proposition 2.9. For any open rectangle R of RY,
LI(R) = v(R).

Proof. Clearly, Definition 2.6 ensures that £%(R) is bounded above by v(R) for any open
rectangle R. For the reverse inequality, we consider a closed hyperrectangle S delimited by
two points (a1, ..., a4) and (b, ..., by) satisfying a; < b; forall i € {1, ..., d}, namely,

S = ﬁ[ai, bi].
i=1

We further consider a covering (Cy,),>1 of the rectangle S composed of open rectangles. The
set S is compact and the sets C,, are open, so there exists a finite subset N of N such that the
rectangles C,, for n € N, cover and intersect the set S. Defining R = int S, the interior of S,
we then observe that for each n € N, the intersection set R N C, is a nonempty open rectangle;
its endpoints are denoted by (a,,1,...,a,,4) and (by,1,...,bsq). For each i, we introduce a
nondecreasing rearrangement of the real numbers 4, ; and b, ;, specifically,

aj=c1,;<...< 0 =bj,

where g denotes the cardinality of the index set N.
Then, for each integer point p = (p1,...,pq) in the set {1,...,29 — 1}4, let us examine the
open rectangle

d
Rp = H(Cpi,i,Cpi+1,j).
i=1

When R, is nonempty, its midpoint lies in R, therefore belonging to some open rectangle
Cyn, with n € N. However, the above rearrangement procedure guarantees that the whole
rectangle R, is actually contained in the intersection R N C;,. Thus, any R, is fully contained
in some R N C,. Moreover, for the same reason, the value assigned by the premeasure v to
the set R N C,, coincides with the sum of those assigned to the sets R, that it contains:

(RN Cy) = Z v(R,).

pe(l,....2q-1}4
RpngCn

These observations enable us to deduce that

(o]

D@z Y vRNAC)=D> > v(R,)

n=1 neN neN pe(l,..2q-1}4
RpCRNCy

d d d
> > [ epsri—cp) =] (cagi=cr =] [ - an.
pe{l,...,2qg-1}4 i=1 i=1 i=1

Taking the infimum over all coverings (C;),>1 in the left-hand side, we deduce that

d
£98) > [ |bi - ay).
i=1

Finally, if R denotes a nonempty open rectangle determined by two points (a1, ..., a4) and
(b1,...,ba),itis clear that the closed rectangle S, delimited by the points (a1 +1,...,a4 +1)
and (b1 —n,...,bs —n) is contained in R, with the proviso that the positive parameter 1) is
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sufficiently small. As £ is an outer measure, we deduce from what precedes that

d
LAR) 2 LUSy) = [ |bi - ai - 21).

i=1
The right-hand side clearly tends to v(R) as  — 0, and the result follows. m]

A simple consequence of Proposition 2.9 is that if R is the closed rectangle determined by
the points (a1, ...,a4) and (by, ..., bs), then we have

d d
R= ]_I[ui,bi] and  L9R) = E[(bi —a)). (2.8)

i=1

In fact, on the one hand, R obviously contains its interior, denoted by int R, which is the
open rectangle delimited by the same endpoints. For any 1 > 0, on the other hand, R is also
included in the open rectangle R, that is delimited by the points (a1 —1,...,a; — 1) and
(b1 +1,...,bs +1n). Consequently, in view of Proposition 2.9 and the fact that £% is an outer
measure, we get

v(intR) = L%(intR) < L (R) < LUR,) = v(Ry),
from which we straightforwardly deduce that

d d
n(bi —a;) < LYR) < n(bi —a; +2n),
i=1 i=1

and the right-hand side coincides with the left-hand side when we take the limit as 1 goes to
zero. Note that the same result also holds if R is, for instance, a half-open rectangle of R¥.

2.6. Hausdorff measures

2.6.1. Definition and main properties

As shown by Proposition 2.14 below, the Lebesgue measure discussed in Section 2.5 falls
into the category of Hausdorff measures that we now present. To begin with, the Hausdorff
measures are obtained by applying Theorem 2.3 to the premeasures that are defined in terms
of the class of gauge functions.

Definition 2.7. A gauge function is a function g : [0, co] — [0, co] which is nondecreasing in a
neighborhood of zero and satisfies the conditions

113(1) g(r)=g0)=0 and g(00) = c0.

The convention that gauge functions take an infinite value at infinity has very little
importance and is only aimed at lightening some of the statements below. Note in addition
that we do not exclude a priori the possibility that a gauge function assigns an infinite value to
some positive real numbers.
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Definition 2.8. Let ¢ o|-|be a shorthand for the premeasure defined on P (R?) by E — g(|E|).
For any gauge function g, the Hausdorff g-measure H$ is the outer measure on P (R?) defined
with the help of (2.5) from the premeasure g o |- |, namely,

HE =(gol ]

In view of this definition, the properties obtained in Section 2.4 are satisfied by the
Hausdorff measures. In particular, it readily follows from Theorem 2.4 that the Borel subsets
of R? are measurable with respect to the Hausdorff measures. It is also important and useful
to remark that the Hausdorff measures are translation invariant. Besides, for any real number
0 > 0, we shall also use the outer measures

Hy = (g0l D

defined by (2.5) in terms of the premeasure g o | - |. Note that they are indeed outer measures
as a result of Theorem 2.2.

2.6.2. Normalized gauge functions

We shall hardly be interested in the precise value of the Hausdorff g-measure of a set, but
only in its finiteness or its positiveness. Thus, it will be useful to compare the Hausdorff
g-measures with simpler objects obtained for instance by making further assumptions on the
gauge function g or the form of the coverings. This is the purpose of the next two results.
The first statement calls upon the following notion of normalized gauge functions.

Definition 2.9. For any gauge function g, we consider the function g; defined for all real
numbers r > 0 by
d inf g(p) ’

O<p<r pd (29)

ga(r)=r

along with g4(0) = 0 and g4(c0) = oo; the function g, is then called the d-normalization of g.
Moreover, we say that a gauge function is d-normalized if it coincides with its d-normalization
in a neighborhood of zero.

The next result shows that the Hausdorff measure associated with some gauge function is
comparable with the measure associated with its d-normalization.

Proposition 2.10. For any gauge function g, the function g4 defined above is a gauge function for
which the mapping r — ¢4(r)/r? is nonincreasing on (0, ). Moreover, there exists a real number
« > 1 such that for any gauge function ¢ and any subset E of R?,

H3HE) < H3(E) < k HS(E).

Proof. First, it is obvious from (2.9) that the mapping r + g4(r)/r? is nonincreasing on (0, c),
and that

Vr>0  0<g4(r) <g(r), (2.10)
which ensures the right-continuity at zero of g;. Let us show that g, is nondecreasing in a
neighborhood of the origin. Recall that g is nondecreasing on the interval [0, ¢] for some
e>0. Now,if 0 < r <’ < ¢, then we have g;(r) < g4(r’), because

inf _g(p ).
r<p<r’ pd
To show that the Hausdorff measures H?$ and H$¢ are comparable, let us consider a real
¢ > 1 such that |x|/c < |x] < c|x|e for all x € R? \ {0}, and a subset E of R¢. We shall show

that

gi(r) <7"% inf = and g(r) <g(r)< inf ¢(p) < r'd
p r<p<r

HEI(E) < HS(E) < (4c*)HS(E).
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The leftmost inequality clearly follows from the definition of the Hausdorff measures, along
with (2.10). In order to show the rightmost inequality, let us consider a sequence (C,),>1 of
sets in P (R?) with diameter at most some 6 € (0, ¢] and such that E C | J,, C,,. If the set C,,
has positive diameter, then there exists a real p,, € (0, |C,|] such that

IC, |dg(Pn)
P

< 8a(|Cul) + 6277,

n

and there exists a point x, € Cy, so that C, C Bw(xy, ¢|Cy|). Furthermore, the latter ball is
covered by m,, = [2¢2|C, |/pn'|d closed cubes with sidelength p, /c, denoted by K, 1, ..., Ky m, -

Hence,
6+ng(|c 2 3 IGHEE > o 3 (o

n>1 nx>1

[Cn|>0 [Cn|>0
o1 . X HE(E)
- (4C2)d Z g(l |)+ Z Zg(l nm|) = (4 Z)d ’
it o =1

and the desired inequality follows from taking the infimum over all the sequences (C;),>1,
and finally letting 6 go to zero. ]

2.6.3. Net measures

The second statement shows that we may restrict our attention to coverings with dyadic cubes
when estimating Hausdorff measures of sets. The main advantage of working with coverings
by dyadic cubes is that they may easily be reduced to coverings by disjoint cubes; this is due
to the fact that two dyadic cubes are either disjoint or contained in one another. Recall that a
dyadic cube is a set of the form
A=27(k+[0,1)%),

with j € Z and k € Z?. We also adopt the convention that the empty set is a dyadic cube.
The collection of all dyadic cubes, including the empty set, is denoted by A. Given a gauge
function g, let us consider the premeasure that maps each set A in A to g(|A|), and which is
denoted by g o | - | for brevity. Then, Theorem 2.3 enables us to introduce the outer measure

ME = (g0 a), (2.11)

and the results of Section 2.4 show in particular that the Borel sets are measurable with
respect to M$; this outer measure is usually termed as a net measures. Furthermore, for any
real 6 > 0, let M§ stand for the outer measure (g o |- |A)s that is defined as in (2.5).

Proposition 2.11. There exists a real k" > 1 such that for any gauge function g and any subset E of
R?,
HE(E) < ME(E) < k" HS(E).

Proof. The leftmost inequality is clear, because a cover by dyadic cubes is a particular case of
a cover by arbitrary sets. To prove the rightmost inequality, let us consider a real ¢ > 1 such
that |x|e/c < |x| < c|x|e for all x € R?\ {0}, and a real ¢ > 0 such that g is nondecreasing on
[0, €], just as in the proof of Proposition 2.10. Then, let E denote a subset of R and let (C,)ps1
be a sequence of sets in P (R?) with diameter at most some 6 € (0, ¢] and such that E ¢ | J,, C
If the set C,, has positive diameter, then it contains a point x,, so that C; is contained in
the ball Beo(x,,, ¢|Cp|). Furthermore, the latter ball is covered by ([4c2]+ 1) dyadic cubes with
sidelength 277", where j, is the only integer satisfying 27/» < |C,|/c < 27/n*1; the cubes are
denoted by A, 1, ..., A ([4c2)41)- Furthermore, if the diameter of C,, vanishes, then this set is
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either empty or reduced to a singleton {x,}. In the first case, we let A, = 0. In the second
case, we let A, be an arbitrary dyadic cube with sidelength at most ¢, that contains x,,, where
&n is chosen small enough to ensure that ce, < 6 and g(ce,) < 627". As a consequence,

(T4c21+1)*
MSEY< > D gl + ) g
o ™= (Coizo
<(6cd? ) g+ ). 827" < (6c2)dz g(ICul) + 6,
n>1 n>1
[Cnl>0 #Cp=

and the result follows from taking the infimum over all the sequences (C,),>1, and letting 6
tend to zero. O

Note that Proposition 2.11 may be straightforwardly extended to coverings by m-adic
cubes. Such a generalization will be used in Section 3.4.

2.6.4. Further properties

In the same vein, we may derive from the relative behavior at zero of two given gauge
functions g and / a comparison between the corresponding Hausdorff measures. This is the
purpose of the next result.

Proposition 2.12. For any gauge functions g and h such that h(r) > 0 for all sufficiently small r > 0,
and for any set E C R,

(hmmf ig ;) ?{h(E) <HE(E) < (lll’:l_s)élp hg ;

except if the lower or upper bound is of the indeterminate form O - oo, in which case the corresponding
inequality has no meaning.

) HIE),

Proof. Let us consider a sequence (Cy,),»1 of subsets of R? with diameter at most some o > 0,
and let us assume that E C | J,, C;;. Then, it is clear that

(qu3 ig ;) Z h(|Cyl) < Zg(|C ) < (sup 0 )) Z h(ICul),

0<r<d
and we conclude by taking the infima over (C,),>1 and letting 6 tend to zero. m]

Let us now explain how the Hausdorff measures behave when taking the image of the set
of interest under a mapping that satisfies a form of Lipschitz condition.

Proposition 2.13. Let V be a nonempty open subset of R and let f be a mapping defined on V
with values in RY . Let us assume that there exists a continuous increasing function ¢ defined on the
interval [0, 0o) such that ¢(0) = 0 and

Ve, yeV 1f(0) = fl < o(x =y
Then, for any gauge function g, the function g o ="' may be extended to a gauge function, and for any
subset E of V,
HEP (f(E)) < HE(E).

Proof. First, note that ¢ o ¢! is nondecreasing on an interval of the form [0, ¢]. As usual,
let us consider a sequence (Cy,),»1 of subsets of R? with diameter at most a given 6 > 0 for
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which ¢(6) < ¢, and such that E C | J,, C,. Thus, the image set f(E) is covered by the sets
f(C, NV). In addition,

If(Can V)= sup [f(x)=fyI< sup @(x—yl) < (Cyl)
x,yeC,NV x,yeCyNV

for every integer n > 1, from which it follows that

HE (F(E)) < Z; 2o (f(Cr V) < Zl <G,

and we conclude again by taking the infimum on (C,),>1 and the limit as the parameter 6
tends to zero. O

Proposition 2.13 is typically applied to mappings f that are Lipischitz, or even uniform
Holder, on an open set V; the function ¢ is therefore of the form r — Cr®.

2.6.5. Connection with Lebesgue measure

Finally, it is important to observe that the Lebesgue measure £?, already discussed in
Section 2.5, is a particular example of Hausdorff measure.

Proposition 2.14. There exists a real number k" > 0 such that for any set B in the Borel o-field 8B,

H™"(B) = k" LUB). 2.12)

Proof. Letting c denote a positive real such that |x|«/c < |x| < c|x|w for all x € RY, one easily
checks that M ([0, 1)) < ¢“. Using Proposition 2.11, we infer that H=r([0, 1)) < .
Conversely, let us consider a sequence (1,),>1 of dyadic cubes with diameter at most a given
0 > 0 such that [0, 1)d C U, An. Therefore, as (2.8) holds for half-open rectangles, we have

1=20, )% < ) L) <t Y Il
n=1 n=1

taking the infimum over all sequences (1, ),>1 and the limit as 0 goes to zero, we thus deduce
that M”‘”d([O, 1)%) > c™“. Using Proposition 2.11 and the notations therein, we now infer
that ?{r'_”d([O, 1)%) > ¢~ /x’. Tt follows that

K = H™([0,1)7) € (0, ).

Given that the Lebesgue measure of the unit cube is equal to one, we deduce that (2.12) holds
when the Borel set B is equal to the unit cube [0, 1)%.

Let us now consider an integer j > 0. The unit cube is the disjoint union of the dyadic
cubes of the form 27/(k + [0, 1)%) with k € {0,...,2/ — 1}“. By virtue of Theorem 2.4, these

dyadic cubes are measurable with respect to H™" 50 that
7_{rb—>rd([0, 1)d) — Z 7_{V|—>rd (2_](k n [0, 1)d)).
ke{o,...,2/-1}4
Due to the translation invariance of the Hausdorff measure H “‘”d, the value of the summand
in the right-hand side does not depend on the value of k. We deduce that for any dyadic cube
A € [0,1)4 with sidelength 277, we have
,7_(r0—>rd(/\) — Kuz—dj — KIILd(A)‘

The latter equality is due to the obvious fact that the dyadic cube A has Lebesgue measure
equal to 277, see the discussion at the end of Section 2.5. The upshot is that (2.12) holds when
the set B is an arbitrary dyadic subcube of [0, 1)%.
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Finally, in view of Theorem 2.4, we obtain two finite measures on the unit cube [0, 1)4 by
restricting the outer measures x”’ £ and H r=r" to the Borel sets therein. Moreover, the above
discussion shows that these two measures coincide on the dyadic subcubes of [0, 1)d, which
form a m-system that generate the Borel sets. We deduce from the uniqueness of extension
lemma that the measures x”’ £% and H"™"" agree on the Borel subsets of [0, 1)4, seee. g. [61,
Lemma 1.6(a)]. By translation invariance and countable additivity on measurable sets, we
conclude that (2.12) holds on all the Borel subsets of R¢. O

If the space R4 is endowed with the Euclidean norm, it can be shown that the constant x”’
arising in the statement of Proposition 2.14 is given by

/2 é ! if d is even
’” 4 : d 2
K== Vd with ya=T §+1 = NN
———— ifdisodd,
2 (40)

where I' denotes the gamma function, see [51, pp. 56-58] for a detailed proof.
Furthermore, the ideas developed in the proof of Proposition 2.14 also lead to the following
noteworthy result for general Hausdorff measures.

Proposition 2.15. Let g denote a gauge function, and let { be the parameter defined in [0, oo] by the
formula

by = 1ig§f%. (2.13)

Then, depending on the value of {y, one of the three following situations occurs:
(1) if £y = oo, then for any Borel subset B of R,
LYB) >0 = HE(B) = o0;
(2) if &y € (0, 00), then there exists a real number g > 0 such that for any Borel subset B of RY,
HE(B) = kg LU(B);
(3) if by = O, then the outer measure H$ is equal to zero.

Proof. Let g; denote the d-normalization, defined by (2.9), of the gauge function g. Thanks
to Proposition 2.10, we know that g, is a gauge function for which the mapping r +— g4(r)/r?
is nonincreasing on the interval (0, o), and that there exists a real number x > 1 independent
on g such that for any Borel set B € 8,

HE(B) < H3(B) < x HS(B). (2.14)

On top of that, let us observe that gs(r)/r? tends to ¢, when r goes to zero. Hence,
Proposition 2.12 implies that we also have

HS4(B) = L, H™™"(B),

except if the right-hand side is of the indeterminate form 0 - co. Letting x¥”” denote the
positive real number appearing in (2.12), we deduce from Proposition 2.14 that, except in the
aforementioned indeterminate case, we further have

HE(B) = k" (g L (B). (2.15)

This directly yields (1). As a matter of fact, if the parameter /; is infinite and B denotes a
set in the Borel o-field 8, we then have

LYB)>0 =  HE(B) > H(B) = co.
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In order to prove (2) and (3), let us assume that the parameter {, is finite. Then, the
Hg-mass of the unit cube [0,1)?, denoted by K¢, is finite as well. Indeed, applying (2.14)
and (2.15) to the unit cube, we get

kg = HE([0,1)%) < x H34([0,1)7) = k"€, L([0,1)%) = k" €y < c.

Moreover, if Eg vanishes, then x g vanishes as well. The countable subadditivity and the
translation invariance of the outer measure H$ imply that the whole space R has zero
H3$-mass. This means that (3) holds. To establish (2), let us suppose that, in addition to being
finite, the parameter {, is positive. Applying (2.14) and (2.15) to the unit cube, we also get

Kg = HE([0,1)7) = HE([0,1)%) = k"€, L([0,1)7) = "€y > 0.

Hence, x is both positive and finite. We now proceed as in the proof of Proposition 2.14.
The measurability of the dyadic cubes with respect to H¢ and the translation invariance of
that outer measure imply that for any dyadic cube A C [0, 1)4,

HE(A) = kg LUN).

Using the uniqueness of extension lemma just as in the proof of Proposition 2.14, we may
conclude that the measures x ng and H$ agree on the Borel subsets of [0, 1)4, and finally
that (2) holds. m|

Note that, in the first case addressed by Proposition 2.15, the statement may be applied to
nonempty open sets. As a consequence, when /; is infinite, we have

VU # 0 open H3(U) = co.

This follows from the obvious fact that nonempty open sets are Borel and have nonvanishing
Lebesgue measure.

2.7. Hausdorff dimension

The Hausdorff measures associated with general gauge functions enable to give a precise
description of the size of a subset of R?. However, it is arguably more intuitive, and often
sufficient, to restrict to a specific class of gauge functions, namely, the power functions r + %,
for s > 0. This approach gives rise to the notion of Hausdorff dimension.

For these particular gauge functions, we use the notation H* instead of H""~"", for brevity,
and we call this outer measure the s-dimensional Hausdorff measure. It is clear that the gauge
function r + r° is normalized if and only if s < d; when s is larger than d, the corresponding
d-normalization is the zero function and, on account of Proposition 2.10, the s-dimensional
Hausdorff measure is constant equal to zero. Furthermore, it is convenient to define H 0as
the outer measure obtained by applying Theorem 2.3 to the premeasure that maps a given
subset of RY to one if the set is nonempty and to zero otherwise; it is then easy to see that #°
coincides with the counting measure # on R¥.

Specializing Proposition 2.12 to the power gauge functions, it is easy to observe that for
any nonempty subset E of RY, there exists a critical value sg € [0, d] such that for all s > 0,

s < 5o = HS(E) = o0
s > 3y S HS(E) = 0.

r—rs

Note however that one cannot conclude in general as regards the exact value of H*0(E): it
may well be zero, infinite, or both positive and finite. In the latter case, E is called an so-set.
We may now define the notion of Hausdorff dimension.
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Definition 2.10. The Hausdorff dimension of a nonempty subset E of R is defined by the
formula

dimy E = sup{s € [0,d] | H*(E) = oo} = inf{s € [0,d] | H*(E) = 0},
with the convention that the supremum and the infimum are equal to zero and d, respectively,
if the inner sets are empty. Moreover, we adopt the convention that the Hausdorff dimension
of the empty set is equal to —co.

We may in fact specialize to the power gauge functions the results of Section 2.6, thereby
obtaining the following proposition.

Proposition 2.16. Hausdorff dimension satisfies the following properties.
(1) Monotonicity: for any subsets E1 and E; of R?,
Ei1CEp - dimg E1 < dimy E».
(2) Countable stability: for any sequence (Ey, )1 of subsets of RY,
dimy U E, = supdimy E,,.
n=1 n>1

(3) Countable sets: if a subset E of R is both nonempty and countable, then dimy E = 0.
(4) Sets with positive Lebesgue measure: if a subset E of RY has positive Lebesgue measure,
then dimy E = d.
(5) Action of uniform Holder mappings: let V be an open subset of R? and let f : V — R¥
be a mapping such that
Je,a>0 Vx,yeV lf(x)= fy)l <clx—y|*;

then, for any subset E of V,
dimy f(E) < % dimy E.

(6) Invariance under bi-Lipschitz mappings: let V be an open subset of R% and let f : V —
R¥ be a bi-Lipschitz mapping with constant c 7 21, i.e.a mapping such that

lx -y
cf

Vi, yev <1f ()~ Fy) < eplx —yl; (2.16)

then, for any subset E of V/,
dimH f(E) = dimH E.

(7) Differentiable manifolds: if M is a nonempty C'-submanifold of R with dimension m,
then dimyg M = m.

Proof. All these properties basically follow from the definition of Hausdorff dimension,
along with the properties of Hausdorff measures obtained in Section 2.6. Specifically, the
monotonicity property (1) follows from the monotonicity property of the outer measures
‘H*. The countable stability property (2) is due to the monotonicity and the countable
subadditivity of the outer measures H°. Then, (3) results from the countable stability of
Hausdorff dimension, along with the obvious fact that singletons have dimension zero. Now,
Proposition 2.14 ensures that a subset of RY with positive Lebesgue measure also has positive
H“-mass; this leads to (4). Finally, (5) follows from specializing Proposition 2.13 to the power
gauge functions, (6) is a plain consequence of (5), and (7) is a corollary of (4) and (6). O

Using M as a shorthand for the net measures M™"" introduced in Section 2.6 and obtained
when restricting to coverings by dyadic cubes, we directly deduce from Proposition 2.11 that
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the Hausdorff dimension of a nonempty subset E of R is also characterized by the formula
dimy E = sup{s € [0,d] | M*(E) = co} = inf{s € [0,d] | M*(E) = 0}.

Finally, let us mention for completeness that M is defined just as H", and coincides with the
counting measure on R

2.8. Upper bounds on Hausdorff dimensions for limsup sets

Deriving upper bounds on Hausdorff dimensions or, more generally, obtaining an upper
bound on the Hausdorff measure of a set is usually elementary: it suffices to make use a well
chosen covering of the set. There is a situation that we shall often encounter where the choice
of the covering is natural: when the set under study is a limsup of simpler sets, such as balls
for instance.

Lemma 2.1. Let (E,),>1 be a sequence of subsets of RY with diameters |E,| tending to zero as n — oo,
and let
E =limsupE,.

n—o0o

Then, for any gauge function g, the following implication holds:

SN elED <o =  HSE)=0.
n=1
In particular, the Hausdorff dimension of E satisfies

dimy E < inf {s €[0,d]

i |Enl® < OO} .

n=1

Proof. Let us consider a real number 6 > 0 and a gauge function ¢ such that the series
2.n §(|En|) converges. Note that |E,| < 6 for all n larger than some integer 19 > 1. We then
choose an integer m > ngy and cover E by the sets E,;, for n > m, thereby obtaining

HI(E) < ) g(E]).

The series being convergent, the right-hand side tends to zero as m goes to infinity, and the
result follows from letting 6 tend to zero. Finally, the upper bound on the Hausdorff dimension
is a plain consequence of specializing the above result to the power gauge functions. m|

A typical application of Lemma 2.1 is the derivation of an upper bound on the Hausdorff
dimension of the set J; ., see Section 3.1. Recall that this set is defined by (1.1) and consists of
the points that are approximable at rate at least 7 by the points with rational coordinates.

Lemma 2.1 may also be used to compute an upper bound on the Hausdorff dimension
of a very classical fractal set: the middle-third Cantor set, denoted by K. There are several
ways of defining this set; the most condensed one is certainly to write K as the image of the
symbolic set {0, 1}* under the mapping

(4j)j>1 = ZZujS_j,
j=1

which amounts to saying that a real number between zero and one belongs to K if and only if
the digits in its 3-adic expansion are all equal to zero or two. Another way, which is probably
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more suitable for dimension estimates, is to write

K= ﬁl || L (217)

j=0  ue{0,1y

Here, I, denotes the closed interval with left endpoint 2u1 /3 + ... + 2u;/ 3/ and length 377, if
u is the word uy ... u;j in {0, 1}/. For consistency, we adopt the convention that the set {0, 1}°
contains only one element, the empty word @, and that the set I is equal to the whole interval
[0,1].

The upper bound on the dimension of K that results from Lemma 2.1 is then given by the
following statement.

Proposition 2.17. The middle-third Cantor set satisfies

log?2
dimyg K < 08

log3’

Proof. Note that every point of the Cantor set K belongs to one of the intervals I, with
u € {0,1}/, for every integer j > 0. In particular, K may be seen as the limsup of the intervals .
Applying Lemma 2.1, we are reduced to inspecting the convergence of the series ;2/(37/)°,
and the result follows.

Note that this upper bound may be obtained more directly by covering the Cantor set K
by the intervals I,,, for u € {0,1}/, and then by letting j tend to infinity. This method also
yields an upper bound on the s-dimensional Hausdorff measure of K at the critical value
s = log2/log3. To be precise, the aforementioned covering implies that for 6 > 0and j > 0
such that 377 < §,

HE(K) <2(37) =1.
Taking the limit as 6 — 0, we deduce that H*(K) < 1. m|

We shall exhibit below a lower bound on the Hausdorff dimension of K that matches the
upper bound given by Proposition 2.17.

2.9. Lower bounds on Hausdorff dimensions

2.9.1. The mass distribution principle

Whereas deriving upper bounds on Hausdorff dimensions often amounts to finding appropri-
ate coverings, a standard way of establishing lower bounds is to build a clever outer measure
on the set under study. This remark is embodied by the next simple, but crucial, result.

Lemma 2.2 (mass distribution principle). Let E be a subset of R? and let u be an outer measure
on R? such that u(E) > 0. Let us assume that there exist a gauge function ¢ and two real numbers
¢, 6o > 0 such that for any subset C of R? with diameter at most 5,

p(C) < cgllcl.
Then, the set E has positive Hausdorff g-mass, specifically,

E
HE(E) > Q > 0.
In particular, if g is the power function r v r° for some s € (0, d], then the s-dimensional Hausdorff

measure of E is positive, and dimp E > s.
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Proof. Let us consider a real 6 € (0, 5] and a sequence (C,,),>1 of subsets of the space R?
with diameter at most 6 that satisfies E C | J,, C;,. Then,

w(E) < u (0 Cn) < i#(cn) < Cig(lan/
n=1 n=1 n=1

and the result follows as usual from taking the infimum over all sequences (C,),>1 and letting
0 go to zero. O

Let us apply Lemma 2.2 to derive a lower bound on the Hausdorff dimension of the Cantor
set K; this will complement Proposition 2.17 above in an optimal way.

Proposition 2.18. The middle-third Cantor set satisfies

log?2
dimy K > 8

log3’

Proof. Let C denote the collection formed by the empty set and all the intervals I, for
u € {0,1} and j > 0. We define a premeasure  on C by letting C(0) = 0, and {(I,,) = 277/ if the
word u has length j. Theorem 2.2 enables us to extend via the formula (2.3) the premeasure C
to an outer measure C* on all the subsets of R. One then easily checks that the function u that
maps a subset E of R to the value C*(E N K) is also an outer measure.

Given a subset C of R with diameter less than one, we now derive an appropriate upper
bound on 1(C). We may clearly assume that C N K is nonempty, as otherwise 1(C) vanishes.
Moreover, if C has positive diameter, there is a unique integer j > 0 such that 37U+ < |C| < 37/.
The intervals I,,, for u € {0,1}/, are separated by a distance at least 37J. Hence, the set C
intersects only one of these intervals, which is denoted by I(C). Therefore, C N K is included
in I(C), so that

u(C) = C(CNK) < CI(C)) =27 = (37 < 3°|CFF =2[CF,

where s is equal to log2/log 3. The same bound holds when C has diameter zero. Actually,
in that case, C is reduced to a single point in K. For each integer j > 0, there is a unique
u € {0, 1} such that this point belongs to I, so that

w(C) =C(CNK) <l =27 —0.
]—)00

To conclude, it suffices to observe that 1(K) is at least one. Indeed, thanks to Lemma 2.2,
this implies that H*(K) > 1/2, which eventually leads to the result.

For completeness, let us briefly explain why u(K) is at least one. Let us consider a sequence
(Cy)nz1in C such that K C | J,, C,,. Since the intervals I, are either disjoint or included in one
another, there exists a subset N of N such that the sets C,,, for n € N, are disjoint intervals that
still cover the set K. Moreover, if C,, has length 377, let C,, denote the open interval formed by
the points at a distance less than 370*1 from C,,. One easily checks that the open intervals
C,, are also disjoint and cover K. By compactness of the latter set, we can extract from N a
finite subset N’ such that the intervals C;,, for n € N’, cover K. However, for these values
of n, we have KN C;, = KN C,, by disjointness of the sets C;,. It follows that K is covered
by the finitely many intervals C,,, for n € N’. If this covering contains [0, 1], its total C-mass
is already at least one. Otherwise, among these intervals, let us pick one that has minimal
diameter and that is denoted by C,,,. Then, there necessarily exists an index n; € N’ such that
Ch, is the “neighbor” of C,,, in the Cantor set construction: C,,, and C,, have same length, 37/
say, and are separated by a distance equal to 37/, Thus, Cy, UCy,isincludedinaset D € C
with length equal to 3-G-D), Along with the set D, the sets C,,, for n € N’ \ {n1, na}, cover K.
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Moreover, C(Cy,) + C(Cy,) and C(D) are both equal to 201 5o that
D, UCy=tD)+ Y LG

neN’ neN’\{ny,nz}

We can repeat this procedure until ending with the trivial covering of the Cantor set K by the
whole interval [0, 1], thereby deducing that

2, ECz Y Cn =01 =1.
n=1 neN’

Taking the infimum in the left-hand side, we conclude that C*(K) > 1. Besides, it is clear that

C*(K) < ¢([0,1]) = 1. Therefore, the u-mass of the Cantor set K is in fact equal to one. m]

Propositions 2.17 and 2.18 together imply that the Hausdorff dimension of the middle-third
Cantor set Kis equal to s = log2/log 3. Inspecting the proofs also shows that 1/2 < H*(K) < 1.
One can actually prove that the exact value matches the upper bound, i.e. is equal to one.

2.9.2. The general Cantor construction

The above approach may be extended to a natural generalization of the middle-third Cantor
set. It is convenient to assume that the construction is indexed by a tree, that is, a subset T of

the set
U= U N
j=0

such that the three following properties hold:

e The empty word @ belongs to T.
e Ifthewordu = u; ...u;jisnotempty and belongs to T, then the word 7t(u) = uy ... uj—
also belongs to T; this word is the parent of u.
e For every word u in T, there exists an integer k,(T) > 0 such that the word uk belongs
to T if and only if 1 < k < k,(T); the number of children of u in T is then equal to
ki (T).
Let us recall here that, in accordance with a convention adopted previously, the set N° arising
in the definition of U is reduced to the singleton {@}; the empty word @ clearly corresponds
to the root of the tree.

To each element u of the tree T, we may then associate a nonempty compact subset I,, of
R?, and a possibly infinite nonnegative value ((I,). Defining in addition C(0) = 0, we thus
obtain a premeasure C on the collection C formed by the empty set together with all the sets
I,. We assume these objects are compatible with the tree structure, in the sense that for every
ueT,

ku(T) ku(T)
L2 | [l and Q@)<Y L. (2.18)
k=1 k=1

In particular, nodes u € T such that k,(T) vanishes, i.e. childless nodes, are not excluded a
priori but the corresponding sets necessarily satisfy C(I,) = 0. More generally, () surely
vanishes when the subtree of T formed by the descendants of u is finite; this is easily seen by
induction on the height of this subtree.

Thanks to Theorem 2.2, we may then extend the premeasure C to an outer measure C* on
all the subsets of R through the formula (2.3). This finally enables us to consider the limiting

set -
K= ﬂ l |_| L., (2.19)

j=0  ueTnN/



60 Hausdorff measures and dimension

together with the outer measure y that maps a set E C R to the value C*(E N K). If the tree
T is finite, it is clear that K is empty and u is the zero measure, and so the construction is
pointless. The next result discusses the basic properties of K and u in the opposite situation.

Lemma 2.3. Let us assume that the tree T is infinite. Then, K is a nonempty compact subset of 1.
Moreover, the outer measure u has total mass u(K) = C(Ip).

Proof. Let us assume that the tree T is infinite. Then, K is the intersection of a nonincreasing
nested sequence of nonempty compact sets, and is therefore itself nonempty by virtue of
Cantor’s intersection theorem.

Moreover, the set K is clearly included in the initial compact set I. It follows that the total
mass of u satisfies

u(R? = u(K) = C(K) < U(Ip).

In order to establish the reverse inequality, let us consider a sequence (C;),>1 in C such
that K € |J,, C,. We may now follow essentially the proof of Proposition 2.18. Indeed, as the
compact sets I, are either disjoint or included in one another, there exists a subset N of N
such that the sets C,, indexed by n € N are disjoint, have a nonempty intersection with K and
still cover this set. Moreover, if C,, is a compact indexed by a node in T N N/ with j=>1,letus
define C;, as the open set formed by the points at a distance less than min{ey, ..., €;}/3 from
C,,, where

¢j= min d(I,, I,) > 0. (2.20)

u,0eTNN/
U#v

Here, the minimum of the empty set is taken to be infinity. In the trivial case where C,, is
merely equal to I, we choose C;, to be an arbitrary open superset of C,,. We do the same
thing if &1 = ... = ¢; = co, which means that C, is a compact set indexed by the word 1...1
with length j, and that the tree begins by a single spine connecting the root @ to the node
encoded by the above word. Now that the open sets C;,, for n € N, are properly defined,
one easily checks that they are disjoint and cover K. The latter set being compact, we may
extract from N a finite subset N’ such that the sets C;,, for n € N’, still cover K. However, for
these values of 1, we have KN C;, = KN C,. It follows that K is covered by the finitely many
compacts C,,, forn € N’.

If one of these sets is I, the required lower bound follows immediately. Otherwise, among
these sets, we choose one that is indexed by a node with maximal generation in the tree T;
this node is denoted by u*. Then, the siblings of u* in the tree T are of the form m(u*)k with
1 <k < kynu(T). If a set of the form I+ intersects K, then it must intersect a unique set
Cp, with ng € N’. The generation of C,,, cannot be larger than that of u*, i.e. that of m(u*)k,
so that C,, contains I+ . Moreover, the latter inclusion cannot be strict, as otherwise Cy,
would also contain I+, which would contradict the disjointness of the sets C,,, for n € N’. It
follows that the sets I;(,+x that exhibit a nonempty intersection with K may be written in the
form Cy,, ..., Cy, withny,...,n; € N’. In the opposite case where I;(,-)x N K = 0, then the
subtree of T formed by the descendants of 7t(1*)k is necessarily finite and, as a result of a
remark made right after (2.18), this demands that C(Ir(,x) = 0. Therefore, using (2.18), we
end up with

kn(u”)(T)
D.UCH= DL )+ Y, UC)
neN’ k=1 neN’\{n1,...,n;}

> L)+ ), UG,

neN"\{ny,...,n;}
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together with the fact that the sets C;,, for n € N \ {n1, ..., n;}, combined with the set I;(;-
cover K. We can finally replicate this procedure until obtaining the trivial covering of the set
K by the initial compact I. This leads to

ic«:n) > ) UCh) = Ulo).
n=1

neN’
Taking the infimum in the left-hand side, we conclude that C*(K) > C(Ip). m|

Let us remark that, when all the values ((I,) are finite, the second condition in (2.18)
may easily be replaced by an equality if necessary. Indeed, it suffices to replace C by the
premeasure & defined on C by £(Ig) = C(Ip) and the recurrence relation

C(Iuk)
ky(T)

Z C(Iul)
I=1

é(luk) = S(Iu)z

foru e Tand k € {1,...,k,(T)}. When the denominator vanishes, the numerator vanishes as
well, and we adopt the convention that the quotient is zero. Note that the premeasure thus
obtained bounds C from below.

Under further conditions on the compact sets I;,, we may use Lemma 2.2, i.e. the mass
distribution principle, in order to derive a lower bound on the Hausdorff dimension of the
limiting set K. This is the purpose of the next result. In its statement, (¢;);>1 is the sequence
given by (2.20) and (m;);>1 is defined by

mj = min k,(T), (2.21)

ueTNN/-1

thereby indicating the smallest number of children among the nodes of the tree at a given
generation.

Lemma 2.4. Let us assume that the sequence (&;)j>1 is nonincreasing and converges to zero, and that
the sequence (m;)j»1 is positive. Then,

log(my ...m;-
dimp K > lim inf gl W”).
J=e0 —log(mj &)

Proof. We may assume that the right-hand side in the formula is positive. Indeed, the integers
m; being positive, the tree T is infinite, and Lemma 2.3 ensures that the set K is nonempty,
thereby having dimension at least zero.

Since the sequence (¢)j>1 converges to zero and the right-hand side in the formula is
positive, the sequence (m]-) j>1 cannot be eventually equal to one. Hence, m; ... m; tends to
infinity. Moreover, choosing one point in each compact set of the j-th generation, we obtain
points separated by a distance at least ¢;. The open balls with radius ¢;/2 centered at these
points are disjoint and contained in a fixed bounded neighborhood of I, for all j large enough.
Comparing their volumes, we deduce that

(my... mj)ed <C and thus mje‘? <— —0,
] ] nmiy... m]-_l
where C is a positive constant. In particular, — log(m}/ ¢ j) tends to infinity. The same bound

also shows that the lower limit in the statement is at most d.
Let us now consider the premeasure C defined recursively on the collection C by C(Ig) =1

and
C(T(uy)

VueT\{o} )= )
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It is clear that C satisfies (2.18), and that in fact equality holds therein. We may thus consider
the outer measure p defined on K as above. By Lemma 2.3 again, its total mass is equal to one.

Now, let C denote a subset of R? such that CNK # 0 and 0 < |C| < &1/2. Then, C is
contained in a closed ball B with diameter twice that of C, namely, |B| = 2|C| < ¢;. Let |
denote the unique integer such that ¢; < |B| < ¢j_1. There exists a node u* € T N N/~! such
that B N I,- # 0, and this node is unique because the compact sets of the (j — 1)-th generation
are separated by a distance at least ¢;-1. Therefore, the set B N K is covered by the sets I«
that intersect B, so that

_ ¥ _ C(Iu*)
u(B) = (BNK) < Z() ) = 7yt
BN+ #0

where xp denotes the setof k € {1, ..., k,+(T)} such that B intersects I,+x. For k in this set, let
xr denote a point lying in B and [,;+x simultaneously. Thus, the open balls with radius ¢;/2
centered at xi, for k € xp, are disjoint and all included in the ball obtained by doubling B.
This leads to e

> £ (B(xe, 3 ) )= £7BC, B,

kexs
where x denotes the center of B. We deduce that, in addition to being bounded above by
k,+(T), the cardinality of the set x is also at most (2|B|/ Ej)d. Hence, for any real number

s €]0,d],
s/d
C(IH*) 1-s/d @ ’ _ ns|nls C(IM*)
HB) < oy U () (( 5 ) ) =2 k(T3

In view of the relationship between the set C and the ball B, and the definition of the integers
mj, we infer that

He) _ 4

= 1/d
ICl* my...mj_1(m /

1%e0)s '

j J

If 5 is smaller than the lower bound given in the statement of the lemma, then the right-hand
side is bounded above by 4° for j large enough. Thus, letting k¥ denote the supremum over
j =1 of this right hand-side, we have x < co and therefore

u(C) < «|CF

for all subsets C of R? such that C N K # 0 and 0 < |C| < €1/2. Now, if C does not intersect K,
the latter bound still holds in an obvious manner since ;(C) must vanish. Finally, the bound
also holds when C intersects K and has diameter zero, because p(C) vanishes as well. Indeed,
C N K is then reduced to a singleton {x}, which is covered by a nested sequence of compact
sets I,;, so that

HO) =T < sup UL < =

ueTNNI Y
which goes to zero as j — oo, because m; must be at least two for infinitely many values of j.
We conclude using the mass distribution principle, see Lemma 2.2. m]

2.10. Iterated function systems

We now turn our attention to a class of fractal sets that satisfy a kind of selfsimilarity property,
meaning that the sets locally look like the global object. We shall eventually derive upper and
lower bounds on the Hausdorff dimension of these sets. Let F denote a nonempty closed
subset of R?. A mapping f : F — F is called a contraction if

Jce(0,1) Vx,yeF lf(y)— f(x)| <cly — x| (2.22)
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From its very definition, a contraction is clearly continuous. Furthermore, we call an iterated
function system any finite collection { f1, ..., fi} of contractions with cardinality m > 2. As
shown by the next statement, any such iterated function system determines a unique attractor,
that is, a nonempty compact K C F with

K= CJ FilK).
k=1

To establish this result, we endow the collection C(F) of all nonempty compact subsets of F
with the Hausdorff metric defined by

0(A,B) =inf{0 > 0| A C Bs and B C As},

where A5 denotes the 6-neighborhood of the set A, that consists of the points x € F such that
d(x,A) < 0. Let us mention that C(F) is a complete metric space.

Proposition 2.19. Let us consider an iterated function system { f1, ..., fm} on a nonempty closed
set F C RY. Then, the system has a unique attractor, denoted by K. More precisely, letting f be the
mapping that sends a set A € C(F) to

FAa = fa),
k=1

and choosing A to be stable under each contraction fi, we have

K= ﬁiffm),

j=0

where fI denotes the j-th iterate of the mapping f.

Proof. Note that f maps C(F) to itself, and that a set in C(F) is an attractor if and only if it is
a fixed point of the mapping f. Then, if A and B are two nonempty compact subsets of F, we
have

O(f(A), £(B)) < max o(filA), fi(B)) < 5(4, B) max c, (2.23)

where c; comes from (2.22) for the contraction fi. Thus, f is a contraction on the complete
metric space C(F). The Banach fixed point theorem now ensures that f admits a unique fixed
point, i.e. the iterated function system admits a unique attractor, denoted by K. Moreover,
K may be obtained as the limit as j — oo of the j-th iterate of an arbitrary set A € C(F). In
particular, if A is stable under each fi, then it is stable under f, thatis, f(A) € A. Hence,
the sets f/(A) form a nonincreasing sequence of compacts, and one easily checks that their
intersection coincides with K.

Note that we can always find a set A € C(F) that is stable under each f;. If F itself is
compact, then we can obviously pick A = F. Otherwise, letting xo denote an arbitrary point
in F, we can choose A = F N E(xo, r) for r sufficiently large. Indeed, if x € F N E(xo, r), then

| fr(x) = xol < |fi(x) = fi(xo)l + | fk(x0) = xol < cxr + | fr(xo) — xol < 7

if r is large enough to ensure that the latter inequality holds for all k. Again, the sets f/(A)
are nonincreasing, and their intersection is a fixed point of f. This gives a more constructive
proof of the existence of the attractor. The uniqueness may then be recovered by means
of (2.23). m]

The simplest example of attractor is certainly the middle-third Cantor set K, already dealt
with in Sections 2.8 and 2.9. As a matter of fact, it is easy to deduce from (2.17) that K is
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the attractor of the iterated function system { f1, f»} formed by the two contracting similarity
transformations from [0, 1] to itself defined by

fl(x) = g and fz(x) = X;Z

We refer for instance to [29, Chapter 9] for other classical examples of fractal sets obtained
through iterated function systems, like the Sierpinski triangle or the Koch curve and its
generalizations.

Our purpose is now to give some estimates on the Hausdorff dimension of an attractor K.
The next result gives an upper bound and holds in a general setting.

(2.24)

Proposition 2.20. Let K denote the attractor of an iterated function system {f1, ..., fu} defined on a
nonempty closed set F C R?, and let s be a positive real such that
m
D=1, (2.25)
k=1
where ci comes from (2.22) for the contraction fi. Then, the Hausdorff s-dimensional measure of the
set K is finite, and in particular dimpy K < s.

Proof. As usual for upper bounds, the proof reduces to finding an appropriate covering of
the attractor K. Thanks to Proposition 2.19, we know that K is covered by the sets f/(K) for
all j > 0. Moreover, f J(K) is the union over all integers ki, ..., kj between one and m of the
sets fi, ©...0 fi;(K). These sets satisfy

|fk1 0...0 fk](K)| < Ckyeee ijlKl,

so that for all 6 > 0 and for all j large enough,
H K< > fwo o fig(KF <IKF Y (cky-.ocx)” = IKF.

lSk],...,kjSm 1§k1,4..,kjﬁm

Letting 6 go to zero, we deduce that H*(K) is bounded above by |K|*, which is finite because
K is compact. Therefore, K has Hausdorff dimension at most s. O

Obtaining a lower bound on the Hausdorff dimension of the attractor is less straightforward
and requires additional assumptions. The classical setting consists in assuming that the
contractions fi that form the iterated function system are similarity transformations, i.e. satisfy
the condition

Jer€(0,1) Vx,yeF  |fi(y) = fu(o)l = ckly — x|

instead of the mere (2.22), and then supposing that the open set condition holds, namely, that
there exists a nonempty bounded open subset V' of F such that

Vol | f(W)
k=1

It is known from Proposition 2.19 that the attractor K is the union of its images fi(K) under
the contractions. The open set condition roughly means that these components f;(K) do
not overlap too much, and that the union is nearly disjoint. Following this intuition and
exploiting the fact that the contractions f are similarities, a nonrigorous heuristic approach
then consists in writing that

HE(K) = ) H (fulK) = H(K) ) e,
k=1 k=1
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so that the only plausible value for the Hausdorff dimension is the solution of (2.25). It
is actually possible to make this approach correct, and to prove that, under the above
assumptions, the Hausdorff s-dimensional measure of K is both positive and finite, so that in
particular dimy K = s, where s solves (2.25). We refer for example to [29, Theorem 9.3] for a
precise statement and a detailed proof.

In the number-theoretic applications that we shall discuss in Section 3.3 below, the
contractions that form the iterated function system are not similarity transformations, and
the aforementioned classical setting is therefore irrelevant. Instead, we shall call upon the
following result that applies to quite general contractions, but relies on a stronger assumption
than the open set condition.

Proposition 2.21. Let us consider an iterated function system {fi, ..., fu} defined on a nonempty
closed set F C RY and satisfying

Vke{l,...,m} 3bre(0,1) Vx,yeF | fe(y) = fu@o)l = bi |y — x|,
and let s be a positive real such that
m
Dobi=1.
k=1

Let us assume that the attractor, denoted by K, of the iterated function system { f1, ..., fm} verifies

m
K= u Fe(K). (2.26)
k=1
Then, the Hausdorff s-dimensional measure of the set K is positive, and in particular dimy K > s.

Proof. We are in the setting of the general Cantor construction introduced in Section 2.9.2.
Here, the construction is indexed by the m-ary tree T, formed by the words of finite length
over the alphabet {1, ..., m}, the compact sets are

I, = ﬁq O...Ofbxkg
for any word u = uy ... uj, and the associated premeasure C is defined by
C(Iu) = (bu1 e buj)sl

in addition to (@) = 0. In accordance with the standard conventions, we have in particular
Iz = Kand C(Ig) = 1, where @ denotes the empty word, which represents the root of the tree.
The compatibility conditions (2.18) are plainly satisfied. Indeed, for any word u = u; ... u;
and any integer k between one and m, we have

oo fu(K)=| | fur oo o fu o filK);
k=1

the union is disjoint due to (2.26) and the injectivity of the contractions. Thus, every compact
set I, is the disjoint union of the sets I,,x indexed by its children. Moreover, the choice of s
ensures that

L) = (buy - bu) = Y (buy - Dugbi)* = D T,
k=1 k=1

Now, thanks to Proposition 2.19, the limiting compact set defined by (2.19) coincides with the
attractor K. We then use Theorem 2.2 to extend via the formula (2.3) the premeasure C to
an outer measure C* on all the subsets of RY. The function u that maps a subset E of R to
the value C*(E N K) is an outer measure as well, and Lemma 2.3 implies that u has total mass
equal to u(K) = C(Ig) = 1.
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With a view to applying the mass distribution principle, let us estimate the p-mass of sets
in terms of their diameter. We begin by considering the closed balls B(x, r) with x € K and
r € (0, ¢), where

e=_ min d(fi(K), fr(K)) > 0;

1<k<k’<m
note that two distinct compact sets f(K) are positively separated because they are disjoint.
According to (2.19), for every integer j > 0, there exists a unique word u/) with length j such
that x belongs to the set I ). Necessarily, the parent of the node u*1 is the node u; in
addition to the fact that 0 < by < 1 for all k, this ensures that the sequence (p;);>o defined by
pj = gbuij) ...b_ () is decreasing and converges to zero (again, due to the standard conventions,

po = ¢). In part{cular, there exists a unique integer j > 1 such that p; <r < pj-1.

For this choice of the integer j, let us write u as a shorthand for 1), and let us consider
another word v with length j. Let w denote the closest common ancestor of # and v, and let [
denote the length of w. Let x and y belong to I,, and I, respectively. In particular, x belongs
to Iy,,,, 5O there exists a unique x’ € f,,,,(K) such that x = f,,, o... 0 fy,(x’). Likewise, y is
in Iyy,,,, and there is a unique y’ € f,,,,(K) such that y = f;,, o... 0 fy,(y’). Thus,

X =yl =1fw, 0.0 fu,(x") = fwy 0.0 fu,(Y) = o, ... by |x" = Y]

As up41 and vy are distinct, the distance between x” and v’ is at least ¢. Taking the infimum
over x and y in the left-hand side, we finally deduce that

d(lullz)) 2 Sbwl . e bwl Z Ebul “oe buj—l = ,Dj—l'

The latter inequality holds because the word w is a prefix of uy ... uj-1 = uU=Y, and the reals

by are again strictly between zero and one. The upshot is that the set B(x, 7) N K is contained
in no other component of K of the j-th generation than I,,. Indeed, should v be another word
with length j such that E(x, r) N I, # 0, the distance between I, and I, would be at most
r, while the above ensures that this distance is at least p;_1 ; this would eventually lead to
pj-1 < r, in contradiction with the choice of j with respect to . We infer that

u(Be, ) = CK B, 1) < CL) = (B b = (2) < 2

The preceding bound also implies that p({x}) = 0 for every x € K, by letting r tend to zero.
Now, let C be a subset of R? with diameter less than ¢. If C has diameter zero, its H-mass
therefore vanishes. If C does not intersect the attractor K, then the p-mass of C obviously
vanishes. Otherwise, there exists a point x € C N K, and the set C is plainly included in the
closed ball centered at x with radius |C|. Therefore,

u(©) < u(B(x, 1) < <.

gs

Lemma 2.2, namely, the mass distribution principle finally ensures that the attractor K has
positive Hausdorff s-dimensional measure. In particular, its Hausdorff dimension is bounded
below by s. ]

Let us mention that the middle-third Cantor set K clearly falls into the above setting. Indeed,
as mentioned previously, K is the attractor of the system formed by the two contractions f; and
f2 defined by (2.24), and these contractions clearly meet the requirements of Propositions 2.20
and 2.21 with all the parameters by and cx being equal to 1/3. Moreover, (2.26) holds for the set
K together with the two contractions f; and f,. We deduce that the Hausdorff s-dimensional
measure of K is both positive and finite if s is a solution of the equation 2(1/3)° = 1, i.e. if
s = log2/log3. We conclude that this value of s is the Hausdorff dimension of K, thus
recovering Propositions 2.17 and 2.18.
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2.11. Connection with local density expressions

We end this chapter with a remarkable link between the Hausdorff dimension of a set and the
local density properties of the measures that it supports. To proceed, we need the following
classical covering lemma due to Vitali. In the statement, if B denotes an open ball of R4 then
5B stands for the open ball concentric to B with radius five times that of B.

Lemma 2.5 (Vitali’s covering lemma). Let C denote an arbitrary collection of open balls of R? such
that
O¢ =sup |B| < co.
BeC
Then, there exists a countable subcollection C’ of disjoint balls in C such that

Proof. The proof makes a thorough use of the Hausdorff maximal principle. For any integer
j = 0, let C; denote the subcollection of C formed by the balls B with diameter satisfying
60270+ < |B| < 6¢27/. We now define recursively a sequence of subcollections C ].’ of Cj in
the following manner. To begin with, C is any maximal collection of disjoint balls in Cp.
Then, for any j > 0, assuming thatC, ..., C].’ have been defined, we decide that C jl L1 is any
maximal disjoint collection among the balls B € C;j41 such that B N B’ = () for every ball B’
inCju...U C].’ . The union, denoted by C’, of the collections C j, over j > 0 is therefore a
countable collection of disjoint balls in C.

It remains to prove the covering property. Let us consider a ball B € C. There is an index
Jj = 0 such that B € C;. The maximality of C].’ ensures that there exists aball B in CjU ... U C].’

that intersects B. The diameter of B’ is larger than 502701 while that of B is bounded above
by 6¢27/; we deduce that |B| < 2|B’|. Thus, the ball B is clearly contained in 5B’, and the
result follows. O

Now;, let us consider an outer measure u for which the Borel subsets of R? are measurable,
i.e. such that 8 C . For any real s > 0, we define the upper s-density of the outer measure u
at a given point x € RY by
u(B(x, 7))

) (4, x) = limsup p=

r—0

It is useful to observe that the function x — © (u, x) is Borel-measurable, see [46, Remark 2.10]
for details. The connection with Hausdorff measures is given by the following result.

Proposition 2.22. Let u be an outer measure on R? for which the Borel sets are measurable, let F be a
Borel subset of R, and let c be a positive real.

(1) If@s(y, x) < ¢ forall x € F, then H5(F) > u(F)/c.
() If@s(y, x) > c forall x € F, then H*(F) < 10°u(R%)/c.

Proof. In order to prove (1), let us consider a real number 6 > 0 and the subset of F defined
by

Fs={x e F|lu(B(x,r)) <cr®forallr e (0,0]}.
For every fixed r > 0, the function x — u(B(x, r)) is lower semicontinuous. Indeed, if x,
tends to x, then B(x, 7 — ¢) C B(xy, r) for all sufficiently large 1, and continuity from below
allows us to let ¢ decrease to zero. Thus, Fs is the intersection of F with a closed set, and is
therefore Borel. Now, let (C,),>1 denote a sequence of sets in P (RY) with diameter at most



68 Hausdorff measures and dimension

0/2 and such that F € |J,, C,,. In particular, the sets C,, cover the set Fs. If n is such that
Fs N C,, contains a point denoted by x, then it is clear that for any ¢ € (0, 6/2], the open ball
centered at x with radius |C,| + ¢ contains the set C,,. Thus, by definition of F5, we have

/J(Cn) < y(B(x, |Cul + €)) < c(ICul + €)°.

Letting ¢ go to zero, we deduce that u(C,) is at most ¢ |C,|°. As a consequence, the p-mass of
the set Fy satisfies

u(Fs) < ). u(C) <c ) ICuF.
FsNC,#0 n=1

Taking the infimum over all sequences (C;),>1 in the right-hand side, we deduce that

p(Fs) < cH; /z(F ). Since the outer measures H; 2 increase to H® as 6 goes to zero, we have

u(Fs) < ¢ H*(F). To conclude, it suffices to make use of Proposition 2.4(1) and to observe that

(F1/m)m=1 is a nondecreasing sequence of Borel sets whose union is equal to the whole set F.

We now establish (2). To this purpose, let us consider a real 6 > 0 and the collection C of

open balls defined by
C ={B(x,r), x € Fand r € (0, 6] such that u(B(x,r)) > cr°}
Then, the set F is covered by the balls in C. We may apply Lemma 2.5 to obtain a countable

subcollection C’ of disjoint balls in C such that the enlarged balls 5B, for B € C’, still cover
the set F. These balls have diameter at most 106, so

10° 10°
S S _ RS S - - d
Hios(F)< ) 5BF =5 ) BI' < — > u(B) < ——pu(RY),
BeC’ BeC’ BeC’
where the last inequality follows from the disjointness of the balls B in C’, and the fact that
these balls are y-measurable. m]

Although Proposition 2.22 has many various applications, we shall not actually use this
result as is in what follows. More specifically, when studying frequencies of digits in base
m expansions, we shall use a variant of Proposition 2.22 where open balls are replaced by
m-adic intervals, see Section 3.4.



CHAPTER 3

First applications in metric number
theory

3.1. The Jarnik-Besicovitch theorem

We shall apply the methods introduced in Sections 2.8 and 2.9 to determine the Hausdorff
dimension of the set J; . defined by (1.1) and formed by the points that are approximable
at rate at least 7 by the points with rational coordinates. Recall that this set is equal to the
whole space RY when 7 < 1+ 1/d, so that we may suppose that we are in the opposite case.
The dimension of J; . was obtained by Jarnik in 1929 and, independently, Besicovitch in 1934,
see [7, 36].

Theorem 3.1 (Jarnik, Besicovitch). For any real number © > 1+ 1/d, the Hausdorff dimension of

the set ] . is given by

) d+1
dimgy Jar = —

The remainder of this section is devoted to the proof of Theorem 3.1; we shall establish
the upper and the lower bound separately. We refer to Section 4.3 for another proof of this
theorem, and a refinement thereof, based on the general theory of homogeneous ubiquitous
systems.

3.1.1. Upper bound on the dimension of J; ;

The upper bound may be obtained by using Lemma 2.1. Indeed, the set J; - may be written in
the form

]d,'r = U (k + ]c,i,r) with ]d T ﬂ U U ( )

kezd Q=14=Q pe{o,...,

The set ]} may be seen as the limsup of the balls Bo(p/g,97%), for p € {0, ... ,q}% and

q > 1. In view of Lemma 2.1, for any gauge function g such that the series }.,(q + 1)%¢(2977)
converges, the Hausdorff g-mass of J; ~vanishes. The subadditivity of the outer measure
H?3 then ensures that the same property holds for the whole set J; .. Note that, owing to
Proposition 2.10, we can assume that the gauge function g is normalized, in which case the
criterion boils down to the convergence of the slightly simpler series >}, 7%¢(q™"). Specializing
to the power gauge functions, we end up with examining the convergence of the series
2 797", so that the upper bound holds.

69
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3.1.2. Lower bound on the dimension of ]; ;

It suffices to give, for any o > 7, a lower bound on the Hausdorff dimension of the set ]/
defined by

]‘;'/G = limsup U Bﬁ,q with Bg,q = Beo (5, q_“) ,

because ]/ is clearly a subset of J4 .. Instead of the open balls Beo(p/q,7"), we choose to
work with the closed balls By , because we want to use some of them as the compact sets
arising in the Cantor construction detailed in Section 2.9.2. To develop this construction here,
we will call upon the next lemma.

Lemma 3.1. Let C be a closed subcube of [0,1]% with sidelength | and let n be an integer such
that 191 > 2154, Let Q, denote the set of all integers q satisfying 2=%n < q < 29n. Then, there
exists a set SJ(C) € Z% x Q, with cardinality at least 2~'%" 17n®*1 such that the balls BY,, for

(p,q) € SJ(C), are included in C and separated by a distance larger than n=1=1/4.

Proof. Throughout the proof, we endow the space R? with the supremum norm. We shall
work with two parameters a, f > 1 whose precise values will be tuned up later. Let us
consider the subset C’ of C formed by the points that are at a distance at least an "1/ from
R?\ C. It is easily seen that C’ is a cube with sidelength [ — 2an~'"1/4, with the proviso that
this value is nonnegative. Hence,

LUC) = (1 = 2an™ 1),

where (-); denotes the positive part function.

Furthermore, for each point x € C, let g(x) denote the minimal value of 4 € N such that
lgx — plo < n7Y? for some p € Z¢. Theorem 1.1, namely, Dirichlet’s theorem ensures that
g(x) is less than [n1/414, which is clearly bounded above by 2911. Let us now consider the set
C” formed by the points x € C such that g(x) < n/B. Then, C" is covered by the closed balls
with curvature gn'/? centered at the rational points p/q within distance 1/4 of the cube C
and with denominator q < n/B. For any fixed choice of g, there are at most (g + 3)? such
points. Hence,

d d d
s Sgrea (2 ) =23 (143« 3 (143
- q 1/d n
qn T iz q

g<n/p g<1/1
<g £+(41)’le -
T\ Bl B 1d+in )’

We now define Q,, as the set of all integers g satisfying 1/ < g < 2%n, and subsequently
S¢(C) as any set of pairs (p, q) € Z? X Q, indexing a maximal collection of rational points
p/q with denominator in Q,, that are at a distance at least (8/1)'*1/¢ from the complement of
C and are separated from each other by a distance at least 3(f/ n)i+1/d We readily see that
for any pair (p, q) € S;(C), the ball B , is contained in C because its radius 47 is at most
B/ n)1*1/4 which is a lower bound on the distance between its center and R? \ C. Moreover,
for another pair (p’, q’) € S;(C), the balls By , and By, . are clearly separated by a distance at

least (8/n)'*1/?, because their radius are at most (8/1)'*/? and their center are at a distance
at least 3(8/ n)1+1/4  Given that B > 1, the balls are therefore separated by a distance larger
than n~1-1/4,
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It remains us to derive the required lower bound on the cardinality of S;;(C), and to
adjust the values of the parameters a and f accordingly. For any point x € C’ \ C”, we have
g(x) € Qy, so that there exists a rational point p/q with denominator in Q,, for which

U PR g1/,

7o - qnl /d —

In particular, since x is at a distance at least an~!71/4 from the complement of C, the rational
point p/q is surely at a distance at least (& — §)n """/ from R? \ C. If we assume in addition
that a — g > g1/, then p/q must be within distance 3(8/n)'*/? from a point p’/q’ of
the above collection, in view of the maximality property. Hence, by virtue of the triangle
inequality,

’

p p v
X—— X —— - ==

7 oo q q 49
Thus, the set C’ \ C” is covered by the closed balls with radius 3an~171/4 centered at the
rational points indexed by S7(C). In particular,

(6)"
nda+1

p

< +

[o¢]

ﬁ 1+1/d
< ﬁn_l_l/d +3 (;) < Ban 1714,

[e¢]

Ld(c/ \ C//) <

#S9(C).

In the meantime, the Lebesgue measure of C’ \ C" is bounded below by

’ 144 —1-— 1 1

LUC) - L£UC") = (1 = 2an~ 17141 _gdjd (E + zd+1n) ,
from which we deduce a lower bound on the cardinality of S7(C). It remains to adjust the
parameters o and f in such a way that this bound is of the order of [#n9*1. It actually suffices
to choose any real § > 2**2, and then any real @ > g(1 + /), and finally to impose that
1911 > 4a to obtain that

1 1 1 200 20 1

d
8 (‘E + ld+1n) < pdn and  1- 1 1+1/d z1- Ty, = o

and then that the cardinality of SJ(C) is bounded below by [9n9+1/((6a)92%*1). We get the
bounds of the statement of the lemma by choosing specifically a = 23 and g = 2%, imposing
that 19*1n > 2157 and noting that (6a)729*1 < 218d* m|

We may now proceed with the general Cantor construction leading to the lower bound on
the Hausdorff dimension of Ji/ . Lemma 3.1 will play a pivotal r6le in the construction. We
introduce several constants whose specific value, though unimportant, will guarantee that
this lemma may be applied throughout the proof. First, let us define

« = olo(d+1)+14)d-1 K = 2d—(18+0)d2.

and

The choice of the constants x and x’ ensures that for any positive integers m and n and for
any integer g € Q,,

d+1
m > x notd+l) — (—g) m > 2154
@3.1)

[ 2\°

-18d d+1

- 2 (q—g) m > 1.
Here, Q, is the set of all integers g satisfying 27%n < g < 2%n, in accordance with the
statement of Lemma 3.1. We then fix an integer n; such that

n > max{215d’ 218d2/(d+1), 2(6da+1)d/(do—d—l)}' (3.2)
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The choice of 17 ensures in particular that for all integers n > nj and g € Q,,

q% <n 171/, (3.3)

To begin with the construction, the unit cube [0, 1]¢ is chosen to be the compact set Iy
indexed by the root of the underlying tree. Thanks to (3.2), we may apply Lemma 3.1 to this
cube and the integer 11, thus getting a set S;/, (Ip) contained in 7% x Q;, with cardinality at
least c1 such that the balls By , for (p, q) € S;,(Iz), are included in I, and separated by a

p.q’
distance larger than d;, where

_ 2
oq = 27188 d+1

ny >1 and dy = pi71e

1

Accordingly, we choose the balls Bg,q, for (p, q) € Sy, (Iz), to be the compact sets Iy indexed
by the children of the root. In particular, ky(T) is equal to #S] (I).
Note that each set I is in fact a closed subcube of [0, 1]¢ with sidelength equal to 2/4° for

some g € Qy,. In view of (3.1), we may then apply Lemma 3.1 to each of these cubes and an

arbitrary integer
4\ 1/(d+1)
o(d+1) ( i )

Ny > max K n,
K’

This yields subsets S, (I1), ..., Sy, (Ix, 1)) of 7% x Q, with cardinality at least c; such that for
each k, the balls By ., for (p, q) € Sy, (Ix), are included in I and separated by a distance larger
than d,, where

_ -1-1
¢ =%’ ngﬂnl do 5 q and dr=n /.

2
It is then natural to choose the balls Bg/q, for (p,q) € Sy,(1,,,), to be the compact sets I;;,,,
indexed by the children of anode u; € {1,. .., kz(T)}.

We may obviously repeat this procedure ad infinitum. We thus obtain a sequence (1) >1
of integers and a family of closed cubes (I,),er indexed by a tree T such that the following
properties hold for any integer j > 1:

a(d+1)

e we have i1 > K n; ;

e for each node u € T NN/, the cube I, is a closed ball of the form Bg,q with
(p,q) € S5 (Inw)
e there are at least ¢; = «’ n?i+1n]7_‘il‘7 > 1 siblings at the j-th generation;
e the distance between the cubes indexed by two distinct nodes of the j-th generation
is larger than d; = nj_l_l/d.
Note that we adopt here the convention that np = 21/0-4 for the sake of consistency. Moreover,
we recall for completeness that the initial cube is merely I, = [0, 1]%.
It is clear that each point of the limiting compact set K belongs to infinitely many balls

Blj‘,,q, and therefore K is included in | ‘;’U. Moreover, we are in the setting of Lemma 2.4 with

mj= min k,(T)>c;>1 and ¢j= min d(I,, I,) > d;.
ueTNNi-1 TN/
U#0U

In particular, the sequence (8]')]'21 is decreasing, as a consequence of (3.3). Moreover, it tends
to zero, because every node has at least two children and the diameters of the parent balls
tend to zero. Applying Lemma 2.4, we end up with

log(my ... m;_ log(cy...cj-
dimu K > lim inf & ! 1)zliminfg(1—1d]1).
J7ee —log(mj/ ) J7oo —log(cj/ d;)
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It remains to elucidate the lower limit appearing in the right-hand side. At each step of the
above construction, the integer 17; may be chosen arbitrarily large: in particular, we may

assume that 7j,1 > n; for all j > 0. The numerator in the previous formula, namely,

j-1 j-2
(d+ 1)Zlognk - daZlognk +(j—1)log«’
k=1 k=0

is therefore equivalent to (d + 1) log ;-1 as j goes to infinity. Furthermore, the denominator
is equal to

1 /
-7 log«x’ + olognj1.

We conclude that the lower limit is equal to (d + 1)/, and the lower bound on the dimension
of J4 . follows from letting o tend to 7.

As shown above, the lower bound relies heavily on Lemma 3.1, which enables one to
perform the general Cantor construction. In dimension d = 1, it is possible to use a variant
form of this lemma that is slightly weaker but also much easier to establish. This method is
used in Falconer’s book [29] and we reproduce it here for the sake of completeness. In the
next statement, I'l, denotes the set of primes numbers between n + 1 and 2n.

Lemma 3.2. Let I be a closed subinterval of [0, 1] with length I and let n be a positive integer. Then,
there exists a set S (I) C Z x I, with cardinality at least (In — 3)#I1, such that the intervals B

p.q’
for (p, q) € SI(I), are included in I and separated by a distance larger than (2n)™2 — 2n°.

Proof. If I = 0, we may take S7(I) to be empty. Otherwise, the interval I has length I € (0, 1],
and it may be written in the form x + [0, /] for some point x € [0,1—1]. A pair (p, q) € ZXI1, is
such that By , C I as soon as p is between gx +1 and g(x +1) — 1, a condition that is verified by
at least Iq — 3 integers p. Let S, (I) be the set of pairs satisfying this condition. Its cardinality
is at least (In — 3)#I1,. Moreover, the selected numerators satisfy 1 < p < g — 1, so that the
fractions p/q are reduced, because g is prime. Thus, two distinct pairs (p, q) and (p’, q’) in
87 (I) give distinct fractions, and

’g_p_/ _lpg —/MI2 1,2%,

9 49 q4 qq"  4n

which gives the required lower bound on the distance between By , and By, ./ since both
radii are smaller than n™. m|

We may then use the previous lemma instead of Lemma 3.1 to develop the general Cantor
construction in the one-dimensional case. The appropriate estimates on the minimal distance
d; between the intervals of the construction follow from the obvious fact that (2n)2-2n"71is
larger than (31)2 for n large enough, because ¢ > 2. The estimates on the minimal number
of siblings c; at the j-th generation call upon the prime number theorem, according to which
#I1, is larger than n/(2log n) for all n sufficiently large. Despite additional logarithmic terms,
this yields the same lower bound on the Hausdorff dimension of J; , namely, 2/7.

3.2. Typical behavior of continued fraction expansions

3.2.1. The Gauss measure

We adopt the notations of Section 1.2.1.2 for the set X of all irrational numbers between zero
and one, and for the Gauss map T thereon. The Gauss measure is then the probability measure
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(4) = / dx
H log2 J41+x

for any Borel subset A of X. The relationship between the Gauss measure and the Gauss map
is stated in the following lemma.

u on X defined by

Lemma 3.3 (Gauss, 1845). The Gauss map preserves the Gauss measure.

Proof. The sets [0,s] N X, for s € (0,1), form a m-system that generates the Borel subsets
of X. By the uniqueness of extension lemma, it suffices to show that the measure u and
its pushforward under the mapping T, namely, i o T~! agree on that r-system, see e.g. [61,
Lemma 1.6(a)]. Hence, let us show that for any s € (0, 1), the sets T~1([0, s] N X) and [0,s] N X
have the same measure. We have
1)),
s+n’'n

and the union in the right-hand side is disjoint. Therefore, the countable additivity of the
measure u implies that

1 -« %dx
w10, s]mX»—lngZ/l e

s+n

TH0,s]INX)={xe X |0<T(x)<s} = U(

1 « 1 1
__log 2 (log(1+;)—log(1+s+n))
1 « S S
B logZHZ:; (log(l * E) —log(l * n +1))
log(1+s)
= Tlog2 u([0,s]1 N X),
and the result follows. O

3.2.2. Ergodicity of the Gauss map
With the help of the results of Section 1.2.1.2, observe that the following diagram commutes:

NN —U>NN

|,

X ——X.
The Gauss map may thus be represented as the shift ¢ on the symbolic space N*'. Moreover,
for any vector a = (a1, ..., a,) € N”, let us consider the subset I(a) of X defined by

I(a) = {[b1,b2,...] | by =a1,..., by =a,}. (3.4)

If n is equal to zero, we adopt the convention that N” is reduced to the singleton {@} formed
by the empty word, and that I(@) is equal to the whole set X. Each set I(a) can be seen as
either a cylinder in the symbolic space N*' or the intersection of the set X with an interval. To
be more precise, we have the following characterization of the sets I(a).
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Lemma 3.4. For any integer n > 0, any vector a = (a1, ..., a,) € N" and any irrational real x € X,
Pn+ pn—lTn(x)
X=———-,
n + []n—lTn(x)
where py_1/qn-1 and p [ q, are defined by (1.7) with ag = 0. Moreover, we adopt the same conventions
as in the statement of Lemma 1.1 when n = 0.

x € I(a) =

Proof. The case n = 0 follows directly from the conventions, so we may assume that n > 1.
Let pu(x)/qn(x) denote the convergents of the continued fraction expansion of x. Using (1.19)
and noting that the (n + 1)-th tail of the continued fraction expansion of x coincides with
1/T"(x), we have

_ Pn (x) + Pn-1 (x)Tn (X)

B Qn(x) + QH—I(x)Tn(x) .
If the irrational number x belongs to the set I(a), we therefore have

pn + pn-1T"(x)
X=—""""<.
n + Qn—lTn(x)

Note that the right-hand side is a monotonic function of T"(x). Thus, if conversely the latter
equality holds, then x is between the rationals

p—n:[al,...,an] and Pnt Put

=lai,...,a,-1,a, +1].
I qn+qn_l [1 n-1,4%n ]

Let us show by induction on n that this implies that x € I(a). For n = 1, the bounds
1/(a1 +1) < x < 1/a; immediately give a1(x) = a1. Let us now suppose that n > 2. If the
displayed bounds on x hold, then 1/x — a1 is between [ay, ..., a,] and [ay, ..., 4,1, 4, + 1].
This means that a1(x) = a1 and that T(x) = 1/x—a;. Applying the induction hypothesis to T(x),
we deduce that T(x) € I(ay, ..., ay), so that ag1(x) = ax(T(x)) = ax41 forallk e {1,...,n—1}.
As a result, x belongs to I(a). O

The above lemma will be called upon in the proof of the main result of this section, namely,
the ergodicity of the Gauss map.

Theorem 3.2. The Gauss map T is ergodic on X with respect to the Gauss measure u, that is, for any
Borel subset A of X,
T A) =A = u(A) € {0,1}.

Proof. The main part of the proof consists in establishing that for any integer n > 0, any
vector a = (a1, ...,a,) € N" and any Borel subset A of X,

LHA((@) 02 < u(T™"(4) 1 1(a)) < S(A)u(i(a) log2, (35)

where I(a) is the subset of X defined by (3.4). Note that the Borel sets A for which (3.5) holds
clearly form a monotone class; finite additivity and the monotone class theorem then ensure
that it suffices to prove (3.5) for A = [a, ] N X with 0 < a < B < 1, see for instance [24,
Appendix A].

Applying Lemma 3.4 and observing that y — (p, + pu-1Y)/(qn + gn-1Yy) is a continuous
and monotonic mapping on the interval (0, 1), we infer that the set T™"([a, ] N X) N I(a) is
the intersection of X with the interval with endpoints

Pntpuaa o PutPuap
qn + gn—1& n + C]n—lﬁ
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As a consequence, its Lebesgue measure satisfies

_ Pn +Pn-1¢  Ppt pn—l,B
LYT"([a, 1N X) N 1(a)) = -
(T ([, B1 " X) N I(a)) I Dad G Fanaf

_ p-a
B (qn + qn—la)(qn + qn—lﬁ).
Furthermore, the Lebesgue measure of the set I(a) is obtained by choosing above a and f

to be equal to zero and one, respectively. Also, note that the ratio between the Lebesgue
measure of a subset of X and its Gauss measure is between log 2 and 2log 2. Therefore,

log2 _p(T™(la, pINX)N 1)) (gn +Gn-10)(qn + Gn-1P)
2 7 ulla, pIn X)u(I(a)) Gn(qn + qn-1)

However, given that 0 < a < f < 1and g, > g,-1, it is easily seen that

<4log2.

1 < ([M + qn—la)(qn + qn—lﬁ) <
2 Qn(Qn + qn—l)

We finally deduce that (3.5) holds for A = [a, ] N X, and the two measures in this estimate
have no atoms. The bounds therefore extend by continuity to half-open intervals, allowing
endpoints zero and one, and then to the algebra of their finite unions by finite additivity. The
monotone class theorem now ensures that (3.5) holds for an arbitrary Borel subset A of X.
Let us now suppose that A is invariant under the action of the Gauss map, that is,

T-1(A) = A. Then, (3.5) reduces to

2.

LUA(I(@) g2 < u(A 1 1(a)) < Bu(AYu(1(a)) log2, (6)

for any vector a = (ay, ..., a,) of positive integers. Note that the sets I(a), for a € N", form a
partition of the set X and their diameter satisfies

_ rl1 _ ; < n2-n
I(a)] = L (I(a)) PRTTE 277",
because g, is at least 2(1=2)/2. these sets thus generate the Borel o-field on X. By countable
additivity, the bounds in (3.6) hold for any union of cylinders of a fixed generation. Such
unions, over all generations, form an algebra, because the cylinder partitions refine one
another. The monotone class theorem then ensures that (3.6) still holds when I(a) is replaced
by an arbitrary Borel subset B of X. In particular, choosing B to be the set X \ A, we readily
deduce that either u(A) or u(X \ A) vanishes. The ergodicity of the Gauss map with respect
to the Gauss measure follows. m|

3.2.3. Almost sure results

The ergodicity of the Gauss map, combined with Birkhoff’s pointwise ergodic theorem,
enables one to deduce well known properties on the distribution of the digits arising in the
continued fraction expansion of almost every irrational number. Let us begin by recalling the
statement of the ergodic theorem; we refer for instance to [24, Chapter 2] for details and a
proof.
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Theorem 3.3 (Birkhoff). Let (X, F, i, T) be a measure-preserving dynamical system on a probability
space, and assume that T is ergodic. Then, for any function f € L}(p),

1 n—1 ‘
;;f<Tf(x>>,H—m>/dey;

convergence holds p-almost everywhere and in L (p).

Let us begin by a result on the frequencies of the partial quotients of a typical irrational
number.

Proposition 3.1. For Lebesgue-almost every x = [ay,az,...] in X, a given digit b > 1 appears with
a frequency satisfying
2log(b +1) —logb —log(b +2)

log 2 '

1.
Jgr‘}o;#{]gnmj—b}—

Proof. For every irrational number x = [a1,ao,...] in X, the digit b appears in the first n
digits with frequency equal to

[y

n—

(T/(x)).

S|~

1, ..
;#{]Snla]-—b}— 1[

0t

Il
o

j
Owing to Theorem 3.3, this converges p-almost everywhere to

( 1 1]) 1 /% dy  2log(b +1) —logb —log(b +2)
U 1 = :

b+1'b :logZ 1+y log2
The result follows from the fact that the Gauss measure and the Lebesgue measure are
absolutely continuous with respect to one another. m]

b+1

We now study the asymptotic behavior of the product of the partial quotients of a typical
irrational number.

Proposition 3.2. For Lebesgue-almost every x = [a1,az, .. .] in X, we have

logb

i 2\ Tog2

. 1n _ (b + 1) s
Mim (a102 .. an) Ib:ll (b(b +2)]

Proof. We begin by observing that loga; = f(T/~!(x)) for any integer j > 1, where f is the
function defined on X by

f=) 112 1 logh. (3.7)
One easily checks that f is in L'(u); as a matter of fact,
- 1 1 > log b 1
/de”—;“( mfa])logb— 2, logzlog(1+b(b+2)) < o

Theorem 3.3 then ensures that for py-almost every x € X,

1 n 1 n-1 '
;glogw;;ﬂmx»m [ rau
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The result follows from composing with the exponential function in the above limit, using the
previous computation for the integral of f with respect to y, and observing that the Gauss
measure and the Lebesgue measure have the same null sets. m|

The limiting value arising in the statement of Proposition 3.2 is called Khintchine’s constant,
and is approximately equal to 2.685452001.

Let us now turn our attention to the asymptotic behavior of the sums of the typical partial
quotients. In the proof, it is tempting to apply Theorem 3.3 to the exponential of the function
f defined by (3.7). However, this function fails to be integrable, and the above approach has
to be refined.

Proposition 3.3. For Lebesque-almost every x = [a1, az, ...] in X, we have

1
Iim —(a1+ax+...+4a,) = .
n—oo 1

Proof. Let g denote the function exp o f, where f denotes the function defined by (3.7). Note

that
1 n 1 n—1 '
w250 = 5 2, 8T);
j=1 j=0

however, the function g is not integrable, so that we cannot apply Theorem 3.3 directly. We
first need to truncate the function g, namely, to fix an integer N > 1 and to consider the
function ¢y = min{g, N}. The function gy clearly belongs to L!(1), so Theorem 3.3 implies
that for u-almost every x € X,

= = Noop (b +1)
liminf ]Z:; $(T/(x) 2 lim — ; gn(TI(x) /XgNdu > be 02 %8 b5 2"

The result follows from the fact that the right-hand side tends to infinity as N — oo, and
again that the Gauss and Lebesgue measures share the same null sets. m|

We now study the typical behavior of the denominators of the convergents. This is
somewhat more difficult than the previous results that were straightforward applications of
Birkhoft’s ergodic theorem.

Proposition 3.4. For Lebesgue-almost every x in X, the denominator of the convergents satisfy
72
121log2’

o1
Jlim —log ga(x) =

Proof. First, note that the convergents p,(x)/g.(x) of the continued fraction expansion
[a1,az,...] of x satisfy

pa(x) 1 1 n-1(T(x))

gn(x) ~ ay+laz, ..., 4, pu1(T(x))  Pua1(T(x)) + a19,-1(T(x))’
u —_—
! qn-1 (T(X ))
since the numerator and the denominator of the convergents are coprime, the left-hand side
and the right-hand side are in their irreducible form, so that in particular p,(x) = g,-1(T(x)).
As a consequence, applying this with n — j instead of n and T/(x) instead of x, we have

el ] n-1
pn-j(T(x)) _ o .
]Z:(; log m - ]Z:(; log g,—(j+1)(T""(x)) — log 4u-j(T(x))

= log qo(T"(x)) — log g, (x) = —log q.(x).
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Thus, we may write —log g,(x) = Su(x) — R, (x), where

n-1 n—1 .
_ ; _ ; pn—j(T](x))
Sn(X) = Fz(; lOg T](X) and Rn(X) = ]Z=(; (log T](X) - lOg m .

Since the logarithm is integrable with respect to the Gauss measure, Theorem 3.3 ensures
that for y-almost every x in X,

Sn(x) 1 /1logx 3 72
n e [y 0BV =0 | T T TTaiega

As the Gauss and Lebesgue measures share the same null sets, the above convergence result
also holds Lebesgue-almost everywhere. For completeness, let us recall that the above integral
may be computed as follows:

! log x "log(1 + x) oY, o (D)t
‘/0 1+xdx—/0 de—/o D D T a4

To conclude, we shall show that (R, (x)),>1 is a bounded sequence for every x € X. To this
purpose, observe that the convergents satisfy

] a®@| ) 1

pe()/qr(x) | ) [T qr()] T pr()grnx)

Recall that the numerator and the denominator of the n-th convergent are both at least 2("~2/2
for all n > 1. Thus, px(x)qks1(x) = 2873/2 for all k > 1. However, this bound can easily be
improved when k is equal to one or two: specifically, p1(x)g2(x) > 2 and p2(x)g3(x) > 3. Asa
consequence, the right-hand side above cannot be larger than 1/2. Given that the positive
function u +— logu/(u — 1) is bounded above by 21log?2 on the interval [1/2,3/2], with its
value at one defined by continuity, we deduce that

pi(x) x 3
qx(x) pr(x)/qx(x)
for all x € X and all k > 1. This readily implies that for every x in X,

n-1 i
pn-j(T/(x))
Rn > _—
IRy (x)] < ]Eo Gu—j(Ti(x))

so that (R, (x))x»1 is a bounded sequence, as announced previously. O

log x — log <2log2 1| < 25/27F1og2

n-1

log T/ (x) - log < Z 25/2=(=D1og 2 < 252 10g 2,
j=0

The exponential of the limiting value obtained in Proposition 3.4 is called Lévy’s constant,
and is approximately equal to 3.2758229187. It is therefore the almost sure limit of g,,(x)!/"
as n goes to infinity.

The last result gives the asymptotic behavior of the error made when replacing a typical
irrational number by the convergents of its continued fraction expansion.

Corollary 3.1. For Lebesgue-almost every x in X, the convergents satisfy
_ pn (x) _ 7'(2
qn(x)

lim 1 log

n—oo 11

X

" 6log2’

Proof. This directly follows from Proposition 3.4, along with the fact that

Pn(x)
7n(x)

as a consequence of (1.25). ]

X —

log g, +log gu+1 < —log <log g, +1og gn+2,
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3.3. Prescribed continued fraction expansions

3.3.1. An emblematic example

The theory of iterated function systems introduced in Section 2.10 allows us to study the
Hausdorff dimension of certain sets of positive real numbers that are defined through
conditions on the continued fraction expansions. Rather than developing a systematic theory,
we content ourselves with discussing the following emblematic example.

Given an integer m > 2 and using the notation (1.17) for the continued fraction expansion
of a positive irrational real number, we may consider the set

Ky ={x€[0,00)\ Q| an(x) €{1,...,m} forall n > 0}.

Equivalently, the set K, is formed by the positive irrational real numbers with all partial
quotients between one and m. The following result makes the connection with the iterated
function systems, which enables us to give a nontrivial lower bound on the Hausdorff
dimension of the set K,,.

Proposition 3.5. The set K,, is the attractor of the iterated function system {f1, ..., fm} formed by
the contractions defined by f,(x) = a + 1/x, for x in the closed interval F,, = [, My, |, where

"2 N4 o’

Moreover, the Hausdorff dimension of the attractor K,, satisfies

log m < di K. <1
2log(may) ~ HH B = 2

Proof. For every number x € K,,, the partial quotient ag(x) coincides with the integer part
x| and is between one and m. This means that the set K, is contained in the interval
[1,m + 1]. We may actually be slightly more precise by observing that the continued fraction
[ao; a1,a2, a3, .. .] defined by (1.5) is a nondecreasing function of the partial quotients a4, and
a nonincreasing function of the partial quotients a5,,+1. Thus, the infimum and the supremum
of the set K, are respectively attained by the continued fractions

[L,m,1,m,...]=ay and [m;1,m,1,...] = may,.

As a consequence, the set K, is included in the closed interval F,, = [a;,, ma,,], which is
clearly a proper subinterval of (1, m + 1).

Moreover, it is clear that the mappings f, are differentiable on F,, and share the same
derivative at every point x, namely, f/(x) = —1/x2. Consequently, we have

1 1
<|f/(x) £ —=.
ere 0 B

Vx € Fy,

The mean value theorem then ensures that the mappings f, fall into the setting of Proposi-

tions 2.20 and 2.21 with

1 1

ba = mz—a%n and Cq = a_z (38)

In particular, these mappings are contractive. Moreover, one easily checks that the interval F;,
contains the disjoint union of its images under the mappings f,. As shown by Proposition 2.19,
there is a unique attractor to the iterated function system { f1, ..., fi}. Recall that the attractor
is a compact subset of F;, that coincides with the union of its images under the mappings f, ; in
view of the previous remark, the union must be disjoint, and the attractor thus satisfies (2.26).
This means that we may apply Propositions 2.20 and 2.21 in order to derive upper and lower
bounds on the Hausdorff dimension of the attractor.
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The point is that the attractor of the iterated function system {fi, ..., fu} is precisely
the set K, defined above, as we now explain. In view of Proposition 2.19, the attractor
is the intersection over all integers j > 0 of the sets f/(F,,), where f is the mapping that
sends a nonempty compact subset of F,, to the union of its images under the contractions f,.
Moreover, for every integer j > 1 and every point x € f/(F,,), there exists a point x” € F,, and
a j-tuple (ao, ..., aj-1) of integers between one and m such that

X = fﬂo ©...0 faj—l(x/) = [ﬂ02ﬂ1/512/~ . ~/aj—1/x/]/

using a notation that naturally extends (1.6) to the case where the last partial quotient is
replaced by a real number larger than one. We may now follow the lines of the proof of
Proposition 1.2 to deduce that a,(x) = a, € {1, ..., m} for all n between zero and j — 1. Hence,
every point in the attractor belongs to the set K;,. Conversely, if an irrational number x
belongs to K;;, then its partial quotients a, are all between one and m, so that for any integer
j=0,
X = [ao,' a,az,.. ] = fllo 0...0 fajfl([a]-; a]-+1,a]-+2, .. ]),

from which we deduce that x belongs to f/(F,,), and thus to the attractor of the iterated
function system formed by the contractions f,.

Now, applying Propositions 2.20 and 2.21, we infer that the Hausdorff dimension of the
attractor K, is bounded by the positive real numbers f,, and y,, that satisfy the equations
bf”l +...+ bﬁm’” =1and CT’" +.o 4l =1, respectively, where the coefficients b, and c, are
given by (3.8). Straightforward computations then yield

log m log m

Bm

The lower bound given by f,, may not be accurate, but is at least nontrivial. Unfortunately,
the upper bound supplied by y,, is useless: as easily seen, y,, is larger than one for any
integer m > 2. We can therefore just conclude with the bounds given in the statement of the
proposition. O

and VYm =

- 2log(may,) ~ 2logay

The bounds on the Hausdorff dimension of K, supplied by Proposition 3.5 are not very
accurate, but there is a simple trick to improve them: it suffices to remark that K, is also
the attractor of the iterated function system formed by the m? contractions fa © fur, for a and
a’ between one and m. Using the mean value theorem again, it is possible to prove that
these contractions fall into the setting of Propositions 2.20 and 2.21 with (3.8) replaced by
the appropriate values of b, and c,. It is even possible to use higher order iterates of the
contractions f, so as to refine the bounds on the Hausdorff dimension of the attractor K,,,
see [29, Example 9.8] for details. This way, it is possible to show that the Hausdorff dimension
of K is approximately equal to 0.531280506, see [29, Example 10.2]. Finally, we also refer
to [31, Section 9.1] for possible generalizations of the above problem.

3.3.2. Link with badly approximable numbers

Using Proposition 3.5, one can easily obtain a lower bound on the Hausdorff dimension of
the set Bad; of badly approximable numbers introduced in Section 1.3. Indeed, recall from
Proposition 1.10 that a positive irrational real number is badly approximable if and only if the
sequence of its partial quotients is bounded. This means that

U T Km c Bad1.
m=2

The lower bound on the dimension of K, that is supplied by Proposition 3.5 clearly tends to
one half as m goes to infinity. This directly leads to the following result.
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Corollary 3.2. The Hausdorff dimension of the set of badly approximable numbers satisfies
% < dimygBad; < 1.

We shall dramatically improve this result in Section 12.2 and show that the Hausdorff
dimension of the set Bad; of badly approximable numbers is actually equal to one, see
Corollary 12.1 for a precise statement. Let us recall in passing that, as shown by Proposition 1.9
and Corollary 1.2, the set Bad; has cardinality equal to that of R but has Lebesgue measure
Zero.

3.4. Frequencies of digits

Let us consider an integer m > 2 and a real number x € [0, 1). It is well known that if x is not
a m-adic number, i.e. a rational number with denominator of the form m/ for some integer
j =0, then x may be written in a unique manner as

X = Z xjm_j, (3.9)
j=1

where (x;);>1 is a sequence of digits between zero and m — 1. The nonzero m-adic numbers
have two representations: one that we choose to privilege, where the digits eventually vanish,
and another one where they are eventually equal to m — 1.

The frequency with which a given digit b appears among the first j digits of x is then
given by

fj(b,x):%#{z’e{l,...,]’}lxi=b}-

A classical result due to Borel asserts that Lebesgue-almost every real number is simply
normal to the base m, that is, the asymptotic frequencies of the individual digits are all the
same. More rigorously, this means that the set

Fp= {xe [0,1) ]1i_)r£10jfj(b,x):pb for all b e{O,...,m—l}}

has full Lebesgue measure in the interval [0,1) when the components of the vector p =
(po, - ..,pm-1) are all equal to 1/m. This is a plain consequence of Borel’s strong law of large
numbers, but we will also recover this result from the analysis below. Normality to the base m
requires, more generally, that every block of k digits have asymptotic frequency m ¥, for every
k > 1. To recover this stronger conclusion, apply simple normality in base m* to the fractional
parts of m"x, for 0 < r < k. These are countably many full Lebesgue measure conditions,
because the mappings x — m”"x mod 1 preserve Lebesgue measure. Each of them gives the
frequency of blocks starting in one residue class modulo k; combining the k residue classes
gives the required frequency for all starting positions. Finally, taking the intersection over all
integers m > 2, we deduce that Lebesgue-almost every real number is normal to all bases.

We shall determine the size of the set F,, in terms of Hausdorff dimension for every choice
of the probability vector p. Recall that a probability vector is one for which all the components
are between zero and one, and have a sum equal to one. Moreover, the Shannon entropy
(based on natural logarithms) is defined by

m—1
H(p)=- ) pylogps, (3.10)
b=0
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with the convention that 0log 0 vanishes. The next result shows that the Hausdorff dimension
of the set defined above is a simple function of the Shannon entropy.

Proposition 3.6. For every integer m > 2 and every probability vector p with m components,

H(p)

dlmH PP = @

The rest of this section is devoted to the proof of Proposition 3.6. Though a standard and
natural approach relies on probabilistic methods, see e.g. [29, Proposition 10.1], we provide
here a proof that is based solely on analytic and measure theoretic tools, thus being more
consistent with the viewpoint of these notes.

We begin by letting B, denote the set of all digits b in {0, ..., m — 1} such that p;, > 0. We
suppose that the set B, is not reduced to a singleton. The opposite case is elementary and
will be discussed briefly at the very end of the proof.

Now, on the one hand, let us consider the subintervals of [0, 1) that may be written in the
form

L =wm™ + .. +um™” +[0,m7),
where u = uy ... u;is a word of finite length over the alphabet {0, ..., m — 1}. We endow the
collection of all m-adic intervals, along with the empty set, with the premeasure C, defined by

CP(IM) = PuiPuy - - - Pu;-

In particular, recalling that @ denotes the empty word, I is the whole interval [0, 1) and its
Cp-mass is equal to one. Note that C,(I,) clearly vanishes as soon as the word u has at least a
letter that does not belong to the set B,. With the help of Theorem 2.2, we may extend the
premeasure C, to an outer measure C; on all the subsets of R through the formula (2.3). We
may then consider the outer measure u, that maps a subset E of R to the value C;](E N[0, 1)).

On the other hand, for any b € B), let us consider the mapping x, » defined on the interval
[0,1) by

Xpp(t) =po+...+pp-1+pst.

It is clear that the ranges of the mappings x,» form a partition of the whole interval [0, 1)
by consecutive subintervals. Thus, any point & in [0, 1) belongs to a unique interval of the
form xp,c,,([0, 1)), where &, 1 is an integer in B,. Iterating this procedure, we end up with a
sequence (&p,j)j>1 of integers in B, such that

&€ Xpgyr©---0Xp,;([0,1)) (3.11)

for all j > 1, and this sequence is unique. It will be useful to remark that the mapping
& (&p,j)j>1 is nondecreasing when the sequence space is endowed with the lexicographic
order. Moreover, note that the intervals that appear in (3.11) have length p¢, , ... p¢, ;. Given
that the set B, is not reduced to a singleton, all the reals p; are less than one, so the previous
length tends to zero as j goes to infinity. Thus, for any given sequence (& ;)j>1, there is at
most one possible value of & satisfying (3.11). In other words, the mapping &  (&p )j»1 is
injective. Finally, we may define in terms of the sequence (& j)j>1 the real number

(&) = ) &pjm. 3.12)

=1

We thus obtain a mapping &, from [0, 1) to [0, 1]. The next lemma gives a connection between
the outer measure y,, the mapping , and the Lebesgue measure L.
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Lemma 3.5. For any m-adic interval 1,

bp(L) = Cp(Ly) = L1 (1, (1,)).

Proof. Let us consider a real ¢ € [0, 1) such that 1, () is an m-adic number. The integers &, ;
are eventually equal to zero or eventually equal to m — 1. There is therefore only a countable
number of possible values for the sequence (¢p,j);>1, and any such sequence corresponds to
at most one value of &, because the mapping & — (ép,]-) j>1 1s injective. We deduce that there
are at most countably many reals ¢ in [0, 1) such that /(&) is an m-adic number.

When computing the Lebesgue measure of the set of all reals & € [0, 1) such that h,(&) € I,
we may therefore assume that /(&) is not an m-adic number. This means that (3.12) is the
base m expansion of 1,(&). If a letter of u does not belong to B, the preimage of I, is therefore
contained in the countable exceptional set just considered, and both its Lebesgue measure
and Cp(I,) vanish. We may thus assume that every letter of u belongs to B,. As a result, in
view of (3.11),

hy(&)el, &= u=&,...&,; < &E€Xxpuy©...0 )(p,uj([O,l)).

This readily implies that

—El(h;_zl(lu)) = -El(?(p,ul 6...0 Xp,uj([or 1)) = PuiPu - - - Puj = Cp(Iu)~

This value is obviously an upper bound on ,(I,). To show that equality holds, let
us consider a sequence (C,),>1 of m-adic intervals such that I,, € (J, C,,. Applying what
precedes to these intervals, we have

D6(C) =Y L C) = L (h,:l (U c)) > L0 (1),
n=1 n=1 n=1

Taking the infimum over all sequences (C;),>1 in the left-hand side, we deduce that (1, is
at least .El(hrj (1)), and the result follows. O

The next crucial lemma indicates that the range of the mapping /, essentially charges the
set F, under study.

Lemma 3.6. The set h,, Y(Fy) has full Lebesgue measure in [0, 1).

Proof. For any probability vector g = (qo, ..., qm-1) with B; = B}, let us now consider the
mapping g, defined on the interval [0, 1) by

gprq(é) = ]h_)n;’ T Xq/ép,l ... Xq,ép,j(o)/

where (Ep,]-)]-21 is the sequence that is defined above in terms of the real number &. Note that
the limit always exists because the involved sequence is nondecreasing and bounded; this is
due to the obvious fact that every mapping x,,» is increasing. We extend the affine mappings
Xp,band x4 to [0,1],and put g, 4(1) = 1. Since p and g have the same support, their partitions
have the same ordered labels. Their nested intervals consequently give a continuous increasing
mapping g4 that sends each endpoint of a p-interval to the corresponding endpoint of the
g-interval. In particular, g, ; isnondecreasing. Itis therefore differentiable at Lebesgue almost
every point of [0, 1), see e.g. [32, p. 358]. As a result, there exists a subset £, ; of [0, 1) with
full Lebesgue measure on which the mapping g, , is differentiable. Let us consider a point
£in B, 4. Then, the derivative of g, ; at & exists and is equal to the limiting rate of change
of gp,4 on any sequence of intervals that shrink to ¢, see [32, p. 345]. Now, for any integer
j = 1, the point £ is between xp,, © ... Xp,¢,;(0) and xp,,, © ... Xp,e, (1), and the value of
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the function g, ; at these two points is equal to x4,¢,, © ... Xq,¢,;(0) and xg.¢,, © . xq,¢,,(1),
respectively. The corresponding rate of change is therefore equal to

a6 0 X, (0D Gepeedey; I ( a )f'fvﬂb@
|XP/£;7,1 ... Xp,gp,]'([ol 1))' pép,l R pép,j hGBP Pb '

and tends to g, ,(£) as j goes to infinity. Here, T, ;(b, &) is the frequency with which b appears
among the first j terms of the sequence (&, ;)j>1, that is,

1. .
fp,j(b, &) = ;#{1 €{l,...,j}|&p,i =b}.
Finally, taking logarithms and dividing by j, we deduce that

VEEE), lim sup Z fp,i(b, &) log% <0.

J7% beB,

We now fix an integer by € B, and a positive real A. Recall that all the reals p; are less
than one, so up to choosing A close enough to one, we obtain a probability vector g by letting
gv, = 1 = A(1 = py,), along with g, = Apy if b # bg. Using the notation Ef,O’A for the set &, 4,

we then have

V¢ € EZO’A lim sup fp,j(bo, &) log (1 + 1/1_ /\) < —logA.
]—)00 pbo
Remark that the logarithm in the left-hand side is positive when A is less than one, and
is negative when A is larger than one. Moreover, the ratio of the two logarithms tends to
Py, when A tends to one. Considering two sequences (A, )¢>1 and (Ak)ks1 that increase and
decrease to one, respectively, and letting Ef,o denote the intersection of all the corresponding

—bo,A —bo A,
sets apo =k and apo’ ¥ we deduce that

veeEy Lm0, &) = pu-

To conclude, let E, denote the intersection over by € B, of the sets Egﬂ ; this set has full
Lebesgue measure in [0, 1). Given £ € E,, the reals &, ; cannot be eventually equal to zero or
eventually equal to m —1; indeed, otherwise, the set B, would be reduced to the singleton {0}
or the singleton {m — 1}. Thus, (3.12) is the base m expansion of 1,(&), so that in particular
fi(b, hp(&)) =1p,j(b, &) forall j > Tand all b € {0, ..., m — 1}. Consequently, (&) belongs to
F,, and we finally have &, C h;l(Pp). O

Let us introduce the subset
Fy ={x€F,|xj€B,forallj>1}.

The proof of Lemma 3.6 actually shows that i, 1(1—";; ) has full Lebesgue measure. By the
covering argument used in Lemma 3.5, we have p1,, (F; ) > Ll(h; 1(1—";; )) = 1, and equality holds
because p,([0,1)) = 1. Note that F, may also contain points with digits outside B, provided
that those digits have zero asymptotic frequency.

For any real x € [0, 1) and any integer j > 0, let [;(x) denote the unique m-adic interval
with length m~/ that contains x. The next result gives an estimate of the scaling behavior of
the outer measure (i, on the set F,;.
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Lemma 3.7. For any real x € F;,

. oguy(Ij(x)) _ Hp)
jooo  log|li(x)| logm’

Proof. As By, is not reduced to a singleton, x is surely not an m-adic number. Hence, the
interval I;(x) is clearly equal to I,. s where (x;);>1 is the sequence of m-ary digits of x that
is defined by (3.9). Lemma 3.5 now gives

]

log p, (Ii(x)) 1 1
=73 log px, = - (b, x)1og p,
logl;(x)|  jlogm ; 875 = “iogm bEZB:Pf; 8P
and the result readily follows. 5

We may now establish the lower bound on the dimension. Let us consider a real number s
with 0 <'s < H(p)/logm. By Lemma 3.7, every point in F,; belongs to one of the sets

En ={x € Fj | gp(Ij(x)) < m7Is forall j > N}, N >1.

Since p,(F)) = 1, countable subadditivity ensures that y,(Ex) > 0 for some N. Consider a

covering of Ey by m-adic intervals with diameter at most m~", and discard those that do not
intersect Ex. Every remaining interval I is of the form I;(x) with x € Ey and j > N, so that
pp(I) < [I]°. Summing over the covering, we obtain an s-cost at least 11,(En). Thus, the m-adic
Hausdorff s-dimensional net measure of Ey is positive. Proposition 2.11, whose proof applies
equally to m-adic intervals, then implies that H*(Ex) > 0. Consequently, dimy F,, > s, and
letting s increase to H(p)/log m gives the required lower bound.

For the upper bound, we give an argument that applies to every probability vector p,
including those with singleton support. Fix a real number s > H(p)/log m. By continuity of
entropy on the probability simplex, there exist ¢, 6 > 0 such that

g —plo <0 = H(g) <H(p)+e<slogm

for every probability vector q. A word of length j in which digit b occurs k;, times has
empirical frequencies q;, = kj/j. The multinomial theorem gives

J! K
Kol - K1! b:klgo T =l
so that there are at most exp(jH(q)) words with these frequencies. There are at most
(j + 1) possible vectors (ko, . .., kjy—1). It follows that the number of words whose empirical
frequencies are within distance 6 of p is at most (j + 1) exp(j(H(p) + ¢)).

Let Gy be the set of points x € [0, 1) such that |f;(b, x) — py| < 6 for every b and every
j = N. For each such j, the corresponding m-adic intervals cover Gy and have total s-cost at
most

(j+ 1" exp(j(H(p) + ¢ — slogm)),
which tends to zero as j goes to infinity. Hence, H*(Gy) = 0. Since F, € Uy»1 Gn, countable
subadditivity gives H*(F,) = 0. Letting s decrease to H(p)/log m, we obtain the desired
upper bound.

It remains to deal with the lower bound in the degenerate situation where B, is reduced
to a singleton {b}. In that case, H(p) = 0, and it suffices to check that F;, is nonempty. Choose
a digit ¢ # b and a sequence equal to b except at square positions, where it is equal to c. This
sequence is neither eventually zero nor eventually equal to m — 1, and defines a point of [0, 1)
whose limiting digit frequencies are given by p. Thus, F; is nonempty and has Hausdorff
dimension zero, which completes the proof of Proposition 3.6.



CHAPTER 4

Homogeneous ubiquity and
dimensional results

The purpose of this chapter is to present an abstract setting into which the Jarnik-
Besicovitch theorem, that is, Theorem 3.1 fits naturally. The first step is to identify an
appropriate notion of approximation system to generalize the combination of the approx-
imating points p/q with the approximating radii 1/42, or more generally 1/4%, that come
into play in the homegeneous approximation problem. The second step is to introduce
natural generalizations of the sets J; . defined by (1.1). The third step is finally to provide
optimal upper and lower bounds on the Hausdorff dimension of these generalized sets. As
explained hereunder, through the remarkable notion of ubiquity, an a priori lower bound on
the Hausdorff dimension can be derived from the sole knowledge that one of the sets has full
Lebesgue measure. Thanks to ubiquity, the difficult lower bound in the Jarnik-Besicovitch
theorem will in fact quite amazingly be a straightforward consequence of a simple result,
namely, Dirichlet’s theorem.

Let us mention here that we do not need to specify the norm | - | the space R? is endowed
with. In fact, Proposition 4.4 below implies that the notions considered in this chapter do not
depend on the chosen norm; let us recall in passing that this is also the case of Hausdorff
dimension.

Definition 4.1. Let 7 be a countably infinite index set. We say that a family (x;, 7;)ier of
elements of R? x (0, c0) is an approximation system if

supr; < oo and Vm e N #{ieI
iel

1
|xj| <mand r; > — ) < o0.
m

The emblematic example of approximation system to have in mind, and which indeed
makes the connection with the Jarnik-Besicovitch theorem, consists of the family formed
by the pairs (p/q,1/4%), for p € Z¢ and q € N. We shall discuss many other examples in
Chapters 6 and 7. Replacing the system supplied by the rational points by an arbitrary
approximation system (x;, 1;)icr, the set J; r defined by (1.1) may thus be generalized into

Ft:{xeRd||x—xi|<rf fori.m.z'eI}, 4.1)

where t > 1. Moreover, extending the Jarnik-Besicovitch theorem will then correspond
to determining the Hausdorff dimension of the set F; under appropriate assumptions on
(xi, ri)ier

Note that if x belongs to the set F;, then there exists an injective sequence (i, ),>1 of indices
in 7 such that |x — x;, | < rfn for all integers n > 1. Let us assume in addition that the family
(xi, 7i)ier is an approximation system. Then, for any real number ¢ > 0 and any integer n > 1

87
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such that r;, > &, we have
xi,| < |x|+|x = x;,| < |x| +supr!.
iel

Thus, letting m denote an integer larger than both 1/¢ and the right-hand side above, we
deduce that |x;,| < m and r;, > 1/m, which means that there are only finitely many possible
values of the integer n when ¢ is given. We readily deduce that, as n — oo, r;, tends to zero
and x;, tends to x. The point x is thus approximated by the sequence (x;,),>1 at a rate given
by the sequence (rfn )n>1; this justifies the terminology of the previous definition. Moreover,
it is obvious and useful to remark that, up to extracting, we may suppose that the latter
sequence is decreasing without losing the approximation property.

Our purpose is now to give an upper and a lower bound on the Hausdorff dimension
of the set F; defined by (4.1) when (x;, r;)icr is a given approximation system. We shall
subsequently extend the upcoming results in the direction of large intersection properties
and Hausdorff measures associated with general gauge functions, see Chapters 5, 8 and 9.

4.1. Upper bound on the Hausdorff dimension

As suggested by the preceding discussion, the set F; defined by (4.1) may essentially be seen
as a limsup set, thereby falling in the setting dealt with in Section 2.8. More precisely, for any
bounded open subset U of RY, let

Iy = {i el | Xi € U}. (4.2)

If a given point x belongs to F; N U, the above remark ensures that there exists a sequence
(in(x))nz1 of indices in I such that x;, () tends to x as n — co. As the set U is open, the indices
in(x) thus belong to Ij; for n sufficiently large. On top of that, for any real number ¢ > 0, we
have

#{iefu|ri>e}s#{ief

1
|xj|] <mandr; > —p < o0
m

for m large enough. If 7 is finite, then F; N U is empty, because any point of this intersection
would require infinitely many distinct indices in ;7. Otherwise, we may find an enumeration
(in)n=1 of the set Ji; such that the sequence (7;,),>1 is nonincreasing and tends to zero at
infinity. We finally end up with an approximate local expression of the set F; as a limsup set,
namely,

FynU ClimsupB(x;,, rf ) S Fr N U, (4.3)

n—oo

where U stands for the closure of the open set U. When 1 is finite, we interpret the middle
set as empty.

In view of Section 2.8, it is thus natural to examine the convergence of the series
2o IB(xi,, rfn)ls, where s is a real parameter in the interval [0,d]. To be more specific,
making a convenient change of variable, this amounts to considering the infimum of all s
such that the series }};c 7, 7} is convergent. Note that this infimum is clearly a nondecreasing
function of U. In order to cover the case where U is unbounded, and maybe also obtain a
better value in the bounded case, we finally introduce the exponent

su= inf supinf{s >0 Z r; <oy, (4.4)

UZU[ Ue £>1 i€l
{

where the infimum is taken over all sequences (U¢)¢>1 of bounded open sets whose union is
equal to U. Our approach thus leads to the following statement.
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Proposition 4.1. For any approximation system (x;, 1;)icr, any open subset U of R? and any real
number t > 1,

dimg(F; N U) < ST”

Proof. Let (U);>1 denote a sequence of bounded open sets whose union is equal to U. For any
integer ¢ > 1, the open set U, is bounded, so the inclusions (4.3) are valid. As a consequence, if
s denotes a positive real number such that the sum };. I, r? is finite, we may apply Lemma 2.1

with the gauge function r + 75/, thereby deducing that the set F; N U, has dimension at
most s/t. We conclude thanks to the countable stability of Hausdorff dimension, namely,
Proposition 2.16(2). ]

In most situations, the naive bound supplied by Proposition 4.1 gives the exact value of
the Hausdorff dimension, and moreover the parameter s;; does not depend on the choice of
the open set U. This happens for instance when the approximation system are derived from
eutaxic sequences or optimal regular systems; these two notions are discussed in Chapters 6
and 7, respectively.

4.2. Lower bound on the Hausdorff dimension

Our goal is now to establish a lower bound on the Hausdorff dimension of the set F; defined
by (4.1) under the following simple assumption on the underlying approximation system

(xi, 7i)ier-

Definition 4.2. Let 7 be a countably infinite index set, let (x;, 7;)ic;r be an approximation
system in R? x (0,0) and let U be a nonempty open subset of RY. We call (x;,7i)ier a
homogeneous ubiquitous system in U if the set F; has full Lebesgue measure in U, i.e.

for L%ae.xel 3Fim.iel |x — xi| < 7;.

Note that we do not impose that all the points x; belong to the open set U. Actually, the
approximation system is usually fixed at the beginning, and the open set is then allowed
to change so that one can examine local approximation properties. Moreover, the fact
that a given approximation system (x;, #;)icr is homogeneously ubiquitous ensures that the
approximating points x; are well spread, in accordance with the corresponding approximation
radii r;. The following remarkable result, due to Jaffard [34], shows that this assumption
suffices to establish an a priori lower bound on the Hausdorff dimension of the sets F;.

Theorem 4.1. Let (x;, t;)icr be a homogeneous ubiquitous system in some nonempty open subset U
of R%. Then, for any real number t > 1,

More precisely, the set Fy N U has positive Hausdorff measure with respect to the gauge function
r — r¥tlogr|.

Combining Theorem 4.1 with Proposition 4.1 above, we remark that if (x;,7;)ier is a
homogeneous ubiquitous system in U, then the parameter s; defined by (4.4) is necessarily
bounded below by d. We also readily deduce the following result.
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Corollary 4.1. Let (x;, r;)icr be a homogeneous ubiquitous system in some nonempty open subset U
of RY. Let us assume that sy < d. Then, forany t > 1,

dlmH(Ft N U) = %

Again, an emblematic situation where this holds is when the approximation system
are issued from eutaxic sequences or optimal regular systems, see Chapters 6 and 7. The
remainder of this section is devoted to the proof of Theorem 4.1. We thus fix a homogeneous
ubiquitous system (x;, 7;);cr and a nonempty open subset U of R?. We may obviously assume
that U has diameter at most one. Consequently, the index set 7; defined by (4.2) admits
an enumeration (i, ),>1 such that the sequence (r;,),>1 is nonincreasing and tends to zero at
infinity.

4.2.1. Acovering lemma
The proof of Theorem 4.1 calls upon a simple result in the spirit of Vitali’s covering lemma,

that is, Lemma 2.5 but with an additional measure theoretic flavor.

Lemma 4.1. For any nonempty open subset V of U and any real number p > 0, there exists a finite
subset I(V, p) of Iy such that v; < p forall i € 1(V, p), and

LYV)
2.34°

I_I B(x;, 1) CV and Z LYB(xi, 1) 2

il (V,p) i€l (V,p)

Proof. Let us consider a real number p > 0. Then, there exists an integer 1, > 1 such that
ri, < p for all integers n > n,. We observe that (x;,, i, )n>n ,isa homogeneous ubiquitous
system in U. As a consequence, every nonempty open set V' C U necessarily contains a closed
ball of the form B(x;,, r;,), for n > n,. Indeed, any such open set V contains an open ball of
the form B(xo, 79), and the smaller ball B(x, 9/2) contains a point x that belongs to infinitely
many open balls of the form B(x;,, ;,) with n > 1, ; choosing n so large that r;, is smaller
than r(/4, we may use the point x to ensure that

E(xin, ri,) € B(xo,1r0) C V.
Therefore, if V denotes a nonempty open subset of U, we can define
711 = min {n > 1, | E(xin,rin) C V} )

For any integer K > 1, the same argument allows us to define in a recursive manner

K
E(-’xl';/,/ ri;1) g V \ Ug(xink’ rink)} ‘

Ng4+1 = Min {n > ng
k=1

We thus obtain a increasing sequence of positive integers (n1x)k>1. Then, recalling that the
radii 7;, monotonically tend to zero as n — oo, we infer that

V N limsupB(x;,, 7i,) € |_JB(xs,,,3ri,,). (4.5)

n—-00 k:1

Indeed, if x belongs to the set in the left-hand side of (4.5), we necessarily have x € E(xin ,ti,) C
V for some sufficiently large integer n > n;. Letting K denote the unique integer such that
ng < n < ngs1, we deduce from the mere definition of ng,q that the ball E(xin ,ti,) meets at
least one of the balls E(xink iy ), for k € {1, ..., K}, at some point denoted by y. Hence,

|x — xinkl <|x—xi | +xi, —yl+1y - xinkl <, + i, + i, < 3rink,
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where the latter bound results from the fact that n > ng > n; and that the radii are
nonincreasing. We deduce that x belongs to the right-hand side of (4.5)

Finally, since (x;,, 7, )s>1 is @ homogeneous ubiquitous system in U, the left-hand side
of (4.5) has Lebesgue measure equal to £%(V). Consequently, along with (4.5), the subaddi-

tivity and dilation behavior of Lebesgue measure imply that

L4y < £ (,U E(x,'nk,Brink)) < 34 ; Ld(E(xink, Fig, ))-
e} =}

For K large enough, the K-th partial sum of the series appearing in the right-hand side thus
exceeds L£4(V)/(2 - 3%). To conclude, it remains to define 7 (V, p) as the set of all indices i,,,
forke{l,...,K}. O

4.2.2. The ubiquity construction

After fixing a real number ¢t > 1, the proof of Theorem 4.1 now consists in applying Lemma 4.1
repeatedly in order to build a generalized Cantor set that is embedded in the set F; N U,
together with an appropriate outer measure thereon. We shall ultimately apply the mass
distribution principle, namely, Lemma 2.2 to this outer measure. To this end, we shall need
an estimate on the mass of balls, i.e. on the scaling properties of the outer measure.

The construction is modeled on that presented in Section 2.9.2; recall that it is indexed by
a tree T and consists of a collection of compact sets (I,,),er and a companion premeasure C
such that the compatibility conditions (2.18) hold. However, we need to be more precise in
the present construction, and we actually require the following more specific conditions:

(0) every node in the indexing tree T has at least one child, that is,

mink,(T) > 1;
ueT

(1) the compact set I, indexed by the root of the tree is a closed ball contained in U with
diameter in (0, 1) and

1
Cllo) = ol log 7 (4.6)
(2) for every node u € T \ {@}, there exists an index i,, € 7i; such that
I, = B; CBy C In(u)/'

(3) for every node u € T \ {@}, we have simultaneously

2.6
|Bu| < 2exp (—T6|In(u)|d(l/t—l)—1) )

in addition to both
LY Iywy)
I_I By C L) and Z ~£ (By) > 5. gfiu) ’
veS, veS,

(4) for every node u € T \ {@}, the premeasure C satisfies

L%B,)
Y L4B,)

vES,

C(Iu) = C(In(u))-

In the above conditions, S, denotes the set formed by a given node u and its siblings, namely,
the nodes v € T such that 7t(v) = m(u). Moreover, the sets B, and B!, are the closed balls
defined by

_ _ rt
B, =B(x;,r;,) and B, =B (xi”, 7) : (4.7)
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In addition, let us recall that 7t(11) denotes the parent of a given node u, and k,(T) is the size of
its progeny. Also, note that the compatibility conditions (2.18) easily result from (0—4) above;
we even have equality in the compatibility condition that concerns the premeasure C. Lastly,
it is useful to remark that the ball B,, involved in the construction all have diameter at most
one, since they are included in U.

The construction is performed inductively on the generation of the indexing tree. In
order to guarantee (1), we begin the construction by considering an arbitrary closed ball with
diameter in (0, 1) that is contained in the nonempty open set U ; this ball is the compact set I
indexed by the root of the tree. We also define ((I) by (4.6), in addition to the compulsory
condition (@) = 0.

Furthermore, let us assume that the tree, the compact sets and the companion premeasure
have been defined up to a given generation j in such a way that the conditions (0—4) above
hold; we now build the tree, the compacts and the premeasure at the next generation j + 1 in
the following manner. For each node u of the j-th generation, we apply Lemma 4.1 to the
interior of I, and the real number

d
pu = exp —2'T6|Iu|d(1/ 0
the resulting finite subset of 7i; is denoted by 7 (int I,,, p, ). We then decide that the progeny
of the node u in the tree T has cardinality k,(T) equal to that of 7 (intI,, p,). Furthermore,
we let iyx, for k € {1,...,k,(T)}, denote the elements of 7 (int,, p,). Making use of the
notation (4.7), we therefore have

ke (T) ku(T)

I_I By Cintl, €I,  and Z LY(Bu) 2
k=1 k=1

LIy
234

On top of that, the radii of the balls B,,x are bounded above by p,,. Using the notation (4.7) again,
we also define the compact sets I, as being equal to the closed balls B; o fork e {1,...,k, (T}
This way, the condition (0) is satisfied by the nodes of the j-th generation, and the conditions (2—-
3) hold for those of the (j + 1)-th generation. Finally, for k € {1, ..., k,(T)}, we define

-Ld(Buk)
ky(T)

Z Ld(Bul)
=1

CLuk) = C(Lu),

so that (4) holds for the nodes of the (j + 1)-th generation. Finally, the above procedure clearly
implies that every node of the tree has at least one child, i.e. the condition (0) holds.

4.2.3. Scaling properties of the premeasure

The next result gives an upper bound on the premeasure C in terms of the diameters of sets.
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Lemma 4.2. For any nodeu €T,

1
C(Ly) < 1" og Tt (4.8)

Proof. Let us prove (4.8) by induction on the length of the word u € T. First, equality holds
when u is the empty word, due to the mere value of C(Iz) determined by (4.6). Moreover, if
we consider a node u € T \ {@} and if we assume that (4.8) holds for its parent node m(u),
then the conditions (2—4) yield

CTuy)

C( T((u))
C(l,) <2-37L4(B,) ———— = 2. 6|1, |7/t =22
! ! Ld(lﬂ(u)) ! |In(u)|
1
< 2+ 6L, | Ly |*V D log —— Lol
T\U

Finally, in view of the restriction on the diameter of the ball B, imposed by the condition (3)
and the obvious fact that log(l/ r) < 1/r forall r > 0, we have

¢ 2 1 1
<lI d1/t-1)—- 1< — 1o — 1o —
Ll =261 %8B " 2.6 °BIL]

which leads to (4.8) for the node u itself. O

|I u )ld(l/t 1)10g

|nu|

4.2.4. The limiting outer measure and its scaling properties

With the help of Theorem 2.2, we may extend as usual the premeasure C to an outer measure
C* on all the subsets of R? through the formula (2.3). We may also consider the limiting
compact set K defined by (2.19), in addition to the outer measure y that maps a set E C R? to
the value C*(E N K). The tree T considered here is infinite, so Lemma 2.3 shows that K is a
nonempty compact subset of I. Moreover, the outer measure y has total mass p(K) = C(Ip).
The next result shows that K is included in F; N U as required.

Proposition 4.2. The compact set K is contained in the intersection Fy N\ U. As a consequence,

1
u(Fr N U) = u(K) = UIp) = [Io]* log Tt

Proof. On the one hand, we already mentioned that K C I C U. On the other hand, the
inclusion B, C I, and the definition of I, = BY, yield

L\ g
IIulzrfus( ) <5

because t > 1 and all the diameters are smaller than one. Thus, the diameters tend to zero
along every branch. If a point x belongs to K, there exists a sequence (&;);>1 of positive
integers such that x € I, ¢ forall j > 1. The corresponding radii Tigy..e; tend to zero, so

infinitely many distinct indices occur. Moreover,

x € B

, t
&1.&j CB(xlélméj’r‘

151...51‘
for every j > 1. The point x therefore belongs to F;. m|

Thanks to Lemma 4.2, we may now derive an upper bound on the p-mass of sufficiently
small closed balls R%.



94 Homogeneous ubiquity

Proposition 4.3. For any closed ball B of R? with diameter less than e™/?,

1
u(B) < 2-124|B4/t logﬁ.

The right-hand side is understood to be zero when |B| = 0, by continuous extension.

Proof. We may obviously assume that the ball B intersects the compact set K, as otherwise
u(B) clearly vanishes. Besides, if the ball B intersects only one compact set I, at each generation,
then there exists a sequence (&;);>1 of positive integers such that BN K C I, ¢ f forallj >1,
so that
—_—
Torg) o
thanks to Lemma 4.2 and the shrinking of diameters established above. This deals in particular
with singleton balls. The upshot is that we may suppose in what follows that there exists
anode u € T such that the ball B intersects the compact set I,,, and at least two compacts
indexed by the children of u. We further assume that u has minimal length, which in fact
ensures its uniqueness.

The easy case is when the diameter of the ball B is at least that of the compact set I, ;
indeed, as the intersection set B N K is covered by the sole I,, we may then deduce from
Lemma 4.2 that

4

u(B) = C'(BNK) < L(I,) < |L,|"" log IIl_I <[B! 1og é,

Note that the latter inequality holds because the function r it log(1/r) has derivative
rdt=1((d/t) log(1/r) — 1), which is nonnegative for 0 < r < e t/d,

Let us now deal with the opposite case in which |B| is smaller than |I,|. Let K denote the
set of all integers k between one and k,(T) such that the compact set I,;x intersects the ball B.
The proof calls upon the next simple volume estimate.

Lemma 4.3. For any integer k € K,

d
LYBNBuy) > LB (5”").

Proof. For any distinct k and k" in K, the balls B,x and B, are disjoint, so the distance
between their center is larger than the sum of their radii; indeed, otherwise, we would have

riuk’xiuk + riukxiuk’
€ B,x N By

riuk + riuk’

Furthermore, let y; denote a point that belongs to both I,,x and B. The previous fact and the
triangle inequality yield

7/.iuk + riuk’ < |xiuk’ - xiukl
t t

i .
<|xi = yel+ 1%, — vil + lye — vyl < % +yr — yil,

from which we deduce a lower bound on the distance between vy, and vy, and in fact a lower
bound on the diameter of the ball B, namely,

t t t

riuk Iy riuk

IBl 2 [yxr = vkl = 7iyy + Tig — — 5 2Tk

Letting xo and ry denote the center and the radius of the ball B, respectively, and letting s
denote half the right-hand side above, we deduce that ry > si.
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Let us assume that the distance between x; , and xq is smaller than r¢ — sx. Thus, the
closed ball B(x; ,, sx) is included in both B and By, so that

d
Ld(B N Bug) > Ld(g(xiﬂk,sk)) = (:_k) Ld(Buk)’

luk

in view of the dilation behavior of Lebesgue measure. In the opposite case, thanks to the
triangle inequality, we have

t
r.
i
ro— Sk < |Xiuk - Xol < le-“k - yk' + |yk — xol < —2uk +rg="ro+ti, — 25k.

We may thus consider the barycenter defined by
o — Sk

+ (1= Ag)xo with Ak =

myr = AgX; =_0 °k
¢ K |xiuk_x0|

€ [0,1].

uk

It is clear that the distance between mj and xq is equal to ry — s¢. Likewise, the distance
between m and x;,, satisfies

[my — xi,,.| = (1 = A)lxi, — xol = |xi,, — X0l — 10 + 5k < 73 — Sk

We deduce that the closed ball E(mk, sk) is contained in both B and Bk, which gives as above

ik

d
LB N Buk) 2 LBy, sx)) = (S—k) L (Bu).

The result follows from the fact that the radius of the ball B, is at most one. O

The previous lemma enables us to estimate the y-mass of the ball B. Indeed, the ball
intersects the compact set K inside the compact sets I,,x, for k € K, so the conditions (3) and (4)
yield

u(B) = C'(BNK)
d
<t = Y =) <23 2 S pagp,),

d
ke keK %T) LBy LA(I) kek
1=1
Now, applying Lemma 4.3 and making use of the disjointness of the balls B, x, we infer that
C(Lu) d g Cw) g
(B) <2129 =2 % £YBNBu) <2129 =—2_ r4B).
: £7(1,) kzq( a £7(1,)

Combining the condition (2), the definition (4.7) of the balls B!, and the bound on the {-mass
of I, given by Lemma 4.2, we deduce that

1 1
u(B) < 2-12%B|1,|*V/t=V 10g T <2-12%B|" log B
u
For the latter bound, we used the fact that t > 1 and |I,,| > |B]. We conclude by combining
this bound with the one obtained in the previous easier case. m]

To finish the proof of Theorem 4.1, it remains to apply the mass distribution principle,
namely, Lemma 2.2. In fact, any bounded subset C of R¥ may be embedded in a closed ball B
with radius equal to |C|. If we assume in addition that |C| < e~t/4/2, the ball B has diameter
less than e /%, and Proposition 4.3 gives

1 1
1(C) < u(B) <2-12%B|"! log B < 2.12%4/ ||t logﬁ.
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Letting ¢ denote the gauge function r + 74/t

Proposition 4.2 finally ensure that

|log 7|, the mass distribution principle and

pFen )  g(lal)
212424/t 2. 12424/t
from which we deduce that the set F; N U has Hausdorff dimension at least d/t.

HEF,NU) >

7

4.3. Application to the Jarnik-Besicovitch theorem

We already studied the Hausdorff dimension of the set J; . formed by the points that are
approximable at rate at least 7 by the points with rational coordinates, see (1.1) for the exact
definition of this set. Specifically, the Jarnik-Besicovitch theorem discussed in Section 3.1
asserts that for any real T > 1+ 1/d,

dimpy ]d,’( = %1

see Theorem 3.1 for the precise statement. Also, let us recall that the set J; ; coincides with the
whole space RY when 7 < 1 + 1/d, as a consequence of Dirichlet’s theorem, see Corollary 1.1.

The general theory discussed above enables us to give an alternative proof of the Jarnik—
Besicovitch theorem. Indeed, the set J; 1,1/4 coincides with the whole R4, so it obviously
has full measure therein, namely, for Lebesgue-almost every x € R4, there are infinitely
many pairs (p,q) € Z¢ x N such that |x — p/qle < g~'"V/%. This means that the family
(p/q,q "4 )(p,g)czéxav is @ homogeneous ubiquitous system in R?. Besides, for any integer
M > 1 and any real number s > 0, note that

Sy = Y g Uz 0By (0, g M)).

(p.q)ezd XN g=1
p/9€Boo (0,M)
The cardinality appearing in the sum is of the order of (gM)?, up to numerical constants.
Hence, the critical value s for the convergence of the series is that for which (1 +1/d)s — d
is equal to one. We deduce that for any open subset U of R, the parameter s; defined
by (4.4) is bounded above by d. We are now in position to apply Corollary 4.1. After fixing
a real number 7 > 1+ 1/d and observing that the approximation radii 477 in the definition
of 4 may be written in the form (q~17V/4)! with t = td/(d + 1) > 1, we deduce from the
aforementioned result that for any nonempty open subset U of R9,
. d d+1
dimu(a NU) = 7 =——, (4.9)
thereby obtaining a local version of the Jarnik-Besicovitch theorem.
We can relate this result with the notion of irrationality exponent, supplied by Definition 1.1.
In fact, for any real number 7 > 1+1/d,

Ja\ Q' Cx e RN Q! t() 2 1y = (] Lo \ Q.

Due to (4.9) and the fact that the set Q¢ has Hausdorff dimension zero, we deduce that for
any nonempty open subset U of RY,

dimp{x e U\ Q| t(x) > 7} = dTLl.

Theorem 4.1 gives actually a slightly more precise result, specifically, letting g, denote the
gauge function 7 — r@*1/T[1og r|, we have

HE({x e U\ Q| 1(x) = 7}) = HE(Jg.. N U) > 0.
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This allows us to determine the Hausdorff dimension of the set of points with irrationality
exponent exactly equal to 7. As a matter of fact, let us observe that

reRN\Q 1) =1} = {x e RN\ Q1) 2\ | TJaw (4.10)
>T
Moreover, thanks to Proposition 2.12, we have for 7" > 7 and ¢ > 0 small enough to ensure
that (d + 1)/t — ¢ is larger than (d + 1)/7’,

gT( r)

HS (Ja ) < (limsup ——+— sy

) W(d+1)/T_6(]d,T') =0
r—0
The mapping 7’ + J; . is nonincreasing, so the union in (4.10) may be written as a countable
one, and Proposition 2.4(1) implies that its Hausdorff g.-measure vanishes. We deduce that
d+1

t

Indeed, the set in the left-hand side of (4.10) has positive g;-measure in U.

dimp{x e U\ Q| t(x) = 7} =

4.4. Behavior under uniform dilations

The next useful result shows that multiplying all the approximation radii by a common
positive factor does not alter the property of being a homogeneous ubiquitous system. In
particular, this implies that this property is independent on the choice of the norm the space
R? is endowed with.

Proposition 4.4. Let (x;,1;)ier be a homogeneous ubiquitous system in some nonempty open subset
U of Re. Then, for any real number ¢ > 0, the family (x;, ¢ r;)ier is also a homogeneous ubiquitous
system in U.

Proof. The family (x;, c ;)ier is clearly an approximation system, so it remains to show that
the set R. of all points x € R? such that |x — x;| < cr; for infinitely many indices i € J has
full Lebesgue measure in U. This is obvious if ¢ > 1, because R, contains Ry, which has full
Lebesgue measure in U. We may thus restrict our attention to the case in which ¢ < 1.

Let V be a nonempty bounded open subset of U and let j be a positive integer. By
Lemma 4.1, there is a finite subset Z; = 7(V, 277) of T such that the balls B(x;, r;) are disjoint,
contained in V, with radius at most 27/, and a total Lebesgue measure at least £9(V)/(2 - 3%).

In particular,
R.NV D2 hmsup |_| B(x;,cri) = ﬂ | U |_| B(x;, c ;).

% el j=1  j'=jiely

The open set V is bounded, thereby having finite Lebesgue measure. Hence, Proposition 2.5
ensures that

Ld(R NV) > hm l_ﬁd U |_| B(x;, cri)
- j'=j i€y
d pd
> lim sup ZLd(B(Xi, cri)) = %3(;/)'

]—)00 ZEJ}

Let us assume that £(U \ R.) is positive. Then £4(U,, \ R.) is positive for m large enough,
where U,, denotes the set U N (—m, m)?. Furthermore, there exists a compact subset K of
R. nU,, such that
¢ LUy \R)

LR N U \ K) < ==

4
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see for instance [46, Theorem 1.10]. Applying what precedes to the bounded open set
V =U, \ K, we obtain

! Ld(um \ K) S ¢! Ld(um \ Rc)
2.34d - 2.34
and we end up with a contradiction. Hence, R, has full Lebesgue measure in U. m]

LYR N (Un \K) 2

7



CHAPTER 5

Large intersection properties

5.1. The large intersection classes

The classes of sets with large intersection were introduced by Falconer [26, 28]. They are
composed of subsets of R? with Hausdorff dimension at least a given s satisfying the
remarkable counterintuitive property that countable intersections of the sets also have
Hausdorff dimension at least s. This is in stark contrast with, for instance, the case of two
affine subspaces with dimension s; and s, respectively, where the intersection is generically
expected to have dimension s; + s» — d. The aforementioned classes are formally defined
as follows. Recall that a Gs-set is one that may be written as the intersection of a countable
sequence of open sets.

Definition 5.1. For any real number s € (0, d], the class G*(RY) of sets with large intersection in
R? with dimension at least s is the collection of all Gs-subsets F of R? such that

dimy ﬂ cu(F) =5

n=1

for any sequence (¢, ),>1 of similarity transformations of R

As shown later in these notes, numerous examples of sets with large intersection arise in
metric number theory. Let us point out that the middle-third Cantor set K gives a typical
example of set that is not with large intersection. Indeed, letting ¢ denote the mapping
that sends a real number x to (x + 1)/3, we readily observe that K N ¢(K) is reduced to the
points 1/3 and 2/3, thereby having Hausdorff dimension zero, whereas the Cantor set K
itself has dimension equal to log 2/log 3, see Propositions 2.17 and 2.18. More generally, the
attractors of iterated function systems that are discussed in Section 2.10 do not satisfy the
large intersection property.

As mentioned above, the main property of the large intersection classes G*(R?) are their
stability under countable intersections; remarkably, they are also stable under bi-Lipischitz
transformations, i.e. mappings satisfying (2.16). This is the purpose of the next statement.

Theorem 5.1. For any real number s € (0, d], the class G*(R9) is closed under countable intersections
and bi-Lipschitz transformations of R%.

The proof of Theorem 5.1 being quite long, we postpone it to Section 5.3 so as not to
interrupt the flow of the presentation. Combined with the definition of the classes G*(R?)
given above, Theorem 5.1 directly yields the following maximality property with respect to
countable intersections and similarities.

99
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Corollary 5.1. For any real number s € (0, d], the class G (R?) is the maximal class of Gs-subsets of
R? with Hausdorff dimension at least s that is closed under countable intersections and similarity
transformations.

We now give several characterizations of the classes G° (R%). Some of them are expressed
in terms of outer net measures that are obtained by restricting to coverings by dyadic cubes.
More precisely, let us recall from Section 2.6.3 that a dyadic cube is either the empty set or
a set of the form A = 27/(k + [0,1)%), with j € Z and k € Z%, and that the collection of all
dyadic cubes is denoted by A. For any real number s € (0, 4], let us consider the premeasure,
denoted by |- |}, that maps a given A € A to [A°. Then, as in Section 2.6.3, Theorem 2.3 allows
us to consider the net measure

M= (][
defined by (2.5). In view of Proposition 2.11, this outer measure is comparable with the
s-dimensional Hausdorff measure, in the sense that

H*(E) < MP(E) < x H*(E)

for any subset E of R? and for some real number « > 1. In addition, Theorem 2.2 enables us
to introduce the outer measure

M= (-1 (5.1)

that is defined by (2.3), and thus corresponds to coverings by dyadic cubes of arbitrary
diameter. It is clear that the outer measures M3, bound the net measures M® from below.
Hence, for any subset E of RY,

ML(E)>0 =  dimgE >s. (5.2)

Moreover, it is useful to observe that the Mg, -mass of the dyadic cubes may easily be expressed
in terms of their diameters. This is the purpose of the next lemma.

Lemma 5.1. For any real number s € (0, d] and any dyadic cube A € A,
ME(A) = ME(intA) = AP,

Proof. Given that Mg, is an outer measure and that the considered dyadic cube A may
obviously be covered by itself, we directly infer that

M (intA) < ME (L) < |AP.

In order to show that equality holds, let us consider a dyadic covering (1,),>1 of the interior
of A. If A is contained in some cube A,,, then we clearly have

AF < Al < I
n=1
Otherwise, all the cubes A, are either disjoint from, or included inside, the cube A. Thus, we
may consider the subset N of N formed by the integers n > 1 for which A, is contained in A.
The cubes A, for n € N, still cover the interior of A and have a smaller diameter, so that
DUl = T AT = A Y L4 2 AR L nt ) = AF,
n=1 neN neN

where «’ is the diameter of the unit cube of R?, and only depends on the norm the space R¥
is endowed with. We deduce the required inequality by finally taking the infimum over all
coverings (A, )n>1. m|
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We can now enumerate the properties that characterize the large intersection classes; note
that the formulations given by Falconer [28] are slightly erroneous and one has to consider
the corrected versions below, where s denotes a real number in the interval (0, d] and F is a
subset of R :

(1) for any nonempty open subset U of R? and any sequence (f,),>1 of bi-Lipschitz
transformations from U to R9, we have

dimy; ﬂ ) > s;
n=1
(2) for any sequence (cy),>1 of similarity transformations of R¥, we have

dimgy ﬂ cn(F)>s;

n=1

(3) for any positive real number ¢t < s and any dyadic cube A € A,
ML(ENA) = ML)

(4) for any positive real number ¢ < s and any open subset V of R,
MLENV) = ML(V);

(5) for any positive real number t < s, there exists a real number ¢ € (0, 1] such that for
any dyadic cube A € A,

MEL(FNA) > e ME(A);

(6) for any positive real number t < s, there exists a real number c € (0, 1] such that any
open subset V of R,

ML(FNV)>c M (V).

Note that the property (2) coincides with the definition of the large intersection class
G*(R%) under the assumption that F is a Gs-set. The next result details the logical relationships
between the previous properties, and in fact implies that they give equivalent characterizations
of the large intersection classes.

Theorem 5.2. Let us consider a real number s € (0, d] and a subset F of R4,
o The following implications hold:

1)) =2 = B) = (@) = (5) = (6).
e IfF isa Gys-set, then the properties (1-6) are all equivalent, and characterize the class G*(R?).

Just as that of Theorem 5.1, the proof of Theorem 5.2 is quite long and thus postponed to
Section 5.3 for the sake of clarity. Note that the characterizations (5) and (6) still hold when
changing the norm on R¥ ; the large intersection classes are thus independent on the choice of
the norm the space R? is endowed with. Hereunder are several other noteworthy properties
of these classes.
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Proposition 5.1. The large intersection classes G*(R?), for s € (0,d), satisfy all the following
properties.

(1) Any Gg-subset of R that contains a set in the class G*(R?) also belongs to the class G*(R?).

(2) The mapping s — G*(RY) is nonincreasing.

(3) The class G°(RY) is the intersection over t < s of the classes G'(R?).

(4) For any sets F € G*(R?) and F' € G*' (RY), the product set F X F’ belongs to the class
QSH/(RderI).

Proof. We only need to detail the proof of the last property, because the others readily follow
from Definition 5.1. To proceed, let us consider two sets F € G*(RY) and F’ € g% (RY), two
real numbers t € (0,s) and ¢’ € (0, s), and a nonempty dyadic cube of R4+’ that is written in
the form A X A, where A and A’ are dyadic cubes of R? and R? with the same sidelength. It is
clear that (F X F’) N (A X A") is equal to (F N A) X (F’ N A”). Moreover, the covering argument
in the proof of [27, Theorem 5.8], applied in dimensions d and d” and without a restriction on
the diameters of the covering cubes, gives

MEP(ENA) X (' NA)) = e ML(FNA)ME(F N L),

for some real constant ¢ > 0 independent of the cubes. Using the property (3) of Theorem 5.2,
together with Lemma 5.1, we deduce that

MF(EXFEYNAXA)) = c|Aff V)
=cc/ Ax N = MY (Ax A,

where ¢’ > 0 depends only on ¢, t” and the norms on the three ambient spaces. Every real
number in (0, s + s’) may be written as t + ¢’ with t € (0,s) and t’ € (0,s"). Theset F X F’ is a
Gs-set, so the characterization (5) in Theorem 5.2, with the constant min{1, cc’}, shows that it
belongs to G+ (R¥+4"). O

Finally, note that a set with large intersection is necessarily dense in the whole space
R?. This is easily seen for instance by considering the characterization (3) of the large
intersection classes given by Theorem 5.2, and by making use of Lemma 5.1. However, in
some applications, the considered sets are thought of satisfying a large intersection property
in some nonempty open subset U of R¥, but fail to be dense in the whole space R itself.
We therefore need to introduce localized versions of the large intersection classes. In that
situation, the use of similarity transformations is not suitable anymore; a convenient way of
proceeding is thus to adjust the characterization (4) of the large intersection classes given by
Theorem 5.2 in the following manner.

Definition 5.2. For any real number s € (0, d] and any nonempty open subset U of RY, the
class G*°(U) of sets with large intersection in U with dimension at least s is the collection of all
Gs-subsets F of R? such that

M(FNV) = MG (V)

for any positive real number t < s and any open subset V of U.

Obviously, thanks to Theorem 5.2, the class G°(U) defined above coincides with the initial
class G°(R?) introduced in Definition 5.1 when the open set U is equal to the whole space R?.
We also directly obtain the following result; the second statement therein follows from (5.2),
whereas the first one is proven in Section 5.3.
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Theorem 5.3. Let s € (0,d] and let U be a nonempty open subset of R%. Then:

(1) the class G°(U) is closed under countable intersections;
(2) for any set F € G*(U) and any nonempty open set V C U,

dimyg(FNV) > s.

In view of the previous result, the large intersection property is actually a combination
of a density property with a measure theoretic aspect. In that spirit, Theorem 5.1 may be
thought of as a Hausdorff dimensional analog of the Baire category theorem.

5.2. Other notions of dimension

The sets with large intersection also display a remarkable behavior with respect to packing
dimension. Let us explain how this notion of dimension, due to Tricot [60], is defined.
First, given a gauge function g, we define on the collection of all subsets F of R? the packing
g-premeasure by

PE(F) =lim L P(F)  with P§<P>=sup§n]g(an|),

where the supremum is taken over all finite or countable families (B, ), of disjoint closed
balls of R? centered in the set F and with diameter less than 6. The premeasures P¢ are
only finitely subadditive; it is thus more convenient to work with the corresponding packing
g-measure, defined by

P = (PS)

as in the formula (2.3), which is an outer measure on R?, as a consequence of Theorem 2.2. It
is actually possible to show that the Borel subsets of R¥ are P$-measurable, see [46, Chapter 5]
for details.

The definition of packing dimension is then very similar to that of Hausdorff dimension,
namely, Definition 2.10. Specifically, when the gauge function g is of the form r +— r° with
s > 0, it is customary to use P° as a shorthand for ¢, and the packing dimension of a
nonempty set F C R? is defined by

dimp F = sup{s € (0,d) | P°(F) = oo} = inf{s € (0, d) | P*(F) = 0}, (5.3)

with the convention that sup@® = 0 and inf(@ = 4. When the set F is empty, we adopt the
convention that the packing dimension is equal to —co. Moreover, for a nonempty bounded
set F, one recovers the upper box-counting dimension dimg F by considering the premeasures
P? instead of ¢ in the latter formula.

The packing dimension of sets with large intersection is discussed in the next statement,
which may be seen as an analog of Theorem 5.3(2), which deals with Hausdorff dimension.

Proposition 5.2. Let s € (0,d] and let U be a nonempty open subset of R%. Then, for any set
F € G°(U) and for any nonempty open set V. C U,

dimp(FNV) = d.

In other words, a set with large intersection has maximal packing dimension in any
nonempty open set; when the open set is bounded, the same property obviously holds for
box-counting dimensions as well, because sets with large intersection are dense. Again, for
the sake of clarity, the proof of Proposition 5.2 is postponed to Section 5.3.



104 Large intersection properties

5.3. Proof of the main results

5.3.1. Ancillary lemmas

The proofs make use of several technical lemmas concerning the outer measures Mg, that we
now state and establish.

Lemma 5.2. Let us consider two real numbers s € (0,d] and c € (0, 1], a subset F of R?, and an open
subset V of R%. Suppose that there is a 6 > 0 such that

MGENA) > c M (A)
for all dyadic cubes A € A with diameter at most 6 that are contained in V. Then,
MGENV) > c M (V).

Proof. Let As(V) denote the collection of all dyadic cubes with diameter at most 6 that are
contained in V, and that are maximal for this property. Clearly, these cubes are disjoint and
their union is equal to the whole open set V. Let us now consider a dyadic covering (A,),>1
of the set F N V. We may assume that its total s-cost is finite, since the required lower bound
is immediate otherwise. The diameters of its nonempty cubes are then bounded above. Two
dyadic cubes are either disjoint or included in one another, so there exists a subset N of N
such that the cubes A,, for n € N, are disjoint and still cover FN V.

Moreover, for any cube A € As(V), let N(A) denote the set of all n € N such that A, C A. If
N(A) # 0, then the cubes A, for n € N(A), cover F N A, so that

D0l = ML) = e ME(A) = cAF,
neN(A)

where the last equality follows from Lemma 5.1. In addition, the sets N'(1) are disjoint. Hence,
letting N’ denote the complement of their union in NV, we have

iwz DU Y D = Y+ Y e (5.4)
n=1

neN’ AeAs(V) neN(A) neN’ AeAs (V)
N(A)#0

On top of that, let A denote a cube in As(V') for which the index set N(A) is empty. The
intersection F N A cannot be empty and is covered by the sets A, for n € N. Thus, there is an
integer 1y € N such that the cubes A and A, intersect. Necessarily, A is a proper subcube
of Ay, and the index ng belongs to N’. This means that the cubes A, for n € N’, together
with the cubes A € As(V') such that N(A) # 0 form a covering of the open set V. Hence, the
right-hand side of (5.4) is bounded below by ¢ M (V'), and the result follows. O

Lemma 5.3. Let us consider two real numbers s € (0,d] and c € (0, 1], a subset F of R?, and an open
subset V of R%. Let us suppose that

MEL(FNA) > c ME(A)
for all dyadic cubes A € A that are contained in V. Then,
MEL(FNA) = ML ()

for all dyadic cubes A € A that are contained in V and all real numbers t € (0, s).

Proof. Let us consider a dyadic cube A contained in V with sidelength 27/, and a dyadic
covering (A,),»1 of the set F N A. If one of the covering cubes contains A, its t-cost is at least
|A|', and the desired bound follows at once. Otherwise, two dyadic cubes are either disjoint
or included in one another, so we may retain the maximal covering cubes that meet A. These
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cubes are disjoint, included in A, and still cover F N A; their indices form a subset N of N.
Moreover, let j* denote an integer such that 2~6¢=9i" < ¢ 27(=Hj,

Note that j* > j, so the cube A may be written as the union of 240"~/ disjoint subcubes with
sidelength 277", Let M denote the collection of these subcubes. As in the proof of Lemma 5.2,
for any cube u € M, let N(u) denote the set of all indices n € N such that A, € u. In that
situation,

_ it | 1,
Al 2l =l = (" 277) A 2 —(k'2 NI = ;I/\It *Anl

where «’ is the diameter of the unit cube of R?, as in the proof of Lemma 5.1. Moreover, if
N(u) # 0, then the cubes A, for n € N(u), cover F N y, so that

1,
D, Wl 2= 3 AP

neN(u) neN(u)
1 . _ _
> E|/\|t SME(F N p) = A ME (1) = A5 |ul,

where the last equality follows again from Lemma 5.1. Furthermore, let N’ denote the
complement of the union of the sets N'(u) in N. If n belongs to N’, then

Al 2 A2 (A,

and A, admits a proper subcube pu € M. In fact, otherwise, all the cubes in M would be
disjoint from A, ; this is impossible because A, is inside A, which is covered by the cubes in M.

This means in particular that the cubes A, for n € N’, along with the cubes y € M for
which N(u) # 0 form a covering of the cube A. Hence, using also the disjointness of the index
sets N(u), we infer that

ilwz Dl Tl
n=1

neN’ UEM neN(u)

> AT IAE+ D Il [2 M) = AT

neN’ HeM
N(p)#0

Here again, the last equality follows from Lemma 5.1. We conclude by taking the infimum
over all coverings in the left-hand side above. m]

Lemma 5.4. Let U be a nonempty open subset of R% and let f be a bi-Lipschitz mapping from U to
R4 with constant cr 21, see (2.16). Let us consider two real numbers s € (0,d] and c € (0,1] and a
subset F of R, and suppose that

MLFNV)=c ML)

for any open subset V of R%. Then, there is a constant C > 3 depending only on the chosen norm such
that, for any open subset V of U,

s -1 ¢
MBI 2 o

M (V).

Proof. Leta > 1be such that a~'|x|e < |¥| < alx|w forall x € R?, and set C = 342. In particular,

we may take C = 3 for the supremum norm. Let us begin by observing that a Lipschitz
mapping g : U — R? with constant k > 1 satisfies

Mi(8(A) < (CRTME(A) (5.5)
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for any subset A of U. Indeed, if (1,,),>1 denotes a dyadic covering of A, then g(A) is covered
by the image sets g(ANA,). If A, has sidelength ¢,,, each of these images has supremum-norm
diameter at most a2k¢,. It is therefore covered by at most ([a%k] + 1)4 < (Ck)* dyadic cubes
with the same sidelength, and hence the same diameter, as A,,. Taking the infimum over
coverings proves (5.5). For translations, the same covering argument gives the factor 3¢ for
any norm, because translation preserves the supremum-norm diameter.

Consequently, if V denotes an open subset of U, the set f(V') is an open subset of RY, and
we have

M(V) < (Cepf ME(f(V))

d 2d
D s vy < S me e n vy,

<
c

which gives the required estimate. m]

Lemma 5.5. Let U be a nonempty subset of R? and let s € (0,d]. Let us consider a sequence (F)i>1
of Gs-subsets of R such that

MGEeNV) = ML(V)
forany k > 1 and any open subset V of U. Then, for any open subset V of U,

M;(ﬁkaV

k=1

> 37IMS (V).

Proof. Throughout the proof, when V is an open set and 0 is a positive real number, Vs
denotes the inner 6-parallel body of V, namely, the open set

Vs ={x e V|d(x,R\ V) > 6} (5.6)

formed by the points in V' at a distance larger than 6 from its complement.

Let us first assume that the sets F are open and form a nonincreasing sequence. Let V be
a bounded open subset of U and let ¢ > 0. We then define inductively a sequence (Vi )k>o of
open subsets of V and a sequence (0x)r>1 of positive real numbers by letting Vy = V and

Vk>1 Vi =(FrN Vio1)s,,
where the real numbers 0y are chosen in such a way that
Vk>1 M (Vi) > ME(V) —e.

The existence of 6y is a consequence of the fact that Proposition 2.4(2) holds for the outer
measure M3, even if it need not be regular, see [51, Theorem 52]. Indeed, the sets (Fx N Vi_1)s
are nonincreasing with respect to 6 and their union is equal to the whole set Fx N Vi_1, so the
previous remark ensures that

1;%1 T MG ((Fk N Vi-1)s) = ME(Fie N Vi-1) = M (Vi-1).

The last equality follows from the hypothesis on the set Fx. As a consequence, it is possible
to choose 6y appropriately if the set Vi_1 has been chosen so. Remark that (Vk)kzl is a
nonincreasing sequence of compact subsets of V, and that each compact set Vj is contained in
the corresponding set Fj.

Let (A,)n>1 denote a covering of the intersection of the compact sets Vi by dyadic cubes.

We have N N N
M LVecl s | JintGan),
n=1
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where 31, denotes the union formed by A,, and the adjacent dyadic cubes. By compactness,
there exists an integer k > 1 such that the set Vj is contained in the right-hand side above.
Hence, Vj is covered by the dyadic cubes that belong to 3A,,, for n > 1. We deduce that

M (V) =& < ME(Vi) < ) 39, F.
n=1

Taking the infimum over all dyadic coverings in the right-hand side, we end up with

Niw
k=1

By letting the parameter ¢ go to zero, we thus settle the case where the sets Fy are open and
nonincreasing, and the open set V is bounded.

In order to drop the boundedness assumption on V, one may use the analog of Proposi-
tion 2.4(2) for the outer measure MZ,. To get rid of the assumption on the sets Fy, it suffices to
observe the intersection of any sequence of Gs-sets may be written as the intersection of a
nonincreasing sequence of open sets. m|

ME(V) — e <3TMS,

< 3Me, (ﬂ FrnV
k=1

5.3.2. Proof of Theorem 5.2

We may now establish the various relationships between the properties (1-6) involved in the
statement of Theorem 5.2.

5.3.2.1. Proof that (1) implies (2). This follows from the observation that the inverse of a
similarity transformation of R¥ is a bi-Lipschitz mapping.

5.3.2.2. Proof that (2) implies (3). Arguing by contradiction, we assume that there are two
realst € (0,s) and ¢ € [0, 1) and a dyadic cube A € A such that

MLENA) < e ML(A) =c|A]

Here again, the last equality is due to Lemma 5.1. As a result, there exists a dyadic covering
(An)n>1 of the intersection set F N A for which the total sum of |A,|' is smaller than c|A|".
Furthermore, there is a subset N of N such that the cubes A,, for n € N, are disjoint and
included in A, and still cover F N A. For any integer n € N, let ¢, denote the natural affine
mapping that sends A onto A,,. This is a similarity transformation of R and it is easy to check
that for any set A C A,
Al
M) < (1) Mea), 62)
Furthermore, let us consider a point x € A that belongs to all the image sets ¢,,, .. .0¢y, (F),
for any choice ny, ..., ni of integers in N, and any integer k > 0. Here, the composition
corresponding to k = 0 is understood to be the identity mapping. In particular, for k = 0, this
means that the point x is in F N A, thereby belonging to some dyadic cube A,,,, with n; € N.
We can then write x in the form ¢,,(x1) for some x; € A. Applying the above hypothesis
with k = 1, we observe that x necessarily belongs to F as well. Thus, x; belongs to some
dyadic cube A,,, with n, € N. Iterating these arguments, we deduce that there exists a
sequence (nx)k>1 of integers in N and a sequence (xx)>o of points in F N A such that xg = x
and xx_1 = ¢, (xx) for all k > 1. As a consequence,

(o]

ﬁ ﬂ Qn10...Oan(F)ﬂ/\g U ﬂgnlo...ognk(FﬂA).

k=0 nl,A..,i’lkEN (nk)kzleNN k=1
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On top of that, using the countable subadditivity of the outer measure M., and apply-
ing (5.7) multiple times, we infer that for any integer k > 1,

M, U gnlo...ognk(Fﬂ/\))S Z Mio(gnlo,..oc;nk(l:n/\))

Ni,eeey nkeN

At A |f
< Z MM&)(PHA)

k
Nni,.e.., nkEN |A| !
1 k
- (W > an) MI(FN2)
neN

< cEML(FNA),

from which we readily deduce that

M, (ﬂ ﬂ Cny © .. 0 Gy (F) M) < ikr;{ckMio(F NnA)=0.

k=0 ny,...,nxeN

Finally, Theorem 2.2 enables us to consider the outer measure H_, = (|- |')* defined by (2.3)
and corresponding to coverings by sets of arbitrary diameter. However, it is clear that this
outer measure bounds M!, from below, so that

7‘{;( ﬂ gnlo...ognk(F)ﬁA):O.

k=0 Nni,.e.., nkEN

Now, let (7,),>1 denote a sequence of translations for which the image sets 7,(4), forp > 1,
form a partition of the whole space RY. We have for each p > 1,

7_{;0 (ﬁ m Tp O Cmy O...Ognk(F)ﬂTp(A)) =0,

k=0 Ni,eeey )’ZkEN

which directly gives

H ﬁﬁ m Tp O Cny ©...0Cp(F)[=0. (5.8)

Note that we can replace the outer measure H/, by the Hausdorff ¢-dimensional measure
H' in (5.8). As a matter of fact, any subset A of RY may clearly be written as a countable
union over p > 1 of sets A, with diameter at most a given 6 > 0. Let us assume in addition
that H/,(A) vanishes. Then, for each integer p > 1, it is clear that H{,(A,) vanishes as well, so
that there exists a covering (Cp »)u>1 of the set A, with

(o]
Z |Cp,n|t <e27P,
n=1

where ¢ is a positive real number fixed in advance. Up to replacing the sets C, , by their
intersection with A, we may assume that their diameter is at most 6. Thus, considering the
sets Cp,, altogether, we obtain a covering of A with sets with diameter at most 6, thereby

inferring that
HUA) < Y D ICpul < ) e =e.
p=1n=1 p=1



5.3 Proof of the main results 109

Letting 6, and then ¢, go to zero, we deduce that the Hausdorff {-dimensional measure of the
set A is equal to zero.

We conclude that the set under study in (5.8) has Hausdorff dimension bounded above by
t, and therefore smaller than s. As the mappings 7, 0 ¢y, ©...0 ¢y, form a countable sequence
of similarity transformations, this contradicts (2).

5.3.2.3. Proof that (3) is equivalent to (4), which implies (5), which itself is equivalent to (6). This
follows straightforwardly from Lemma 5.2, together with the observation that the interior of
a dyadic cube A is an open set with the same M/, -mass than A itself, by virtue of Lemma 5.1.

5.3.2.4. Proof that (6) implies (1) for Gs-sets. Let us assume that F is a Gs-set satisfying (6),
and let (f,),>1 denote a sequence of bi-Lipschitz transformations defined on a nonempty
openset U. For each n > 1, let c,, denote a constant such that f, satisfies (2.16). Let t denote a
positive real number smaller than s. With C as in Lemma 5.4, that lemma ensures that for
any t’ € (t,s), there is a real number c € (0, 1] such that for any open subset V of U,

te-1 ¢ v
ML(f, (F)nV) > (Ccn)szoo(V).

Applying this estimate to the interior of dyadic cubes and making use of Lemma 5.1, we get
for every dyadic cube A contained in U,

ME(FHE)NA) 2 ME(f,7H(F) N int A)

Cc ’ . C ’
(CCH)ZdMiO(lnt/\) = WM;(/\)

Then, it follows from Lemma 5.3 that for every dyadic cube A contained in U,

MLFTHE) N A) = ME(A),

=

and Lemma 5.2 now ensures that this also holds when A is replaced by an arbitrary open
subset of U in the above equality. Finally, Lemma 5.5 ensures that

M, (ﬂ AR nu| =3 MLU) > 0.
n=1

To conclude, it remains to use (5.2) to deduce that the intersection of the sets f,!(F) has
Hausdorff dimension at least ¢, and to let ¢ tend to s.

5.3.3. Proof of Theorem 5.1

This is a direct consequence of Theorem 5.2. We deal with the stability under countable
intersections and that under bi-Lipschitz mappings separately.

5.3.3.1. Stability under countable intersections. Let (F,),>1 denote a sequence of sets in the
class G*(RY). When ¢ is a real number in (0, s), the characterization (4) of this class ensures
that all the sets F,, have maximal M’ -mass in all the open subsets of RY. Lemma 5.5 implies

that
M, (ﬂ F,NV

n=1

> 37 M! (V)

for any open subset V' of R9, and the characterization (6) shows that the intersection of the
sets F,, belongs to the class G*(R9).

5.3.3.2. Stability under bi-Lipschitz mappings. Let F be a set in the class G*(R?) and let f
denote a bi-Lipschitz mapping defined on R?. Again, when t € (0, s), the characterization (4)
of this class ensures that the set F has maximal M/, -mass in all the open subsets of R.
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Lemma 5.4, with its norm-dependent constant C, then shows that for any open subset V of
R4,

ML(V)

(Cep)2d’

where ¢y is a constant associated with f as in (2.16). We conclude that f “1(F) is in G*(RY)
thanks to the characterization (6) of this class.

MLfTHEINY) 2

5.3.4. Proof of Theorem 5.3(1)

The proof is parallel to that of the stability under countable intersections of the classes G°(R%)
given in Section 5.3.3.1. It suffices to replace the characterization (4) of the class G*(R?) by the
definition of the generalized classes G°(U), namely, Definition 5.2. As above, we then apply
Lemma 5.5. Finally, we obtain an analog of the characterization (6) of the large intersection
classes by applying Lemma 5.3.

5.3.5. Proof of Proposition 5.2

When the open set U is equal to the whole space R, the result was obtained by Falconer
in [28], see Theorem D(b) therein. We thus refer to that paper for the proof in the case where
U = R%, and we content ourselves here with extending Falconer’s result to arbitrary nonempty
open sets U.

Let us consider a set F € G°(U), a nonempty open set V C U, and an arbitrary nonempty
dyadic cube Ay contained in V. We write A¢ in the form 2770(ky + [0, 1)4) with j, € Z and
ko € 2%, and we define

F= |_| (k2710 + (F N int Ap)).
kezd
The fact that F is a Gs-subset of R? implies that Fisa Gs-set as well. Furthermore, for any
dyadic cube A with diameter at most that of A, there exists a unique integer point k € Z*
such that A is contained in k2770 + A, so that

FNA= (k27 +(FNintdg)) N A.
With the help of (5.5), we deduce that for any t € (0, s),
ML(ENA) >3 ML(FnintAg N (=k2770 + 1))
> 37" M (F N int(—=k277 + 1))
=3I M! (int(-k270 + 1)) = 37 ML (M),

The last equality is due to Lemma 5.1. The previous one holds because the interior of
—k27/0 + A is an open subset of U, and the set F is in G°(U). Finally, Lemmas 5.2 and 5.3
enable us to deduce that F € G*(R?), from which it follows that

dimp(F N'V) > dimp(F N Ag) = dimp(F NintAg) = dimp(fﬂ intAg) =d.

This results from applying [28, Theorem D(b)] to the set with large intersection F and the
open set int Ag, and from the packing counterpart of the monotonicity property satisfied by
Hausdorff dimension, see Proposition 2.16(1).

5.4. Connection with ubiquitous systems and the Jarnik-Besicovitch theorem

We showed in Chapter 4 that if (x;, 7;);cr denotes a homogeneous ubiquitous system in some
nonempty open subset U of RY, then for any real number ¢ > 1, the set F; defined by (4.1) has
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Hausdorff dimension at least d/t in the set U, that is,
d
dimyg(Fy nU) > T

see Theorem 4.1. The purpose of this section is to show that the set F; belongs to the large
intersection classes given by Definition 5.2.

Theorem 5.4. Let (x;, t;)icr be a homogeneous ubiquitous system in some nonempty open subset U
of R%. Then, for any real number t > 1,

F e gY7NU).

Proof. As mentioned in Sections 4.4 and 5.1, neither the notion of homogeneous ubiquitous
system nor the large intersection classes depend on the choice of the norm. To justify the
reduction to the supremum norm, let us fix t > 1 and choose a > 1 such that |x| < a|x| for all
x € R?. Proposition 4.4 ensures that (x;, a~/*r;);cr is still homogeneously ubiquitous for the
supremum norm. Its associated limsup set at exponent ¢ is contained in the original set F;,
because
X — Xiloo < (@™ V1)t = Ix — xi| <.

Thus, proving the theorem for the supremum norm suffices: the original F; is a Gs-set, and
Definition 5.2 shows that any Gs-superset of a set in G%/*(U) belongs to the same class. For
the remainder of the proof, we therefore work with the supremum norm and denote the
diameter of a set E by |E|w.

Let us consider two real numbers « € (0,1) and s € (0,d/t), and a nonempty dyadic cube
A € U with diameter at most one. Dilating the closure of A around its center, we obtain a
closed ball B with diameter a|]|. that is contained in the interior of A. We can reproduce
the proof of Theorem 4.1 with U being the interior of A and I being the ball B. We thus
obtain an outer measure u supported in F; N int A with total mass given by (4.6) and such
that Proposition 4.3 holds.

Moreover, let (A,),>1 denote a covering of the set F; Nint A by dyadic cubes. If one of these
cubes contains A, its s-cost alone is at least |A[3,. Otherwise, we discard the cubes disjoint
from A and retain a maximal disjoint subcollection of the remaining cubes. Thus, there exists
a subset N of N such that the cubes A,, for n € N, are disjoint, contained in A, and still
cover F; Nint A. If we assume in addition that A has diameter less than e™* /d /2, we see that
every cube A, with n € N is included in a closed ball B,, with radius equal to |1, |, and thus
diameter smaller than e™/?. Applying Proposition 4.3, we get

1 1
u(Ay) < p(By) <2-129B,4 log <2 12724/1)11,,|4/* log 77—
niloo njloo

Arguing as in the proof of the mass distribution principle, i.e. Lemma 2.2, we get

1 da/t 1 i
Meo)¥t log —— = |1, 1 = u(F; Nint A
((Xl | ) Og al/\loo | ®| Og |I®|oo [Ll( t m )
< 2. 1244/t Z 1% log %
neN | nloo

We then use the fact that the function r — r%/!~log(1/r) is nondecreasing near zero.
Specifically, if the diameter of A is less than e~*/(4~5"), we have

dJt 1 s d/t—s 1 s 11d/t=s 1
Aules 1o = Al Anlee’ log —— < AulA e T log ——
for all n € N. Combining this observation with the previous bound, and using
log(1/(a|A]|)) = log(1/|Ale), we obtain a lower bound on the s-cost of the retained
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covering, and hence on that of the original covering. The same lower bound also holds in the
case where a covering cube contains A, since adlt)(2- 12924/t < 1. Taking the infimum over
all dyadic coverings, we obtain

it
s s : s
Moo(Ft N )\) > Moo(Ft N 1nt)\) > WMlm,

with the proviso that the diameter of A is smaller than 0 ¢, defined as the minimum of e t/d /2

and e™/(4=Y) Now, thanks to Lemma 5.1, we may replace |A[5, by M5, (1). Hence, letting a
tend to one, we end up with

M (A)
S &)
Ml 00 = 5 amar

for any dyadic cube A C U with diameter smaller than 65 ;. The restriction on the diameter
may easily be removed. Indeed, if A is an arbitrary dyadic cube contained in U, applying
Lemma 5.2 to its interior, and then Lemma 5.1 again, we get

M (intd)  ME(A)

212424/t 2. 12424/t

for all real numbers s € (0,d/t) and all dyadic cubes A C U. Finally, Lemma 5.3 implies that
for all such s and A, we have in fact

M (Fr N A) = ME(A).

The result follows from another utilization of Lemma 5.2. O

ME(FrNA) > ME(FrNintA) >

As an immediate application, let us show that the set J; . defined by (1.1) is a set with
large intersection. Recall that J; . is formed by the points that are approximable at rate at least
7 by those with rational coordinates. Moreover, a plain consequence of Dirichlet’s theorem
implies that this set coincides with the whole space RY when 7 < 1 + 1/d, see Corollary 1.1.
We also already established that J;  has Hausdorff dimension (d + 1)/7 in the opposite case
where T > 1 + 1/d ; this follows from the Jarnik-Besicovitch theorem discussed in Section 3.1.

We even refined this theorem in Section 4.3 above, starting from the following two
observations: the family (p/q, ™'Y/ d)(p,q)ezde is a homogeneous ubiquitous system in the
whole space R? ; for this system, the sets F; defined by (4.1) coincide with the sets J; -, with
the proviso that the parameters are such that t = 7d/(d + 1). Thanks to Theorem 5.4, the same
observations lead to the following statement.

Corollary 5.2. For any real number T > 1+ 1/d, the set J; . belongs to the class G**V/T(R?), i.e. is
a set with large intersection in the whole space R with dimension at least (d + 1)/1.

This result was already obtained by Falconer [28]. Combined with Proposition 5.2, this
shows in particular that the set J; . has packing dimension equal to 4 in every nonempty
open subset of R?. For the sake of completeness, let us point out that in the opposite case
where 7 < 1+1/d, the set J; . clearly belongs to the class G“(R) because it coincides with the
whole space R itself.



CHAPTER 6

Eutaxic sequences

The notion of eutaxic sequence was introduced by Lesca [43] and subsequently studied by
Reversat [49]. It provides a nice setting to the study of Diophantine approximation properties,
and we shall indeed use it in this chapter to analyze the approximation by fractional parts of
sequences and by random sequences of points. With this notion, the emphasis is put on the
sequence (x,),>1 of approximating points in R4, and one is ultimately interested in its uniform
approximation behavior with respect to all possible sequences (,,),>1 of approximation radii.

Let us assume that the series ., 7 converges. It is clear that the set of all points x € R? for
which

Jim.n>1 |x —x,| <7y (6.1)

has Lebesgue measure zero; this may indeed be deduced from applying Lemma 2.1 with
the gauge function r — r9, which essentially yields the Lebesgue measure, in view of
Proposition 2.14. Note that in that situation, we may rearrange the points in such a way that
the sequence (7, ),>1 is nonincreasing and converges to zero. Now, eutaxy comes into play
for nonincreasing sequences of radii tending to zero for which the series Y, r¥ is divergent.
We denote by P, the collection of these sequences, which is thus defined by the following
condition:
Vn>1 r,.q <ry

(ruz1 €Pg & . 7 =0 6.2)
3 il = oo,
n=1

As detailed hereunder, eutaxy will occur when (6.1) is satisfied by Lebesgue-almost every
point of some open set of interest.

6.1. Definition and link with approximation

6.1.1. Sequencewise eutaxy

The simplest notion of eutaxy is obtained when specifying a sequence (r,),>1 in Py and
deciding on whether or not Lebesgue-almost every point may be approximated within
distance r, by some sequence of points x, under consideration.

113
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Definition 6.1. Let U be a nonempty open subset of R9, and let (r,),>1 be a sequence in Py.
A sequence (x,),>1 of points in R? is called eutaxic in U with respect to (r,)y»1 if the following
condition holds:

for L%ae.xelU Fim.n>1 |x — x| < 7y.

The notion of eutaxic sequence is naturally connected with those of approximation system
and homogeneous ubiquitous system introduced by Definitions 4.1 and 4.2, respectively.
However, the idea here is to restrict to families indexed by the positive integers, and to
put a stress on the points x, rather, to ultimately obtain uniform properties with respect to
the sequence of radii r,,, see Section 6.1.2. The connection between the various notions is
formalized by the next statement. We omit its proof because the result readily follows from
the definitions of the various involved notions, namely, Definitions 4.1, 4.2 and 6.1.

Proposition 6.1. Let U be a nonempty open subset of R?, let (ry)n>1 be a sequence in Py, and let
(Xn)n>1 be a sequence of points in RA. Then,
(1) the family (xy, tn)n>1 is an approximation system;
(2) the family (xy, *n)n>1 is a homogeneous ubiquitous system in U if and only if the sequence
(xXn)nx1 1s eutaxic in U with respect to (n)n>1-

Combining Proposition 6.1 with Proposition 4.4, we easily observe that a sequence (x; )n>1
is eutaxic with respect to (7,),>1 if and only if it is eutaxic with respect to (c 7,,)n>1, for any
fixed real number ¢ > 0. Thus, the fact that a sequence is eutaxic does not depend on the
choice of the norm on the space R.

Besides, Proposition 6.1 invites us to consider the problem of the approximation within
distances r, by the points x,. Accordingly, the sets F; defined by (4.1) in the general setting
are now given by

Fr={xeR?||lx—x, <7l forim.n>1}, (6.3)

and their size and large intersection properties may be studied by specializing the results of
Chapters 4 and 5. This results in the next statement.

Theorem 6.1. Let (x,)n>1 be a sequence of points in RY that is eutaxic in some nonempty open subset
U of RY, with respect to some sequence (ry)n>1 in Py. We assume further that the series Y, r5 is
convergent for all s > d. Then, for any real number t > 1,

dimy(F; N U) = % and  F e gYHUD.

Proof. The convergence assumption on the series }, r; implies that the parameter si; defined
by (4.4) is bounded above by d regardless of the choice of the open set U. Moreover, the family
(X1, "n)n>1 is a homogeneous ubiquitous system in U, by virtue of Proposition 6.1. Therefore,
we may apply Corollary 4.1, and deduce that the set F; N U has Hausdorff dimension equal
to d/t for any real number ¢ > 1. For the same reason, due to Theorem 5.4, the set F; belongs
to the large intersection class G%*(U). Finally, the result clearly holds for t = 1, because the
set F1 has full Lebesgue measure in U. O

6.1.2. Uniform eutaxy

Rather than the sequencewise, the notion of uniform eutaxy is the one that was introduced
by Lesca [43] and subsequently studied by Reversat [49]. Uniform eutaxy is obtained when
sequencewise eutaxy holds regardless of the choice of the sequence (7,),>1 in the collection
P,.
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Definition 6.2. Let U be a nonempty open subset of RY. A sequence (x,),>1 of points in R is
called uniformly eutaxic in U if the following condition holds:

Y(rp)us1 €Py for L%-ae.xelU Fim.n>1 |x — x| < 7y.

As regards the aforementioned approximation problem, we may improve Theorem 6.1
when the eutaxy property of the underlying sequence (x,),>1 is uniform. Specifically, as
shown by the next result, we may slightly relax the condition on the sequence (r,),>1 that
comes into play in the definition (6.3) of the sets F;, and obtain the same size and large
intersection properties.

Theorem 6.2. Let (x,),>1 be a sequence of points in R? that is uniformly eutaxic in some nonempty
open subset U of RY, and let (r,)n>1 be a nonincreasing sequence of positive real numbers such that

{s<d = 3,15 =00

(6.4)
s>d = ), 1, <oo.

Then, for any real number t > 1,

dimg(F; N U) = ? and  F, e GYHUD.

Proof. The proof is an adaptation of that of Theorem 6.1. Again, due to the convergence
assumption on the series, the parameter si; defined by (4.4) is bounded above by d. The upper
bound on the Hausdorff dimension then follows directly from Proposition 4.1. Furthermore,
for any s € (0,d), the sequence (rZ/ d)nzl belongs to P4, so Proposition 6.1 implies that
(xy, r,i/ d)nzl is a homogeneous ubiquitous system in U. Therefore, for any ¢ > 1, we may
apply Theorems 4.1 and 5.4 with the approximation radii raised to the power dt /s > 1 instead
of t, thereby obtaining

dimg(F; N U) > % and  F e G UD).

The required lower bound on the Hausdorff dimension clearly follows from letting s tend to
d. The large intersection property follows the fact that the class G%/*(U) is the intersection
over s € (0, d) of the classes G5! (U), see Definition 5.2. m]

Itis clear that Theorem 6.2 may be extended to a wider range of sequences of approximating
radii than those satisfying (6.4). More precisely, let us consider a nonincreasing sequence
r = (7,)u>1 of positive real numbers such that

S<Ss = Yt =00
{ e (6.5)

§>5 = 2,1, <oo.

for some positive real number s,. We may thus apply Theorem 6.2 with the sequence
(r,sf/ d)nzl, because it satisfies (6.4). Performing the appropriate change of variable, we deduce
a description of the size and large intersection properties of the sets F; corresponding to the

original sequence r = (7,,),>1 ; specifically,
dimp(F; N U) = 57 and  F e G%/H(U)

for any real t > s./d. Besides, note that all the sets F;, for t < s,/d, have Hausdorff dimension
d and belong to the class G¥(U), because they contain Fs /4.
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6.2. Criteria for uniform eutaxy

6.2.1. Asufficient condition for uniform eutaxy

We now establish a criterion implying the uniform eutaxy of a sequence of points. This
criterion is expressed in terms of the dyadic cubes of R?. Let us recall from Section 2.6.3 that
a dyadic cube is either the empty set or a set of the form

A =271k +[0,1)%),

with j € Z and k € Z%, and that the collection of all dyadic cubes is denoted by A. Moreover,
the generation of such a dyadic cube A, i.e. the integer j, is denoted by (A). Finally, for any
point x € R? and any integer j € Z, there exists a unique dyadic cube with sidelength 27/ that
contains x ; this cube is denoted by A;(x).

Let us now fix a sequence (x,)x>1 of points in RY. For any nonempty dyadic cube A € A and
any integer j > 0, let us define a collection M((x,,),>1; A, j) of dyadic cubes by the following
condition:

AMCA
A e M((xn)nzl) /\/ ]) — <A,> = <A> +j
x, € A’ for some n < 241",

It will be clear from the context what underlying sequence (x;),>1 is considered, and there
should be no confusion if we decide to write M(A, j) as a shorthand for M((x;).>1; A, j). Itis
obvious that the cardinality of the set M(A, j) is bounded above by 24/. When it is bounded
below by a fraction of 29 the sequence (x,),>1 is uniformly eutaxic, as shown by the following
criterion.

Theorem 6.3. Let U be a nonempty open subset of R and let (x,)n>1 be a sequence of points in R?.
Let us assume that
for L%e.x €U Hminf2 #M((xn)ns1;Aj(x), j) > 0. (6.6)

]O,]'—mo

Then, the sequence (X, )n>1 is uniformly eutaxic in U.

The remainder of this section is devoted to the proof of Theorem 6.3. It relies on the next
useful measure-theoretic lemma that is excerpted from Sprindzuk’s book [59] and that we
establish first.

Lemma 6.1. Let u be an outer measure on RY such that y(Rd) is finite, and let (E,),>1 be a sequence
of u-measurable sets such that

Z u(Ey) = oo. 6.7)
n=1

Then, the set of points that belong to infinitely many sets E,, satisfies

N 2
(Z u(En))

n=1

U (lim sup En) > lim sup

n—oo N—>oo

N .
2 H(Em NEy)
1n=1

Mz

m

Proof. We begin by writing the limsup set under examination in the form

[ee]

limsupE, = ﬁ ! U E,.
M=1

—00
n =



6.2 Criteria for uniform eutaxy 117

Letting FII\\]/I denote the union of the sets E,, over all integers n € {M, ..., N}, and using
Proposition 2.5, we deduce that

. . . N
U (11msup En) > 1\/1112100 l 1\1]1_)nr‘1>O T u(Fyyp)-

n—-00

The p-mass of the union set FY, may be estimated thanks to the second-moment method. To
be specific, the Cauchy-Schwarz inequality gives

( / 1FN(y)Zlgn(y)u(dy)) < u(FRy) / (Z 1En(y)) p(dy).

The left-hand side above is clearly equal to the square of the sum over all integers n €
{M, ..., N} of the u-masses of the sets E,;, and is therefore equivalent to

N 2
(z u(En))
n=1

as N goes to infinity and M remains fixed, due to (6.7). Likewise, the integral in the right-hand
side coincides with the sum over all integers m,n € {M, ..., N} of the u-masses of the sets
E,. N E,, which is equal to

N N N
Z Z WE NE,) +0 Z y(En)) :
m=1n=1 n=1
The result follows from combining all the previous estimates, and using (6.7) again in order
to get rid of the remainder term above. m]

We are now in position to detail the proof of Theorem 6.3. The fact that a sequence
is uniformly eutaxic clearly does not depend on the choice of the norm; we thus assume
throughout the proof that R? is equipped with the supremum norm. Let us consider a
nonempty open subset U of R? and a sequence (x,,),>1 of points in R? such that (6.6) holds for
Lebesgue-almost every x € U. Our goal is to establish that for any sequence (r,,),>1 chosen in
advance in Py, the set Fy, i.e. the set F; obtained by choosing t = 1 in (6.3), has full Lebesgue
measure in U. To proceed, let U. denote the set of all points x in U such that (6.6) holds and
none of the coordinates of x is a dyadic number. Then, U. has full Lebesgue measure in U.
Furthermore, for any x € U,, there exist a real number a(x) > 0 and an integer j(x) > 0 such
that -

Vio i 2 j(x)  #M(A4(x), ) 2 a(x)29.

The proof now reduces to showing that there is a real number x > 0 such that
Vio > j(x)  LUF1NAj(x) = K a(x)? LYA(x)). (6.8)

Indeed, (6.8) implies that the density of the set F at the point x is positive. Therefore, if this
holds for any x in U., then the Lebesgue density theorem shows that Lebesgue-almost every
point of U. belongs to Fy, see [46, Corollary 2.14]. As a result, F; has full Lebesgue measure
in U.

It now remains to show that any point x in U. satisfies (6.8). For any fixed integer jo > j(x),
we begin by observing that for any integer j > j(x), there exists a set Sj(x, jo) € {1, ..., 290"/}
with: B

o #5)(x, jo) > a(x) 240D,
® x, € Ajy(x) forany n € S;(x, jo);
e |x, — Xyl = 2700%)) for any distinct 1, n’ € Si(x, jo)-
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Indeed, for each g € {0, 1}%, let us consider the cubes in M(Ajy(x), j) of the form 2-Go+) (k +
[0,1)4), where the coordinates of k are equal to those of f modulo two. For a suitable f, there
are at least 2~ #M(A jo(x), j) such cubes. The result then follows from the observation that
these cubes are at a distance at least 2-00*/) of each other and that each cube contains at least
a point x,, with n < 24Uo*),

Then, let us define 7, = min{r,,1/(2n'/?)} for each n > 1. We thereby obtain another
sequence (7, )y>1 in P4. Indeed, otherwise, the sequence (7,’1 )n>1 would be nonincreasing and
have a finite sum, so that 77 would tend to zero as n goes to infinity. Thus, 7, would be equal
to r,, for n large enough and the series Y, ¥/ would converge, contradicting the assumption
that (r,)n>1 belongs to P;. Now, for any integer j > j(x), let us consider the set

‘/]‘(x/j()) = U BDO(xﬂl pj0+j)/

neSj(x,jo)

where p; is a shorthand for 7,4. Since the sequence (7),>1 is nonincreasing and converges
to zero, all the points in the limsup of these sets, except maybe those forming the sequence
(x1)n>1, belong to both the closure of Aj,(x) and the set F, obtained by replacing r, by 7, in
the definition of F1. Therefore,

Ld (lim sup Vj(X,jo)) < Ld (Fl N A]'O(X)) < Ld(Fl N /\]'O(x)).
]—)OO

Hence, to obtain (6.8), it suffices to provide an appropriate lower bound on the Lebesgue
measure of the limsup of the sets V;(x, jo). This may be done with the help of Lemma 6.1.
In fact, the centers of the balls forming V;(x, jo) belong to A;,(x) and their radii are at most
271071, Thus, all these sets are contained in the closed cube concentric with A jo(x) and with
twice its sidelength. We may apply the lemma with the restriction of Lebesgue measure to
this larger cube. The resulting lower bound yields

J
(,_z( LU o)
L4F N Ajy(x)) > lim sup ; " ) (6.9)

J > X LUVix, jo) N Virlx, jo)
j=i0) j/=j(x)

However, we need to make sure that Lemma 6.1 may be applied, i.e. we need to check the
divergence condition

D LUWi(x, jo)) = oo, (6.10)
j=j(x)

To this end, we observe that for any j > j(x) and any distinct 7 and n” in S;(x, jo), the two open

balls with common radius pj,+; and center x,, and x,, respectively, are disjoint. Otherwise,
any point y in their intersection would satisfy

lxn = Xnrleo S|y = Xnloo + |y — xnrleo < 20jy+j < 2_(j0+j)/

which would contradict the third property of the set S;(x, jo) given above. As a result, the
balls forming the set V;(x, jo) are disjoint, so that

LY (Vi(x, jo)) = (2pjo+))" #Sj(x, jo) = a(x)29 pjl0+j- (6.11)
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In order to derive (6.10), we finally use the fact that the sequence (7, ),>1 is nonincreasing, as
this enables us to write that

00 2d(j+1) _1

2dio (27 — 1) Z 2 pt > Z Z 7 = oo, (6.12)

j=i) j=jo+j(x) n=2%

To obtain (6.8), and thus complete the proof, it suffices to combine the lower bound (6.9)
with the following inequality that holds for any integer | sufficiently large and that we now
establish:

2
o4 dGo+d) | L
, , 2440 ,
§ L (Vi(x, jo) N Vir(x, jo) £ —— E LY (Vi(x, jo)) | - (6.13)
L L a(x)? | £
j=jx) j=j(x) j=j()

Let us consider two integers j and j’ such that j(x) < j < j*. With a view to giving an upper

bound on the Lebesgue measure of the intersection of the sets Vi(x, jo) and Vji(x, jo), let us
observe that for any integer n € S;(x, jo),

Boo(xnl P]0+]) N ‘/j’(xle) = U (Boo(x”/ .0]0+]) N Boo(xn/’ pj0+j/)) *
n’ESj/(x,jo)

The points x,,, with n’ € 5;:(x, jo) such that this last intersection is nonempty, all lie in the
open ball with center x,, and radius 2pj,+;. Moreover, there are at most (2/0*/*2p; i + 2)
cubes with generation jy + j” that intersect this ball and each of them contains at most one of
the points x,,. Thus,

L Beo(n, pjo+j) N Vi (2, jo)) < 207 2pj 5 +2)(2pjy 1)
< 23d 1p] i (1 + 2d(]0+] +1)p]0+])
Along with the fact that there are at most 24 integers in S '(x, jo), this yields

L9 (Vilx, o) N Vir(x, jo) < 2097 pt (14 2800 Dl ),

As a consequence, for any integer | > j(x), the left-hand side of (6.13) is at most

d dj 3d dj d 4d d(jo+j+j")
2 Z 2 ‘D] + +2 ZZ ‘D] +j’ +2 ZZ ' p]0+]p]0+]"
j=i)

where the second and third sums are both over the integers j and j* that satisfy j(x) < j < j* < J.
Note that the second sum is equal to B

J j-1 /
. Y 1 i’
d - dj’ d
Z 2]‘070+]"22d(]])gzd_1 Z 2]pj0+f"
j=j(x)+1 j=j() J=jx)+1

and the third sum is obviously smaller than half the sum bearing on all the integers j and j’
between j(x) and J. Thus, the left-hand side of (6.13) is at most

2

J ]

23d . o )

d —djo d(jo+j) ,d 4d—1~—djo d(jo+j)

(2 +2d_1)2 > 2dlirtipd o4l > 2dirtipd
j=i) j=j(x)
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In view of (6.12), the sum appearing in this bound tends to infinity as ] — co. Thus, for |
large enough, the linear term is bounded above by the quadratic term, and the left-hand side
of (6.13) is bounded above by

2
J

—d(jo—4 d
2~d(jo=4) Z 2 (]O+])P]0+j ,
j=j(x)

for any integer | sufficiently large, and this bound leads to the right-hand side of (6.13) with
the help of (6.11). The proof of Theorem 6.3 is complete.

6.2.2. A necessary condition for uniform eutaxy

It is not known whether Theorem 6.3 also yields a necessary condition for uniform eutaxy.
However, the preceding proof also shows that uniform eutaxy follows from the condition
inf Lim inf 2-#M((x,)n=1; A, ) > 0. (6.14)

AeA\{0} ]—)oo
AcU

To see this, choose @ > 0 smaller than the infimum in (6.14). For each fixed dyadic cube
A C U of nonnegative generation, we have #M(/, j) > a2 for all sufficiently large j, with
a threshold that may depend on A. For any fixed sequence of radii in Py, the preceding
second-moment argument then gives £4(F; N 1) > ka®>L%()), with the same constant x > 0
for every such cube. The Lebesgue density theorem implies that F; has full Lebesgue measure
in U. Notice that this argument does not require the thresholds to be uniform in A. Moreover,
the condition (6.14) fails when the liminf vanishes for some nonempty dyadic cube A. The
next result shows that, in this situation, the sequence under consideration cannot be uniformly
eutaxic.

Theorem 6.4. Let U be a nonempty open subset of R% and let (x,)n>1 be a sequence of points in R%,
Let us assume that

Acu
A e A\{0} Hm inf 2~ V#M((x g )us1; A, ) = 0
]—)OO

Then, the sequence (xy,)y>1 is not uniformly eutaxic in U.

Proof. As in the proof of Theorem 6.3, we endow R? with the supremum norm. Let us
consider an integer j > 0 and, on the one hand, let us define the set

U = U Boo (2, 27 (1)), (6.15)

1d(A)+])
xp€el

If A’ is a nonempty dyadic subcube of A, let A’ stand for the open cube concentric with A’
with triple sidelength. If moreover A" has generation (1) + j and contains some point x,,, then
A’ contains the ball in (6.15) that is centered at this x,,. Hence,

U U Boo(xn, 27N € U X,

ArcA d(A’) AeM(A
W)=+ "aaenr *.7)

from which it directly follows that
L£4U;)) < 372790 DaM(A, ).

On the other hand, let us consider the set LI]f obtained by replacing in (6.15) the condition
Xn € A by the conjunction of the fact that x, ¢ A and that the open ball with center x,, and



6.3 Fractional parts of linear sequences 121

radius 27 meets the cube A. In that case, the ball actually meets the boundary of the cube
A. This means that each point of U]f is within distance 21=(V*) from this boundary, and thus

doq’ =) 4 22=((M+d _ (9=(A) _ 92=((A)+)))d
LAU) =2 +2 ) —(2 2 )
d-1
< 03-d(A)-j Z(l " 22—j)d—1—€(1 _ 22—]’)( < 5d23—d(/\)—j,
(=0
with the proviso that j > 2. As a consequence, summing the two above upper bounds and
letting j go to infinity, we deduce that

Sd((A)+)
liminf £9| A N LJ Boo (2, 2701 | < 392740 Jim inf 2-Y#M(A, f),
]—)OO n:l ]—)OO

because the set in the left-hand side is contained in the union of U; and U.

We now make use of the assumption bearing on the cube A, namely, that the lower
limit in the right-hand side vanishes. Thus, we may find an increasing sequence (j;)m>1 of
nonnegative integers such that j; = max{0, —(A)} and forall m > 1,

24N i 41)
LN U Boo(xnlz—(</\>+jm+1)) <M,

n=2d(A4im) 41

For simplicity, we define n,, = 24(M+jm) for all m > 1, and also ng = 0. We then consider the
unique sequence (,,),>1 such that

~1/d
Vm>0 Vne{n,+1,..., ny} =M, 0
Clearly, this sequence is nonincreasing and converges to zero. Moreover, for any integer

m >0,
Nm+1
pl=1- M 510
n=n,+1 Mm+1
so that the series Y, 77 is divergent. We may therefore conclude that the sequence (7, ),>1
belongs to the collection P;.

On top of that, for any integer m > 1, we have

I3 0 Min+1
L AN U Boo(xy, 1) | < Z L? ()\ N U Boo(xn,n;ll_f ) .
n=npy+1 m=m n=ny,+1

By definition of the integers n,,, the summand in the right-hand side is bounded above by
27", so that the whole sum is bounded by 2-m+1 The left-hand side thus converges to zero
when m tends to infinity. We deduce that

L ()\ N lim sup Boo(xn,rn)) < imf1 L (/\ N U Boo(Xy,74)| =0,
m2>

n—00

n=m

which implies that the sequence (x,),>1 cannot be uniformly eutaxic in U. O

6.3. Fractional parts of linear sequences

We shall show in this section that the fractional parts of linear sequences yield emblematic
examples of eutaxic sequences. Recall that {x} stands for coordinate-wise fractional part
of the point x € R, and belongs to the unit cube [0,1)¢. The sequences that we consider
throughout are of the form ({nx}),>1 with x in R¥.
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6.3.1. Uniform distribution modulo one

We shall invoke below a well known property satisfied by the sequences ({nx}),>1, specifically,
they derive from sequences (1x),>1 that are uniformly distributed in the sense of the next
definition.

Definition 6.3. A sequence (x,),>1 of points in R? is uniformly distributed modulo one if for any
points (a1, ...,a4) and (b1, ...,by) in [0, 1)4 such that a; < b; foralli € {1,...,d}, we have
d

e |0 az,b)} H(b - a).

N—ooo N -1
1

lim l# {n e{l,...,N}

Itis easy to remark that the notion is unchanged if the point (a1, . . ., a4) is chosen to be equal
to zero in the above definition. When trying to prove that a sequence is uniformly distributed
modulo one, we may call upon the following criterion due to Weyl, see e.¢. Theorems 1.4
and 1.19in [17].

Theorem 6.5 (Weyl's criterion). For any sequence (xy)n>1 of points in RY, the following assertions
are equivalent:

(1) the sequence (xn)n>1 is uniformly distributed modulo one;
(2) for any nonnegative Z%-periodic Riemann-integrable function f defined on R?, the following
limit holds:

Jim —Z Flan) = / f(x)dx; (6.16)

(3) for any complex-valued Zd—perzodzc continuous function f defined on R?, the limit (6.16)
holds;
(4) for every vector g € Z° \ {0},

N

lim — Z 2ing-x, —
Noo N =

Proof. We begin by proving that (1) entails (2), and that (2) itself implies (3). By linearity, it

follows directly from (1) that (6.16) holds for f(x) = f ({x}) where f is step function defined
on [0, 1), i.e. a conical combination of indicator functions of half-open rectangles contained in

[0,1)4. Let us now suppose that f(x) = f ({x}) where f is a nonnegative Riemann-integrable
function defined on [0, 1)4. Then, for all ¢ > 0, there are two step functions f1 and f, such
that f; < f < f, and

/ (f(x) = filx))dx < e.
[0,1)4

Observing that (6.16) holds for ﬁ({x}), we infer that

- 1N LN
/[0,1)d flx)dx —e < A,l)”’ filx)dx = I\}ig})oﬁ;fl({xn}) < hNHLi;}fﬁ;f(xn)-

Similarly, since (6.16) holds for ]72({3(}) as well, we also get

lim sup — Zf(xn) < /[01)d f(x)dx + e.

N —>o0

It is now clear that the function f satisfies (6.16) too, i.e. that (2) is valid. Furthermore, this
result may straightforwardly be extended to complex-valued Z?-periodic functions that are
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Riemann-integrable on [0, 1]¢, and (3) subsequently follows from the simple observation that
continuous functions are Riemann-integrable.

Conversely, we observe that the indicator function of a subrectangle of [0,1)¢ may be
sandwiched between two continuous functions whose integrals are arbitrarily close. Thus,
the above approach may be adapted to establish that (3) implies (1).

Finally, specializing (3) to complex exponential functions, we readily obtain (4). Con-
versely, (4) implies by linearity that (6.16) holds for all trigonometric polynomials, and
the Stone-Weierstrass theorem allows us to extend this property to general continuous
complex-valued Z?-periodic functions, thereby obtaining (3). m|

Applying Theorem 6.5 to the sequences (nx),>1 leads to the following statement. The
proof is elementary and left to the reader.

Theorem 6.6. Let us consider a point x = (x1,...,x4) in RA. Then, the sequence (nX)y»1 IS
uniformly distributed modulo one if and only if the real numbers 1, x1, . .., x4 are linearly independent
over Q.

It is clear from Definition 6.3 that if a sequence (x;),>1 of points in RY is uniformly
distributed modulo one, then the reduced sequence ({x,}),>1 is dense in [0, 1)?. Therefore,
the above theorem enables us to recover a classical result due to Kronecker concerning the
density of the sequence ({rx}),>1. One thus may regard Theorem 6.6 as a measure theoretic
analog of Kronecker’s result.

Theorem 6.7 (Kronecker). Let us consider a point x = (x1,...,xq) in RY. Then, the sequence
({nx})ns1 is dense in the unit cube [0,1)* if and only if the real numbers 1, x1, ..., x4 are linearly
independent over Q.

Proof. If the real numbers 1, x1, ..., x; are linearly independent over Q, the result is due to
Theorem 6.6 and the observation that follows its statement. In the opposite case, there exist
mutually coprime integers 7, s1, ..., sg with

S1X1+...+S4x4=7r.
Hence, for any integer n > 1, the coordinates of the point {nx} satisfy
si{nxi1} +... +sg{nxy} = nr —sq|nx1] —... —sglnxs| € Z.

This means in particular that the point {nx} lies in some hyperplane with normal vector
s = (s1,...,54) whose distance to the origin is an integer multiple of the inverse of the
Euclidean norm of s. Only finitely many such hyperplanes intersect the cube [0, 1), so the
sequence ({nx}),»1 is clearly not dense in [0, 1)4. O

The badly approximable points will play a particularly important role when studying
uniform eutaxy properties in Section 6.3.3 below. Hence, it is worth pointing out now a simple
connection with linear independence over the rationals. In accordance with Section 1.3 where
it is defined, the set of badly approximable points is denoted by Bad,; in what follows.
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Lemma 6.2. Let us consider a point x = (x1,...,xq) in Bady. Then, the real numbers 1,x1,...,x4
are linearly independent over Q.

Combining this result with Theorems 6.6 and 6.7, we directly deduce that when x is a
badly approximable point, the sequence (1x),>1 is uniformly distributed modulo one, and
the reduced sequence ({nx}),>1 is dense in the unit cube [0, 1)?. We shall establish hereafter
that the latter sequence is in fact uniformly eutaxic in the open cube (0, 1) : this is Kurzweil’s
theorem, see Theorem 6.9.

The proof of Lemma 6.2 makes use of several notations that we now introduce. The
distance to the nearest integer point is defined by

= inf |z — p|eo 6.17
211 = inf [z~ (6.17)

for every point z in R¥. This enables us to extend the definition (1.24) of the exponent « to the
higher-dimensional case. Specifically, if x is in RY, we define

K(x) = nqngnfql/d llgx]| - (6.18)

If the point x has rational coordinates, then x(x) clearly vanishes. Otherwise, we may use the
corollary to Dirichlet’s theorem, that is, Corollary 1.1 to prove that x(x) is bounded above by
one. Finally, similarly to (1.30), the exponent x characterizes the badly approximable points,
namely,

x € Bady — x(x) > 0. (6.19)

Now that these notations are set, we may detail the proof of the lemma.

Proof of Lemma 6.2. When d = 1, the result follows from the fact that every badly approx-
imable number is irrational. We may therefore assume that d > 2.

We argue by contradiction. Let us assume the existence of integers 7, s1, . . ., s4 that do not
vanish simultaneously and satisfy

S1X1+...+8S5xg =71.
Up to rearranging the coordinates of x and multiplying the above equation by minus one, we

may assume that s; > 1. Now, given g in Nand p = (p1,...,p4-1) in 2971, we define ¢’ = s4q,
as well as p} = syp; fori € {1,...,d-1}and

py=1q—s1p1—...— S4-1Pd-1.
If the index i is different from d, it is clear that q'x; — p; is equal to s4(qx; — p;). Moreover,
concerning the d-th coordinate, we have

q'xq—ply=s1(p1 —qx1) + ... +sa1(pa-1 — qxq-1).
Letting | - |1 stand as usual for the taxicab norm and letting s denote the d-tuple (s1, ..., sq),
we infer that

max |q'x; = pilo <sh
1

ma Xi = Dileo.
ie{1,...,d} e lgxi = pileo

{1 1}
Taking the infimum over all (d — 1)-tuples p, we deduce that ||sdqx|| is bounded above by |s|;
times ||q(x1, ..., x4-1)||, from which it follows that

1/d
|S|15d

Y (ls4qx]| < o=y (ql/(d—l) lgCxs, . -,xd_1)||) .

(saq
Since x(x1, ..., x4-1) is bounded above by one, there is an infinite set of integers 4 on which
the term in parentheses in the above right-hand side is bounded. As this term is then divided
by g'/(@@=1) the latter upper bound implies that «(x) vanishes, thereby contradicting the fact
that x is badly approximable. m]
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6.3.2. Sequencewise eutaxy

We now turn our attention to the eutaxy of the fractional parts of linear sequences, and
its consequences in terms of Diophantine approximation. We start with the sequencewise
version of that notion. The main result is then the following.

Theorem 6.8. Let (r,),>1 be a sequence in Py. Then, for L%-almost every point x € RY, the sequence
({nx})us1 is eutaxic in (0, 1)% with respect to (r)y>1.

Proof. As mentioned above, changing the norm does not alter the notion of eutaxy, so we
assume for convenience that the space R? is endowed with the supremum norm. For any
integer n > 1 and any point p € Z%, we consider the set
Uy, = {(x,y) e RY x R? | ly — nx — ple < rn}.
Such an integer 1 being fixed, the union over all points p € Z? of the sets U, , is then denoted
by V,,. We also consider the two sets defined by
$=1[0,1"%[0,1)* and L=10,1)%xR".

Now, it is elementary to observe that (x, y) belongs to U}, , if and only if (x, y — p) belongs
to U, 0. Moreover, the sequence (r,,),>1 converges to zero, so we may assume thatr, <1/2,
up to choosing 7 sufficiently large. This guarantees the disjointness of the sets U ,, for p
ranging in Z¢, and enables us to write that

L£2680v,)= Y LSO Uyp) = > L2(S, NU,0) = LALNUyp),
pezd pezd

where S, stands for the product of the cubes [0, 1) and —p + [0, 1)?. The last equality is due
to the observation that the set L is the disjoint union of the sets S p- Likewise, we have

L2SAVu Vi) = ) LSOV N Uiy)
pezi
= > LS, 0 Vi N Uy 0) = L2HLN Vi O Ui).
peZd

Here, we used the additional observation that the set V,,, is invariant under the translations of
the form (x, y) — (x,y — p), where p is in the set Z*.
In order to compute the Lebesgue measure of the set L N U, o, we consider two points

x=(x1,...,xg)and y = (y1,...,Yyq) In R4, and we remark that
. 0<x; <1
(x,y)eLNUyp — Vie{l,..., d} {
lyi — nx;| < ry.

For each index i, the pairs (x;, y;) for which the latter condition holds form a set with Lebesgue
measure clearly equal to 2r,,. Therefore,

LML N U, ) = 2ry)".

In a similar fashion, the Lebesgue measure of the set L NV}, N U}, o may be determined by
observing that

0<x <1
(x,y)eLNV,NU,o & Vie{l,...,d}3p;ieZ 3 lyi—-mx;i—pil<rp
lyi — nxi| < ry.

We assume again that m is large enough to ensure that r,, < 1/2, and we also assume that
n > m. Then, for every index i, the set of pairs (x;, y;) for which the latter condition holds is
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the disjoint union of n —m +1 sets, each corresponding to a specific value of p; in {0, ..., n —m}.
If 0 < p; < n —m, the corresponding sets are parallelograms that are defined by the vectors

21y 27
1, d 1,n),
p— m( m) an p— m( n)

and that may be deduced from one another with the help of the translation by vector
(1,n)/(n — m). The area of each of these parallelograms is thus given by the determinant of
the above vectors, namely, 47,7, /(n — m). Besides, when p; is equal to zero and to n — m, we
obtain the two halves of a parallelogram of the previous form. Finally, the total Lebesgue
measure of the n — m + 1 disjoint sets is equal to 4r,,7,. We deduce that

n>m > LZd(L N Vm N Unlo) = (47’mrn)d~

The upshot is that for all distinct integers m and n sufficiently large to ensure that r,, and
1, are both bounded above by 1/2, we have

L£268nv,)=02r)*  and  LXSNVunV,) = Arpr)’.

Moreover, in the opposite case where 1, > 1/2, it is clear that the set V), coincides with the
whole space RY x R. Therefore, we may drop the size assumption on the distinct integers m
and n, up to replacing r, by 7, = min{r,, 1/2} in the above formula and replacing r,, by a
similar value 7,,. In particular, we have

LXS NV, NV = L2S V) - L2AAS N V)

for all distinct integers m, n > 1. Moreover, given that the sequence (,,),>1 belongs to the
collection P;, we also have

iﬁd(s NV,) = i(z’fn)d = 0.
n=1 n=1

Letting p,, = L£2(5NV,)and Ay = ZnNzl pn, we have Ay — oo and

N N N N
LSOV V) =AY+ > pu=pa),  0< D pa(l=py) < An.
m=1n=1 n=1 n=1

The diagonal terms therefore do not affect the limit of the quotient below. The hypotheses of
Lemma 6.1 are thus satisfied by the restriction of the Lebesgue measure to the set S, along
with the sequence of sets (V,;),>1. Applying this lemma, we conclude that

N 2
( > L2(Sn Vn))

2d . . n=1 4 _ pod
L (S ﬂhr;:s:jp Vn) > hr]\?jip B =1=L"(S).
> 3 LM¥SNV,NV,)
m=1n=1

As the sets V), are invariant under the translations of the form (x, y) — (x + p, y + q), where p
and g are in the set 74, we deduce that

L (RZd \ lim sup Vn) =0.

n—00

This means in particular that for Lebesgue-almost every point x € R?, the set
Y, ={ye©0,1)|(x,y) eV, forim.n>1}

has full Lebesgue measure in (0, 1)4. Now, given a real number ¢ € (0,1/2), let us consider a
point y belonging to both Yy and (¢, 1 — €)4. Then, for infinitely many integers n > 1, there
exists a point p,, € Z% such that (x, y) € Uy p,, thatis,

[y — nx — puleo < 1.
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Letting | - | stand for the coordinate-wise floor function and letting & denote the point in R?
with all coordinates equal to 1/2, we have

Ilnx] + pulo <y — nx = pule + {nx} = hleo + |y — hlo

1 1
<rn+§+(§—e):1—e+rn<1.

The last inequality holds for n large enough, because the sequence (r,,),>1 converges to zero.
In that situation, the point p, is necessarily equal to —|nx]. Hence,

Yen(e,1-e)? c{ye©,1)|ly—{nx}e <1y forim.n>1}.

The set in the left-hand side has Lebesgue measure equal to (1 — 2¢)?. We may then let ¢ tend
to zero, thereby concluding that the set in the right-hand side has Lebesgue measure equal to
one. 0

We may now apply Theorem 6.1 to the example supplied by Theorem 6.8. Here, the
formula (6.3) for the sets F; gives rise to the sets

Fi(x) = {y e RY | ly — {nx}| <r, forim.n > 1} ,

where x is chosen according to the Lebesgue measure. Due to the aforementioned results, we
then know that for any sequence (,,),>1 in P4 such that ), r;, converges for all s > d, and for
Lebesgue-almost every point x € R?, we have both

dimp(Fi(x) N U) = % and  F(x) e g1 U) (6.20)

for any real number t > 1 and for any nonempty open subset U of (0, 1)4. In the context of
metric Diophantine approximation, it is customary to recast such a result with the help of the
distance to the nearest integer point defined by (6.17). We may now easily deduce the next
result from (6.20).

Corollary 6.1. Let (4),>1 be a sequence in Py such that )}, r;, converges for all s > d. For any real
number t > 1, let us define the set
Fj(x)={y eR?||ly —nx|| < forim.n>1}.

Then, for Lebesgue-almost every point x € RY,

d
Viz1  dimpFi(x) = o

Proof. We work with the supremum norm. One easily checks that for all x € R? and t > 1,
the set F;(x) contains the set F;(x) N (0, 1)4. The lower bound on the dimension then readily
follows from (6.20). For the upper bound, we begin by observing that the sets F/(x) are
invariant under the translations by vectors in Z9. It thus suffices to consider their intersection
with the unit cube [0, 1)?. However, we clearly have

F/(x)n [0,1)? C lim sup U Boo({nx} +p,rh),
70 pef-1,0,1)4

and we conclude with the help of Lemma 2.1. m]

An emblematic particular case is obtained by letting the sequence of approximating radii
be given by 7, = n~1/%, This sequence clearly satisfies the assumptions of Corollary 6.1 and,
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up to a simple change of parameter, we deduce that for Lebesgue-almost every point x € R?
and for every real number ¢ > 1/d,

dimpy {y eR?

||y — nx” < % forim.n > 1} = %. (6.21)

In the one-dimensional setting, this result is well known, and even holds when x is an
arbitrary irrational real number, see [11].

6.3.3. Uniform eutaxy: Kurzweil’s theorem

Regarding the uniform eutaxy of the sequences ({r1x}),>1, the main result is Theorem 6.9
below, which was first obtained by Kurzweil [42] and subsequently recovered by Lesca [43].
For the sake of completeness, let us mention in addition that Kurzweil also obtained in [42]
an extension of Theorem 6.9 that deals with linear forms.

Theorem 6.9 (Kurzweil). For any point x in R, the sequence ({nx}),>1 is uniformly eutaxic in
(0, 1)% if and only if x is badly approximable.

In order to let the reader compare this result with Theorem 6.8, it is worth mentioning
some metric properties of the set Bad; of badly approximable points defined in Section 1.3.
Specifically, Proposition 1.9 therein shows that Bad; has Lebesgue measure zero. Moreover,
this set has Hausdorff dimension d in any nonempty open subset of R?, by Corollary 12.1
when d =1 and by its higher-dimensional extension due to Schmidt [54].

The proof of Theorem 6.9 is postponed to the end of this section, and will make use of
Propositions 6.2 and 6.3 below. These two propositions are more general than Theorem 6.9 in
the sense that they concern fractional parts of the form {a,x}, where a,, is the general term of
an increasing sequence of positive integers. Such a sequence (a,),>1 being given, we define
its lower asymptotic density by

8((@n)n=1) = liminf %#{n > 1|an < N}. 6.22)

Moreover, we shall also use the exponent x defined by (6.18), and we shall accordingly
endow the space RY with the supremum norm, which has no influence on the notion of
eutaxy, as already observed above. Finally, let us recall that the exponent « characterizes
the badly approximable points, see (6.19). We then have the following result, established by
Reversat [49].

Proposition 6.2. Let us consider an increasing sequence (a)n>1 of positive integers with positive
lower asymptotic density, and a point x = (x1,...,x4) in R such that the real numbers 1,x1, ..., x4
are linearly independent over Q. Then, for any nonempty dyadic subcube A of [0,1)7,

«(x) )d/(d+1)

lim inf 2~ #M(({anx})n>1; A, j) < 480 (

a2 MDA ) <807\ 55,
Proof. If 6 denotes a positive real number smaller than 6((a,),>1), then we have a, < n/6
for any sufficiently large integer n. Moreover, given k > x(x), we know that there exists an
infinite set Q C N such that ||qx|| < x/q"? for all g € Q. We now fix a nonempty dyadic cube
A contained in [0, 1)%, an integer g € Q and an integer j > 0 satisfying

cd/(@+1) pd((A)+)) < q< c/(@+1) pd((A)+j+1) (6.23)

where c is a positive parameter that will be tuned up at the end of the proof.
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Let us consider an integer m < 29(V+1) such that {a,,x} € A. We decompose the integer
ay in the form hg + r with h e Ngand r € {1, ..., q}. If the integer g is sufficiently large, the
integer j is large as well and we may assume that

2d(A)+))

K
hq < A < Agaa) < 5 and 2i-1 > E
As a consequence,
hq K o= ((A)4) < =)+
lIrx = amx]|| = ||hgx|| < 1 ||gx|| < K <=2 (W) < = ()1

Letting i, denote the center of the cube A, we deduce that for some point p in Z¢,

[{rx} = p = yaleo < {ra} = {amx} = pleo + {amx} = yalo < 27V

We conclude that {rx} belongs to U(A), the set of points y in [0, 1)4 that are within distance
2= from y, + Z%. Therefore, the integer r is positive, bounded above by ¢4/(+1) 2d(1+j+1),
and verifies {rx} € U(A); we define R(A, j) as the set of all integers that satisfy these three
properties.

Furthermore, let A’ be the dyadic subcube of A with generation (1) + j that contains the
point {a,,x}. We consider another integer m’ < 29(V+1) guch that a,, may be written in the
form h’q + r for some nonnegative integer /. We have

max{hq, M'a} K o).

l|amx — ap x| = ||(h - h’)qx” <|h-H| ||qx|| <k pERETE S 5

Thus, letting y)- denote the center of the subcube A’, we observe that there exists a point p in
74 such that

Hamx} —p = yrlo < Hamx} —{amx} = pleo + {amx} — yrrleo

k 1 ;
<= 4+ 2|20+,
- (66 " 2)
This means that {a,,»x} belongs to a closed ball centered at p + y- with radius the right-hand
side above, that is denoted by p. Note that the number of dyadic cubes with generation (1) + j
that are required to cover this ball is bounded above by ((2p)2"*/ + 2)?. In addition, it is
easily seen that there are at most 5¢ possible values for p, because the points {a,,x} and y,/
both belong to the unit cube. We conclude that the number of dyadic subcubes of A with
generation (1) + j that may contain {a,,x} is bounded above by
3 x)’
5422 +2)T =107 [ + — ] .
(22 +2) S+
The upshot is that for every choice of r, the above value gives an upper bound on the
number of dyadic subcubes of A with generation (A1) + j that contain at least one point of the
form {a,x}, where m < 29¢V+) and a,, = hq + r for some nonnegative integer 1. Recalling
that r necessarily belongs to the set R(A, j) when such an integer a,, exists, we deduce that

d
3 x
#M(A, j) <107 (5 + —| #R(A, )).
(4,j) <10 (2 + 66) (A7)
This inequality is valid for infinitely many values of j, namely, for every integer j satisfy-
ing (6.23) for some g € Q. It follows that

d
liminf2~Y#M(A, j) < 107 (g + %) lim sup 2~ V#R(A, j). (6.24)
] .

]
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Given that the real numbers 1, x1, . . ., x4 are linearly independent over Q, we may conclude
with the help of Theorem 6.6. Accordingly, the sequence (rx),>1 is uniformly distributed
modulo one, so that

#R(/\, ]) ~ Lcd/(d+1) 2d((/\>+]+1)J£d(u(/\)) as ] — 0.

One easily check that the set U (1) has Lebesgue measure at most 672-4*". Hence, the limsup
in (6.24) is bounded above by 124¢c4/(d+1) We deduce that

d
liminf 2-4H#M(A, ) < 1207460 (3 4 )
jooo 2 oc
We conclude by choosing ¢ = 2x/0, and then by letting 6 and x go to 6((a,)n>1) and x(x),
respectively. -

The next result is a converse to Proposition 6.2 above. While the statement of Proposition 6.2
involves the exponent x defined by (6.18), we rather consider here the exponent «. defined by

— 1/d

K.(x) = ;glg_q 9|
for all x in R, Clearly, «.(x) is bounded above by x(x). Moreover, x(x) and «.(x) are positive
on the same set of values of x, namely, the set of badly approximable points. This means that
K. satisfies a property similar to (6.19), specifically, this exponent also characterizes the badly
approximable points:

x € Bady = K«(x) > 0. (6.25)
In connection with distributions modulo one, the statement below also calls upon the limiting
ratios defined by

P(Cennati A) = liminf <-#(n € (1,..., N} | {xa} € 1) (626)

when (x,),>1 denotes a sequence of points in RY and A is a nonempty dyadic subcube of
[0,1)4. As a direct consequence of Definition 6.3, each of these limiting ratios is equal to
L4(A) if the sequence (x,,)>1 is uniformly distributed modulo one. Again, the following
result is due to Reversat [49].

Proposition 6.3. Let (a,),>1 be an increasing sequence of positive integers and let x be a point in RY.
Then, for any nonempty dyadic subcube A of [0,1)4,

' . d o) n)n>
tim inf 2" #M (@, xDoi A, ) = - (xidzfi”&i :

p(@nx)nz1;2)-

Proof. We may obviously assume that «.(x) and 0((a,)n>1) are both positive. If k is a
positive real number smaller than «.(x), it is clear that ||qx|| > x/q'/? for all integers q > 1.
Furthermore, if 6 denotes a positive real number smaller than 6((a,),>1), we know that the
inequality a, < n/0 holds for n large enough. We now consider a nonempty dyadic subcube
A of [0,1)4, an integer j > 0, and a dyadic cube A’ in the collection M(A, j). In particular,
the cube A’ contains a point of the form {a,,x} for some integer m < 2¢(Y*1)_ 1f m’ denotes
another integer bounded above by 29+ and for which {a,x} belongs to A’ as well, then

K Kk 61/
> .
|an, — am,|1/d T (A

Hamx} —{am x}Heo 2 (@ — am)x|| >

The last bound holds for j sufficiently large, because the positive integers a,, and a,, are then
both bounded above by 2%(1*/) /5. We may naturally decompose the cube A’ as the disjoint
union of [1/(x 5/4)]¢ half-open subcubes with sidelength equal to 2-CD+) /11 /(1 61/9)].
Moreover, if we consider any of these subcubes, the above inequalities imply that at most
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one integer m < 24UM+)) can be such that the point {a,,x} lies in the cube. So, there can be no
more than [1/(x 51/9)]? integers m < 24(0+)) for which {a,x}isin A’. Asa consequence,

d
#{m < 29604 | g, x} e A} < o #M(A, ),
% 51/d

from which we readily deduce that

d
~dj Vs K0 odiy) (1))
2 ]#M(A'])ZZde(A)Z D#{m <2 D {amx} € A}.
The result follows in a straightforward manner by letting j tend to infinity, and then by letting
x and 6 go to k.(x) and 6((a,)n>1), respectively. O

We are now in position to explain how to deduce Theorem 6.9 from the two proposi-
tions above, together with the necessary and sufficient conditions for eutaxy expressed by
Theorems 6.3 and 6.4.

Proof of Theorem 6.9. The idea is to apply Propositions 6.2 and 6.3 to the sequence (1),>1,
which is increasing and has lower asymptotic density equal to one. Let us first assume that
the point x is not badly approximable, and let x1, ..., x; denote its coordinates. If the real
numbers 1, x1, ..., x4 are linearly dependent over the rationals, it follows from Kronecker’s
theorem, namely, Theorem 6.7 that the sequence ({nx}),»1 is not dense in [0,1)?. This
sequence is thus clearly not eutaxic in (0,1)?. Now, if the above real numbers are linearly
independent over Q, we may apply Proposition 6.2, thereby inferring that for any point x in
R? and for any nonempty dyadic subcube A of [0, 1)¢,

Lim inf 2 V#M(({nx})nz1; A, j) < 480%k(x) /().
j—oo

Since x is not badly approximable, the exponent x(x) vanishes by virtue of (6.19). The
left-hand side above thus vanishes as well, and Theorem 6.4 ensures that the sequence
({nx})u>1 is not uniformly eutaxic in (0, 1)%.

Conversely, let us assume that x is badly approximable. Lemma 6.2 ensures that the real
numbers 1, x1, ..., x4 are linearly independent over Q. We then deduce from Theorem 6.6
that the sequence (1nx),>1 is uniformly distributed modulo one, so that for any nonempty
dyadic subcube A of [0, 1), the limiting ratio p((1x),»1; 1) defined by (6.26) is equal to L%(A).
Applying Proposition 6.3, we thus infer that

liminf 2~ Y#M(({nx})ns1; A, ) = 2% (x)%.
j—o0

Finally, in view of (6.25), the exponent «.(x) is positive, and we conclude by the criterion (6.14)
that the sequence ({1x}),>1 is uniformly eutaxic in (0, 1)°. O

In the vein of Corollary 6.1 and the discussion that precedes its statement, an interesting
application is the study of the Diophantine approximation properties of the sequence ({nx}),>1
when x is a badly approximable point. That sequence being uniformly eutaxic, we end up
with a much stronger result than Corollary 6.1, and actually a full and complete description
of the size and large intersection properties of the sets F;(x) and F{(x) considered at the end
of Section 6.3.2. We refer to Section 10.1.1 for precise statements.
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6.4. Fractional parts of other sequences

6.4.1. Sequencewise eutaxy

Theorem 6.8 may be extended to the case in which the underlying sequence is driven by
a nonconstant polynomial with integer coefficients. In fact, Schmidt [52] established the
following result.

Theorem 6.10. Let P be a nonconstant polynomial with coefficients in Z and let (r,)n>1 be a sequence
in P4. Then, for Lebesgue-almost every point x € R?, the sequence ({P(n)x})n>1 is eutaxic in (0, 1)
with respect to (1)1

Subsequently, Philipp [48] showed that, in dimension one, the above property still holds
when the polynomial is replaced by the exponential function to a given integer base b > 2;
this is related with the base b expansion of real numbers.

Theorem 6.11. Let us consider an integer b > 2 and a sequence (v, )y>1 in P1. Then, for Lebesgue-
almost every point x € R, the sequence ({b" x})»1 is eutaxic in (0, 1) with respect to (ry)n>1.

Philipp showed that this property also holds for x in a Lebesgue-full subset of the interval
[0, 1) when the multiplication by b" is replaced by the n-th iterate of either of the following
mappings: the Gauss map for continued fractions defined by (1.14); the 0-adic expansion
map x — {Ox}, where 0 > 1. We refer to [48] for precise statements. In all those cases, we
may reproduce the approach developed in Section 6.3.2 so as to obtain dimensional results
analogous to Corollary 6.1.

6.4.2. Uniform eutaxy

The uniform analogs of Theorems 6.10 and 6.11 need not be valid, because the Lebesgue-null
set of points x on which each of these results may fail depends on the choice of the sequence
(n)n>1, and there are of course uncountably many sequences in P;. In that direction, we have
however the following one-dimensional statement, obtained by Reversat [49].

Theorem 6.12. Let (a,),>1 be a sequence of positive real numbers such that the series ., an/an4+1
converges. Then, for Lebesgue-almost every x in R, the sequence ({a,x})n>1 is uniformly eutaxic in
0,1).

With a view to establishing Theorem 6.12, we begin by deriving a simple estimate on
integrals of products of fractional parts. To be specific, for any r-tuple a = (a1, ..., a,) of

positive real numbers and any r-tuple I = (I, ..., I;) of intervals contained in the unit interval
[0, 1), we define

Pyi(x) = | | 11 ({asx)). (6:27)
s=1

We then integrate the function P, ; over bounded intervals of the real line. The next lemma
gives an upper bound on the resulting integrals, under the assumption that the lengths of the
r intervals forming I are bounded away from zero.

Lemma 6.3. Let a = (ay, ..., a,) denote an r-tuple of positive real numbers, and let I = (Iy, ..., 1)
denote an r-tuple of subintervals of [0, 1) satisfying

A6>0 Vse{l,...,r} |Is| > 6.
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Then, for any bounded subinterval Iy of R, we have

2 r -1 2a
</I;Pall(x) dx < (|10| + E) . (g |Is|) . ( | (1 + 6as+1)) .

s=

Proof. Without loss of generality, we may assume that the interval I is of the form [u, v],
with u < v. Then, a simple change of variable implies that

1 a10
/Pa,I(x) dx = —/ Py () dx.
Iy a1 Jau

The interval onto which the integral in right-hand side is computed is obviously covered by
the intervals of the form [p, p + 1), where p is an integer between [a;u] — 1 and |a;v]. If x
belongs to such an interval, we have

P =14(GD | [1 ({20]) =t 0P0r ),
s=2

where p + I; denotes the interval obtained by adding p to the elements of I;, and where
a’ and I’ stand for the (r — 1)-tuples (az/a1,...,a,/a1) and (I, ..., I;), respectively. As a
consequence,

p+1
/ Pa/a1,1(x)dXS/ Py p(x)dx < sup /Pa/,p(x)dx,
P p+h I

4
I1 cR 1
I =it

where the supremum is taken over all subintervals I] of R whose length is equal to that
of I;. Summing the above estimate over all integers p between [a;u] — 1 and [a1v], we
straightforwardly deduce that

2
/Pall(x)dx < (|10|+ —) sup /Pu/,p(x)dx. (6.28)
Iy ai ek JI

1=

We may now conclude by induction on the integer r. Indeed, if the result holds for all
appropriate (v — 1)-tuples, then the integral in the right-hand side satisfies

P = 2ag/a
/IPW,I/(x)dx < (Ull + az/m) ' (!:[ |IS|) ' (1_[ (1 i 5as+1/ﬂ1))

1 2 s=2
-1
2(11 a r ( 2115 )
=(1+ . L - 1+ ,
( |I1|ﬂz) (!:1“ Sl) (g 0as11

which yields the required upper bound because |11 is bounded below by 6. It finally remains
to observe that when r is equal to one, (6.28) reduces to

/ 15, ({a1x)) dx < (|Io| v 5) I,
Ip a1

so that the required upper bound also holds in that case. m]

The above ancillary lemma being proven, we are now in position to detail the proof of
Theorem 6.12.
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Proof of Theorem 6.12. Given that the series )}, a,,/a,+1 is convergent, for any integer j > 0,
we may find an integer n; > 0 satisfying

Sy, = <2772, (6.29)

Now, let us consider a dyadic interval A C [0, 1), a real number a € (0, 1) and an integer j > 0.
Let us assume that a real number x satisfies

#M(({anxPns1; A, j) < a 2. (6.30)

This means that the first 21+ points {a,,x} all belong to either the complement in [0, 1) of
the interval A, or some union of | @ 2/ | dyadic subintervals of A with generation equal to (1) + .
Letting A1, ..., Ayn_; denote the dyadic intervals with the same generation as A, excluding A

itself, and letting A/, .. ., )\[a 2] denote such subintervals of A, we have in particular

{anwﬂx}, oo {amex €A UL U Ay WA UL U /\iasz’

where the index 1,) is defined by (6.29). This means that, from now on, we forget the first ;)
points of the sequence and we assume that j is large enough to ensure that 2(Y*/ is greater
than nyy. The intervals Ay, ..., Ay _; and /\1, e, /\[a 2| form a collection that is denoted by
M. Moreover, these intervals are disjoint and their union is denoted by U. It will be useful to
observe that, accordingly,

=) and LW=)
JeM JeM

Now, for any bounded interval Iy, adopting the notation (6.27) and letting a stand for the
tuple formed by the real numbers a, yHLs -+ s e, We get

2+
ﬂ 1u({anx})dx:2 / P,.1(x)dx. (6.31)
IO Vl=Vl<M+1 1 IO

where the sum is over all choices of tuples of intervals I, WFL I+ within the collection
M. Observing that each of these intervals has length bounded below by 2-M-7 we may then
use Lemma 6.3 to infer that the integral of the function P, ; over the interval Ij is bounded
above by

5 2{M+j 1 2AM)+j
; a
(|IO| + p ) . | | (1 +2(A)+]+1a_") : | | |In| .
n<)‘>+1 }’l:}’l(A)+1 n+l )’l:)’l</\>+1

Summing over all possible choices of I and then factorizing, we straightforwardly deduce
that the expression in (6.31) is smaller than or equal to

2M+i_1
2 , "
('IOH ) [ (1+2<”““—”” ) (L),
an</\>+1 n:n<,\>+1 ai’H—l

This upper bound consists of three factors. The third one may easily be estimated after
observing that

LIU) =l + o gl + A5+ + A

=2 127 4 |a 2/ 27V < exp(—(1 — @)2=V).
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Here, we have used the obvious fact that 1 + z < e* for every real z. Combining this inequality
with (6.29), we may also deal with the second factor, specifically,

oM+ —1 2M+
i a i a
l_[ 1420+ 2 ) < exp Z (M)+j+1 _2n
An+1 An+1

n=ny+1 n=ngy+1
< exp(2<A>+j+15n<A>) < exp(271).

On top of that, note that the condition (6.30) introduced in the first place implies the
choice of |« 2’| dyadic subintervals of A with generation equal to (1) + j, among a total of 2/
possible intervals. We deduce that the set of all x € I for which the condition (6.30) holds
has Lebesgue outer measure bounded above by

(LaZ;fJ) ' (”0' " a%) cexp(27) - exp(—(1 - a)(2/ = npy2"V)).

By virtue of Stirling’s formula, the logarithm of the involved binomial coefficient is equivalent
to H(ar) 2/ as j goes to infinity, where H(«a) is a shorthand for the Shannon entropy of the
probability vector (a, 1 — a), as defined by (3.10). As a consequence, defining

mi(A, o, @) = L1({x € Io [#M(({anx P21, A, ) < a21}),
we readily see that

1 1
lir]isogp > logm;(A,Ip, a) < H(a) + a - 5
Clearly, the right-hand side vanishes for a unique value of @ € (0, 1), denoted by a9, and it
is negative when a < ay. In that case, we may conclude with the help of the Borel-Cantelli
lemma. Indeed, for any jj sufficiently large, we have

L1 (limsup{x € o [#M(({anx})uz1;4, ) < a2} | < 3 mi(A, To, ),
J=e j=jo
and the right-hand side tends to zero as jy goes to infinity, because the series is convergent
when a < ag. Making the interval Iy increase to the whole real line, and the real number «
increase to the critical value ag along countable sequences, we deduce that for Lebesgue-almost
every x € R,

liminf 27#M(({a,xDus1; A, §) = 0.
j—o0

As there are countably many dyadic intervals, it follows that for Lebesgue-almost every x € R,
the sequence ({a,x}),>1 satisfies (6.14) with U = (0, 1). We conclude by the uniform eutaxy
criterion (6.14) established above. O

Note that Theorem 6.12 does not apply to the case where a,, = b", which corresponds to
the b-adic expansion of real numbers, simply because the corresponding series ., a,/an+1
does not converge. The hypothesis of Theorem 6.12 is satisfied for instance when a,, = n{1*&)"
for some ¢ > 0, or when a,, = b"” for some b > 1. However, superexponential growth alone
does not suffice: if a, = n!, then a,/a,+1 = 1/(n + 1) and the corresponding series diverges.

Furthermore, we may combine Theorem 6.12 with the approach that we developed at the
end of Section 6.3.2 above. This results in the following dimensional statement, in the vein of
Corollary 6.1.
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Corollary 6.2. Let (a,),>1 be a sequence of positive real numbers such that the series )., a, [an+1
converges, and let (r,)n>1 be a sequence in Py such that the series ), r;, converges for all s > 1. For
any real number t > 1, let us define

Fj(x) ={y eR| |y —anx|| <7 forim.n>1},
Then, for Lebesgue-almost every point x € R,
1
Vi >1 dimy F{(x) = T
In particular, if the approximating radii are given by r, = 1/n, we end up with the

following result: for Lebesgue-almost every x € R and for every 0 > 1,

di R
1my {y S 5

”3/ - ﬂan < nl—g forim.n > 1} = 1

The tools introduced in the following chapters will enable us to substantially refine
Corollary 6.2. In particular, Corollary 10.2 will give a precise and complete description of the
size and large intersection properties of a family of sets that includes the above sets F/(x). Let
us also mention that a challenging problem is to understand how the Hausdorff dimension of
sets of the form F}(x) behaves when one considers their intersection with a given compact
set. We do not address this problem here, and we refer to [15] for precise statements and
motivations.

6.5. Random eutaxic sequences

The ideas pertaining in the proof of Theorem 6.12 above are in fact of a probabilistic nature.
First, the proof calls upon the Borel-Cantelli lemma. Moreover, the ancillary lemma used
therein, namely, Lemma 6.3 may actually be recast in terms of the correlations between the
random variables {a, X}, where X is uniformly distributed in the unit interval [0, 1). This
entices us to consider probabilistic models of eutaxic sequences. The simplest model consists
of a sequence of points that are independently and uniformly distributed in some nonempty
bounded open subset of RY. We shall also consider a model that is related with Poisson point
processes.

6.5.1. Independent and uniform points

We consider a sequence (X, ),>1 of points that are independently and uniformly distributed
in a nonempty bounded open set U C R?. Hence, the random points X,, are stochastically
independent and distributed according to the normalized Lebesgue measure Li-nU)/L4U).
For any sequence (,,),>1 in Py and any point x in U, we have
_ LU NBG, ) _ LUBO,1)

P(x € B(Xy, 10)) = i) I 'y
for n sufficiently large. Hence, the Borel-Cantelli lemma ensures that the inequality |x — X,,| <
rn» holds infinitely often with probability one. By virtue of Tonelli’s theorem, this implies
that the sequence (Xj,),>1 is almost surely eutaxic in U with respect to (r,),>1. Note that
the almost sure event on which this property holds may depend on the sequence (7 ),>1. In
order to show that the sequence (X}, ),>1 is uniformly eutaxic in U, we need to develop the
following additional arguments that are due to Reversat [49], and were already used in the
proof of Theorem 6.12.
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Theorem 6.13. Let (X, )n>1 be a sequence of random points distributed independently and uniformly
in a nonempty bounded open subset U of RY. Then, with probability one, the sequence (X )n>1 is
uniformly eutaxic in U.

Proof. Let us consider a nonempty dyadic cube A C U, a real number a € (0, 1) and an integer
j = max{0, —(1)}, and let us suppose that the condition

AM((Xp)n1; A, j) < a 29 (6.32)

holds. Then, the first 24(V+) points X, are contained in either the complement in R? of the
cube A, or the union of | a 2% | subcubes of A with generation (1) +j, denoted by A, ..., A[a il
Each point X, is uniformly distributed in U, so that

9—=d(1) . =d(()+))
-z L
i T

Moreover, combining the fact that the points X, are independent with the obvious bound
1+ 2z <¢e?, for zin R, we deduce that

P(Xy € RI\NAUATU.UA ) =1

, , l-a _;
P(Xy,.. oy Xoany+) € (Rd \A) UAl U... UALadeJ) < exp (_Ld(U) 2d]) .

As a consequence, taking into account all the possible choices for the subcubes A/, ..., /\[a 21|

that result from the assumption (6.32), we conclude that

‘ 2dj 1—-a .
. : dj _ dj
We now follow the lines of the proof of Theorem 6.12. The binomial coefficient above
may again be estimated with the help of Stirling’s formula: its logarithm is equivalent to
H(a)2% as j goes to infinity, where H(a) denotes the Shannon entropy of the probability
vector (o, 1 — a), as defined by (3.10). Hence,

. 1 . di 1-«a
- . < Ty < -
11r;1_)s::p > log PHEM((Xy)nz=15 A, j) < @29) < H(a) I
The right-hand side vanishes for a unique value of a € (0,1), that is denoted by ay.
Furthermore, the right-hand side is negative when a < ap, and the Borel-Cantelli lemma
ensures that almost surely, the condition (6.32) is satisfied for finitely many values of j only.
Hence, for every dyadic cube A C U and every a € (0, ap),

as.  liminf 2 #M((X)ns1; A, f) = a.
j—o0

We may let o tend to ag along a countable sequence, and the limiting value ay does not
depend on the choice of the dyadic cube A. In addition, there are countably many dyadic
cubes contained in U. The upshot is that the sequence (X},),>1 verifies (6.14) with probability
one. The uniform eutaxy criterion (6.14) established above therefore gives the conclusion. O

Blending Theorem 6.13 with Theorem 6.2, we get a first description of the size and large
intersection properties of the random sets F; defined for all t > 1 by

Fr={xeR?||x- X,/ <r} forim.n>1}, (6.33)

which is how (6.3) becomes in the present situation. More precisely, Theorems 6.2 and 6.13
directly lead to the following statement.
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Corollary 6.3. With probability one, for any nonincreasing sequence of positive real numbers (r,)u>1
satisfying

s<d = ),r, =

s>d = ), 1, <o,
the following properties hold for all t > 1:

dimy(F, NU) = g and  F, e gYHUD. (6.34)

Note that the almost sure event on which the previous statement holds does not depend
on the choice of the sequence (7,,),>1. This is due to the fact that the almost sure eutaxy of
the sequence (X, ),>1 in the open set U is of uniform type. Furthermore, recall that we may
easily extend Theorem 6.2 to sequences of approximating radii r = (7,),>1 satisfying (6.5) for
some positive real number s,, instead of the mere (6.4). The same remark clearly applies to
Corollary 6.3. Finally, restricting to power functions for the approximating radii, we have

as. Ye>0 Vo= dimy {x e R?

1
|x—X,1|<i fori.m.nzl}:—.
ne o

1
d
This follows from (6.34) with r,, = (c1/?/n)/? and t = od. We thereby extend a result due to
Fan and Wu [30], who addressed the case where d =1 and U = (0, 1).

The above study is related with the famous problem regarding random coverings of the
circle raised in 1956 by Dvoretzky [23]. We now restrict our attention to the one-dimensional
case. As mentioned above, the fact that a sequence (r,,),>1 belongs to P; implies, through a
simple application of the Borel-Cantelli lemma and Tonelli’s theorem, that with probability
one, Lebesque-almost every point x of (0, 1) is covered by the open interval centered at X, with
radius ry, i.e. satisfies [x — X,,| < rp,, for infinitely many integers n > 1. Dvoretzky’s question
can then be recast as follows: find a necessary and sufficient condition on the sequence (7,,),>1
to ensure that with probability one, every point of the open unit interval (0, 1) satisfies the
previous property. The problem raised the interest of many mathematicians such as Billard,
Erdés, Kahane and Lévy, and was finally solved in 1972 by Shepp [56] who discovered that
the condition is

Z % exp(2(r1 + ...+ 1y)) = 0.
n
n=1

This criterion is very subtle in the sense that constants do matter: when r,, is of the specific
form c/n with ¢ > 0, the condition is satisfied if and only if ¢ > 1/2. We refer to [21] and the
references therein for more information on this topic.

We shall come back to the above random covering problem in Section 11.1 and give therein
further results on the size and large intersection properties of the sets F;, thus improving on
Corollary 6.3.

6.5.2. Poisson point measures

Comparable results may be obtained when the approximating points and the approximation
radii are distributed according to a Poisson point measure. We begin by briefly recalling some
basic facts about Poisson measures; we refer to e.g. [40, 47] for additional details. The theory
may be nicely developed for instance in locally compact topological spaces with a countable
base. If S denotes such a topological space, we call a point measure on S any nonnegative
measure @ on S that may be written as a sum of Dirac point masses, namely,

o= Z Os,, with Sy €8S,
neN
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and that assigns a finite mass to each compact subset of S. Note that the above points s, need
not be distinct, but the index set N is necessarily countable. The set of all point measures
may be endowed with the o-field generated by the mappings @ — @(F), where F ranges over
the Borel subsets of S. Naturally, a random point measure on S is then a measurable mapping
IT defined on some abstract probability space and valued in the measurable space of point
measures. One can show that the probability distribution of such a random point measure I1
is characterized by the distributions of all the random vectors of the form (I1(E1), ..., II(E,)),
where the sets E, ..., E, range over any fixed class of relatively compact Borel subsets of
S that is closed under finite intersections, generates the Borel o-field on S, and contains a
countable covering of S. This enables us to now introduce our main definition.

Definition 6.4. Let S be a locally compact topological space with a countable base, and let 7
be a positive Radon measure thereon. There exists a random point measure IT on S such that
the following two properties hold:
e for every Borel subset E of S, the random variable I'1(E) is Poisson distributed with
parameter 7t(E);
e for all Borel subsets Eq, ..., E, of S that are pairwise disjoint, the random variables
I1(E1),...,II(E,) are independent.
The random point measure ITis called a Poisson point measure with intensity m, and its law is
uniquely determined by the above two properties.

Note that we adopt the usual convention that a Poisson random variable with infinite
parameter is almost surely equal to co. In addition to the aforementioned characterization,
the distribution of a random point measure IT is also determined by its Laplace functional,
namely, the mapping defined by the formula

on(f) = E [exp (— / f(s)H(ds))] ,

where f is any nonnegative Borel measurable function defined on S. Thus, IT is a Poisson
point measure with intensity 7 if and only if for any such f,

n(f) = exp (— /S (1-ef) Tc(ds)) .

Throughout the remainder of this section, we shall restrict our attention to Poisson point
measures on the interval (0, 1], the product space (0, 1] x R4, or subsets thereof. Let R be
defined as the collection of all positive Radon measures v on the interval (0, 1] such that v has
infinite total mass and

Vp e (0,1] D,(p) =v([p,1]) < . (6.35)

The function @, is then clearly nonincreasing on (0,1]. Moreover, at any given p, it is
left-continuous with a finite right-limit, namely,

Dy (p+) = v((p, 1.

Extending this notation to the case where p vanishes, we get that ®,(0+) is infinite because v
has infinite total mass. On top of that, given some nonempty open subset U of RY, we may
consider on the product space

u, =(0,1]xUu
a Poisson point measure, denoted by T, with intensity v ® £7(- N U). When the intensity

measure has infinite total mass, the corresponding Poisson measure must almost surely have
infinite total mass as well. As a result, there exists a sequence (R, X;;)»>1 of random pairs in
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U, such that with probability one,

= i (R, Xn)-
n=1

Our aim is now to study the approximation problem that results from distributing the
approximating points and approximation radii according to the pairs (R, X,). To be specific,
in accordance with (6.3) again, we consider the random sets

F = {y eR? | ly = Xu| <Rl forim.n > 1} , (6.36)

for t > 1. Note that the Poisson point measure IT offers us an alternate way of defining the
above sets. Indeed, F; is also the set of points y in R? such that

/u Ly sy TUr, d) = D Ty, any = 0.

n=1
The main result of this section is the following analog of Corollary 6.3 for the random sets F;
that are now under investigation.

Theorem 6.14. Let v be a measure in R, let U be a nonempty open subset of R?, and let T1 be a
Poisson point measure on U, with intensity v ® L(- N U). For any real number t > 1, let us define

Fy = {y e RY / 1(jy—x|<ry I1(dr, dx) = oo} : (6.37)
Us
Let us assume that the measure v satisfies the following integrability condition:
s<d = rPv(dr) = oo
o (6.38)
s>d = r*v(dr) < oo.
0,1]

Then, with probability one, forall t > 1,
dimy(F; N U) = g and  F; e gYHUD.

One may easily extend Theorem 6.14 to the more general case where d is replaced by some
positive real number s, in the integrability condition (6.38). Indeed, for any real number
a > 0, the image I1, of the Poisson point measure IT under the mapping (r, x) = (%, x) is a
Poisson point measure on U, with intensity v, ® £(- N U), where v, is the image of the

measure v under the mapping r +— r®. Moreover, for each t > 0, the set FE“) obtained when
replacing ITby I, in (6.37) coincides with the original set F,; corresponding to the Poisson
point measure IT. Choosing a = s, /d, we easily check that the measure v, belongs to R and
satisfies (6.38). We may then apply Theorem 6.14 to the corresponding Poisson point measure
I1,, thereby deducing that with probability one, forall t > 1,

dimg(F® nU) = % and  FYeg¥u).

Performing a simple change of variable, we may transfer this statement to the original sets F,
and thus conclude that with probability one, for all t > s, /d,

dimyy(F; N U) = S? and  F e g¥U).

On top of that, with probability one, all the sets F;, for t < s, /d, have Hausdorff dimension d
and belong to the class G (U) ; this easily follows from the observation that they all contain
the set Fs /4.



6.5 Random eutaxic sequences 141

The remainder of this section is devoted to establishing Theorem 6.14. We shall call upon
a series of basic results that we now state and prove. The first lemma discusses how the sets
F; defined by (6.37) become distributed when one takes their intersection with an arbitrary
nonempty bounded open subset of U.

Lemma 6.4. Let v be a measure in R, let U be a nonempty open subset of R%, and let T1 be a Poisson
point measure on U, with intensity v ® L9(- N U). Moreover, let V be a nonempty bounded open
subset of U. For any real number t > 1, in addition to the set F; given by (6.37), we define the set

F}’:{yeRd

Then, the following properties hold:
(1) the restriction I1(- N V) is a Poisson point measure on V. with intensity

ve LY - NV);
(2) with probability one, for any real number t > 1,

FFNVCF/ CFNV.

'/V 1{|y—x|<r*} H(dr, dx) = OO} . (639)

+

Proof. The proof of (1) is easily obtained by computing the Laplace functional of the random
point measure I'I(- NV,). In order to establish (2), we define V; as the set of points x in U such
that d(x, V) < 1, and we observe that for any p € (0, 1], the random variable I'I([p, 1] X V1) is
Poisson distributed with parameter @, (p)£%(V1). This parameter is finite by virtue of (6.35)
and the boundedness of V. Therefore, I1([p, 1] X V1) is almost surely finite. However, this
random variable is a monotonic function of p. We deduce that the probability that all the
values I1([p, 1] x V1), for p € (0, 1], are simultaneously finite is equal to one. From now on,
we assume that the corresponding almost sure event holds.

Let us consider a point y in F; N V. Given that the set V is open, it contains the open ball
B(y, 6) for some 6 > 0. Let us consider a pair (r, x) in U, satisfying |y — x| < r!. Then, this
pair actually belongs to V; when r < 6!/, and to [6!/f,1] x V; otherwise. As a consequence,

00 = /u 1{|y—x|<r*} H(d]", dx) < /V 1{|y—x|<r‘} H(di‘, dx) + H([(Sl/t, 1] X V1).

On the almost sure event that we considered, the second term in the right-hand side of the
above inequality is finite. It follows that the first term is infinite, i.e. the point y belongs to the
set F ;/

Conversely, let us consider a point y in F}'. Given that V., is contained in U, the point y is
then automatically in F;. In order to show that y also belongs to the closure of V, it suffices to
consider an arbitrary real number 6 > 0 and to prove that the ball B(y, 0) meets V. If (7, x)
denotes a pair V, with |y — x| < rt, we remark that the point x belongs to the aforementioned
ball if r < 61/t, and simply to the set V; otherwise. Accordingly,

00 = / 14y« TI(dr, dx) < TI((0, 1] X (B(y, 8) N V)) + TI([6"/*, 1] x V).
Vi

Again, the second term in the right-hand side is finite, so the first term is infinite, which
means in particular that the sets B(y, 0) and V intersect. m]

Lemma 6.4 above will enable us to reduce the proof of Theorem 6.14 to the case of bounded
open subsets of U. The advantage of working with bounded sets is that, with the help of the
next lemma, we will be able to use a convenient representation of the Poisson point measure
IT.
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Lemma 6.5. Let v be a measure in the collection R, and let U be a nonempty bounded open subset of
the space R,

(1) Let NY denote a Poisson point measure on the interval (0, 1] with intensity
U= 4.

Then, there exists a nonincreasing sequence (Ry)u>1 of positive random variables that
converges to zero such that with probability one,

= Z Sk, - (6.40)
n=1

(2) Let (Xn)ns>1 be a sequence of random variables that are independently and uniformly
distributed in U, and are also independent on NY. Then,

V=D k%0 (6:41)
n=1
is a Poisson point measure on U, with intensity v ® L(- N U).

Proof. In order to prove (1), we begin by observing that the Poisson point measure NY must
have infinite total mass with probability one, because its intensity v! has infinite total mass
too. Thus, there is a sequence (R;),>1 of positive random variables such that (6.40) holds.
However, the assumption (6.35) implies that

Vp>0  El#n 2 1|Ry 2 p}] = EIN"([p, 1)] = D,u(p) < .
Thus, (R,)n>1 converges to zero with probability one. Now, up to rearranging the terms, we
can assume that this sequence is nonincreasing and still verifies (6.40).
The property (2) may be established by computing the Laplace functional of the random
point measure NY. Let f denote a nonnegative Borel measurable function defined on U,.
Then, we have

_ o d
l_[(/u e )z:d(xw)

n=1

Lau(f) =E

=E |exp (— Z f(Rn, Xn)
n=1

The right-hand side may be rewritten as the Laplace functional of the random point measure
NY evaluated at the nonnegative Borel measurable function

r —log/ -f(r, X)_[jd(u)

Since NY is a Poisson point measure with intensity v we finally deduce that for every
nonnegative Borel measurable function f defined on the set U, we have

Nu(f)—exp( /(1—e_f(”))vu(dr)®

L))’
from which we may determine the law of the random point measure NY. m|

The representation supplied by Lemma 6.5 calls upon a sequence of independent uniform
random points. In view of Theorem 6.13, it thus establishes a connection with eutaxy that we
shall exploit in the upcoming proof of Theorem 6.14.

Proof of Theorem 6.14. We begin by assuming that the open set U is bounded, thereby
finding ourselves into the convenient setting of Lemma 6.5. The random point measures I1
and NY, appearing in the statement of Theorem 6.14 and that of Lemma 6.5, respectively, share
the same distribution: both are Poisson point measures on U, with intensity v ® £9(- N U).
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We may therefore assume that IT is replaced by NY in the definition (6.37) of the random sets
F; under investigation. Equivalently, we may define the sets F; through the formula (6.36),
where the points X;; and the radii R, are those given by Lemma 6.5.

Now, we infer from Theorem 6.13 that with probability one, the sequence (X},),>1 is almost
surely uniformly eutaxic in U. On top of that, evaluating the Laplace functional of the Poisson
point measure NY at the functions r — 0 r%, for all positive values of s and 6, we get

exp (—9 i qu)
n=1

Since v is in the collection R and satisfies the integrability condition (6.38), the integral in
the right-hand side is infinite if s < d. The expectation in the left-hand side is thus equal to
zero, which means that the series }’, R}, diverges almost surely. Furthermore, using twice the
obvious fact that 1 — e™ < z for all real numbers z, we deduce from the above equality that

eoo5)

where the right-hand side is finite if s > d. However, as 0 goes to zero, the random variable
in the expectation monotonically tends to the sum }}, R;,. We deduce from the monotone
convergence theorem that this sum has finite expectation if s > d, thereby being finite almost
surely. As a consequence, with probability one, (R;,),>1 is a nonincreasing sequence of
positive real numbers satisfying (6.4), i.e. such that the series };, R}, is divergent for all s < d,
and convergent for all s > d. Finally, it follows from Theorem 6.2 that with probability one,
for any real number t > 1,

E = exp (—Ld(ll) A 1](1 —e_ers)v(dr)).

E

cow [ e
(0.1]

dimy(F; N U) = ? and F e g u).

The result is thus proven in the case where the open set U is bounded.
Let us drop the boundedness assumption on U. In order to recover the previous case, we
consider a sequence (U9)4s1 of bounded open subsets of U such that

U= U Tu®  with  u®cuty,
=1

For instance, we may define these sets through inner parallel bodies as in (5.6) ; specifically,
the sets

U = {x e UNB(0,¢)|d(x, R\ (U NBO,?)) > 1/} (6.42)
are easily seen to verify the above properties. There is an integer £y > 1 such that the set U%0)
is nonempty. Each subsequent set U is therefore a nonempty bounded open set, and we
may deduce from Lemma 6.4(1) that the restriction I'l(- N Uff)) is a Poisson point measure on

U(f) with intensity v ® £4(- N U®). Tt follows from the bounded case that the corresponding
approximation sets, defined as in (6.39), are such that with probability one, for any f > 1 and
any { > {y,

d
dimg(FY nu®) = 7 and ru® e gitu®).

On top of that, combining Lemma 6.4(2) with the properties of the sets U(), we observe that
for any real number ¢t > 1,

UrEnu el JrE | 1 EnuO) | )1 Eaut), (6.43)

=4 ={ ={ ={
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where the leftmost and the rightmost sets are both equal to F; N U. In particular, due to
Proposition 2.16(2), we deduce that

o d
dimg(F; N U) = dimgy U 1 FUY = sup dimpy(FY" nu®) = T
=4, >4

In order to prove that each set F; belongs to the large intersection class G4t (U), Defini-
tion 5.2 requires us to show that it is a Gs-subset of R and that for any positive real number
s < d/t and any open subset U of U,

ME(E ) = M3 (W)
The first property follows straightforwardly from (6.36). Moreover, as regards the second
property, Lemma 5.2 implies that it suffices to establish the above equality for all dyadic cubes
contained in U rather than for all such open sets U. Specifically, since there are countably

many such cubes, it suffices to fix a nonempty dyadic cube A € U and to prove that with
probability one, forall t > 1and s € (0,d/t),

M (Fr N A) = ME(A).

This property follows from the bounded case. Indeed, since the interior of the cube A is a
nonempty bounded open subset of U, what precedes ensures that almost surely, for every
t > 1, the set Fi“t’\ defined as in (6.39) belongs to the class G%/*(int A). Hence, making also
use of Lemmas 5.1 and 6.4, we deduce that for all s € (0,d/t),

ME(Fr N A) = ME(FM A nint 1) = ME (intA) = ME,(A),
which gives the required result. m]

Much more precise results, actually a full and complete description of the size and large
intersection properties of Poisson random coverings, will be given in Section 11.2. Besides, in
the spirit of Dvoretzky’s covering problem briefly discussed in Section 6.5.1, one may ask for
a necessarily and sufficient condition on the measure v to ensure that with probability one,
all the points of the open set U are covered by the Poisson distributed balls, i.e. that the set
F1 obtained by choosing t = 1 in (6.37) contains the whole open set U almost surely. This
problem was posed by Mandelbrot [45] and solved by Shepp [57] in dimension d = 1 when
the open set U is equal to the whole real line. We refer to [8] and the references therein for
further results in that direction.



CHAPTER 7

Optimal regular systems

The notion of optimal regular system was introduced by Baker and Schmidt [1], and
subsequently refined by Beresnevich [3]. These systems result from the combination of a
countably infinite subset A of R? with a height function H : A — (0, o). As we shall explain
below, they encompass many relevant examples arising in the metric theory of Diophantine
approximation. On top of that, they naturally give rise to uniformly eutaxic sequences; we
shall thus be able to apply Theorem 6.2 to determine the basic size and large intersection
properties of the set F; defined by (6.3) when the considered sequences result from an optimal
regular system.

However, in the metric theory of Diophantine approximation, the notion of optimal regular
system is usually employed without a detour to eutaxic sequences. In that spirit, considering
such a system (A, H), we shall replace the set F; obtained by letting t = 1 in (6.3) by the set

Fo={xeR?||x—a|l < p(H(a)) forim.ae A} (7.1)

associated with some positive nonincreasing continuous function ¢ defined on the interval
[0, ), and more generally the sets F; by the sets F,+ obtained by replacing the function ¢ by
its t-th power in (7.1). The pair (A, H) has to be admissible, in the sense that the following
condition holds:

VmeN  #{aeA|lal <mand H(a) <m} < co. (7.2)

In order to justify this admissibility condition, we may point out that if ¢ also tends to zero
at infinity, then (7.2) implies that the family (a, ¢(H(a)))sen of elements of R x (0, 00) is an
approximation system in the sense of Definition 4.1.

The relationship with Diophantine approximation is discussed more thoroughly in
Section 7.2. Examples of optimal regular systems include the points with rational coordinates
and the real algebraic numbers of bounded degree associated with suitable height functions.
They will be dealt with in Sections 7.3 and 7.4, along with their implications in the metric
theory of Diophantine approximation.

7.1. Definition and connection with eutaxy

Our purpose now is to define the notion of optimal regular system, and to discuss the link
with eutaxic sequences.

Definition 7.1. Let A be a countably infinite subset of R, let H : A — (0, ) be a height
function, and let U be a nonempty open subset of R¥.

(1) The pair (A, H) is called a regular system in U if it is admissible and if one may find a
real number x > 0 such that for any open ball B C U, there is a real number hp > 0
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such that for all & > hp, there exists a subset Ap j, of A N B with
#Ap > «|BlYh?
Va e Ap H(@a)<h
Va,a’ € Ap ata = |a—-a'|>1/h.

(2) The pair (A, H) is called an optimal system in U if it is admissible and if for any open
ball B, there exist two real numbers K;S, > 0 and hé > 0 such that for all i > h;g,

#aec ANUNB|H(a) < h} < xjh?. (7.3)
Throughout what follows, we shall freely employ the notations of Definition 7.1 without
necessarily reintroducing them. It is elementary to remark that any regular system in U
is also regular in every nonempty open subset of U ; the same observation holds for the
optimality property. Moreover, when the set U is bounded, the next lemma shows that any
regular system therein may be enumerated monotonically with respect to the height function.
The resulting enumerations will play a key role in the connection between optimal regular
systems and eutaxic sequences.

Lemma 7.1. Let U be a nonempty bounded open subset of RY, and let (A, H) denote a reqular system
in U. Then, there exists an enumeration (a,)n>1 of the set A N U such that H(a,) monotonically
tends to infinity as n — oo.

Proof. On the one hand, the regularity property of the system (A, H) ensures that the set
A N U is countably infinite. On the other hand, as the set U is bounded, it is contained in
the open ball B(0, m), for m sufficiently large, and the admissibility condition (7.2) implies
that for any / > 0, only finitely many points in A N U have height bounded above by /. We
deduce the existence of an increasing sequence (%;);>1 of nonnegative integers with initial
term zero and such that all the sets

Aj:{aeﬂﬁulhj<H(a)Shj+1}

are both nonempty and finite. For each integer j > 1, we write the elements of the set A; in
() ()
a

the forma ", ..., #A

in such a way that

Dy« <)
H(a;) < ... _H(a#Aj .
It is clear that for any integer n > 1, there is a unique pair of integers (j, k), with j > 1 and
ke{l,...,#A;}, such that
n=#A1+...+#A;1 + k.

We then define a, as being equal to al((j ), and it is elementary to check that the sequence (a,),>1
fulfills the conditions of the lemma. O

Any sequence (a,),>1 resulting from Lemma 7.1 will be called a monotonic enumeration
of the regular system (A, H) in the set U. We now present the first part of the connection
between optimal regular systems and eutaxic sequences.
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Proposition 7.1. Let U be a nonempty bounded open subset of RY, let (A, H) be an optimal regqular
system in U, and let (a,),>1 denote a monotonic enumeration of (A, H) in U. Then, the sequence
(ay)nx1 is uniformly eutaxic in U. In fact,

inf Lim inf 2=#M((a,)ns1; A, j) > 0. (7.4)

AeA\{0} j—)oo
AcU

Proof. The set U being bounded, it is contained in some open ball B. We consider a real
number y € (0,1) such that xy < [0, 1)1, and a nonempty dyadic cube A contained in U.
Observe that there exists an open ball B’ C A satisfying |B’| = ¢o|A|, where ¢y > 0 depends
only on the chosen norm. Then, let j be a nonnegative integer so large that

h = yl/d% > max{hy, hp}.

The choice of I ensures that any dyadic subcube A’ of A with generation equal to (1) + j
cannot contain more than one point of the set Ap' ;. Otherwise, we would have two distinct
points in Ap j, at a distance bounded above by

1/d
1

h h
which would contradict the third property satisfied by Ap . Moreover, every point contained
in Ap ; has height bounded above by I and belongs to the set A N U, thereby being of the
form a, for some n > 1. The monotonicity of the enumeration implies that n is actually
bounded above by

Wl=271A =

2/ \* 27 \*
#{a € ANUNB|H(a) < h} <) h =« (yl/d W) . (I[O,l)dlm) ,

so that n < 24(M+)), Lastly, all the points of Ap ;, are contained in B’, and thus belong to
some dyadic subcube of A with generation (1) + j. We deduce that

i\d
] .
#M((an)ns1; A, ) = #Ap ;> kB[ h? = « (c0|/\|y1/d|i—|) = xely24,
and we end up with (7.4) by letting j tend to infinity. Hence, the uniform eutaxy of the
sequence (a,),>1 follows directly from the criterion (6.14). O

Further investigating the connection between optimal regular systems and eutaxic se-
quences, we now give a converse result to Proposition 7.1. We start from the property (7.4)
that already appeared in the statement of this proposition and is in fact stronger than uniform
eutaxy. This means that we assume that the sequence under consideration satisfies a condition
of the form (6.14). As established in Section 6.2.1, this condition directly guarantees uniform
eutaxy.

Proposition 7.2. Let U be a nonempty open subset of RY, and let (a,),>1 denote a sequence of points
contained in U. We assume that (7.4) holds, so that in particular (a,)n>1 is uniformly eutaxic in U.
Moreover, let ‘A denote the collection of all values a,, for n > 1. We endow A with the height function
H defined by

H(a) = inf{n > 1|a = a,}"/".
Then, the pair (A, H) is an optimal reqular system in the open set U.

Proof. For any open ball B and any real number /1 > 0, it is clear that a pointa e ANU N B
satisfying H(a) < h is among the points a1, ...,aj,4). This proves that the pair (A, H) is
admissible, and is in fact an optimal system in U.
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Let us now establish that (A, H) is a also aregular system in U. Throughout, c denotes a real
number such that |x|«/c < |x| < c|x|« for all x in RY. Let B be a nonempty open ball contained
in U, and let Ag denote a nonempty dyadic cube contained in B with minimal generation.
One easily checks that |B| < 6¢ 2=(8) Moreover, there is an integer j(Ap) > max{0, —(Ap)}
such that -

Vi j(As)  #M((@n)s1; s, ) 2 @ 27070,
where a denotes the left-hand side of (7.4). Thus, just as in the proof of Theorem 6.3, detailed in
Section 6.2.1, we infer that for any integer j > j(Ap), there existsaset S;(Ap) € {1,..., 24((Ap)+1)}
satisfying the following properties: -
° #S]‘()\B) > aZd(j_z);
® a, € Apforany n € 5;(Ap);
o |2, — apr|ee = 2718 for any distinct n, n’ € Sj(Ap).

For any real number & larger than ¢ 2 Ae)+j(e), letting j be equal to the integer [log, (1/c)]—(Ag),
where log, is the base two logarithm, we have j > j(Ag). Hence, we may define Ag j as the
collection of all points a,, for n in Sj(Ap). It is then straightforward to check that A j, is a
subset of A N B such that

#Ap ;= #S;(Ag) > @202 > a|B|Yh? /(48c2)1
Yae Ay  H(a) < U < pjc<h
Va,a’ € Agp, a+a = |a-a’|>2"s)*)/c>1/h,
and we deduce that the pair (A, H) is a regular system in the set U. m]

Combining Propositions 7.1 and 7.2, we may finally deduce that, rather than being
equivalent to uniform eutaxy, the notion of optimal regular system is essentially comparable
with the stronger condition (7.4).

7.2. Approximation by optimal regular systems

Proposition 7.1 can be combined with Theorem 6.2 to determine the basic size and large
intersection properties of the set F; defined by (6.3) when the considered sequences result
from an optimal regular system. However, as mentioned at the beginning of Section 7.1,
we shall follow the common practice from metric Diophantine approximation and state our
results without a detour to eutaxic sequences. Thus, given an optimal regular system (A, H),
we replace the set F1 obtained by letting t = 1 in (6.3) by the set F, defined by (7.1), and more
generally the sets F; by the sets F,+ obtained when replacing ¢ by its t-th power. The basic
size and large intersection properties of the sets F,+ are given by the next result.

Theorem 7.1. Let ¢ denote a positive nonincreasing continuous function defined on the interval
[0, 00), and let I, be the integral defined by

%=£7¢%@Hn (7.5)

Moreover, let U denote a nonempty open subset of R?, and let (A, H) denote an optimal reqular system
inU.
(1) The set Fy, has full, or zero, Lebesgue measure in the open set U according to whether the
integral I, diverges, or converges, respectively.
(2) Let us assume that the function ¢ tends to zero at infinity and that the integral I, diverges.
Then, the family (a, (H(a)))sen is a homogeneous ubiquitous system in U.
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(3) Let us assume that the positive powers of the function ¢ are such that
<1l = I(Pt = o0
t>1 = I(pt < o

Then, for any real number t > 1,

dimp(F, N U) = ? and  Fp € GY'U).

Proof. The open set U may clearly be written as a countable union of open balls B,,. For
instance, we can consider the open balls contained in U, with center in Q* and radius in
QN (0, ). We deduce that

LUUNF,) < Y LUB,\Fy)  and  LUF,nU) < Y LYF,NB,).

n=1 n=1

As a consequence, the proof of (1) reduces to establishing the next property:

(1") For any open ball B contained in U, the set Fy has full, or zero, Lebesgue measure in
B according to whether I, diverges, or converges, respectively.

We begin by proving (1’) in the divergence case. If B denotes a nonempty open ball
contained in U, the pair (A, H) is also an optimal regular system in B, so Lemma 7.1 enables
us to consider a monotonic enumeration of (A, H) in B, denoted by (a,),>1. Then, it is clear
that F, contains the set F f; defined by

Fg:{xeRd||x—an|<rn fori.m.nzl}, (7.6)

where r, = @(H(a,)) for any n > 1. By virtue of Proposition 7.1, the sequence (a,),>1 is
uniformly eutaxic in B. Moreover, if ¢ tends to zero at infinity, the sequence (,,),>1 is in
P; when the integral I, diverges, see below. Otherwise, the radii are bounded below by a
positive constant, and we may replace them by min{r,, n~1/4} to obtain a sequence in Py. It
follows that for Lebesgue-almost every x in B, there are infinitely many integers n > 1 such
that |x — a,| < r,,. Hence, the set F 5 has full Lebesgue measure in B, owing to (7.6). The same
property thus holds for the set F, as well, and we deduce (1’) in the divergence case.

Let us now prove that (r,),>1 is in Py when I, diverges and ¢ tends to zero at infinity.
Let C be the premeasure defined on the intervals of the form (&, h’), with0 < h < h’ < oo,
by the formula C((k, h’)) = p(h)? — @(h’)?, and let C, be the outer measure defined by (2.5).
It follows from Theorem 2.4 that the Borel sets contained in (0, o) are (.-measurable. The
resulting Borel measure is called the Lebesgue—Stieltjes measure associated with the monotonic
function ¢, and we may integrate locally bounded Borel-measurable functions with respect
to that measure. Adapting the proof of Proposition 2.8, we remark that the above outer
measure C. is also equal to the outer measure C* defined by (2.3). We may also adapt the proof
of Proposition 2.9 in order to prove that C. coincides with the premeasure C on the intervals
where it is defined. Combining this observation with Proposition 2.4(1) and the fact that ¢
tends to zero at infinity, we deduce in particular that C.([}, )) = ¢(h)? for any real number



150 Optimal regular systems

h > 0. Accordingly, using Tonelli’s theorem and the regularity of the system, we have

D=2 [ tnen Ly = [ #n 211G, < 1
n=1 n=1

) hp
z/o x|B|*h? C*(dh)+/0 (#{n 21|H(an)sh}—1<|B|dhd) C.(dh)

R

o h o0
= x|BJ / / dn“~1dn C.(dh) + R = «d|B|* / n%71¢.([n, ))dn + R
0 0 0
= xd|B|"I, + R,

which proves that (r,,),>1 belongs to P; when I, is divergent.

We now prove (1’) in the convergence case, using the above notations in addition to those
of Definition 7.1. Note that the intersection F, N B is contained in the set Fg defined by (7.6).
Indeed, let x denote a point in this intersection. The ball B being open, it contains a ball B’ of
the form B(x, r) for a sufficiently small » > 0. Moreover, the function ¢ necessarily tends to
zero at infinity, in view of the convergence of the integral I,. This means that ¢(h) < r for
any real number / larger than some /y. Now, there exists an infinite subset A, of A formed
by points a satisfying |x — a| < ¢(H(a)). In particular, all these points belong to the open ball
centered at x with radius ¢(0), so that

{a €Ay |H(a) < ho} € {a € A|lal < |x| + (0) and H(a) < ho} .

The latter set is finite in view of the admissibility condition (7.2). It follows that infinitely
many points 4 in the set A, have height larger than h, thereby satisfying ¢(H(a)) < r. All
these points thus belong to the ball B, and must then be of the form a,, for some integer n > 1.
We deduce that x belongs to the set Fg.

Furthermore, due to (7.6), the set F (Ig is covered by the open balls centered at a,, with radius
rn, for n starting from any fixed ny > 1. Adapting the proof of Proposition 1.1, we get

LUF,NB) < LUFY) < )" LB(an, ) = LUBO,1) ) 7il

n=ng n=nyp

The convergence part of (1’) now follows from letting 1¢ go to infinity and observing that the
series appearing in the above bound is convergent when the integral I, is convergent. As a
matter of fact, reproducing the above reasoning and using the optimality of the system, we
obtain

irﬁ - /m#{n > 1|H(an) < h} C.(dh)
n=1 0

s/o K, he C*(dh)+/0 (#{n21|H(an)$h}—1<;3hd) C.(dh)

R/
= K:Bdl(p +R’.

Owing to the admissibility condition (7.2), there are finitely many points a, with height
bounded above by k7, so that the integral R is finite. Finally, the series ., rd converges when
the integral I, does.

Let us turn our attention to (2). As mentioned at the beginning of Section 7.1, if ¢ tends
to zero at infinity, the admissibility condition (7.2) implies that the family (a, p(H(a)))asex is
an approximation system in the sense of Definition 4.1. Now, if the integral I, diverges, it



7.3 Application to approximation 151

follows from (1) that the set F,, has full Lebesgue measure in U. The definition (7.1) of this
set, and that of a homogeneous ubiquitous system, i.e. Definition 4.2, then straightforwardly
lead to (2).

In order to establish (3), let us assume that the integral I+ diverges for t < 1, and converges
for t > 1. We consider a nonempty open ball B C U and we adopt the same notations as in
the proof of (1’). The above arguments imply that

FpNBC Ff;t CFy, (7.7)

where F 5) , denotes the set obtained by raising r,, to the power ¢ in (7.6). Moreover, in view of
the hypotheses on the integrals I, the sequence (r,,),>1 satisfies (6.4), i.e. the series 3., 7,
diverges when s < d, and converges when s > d. Recalling that (a,),>1 is uniformly eutaxic
in B, we deduce from Theorem 6.2 that

d
t
To conclude, recall that U may be written as a countable union of open balls B,,. Combining
Proposition 2.16(2) with (7.7), we get

dimH(th NB) = and F(Izt e G''(B).

dimy(F,r NU) = sup dimp(Fy: N By) = sup dimH(F(IZ’; NB,) = ?
n>1 n>1

Furthermore, according to Definition 5.2, proving that F,: belongs to the large intersection
class G%t(U) amounts to establishing that

ME(Fpr N V) = ME(V) (7.8)

for any positive real number s < d/t and any open subset V of U. To this purpose, let us
consider a nonempty dyadic cube A € A contained in V, and put W = intA. The set W
is bounded and open, so Lemma 7.1 supplies a monotonic enumeration of (A, H) in W.
The radii associated with this enumeration satisfy (6.4): the convergence estimate follows
by enclosing W in a ball and using optimality, whereas the divergence estimate follows by
restricting the counting function to a ball contained in W and using regularity. Proposition 7.1
and Theorem 6.2 therefore show that the corresponding set F(‘;‘{ belongs to G4/{(W). Since

this set is contained in F ot, We have
ME(Fpt N A) > M;(F;Y NW) = M (W) = MS,(A),

where the last equality follows from Lemma 5.1. It finally suffices to apply Lemma 5.2 to
obtain (7.8). ]

7.3. Application to homogeneous and inhomogeneous approximation

A simple example of optimal regular system is supplied by the points with rational coordinates;
this corresponds to the classical problem of homogeneous Diophantine approximation. We
now detail this example, as well as its inhomogeneous counterpart. We shall then state
the corresponding metric results obtained by further applying Theorem 7.1, namely, a
famous theorem by Khintchine [38] and an inhomogeneous analog of Theorem 3.1, i.e. the
Jarnik-Besicovitch theorem.

7.3.1. Homogeneous approximation

In order to study the regularity and the optimality of the set Q7 of all points with rational
coordinates, we first endow it with the appropriate height function, specifically,

Hy(a) = inf{q € N | ga € Z}'*1/4, (7.9)
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The regularity and optimality properties of the resulting pair are in fact reminiscent of
the statement of Lemma 3.1, which was crucial when establishing the lower bound in the
Jarnik-Besicovitch theorem, see Section 3.1.2. Accordingly, an easy adaptation of the proof of
that lemma leads to the next statement.

Theorem 7.2. The pair (Q%, Hy) is an optimal reqular system in R,

Proof. When the open set U is equal to the whole space R in Definition 7.1, one easily checks
that the notion of optimal regular system does not depend on the choice of the norm. We
thus choose to work with the supremum norm.

Establishing the optimality of the system is rather elementary. Indeed, let B denote the
open ball with center x and radius r, and let a be a point in Q¢ N B with height at most &. We
write a in the form p/q, with p € Z¢ and g € N as small as possible. As a result, the height
Hy(a) is equal to g'*1/4, which means that g is bounded above by h%/(¢+1). Moreover, the
number of possible values for the point p is not greater than (2rg + 1)¢. This follows from a
volume comparison argument, along with the observation that the open balls with radius
1/(2q) centered at the points p’/q € B, with p’ € Z%, are disjoint and contained in the open
ball with center x and radius r + 1/(2g). Hence,

#aecQ NB|Hia)<h}< > (2rg+1)

1<q<hd/@+1)
< @D @) 4 1)8 < (4r)he,

where the last bound holds for & > (2r)~1-1/4,
The proof of the regularity of the system is parallel to that of Lemma 3.1, and is in fact less

technical. For any point y in R, let g(y) denote the minimal value of the integer g > 1 for
which

1
d
HPEZ |qy—p|mﬁm

Dirichlet’s theorem, namely, Theorem 1.1, ensures that q(y) < h¥/(#*1). Actually, this holds if
h is large enough to guarantee that | 1'/(**1] is larger than one, i.e. if

h > 2%+ (7.10)

a condition that we assume from now on. Moreover, the minimality of q(y) implies that the
integer g(y) and the coordinates of the corresponding integer point p are mutually coprime.
In particular,

P ) 1+1/d
Hd(q(y)) q(y) <h. (7.11)

Now, some parameters y and 6 being fixed in (0, 1), let B’ denote the open ball concentric
with B, with radius 6 times that of B, and let B” be the subset of B’ formed by the points y
such that g(y) < yh%/+1)_ The set B” is covered by the closed balls with radius 2/(gh!/(@*+1))
centered at the rational points p/q within distance 1/ of the ball B’ and with denominator
g < yh*@+D_For any fixed choice of g, there are at most (2457 + 3)? such points. Hence, the
Lebesgue measure of the set B” is at most

d d d
A 4 4 3
Z (2q6r +3) (th/(d+l) = @ Z 207 + R

1<q<yhdl@) 1=q<yhdl@)

In order to derive an upper bound on the sum in the right-hand side, we first consider the
case in which g < 3/(26r). In that situation, the summand is clearly bounded by 6%. In the
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opposite case, the summand is bounded by (467)7. Thus,

dion 3244
L (B ) < W
We may now define Ap ; as any maximal collection of points in Q% N B with height at
most i and separated from each other by a distance at least 1/(y 1), so in particular at least
1/h. It remains us to establish a lower bound on the cardinality of Ap 5, and to tune up the
parameters y and 6 appropriately. Any point i € B’ \ B is such that g(y) is between yh4/(+1)
and h4/(@+1) 5o there exists an integer point p in Z¢ such that the rational point p/q(y) satisfies

— P < 1 < 1 <i
q(y) - - q(y)l_hl/(d+l)J - yhd/(d+1)|_hl/(d+l)J - )/h

In particular, since y is in the ball B’, the rational point p/q(y) belongs to the ball B if the
following condition holds:

+ (16ér)dy.

y

% +0or<r. (7.12)

In that situation, the point p/q(y) is in Q7 N B and has height at most &, in view of (7.11).
Therefore, the collection Ap j, being maximal, it must contain a point p’/q" located at a
distance less than 1/(yh) from p/q(y). Hence,

v P 213
Tl 1k e "l S YR TR Sy
It follows that the set B’ \ B” is covered by the open balls with radius 3/(yh) centered at the
points in Ap ;. As a consequence,

’

[e¢] [o¢]

(26r)" - 3.2 (166r)%y < LB’ \ B”) < 5 d#ﬂ
267 hAld+1) r= =\ym) WM
from which we deduce that
#Ag,  (y5\° ; 3-12¢
Blihd = (? 1-8% - 26r) /@ ) (7.13)

To conclude, it remains to adjust the values of the parameters y and 6 appropriately, and
to specify how large i must be chosen in order to ensure that all the conditions above hold, in
particular that (7.13) holds with a constant in the right-hand side. In fact, we choose y smaller
than 874, and § arbitrarily, and we require that / is large enough to ensure that (7.10) and
(7.12) both hold, and that (7.13) holds with a constant in the right-hand side. More specifically,
we may define y = 273"1 and 6 = 1/2, and then assume that

23(d+1) (23d+23d+1)1+1/’7l}

ra+1

h > max {2d+1,
;

As required, this ensures that (7.10) and (7.12) are both satisfied, and that (7.13) holds with
constant 2739(@+1)=2. 3= in the right-hand side. This finally proves the regularity of the system
(Q4,Hy) of points with rational coordinates. O

7.3.2. Inhomogeneous approximation

Theorem 7.2 may be extended to the inhomogeneous case presented in Section 1.5 and
obtained by shifting the approximating rational points p/gq with the help of a chosen value a
in RY. To be specific, the approximation is realized by the points that belong to the collection

+a
Qd,(x — {p p , (p,q)edeN}
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Obviously, when a vanishes, we recover the set Q7 of points with rational coordinates. The
collection Q% is endowed with the height function Hj defined by

H{(a)=inf{geN|ga—-a e zdy1+1/d,

Again, when «a is zero, we get the height function H; introduced in the above homogeneous
case. We then have the following generalization of Theorem 7.2. The proof is essentially due
to Bugeaud [12] and relies on an inhomogeneous approximation result derived in Section 1.5
above, specifically, Proposition 1.11.

Theorem 7.3. For any point a in RY, the pair (Q%, HY) is an optimal regular system in R4,

Proof. The proof is, to a certain extent, a generalization of that detailed in the homogeneous
case. In particular, the optimality of the system (Q%*, H ) may straightforwardly be estab-
lished by adapting the arguments developed in the proof of Theorem 7.2, so we shall only
detail the proof of the regularity.

On a more technical note, it is convenient here again to endow R? with the supremum
norm. For any point y in R, we slightly modify the definition of the integer 4(y) coming into
play in the homogeneous case: this is now the minimal value of the integer 4 > 1 for which

1
d
ez 7y = plo < (2 1/ap1/@n |

Dirichlet’s theorem then shows that 24(y) is bounded above by #%/(@*1, with the proviso that
the following condition holds:

h > 20@+17/d, (7.14)
We assume from now on that this condition is satisfied. We consider an open ball B in
R? two parameters y and 6 in (0, 1), and then another ball B’, exactly as in the proof of
Theorem 7.2. We shall however slightly modify the definition of the set B” : this is now the
set of points y in B’ such that 24(y) < yh¥/(#*D. Adapting the arguments developed in the
proof of Theorem 7.2, we observe that

Copd
LYB") < 53 24 + (1667)"y.

P Rdld+1)
Finally, we define Ag , as any maximal collection of points belonging to the set Q%% N B with
height at most & and separated from each other by a distance at least (2/y)'*/?/h, thus in
particular at least 1/ 5.

We now search for an appropriate lower bound on the cardinality of A ;. Note that each
point y in the set B’ \ B” satisfies

q(y) > ghd/(dﬂ) > y|2 V1D |

This suggests us to apply Proposition 1.11 to the integer |21/ 1/(+1) | the point @, and each
point y in the set B’ \ B”. We thereby infer the existence of two real numbers I'. and H., both
larger than one and depending on y and d only, such that the condition

h>H, (7.15)

implies that for each point y in the set B’ \ B”, there is a pair (p, ) in Z¢ X N with

I.
(v) < g <2g9(y) and gy — v — ateo £ ———.
q\y)=q < 2qy qy —p 2 (y)1/A
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In that situation, we straightforwardly deduce that

p+a T, F*(z)m/d
> .

< <
q -~ q (y)1+1/d h
Given that the point y is in the ball B’, this means in particular that the point (p + a)/g belongs
to the set Q% N B if the following condition holds:

1+1/d
L (%) +or<r. (7.16)
h\y

On top of that, we observed previously that 24(y) is bounded above by #%/@*1, 50 we deduce
that this point satisfies

-

+
Hg (%) < g < 2q(y) < h.
Since the collection Ajp j is maximal, it contains a point (p” + a)/q’ located at a distance

smaller than (2/y)*/4/h from (p + a)/q, so that

+

r*+1(2)1“/d
Y- < .

p+a p+a p+a p'+a

7" e q q q’ h\y
Hence, the set B’ \ B” is covered by the open balls centered at the points in Ag ; with radius
the right-hand side above. Adapting the arguments of the homogeneous case, and making

use of the fact that I'. is larger than one, we obtain

[e¢] [o¢]

3. 244 ar\* 2\
d_ _ d dip’ 7 * <
(207) SR (166r)"y < L%(B"\ B )s( p ) ()/) #AB, 1,
from which we deduce that
d
#Ap, o y\d+l p 3-124
Blihd = (4n) (5) 1-8y- (5r)d+1pd/@+)) ) ° @.17)

To conclude, we choose y smaller than 877, and § arbitrarily, and we require that / is large
enough to ensure that (7.14), (7.15) and (7.16) all hold, and that (7.17) holds with a constant
that depends on d in the right-hand side. m]

Combining Proposition 7.1 and Theorem 7.3, we directly get the following property: for
any nonempty bounded open subset U of R?, any monotonic enumeration of the optimal
regular system (Q“%, HY) in the set U is uniformly eutaxic. In particular, the arguably most
natural enumeration of the rational numbers that are strictly between zero and one, namely,

the sequence
11213123415123456

O U A
is uniformly eutaxic in the open interval (0, 1).

7.3.3. Metrical implications for general approximating functions

We may use Theorem 7.3 in conjunction with Theorem 7.1 in order to describe the basic size
and large intersection properties of the set

+
Q —{xeRd x—u

dy

<(q) forim.(p,q)eZ’x N}, (7.18)

[o¢]

where 1 denotes a positive nonincreasing continuous function that is defined on the interval
[0, 00). When (g) coincides with 47" for all ¢ > 1 and some 7 > 0, we clearly recover the set
J§ . defined by (1.31). Moreover, in the homogeneous case, i.e. when the point a is equal to
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the origin, we end up with the emblematic set J; . defined by (1.1) and whose Hausdorff
dimension is given by Theorem 3.1, i.e. the Jarnik-Besicovitch theorem. Among other results,
we shall therefore extend this theorem to the more general set Q " This is the purpose of
the next statement.

Theorem 7.4. Let a be a point in R and let 1 denote a positive nonincreasing continuous function

defined on the interval [0, co).
(1) The set QF " has full, or zero, Lebesgue measure in R according to whether the integral 15
diverges, or converges, respectively, where

oo = [ 0" do.
(2) Let us assume that the integral 15,y is convergent. Then, the parameter

p y (d+1)logqg
=limsup ————
w q%op —log y(q)

is bounded above by d. Moreover, if the parameter 04,y is positive, then the set Q " satisfies

dimg @, =604y and Q€GO RY).

Proof. To establish (1), let F, be the set defined by (7.1) when ¢(17) = Y(n? (@+1)) for all n>0
and (A,H) = (Q**,H 7). This system is optimal and regular in R? by Theorem 7.3. If 1) does
not tend to zero at infinity, both F ¢ and Qfl‘ " coincide with R?, and the result is immediate.

Otherwise, we have
FpcQf , CF,uQ™. (7.19)

Indeed, each point 2 € Q%% has a representation with least denominator, and the monotonicity
of 1 gives the first inclusion. For the second, if infinitely many pairs (p, q) yield only finitely
many distinct points (p + @)/g, then one such point occurs for unbounded denominators.
Since ¢(g) tends to zero, the point being approximated must equal that point, and thus
belong to Q%*. The two limsup sets therefore differ by at most a countable set. Applying
Theorem 7.1(1) and making the obvious change of variable, we deduce that Qf " has full,

or zero, Lebesgue measure in R? according to whether the following integral diverges, or
converges, respectively:

b= [ temtan= (14 3) [T etvarag = (145 s,

With a view to proving (2), we begin by using the monotonicity of the function ¢ in order

to remark that for all positive real numbers s and Q,
o0 Q d+1
d s d sd s Q
9" Y(@rdg> | q°¢(g)dg 29(Q)° (] -
0 Q/2

When s is equal to d, the integral in the left-hand side is finite because it coincides with I y.
This implies that the function ¢ converges to zero at infinity, and in fact that the parameter
04,4 is bounded above by d.

Let us suppose that s < ;. One may find a real number ¢ > 0 and a real sequence

(Qn)n>1 going to infinity such that 1(Q,,)°*¢ is larger than 1/Q%*! for all n > 1. The above
inequalities then yield

o0 Q d+1 P
[ atvaranz v (G > zigie.
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Letting n — oo, we deduce that the integral in the left-hand side diverges. This means
that the integral I; /s diverges, where ¢° /4 denotes the function ¥ raised to the power s/d.
Conversely, if s > 0y, there is a real number ¢ > 0 such that 1)(Q)*~¢ is smaller than 1/ Qi+t
for all Q sufficiently large; this readily implies that the integral I; ;4 is convergent. The
upshot is that
$ <B4y = Id,lp*‘/d = 00
{ s > Gd,lp — Id,lps/d < 00,
It remains to perform a simple change of function to exactly recover the setting of Theo-
rem 7.1(3). To be specific, assuming that 04 > 0, we raise ¢ to the power 6,y /d, and we let
Y. denote the resulting function. As in the proof of (1), we associate with 1. the function
@-(1) = Y.(n?@*D). Observing that the integrals I ¢ and I share the same convergence
properties, we get
{ t<l = I, =00
. (7.20)
t>1 = I, <oo.

We may now apply Theorem 7.1(3), thereby deducing that for any t > 1, the set F ot has
Hausdorff dimension d/t and belongs to the class G%/*(R%). Finally, when t = d/ 04,4, we have
¢! = ¢. By (7.19), adjoining at most countably many points gives Q v without changing
its positive Hausdorff dimension. Moreover, this set is a Gs-superset of F,, so it inherits the
latter set’s large intersection property by Proposition 5.1(1). m|

Theorem 7.4(1) is essentially due to Khintchine [38] in the homogeneous case, and to
Schmidt [52] in the general case. Note that the original proofs, however, do not call upon the
methods that we develop here. Moreover, Theorem 7.4(2) follows from more general results
from Jarnik [37] and Bugeaud [12] that address the homogeneous, and the inhomogeneous
case, respectively. These more general results will be presented in Section 10.2 below.

7.3.4. Aninhomogeneous Jarnik-Besicovitch theorem

As an immediate consequence of Theorem 7.4, we deduce the basic size and large intersection
properties of the set J7 defined by (1.31). This corresponds to the case where the approxima-
tion function ¢ is of the form g + g7 on the interval [1, o), for some positive real number 7.
Observe that the integral 15, arising in the statement of Theorem 7.4 converges if and only
if T > 1+ 1/d. Furthermore, the parameter 6, y is clearly equal to (d + 1)/7. Specializing
Theorem 7.4 to this situation, we therefore end up with the next result.

Corollary 7.1. For any point a in R and any real parameter 7, the set | o . defined by (1.31) has full,

or zero, Lebesgue measure in R4 according to whether t <1+ 1/d, or not, respectively. Moreover, in
the latter situation, we have

d+1
dimy Jj . = % and  Jy € GD/T(RY),

Obviously, the set J{_is also a set with large intersection when 7 < 1+ 1/d. To be

specific, | ; . belongs to the class GL(RY), just as any Lebesgue-full Gs-set. Furthermore, in the
homogeneous case where a vanishes, we obviously recover the introductory set J; . defined
by (1.1). Recall that its Hausdorff dimension is equal to (d + 1)/, due to the Jarnik-Besicovitch
theorem, and that it even belongs to the large intersection class G#*/7(R9), see Theorem 3.1
and Corollary 5.2. We may thus see Corollary 7.1 as an extension of these results to the
inhomogeneous case.

Remarkably, the large intersection property allows us to consider countably many values
of the parameter a and to study the size of the intersection of the corresponding sets J , for
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possibly different values of the parameter 7. Indeed, let (a,),>1 be a sequence of points in R,
and let (7,),>1 be a sequence of real numbers. We begin by assuming that the supremum
T. = SUp Ty
nx1

is both finite and larger than 1 + 1/d. Thanks to Proposition 5.1(2) and Corollary 7.1,
we know that each J" _is a set with large intersection in R? with dimension at least
(d +1)/max{t,, 1+ 1/d}, and thus belongs to the class G**V/%(R¥). In view of Theorem 5.1,
the latter class is closed under countable intersections, thereby containing the intersection of
the sets |, “” . In particular, this intersection has dimension at least (d + 1)/7.. The matching
upper bound being a straightforward consequence of Proposition 2.16(1), i.e. the monotonicity
property of Hausdorff dimension, we deduce that

dimyg ﬂ]d -

When 7. is bounded above by 1 + 1/d, the above intersection has Hausdorff dimension equal
to d. Indeed, Corollary 7.1 ensures that all the sets ];’"Tn have full Lebesgue measure in R4,
and so has their intersection. In the remaining case where 7. is infinite, one may show that
the intersection has Hausdorff dimension equal to zero; this will follow from more precise
results established in Section 10.2.2.

d+1

7.3.5. Connection with fractional parts of linear sequences

Finally, Theorem 7.4 also enables us to recover the fact that the fractional parts of almost all
linear sequences are eutaxic in the unit cube (0, 1)d, see Theorem 6.8. Let us consider a sequence
(r1)n=1 in the collection P;. The sequence (7, /n),>1 is both positive and nonincreasing, so we
may find a positive nonincreasing continuous function ¢ defined on the interval [0, o) that
coincides with this sequence on the positive integers. Hence, the integral I 5, on which relies
Theorem 7.4(1) satisfies

o= [ atv@rdg= Y n-1igin =20 Y =
0 n=1 n=2

We deduce that the sets DZ o defined as in (7.18) for all points y in R?, have full Lebesgue
measure in R?. In particular, if y belongs to the unit cube (0, 1), then £%-almost every point
x in RY satisfies

nx = (pn + Y)loo < np(n) = 1
with some integer point p,, for infinitely many integers n > 1. For convenience, we work here
and below with the supremum norm; recall from Section 6.1.1 that this choice does not alter
the notion of eutaxy. Letting 1 = (1/2,...,1/2), we have

1
Ilnx] = puleo < Inx = (pn + Yleo + {nx} = hloo + |y — hloo <7y + 5 +y = hle

The right-hand side is smaller than one for n sufficiently large, because the sequence (7;)n>1
converges to zero. The point p, is then necessarily equal to [nx]. We deduce that for all
y € (0,1)? and for L%-almost all x € RY, the inequality

ly — {nx}le <7y

holds for infinitely many integers n > 1. This holds a fortiori for £%-almost every point y.
Tonelli’s theorem finally allows us to exchange the order of y and x, thus concluding that for
L4-almost every x € R?, the sequence ({nx}),>1 is eutaxic in the cube (0, 1)¢ with respect to
the sequence (7,,),>1. This is exactly Theorem 6.8.
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7.4. Application to the approximation by algebraic numbers

We now turn our attention to the examples supplied by the real algebraic numbers and the
real algebraic integers. Our treatment will be somewhat brief, as for instance we shall not
detail all the proofs; for further details, we refer to the seminal paper by Baker and Schmidt [1],
subsequent important works by Beresnevich [2] and Bugeaud [9], and the references therein.
We shall show that the algebraic numbers and integers lead to optimal regular systems, and
we shall state the metrical results obtained from subsequently applying Theorem 7.1.

The collection of all real algebraic numbers is denoted by A. The naive height of a number
a in A, denoted by H(a), is the maximum of the absolute values of the coefficients of its
minimal defining polynomial over Z. Moreover, the set of all real algebraic numbers with
degree at most 1 is denoted by A,,. Baker and Schmidt [1] proved that the set A,, endowed
with the height function

H( a)"“
— =)
(max{1, log H(a)})3"
forms a regular system. The trouble is that, due to the logarithmic term, this height function

does not lead to the best possible metrical statements. However, Beresnevich proved that the
height function

B H( a ) n+l1

1+ |a|)n(n+1)’
where there is no logarithmic term, is actually convenient. We shall therefore privilege the
following statement when deriving metrical results underneath.

H,(a) (7.21)

Theorem 7.5 (Beresnevich). For any integer n > 1, the pair (A, Hy,) is an optimal regular system
inR.

It is elementary to check that (A, H,) is an optimal system. Establishing the regularity
is much more difficult and relies on a fine knowledge of the distribution of real algebraic
numbers; we refer to [2] for a detailed proof. Note that A; obviously coincides with the set Q
of rational numbers. Moreover, writing an element 2 in A; in the form p/q for two coprime
integers p and g, the latter being positive, we have

H(a)>  max{lpl,q}* (max{l,lal})2 )
L+la)> (L+]a)? 1+l '

Hi(a) =

so that Hy(a) is between g2/4 and g2. Hence, the height of a, viewed as an algebraic number
with degree one, is comparable with its height when regarded as a rational point of the real
line, see (7.9).

We shall now combine Theorem 7.5 with Theorem 7.1, in order to describe the basic size
and large intersection properties of sets that arise naturally when studying the approximation
of real numbers by real algebraic numbers. For any positive nonincreasing continuous
function i defined on [0, o), let us define

Wy = {x eR | |x —a|l < p(H(a)) forim.a e An} . (7.22)

The elementary size and large intersection properties of the set U, y, are detailed in the next
statement, which should be thought of as an analog of Theorem 7.4 to the present situation.
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Theorem 7.6. Let n be a positive integer and let { denote a positive nonincreasing continuous
function defined on the interval [0, o).

(1) The set N,y has full, or zero, Lebesgue measure in R according to whether the integral 1,
diverges, or converges, respectively, where

Liy = / h*y(h)dh.
0
(2) Let us assume that the integral 1,, y is convergent. Then, the parameter

+1)logh
On,p = limsup (n+1)log

oo —logy(h)
is bounded above by one. Moreover, if the parameter 6,y is positive, then the set Wy, y, satisfies

dimyg W,y = O,y  and W,y € GO (R).

Proof. In order to prove (1), we begin by observing that the set %, ;, may be approximated
with the help of the sets F, defined by (7.1) when the underlying system (A, H) is equal to
(A, Hy) and the function ¢ is chosen appropriately. Indeed, for any integer k > 1, let ¢y
denote the function defined for all 1 > 0 by @(17) = ¥(kn"/**D). Note that, the larger k, the
smaller F, . We then have

()L Fyy S Uiy Py, (7.23)
k=1
Indeed, let x denote a point in the left-hand side and let k be chosen as any integer larger
than or equal to (1 + [x| + ¢(0))". Since the point x belongs to the set F,,, there are infinitely
many points a in A, such that

lx = al < @r(Hn(a)) = Y (k Ha(a)"/ ")

However, the function ¢ is nonincreasing and the integer k is bounded below by (1+|x|+1(0))",
and thus by (1 + |a])". Hence, we have

v = al < (1 +la)" Hy(a)"/"*Y) = (H(a))

for infinitely many points a in A, so that x is in %, y. Furthermore, in that situation, since
the inequality |x — a| < ¢(H(a)) holds for infinitely many points a in A, we deduce that

v —al < p(H(@)) = P((1 + |al)" Ha(@) ") < p(Ha(@)"/*) = p1(Ha(a)),
again because the function 1 is nonincreasing, so that the point x belongs to the set F,, in the
right-hand side of (7.23).

We may now finish the proof of (1). Thanks to (7.23), it suffices to prove that the set F,
has Lebesgue measure zero in R when the integral I, y, converges, and that all the sets F,,,
for k > 1, have full Lebesgue measure in R when the integral diverges. However, a simple
change of variable implies that

°° n+1 [% n+1
o= [ pnan="ot [ weman= 2o, 720

so we conclude with the help of Theorem 7.1(1) and the fact that (A,, H,) is an optimal
regular system in R by virtue of Theorem 7.5.

Let us now turn our attention to the proof of (2). We suppose that the integral I, y is
convergent. Then, adapting the proof of Theorem 7.4(2), we easily establish that 6,y is
bounded above by one, and that

s < Qn,lp Sl In,lps =00
s > Qn,lp il In,lps < 00.
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As a consequence, if 0,y is positive, then (7.20) holds here as well for ¢. = (wa/ where
k denotes an arbitrary positive integer. Applying Theorem 7.1(3), we infer that for any
t >1,thesetF o has Hausdorff dimension 1/t and belongs to the class GY{(R). Choosing
t =1/0y,y, we deduce that all the sets F,, have Hausdorff dimension 6,y and belongs to
the class GO v (R). We conclude with the help of (7.23). Indeed, on the one hand, the set
Ay, is contained in the set Fy,, thereby having Hausdorff dimension at most 0, y. On the
other hand, the set %, 4 is a Gs-set that contains the intersection over all k € N of the sets Fy,,,
which all belong to the class G%#(R). Hence, Theorem 5.1 and Proposition 5.1(1) imply that
the set 2, y also belongs to G%#(R). In particular, its dimension is at least O, . m]

Theorem 7.6(1) is due to Beresnevich [2] and the dimensional result in Theorem 7.6(2)
was obtained by Baker and Schmidt [1]. We shall give a more precise description of the size
and large intersection properties of the set %, y in Section 10.3 below. We shall also discuss
therein the connection with Koksma’s classification of real transcendental numbers.

Let us mention that Bugeaud [9] obtained an analog of Theorem 7.5 for the set of real
algebraic integers, that is, the real algebraic numbers whose minimal defining polynomial
over Z is monic. In what follows, A’ denotes the subset of A formed by the real algebraic
integers, and A, denotes the intersection A’ N A, that is, the set of all real algebraic integers
with degree at most n.

Theorem 7.7 (Bugeaud). For any integer n > 2, the pair (A}, H,_1) is an optimal regular system in
R.

Combining Theorem 7.7 with the above methods, we may describe the elementary size
and large intersection properties of the set 2, " defined as that obtained when replacing A,

by A/, in (7.22), namely,
W, ={xeR|lx—al < p(H(@) forim acAhl}.

To be precise, adapting the proof of Theorem 7.6, one easily checks that for any integer n > 2
and any positive nonincreasing continuous function ¢ defined on the interval [0, o), the set
A " has full, or zero, Lebesgue measure in R according to whether the integral

Loty = / () di
0

diverges, or converges, respectively. Moreover, if the latter integral is convergent, then the set
A " has Hausdorff dimension equal to

_ nlogh
Gn—l,lP = 1112’1 sup w,

provided that this parameter is positive, and moreover it belongs to the large intersection
class G714 (R).






CHAPTER 8

Transference principles

8.1. Mass transference principle

We begin by recalling the main results of Chapter 4, and shedding new light thereon. Let 1
be a countably infinite index set, let (x;, 7;)icr be an approximation system in the sense of
Definition 4.1, and let F; be the sets defined by (4.1), namely,

Ft:{xeRd||x—xi|<rf fori.m.ief}.

Moreover, let U denote a nonempty open subset of R4, According to Definition 4.2, the family
is a homogeneous ubiquitous system in U if the set F; has full Lebesgue measure in U. In
that situation, Theorem 4.1 shows that for any real number ¢ > 1,

In fact, the set F; N U has positive Hausdorff measure with respect to the gauge function
r + r%/t|log r|. Thus, the mere fact that the set F; has full Lebesgue measure in U yields an
a priori lower bound on the Hausdorff dimension of the sets F;, which are smaller than F;
when t is larger than one.
We adopt a new perspective on this result by considering from now on that the set defined
by
S((xi,ri)ier) = {x eRY||x — x| <7; forim.ieTI} (8.1)
is that on which we seek an estimate on the size. In the above notations, this set coincides
with the set F1. However, for any real number ¢ > 1, this set also coincides with the set F;

associated with the underlying family (x;, rl.l/ t)ie 7, which is an approximation system as well.

In that new situation, Theorem 4.1 ensures that if the family (x;, rl.l/ t)ie 7 is a homogeneous
ubiquitous system in U, that is, if
for £L%ae.xelU 3Jim.iel lx — xi| < rz.l/t, (8.2)

then the set §((x;, 7i)icr) has positive Hausdorff measure in the open set U with respect to
the gauge function r — r%/f|log r|, so in particular

dimi(§((x, rier) N1U) 2 .

d/t

A further way to recast this result is to let ¢ denote the gauge function r — r%/*, to rewrite

the assumption (8.2) in the form

LYUN F((xi, i)Y )ier)) = 0, (8.3)

where the involved set is defined as in (8.1), and to reinterpret the conclusion as the fact that
the set &((x;, ri)ier) has positive Hausdorff measure in U with respect to the gauge function
r +— g(r)|log r|. Note that the gauge function g is d-normalized in the sense of Definition 2.9,
because g coincides on the interval (0, co) with its d-normalization g4, defined by (2.9). Thus,
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the condition (8.3) still holds when g is replaced by g,. In that situation, the approximation
system (x;, 7;)ier Will be called g-ubiquitous, in accordance with the following definition.

Definition 8.1. Let 7 be a countably infinite index set, let (x;, 7;)icr be an approximation
system in R? x (0, o), let ¢ be a gauge function and let U be a nonempty open subset of R%.
We say that (x;, 7;)icr is a homogeneous g-ubiquitous system in U if the following condition
holds:

LU N\ F((xi, ga(ri))ier)) = 0.

The latter condition means that for Lebesgue-almost every point x in the open set U, the
inequality |x — x;| < gd(ri)l/ 4 holds for infinitely many indices i in J. Hence, the previous
definition may be seen as an extension of that of a homogeneous ubiquitous system. In fact,
according to Definitions 4.2 and 8.1, respectively, an approximation system is a homogeneous
ubiquitous system in some nonempty open set U if and only if it is homogeneously ubiquitous
in U with respect to any gauge function whose d-normalization is r > 7.

Remarkably, Beresnevich and Velani [5] managed to extend the above approach to any
gauge function g, and also improved the above conclusion. Specifically, they established the
following mass transference principle for the sets defined by (8.1).

Theorem 8.1 (Beresnevich and Velani). Let I be a countably infinite index set, let (x;, t;)icr be an
approximation system in RY x (0, 00), let ¢ be a gauge function and let U be a nonempty open subset
of R9. If (x;, 1:)icr is a homogeneous g-ubiquitous system in U, then for every nonempty open subset
VofU,

H3(F((xi, ridier) N V) = H3(V).

A few words on the proof. Some of the ideas supporting Theorem 8.1 are similar to those
developed in the proof of Theorem 4.1 above. However, Theorem 4.1 being essentially
concerned with Hausdorff dimension only, its proof does not require as much accuracy as
in the proof of Theorem 8.1, where Hausdorff measures associated with arbitrary gauge
functions are considered. The proof of Theorem 8.1 is therefore somewhat technically involved.
Consequently, we omit it from these notes, and we refer the reader to Beresnevich and Velani’s
paper [5].

We just mention that Theorem 8.1 is a straightforward consequence of Theorem 2 in [5],
except that Beresnevich and Velani only considered d-normalized functions. However, this
assumption may easily be removed with the help of Propositions 2.10 and 2.15. Indeed, let us
suppose that Theorem 8.1 holds for d-normalized gauge functions. Then, let ¢ be an arbitrary
gauge function such that the approximation system (x;, 7;)ic7 is homogeneously g-ubiquitous
in U. It is clear from Definition 8.1 that the system is also gs-ubiquitous, where g; denotes
the d-normalization of g. Applying Theorem 8.1 to the d-normalized gauge function g;, we
infer that for every nonempty open subset V of U,

H34(F((xi, ri)ier) N V) = H3(V).
Thanks to Proposition 2.10, we may then compare the Hausdorff measures H8 and H$,
thereby deducing that
H3(V)

K

HE(F((xi, 1i)ier) NV) >

where « is given by Proposition 2.10. There are now essentially three different possible
situations, depending on the value of the parameter {, defined by (2.13). The case where {,
vanishes is trivial: Proposition 2.15(3) ensures that the Hausdorff measure H¢ vanishes, and
the conclusion of Theorem 8.1 clearly holds. Now, if {; is infinite, then Proposition 2.15(1)
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ensures that H¢(V) is infinite, and so that
HE(F((xi, ri)ier) N V) = H(V) = oo.

In the remaining case where {, is both positive and finite, we have g;(r) < 2€grd forallr >0,
so that the approximation system (x;, #;)icr is homogeneously ubiquitous in U with respect
to the gauge function r — 2{,r. By virtue of Proposition 4.4, we may remove the constant
2, in that property, specifically, (x;, 7i)icr is homogeneously ubiquitous in U with respect to
r + r?. This means that the set F((x;, 7;)icr) has full Lebesgue measure in U. We conclude
with the help of Proposition 2.15(2), which ensures that H¢ is a multiple of the Lebesgue
measure. |

Theorem 8.1 is remarkable because of its universality. It can in fact be applied to many
approximation systems arising in metric number theory and probability; we shall give several
examples in Chapters 10 and 11. However, our approach relies on the notion of describability
introduced in Chapter 9, and at heart on the large intersection transference principle discussed
in Section 8.2. Hence, the mass transference will never be used per se in what follows. The
general philosophy behind this result is that it enables one to automatically convert a property
concerning the Lebesgue measure of a limsup of balls to a property concerning the Hausdorff
measure of a similar set where the balls are dilated. This leads in particular to a full description
of the size properties of limsup of balls for which the description of the Lebesgue measure is
known.

8.2. Large intersection transference principle

The purpose of this section is to give an analog of the mass transference principle for large
intersection properties. In the spirit of Theorem 8.1, this result leads to a very precise
description of the large intersection properties of a limsup of balls in terms of arbitrary
gauge functions. Accordingly, we first need to introduce large intersection classes that are
associated with arbitrary gauge functions, thereby generalizing the original classes introduced
by Falconer and presented in Section 5.1. We adopt the same viewpoint as in the definition
of the localized classes G°(U), namely, Definition 5.2. In particular, the generalized classes
are defined with the help of outer net measures; these are built in terms of general gauge
functions and coverings by dyadic cubes.

8.2.1. Net measures revisited

We recall from Section 2.6.3 that a dyadic cube is either the empty set or a set of the form
A =271 (k +[0,1)%), with j € Z and k € Z¢, and that the collection of all dyadic cubes is
denoted by A. We restrict ourselves to gauge functions that are d-normalized in the sense of
Definition 2.9. Under this assumption, the resulting outer net measures satisfy additional
properties that are in fact necessary to an appropriate definition of the generalized classes.

If ¢ denotes a d-normalized gauge function, the set of all real numbers ¢ > 0 such that g
is nondecreasing on [0, ¢] and r — g(r)/r? is nonincreasing on (0, ¢] is nonempty. We may
thus define ¢, as the supremum of this set, and next A, as the collection of all dyadic cubes
with diameter less than ¢,. We then consider the premeasure g o | - | Ag that sends each set A
in Ag to g(JA]), and Theorem 2.2 allows us to define similarly to (2.3) the outer measure

ME = (g ol Ia)

resulting from coverings by dyadic cubes with diameter less than «¢,.

The outer measure MS, provides a lower bound on the corresponding net measure
M8, which is defined by (2.11) and is comparable with the Hausdorff measure H?$, see
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Proposition 2.11. As a consequence, there is a real number x > 1 independent on g such that
for any set E C RY,

x HE(E) > ME(E). (8.4)

Recall that the outer net measures M3, defined by (5.1) for s € (0, d], played a crucial role
in the characterization of Falconer’s classes and the definition of their localized counterparts
G°(U), see Theorem 5.2 and Definition 5.2, respectively. These outer measures are actually
an instance of the above construction. Specifically, for any s € (0,d], the gauge function
r + r° is clearly d-normalized and the parameter ¢,.,s is infinite. Hence, the collection
Apsys coincides with the whole A, from which it follows that MZ7" is merely equal to Mg,.
The outer measures Mfo thus extend naturally those used in Chapter 5; this hints at why
they will play a key rdle in the definition of the generalized large intersection classes.

Finally, it is useful to point out that the value in each dyadic cube of the MS,-mass of
Lebesgue-full sets has a very simple expression.

Lemma 8.1. For any d-normalized gauge function g, any dyadic cube A in Ag, and any subset F of
R4, the following implication holds:
LA =0 = MIFnA) =g

Proof. The proof borrows some ideas from that of Lemma 5.1. First, the intersection set F N A
is obviously covered by the sole cube A, so that

ME(F N A) < g(AD.

In order to prove the reverse inequality, let us consider a covering (1, ),>1 of the intersection
set F N A by dyadic cubes with diameter less than ¢,. If A is contained in some cube A,,, the
fact that g is nondecreasing on [0, ¢;) implies that

g(A) < g(AuD < > 8(IA).

n=1

Otherwise, we observe that the cubes A, C A suffice to cover the set F N A. Along with the
fact that the mapping r — g(r)/r? is nonincreasing on (0, &), this yields

Sostaz Y S s S0 S e = 8 S ray
n=1

n>1 |/\n|d |A|d n>1 |/\|d n>1
AncCA AncA AnCA
g (A 1d pd g(A]) d rd

> FNA)= A) = g(JA]).
i LE ) = SR = g

Here, «’ stands for the diameter of the unit cube of R?, which depends on the choice of the
norm. We conclude by taking the infimum over all coverings (A, ),>1. O

The previous result may be used to express the M3,-mass of dyadic cubes in terms of their
diameters. As a matter of fact, using the notations of Lemma 8.1, if the set F is chosen to be
the cube A itself, or its interior, we get

ME(A) = ME(intA) = g(AD), (8.5)

a formula which extends Lemma 5.1 to any d-normalized gauge function. Likewise, all the
ancillary lemmas from Section 5.3.1 may be extended to such gauge functions; we refer to [18]
for precise statements, see in particular Lemmas 10 and 12 therein.
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8.2.2. Generalized large intersection classes

We are now in position to define the large intersection classes that are associated with general
gauge functions. We defined those classes in [18], and we refer to that paper for all the proofs
and details that are missing in the presentation below. As mentioned above, there is a lineage
with the definition of the localized classes G°(U), see Definition 5.2.

We write h < g to indicate that two d-normalized gauge functions ¢ and & are such that
the quotient // ¢ monotonically tends to infinity at zero, that is,

h(r
h<g = lim T hlr) = 00
rlo - g(r)
This means essentially that /1 increases faster than ¢ near the origin. Note that ¢ may vanish
in a neighborhood of zero; in that situation, we adopt the convention that & < ¢ for any choice
of h, even if h also vanishes near zero.

Definition 8.2. For any gauge function g and any nonempty open subset U of RY, the class
G3(U) of sets with large intersection in U with respect to g is the collection of all Gs-subsets F of
R? such that

ME(ENV) = ME(V) (8.6)
for any d-normalized gauge function h satisfying 1 < g4, where g denotes the d-normalization
of g defined by (2.9), and for any open subset V of U.

Note that the class G$(U) associated with a given gauge function g coincides with
that associated with its d-normalization, namely, the class G$(U). One may therefore
restrict oneself to d-normalized gauge functions when studying large intersection properties.
Moreover, if two gauge functions are such that their respective d-normalizations match near
the origin, the corresponding classes coincide.

With a view to detailing the connection with the localized classes G°(U), we associate
with any gauge function ¢ the following dimensional parameter s,.

Definition 8.3. Let ¢ be a gauge function with d-normalization denoted by g,;. The dimension
of the gauge function g is the parameter defined by
Sg = sup {s €0,d]|(r—>r’) < gd},
with the convention that the supremum is equal to zero if the inner set is empty.
Obviously, we have s, = min{s, d} if the gauge function g is of the form r - r°, with

s > 0. The relationship between the generalized classes G3(U) and the original classes G*(U)
is now detailed in the next statement.

Proposition 8.1. For any gauge function g with dimension satisfying s, > 0 and for any nonempty
open subset U of R?, the following inclusion holds:
g#U) c g=(U).
In particular, for any set F in GE(U) and for any nonempty open set V.C U,
dimp(FNV) > s and dimp(FNV) =d.
Moreover, the left-hand inequality above still holds if s, vanishes.

Proof. Let us assume that s, is positive and let us consider a set F in the class G¢(U). First,
F is a Gg-subset of R?. Then, for any s € (0,sg), we have (r — r°) < g4, and Definition 8.2
implies that

M (ENV) = M (V)
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for any open subset V of U. Recalling that the outer measure MZ;>"" is identical to the outer
measure M3, defined by (5.1), we deduce from Definition 5.2 that the set F belongs to the
original localized class G® (U).

Moreover, applying Theorem 5.3 and Proposition 5.2, we deduce that the set F has
Hausdorff dimension at least s; and packing dimension equal to d in every nonempty open
subset V of U. Finally, in view of Definition 8.2, any set in the class G¢(U) has to be dense in
U. Therefore, the Hausdorff dimension of F N V is necessarily bounded below by zero, that
is, by s; when this value vanishes. m]

Choosing U equal to the whole space RY, we clearly deduce from Proposition 8.1 a
statement bearing on Falconer’s original classes G*(R?). In addition, as easily seen for instance
musing on the examples discussed in Chapters 10 and 11, the inclusion appearing in the
statement of Proposition 8.1 is strict.

Let us now briefly discuss the case in which the gauge function g has a d-normalization
g4 that vanishes in a neighborhood of zero. The d-normalized gauge function that is constant
equal to zero is denoted by 0; let us mention in passing that its dimension clearly satisfies
Sp = d.

Proposition 8.2. For any nonempty open set U C R, the large intersection class GO(U) is formed by
the Gs-subsets of R? with full Lebesgue measure in U.

Proof. Let us consider a Gs-subset F of R with full Lebesgue measure in U. Lemma 8.1,
combined with (8.5), ensures that for any d-normalized gauge function g and any dyadic
cube A in A, that is contained in U,

ME(F N A) = g(A) = MEQ).

We finally conclude that F belongs to the class G%(U) thanks to the extension of Lemma 5.2 to
arbitrary d-normalized gauge functions, see [18, Lemma 10].

Conversely, let us consider a set F in the class G°(U). First, F is necessarily a Gs-set.
Moreover, we know that (8.6) holds in particular for the d-normalized gauge function r + 4
and for all open balls B(x, r) contained in U. Using (8.4) and (8.6), and letting "’ be the
constant appearing in Proposition 2.14, we get

xk”’ LYF NB(x, 7)) = kHYE N B(x,r)) > ML(FNB(x, ) = ML(B(x, ).

We consider a nonempty dyadic cube A with minimal generation that is contained in B(x, 7),
and we know from the proof of Proposition 7.2 that |A| > c r for some ¢ > 0 depending on the
choice of the norm only. Lemma 5.1 then yields
d Ay = A1 > 44 — c! d
MGB(x, 7)) > ME(A) = A" > crf = 780, 1))1: (B(x, 1)),
where the last equality follows from fact that the Lebesgue measure is translation invariant
and homogeneous with degree d with respect to dilations. Hence,

LYFNB(x, 1)) S c? 0
LAB(x,r)  — xx”L4(B(0,1))

for any open ball B(x, r) contained in U. It follows from the Lebesgue density theorem that F
has full Lebesgue measure in U, see [46, Corollary 2.14]. m|

The various remarkable properties of the large intersection classes G&(U) naturally extend
those satisfied by Falconer’s classes, see Section 5.1. We begin by stating the properties that
follow immediately from the definition. The next result may be seen as a partial analog of
Proposition 5.1; in its statement, ® stands for the collection of all gauge functions.
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Proposition 8.3. Let g be a gauge function with d-normalization denoted by g4, and let U be a
nonempty open subset of R%.

(1) Any Ggs-subset of RY that contains a set in G8(U) also belongs to GS(U).
(2) The following equalities hold:

gl = () gsW) and g = () G"W.
o

A few words on the proof. All the properties are essentially immediate from the definition
of the generalized large intersection classes, and the proof is therefore omitted here. We
just mention as a hint to the interested reader that if ¢ and & denote two d-normalized
gauge functions such that 1 < g, then /gl is a d-normalized gauge function that satisfies

h<+gh<g. mi

The next result extends Theorem 5.1 to the large intersection classes G$(U), thereby
showing that they enjoy the same stability properties as Falconer’s classes.

Theorem 8.2. Let g be a gauge function with d-normalization denoted by g4 and with dimension
denoted by s, and let U be a nonempty open subset of R%. The following properties hold:

(1) the class G38(U) is closed under countable intersections;
(2) for any bi-Lipschitz transformation f : U — R? and any set F C R,

Fegs(fU) = fUFegdU);
(3) for any set F in the class G3(U) and for every gauge function h,
hg<gs =  HMEnU)=H"U).

A few words on the proof. The result corresponds to Theorem 1 in [18], so we refer to that
paper for the whole proof. Let us just mention that the statement in [18] only addresses the
d-normalized gauge functions g for which the parameter £, defined by (2.13) is positive. In
that situation, note that the Hausdorff 1-measure of the set F N U that appears in (3) is actually
infinite, as a consequence of Propositions 2.12 and 2.15. Furthermore, the normalization
assumption made in [18] may easily be dropped with the help of Proposition 2.10. In addition,
Theorem 8.2 clearly holds for £, = 0. Indeed, in that situation, the gauge function g vanishes
near zero and Proposition 8.2 ensures that the class G$(U) is formed by the Gs-sets with full
Lebesgue measure in U. All the properties are thus satisfied, even (3) which may be obtained
with the help of Propositions 2.12 and 2.15. m]

A plain consequence of Theorem 8.2 is that if (F;),>1 is a sequence of sets in G&(U) and if
h is a gauge function, then

= H"(U). 8.7)

n=1

ha < g4 = Wh(ﬂFnﬂU

Thanks to Proposition 2.15, the latter equality may be rewritten in various alternate forms
depending on the value of the parameter ¢, defined as in (2.13). In addition, (8.7) implies
that the intersection of all the sets F, has Hausdorff dimension bounded below by s, and
this bound is clearly attained if one of the sets has Hausdorff dimension at most s.

8.2.3. The transference principle

Now that the classes associated with arbitrary gauge functions have been defined, we may
state the large intersection analog of Theorem 8.1, specifically, the mass transference principle
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dealt with in Section 8.1. While the latter result discusses the size properties of the set
&((xi, ri)ier) defined by (8.1), the next statement concerns its large intersection properties.

Theorem 8.3. Let I be a countably infinite set, let (x;,1;)ier be an approximation system in
R? x (0, ), let g be a gauge function and let U be a nonempty open subset of R%. If (x;, )icr isa
homogeneous g-ubiquitous system in U, then

((xi, ri)ier) € G3(U).

A few words on the proof. The result is a straightforward consequence of Theorem 2 in [18];
we refer to that paper for a comprehensive proof. Similarly to the mass transference principle,
some ideas supporting Theorem 8.3 are analogous to those developed in the proof of
Theorem 4.1 above, and also that of Theorem 5.4 which is more specifically concerned with
large intersection properties. O

Just as the mass transference principle extends Theorem 4.1 to arbitrary Hausdorff
measures, the above large intersection transference principle may be seen as an extension of
Theorem 5.4. As a matter of fact, let (x;, 7;);cr denote a homogeneous ubiquitous system
in U in the sense of Definition 4.2. Thus, for any real number ¢t > 1, the family (x;, T’f)ie 7 is
homogeneously ubiquitous in U with respect to the gauge function r + r%/f. Theorem 8.3
then ensures that the set F; defined by (4.1) is a set with large intersection in U with respect
to the same gauge function. This gauge function clearly has dimension equal to d/t, so we
deduce with the help of Proposition 8.1 that the set F; belongs to Falconer’s class G4/ (U),
which is exactly the conclusion of Theorem 5.4.

Furthermore, the large intersection transference principle nicely complements the mass
transference principle: under similar hypotheses, it shows that the size properties of sets
of the form (8.1) are in fact stable under countable intersections and bi-Lipschitz mappings.
Also, due to Proposition 8.3(2) and Theorem 8.2(3), it implies that for any gauge function h
and any nonempty openset V C U,

ha<ga = H'&((xi,1i)iecr) N V) = H" (V).

If £, > 0, both sides are infinite by Proposition 2.15(1), because h(r)/ r4 then necessarily tends
to infinity as r goes to zero. In this case, we may not apply the above implication with h
being equal to g, thereby failing narrowly to recover the conclusion of the mass transference
principle, specifically,
HE(F((xi, 1i)ier) N V) = HE(V).

However, we may often in practice circumvent this problem and, through the notion of
describability introduced in Chapter 9, the large intersection transference principle will be
sufficient to describe both size and large intersection properties of limsup of balls for which
the description of the Lebesgue measure is known. We shall apply this principle to the many
examples studied in Chapters 10 and 11.



CHAPTER 9

Describable sets

Our purpose is to combine the mass and the large intersection principles discussed in
Sections 8.1 and 8.2, respectively, and place them in a wider setting that we now define. This
framework aims at describing in a complete and precise manner the size and large intersection
properties of various subsets of R that are derived from eutaxic sequences and optimal
regular systems, thereby being relevant to the applications already discussed in Chapters 6
and 7.

Note that the size and large intersection properties of Lebesgue-full sets are easily described
as follows. Let E be a Borel subset of R? and let U be a nonempty open subset of R?. If E has
full Lebesgue measure in U, then Proposition 2.15 ensures that for any gauge function g and
any nonempty openset V C U,

HE(ENV)=HIWV).

Furthermore, under the stronger assumption that E admits a Gs-subset with full Lebesgue
measure in U, Propositions 8.2 and 8.3(2) imply that for any gauge function g and any
nonempty open set V C U,

JF e G3(V) FCE.

The above description of the size and large intersection properties of Lebesgue-full sets being
both precise and complete, we shall exclude such sets from our analysis.

Our framework will enable us to achieve a similar description for some Lebesgue-null sets.
The collection of all Borel subsets of R that are Lebesgue-null in the open set U is denoted by
Z(U), specifically,

ZU)={Ee 8| LUENU) =0},
where B is the Borel o-field, in accordance with the notation initiated in Section 2.4. The
starting point is the notion of majorizing and minorizing collections of gauge functions that
we now introduce.

9.1. Majorizing and minorizing gauge functions

Let E be a set in Z(U). On the one hand, Proposition 2.15 ensures that for any gauge function

8,
ly < o0 - HE(ENU) =0,

where {, is defined by (2.13). Studying what happens for the other gauge functions, namely,
those belonging to the set

6= = {g €|l = co}

gives rise to the following notion of majorizing gauge function.

171
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Definition 9.1. Let U be a nonempty open subset of R? and let E be a set in Z(U). We say
that a gauge function g € ® is a majorizing for E in U if

H3(ENU)=0.
Such gauge functions form the majorizing collection of E in U, denoted by M(E, U).

It is plain from Proposition 2.10 that a gauge function ¢ € ®* is majorizing for E in U if
and only if its d-normalization g, satisfies the same property. Also, as a simple example, let
us point out that

E N U countable = ME,U) = 6=, 9.1)

because a countable set has Hausdorff g-measure zero for any gauge function g.

On the other hand, Proposition 8.2 shows that a Gs-subset of R? with Lebesgue measure
zero in U cannot belong to the large intersection class G°(U), and therefore cannot belong to
any of the classes G¢(U) for which £, = 0. Similarly to the previous definition, looking at the
other gauge functions, specifically, those in the set

O ={g€®|l; €(0,00]}

results in the following notion of minorizing gauge function.

Definition 9.2. Let U be a nonempty open subset of R? and let E be a set in Z(U). We say
that a gauge function g € ®* is a minorizing for E in U if

JF e G¢(U) FCE.
Such gauge functions form the minorizing collection of E in U, denoted by m(E, U).

Similarly to what happens for majorizing gauge functions, a gauge function ¢ € ®" is
minorizing for E in U if and only if g, is; this follows from Definition 8.2. Moreover, if E is a
Ge-set for which g is minorizing in U, it follows from Proposition 8.3(1) that E belongs to the
class G8(U). Finally, we now have

E N U countable - m(E,U) =0, (9.2)

because any set with large intersection in U is a dense Gs-set there, and cannot be contained
in a countable set by the Baire category theorem.

We now detail the basic properties of the majorizing and minorizing collections. As shown
by the next result, their structure is reminiscent of that of two intervals of the real line whose
intersection is at most a singleton.

Proposition 9.1. Consider a nonempty open set U C R, a set E in Z(U), and two gauge functions
g and h with d-normalizations such that gg < hg. Then,

gEME,U), he® = heME,U)\ m(E,U)
hem(E,U) = gem(E, U)\ME,U).

Proof. Let us suppose that g is majorizing for E in U and that h € ®*. By virtue of
Proposition 2.10, the same property holds for its d-normalization g;. Proposition 2.12 then
ensures that /14 is also majorizing. We conclude by Proposition 2.10 again that / is majorizing
as well. Furthermore, if i were minorizing, /; would be minorizing too, and Theorem 8.2(3)
would finally contradict the fact that g; is majorizing.

Assume now that / is minorizing for E in U. Then, ¢, > 0, and the assumption g; < hy
implies that £, = co. Proposition 8.3(2) shows that g is also minorizing. Finally, Theorem 8.2(3),
combined with Proposition 2.15 and the fact that {; is infinite, implies that ¢ cannot be
majorizing. O
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The next result enlightens the monotonicity properties of M(E, U) and m(E, U) when
regarded as two functions defined on the set of pairs (E, U) such that U is a nonempty open
subset of R? and E is a set in Z(U).

Proposition 9.2. The majorizing and minorizing collections satisfy the following monotonicity
properties:
(1) the mappings E v I(E, U) and U +— IN(E, U) are both nonincreasing;
(2) the mappings E — m(E,U) and U — m(E,U) are nondecreasing and nonincreasing,
respectively.

Proof. The properties on the majorizing collection hold because Hausdorff measures are
outer measure. Moreover, E — m(E, U) is nondecreasing because of Definition 9.2, and
U — m(E, U) is nonincreasing due to Proposition 8.3(2). m]

Let us now turn our attention to the behavior under countable unions and intersections of
the majorizing and minorizing collections.

Proposition 9.3. Let us consider a nonempty open subset U of R%. Then, for any sequence (Ey,)u»1

in the collection Z(U),
= ﬂsm(En,U) and m (ﬂ E,, U
n=1 n=1

M (O E,, U
n=1

= ﬁ m(E,, U).
n=1

Proof. The property satisfied by the majorizing collection results from the fact that Hausdorff
measures are outer measure. The property concerning the minorizing collection is a
consequence of the stability under countable intersections of the generalized large intersection
classes, see Theorem 8.2(1). O

9.2. Openness

With a view to pursuing our investigation of the majorizing and minorizing collections, we
need to introduce a definition concerning subsets of gauge functions; the chosen terminology
should not refer to any topological property but only comes from the aforementioned analogy
with intervals of the real line.

We begin by remarking that for any d-normalized gauge function g € ®*, we may build a
d-normalized gauge function § € ®" satisfying ¢ < ¢ by simply letting

g(r) =+g(r).

Studying whether this property holds for given subsets of & yields the notion of left-openness.
Here and below, ; is the collection of d-normalized gauge functions.
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Definition 9.3. Let $ denote a subset of ®*. We say that the collection $ is left-open if the
following property holds:

Vge®yny JgebsnH g<g.

The whole collection ®* is thus left-open. With a view to defining the symmetrical notion
of right-openness, we begin by observing that if a d-normalized gauge function ¢ € ®*
satisfies {; < oo, then no d-normalized gauge function g € ®* can satisfy ¢ < ¢. To cope with
this issue, we just exclude these gauge functions g, thus restricting ourselves to the set 6.
Indeed, if g is a d-normalized gauge function in ®*, we get a d-normalized gauge function
g € 6= with g < g by defining

g(r) =r"2g(r).
Proceeding as above and considering a similar property for various subsets of >, we end up
with the notion of right-openness.

Definition 9.4. Let $ denote a subset of ®*. We say that the collection $ is right-open if the
following property holds:

Vge®yny Jg€ebGynH g<g.

Clearly, the above constructions ensure that the collection &> is both left-open and right-
open. The connexion with majorizing and minorizing collections comes from the following
observation that may easily be established by combining Proposition 9.1 with the previous
arguments: a majorizing collection is always right-open and a minorizing collection is always
left-open. The next result shows that further properties arise when these collections are both
left-open and right-open.

Proposition 9.4. Let us consider a nonempty open subset U of R? and a set E belonging to the
collection Z(U).
(1) If the collection MM(E, U) is left-open, then for any gauge function g in MM(E, U) and for any
nonempty open subset V of U,

VF € G8(V) FZE,

and as a consequence,
ME,U) € 6"\ m(E, U).
(2) If the collection m(E, U) N & is right-open, then for any gauge function g in m(E, U) N G
and for any nonempty open subset V of U,

HE(ENV) = oo,

and as a consequence,
m(E, U) € 6* \ M(E, U).

Proof. To establish the first property, let us consider a majorizing gauge function g. Since g4
is also majorizing, the left-openness ensures that there is a majorizing gauge function g € G4
such that ¢ < g5. Now, given a nonempty open set V' C U, let us assume that E contains
a set F € G8(V). By Theorem 8.2(3) and Proposition 2.15, the set F has infinite Hausdorff
g-measure in V, which contradicts the fact that ¢ is majorizing. Hence, E cannot contain any
setin G8(V). Choosing V equal to U, we deduce that g is not minorizing.

Similar arguments lead to the second property. Specifically, if ¢ denotes a gauge function
inm(E, U) N ©*, its d-normalization g; belongs to the same collection and the right-openness
yields a minorizing gauge function g € ; N 6> with g4 < g. The class G£(U) thus contains

aset F C E. Now, let V be a nonempty open subset of U. Proposition 8.3(2) shows that F



9.3 Describability 175

is in the class G%(V). Theorem 8.2(3) and Proposition 2.15 then imply that F has infinite
Hausdorff g;-measure in V. Finally, the set E has infinite Hausdorff g-measure in V, owing
to Proposition 2.10. Choosing V' = U, we conclude that g is not majorizing. m]

As a consequence of Proposition 9.4, if either of the collections M(E, U) and m(E, U) N G
is simultaneously left-open and right-open, then

IMM(E,U)nm(E, U) =0,

meaning that no gauge function can be majorizing and minorizing at the same time. Under
the stronger assumption that both collections are left-open and right-open simultaneously,
Propositions 2.15 and 9.4 directly yield the next statement.

Corollary 9.1. Consider a nonempty open set U C R and a set E € Z(U), and assume that M(E, U
and m(E, U) N G are both left-open and right-open. Then, for any gauge function g € ®* and any
nonempty open set V.C U,

gEME, UV (6°\6%) =  HEENV)=0
g € m(E, U)N 6B~ —  HI(ENV)=oo

and

gEME,U) = VFeGs(V) FCE
g em(E, U) = dFeG8(V) FCE.

We shall thus be able to describe precisely the size and large intersection properties of a
given set E, once we know which gauge functions are majorizing and which are minorizing.
Hence, an important question is to determine whether all gauge functions are either majorizing
or minorizing for E.

9.3. Describability

In the ideal situation where we know that every gauge function is either majorizing or
minorizing, the description of the size and large intersection properties of a set will be both
precise and complete; we shall then say that the set if fully describable. A further question is to
establish a criterion to determine whether a given gauge function is majorizing or minorizing;
this will lead to the notions of n-describable and s-describable sets that are detailed afterward.
As shown in Sections 9.4 and 9.5, these notions are naturally connected with those of eutaxic
sequence and optimal regular system.

9.3.1. Fully describable set

To be more specific, we define the notion of fully describable set in the following manner.

Definition 9.5. Let U be a nonempty open subset U of R? and let E be a set in Z(U). We say
that the set E is fully describable in U if

6= CM(E, U)um(E, U),
that is, if every gauge function g for which  is infinite is either majorizing or minorizing in
U for the set E.

Obviously, the notion of fully describable set is only relevant to the setting of sets with
large intersection. For instance, the middle-third Cantor set K has positive Hausdorff measure
in the dimension s = log2/log 3, see the proof of Proposition 2.18. Thus, the gauge function
r +— r® cannot be majorizing for K in (0, 1). Furthermore, as already observed in Section 5.1,



176 Describable sets

the set K cannot contain any set with large intersection. In particular, the previous gauge
function cannot be minorizing either. Hence, the Cantor set K is not fully describable in (0, 1).

If U denotes again an arbitrary nonempty open subset of R, we already discussed a
trivial example of fully describable set in U, namely, the Borel subsets E of R? for which the
intersection E N U is a countable set. We have indeed

™ = M(E, U) Um(E, U),

as an immediate consequence of (9.1) and (9.2). Another situation where full describability
arises is discussed in the next statement.

Proposition 9.5. Let U be a nonempty open subset of R? and let E be a set in Z(U). Then, the
following implication holds:

{ ME,U)=0
m(E, U)\ G # 0

m(E, U) = 6.

In particular, if there exists a minorizing gauge function g such that {g is finite, then the set E is fully
describable in U.

Proof. Let ¢ denote a minorizing gauge function for which ¢, is finite. Since g is minorizing,
{, is also necessarily positive, so the d-normalization g, satisfies

ga(r) ~ &g r as r— 0. (9.3)

Let us now consider a gauge function & such that i < (r — r?). We already observed that
the mapping & defined by
h(r) = r*>\h(r)

is a gauge function satisfying the condition 1 < h < (r + r9). The quotient 1/g, tends to
infinity at zero. Choose ¢ > 0 small enough that g, is positive on (0, €] and both g; and h are
nondecreasing there. Adapting the proof of Proposition 2.10, it is straightforward to check
that the function & defined by

= h(p)
h(r) = ga(r) inf ——
(r) = ga( )0<pg 20)
for 0 < r < ¢, extended by the constant h(e) for € < r < o0, and with /(0) = 0 and h(e0) = oo,

is a d-normalized gauge function that is bounded above by h near zero and satisfies i < g.
On top of that, as g is minorizing, there exists a subset F of E in the class G$(U). Let A C U
be a dyadic cube whose diameter is small enough that A belongs to both A; and A; and

the comparison of the gauges holds below that diameter. In computing Moﬁo(F N A), we may
restrict to coverings by subcubes of A: disjoint cubes may be discarded, and a cube containing

A may be replaced by A without increasing the cost. These subcubes are also admissible for h.
In view of Definition 8.2 and (8.5), we thus obtain

MEE ) = MEFNintA) = ME(int 1) = R(A]).

Furthermore, owing to (9.3), we know that g,(r)/ r? is between {;/2 and 2{; when r is small

enough. In that situation, k(r) is clearly bounded below by & ,(r)/4, where 1, denotes the
d-normalization of /1. This coincides with h(r)/4 again if r is sufficiently small, because the
gauge function /1 is d-normalized. As a consequence, for any dyadic cube A € U whose
diameter is small enough, we have

MEEN ) 2 1 hAD = 3 MEW),
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where the last equality follows from (8.5). Thanks to the respective extensions of Lemmas 5.2
and 5.3 to arbitrary gauge functions, namely, Lemmas 10 and 12 in [18], we deduce that for
any openset V C U,
MEENV) = MEW).

This means that F is a set with large intersection in U with respect to the gauge function
r — r%, and more generally with respect to all gauge functions in ®*. Therefore, all these
gauge functions are minorizing for E in U.

Finally, m(E, U) N > coincides with the whole &, thereby being both left-open and
right-open. Proposition 9.4 then ensures the disjointness of the majorizing and minorizing
collections, which means that M(E, U) must be empty. O

9.3.2. n-describable sets

We now single out an important category of fully describable sets; they are characterized by
the existence of a simple criterion to decide whether a given gauge function is majorizing or
minorizing. This criterion is expressed in terms of integrability properties with respect to a
given measure n that belongs to the collection R defined in Section 6.5.2.

Let us recall that R is the collection of all positive Radon measures 1t on the interval (0, 1]
such that 1 has infinite total mass and (6.35) holds, namely, the proper subintervals of the
form [r, 1] all have finite mass. It is worth pointing out here that the d-normalization g, of an
arbitrary gauge function g is always Borel measurable and bounded on (0, 1]. Also, we shall
use the notation

m@@=4”meW)

and we shall in fact restrict our attention to certain measures in R only, namely, those
belonging to the subcollection

Ry={neR |, r—r) < oo} (9.4)

For any nin R, the gauge functions g ¢ ®" clearly satisfy (1, g4) < co. If nis in Ry, this
property actually holds for all gauge functions ¢ ¢ . Indeed, the parameter {, is then finite,
so that g(r) < £, r? for all » € (0,1]. The finiteness of (n, ¢;) therefore remains undecided
only if g is in ®* ; this motivates the introduction of the set

G = (g € 6| (n, ga) = oo},
along with its complement in $*°, which is denoted by ®(n)C.

Definition 9.6. Let U be a nonempty open subset of RY, let E be a set in Z(U), and let n be a
measure in R;. We say that the set E is n-describable in U if

ME,U)=6mC  and  m(E,U) NG = G(n),
or equivalently if for any gauge function g in 6,
g€ ME,U) — (n, g4) <
{ g em(E,U) = (n, ga) = 0.

It is clear from the definition that if E denotes n-describable set in U, then E is fully
describable in U and the majorizing and minorizing collections are disjoint. We know that
this situation occurs when either of the collections M(E, U) and m(E, U)NG* is simultaneously
left-open and right-open. The following lemma actually implies that both collections are
left-open and right-open at the same time, which will enable us to subsequently apply
Corollary 9.1. It also entails that m(E, U) N ®* is nonempty, meaning that E contains a set
with large intersection.



178 Describable sets

Lemma 9.1. For any measure nin Ry, the following properties hold:

(1) the set ®*\ G(n) is left-open;

(2) the set ®(n) is right-open and nonempty.
In particular, if a set E is n-describable in U, then both collections M(E, U) and m(E, U) N & are
simultaneously left-open and right-open.

Proof. In order to prove (1), let us consider a d-normalized gauge function g € 6" such that
(M, g4) < co. We may build a decreasing sequence (r,),>1 of real numbers in (0, ), with ¢,
being defined in Section 8.2.1, such that for all n > 2,

g(ry) < g(rn—l)e_l/” and /

0<r<ry—1

1
g(r)n(dr) < TP

Note that the sequence (r,,),>1 necessarily converges to zero. Indeed, g(r,,) tends to zero as n
goes to infinity, and the function ¢ is nonvanishing and continuous on (0, ¢¢). Then, for any
n >2and any r € (1, r,-1], let us define

log g(rn-1) — log g(r)

log §(rn-1) —log g(ry)

The function ¢ is nonincreasing and continuous on (0, r1], goes to infinity at zero, and is such
that &(r) € [n,n + 1] forall r € (r,, r,-1] et n > 2. We now define

8(r) = g(r)e(r)

forall v € (0, 71]. Then, forn >2and r, <r <1’ < r,_1, the difference g(r’) — g(r) vanishes if
g(r") = g(r). Otherwise, it is equal to

§(r)&(r’) — g(r)&(r) = (&(r') — &(r)g(r) + E(r)(g(r') — g(r))

Ery=n+

og g(r) ,

> (g(r') - g(r)n|1- —=L.
g(r’) -1 nlo g(rn-1)
Q) & “g(rn)

As a consequence, the function g is nondecreasing on each interval (r,, r,—1]. Since it is
continuous on (0, r1], it is nondecreasing on that whole interval. Furthermore,

/0<r3r1 g(r)n(dr) = Z-/rn«m_l g(r)&(r)n(dr)

S;(n+1)/0

<r<rp-1

1
(n+1)2

< 00

HOLCOEDY
n=2

In particular, g tends to zero at the origin. We thus extend it to a gauge function such that
(n, g, is finite by defining for instance g(r) = g(r1) for all ¥ > r1, as well as g(co) = co. Finally,
¢/ = £ monotonically tends to infinity at zero, so that g is d-normalized and satisfies § < g.
To prove the right-openness in (2), let us suppose that ¢ € ; N 6> and (1, g4) = oo.
Let us define r1 = min{1, ¢¢}/2, and also 0(r) = g(r)/r? for all r € (0,71]. The function

0 is nonincreasing on (0, r1] and tends to infinity at zero. For any n > 2, there exists an
rm € (0, r,-1) with

O(ry) = 6(ry-1)e and / g(ryn(dr) > 1.
T <r<rp-1

The sequence (r,,)n>1 is decreasing and converges to zero, because 0(r,) tends to infinity as n
goes to infinity and because the function 60 is continuous on (0, 1]. For any n > 2 and any
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r € (ry, ru—1], let us then define
N log 6(r) — log O(r,-1)

log O(r,) —log O(ry-1)
We thus obtain a function & which is nonincreasing, continuous and positive on (0, 1], tends
to infinity at zero and satisfies &(r) < n + 1 forall r € (r,, rp—1]. Let us define g(r) = g(r)/&(r)
for all € (0, r1] and extend g to a gauge function by letting for instance g(r) = g(r) for all

&(r)=n

r > r1, as well as g(O) 0 and g(OO) co. Whenn >2and r, <r <1’ <r,_1, the difference
g(r)/r - g(r’)/r’d vanishes if O(r’) = 0(r), and otherwise is equal to
0(r) _ 0(7) _ (6(r) = 0(")E(") + 6(")(E() = E(r))
&(r)y &) E(r)&(r’)
o -0 [, losqs 1

n
’ G(Y) 0(rn)
5(7’)5(7’ ) a0 1 nlog ey

Therefore, the mapping r > g(r)/ r4 is continuous at r, and nonincreasing on the interval

(rn, rn_1] for all n > 2, which implies that g is a d-normalized gauge function. Moreover, g / g
coincides with & near zero, so that g < g. “Finally,

8(r)
‘A<V<r1 g(r) n(dr) Z-/r<r<rn 1 é( ) (d )
22n+1/<< g(r)n(dr)ziﬁ:w,

n=2
from which it follows that (1, 8, ) is infinite. To conclude, it remains to mention that g belongs

to ®; this easily follows from the observation that g(rn) Jrdis equal to O(r,,)/(n + 1), which

is bounded below by 0(r1)e"!/(n + 1) for all n > 1.

The nonemptyness in (2) may be established by formally replacing the gauge function g
above by 1, the indicator function of the interval (0, 1]. Indeed, although 1 is not a gauge
function in the strict sense, it still verifies the next two properties that were crucial in the
previous construction: the mapping r — 1(r)/ rd monotonically tends to infinity at zero; the
integral of 1 with respect to the measure n is infinite. Note that the latter holds because n
belongs to the collection R. We may therefore reproduce the above approach, and we end up
with a gauge function g in ®* such that (n, gd) is infinite. m|

As mentioned above, Lemma 9.1 enables us to apply Corollary 9.1 to the n-describable
sets. This boils down to the next statement, which gives a complete and precise description of
the size and large intersection properties of those sets.

Theorem 9.1. Let U be a nonempty open subset of R?, let E be a set in Z(U), and let n be a measure
in Ry. Let us assume that E is n-describable in U. For any nonempty open set V. C U, the following
properties hold:

(1) for any gauge function g € ® \ G(n),
HI(ENV)=0
VFeG8(V) FZE
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(2) for any gauge function g € G(n),
HE(ENV) =00
dFeGé(V) FCE;

Proof. The property (2) results directly from combining of Lemma 9.1 and Corollary 9.1.
This is also the case of (1) when the gauge function g is in ®*. It remains us to prove (1)
when g is not in ®=. Given that E € Z(U), Proposition 2.15 leads to the first part of (1), and
Proposition 8.2 implies the second part in the situation where £, vanishes. Finally, if ¢ is in 6,
Lemma 9.1 ensures that there is a d-normalized gauge function § < g4 for which (1, g) < .
Necessarily, g is in ®, thus verifying (1). Hence, E N V has Hausdorff g-measure zero, and
we deduce from Theorem 8.2(3) the second part of (1) for the initial gauge function g. O

In the vein of (6.38), we may associate with every measure in the collection R, a parameter
that characterizes its integrability properties at the origin. Specifically, for every measure nin
R4, let us define the exponent

sn =sup{s € (0,d]|(r = r°) € G(n)} = inf{s € (0,d] | (r > 1°) ¢ G(n)}. 9.5)

Note that the right-most set contains 4, so that its infimum is well defined. The left-most set
may however be empty and, in that situation, we adopt the convention that its supremum
is equal to zero. By way of illustration, note that (6.38) implies that the above exponent s,
is equal to d. Restricting Theorem 9.1 to the gauge functions r +— r*, we directly obtain the
following dimensional statement.

Corollary 9.2. Let U be a nonempty open subset of R?, let E be a set in Z(U), and let n be a measure
in Ry. Let us assume that E is n-describable in U. Then, for any nonempty open set V .C U,

dimg(ENV) = sy.
Let us assume that sy > 0. Then, for any nonempty open set V.C U,
dimp(ENV) =d.

Moreover, if E is a Gs-set, it belongs to the large intersection class G (U).

Proof. Let us assume that s,, < d. We deduce from Theorem 9.1(1) that E N V has Hausdorff
s-dimensional measure zero, for any s € (s, d]. Hence, this set has Hausdorff dimension at
most s,. Obviously, this bound still holds if s, = d.

If the parameter s, is positive, Theorem 9.1(2) implies that for any s € (0, s,), there exists a
subset F; of E that belongs to the generalized class G""" (V). Proposition 8.1 then ensures
that each set F; belongs to the original class G°(V) and that its intersection with the open
set V has Hausdorff dimension at least s and packing dimension equal to d. It follows that
E NV has Hausdorff dimension at least s, and packing dimension equal to d. Furthermore, if
E is a Gs-set itself, we choose V = U above and deduce from Proposition 8.3(1) that the set
E belongs to all the classes G°(U), for s € (0, sy). In view of Definition 5.2, this implies that
E e go(U).

Finally, note that the lower bound on the Hausdorff dimension of E N V still holds
when s, vanishes. Indeed, by Lemma 9.1(2), there is a gauge function in ®(11). Applying
Theorem 9.1(2) with such a gauge function, we infer that E N V is nonempty, thus having
nonnegative Hausdorff dimension. m]
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9.3.3. s-describable sets

This section is parallel to previous one. We consider another category of fully describable
sets where we have at hand a criterion to decide whether a gauge function is majorizing or
minorizing. This criterion is now expressed in terms of growth rates at the origin.

As a motivation, let us consider the measures 11, defined for s € [0, d) by

dr
rs+l '

ng(dr) = (9.6)

It is elementary to check that each measure n; belongs to the collection R4, and that the
associated exponent given by (9.5) is equal to s. In particular, in view of Corollary 9.2, every
ns-describable set has Hausdorff dimension equal to s. Moreover, note that the mapping
s — (1) is nondecreasing.

The new category of fully describable sets that we introduce hereafter may be obtained by
considering countable intersections of n;-describable set. Let U be a nonempty open subset
of R%, let (E;)u>1 be a sequence of sets in Z(U), and let E denote the intersection of the sets
E,.. Propositions 9.2 and 9.3 show that

m(E, U) = ﬂ m(E,, U) and I(E,U) D Usm(En, u). (9.7)
n=1 n=1
Let us suppose the existence of a sequence (s, ),>1 of real numbers in [0, 4) such that each set
E, is ng,-describable in U. Definition 9.6 implies that

mE,, U)NG® = G(ng,) and  M(E,, U) = G(ng,)C. (9.8)

It follows that the minorizing collection of E in U coincides on ®* with the intersection of
the collections ® (1, ), and the majorizing collection of E in U contains the complement in >
of the latter intersection.

This entails in particular that the set E is fully describable. This also prompts the study of
countable intersections of sets of the form ®(n). Those sets being monotonic with respect to
the parameter s, we end up with an intersection set that is either of the previous form ®(n),
or of a new form ®(s), where s is some real number in [0, d). The latter sets are the subsets of
%> defined by the condition

g € 6(s) — Vs > s Qi(r) #o(r®) as r—0,

and are linked with the former through the statement of Lemma 9.2 below. Note that
g4(r) # o(r?) for any ¢ € G*. So, in the previous condition, the only relevant values of s
are those in (s, d). Moreover, the mapping s — (s) is clearly nondecreasing. Finally, the

complement in > of ®(s) is denoted by (Y)(S)C.

Lemma 9.2. For any real number s € [0, d), we have

()= (] 1 6).

s€(s,d)

Proof. Let g be a gauge function in . If g is not in ®(s), then we have g;(r) < ¢ r* for all
r € (0,1], and some sg € (s, d) and some ¢ > 0. Thus,

(ne, a) = / galr) s(dr) < c / pos1 gy
0,1] (0,1]

for every s € (s,d), and the latter integral is finite if s < sg. It follows that ¢ does not belong
to any of the sets ®(n;) with s € (s, sp).
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Conversely, let us assume that g is not in ®(n5) for some s € (s, d). We deduce from the
monotonicity properties satisfied by g, that for any real number r € (0, 1],

r r —
8a(p) 44 ga(r) doe1 g 1=271 . ga(r)
(s, 84) 2 /r/ p? P dp = rt S == rs

The finiteness of the left-hand side entails that g;(r) = O(r°) as r goes to zero. Choosing
s’ € (s,5), we deduce that g;(r) = o(r®’). As a consequence, the gauge function ¢ cannot
belong to 6(s). O

As we now explain, the sets (s) play a pivotal role in the definition of the new category
of fully describable sets.

Definition 9.7. Let U be a nonempty open subset of R, let E be a set in Z(U), and let s be in
[0, d). We say that the set E is s-describable in U if

ME,U)=6G(s)C and  m(E,U) NG = 6(s).

Similarly to what happens for n-describable sets, it is clear that s-describable sets are fully
describable, with disjoint majorizing and minorizing collections. Moreover, we have the
following analog of Lemma 9.1.

Lemma 9.3. For any real number s € [0, d), the following properties hold:

(1) the set ®* \ G(s) is left-open;

(2) the set ®(s) is right-open and nonempty.
In particular, if a set E is s-describable in U, then both collections M(E, U) and m(E, U) N &* are
simultaneously left-open and right-open.

Proof. The left-openness of the set ®* \ 6(s) is inherited from that of the sets ®* \ ®(n), for
n € Ry. Indeed, if g is d-normalized gauge function in ®* \ ©(s), Lemma 9.2 ensures that
g & ®(n,) for some s € (s,d). By Lemma 9.1(1), there is a d-normalized gauge function g in
®* \ ®(ns) such that ¢ < ¢. By Lemma 9.2 again, ¢ does not belong to ®(s), and we end up
with (1).

Furthermore, let us recall that the mapping s — ®(n;,) is nondecreasing. Thanks to
Lemma 9.2, we deduce that ®(s) contains ®(11;). Lemma 9.1(2) shows that the latter set is
nonempty, so the former is nonempty as well.

Finally, let ¢ be a d-normalized gauge function in ®(s). Choose rq € (0, 1) small enough
that ¢ is nondecreasing, 6(r) = g(r)/r* is nonincreasing, and 6(r) > e and g(r) < 1 on (0, ro].
On this interval, let

8(r)
log O(r)

g(r) =

The function g is nondecreasing and tends to zero at zero. Moreover, g(r)/r% = 0(r)/log 0(r)
is nonincreasing and tends to infinity there. Extending g constantly for r > ro, with g(0) = 0
and g(c0) = oo, therefore yields a d-normalized gauge function in G such that g < g. To see
that?g € 0(s), fix s € (s,d) and choose s’ € (s,s). There are a constant ¢ > 0 and aﬁ)itrarily

small 7 such that g(r) = cr®’. Since log 6(r) < dlog(1/r), these radii satisfy

g(i’) CTSI_S
— > — 00.
rs dlog(1/r)

Hence, g(r) # o(r®), as required. O
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Owing to Lemma 9.3, if a set E is s-describable in U, then m(E, U) N &> is nonempty,
so E necessarily contains a set with large intersection. Furthermore, both M(E, U) and
m(E, U) N ®> are left-open and right-open at the same time. We may thus apply Corollary 9.1,
and deduce the following complete and precise description of the size and large intersection
properties of the set E.

Theorem 9.2. Let U be a nonempty open subset of R?, let E be a set in Z(U), and let s be in [0, d).
Let us assume that E is s-describable in U. For any nonempty open set V. C U, the following
properties hold:

(1) for any gauge function g € ® \ 6(s),
H3(ENV)=0
{ VFegs(V) FZE
(2) for any gauge function g € ®(s),
HE(ENV) =00
{ dFeGé(V) FCE;

Theorem 9.2 above may be regarded as an analog of Theorem 9.1, and may be established
by easily adapting the proof of the latter result. The proof is therefore omitted here. We just
mention that one needs to use Lemma 9.3 instead of Lemma 9.1 whenever necessary, and that
Corollary 9.1 is crucial in that proof too.

Forall s € (0,d] and s € [0, d), one easily checks that the gauge function r + r° belongs to
the set ®(s) if and only if s < s. Therefore, restricting Theorem 9.2 to these specific gauge
functions leads to the following dimensional statement which is parallel to Corollary 9.2.
Again, the proof is very similar to that of the latter result; for that reason, it is left to the reader.

Corollary 9.3. Let U be a nonempty open subset of RY, let E be a set in Z(U), and let s be in [0, d).
Let us assume that E is s-describable in U. Then, for any nonempty open set V.C U,

dimg(ENV)=s with H(ENV) = co.
Let us assume that s > 0. Then, for any nonempty open set V.C U,
dimp(ENV) =d.

Moreover, there exists a subset of E in the large intersection class G*(U). In particular, if E is a Gs-set
itself, it belongs to the latter class.

We finish by going back to the motivational example supplied by the intersection of the
g, -describable sets E,;. As shown below, the set ®(s) actually arises under the assumption
that the infimum of the real numbers s,, is not attained.
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Proposition 9.6. Let U be a nonempty open subset of RY and, for each n > 1, let E,, be a set in Z(U)
that is s, -describable in U for some s, € [0,d). Letting

n>1

E:ﬂEn and s =infs,,
n=1

we then have the following dichotomy:

o if the infimum is attained at some ny, then E is s, -describable in U ;
e if the infimum is not attained, then E is s-describable in U.

Proof. To begin with, we learn from (9.7) and (9.8) that the minorizing and majorizing
collections of E in U satisfy

m(E, U) N G™ = ﬂ ®(ng,) and  M(E,U) 2 G=\ ﬂ ®(ns, ). (9.9)
n=1 n=1
If the infimum is attained at a given integer ny, the intersection over all n > 1 of the sets
®(ns, ) coincides with the sole (Y)(nsno), so that

m(E, U) N6~ = 6(n,, ) and  M(E, U)2 G, )C.

In particular, we deduce from Lemma 9.1(2) that the collection m(E, U) N ®* is right-open.
Proposition 9.4(2) then yields

G\ M(E, U) 2 m(E, U) N 6= = G(n,, ).

It follows that the majorizing collection M(E, U) is equal to the whole (ﬁ(nsno)c. As a
consequence, the set E is 1, -describable in U.

The proof is very similar in the opposite situation where the infimum is not attained.
Indeed, using the monotonicity of the mapping s +— ®(1n;) and combining Lemma 9.2
with (9.9), we now get

mE,U)N 6> = G(s) and  M(E,U) 2 6(s)C.

We deduce from Lemma 9.3(2) that m(E, U)N®* is right-open, and then from Proposition 9.4(2)
that the majorizing collection M(E, U) is equal to the whole ®(s)C. Hence, the set E is s-
describable in U. m]

Slightly modifying the above approach leads to another situation where s-describable sets
arise naturally. Given a real number s € [0, d) and a nonempty open set U, we consider a
sequence (Es)se(s,q) of sets in Z(U), and we assume that the mapping s — Ej is increasing
and that each set E; is ns-describable in U. We then choose in the interval (s, d) an arbitrary
decreasing sequence (s,),>1 that converges to s. The monotonicity of the sets E; with respect
to s implies that their intersection is equal to that of the sets E;,. Moreover, the latter sets fall
into the above setting because the infimum of the real numbers s, is not attained. Hence, the
intersection over all s € (s, d) of the sets E is s-describable in U.

9.4. Link with eutaxic sequences

Eutaxic sequences were defined and thoroughly studied in Chapter 6. Our purpose is now
to show that the limsup sets that are naturally associated with such sequences fall into the
category of fully describable sets. The analysis below heavily relies on the large intersection
transference principle presented in Section 8.2.

Let (x,)u>1 be a sequence of points in R and let (r,),>1 be a nonincreasing sequence
of positive real numbers that converges to zero. It is clear that the family (x,, 7,),>1 is an
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approximation system in the sense of Definition 4.1 ; this naturally prompts us to consider the
associated limsup set defined as in (8.1), namely,

F((xn, ra)nx1) = {x eR? | |x —xy| <7y forim.n >1}.

This set is unchanged if we remove a finite number of initial terms x, and r,, so there is no
loss in generality in assuming that the real numbers r, are in (0, 1].

Lemma 2.1 shows that for any gauge function g such that the series 3, g4(r,) is convergent,
the set F((x,, 74)n>1) has Hausdorff g;-measure equal to zero. Here, g; denotes as usual the
d-normalization of the gauge function g. Proposition 2.10 allows us to transfer the previous
property to the Hausdorff g-measure itself. As a consequence, for any gauge function g, the
following implication holds:

Dgilr) <0 = HEF((xn, ra)ux1) = 0. 9.10)
n=1

Let us now recast this elementary result in terms of majorizing gauge functions. In what
follows, r is a shorthand for (r,,),>1, and 1, is the measure in R defined by

n = i 6;',1. (911)

n=1

We further assume that the series ., 7? is convergent, or equivalently that 1, belongs to R,
so as to ensure that the above limsup set has Lebesgue measure zero in RY. The previous
result then yields the next statement.

Proposition 9.7. Let (x,)n>1 be a sequence in R and let (1) =1 be a nonincreasing sequence of real
numbers in (0, 1] such that Y, rﬂ converges. Then,

F(xXn, r)us1) € ZRY)  and  M(F(xn, r)nz1), RY) 2 G(1n,)L.

Eutaxy will lead to a natural converse of that result. To be specific, when U denotes a
nonempty open subset of R4, we recall from Definition 6.2 that a sequence (X, ),>1 in R? is
uniformly eutaxic in U if for any sequence (r,),>1 in the set Py defined by (6.2), the following
condition holds:

for £L%ae.xel Fim.n>1 |x — x| < 7y.

Transferring this property to the present setting, this means that the following implication
holds:

D=0 = LUUNF((xn, ra)uz1)) = 0. 9.12)

n=1

The trick is now to replace r, by gd(rn)l/ 4in (9.12), if g denotes the gauge function under
consideration. In fact, since the real numbers r, are nonincreasing and tend to zero, the
real numbers g;(r,)"/¢ tend to zero as well and, at least for n sufficiently large, are also
nonincreasing. The limsup set F((x, 74)n>1) being unchanged when removing initial terms,
we end up with the implication

Dgal) =00 = LUUN T, gulra))uz)) = 0.
n=1

In other words, the divergence assumption bearing on ¢ implies that the approximation
system (x,,, 74)n>1 is homogeneously g-ubiquitous in U in the sense of Definition 8.1. We are
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now in position to apply the large intersection transference principle, namely, Theorem 8.3.
Accordingly, we deduce that

Z gd(rn) =0 - S((xn, 1n)nz1) € GE(U).
n=1

Again, this result may be recast in terms of minorizing gauge functions. We have indeed the
following statement.

Proposition 9.8. Let U be a nonempty open subset of R, let (x,,)u1 be a sequence in R® that is
uniformly eutaxic in U, and let (r,)n>1 be a nonincreasing sequence of real numbers in (0, 1] such
that 3, r& converges. Then,

S((xn, r)nx1) € Z(U) and m(F((xn, 7n)n=1), U) 2 G(ny).

Combining Propositions 9.7 and 9.8, we infer that the set &((xy, 1)u>1) is fully describable
in U, under the assumptions that the sequence (x,),>1 is uniformly eutaxic in U and the
series Y, 74 converges. The next lemma will actually help us obtain a more precise statement.

Lemma 9.4. Let U be a nonempty open subset of R, let E be a set in Z(U), and let $ be a subset of
&> with complement denoted by $C. Let us assume that:

o a gauge function § € ©> is in $ if and only if its d-normalization g4 is;

e the collections m(E, U) and M(E, U) contain $ and 55[:, respectively;

e the collection $) is right-open and the collection $C is left-open.
Then, the following equalities hold:

ME,U) =9 and mEUNG®=$,

Proof. To begin with, we use the right-openness of the collection $. Let us consider a gauge
function g in M(E, U), and assume by contradiction that ¢ does not belong to $C. Then, Sd
belongs to $, and the right-openness assumption ensures the existence of a d-normalized
gauge function ¢ € 9 with g; < g. Since $ is contained in m(E, U), the gauge function
g is minorizing for E in U, meaning that E admits a subset F in the class G£(U). Owing
to Theorem 8.2(3) and Proposition 2.15, the set F has infinite Hausdorff g;-measure in U.
We deduce with the help of Proposition 2.10 that E has infinite Hausdorff g-measure in U,
thereby contradicting the fact that ¢ is majorizing for E in U.

This proves that M(E, U) = $C. To obtain the other equality, we use the left-openness
of $C. To be specific, let us consider a gauge function g in m(E, U) N >, and suppose
by contradiction that ¢ ¢ 9. Thus, g4 € 55[:, and there is a d-normalized gauge function
g€ $C such that ¢ < ga. The gauge function g is then in (E, U). By Theorem 8.2(3) and
Proposition 2.15 again, this contradicts the fact that g4 is minorizing for E in U. m|

In view of Propositions 9.7 and 9.8, and under the assumptions that the sequence (x;);>1
is uniformly eutaxic in U and the series Y, 4 converges, we may apply Lemma 9.4 to the set
&((xn, rn)n=1), along with the collection G(n;). We end up with the next statement.
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Theorem 9.3. Let U be a nonempty open subset of RY, let (x,)n>1 be a sequence in R that is
uniformly eutaxic in U, and let (r,)n>1 be a nonincreasing sequence of real numbers in (0, 1] such
that the series ), rﬁ converges. Then, the set F((Xn, *n)n>1) is Ne-describable in U.

This means that we may eventually apply Theorem 9.1 to the set F((xy, 1)n>1), thereby
obtaining a complete and precise description of its size and large intersection properties.
We may also apply Corollary 9.2 if only a dimensional result is needed. This will enable
us to revisit in Chapters 10 and 11 the examples of eutaxic sequences already presented in
Chapter 6 and to shed light on the size and large intersection properties of the associated
limsup sets.

Let us finally recall from completeness that when the sequence (x,),>1 is uniformly eutaxic
in U and the series }, r,”f diverges, the set F((xy, 71)n>1) has full Lebesgue measure in U, see
for instance (9.12). As explained at the beginning of this chapter, its size and large intersection
properties are then trivial. This remark remains also valid when the sequence (7,,),>1, while
still being nonincreasing, does not converge to zero. In fact, the sequence (r,),>1 is not in Py
anymore, which prevents us from applying (9.12) directly. However, as already observed in
Section 6.2.1, the sequence defined by 7, = min{r,, 1/ (2n/4)} for each n > 11is necessarily in
P;. Applying (9.12) to this sequence, we deduce that the smaller set F((x,,, 7,)n>1) has full
Lebesgue measure in U, and thus §((x,, 71)n>1) as well.

9.5. Link with optimal regular systems

The notion of optimal regular system is the purpose of Chapter 7, and is closely related with
the notion of eutaxic sequence discussed in Section 9.4 above. Hence, we may anticipate that
optimal regular systems also share interesting connections with the material discussed in the
present chapter.

We recall from Definition 7.1 that an optimal regular system results from combining a
countably infinite set A C R? with a height function H : A — (0, 0). In the context of
Diophantine approximation, the sets that are naturally associated with such a system are of
those the form (7.1), namely,

F, = {x e RY | |x —a| < ¢(H(a)) forim.a e ﬂ},

where @ is a positive nonincreasing continuous function defined on [0, ). A first description
of the size and large intersection properties of those sets is given by Theorem 7.1. In particular,
if U is a nonempty open subset of R?, and (A, H) is an optimal regular system in U, then the
set F, has full Lebesgue measure in U if the integral defined by (7.5), namely,

Iy = /O 1) dn

diverges. The size and large intersection properties of the set F, being trivial in that situation,
we may rule out this situation in what follows.

Accordingly, we assume from now on that the integral I, is convergent. Since the
function ¢ is nonincreasing, it necessarily tends to zero at infinity. Hence, the admissibility
condition (7.2) entails that the family (a, ¢(H(a)))ses is an approximation system in the sense
of Definition 4.1. Moreover, we necessarily have ¢(h) < 1 for h large enough, and arguing as
in the proof of the convergence case of Theorem 7.1(1), we see that F, is left unchanged when
replacing ¢ by its minimum with the fonction that is constant equal to one on [0, ). As a
result, there is no loss in generality in assuming hereafter that the function ¢ is valued in
(0,1].
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We then associate with the function ¢ the measure n,, characterized by the condition that
for any nonnegative Borel measurable function f defined on (0, 1],

[ somgtan= [ igtnan ©.13)
0,1] 0

It is clear that the measure 1, belongs to the collection R. Moreover, the finiteness assumption
on the integral I, is equivalent to the fact that 1, belongs to R. Our purpose is to establish
an analog of Theorem 9.3 for optimal regular systems; the measure n, will in fact play the
role of 1, in the present analysis.

We begin by studying the majorizing collection of F, in U. The next statement may be
seen as a natural counterpart of Proposition 9.7 in the present setting.

Proposition 9.9. Let U be a nonempty open subset of R?, let (A, H) be an optimal regular system in
U, and let ¢ be a positive nonincreasing continuous function defined on [0, o), valued in (0, 1] and
such that 1, converges. Then,

FoeZU) and  M(F,,U)2 6(n,)C.

Proof. To begin with, the set F, has Lebesgue measure zero in U owing to Theorem 7.1(1).
Furthermore, learning from the proof of this theorem, let us disclose and exploit the limsup
structure of the set Fy,. In fact, for any nonempty open ball B C U, the pair (A, H) is also an
optimal regular system in B, and Lemma 7.1 yields a monotonic enumeration, denoted by
(an)n>1, of (A, H) in B. Then, F, N B is contained in the set F (lz defined by (7.6), namely,

F(pﬂBgFf):{xeRd||x—an|<rn forim.n > 1},

where 1, = ¢(H(ay)) for any n > 1. Combining Lemma 2.1 and Proposition 2.10, we deduce
that for any gauge function g,

gl <o = HIF,NB)=0.
n=1

Now, the gauge function g, is nondecreasing on the interval [0, ¢¢,), where ¢g, is defined
in Section 8.2.1, so we may consider a function g that is continuous and nondecreasing on
[0, 00) and coincides with g; on [0, eg, ). Still reasoning as in the proof of Theorem 7.1(1), we
define a premeasure C by C((h, h’)) = g(e(h)) — g(p(h')) when 0 < h < h’ < oo, and then
consider the outer measure C. given by (2.5). We end up with a Borel measure on (0, c0) such
that C.([h, o)) = g(@(h)) for any h > 0. Thanks to Tonelli’s theorem and the optimality of the
underlying system, we have

Y00 = [ #n=11H@) < kb Cian)
n=1 0

S hy
s/o Kph? (;(dh)+/0 (#{n > 1| H(ay) < h}-xghd) Cu(dh)

R/
= Kiad/() N 'g(p(n) dn + R’ = «}yd A | g(r)ny(dr)+ R/,

where x and hj are given by Definition 7.1. Given that ¢ tends to zero at infnity, we may

replace the function g by the gauge function g; in the left-most and the right-most sides
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without altering the convergent or divergent nature of the involved series or integral. As a
consequence,

/ ga(r)ny(dr) < oo - HE(F, N B) =0.
(0,1]

We may finally replace the ball B above by the whole open set U, because the Hausdorft
g-measure is an outer measure and every open set may be written as a countable union of
inside open balls. o

Let us now naturally turn our attention to the minorizing collection of F, in U. The
counterpart of Proposition 9.8 is the following result.

Proposition 9.10. Let U be a nonempty open subset of R%, let (A, H) be an optimal regular system
in U, and let ¢ be a positive nonincreasing continuous function defined on [0, o), valued in (0, 1]
and such that I, converges. Then,

FoeZWU) and  m(F,,U) 2 6G(n,).

Proof. Given g € ®(ny), the idea is basically to apply Theorem 7.1(1) with the function

h— gd((p(h))l/ 4 denoted for short by g;/ 15 @, instead of ¢. This new function might not
be continuous and nonincreasing on the whole interval [0, o), but surely satisfies these
properties on the closed right-infinite interval formed by the real numbers /& > 0 such that
@(h) < €g4,/2. Therefore, letting ¢(h) = ga(min{¢p(h), &4, /211 ‘we obtain a function that is
continuous and nonincreasing on the whole [0, o) and matches the function of interest near
infinity.

Since the gauge function g is in O(ny), the integral I3 is divergent. We deduce from
Theorem 7.1(1) that the set F5 has full Lebesgue measure in U. The functions ¢ and

g;/ “o @ coincide for all sufficiently large heights. Their boundedness and the admissibility
condition (7.2) imply that their limsup sets coincide. Thus, Fg1 Mog has full Lebesgue measure
d

in U as well. As a consequence, the approximation system (a, (H(a)))scn is homogeneously
g-ubiquitous in U. We conclude that the set F, belongs to the class G¢(U) by means of the
large intersection transference principle, namely, Theorem 8.3. m|

Finally, if the assumptions of Propositions 9.9 and 9.10 are satisfied, these results ensure
that we may apply Lemma 9.4 to the set F, and the collection 6(n,). This readily gives the
next statement.

Theorem 9.4. Let U be a nonempty open subset of R?, let (A, H) be an optimal regular system in U,
and let @ be a positive nonincreasing continuous function defined on [0, o), valued in (0, 1] and such
that the integral I, converges. Then, the set F, is ny-describable in U.

Subsequently applying Theorem 9.1 to the set F,, we may obtain a complete and precise
description of its size and large intersection properties. Also, if only a dimensional result
is needed, it is possible and sufficient to use Corollary 9.2. We shall employ these ideas
in Chapter 10 so as to revisit the examples from Diophantine approximation presented in
Chapter 7.






CHAPTER 10

Applications to metric Diophantine
approximation

Our aim is to review most of the examples from metric Diophantine approximation studied
hitherto, and to complete the analysis of their size and large intersection properties in light of
the theory of describable sets introduced in Chapter 9.

10.1. Approximation by fractional parts of sequences

10.1.1. Linear sequences

This section should be seen as a followup to Sections 6.1.2 and 6.3.3. Let us begin by recalling
that Kurzweil’s theorem, namely, Theorem 6.9 ensures that for any point x € R?, the sequence
({nx})u>1 of fractional parts is uniformly eutaxic in the open cube (0, 1)? if and only if x is a
badly approximable point.

Let us place ourselves in that situation and let us consider a nonincreasing sequence
r = (r4)n>1 of positive real numbers. Our aim is to detail the size and large intersection
properties of the set

Fi(x)={yeR?|ly—{nx}| <r, forim.n>1}.

We may rule out the case in which the series Y, ¢ diverges. Indeed, as observed at the end of
Section 9.4, the eutaxy of the sequence ({nx}),>1 then implies that this set has full Lebesgue
measure in (0, 1)%, so that its size and large intersection properties are trivially described.
As a consequence, we assume throughout that the series Y, 74 converges. In particular,
(rn)n>1 converges to zero and, as the set F;(x) is unchanged when removing a finite number
of initial terms, there is no loss of generality in assuming that the real numbers r,, are in (0, 1].
We may then define a real number s, in the interval [0, d] through the condition (6.5), namely,

§<s => ) ,I, =0
S>s = ), 1, <oo.

If s, is positive, the discussion that follows the statement of Theorem 6.2 implies that the
set F;(x) belongs to the class G*((0,1)?) and actually has Hausdorff dimension equal to s,
in (0,1)?. The ideas developed in Chapters 8 and 9 enable us to optimally refine this result
without even requiring that s, is positive. In particular, Section 9.4 suggests that we introduce
the measure in R; given by (9.11), that is,

(]
ne = Z 6rn;
n=1

and Theorem 9.3 therein leads straightforwardly to the next statement.

191
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Theorem 10.1. For any point x in Bad, and for any nonincreasing sequence r = (r,),>1 in (0,1]
such that 3, ré is finite, Fy(x) is n,-describable in (0, 1)%.

We may recast this result with the help of the distance to the nearest integer point defined
by (6.17), thus considering instead of F;(x) the companion set

Fi(x)={y eR?||ly —nx| <7y forim.n>1}.

The resulting statement bearing on this set is the following one. Note that the describability
property is now valid on the whole space R instead of the mere open unit cube (0, 1)?; this
is because the companion set F;(x) may basically be seen as the initial set F;(x), along with its
images under all translations by vectors in Z.

Corollary 10.1. For any point x in Bady and for any nonincreasing sequence r = (r,)y>1 in (0,1]
such that Y, r is finite, F1(x) is n,-describable in R9.

Proof. Let us consider a gauge function g in ®(1;), a d-normalized gauge function / satisfying
h < g4, and a nonempty dyadic cube A in the collection Ay introduced in Section 8.2.1. We
also assume that A has diameter at most that of the unit cube [0, 1)d, which is equal to one
because we work with the supremum norm when considering the distance to the nearest
integer point. Thus, A is included in a dyadic cube of the form k + [0, 1)¢ for some integer
point k € Z%. Now, it is clear that the companion set F/(x) contains the image of the initial set
F;(x) under the translation by vector k. Also, note that (5.5) remain valid for such translations,
along with the net measures associated with general gauge functions. Hence,

MEEL(x) N A) = ME(k + (Fe(x) N (=k + 1)) = 374 ME(Fu(x) N (=k + A)).

In addition, the interior of —k + A is contained in the open unit cube (0, 1)?, and Theorem 10.1
implies that F;(x) satisfies a large intersection property with respect to g in the latter open
cube. Hence,

ME(Fr(x) Nint(=k + 1)) = ME(int(—k + 1)) = ME(A),
where the last equality is due to (8.5). We deduce that the set F;(x) belongs to the class G¢ (R%)
by making use of Lemmas 10 and 12 in [18], namely, the natural extension of Lemmas 5.2
and 5.3 to general gauge functions. Therefore,

m(Fy(x),R?) 2 G(ny).

Conversely, we recall from the proof of Corollary 6.1 that the set F/(x) is invariant under

the translations by vectors in Z?, and that
F/(x)N[0,1)? C lim sup U Boo({nx} +p, rn).
R pef-1,0,1)
Therefore, in the same vein as (9.10), we deduce from Lemma 2.1 and Proposition 2.10 that
the set F(x) has Hausdorff g-measure zero for any gauge function g for which the series
2. d(rn) converges. This means that
M(EL(x),RY) 2 G(n,)C.

To conclude, it suffices to apply Lemma 9.4. m]

A simple example is obtained by assuming that the sequence r is defined by r,, = n™ for
alln > 1, and for a fixed 0 > 1/d. Indeed, one then easily checks that the set ®(n;) coincides

with the set (n;/,), where the measure 1y, is defined as in (9.6). If the point x is badly
approximable, we thus deduce from Corollary 10.1 that the set of all points y € R¥ such that

”y - nx|| < nl—g forim.n>1
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is ny,-describable in R?, thereby ending up with a major improvement on (6.21).

As a typical application, we may describe the size and large intersection properties of the
intersection of countably many sets of the form F[(x). Specifically, for each integer m > 1,
let us consider a badly approximable point x,, and a nonincreasing sequence r,; = (¥y,n)n>1
in (0, 1] such that };, rfn,” is finite. This enables us to define the intersection, denoted by F’
for simplicity, of all the sets F; (x,), for m > 1. Then, similarly to (9.9), we may combine
Corollary 10.1 with Propositions 9.2 and 9.3 to infer that

m(F’, RY) N 6™ = ﬂ ®(m;,) and  M(E,RY) D 6™\ ﬂ G(n,, ).

m=1 m=1

In particular, the set F is fully describable in R?. Further assumptions on the sequences r,
can then enable us to make the intersection of the sets ®(1,, ) more explicit, and then get
more comprehensive results. For instance, if each collection ®(1,,) coincides with ®(ns,,)
for some s,, € [0,d), where 1, is defined by (9.6), then Proposition 9.6 implies that F’ is
either ns-describable for some s € [0, d), or s-describable for some s € [0, d). In the particular
case where 1y, , = n7% for all n > 1 and some o, > 1/d, we established above that each set
F{ (xm)is ny/,,-describable in R?. According to Proposition 9.6, we conclude that the set F’
is either ny,,,-describable or (1/0.)-describable, depending respectively on whether or not
the supremum, denoted by 0., of all parameters o, is attained.

10.1.2. Sequences with very fast growth

This section is a sequel to Section 6.4.2. Since it is parallel to the previous one, some details
will be omitted from the presentation below. We consider throughout a sequence (a,,),>1 of
positive real numbers such that

[ee]

a
IR
An+1

n=1

which is the case for instance when a,, = b"* for some b > 1. We recall from Theorem 6.12
that for Lebesgue-almost every x in R, the sequence ({4, x}),>1 is uniformly eutaxic in (0, 1).

Given a nonincreasing sequence r = (7,),>1 of positive real numbers, the set initially
studied in Section 10.1.1 now becomes

Fi(x) = {y eR | ly —{anx}| <r, forim.n > 1} .

As above, our purpose is to describe the size and large intersection properties of this set, and
we may again assume throughout that the series }.,, r, converges and that the real numbers
tn are all in (0, 1]. We then introduce the measure in R; given by (9.11), and readily deduce
the next statement from Theorem 9.3.

Theorem 10.2. For Lebesgue-almost every real number x and for any nonincreasing sequence
r = (*n)n>1 in (0, 1] such that 3, vy, is finite, the set Fy(x) is ny-describable in (0, 1).

Note that this result is analogous to Theorem 10.1. We now rephrase it by means of the
distance to the nearest integer point defined by (6.17), thereby dealing with the companion set

Fl(x) = {y eR | ||y - anx” <r, forim.n> 1} )

The statement bearing on this set is the following analog of Corollary 10.1.
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Corollary 10.2. For Lebesgue-almost every real number x and for any nonincreasing sequence
r = (ry)nz1 i1 (0, 1] such that )., ry is finite, the set F(x) is n.-describable in R.

The above corollary may be deduced from Theorem 10.2 by simply adapting the arguments
employed to deduce Corollary 10.1 from Theorem 10.1. The proof is thus a simple modification
of that of Corollary 10.1, and is left to the reader. Finally, note that Corollary 10.2 is a substantial
improvement on Corollary 6.2, which only addressed dimensional properties. Moreover,
in the particular case where r, = n~7 for all n > 1 and some fixed ¢ > 1, we deduce from
Corollary 10.2 that for Lebesgue-almost every real number x and for every ¢ > 1, the set of
all points y € R such that

||y - ﬂnX” < nl—g forim.n>1

is ny/,-describable in R. We may then consider countable intersections of such sets, in the
same vein as at the end of Section 10.1.1.

10.2. Homogeneous and inhomogeneous approximation

10.2.1. General describability statement

This section is a continuation of Sections 7.3.1-7.3.3. Let us recall that the inhomogeneous
Diophantine approximation problem consists in approximating the points in R? by the points
that belong to the collection

+ o
Qd'“: {P p , (p,q)eZdXN},

where a is a point that is fixed in advance in R?. When a vanishes, Q% is obviously equal to
the set Q7 of points with rational coordinates, and the problem reduces to the homogeneous
one. The collection Q4“ is endowed with the height function

H{(a)=inf{geN|ga-a e zdy1+1/d,

Then, we know from Theorem 7.3 that the pair Q% H ;’) is an optimal regular system in R4,
The material developed in Section 9.5 will then enable us to complete the description of the
size and large intersection properties of the set Qf " that was initiated by Theorem 7.4. Let us

recall that this set is defined by (7.18), namely,
p+a

X - —

ng:{xeRd

<¥(q) forim.(p,q)€Z? x N},
where 1) is a positive nonincreasing continuous function defined on [0, ). Moreover,
Theorem 7.4(1) shows that QF " has full Lebesgue measure in R? when

Loy = /0 g () dg

is a divergent integral. As explained at the beginning of Chapter 9, the description of the size
and large intersection properties of the set Qj p 18 then elementary. We therefore exclude this

situation and assume throughout that I,y is convergent. As the function 1) is nonincreasing,
it then necessarily tends to zero at infinity. The set QF y 18 clearly left unchanged if we remove
a finite number of possible values for g, so there is no loss in generality in assuming that ¢ is
valued in (0, 1].

Furthermore, the proof of Theorem 7.4 compares QF " with the set defined by (7.1), namely,

Fo={xeR?||x—a| < p(H(a)) forim.aecA},
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where ¢ is the function given by ¢(1) = ¥(n?/@*D) for all n > 0, and (A, H) is equal to the
optimal regular system (Q%*, HY). The convergence of I, is then equivalent to that of the
integral I, defined by (7.5). The approach developed in Section 9.5 then invites us to consider
the measure 1, defined in R; by (9.13). However, as we want to express our results in terms
of 1 rather than ¢, we preferably introduce another measure 1,4, in Ry, defined through the
condition

/ () g (dr) = / 7 FW(@) dg
0,1] 0

for any nonnegative Borel measurable function f defined on (0, 1]. This yields an equivalent
formulation because the sets 6(1,,5) and 6(n,) coincide. Applying Theorem 9.4, we find
that Fy, is n4,y-describable. By (7.19), the set Qj a0 contains F, and differs from it by at
most countably many points. Thus, every majorizing gauge for F,, is still majorizing for
{ Y because countable sets have zero Hausdorff measure for every gauge function; every
minorizing gauge is still minorizing by inclusion. Lemmas 9.1 and 9.4 now give the next
substantial improvement on Theorem 7.4.

Theorem 10.3. Let a be a point in R? and let y denote a positive nonincreasing continuous function
defined on [0, 00), valued in (0, 1] and such that the integral 14,y converges. Then, the set Dg " is

1y y-describable in R”.

In the spirit of the end of Section 10.1.1, a possible application is then to consider a
sequence (a,),>1 of points in RY, and to use Theorem 10.3 in conjunction with the appropriate
formulation of (9.9) in order to describe the size and large intersection properties of the
intersection over all n > 1 of the sets Dgl”w. The same ideas may be put into practice by

considering a sequence (1, ),>1 of approximating functions and analyzing the intersection

overall n > 1 of the sets QF d i’ It is even possible to mix these two approaches by considering

the intersection of a doubly indexed sequence of sets of the form Q“"l’#
In view of Theorem 9.1, we may readily deduce from Theorem 10.3 a complete description
of the size and large intersection properties of the set Qj dp In particular, we infer that for any

gauge function ¢ and any nonempty open set V C R9,

oo if 3, q7ga(¥(q)) = e
0 if ¥;97ga((q)) < co.

Note that we also used the elementary fact that a gauge function g belongs to the set G(ny,y) if
and only if its d-normalization g is such that the above series diverges; this follows from the
monotonicity of i and that of g; near the origin. We thus recover the extension established
by Bugeaud [12] of a classical statement due to Jarnik [37]. Likewise, Theorems 9.1 and 10.3
allow us to recover the description of the large intersection properties of the set Q7  that was

ayp
obtained in [18].

748(@§,¢0V):{

10.2.2. The inhomogeneous Jarnik-Besicovitch theorem revisited

As in Section 7.3.4, let us focus on the particular case where the function v is of the form
q — q~" on the interval [1, o), for some positive real number 7. Then, Qf reduces to the set

.y
defined by (1.31), namely,

Ty, = {x eR?

p+a
q

< % forim. (p,q) € Z2° XN} .

[e¢]
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When «a vanishes, the above set reduces to the introductory set J; . defined by (1.1) and
corresponding to the homogeneous setting. We complete the definition of the function ¢ by
assuming that it is constant equal to one on the interval [0, 1]. One easily checks that

liy <o & 71>1+1/d
T>1+ 1/d = (ﬁ(nd,LP) = (ﬁ(TI(d+1)/T),

where the measure 1;.1)/; is defined as in (9.6). Theorem 10.3 then leads to the next major
improvement on Corollary 7.1.

Corollary 10.3. For any point a € R? and any real parameter T > 1+ 1/d, the set J5 . 18 War1))e-
describable in RY.
Going back to the application mentioned at the end of Section 7.3.4, let us consider a

sequence (a,),>1 of points in R and a sequence (T,),>1 of real numbers with supremum
denoted by 7.. Under the assumption that 7. is finite, we proved in Section 7.3.4 that

d+1
dim ﬂ]d @ max{t,, 1+1/d}’

This was a consequence of the large intersection property satisfied by the sets ]5,’;’1 that was
expressed by Corollary 7.1. We now derive a full description of the size and large intersection
properties of the intersection of the sets J;” . Our analysis also covers the case in which . is
infinite that was left open at the end of Sectlon 7.3.4. Note that we rule out, as trivial, the case
where 7, is bounded above by 1 + 1/d, because the intersection of the sets J7 i then has full

Lebesgue measure in R?, as a consequence of Corollary 7.1.

Corollary 10.4. Given a sequence (aty)n>1 of points in RY and a sequence (T,)y»1 of real numbers,
let us consider

ﬂ]m and T.=supt, >1+1/d.
! n>1

Then, the set |5 . is either nz1) /T*—describable or ((d + 1)/7.)-describable in R? depending on whether
or not the supremum 7. is attained, respectively.

Proof. Let N be the set of all integers n > 1 such that 7, > 1+ 1/d. Our assumption on 7.
implies that NV is nonempty. Moreover, 7. is also the supremum of 7, over n € N. Now,
Proposition 9.2 yields on the one hand

M(Ja,0, R )DEUE(ﬂIdT,

neN

On the other hand, let us consider a gauge function g that is minorizing in RY for the
intersection over n € N of the sets J{" . Due to Corollary 7.1, the intersection over n € N\ N

of these sets has full Lebesgue measure in R4, By Propositions 8.2 and 8.3(2), this set belongs
to the class G8(R?). This shows with Theorem 8.2(1) that g is minorizing for J; .. Hence,

m(]dwR)Dm(ﬂ]“" )
neN

Proposition 9.6 and Corollary 10.3 enable us to appropriately express the right-hand side
of either of the two above inclusions in terms of either ®(1(4:1)/,) or ®((d +1)/7.), depending
on whether or not the supremum 7, is attained, respectively. To conclude, it suffices to invoke
Lemma 9.4, along with Lemma 9.1 in the first case, and Lemma 9.3 in the second. m]
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Where 7. is infinite, we deduce from Corollary 10.4 that the intersection of the sets ]g”T

is 0-describable in R?. By Corollary 9.3, its Hausdorff dimension is thus equal to zero, as
announced without proof at the end of Section 7.3.4.

10.2.3. Inhomogeneous Liouville points

Note that the mapping 7 + J7 is decreasing. In the spirit of the end of Section 9.3.3, this
prompts us to introduce
Li= [ Ve

>1+1/d
The monotonicity property satisfied by the sets J; shows that L] coincides for instance with
the intersection over all integers n > 1 + 1/d of the sets | 5‘, .+ Moreover, each of these sets
is 1(441)/n-describable in R?, as a consequence of Corollary 10.3. We are in the setting of
Proposition 9.6, with the infimum being equal to zero and not being attained. This yields the
next statement.

Corollary 10.5. For any point a € RY, the set LY is O-describable in R4,

The complete description of the size and large intersection properties of the set L7 then
follows from Theorem 9.2. Moreover, Corollary 9.3 shows that its Hausdorff dimension is
zero. Its packing dimension is equal to d in every nonempty open set V C R?, as follows from
a separate category argument. Indeed, for every positive integer n,

]g’n:ﬁu U{xeRd: x—%‘m<q_”}.

=192Q pezd

Each union on the right-hand side is open and dense, because the grids (Z% + a)/ g have
mesh tending to zero. Thus, L;‘ is a dense Gs-set. For any countable covering of Lg NV, the
Baire category theorem implies that one of the covering sets is dense in a nonempty open
subset of V. Its packing s-premeasure is infinite for every s < d: at scale r, one may choose
a number of disjoint balls of order r~? centered in that set. By the definition of packing
measure, *(L§ N V) = oo for all s < d, which proves the assertion.

Let us now establish a connection between the set L} and a natural extension to the
inhomogeneous and multidimensional setting of the notion of Liouville number.

Definition 10.1. Let a be a point in R?. A point x in R? is called a-Liouville if x does not
belong to Q%* and if for any integer n > 1, there exists an integer g > 2 and a point p € Z*
such that

p-e] <L
7 lo 4"
For @ = 0 and d = 1, we obviously recover the condition that defines Liouville numbers.
Excluding the points in Q% from this definition is analogous to excluding the rationals from
the classical definition of Liouville numbers. In fact, the denominators occurring in this
definition must be unbounded. Otherwise, only finitely many numerators could occur, since
all the approximants are within distance one of x. The corresponding errors would have a
positive minimum, whereas 7" < 27" tends to zero. For each fixed exponent, the witnesses
corresponding to larger exponents therefore supply infinitely many pairs (p, q) satisfying
the above inequality. As a consequence, the set of a-Liouville points in R is equal to the set
L3\ Q%%. As shown by the next statement, removing the points in Q%% does not alter the
describability properties of the set LJ.
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Corollary 10.6. For any point a in RY, the set LY \ Q% of all a-Liouville points in R? is 0-describable
in R,

Proof. The set R? \ Q% is clearly a Lebesgue-full G4-subset of R. Owing to Propositions 8.2
and 8.3(2), it thus belongs to the class G°(R%), and in fact to all the classes G&(R¥), for g in ©.
In conjunction with Proposition 9.2 and Corollary 10.5, this implies that

m(L3 \ Q**,RY) N 6™ = m(L3,RY) N G* = 6(0).
In addition, the same results straightforwardly show that
MLE\ @, RY) 2 M(LY, RY) = 6(0)C.
We conclude with the help of Lemmas 9.3 and 9.4. m]

Let us mention a noteworthy consequence of Corollary 10.6. Let us consider an arbitrary
gauge function g in $(0). Then, Theorem 9.2 shows that the set of all a-Liouville points in R¥,
namely, L7 \ (0 belongs to the large intersection class G¢& (R%). Now, for any given point x in
R, the mapping y > x — y is obviously bi-Lipschitz. We deduce from Theorem 8.2(1-2) that
the set

L5\ Q") n(x = (LG \ Q")
also belongs to the class G8(RY). As a result, there are uncountably many ways of writing a
give point x in R? as the sum of two a-Liouville points. This substantially improves on a result
by Erdés [25] according to which any real number may be written as a sum of two Liouville
numbers. Of course, many variations are possible as one may freely replace y + x — y above
by any bi-Lipschitz mapping, or even a countable number thereof.

Finally, let us also point out that the set of Liouville numbers, i.e. the set L(l) \ Q in the above
notations, also comes into play in the theory of dynamical systems, especially in the study of
the homeomorphisms of the circle, see [19] for details.

10.3. Approximation by algebraic numbers

10.3.1. General describability statement

The purpose of this section is to continue the analysis initiated in Section 7.4. Let us recall
that the collection of all real algebraic numbers is denoted by A, the naive height of a number
a in A is denoted by H(a), and the set of all real algebraic numbers with degree at most n
is denoted by A,,. Moreover, a result due to Beresnevich shows that for any n > 1, the pair
(A, Hy) is an optimal regular system in R, where the appropriate height function is given
by (7.21), that is,
n+l
Hy(a) = L/
(1 + |a|)n(n+1)

see Theorem 7.5. This result already enabled us to describe the elementary size and large
intersection properties of the set defined by (7.22), specifically,

Wy, = {x eR | |x —a| <y(H(a)) forim.a € An} ,

where 1) is any positive nonincreasing continuous function defined on [0, o), see Theorem 7.6
for a precise statement. In particular, we recovered a result due to Beresnevich [2], according
to which the set QIWP has full Lebesgue measure in R when the integral

Ty = /0 h"y(h) dh



10.3 Algebraic numbers 199

is divergent. The situation is now parallel to studied in Section 10.2. To be specific, the
description of the size and large intersection properties of the set %, y is trivial when I,
diverges, and so we rule out this situation. Assuming that I, y is convergent, we infer that ¢
tends to zero at infinity. Finally, as the set %}, ;, is unchanged when assuming that the height
of the approximating algebraic numbers exceeds a fixed threshold, we are further allowed to
restrict our attention to the case in which ¢ is valued in (0, 1].

Accordingly, we assume from now on that the integral I, ;, is convergent and that the
function ¢ is valued in the interval (0, 1]. The proof of Theorem 7.6 informs us that 2, ; is
very close to sets of the form (7.1), namely,

Fy = {x €R||x—a| < @(H(a)) forim.a eﬂ},

when the underlying optimal regular system (A, H) is equal to (A, H,) and the function ¢
is well chosen. In fact, (7.23) shows that

ﬂlFfpk C Uy € Foy,
k=1

where k() = ¥(kn'/"*D) for any real number 1 > 0 and any integer k > 1. We deduce from
Propositions 9.2 and 9.3 that

MWy, R) 2 M(Fy,, R)  and mm%@gﬂm@ww. (10.1)
k=1

Our intent is now to apply Theorem 9.4 to all the sets Fy,,, so as to obtain a simple expression
for the majorizing and minorizing collections that come into play here. We first need to
mention that the integrals I,, defined as in (7.5), namely,

IWZA @r(n)dn

are all convergent; in view of (7.24), this property is indeed equivalent to the convergence of
the integral I,, ,. Moreover, we are enticed to introduce in R; the measures n,, defined as
in (9.13). However, similarly to Section 10.2, our results will be stated in terms of ¢, so we
rather introduce the measure n,,, satisfying

/ F(r) g (dr) = / W F () di
(0,1] 0

for any nonnegative Borel measurable function f defined on (0, 1]. A change of variable as
in (7.24) shows that all the sets ®(n,) coincide with ®(n, ). Applying Theorem 9.4, we
deduce that for any k > 1, the set F,, is n, y-describable in R. Then, making use of (10.1), we
end up with

MWy, R) 2 G, ) and MUy y, R) 2 6(yy),

and it suffices to invoke Lemmas 9.1 and 9.4 to secure the following major improvement on
Theorem 7.6.
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Theorem 10.4. Let n be a positive integer and let { denote a positive nonincreasing continuous
function defined on [0, o), valued in (0, 1] and such that the integral 1,, , converges. Then, the set
W,y is My, y-describable in R.

Combined with Theorem 9.1, the previous result yields a complete description of the size
and large intersection properties of the set 2, y. In particular, we recover the characterization
of the Hausdorff g-measure of the set U, y, for any gauge function g, that was obtained
independently by Beresnevich, Dickinson and Velani [4], and by Bugeaud [10]. To be specific,
for any gauge function ¢ and any nonempty open set V C R,

co if X h"gi((h)) = o0
0 if Xy hgi(p(h)) < oo.

We also used here the obvious fact that g € ®(n,,y) if and only if the above series diverges,
owing to the monotonicity of 1) and that of g1 near the origin. Similarly, we recover in addition
the complete description of the large intersection properties of the set %, 4, that was obtained
in [18].

7{g(QLLw NnV)= {

10.3.2. Koksma'’s classification of real transcendental numbers

Let us now concentrate on the case in which the function ¢ is of the form & — h=“~! on the
interval [1, o), for some real number w > —1. In order to stress on the rdle of w and ensure
some coherence with Koksma’s notations, the set %, ;, is denoted by Kj, , in what follows,
namely,

K0 = {X eR | |x —a| < H(a)™! forim.a € An} )
Furthermore, to complete the definition of 1, we suppose that it is constant equal to one on

the interval [0, 1]. We then clearly have
Ly <o & w>n
w>n = 6y) = O/,

where the measure 1(,,11)/(+1) iS again defined as in (9.6). We then readily deduce the next
statement from Theorems 7.6(1) and 10.4.

Corollary 10.7. For any integer n > 1 and any real parameter w > —1, the following properties hold:

(1) if w < n, then the set K5, ,, has full Lebesgue measure in R ;
(2) if w > n, then the set K}, ,, is Wy 41)/(w+1)-describable in R.

This result will be used to comment on a classification of real transcendental numbers that
is due to Koksma [41] and that we now present. First, it is clear that the mapping w — Kj,
is nonincreasing; for every real number x, we thus naturally introduce the exponent

wy(x) =sup{w > -1|x € K] ,}.

Note that when nn = 1 and x is irrational, one essentially recovers the irrationality exponent
defined by (1.2). Indeed, as observed in Section 7.4, the set A; coincides with Q, and writing
an element a € A in the form p/q for two coprime integers p and g, the latter being positive,
we have H(a) = max{|p|, q}. It is then easy to check that for all > 0,

Ko Shon\QS (] LK, .

O<e<w+1

and therefore that for any irrational number x,

wi(x) = 7(x) - 1.
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Koksma introduced a classification of the real transcendental numbers x which is based
on the way the exponents w},(x) evolve as n grows. This amounts to studying how the quality
with which a real number x is approximated by algebraic numbers behaves when their degree
is allowed to increase. Specifically, let us define

w*(x) = limsup a)n_(x)
nooo N
Koksma classifies the real transcendental numbers x according to whether or not w*(x)
is finite, see [13, Section 3.3]. In the first situation, that is, if w*(x) is finite, he calls x an
S*-number. Besides, let us mention that a result due to Wirsing [62] shows that a real number
x is transcendental if and only if w*(x) is positive, see [13].

As we now explain, Corollary 10.7 entails that Lebesgue-almost every real number x is
an S*-number satisfying w},(x) = n for every n > 1. In fact, for any real parameter w > 0, let
1?;, » denote the set of all real numbers x for which the exponent w},(x) is bounded below by
(n +1)w — 1. Observing that

g, = ﬂ LK

n,w’’
—l<w’<(n+l)w-1

we deduce from Corollary 10.7 that the set E;,a, has full Lebesgue measure in R when w <1,
and Lebesgue measure zero otherwise.

*

Our aim is now to describe the size and large intersection properties of the set En,a,.
As usual, we may exclude the trivial case in which this set has full Lebesgue measure,
and therefore suppose that w > 1. Due to the monotonicity of the mapping o’ - Kj, .,
we may assume in the above intersection that w’ ranges over a sequence of real numbers
strictly between n and (1 + 1)w — 1 that monotonically tends to the latter value. In view of
Corollary 10.7, we fall into the setting of Proposition 9.6 in the case where the infimum is not

attained. We end up with the next result.

Corollary 10.8. Forany integer n > 1 and any real parameter w > 1, the set K;,w is (1/ w)-describable
inR.

In order to make the connection with Koksma’s classification, we need to consider all the
integers n simultaneously. Accordingly, let us introduce the set

o0
A* — A*
K, =Ko
n=1

When w < 1, what precedes ensures that K; has full Lebesgue measure in R, and its size and
large intersection properties are trivially described. Let us assume oppositely that w > 1.
Combining Corollary 10.8 with Propositions 9.2 and 9.3, we straightforwardly establish that

MK, R)26(1/0)C  and  m(K:,R)2 6(1/w).

Applying Lemmas 9.3 and 9.4, we eventually get the following result.
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Corollary 10.9. Forany w > 1, the set E; is (1/w)-describable in R.

Again, combining this result with Theorem 9.2, we obtain a complete and precise
description of the size and large intersection properties of the set E;, thereby recovering
results previously established in [14, 18]. One may also use Corollary 9.3 if only dimensional
results are desired. In particular, we observe that the set E; has Hausdorff dimension equal
to 1/w. We thus recover a seminal result established by Baker and Schmidt [1].

The connection with Koksma’s classification now consists in making the obvious remark
that for any real parameter w > 0, the set

Q) ={xeR|w'(x) > w}

contains E;. In particular, we recover the fact that (7 has full Lebesgue measure in R when
@ < 1. As regards size and large intersection properties, the opposite case is richer and is
covered by the next result.

Theorem 10.5. For any real parameter w > 1, the set (X of all real numbers x such that w*(x) > @
is (1/w)-describable in R.

Proof. First, since the set ()} contains I/<\*w, we deduce from Proposition 9.2 and Corollary 10.9
that

m(Q,R) 2 m(K:,R) 2 6(1/w).

Furthermore, let us consider a sequence (w},)m>1 of real numbers strictly between one and w
that monotonically tends to the latter value. We clearly have

< (VUK o

m=1n=1
By virtue of Propositions 9.2 and 9.3, and also Corollary 10.7, this entails that

[o¢]

MO, R) 2 ([ VOUKS syor 1B = ) G0a;)C
m=1

m=1n=1
Indeed, each set K* , _, is 1y, -describable in R. We finally infer from Lemma 9.2 that
n,(n+1)w;,—1 m

the right-hand side is equal to ®(1/ a))C , and we conclude thanks to Lemmas 9.3 and 9.4. O

It is possible to formally let  tend to infinity in Theorem 10.5. This amounts to considering
the intersection of the sets ()7, in conjunction with the observation that the intersection of
the sets ®(1/w) reduces to the set $(0). Using the methods developed up to now, the reader
should easily prove the next result.

Corollary 10.10. The set QO of all real numbers x such that w*(x) = oo is 0-describable in R.

Note that, referring to Koksma’s classification, the set ()7, consists of the transcendental
numbers x that are not S*-numbers; they are call either T*-numbers or U*-numbers, depending
respectively on whether wj,(x) is finite for all n > 1, or infinite for from some n onwards. Let
us finally mention that Koksma's classification is very close to that previously introduced by
Mahler [44] and for which large intersection properties also come into play, see [13, 18] for
details.
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10.3.3. The case of algebraic integers

As explained at the end of Section 7.4, a result due to Bugeaud [9] shows that for any integer
n > 2, the pair (A}, H,—1) is an optimal regular system in R, where A/, denotes the set of
all real algebraic integers with degree at most #, and the height function H,_; is defined as
in (7.21), see Theorem 7.7. Combining this result with the above methods, we may obtain an
analog of Theorem 10.4 for the set obtained when replacing A, by A}, in (7.22), namely,

W, , = {x eR|jx—al < p(H(@) forim. aeAy}.

To be specific, we already observed in Section 7.4 that the set 2% " has full Lebesgue measure
in R when the integral I,,-1,y is divergent. This case being trivial as regards size and
large intersection properties, we rather assume that I,,_1,y is convergent. Then, adapting the
methods leading to Theorem 10.4, we end up with the fact that the set 91:1 " is -1,y -describable
in R.






CHAPTER 11

Applications to random coverings
problems

Similarly to Chapter 10, the purpose of this chapter is to review some examples introduced
before and, using the machinery of describable sets introduced in Chapter 9, to give a precise
and complete description of the size and large intersection properties of the involved sets. We
focus here on the examples from probability theory studied essentially in Section 6.5.

11.1. Uniform random coverings

This section is a sequel to Section 6.5.1. Throughout, U denotes a nonempty bounded
open subset of R and (X,),>1 denotes a sequence of points that are independently and
uniformly distributed in U. Let us recall from Theorem 6.13 that with probability one,
the sequence (X, ),>1 is uniformly eutaxic in U. Moreover, let us consider a nonincreasing
sequence r = (7,),>1 of positive real numbers. We wish to detail the size and large intersection
properties of the random set

Fr:{xeRd||x—Xn|<rn fori.m.nzl}.

Note that this set is equal to that obtained when choosing t = 1in (6.33). As usual, we exclude
the case in which the above set has full Lebesgue measure in U, because the size and large
intersection properties are then trivial. As mentioned in Section 6.5.1, this case is obtained
when the series 3, ¢ diverges, as a simple consequence of the Borel-Cantelli lemma and
Tonelli’s theorem.

We therefore suppose from now on that the series 3, 7 converges. We see that the
sequence (r,),>1 then converges to zero and that the set F; is unaltered when removing a
finite number of initial terms. Without loss of generality, we thus also assume from now on
that the real numbers r,, all belong to (0, 1]. The material of Section 9.4 prompts us to consider
the measure in R, given by (9.11), namely,

n = iérn-

n=1

In the present situation, Theorem 9.3 turns into the following result.

205
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Theorem 11.1. Almost surely, for any nonincreasing sequence r = (ry,)y>1 in the interval (0, 1] such
that ), r,”f converges, the set Fy is ne-describable in U.

In combination with Theorem 9.1, the above result yields a precise and complete description
of the size and large intersection properties of the random set F; ; such a description was first
obtained in [21]. Furthermore, as far as dimensional results are concerned, Corollary 9.2
is sufficient. By way of illustration, let us apply this result here. Note that the exponent
associated with the measure n, through (9.5) is nothing but the critical exponent s; for the
convergence of the series ), r;, that is defined in the interval [0, d] through the condition (6.5),
namely,

S<s => ) ,I, =00
S>s = ), 1, <oo.
Corollary 9.2 now implies that almost surely, for any nonempty open set V C U,
dimH(Fr N V) = S,
dimp(F; N V) =d
FreGg*(V),

where the last two properties are valid under the additional assumption that s, is positive.
We thus recover a property briefly mentioned after Corollary 6.3.

11.2. Poisson random coverings

This section is a follow-up to Section 6.5.2. Given a measure v € R and a nonempty open set
U c R, we consider on U, = (0,1]xU a Poisson point measure [T with intensity v LY nU),
and furthermore the set

/ 1{|y—x|<r} H(di’, dx) = OO} .

+

FV:{yeRd

Note that this set is equal to that obtained when letting t = 1 in (6.37). We use here the
notation F, to stress the dependence on v. Of course, there is no loss in generality in assuming
that t = 1, because replacing r' by r amounts to replacing v by its pushforward under the
mapping r — 1!, and our analysis will be valid for all measures v. Our main result is the
following full and precise description of the size and large intersection properties of the set
F,. We recall from (9.4) that the measure v belongs to R, if and only if

(v,r > ) = / r?v(dr) < oo.
0,1]
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Theorem 11.2. For any measure v € R and a nonempty open set U C RY, the following properties
hold:

o if v & Ry, then the set F, almost surely has full Lebesgue measure in U ;

o if v € Ry, then the set F, is almost surely v-describable in U.

Before establishing Theorem 11.2, let us make some comments. The description of the size
and large intersection properties of the set F, follows indeed from the combination of that
result with Theorem 9.1. In the case where v € R, if one is only interested in dimensional
results, Corollary 9.2 is enough, and actually implies that with probability one, for any
nonempty open set V C U,

dimy(F, NV)=s,
dimp(F, NV) =d
F,eG*(V),

where the last two properties hold if s, is positive. We thus recover a result shortly mentioned
after the statement of Theorem 6.14. Here, the exponent s, is defined by the following
integrability condition:

§ <85, = r*v(dr) = o
©0,1]

s>s5, — r*v(dr) < oco.
(01]

When v ¢ Ry, the first part of Theorem 11.2 instead gives dimy(F, N'V) = dimp(F, N V) =d
almost surely for every nonempty open set V C U. Let us mention in passing that, as already
observed in Section 6.5.2 and as suggested by the last property, F, is almost surely a Gs-subset
of R%.

With that level of generality, Theorem 11.2 does not appear anywhere in the literature.
However, in dimension d = 1, results of the same flavor have been obtained in [20] with a
view to studying the singularity sets of Lévy processes. Similar results are also used in [22]
to perform the multifractal analysis of multivariate extensions of Lévy processes; this also
corresponds to the case where d = 1, but the approximating points are replaced by Poisson
distributed hyperplanes.

The remainder of this section is devoted to the proof of Theorem 11.2. Since it is quite
long, we split it into several parts.

11.2.1. Reduction to the bounded case

We begin by reducing the study to the case in which the ambient open set is bounded. To this
end, we adopt a strategy similar to that employed in the proof of Theorem 6.14. Specifically,
for any bounded open subset of U, let us introduce the set

L 1{|y—x|<7} H(dr,dX) = oo}

defined by restriction from F, as in (6.39), and let us recall from Lemma 6.4(1) that I1(- N V)
is a Poisson point measure on V, with intensity v ® £%(- N V). Moreover, for any integer
¢ > 1, the sets U¥) defined by (6.42), namely,

F},/:{yeRd

U® ={xelUnB,¥)|d(x R\ (UNBO,?))) >1/¢}
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form a nondecreasing sequence of bounded open sets with union equal to U, and we get
from (6.43) that

Foous=| 1@ au), (11.1)
=1
In addition, there exists an integer £y > 1 such that U%) is nonempty, and in fact all the
subsequent sets U¥) are nonempty as well.
Let us assume that Theorem 11.2 holds for bounded open sets, and let us begin by
supposing that the measure v is not in R;. Then, for any ¢ > {5, with probability one, the

set FY Vs Lebesgue-full in U¥). We readily deduce from (11.1) and the basic properties of
Lebesgue measure that F,, is almost surely Lebesgue-full in U.
Let us now suppose that v is in R;. Then, for any ¢ > {, with probability one, any gauge

function in G(v)C is majorizing for FY " in U®. Hence, with probability one, for any such
gauge function g, we have

HI(F,nU) <y HEFL nu®) =0,
t=to
because of (11.1) and the fact that the Hausdorff g-measure is an outer measure. In other
words, we have established that

as.  M(FE,U)26Gw)C.
Furthermore, we also know that for any ¢ > {, with probability one, any gauge function in
®(v) is minorizing for FY “in U, Thus, with probability one, for any such gauge function g,

each set F}f “ with ¢ > {o belongs to the class G¢ (U(’Z)). By Definition 8.2, this means that for
any d-normalized gauge function & < g4 and any open set U C U, we have

MEEYY A u® Ny = MEUO N T),

because U¥) N U is then an open subset of U"). The sets in the right-hand side are
nondecreasing with respect to £ and their union is equal to u. Owing to (11.1), the sets in the
left-hand side satisfy the same monotonicity property, with an union equal to F, N U. We
now use the fact that Proposition 2.4(2) holds for the outer measure MU even if it need not be
regular, see [51, Theorem 52]. We end up with

ME(F, 0 ) = ML),
We have thus proved that with probability one, for any gauge function g in ®(v), the set F,
belongs to the large intersection class G8(U). As a result,

a.s. m(F,, U) 2 G(v).

To conclude that the set F, is almost surely v-describable in U, it suffices to apply Lemmas 9.1
and 9.4. The upshot is that we may assume in what follows that the open set U that comes
into play in the statement of Theorem 11.2 is bounded.

11.2.2. Integrability with respect to a Poisson measure

The proof will make a crucial use of the following result on the integrability of gauge functions
with respect to Poisson random measures.
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Lemma 11.1. Let v be a measure in Ry, let U be a nonempty bounded open subset of RY, and let NY
denote a Poisson point measure on the interval (0, 1) with intensity equal to L%(U)v. Then, with
probability one,

NYeRy, and GNY)=6®W).

In order to establish Lemma 11.1, let us begin by proving that NY is in R,; with probability
one. We observe that NY must have infinite total mass almost surely, because its intensity has
infinite total mass, since v is in R;. Moreover, evaluating the Laplace functional of N at the
functions r +— 0 7%, for all 6 > 0, we get

E [exp (—6 A),l] 7 Nu(dr))] =exp (—Ld(LI) -A),l](l —e0 rd)v(dr)) .

We obviously have 1 — e™ < z for all z € R. Using this bound twice, we deduce from the
above equality that

E[l (l—exp (—@ / rdNU(dr)))] < L) rév(dr).
0 ©0,1] 0]

Given that v belongs to R, the right-hand side is finite. In addition, as 6 goes to zero, the
random variable in the expectation monotonically tends to the integral of r > r? with respect
to NY. We deduce from the monotone convergence theorem that this integral has finite
expectation. Hence, with probability one,

/ riINY(dr)<oeo and  VYpe(0,1] @wu(p) = NY([p,1]) < co. (11.2)
01]

As a consequence, the Poisson point measure NY is almost surely in R;. It remains to prove
that the two sets G(NY) and 6(v) coincide with probability one. As we now show, this follows
from the next property:

as.  Ouu(p) ~ LYU)D,(p) as p—0, (11.3)

where ®,(p) is equal to v([p, 1]), as defined by (6.35).

Let us suppose that (11.3) holds and let us consider a gauge function g in % with
d-normalization denoted by g4 as usual. The function g, is nondecreasing and continuous
near zero, but need not satisfy this property on the whole interval [0,1]. However, g4
clearly coincides near zero with some function denoted by ¢ which is both nondecreasing
and continuous on the whole [0, 1]. Moreover, due to (6.35) and the observation that g, is
bounded on (0, 1], we have

g€ 6W) = g(r)v(dr) = oo.
(0.1]
Also, on the almost sure event on which (11.2) holds, the above characterization remains valid
if v is replaced by the Poisson point measure NY.

Now, similarly to the proof of Theorem 7.1, let us introduce the Lebesgue-Stieltjes measure
associated with the monotonic function g. Specifically, let C be the premeasure satisfying
C((r,r"]) =g(r") — g(r) when 0 < r < r’ <1, and let . be the outer measure defined by (2.5).
Theorem 2.4 shows that the Borel sets contained in (0, 1] are (.-measurable, and we may thus
integrate locally bounded Borel-measurable functions with respect to C.. Adapting the proof
of Proposition 2.9 and using Proposition 2.4(1), one may prove that . coincides with the
premeasure C on the intervals where it is defined, and in particular that C.((0, r]) = g(r) for
any real number r € (0, 1]. Using Tonelli’s theorem, we deduce that

3 v(dr) = /(O P Cdp),

0,1]



210 Random coverings problems

and that the same property holds when v is replaced by NY. As a consequence, the sets
®(NY) and 6(v) coincide with probability one if (11.3) holds.

It remains us to establish (11.3). To proceed, let us introduce the countable set Dy of all
real numbers 7 € (0, 1] such that v({r}) > 1, and also its complement in (0, 1], denoted by D;.
Then, for all ¢ € {0,1} and p € (0, 1], let

Dy e(p) =v(Denlp, 1)  and  Oulp) = NU(De N [p, 1]).

Note that there necessarily exists an index ¢ such that v(Dy) is infinite. Moreover, if v(Dy) is
finite, @, ¢(p) tends to a finite limit as p goes to zero, and @\u ,(p) as well, with probability
one. Hence, the proof reduces to showing that for any index ¢ € {0, 1} such that v(9Dy) is
infinite, we have

as. D ylp) ~ LUU) Dy e(p) as p— 0. (11.4)

For any & > 0 and any p > 0 small enough to ensure that ®, ;(p) > 0, we assert that the
following bound holds:

P(M—l >§)<2ex (——Ld(U)(D ( )) (11.5)
LA p) =) TP T2e v Pl '
This is indeed a consequence of Bernstein’s inequality for integrals with respect to compensated
Poisson point measures. To be specific, if S is a locally compact topological space with a
countable base, 7 is a positive Radon measure thereon, and Il is a Poisson point measure with
intensity 7, then for any real-valued Borel measurable function f defined on S, integrable
with respect to 11, and such that

M =sup|f| and V:/f2d71
S S

are both positive and finite, we have for all positive values of &,

o[ [ran- [ ran e )

> E) < 2exp (_2]\45—+6‘/

The above bound may be obtained for instance with the help of [33, Corollary 5.1] or [50,
Proposition 7].

Let us consider a decreasing enumeration (a,),>1 of Dy, and let us suppose that v(Dy) is
infinite. The sequence (a,),>1 then necessarily converges to zero. In addition, (11.5) implies
that for all integers m,n > 1,

D o(an) 1 3L4U)n
e 1= ) <2o0 [wem) e

because ®, o(a,) = v({a1,...,a,}) = n. Summing these inequalities over n for each fixed
value of m, we infer from the Borel-Cantelli lemma that for any integer m > 1, with probability
one, for all n large enough,

3&?

Sl Owel) 1 (11.7)
m ~ L4U) @, o(ay) m
For any real number p € (0,1], let n(p) stand for the number of integers n > 1 such that
ay > p. Note that @, o(p) coincides with @, o(a,(,)), and the same property holds when v is
replaced by NY. Hence, if p is sufficiently close to zero, we may replace a, by p is the above
inequalities. As a result,

D 1
as. VYm2>1 lim sup NU—,o(P) -1 < oy

p—0 Ld(U) q)V,O(p)
and we obtain (11.4) for £ = 0 by letting m — co.
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Let us now assume that v(9;) is infinite. For each integer n > 1, let us define

Pn = Sup {P € (Or 1] | va,l(P) > 7’1} .

We thus obtain a nonincreasing sequence in (0,1) that converges to zero. In addition,
D, 1(pn) = n for all n > 1. Applying (11.5) again, we infer that the bounds (11.6) still hold
when a,, is replaced by p;,, and ®\u ( and @, g are replaced by ®\u ; and @, 1, respectively.
Using the Borel-Cantelli lemma, we deduce likewise that (11.7) holds when the same
substitutions are performed. On top of that, by definition of D4 and p,,, we have

n <D, 1(pn) = v(D1 N {pn}) + lilm T®D,1(p) <1+n.
pPlpn

Making use of the monotonicity of ®\u ; and @, 1, we conclude that with probability one, for
all n large enough and all p € [py+1, pul,

O
n 1_1 < N1 (p) Sn+2 1+l,
n+2 m) ~ L4U) D, 1(p) n m
and finally that (11.4) holds for ¢ = 1. The proof of Lemma 11.1 is complete.

11.2.3. Proofin the bounded case

It remains us to establish Theorem 11.2 in the case where the open set U is bounded. Given
a measure v in R, let NY denote a Poisson point measure on (0, 1] with intensity £4(U) v.
Lemma 6.5(1) ensures the existence of a nonincreasing sequence (R, ),>1 of positive random
variables that converges to zero such that (6.40) holds with probability one, namely,

a.s. NY = i OR,,-
n=1

Moreover, let (X,,),>1 be a sequence of random variables that are independently and uniformly
distributed in U, and are also independent on NY. Lemma 6.5(2) now implies that the random
point measure defined on U, by (6.41), specifically,

NY = Z O(Ry,Xn)
n=1

is Poisson distributed with intensity v ® £(- N U). Hence, the random point measures IT
and NY share the same law. The upshot is that we may assume that IT is replaced by NY in
the definition of the random set F,.. This enables us to write this set in the alternate form

Fo={yeR?|ly—Xul <R, forim.n>1}.

On top of that, Theorem 6.13 ensures that with probability one, the sequence (X, ),>1 is almost
surely uniformly eutaxic in U.
Evaluating the Laplace functional of the Poisson point measure NY at the function r + ¢,

we obtain
exp (— Z RY|| = exp (—Ld(U)/ (1—-e) v(dr)) .
n=1 ©1]

Therefore, if the measure v is not in Ry, the integral in the right-hand side is infinite, so that
the expectation in the left-hand side vanishes. This means that the series Y, R% diverges
almost surely, and thus that the sequence (R, ),>1 belongs to the set P characterized by (6.2).
By Definition 6.2, the set F,, almost surely has full Lebesgue measure in U.

Lastly, let us deal with the case where v belongs to R;. We infer from Lemma 11.1 that
with probability one, the Poisson point measure NY belongs to R, so that the series 3, R?
converges. Applying Theorem 9.3, we then deduce that with probability one, the set F, is

E
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NU-describable in U. However, Lemma 11.1 ensures that the sets (NY) and (v) coincide
almost surely. It follows that F, is almost surely v-describable in U.



CHAPTER 12

Schmidt’s game and badly
approximable points

12.1. Schmidt’s game

Throughout this chapter, all the closed balls and intervals considered in the game are assumed
to have positive diameter.

We shall study the following game introduced by Schmidt [55]. Let us consider two real
numbers &, f € (0, 1) and a subset S of RY. Two players, called Alice and Bob, successively
choose nested closed balls of RY, namely,

Bi2A12B,2AD...
with the condition that for any integer i > 1,
|Ail=alBi| and  [Bix| = BlAil

Alice picks the balls A; and Bob chooses the balls B;. Within this setting, Cantor’s intersection
theorem ensures that intersections (); A; and (); B; are both reduced to the same nonempty
compact set with diameter zero, a singleton denoted by {w}. Alice wins the game if w belongs
to S, and Bob wins the game otherwise. The question now is to determine whether or not,
depending on the choice of the initial set S, there exists a strategy that Alice can follow in
order to be surely the winner, no matter how Bob plays.

More formally, for any closed ball D of R and any real number p € (0, 1), let D,(D) denote
the collection of all closed balls D" C D such that |D’| = p|D|. For any integer i > 1, let %, ; be
the set of all functions f defined on the i-tuples (Dj, ..., D;) of closed balls of R? for which
f(D1,...,D;i) € Dy(D;). The strategies that Alice can follow are defined in the next manner.

Definition 12.1. Let a and f be two real numbers in (0, 1) and let S be a subset of R.
e We call an a-strategy any sequence of functions ( f;);>1 such that f; € ¥, for any
integer i > 1.
e An a-strategy (fi)i>1 is called («a, B; S)-winning if for all sequences (A;);>1 and (B;)i>1

of closed balls of R,
A; = fi(B1,...,B)) 0 0
Vi>1 = : = [lai=(\Bics.
Biy1 € Dg(A)) i=1 i=1

o The set S is called («, B)-winning if there exists an a-strategy that is («, f; S)-winning.
e The set S is called a-winning if it is («, f)-winning for all € (0, 1).

Within this formalism, a game then corresponds to the choice of two sequences (A;)i>1
and (B;);>1 of closed balls of R? such that A; € D,(B;) and Bj,; € Dp(A;) foralli > 1. An
a-strategy represents the way with which Alice will choose the balls A; given the balls

213
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By, ..., B; previously chosen by Bob. If S is an (@, f)-winning set, and if ( f;);>1 denotes an
a-strategy that is (a, f; S)-winning, then Alice will always win if she systematically picks the
balls A; in the form f;(By, ..., B;).

The following notion of chain, which keeps track of the balls chosen by Bob, will also play
a useful role in the sequel.

Definition 12.2. Let § € (0,1), let (B;);>1 denote a sequence of closed balls of RY with positive
diameter and let ( f;)i>1 be an a-strategy.

e For any integer j > 1, we say that (By,...,B)) is an (fi,..., fj)-chain if for all
ie{l,...,j—1},
Bi+1 € Z)ﬁ(fl(Bl, ey Bl)) (121)
e We say that (B;);>1 is an ( f;)i>1-chain if (12.1) holds for any i > 1.

It is clear from the above definitions that if the a-strategy ( f;)i>1 is («, 8; S)-winning, then
the intersection of any ( f;);>1-chain is a singleton contained in S. Moreover, if (B;);>1 denotes
an (fi)i=1-chain, then |B;1| = ap|B;| forall i > 1.

In the case where a < 1/2, there exists a-winning sets that do not coincide with the
whole RY, see for instance the important example of badly approximable points discussed in
Section 12.2 below. However, it is quite intuitive that a-winning sets have to be somewhat
large. This intuition is confirmed by the following result.

Theorem 12.1. Let a be a real number in (0, 1), and let S be an a-winning subset of RY. Then, for
any nonempty open subset U of RY,

dimpg(SNU) =d.

Proof. Let p € (0,1/4) and let m denote the maximal number of disjoint closed balls with
radius 28 that may be included in the closed unit ball of R?. One easily checks that
k < (2B)%m < 1 for some real « € (0, 1) that depends on the norm the space R is endowed
with. In particular, m > 2, since two balls with radius 28 < 1/2 fit disjointly inside the
unit ball. Moreover, the set S is (a, f)-winning, so there exists an a-strategy ( f;)i>1 that is
(a, B; S)-winning.

The proof makes use of the setting of the general Cantor construction introduced in
Section 2.9.2. The construction is indexed by the m-ary tree T,, formed by the words of finite
length over the alphabet {1, ..., m}. We define as follows a collection (I,,),er,, of closed balls
of R satisfying the following properties:

e for any u in T, the balls I,;1, . .., I are disjoint and included in I,; ;

e for any integer j > 1 and for any distinct u and v in {1, ..., m}/, the distance between
I, and I, is at least (aﬁ)f|1@|;

e for any sequence (&;);>1 of integers between one and 1, the sequence (I, ¢,)i>1 is an
(ﬂ)izl-chain.

We proceed by induction on the height of the tree. First, the ball I indexed by the root
is an arbitrary closed ball with positive diameter that is contained in U. Second, the ball
I contains m disjoint closed balls with diameter 2a$|Ig|. The balls concentric to them with
half their radius are denoted by Iy, . .., I, ; they have diameter af|lz| and are separated by
a distance at least af|lz| as well. It is clear that each of these balls forms an ( f1)-chain; in
fact, every closed ball of R? is an ( f1)-chain. Then, let us consider an integer j > 1 and let us
assume that the balls I,,, for u € T, with length at most j, have been defined appropriately. In
particular, the set A; = f;(I,, ..., I,) is a closed ball of RY with diameter a|I,,|. Therefore, it
contains m disjoint closed balls with diameter 2af|I,,|, so that we can find m balls, denoted
by I, ..., lum, in the collection Dg(A;) that are separated by a distance at least af|I,|. For
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each k, the (j + 1)-tuple (I, ..., Iy, I,k) isan (fi, ..., fi+1)-chain. This implies in particular
that ap|l,| = (ap)|L,| = (aB)/*!|Iy|. We thus have built appropriately the balls indexed by
the words with length j + 1.

Now, given that the a-strategy (fi)i>1 is (a, f; S)-winning, the limiting compact set K
defined by (2.19) is contained in S. Indeed, for any point x in K, there exists a sequence (&;)i>1
in {1,...,m} such that x belongs to the ball I, ¢, for any i > 1; since these balls form an
(fi)iz1-chain, their intersection is a singleton contained in S, and this singleton is necessarily
equal to {x}.

Here, the sequence (¢;);>1 defined by (2.20) satisfies ¢; > (aB)/|Ip| for all j > 1, and the
sequence (11;);>1 defined by (2.21) is constant equal to m. Since each parent has at least two
children, ¢;;1 is smaller than the diameter of a generation-j parent, namely, (aB)|ly| < gj.
The same bound shows that ¢; tends to zero. Moreover, the sequence (11;);>1 is positive. We
may therefore apply Lemma 2.4; this yields the lower bound

log(m1 ce m]-_1)

dimpg K > liminf W .
= —log(m)e)

Recalling that K is included in S N U and using the above lower bound on ¢; and the equality
mj = m, we deduce that

dimex(S 1 U) > lim inf — 28" ) Log
im > limin . = .
H j—o0 —log(ml/d(a‘ﬂ)]”@D |10g(0[ﬁ)|
We conclude by recalling that m > x(28)™%, and finally by letting the parameter  go to
zero. ]

12.2. The set of badly approximable numbers

We consider in this section an emblematic example of winning set: the set, denoted by Bad, of
badly approximable numbers that we defined in Section 1.3. The main result is the following,
and is proven at the end of this section.

Theorem 12.2. The set Bad is (a, f)-winning for any pair (v, B) of real numbers in (0, 1) satisfying
20 <1+ ap.

Combined with Theorem 12.1, the above result directly enables us to determine the value
of the Hausdorff dimension of the set of badly approximable numbers, thereby obtaining a
definitive improvement on Corollary 3.2.

Corollary 12.1. For any nonempty open subset U of R, the badly approximable numbers that belong
to U form a set with Hausdorff dimension satisfying

dimg(Bad; N U) = 1.

Proof. If @ denotes a real number in the interval (0, 1/2], then for any real § in (0, 1), we
have 2a <1 < 1+ af, so that the set Bad is («, )-winning, by virtue of Theorem 12.2. We
deduce that the set Bad; is a-winning. Its Hausdorff dimension is therefore equal to one, as a
consequence of Theorem 12.1. ]

Corollary 12.1 may be extended to badly approximable points, that is, to the d-dimensional
setting. In fact, a result of Schmidt [54] shows that the Hausdorff dimension of the set Bad, is
equal to d.

The remainder of this section is now devoted to the proof of Theorem 12.2. Let us consider
two real numbers a and B in the interval (0, 1), and let us assume that y = 1+ af —2a is
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positive. For any real number ¢ > 0, let us define
o(f) = %min {f, (04,8)2%} .

First reduction of the problem. The proof of Theorem 12.2 reduces to that of the following
statement.

Proposition 12.1. There exists an a-strategy ( fi)i=1 such that for all sequences (A;)i>1 and (B;)i=1 of
nonempty closed intervals of R satisfying

A= fi(B1,.. .,Bi)
Bi+1 € Dp(Ai),
the intersections (); A; and (); B; are both reduced to the same singleton {w}, where w is such that

p|_ 5(Bi)
5]2

|Bllg¥ and Vizl{

V(p,q) € ZXN

. (12.2)

q

In order to explain how Theorem 12.2 derives from Proposition 12.1, let us consider an
a-strategy (fi)i»1 satisfying the property given in the latter statement. We build another
a-strategy (f;")i>1 as follows. Let us fix an integer i > 1 and an i-tuple (I3, ..., I;) of closed
intervals of R. In the situation where the condition

aBy

4
holds, we let j denote the smallest positive integer such that |I;| < afy /4, so that j is necessarily
less than or equal to 7, and we define

Frln, 1) = fiin(@, . 1),

Otherwise, we decide that fl.*(ll, ..., I;) is an arbitrary element of D,(I;), e.g. the interval
concentric to I; with length « times that of ;.

Let us show that the a-strategy ( ff)izl is (@, B; Badj)-winning. Let us consider two
sequences (A;);>1 and (B;);>1 of closed intervals of R such that forall i > 1,

A= f;(Bl, ceey Bi) and Bii1 € Z)ﬁ(Ai). (12.4)

Ll = aplliza] = ... = (ap) L] < (12.3)

We need to show that the intersection of the intervals A; or, equivalently, that of the intervals
B; is contained in the set Bad; of badly approximable numbers. To proceed, we may obviously
assume that the intervals A; and B; are nonempty; the aforementioned intersection is thus
reduced to a singleton {w}. We now observe that (B;);>1 is an (f;");>1-chain. In particular,
|Bi| = (aﬁ)i‘1|Bll for all i > 1. Letting j denote the smallest positive integer such that
|Bj| < apy /4, we deduce that (12.3) is satisfied by the intervals By, ..., B; assoonasi > j. As

a consequence, in view of (12.4), the intervals Af = Aj+i-1 and Bf = Bjyi-1 verify foralli > 1,
Al=fi(B],...,Bl) and Bl € DA,

in addition to |B{| < afy /4. Applying Proposition 12.1, we deduce that w satisfies (12.2) with

6(|B]i|), that is, 5(|B}|) instead of 6(|B1|) in the bound. However, these two values coincide.
Clearly, this is the case if |B1| < afy /4, because j = 1 then. Moreover, in the opposite situation,
the minimality of j ensures that |B;| > (« B)?y /4, so that

8(B;l) = 2 min {Bj|, (@B} = L min {Bil, (ap*2 | = 5(Bi]).

As a consequence, w satisfies (12.2), and is therefore badly approximable, i.e. belongs to the
set Bad;.
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Since the a-strategy ( ﬁ)z‘zl is (a, ; Bad;)-winning, the set Bad; is (a, f)-winning, and
Theorem 12.2 holds. We are thus reduced to establishing Proposition 12.1.

Second reduction of the problem. To proceed with the proof of Proposition 12.1, let us consider
the unique integer t > 1 such that

B < apy <2

along with the unique positive real number R such that Rz(a B)! =1, and let us introduce the
following definition.

Definition 12.3. Let us consider an integer k > 0 and a real number ¢ in (0, afy/4]. A
nonempty closed interval I of R is called (k, £)-appropriate if its length satisfies |I| = R=2%¢ and
if the following holds:

Vxel V(p,q) el g<Rf = ‘x—5‘>6(£)
q

It is elementary and useful to observe that any closed interval I with length in (0, afy /4]
is (0, |I[)-appropriate. The proof of Proposition 12.1 now relies on the following result.

Proposition 12.2. For any integer k > 0 and any real { € (0, afy /4], there are some func-
tions g,{t Ry gfk ) in Fa1,..., Fat, respectively, such that for any nonempty closed intervals
Akt+1, -+ Aksr)r and Bipsa, - - ., Bksrye4r satisfying

Ai = gf(Bkt+1/ ceey Bl)

Vie{kt+1,...,(k+1)t} {B € Dy(A)) (12.5)
i+1 B i)s

the following implication holds:
Bit+1 is (k, £)-appropriate = B(k+1)t+1 is (k + 1, £)-appropriate.

As a matter of fact, Proposition 12.2 yields functions gf which enables us to define an
a-strategy (fi)i>1 by
f:l(Ill" glk(|1kt+1|)(lk 1,'”,11,)
for any integer i > 1 and any i-tuple (Il, ..., I;) of closed intervals of R. Here, k is the unique
integer such that i = kt + r for some r € {1, ...,t}, and

ex(l) = min {Rzkl 'BV}

Note that the function gf" (ki1) belongs to ¥, so that f; belongs to ¥,,; as required. Let us
now consider two sequences (4;);>1 and (B;);>1 of nonempty closed intervals with

Ai = f(Bi,...,B)
Bil< Y and vizd i = Sith ’
4 Bis1 € Dp(Ai),

In particular, for any integer k > 0, the interval By;4+1 has length (a[a’)kt times that of the
interval By. Thus, ¢(|Bkt+1]) is constant equal to |B1|. We deduce that (12.5) holds for all
k > 0, with ¢ equal to |B1|]. On top of that, the interval By is (0, |B1])-appropriate. Applying
Proposition 12.2 with ¢ = |B;|, we may thus prove by induction on the integer k > 0 that each
interval By is (k, |B1|)-appropriate. As a consequence, the intersection {w} of the intervals
B; satisfies the following property for every integer k > 0, every integer ¢ with 1 < g < R¥
and every integer p € Z,

o(|B1)
9>

ged(p,gq) =1 - ‘a) - g‘ >
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This readily implies (12.2), and we conclude that Proposition 12.1 holds. We are thus finally
reduced to proving Proposition 12.2.

End of the proof. In order to establish Proposition 12.2, let us consider an integer k > 0,
a real number ¢ € (0, ®By /4], some functions gﬁtﬂ, el g("kﬁ)t belonging to Fu1, ..., Fa,t,
respectively, and some nonempty closed intervals Aks41, ..., A1) and Bgti1, - . ., Bstye1
satisfying (12.5). Let us also assume that By is (k, {)-appropriate. Furthermore, let us
introduce the set

o o(¢
ut= | [E_ (2),E+ _(2) , (12.6)
(p.9)ePq q q q q
Rk§q<Rk+1

and let us assume that the interval B(;,1);+1 does not meet the set Ulf. Thus, for every pair of
coprime integers (p, q) such that R¥ < g < R¥*1, any point in B(t41)1+1 is at a distance larger
than 6(¢)/q? from the rational number p/q. As the interval By, is (k, £)-appropriate and
contains B(i41):+1, this actually holds for every positive integer g less than R**1. Moreover,
the length of B(jy1y41 is (aB)! times that of Byt ; we deduce that this interval is (k + 1, {)-
appropriate.

It thus suffices to find a strategy that forces the interval B(j1)¢4+1 to fit into Bys4q \ LI,{. To
proceed, let us study the intersection set By;+1 N U]f more precisely. Recall that the set U]‘: is
a union of intervals that are indexed by pairs of integers; let us assume that there are two
distinct pairs (p, ) and (p’, q’) such that the corresponding intervals meet the set By, at
some point x and some point x’, respectively. Then, on the one hand,

p_pl_ g —pial, L
q q 9’ a9’
because the aforementioned pairs are formed by coprime integers. On the other hand, the
triangle inequality yields

p_v
q q

> R—Z(k+1) — (a‘B)tR_Zk,

P

P I+ x = x| <

q
<2( .37/) R 4 (ap)e < 2V apy (“§V+1)R—2k aﬁVR 2%

These bounds are due to the fact that 6(¢) < (afy /4)2 and that y < 2. We directly deduce
that (aB)! < aBy /2, which contradicts the choice of the integer . This means that, among
the intervals that compose the set U!, at most one can meet the set Bis4+1. As a consequence,

0, o0
— +

<|x - x' = + |Bke+1l

+

the intersection set By;11 N Ulf is a (possibly empty) closed interval with diameter at most
25(0)R™2.

Let by;41 denote the center of the interval By;,1. If we assume furthermore that the interval
Biis1 N U£ is nonempty and centered at the left of by;.1, then its right bound is at most

|Brrs1 N UL
2
from which we directly deduce that

o(¢)

bres1 + < biar + O(O)R™2K = bypiq + T|Bkt+1| < brper + £|Bkt+1|,

4
Bgt+1 N U,ﬁ C Bt+1 N (—Oolbktﬂ + Z|Bkt+1| .

Now, let h™ be the function in %, 1 which maps every interval of the form [c — p, ¢ + p],
with ¢ € Rand p > 0, to the interval [c + (1 — 2a)p, ¢ + p]. We suppose that A; = h*(B;) for all
ie{kt+1,...,(k+1)t}. Theinterval By;,; is contained in 7" (B;41), so its left bound satisfies

|Bit2l |Bkt+1|

bkt+2 >b +1"‘(1 2a )
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Moreover, the length of By is aff times that of Bys11. As a consequence,

By B
bkt+2 > bkt+1 + (1 — 204)| 2t+1| + Ozﬁl k2t+1| = bkt+l + %lBkt+1|~

The choice of the function " implies that the center of each interval B;,; is necessarily on the
right of that B;. In particular, b(1)4+1 is larger than or equal to byt;2, and the above lower
bound on by; 42 implies that the left bound of the interval B ;1)1 satisfies
B(k+1)t+1l (ap)!
biks1yt+1 — HTH > by + %lBkHll - TﬁlBktHl > byie1 + %lBkHll;

which finally yields
B(k+1)t+1 c Bkt+1 N (bkt+1 + %lBkt+1|r 00) .

Thanks to the previous analysis, we may now explain how to establish Proposition 12.2.
First, for any nonempty bounded subset I of R, let ¢(I) = (inf I + sup I)/2; this agrees with
the center when I is an interval. This convention also defines c(I; N U]f) for arbitrary input
intervals I;, even when the intersection is not an interval. Concerning the empty set, we
adopt the arbitrary convention that c(0) is equal to co. The situation detailed above thus
corresponds to the case where ¢(Bj+1 N U,f) < ¢(Bgt+1), and the relevant function is therefore
h*. A similar approach can be developed in the case where ¢(Bg+1 N ll,{) > ¢(Bgty41), i.e. if
the interval B4 N ll]f is either empty or centered on the right of by;41. In that situation, the
relevant function is the function h~ in #,,1 which sends every interval of the form [c —p, c +p],
with ¢ € Rand p > 0, to the interval [c — p,c — (1 — 2a)p]. It is now natural to define the
functions gl‘;t Ry gfk+1)t as follows: for any integer i € {1,...,t} and for any i-tuple of
intervals (I, ..., I;),

? _ —
ktaillts -+, i) = 1{c(1mu,{)3c(11)}h+(1i) + Lemnutyscmpt (L)

It is clear that each function gi .,; belongs to F, ;. Moreover, for any nonempty closed intervals
Akts1, - oo, Aesryr and Bigga, - . ., B(ks1)e4+1 such that (12.5) holds and By 41 is (k, £)-appropriate,
it results from the previous analysis that the interval B(x,1)+1 cannot meet the set ue, thereby
being (k + 1, {)-appropriate. This finishes the proof of Proposition 12.2, and in fact of
Theorem 12.2.
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