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We consider a diffusion process X in a random Lévy potential V which
is a solution of the informal stochastic differential equation

{ dX, =dp, — LV (X di,
X0 =0,

(B B. M. independent of V). We study the rate of convergence when the dif-
fusion is transient under the assumption that the Lévy process V does not
possess positive jumps. We generalize the previous results of Hu—Shi—Yor for
drifted Brownian potentials. In particular, we prove a conjecture of Carmona:
provided that there exists 0 < ¥ < 1 such that E[e<V1] =1, then X; /t* con-
verges to some nondegenerate distribution. These results are in a way anal-
ogous to those obtained by Kesten—Kozlov—Spitzer for the transient random
walk in a random environment.

1. Introduction. Let (V(x),x € R) be a cadlag, real-valued stochastic pro-
cess with V(0) = 0, defined on some probability space (€2, P). We consider a dif-
fusion process X, solution of the informal stochastic differential equation

{dxt =dp; — 3V (Xp)d1,
Xo=0,

where (s, s > 0) is a standard Brownian motion independent of V. Formally, one
can see X as a diffusion process whose conditional generator, given V, is

ITvwd (e—w)i)'
2 dx dx

We call X a diffusion in the random potential V. Somehow, this process may be
thought as the continuous analogue of the random walk in random environment
(see Schumacher [18] or Shi [20] for a connection between the two models). In
particular, both models exhibit similar interesting features such as asymptotic sub-
linear growth.

For instance, if V is a two-sided Brownian motion, then X is recurrent and
Brox [4] proved an equivalent of Sinai’s theorem [21] for random walk in a random
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environment, that is, X;/log?t converges to some nondegenerate distribution as ¢
goes to infinity.

When the potential process V is a drifted Brownian motion (V, = B, — 5x, with
k > 0 and B a two-sided Brownian motion), the diffusion is transient toward +o0.
More precisely, Kawazu and Tanaka [12] showed that the rate of convergence to
infinity depends on the value of «:

e If 0 <« <1, then tiKX ¢ converges in law, as ¢ goes to infinity, toward a nonde-
generate positive random variable.
e If x =1, then IOTg’X ¢ converges in probability toward 41_1'

e Ifk > 1, then %X ¢ converges almost surely toward "Zl.

Refined results were later obtained by Tanaka [22] and Hu, Shi and Yor [11], in
particular, they proved a central-limit type theorem when « > 1. We point out
that these results are the analogue, when the potential is a drifted Brownian mo-
tion, of those previously obtained by Kesten, Kozlov and Spitzer [14] for the dis-
crete model of the random walk in a random environment. However, the results of
Kesten, Kozlov and Spitzer hold for a wide class of environments, whereas few
results are available in the continuous setting for general potentials. One would
certainly like to extend the results of [11] and [22] for drifted Brownian motion to
a wider class of potentials. In this spirit, Carmona [5] considered the case where V
is a two-sided Lévy process and proved, by use of ergodic theorems that, if ®
denotes the Laplace exponent of V,

(1.1) E[e*V1] = ®®, t>0,AeR
[note that ® (1) may be infinite], then:

o If ®(1) <0, then X;/t converges almost surely, as ¢ goes to infinity, toward
—d(1)/2.

o If &(—1) < 0 then X;/t converges almost surely, as ¢ goes to infinity, toward
d(—1)/2.

e Otherwise, X, /t converges almost surely toward 0.

Carmona also conjectured that when the limiting velocity is zero, assuming that
there exists 0 < x < 1 such that ® (k) = 0, then one should observe the same
asymptotic behavior as in the case of a drifted Brownian potential, that is, the rate
of growth of X, should again be of order . We prove that this is the case when V
is a spectrally negative Lévy process (i.e., a Lévy process without positive jumps).
Throughout this paper we will make the following assumption on V:

ASSUMPTION 1.1. The following hold:

(@) (Vy,x € R) is a cadlag locally bounded process with Vo = 0 and the two
processes (Vy, x > 0) and (V_,, x > 0) are independent.
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)

F1G. 1. The Laplace exponent ®.

(b) (Vx,x >0) is a Lévy process with no positive jumps which is not the op-
posite of a subordinator and is such that lim,_, o, V,, = —0co almost surely.
(¢) (V_,,x > 0)is such that fooo eV-+ dx = oo almost surely.

Let us first make some comments concerning our assumptions.

— Note that (c¢) is a weak condition. For instance, it is fulfilled whenever
(V_ys,x > 0) is a Lévy process which does not diverge to —oo. In fact, (c)
is only to ensure that the diffusion X does not go to —oo with positive prob-
ability. Otherwise, we are not really concerned about the behavior of V for
negative x’s. In particular, the process (V_,, x > 0) may have jumps of both
signs. See Figure 2.

— Since (V,, x > 0) has no positive jumps, its Laplace exponent & given by (1.1)
is finite at least for all A € [0, co0). The assumption that V is not the opposite
of a subordinator implies that (1) — co as A — oco. Moreover, since V is
transient toward —oo, the right derivative of ® at 0+ is such that ®'(0+) =
E[V|] € [—00, 0). Thus, the strict convexity of ® implies that V fulfills the
so-called Cramér’s condition (see Figure 1): there exists a unique « > 0 such
that

(1.2) O (k) =0.
In particular, ®(x) < 0 for all x € (0, k), whereas ®(x) > O for all x > «.

We introduce the scale function of the diffusion X:
(1.3) A(x) déffox eVrdy  forx € [—o00, col.
On the one hand, Assumption 1.1(c) implies that
1.4) lim A(x) = A(—00) = —o00, P-as.
x——00

On the other hand, in view of Assumption 1.1(b), for 0 < § < —E[V], the Lévy
process (Vy + éx, x > 0) also diverges toward —oo. This entails

(1.5) lim A(x) = A(4+00) < o0, P-a.s.
x—4+0o0
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FI1G. 2. Sample path of V.

Combining (1.4) and (1.5), it is easy to check that X is transient toward 400
(see [20] for details). We now introduce the hitting time of level r > 0 for the
diffusion:

(1.6) H) inf{r >0, X, = 7).

Let N stand for a Gaussian N (0, 1) variable. For o € (0, 1) U (1, 2), let 85" be a
completely asymmetric stable variable with characteristic function

B[] = exp<—|l‘|a (1 —isgn(t) tan(%)))

(Sg? is positive when o < 1). Let C® also denote a completely asymmetric Cauchy
variable with characteristic function

o 2
E[¢'"¢ ]=exp(—(|t|+it—log|t|>>.
T

We can now state our main theorem.

THEOREM 1.1. Recall that k defined by (1.2) is the unique positive root of the
Laplace exponent ® of V. We denote by ®' the derivative of ®. Set

([ 0) ]

This constant (which only depends on the potential V) is finite. When k > 1 [i.e.,

when (1) < 0], set m def —2/®(1) > 0. We have the following, depending on the

value of k:

@ If0<k <1,

212 1/
K
H(r) 2% ( e ) 8
1K r—o00 "\ 2sin(mwk /2) D’ (k)
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(b) If k =1, there exists a function f with f(r) ~ @/L(l)r logr such that

| law T ca
;(H<r>—f(r>)r:;<q>/<1))@ '

© Ifl <k <2,

, 2K2 1/
(H(r)—mr)ﬂm( ik ) 8

Y r—00"\ 2sin(wk /2)®’ (k) “
d Ifk =2,
1 law —4
o 10 =™ 2 (5 vmm)
() Ifk > 2,

law \/8@(2) —40(1)

1
FHO=m) e e)

This theorem gives precise asymptotics for H (). It is well known that these
estimates may in turn be used to obtain asymptotics for X;, sup, -, X and infy>; X
(see [12] for details). For example, when 0 < k < 1, (a) of the theorem entails

X; taw 2'7sin(re/2)® (k) [ 1 \*
— —> — .
1 100 mk2K? Sca

The same result also holds for sup, ., X; or inf;>; X, in place of X;.

One would certainly wish to express the value of the constant K in terms of
the characteristics of the Lévy process V. Although there is to our knowledge no
explicit formula for this constant, there are a few cases where the calculations may
be carried to their full extent.

EXAMPLE 1.1. We consider a potential of the form V, = B, — %x withx > 0
and where B is a two-sided standard Brownian motion. According to Dufresne [8]
(see also Proposition 2.2 of [7]), the random variable 0°° eVs ds has the same law
as y%, where y, denotes a gamma variable with parameter «. Therefore, the con-

stant K may be explicitly calculated:

2K—1
~ Tk

(T" denotes Euler’s Gamma function). Thus, we recover the results of Hu, Shi and
Yor [11] and Tanaka [22], except for x = 1 where we do not have the explicit form
of the centering function f.
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EXAMPLE 1.2. We consider a potential of the form
Vy=cx — 1y for x >0,

with ¢ > 0 and where t is a subordinator without drift and whose Lévy measure v
has the form v[x, 00) = ae~* with a, b > 0. Then, the Laplace exponent of V is
given by

A
D) =ch— - forall A > 0.
A+ b

Since E[V;] = ¢ — %, Assumption 1.1 is fulfilled whenever ¢ < 7, in which case
Theorem 1.1 holds with k = % — b. According to Proposition 2.1 of [6], the den-

0V,

sity k of the integral functional [;~ e "~ dx satisfies the differential equation

o0 b
<£) k(u)du.
u

This equation may be explicitly solved and we find

(14 cx)k(x) = a/

X

k _ Cb+lr(a/c+ 1) xb
w= <F(a/c —b)r'(b+ 1)) (1 + cx)l+a/e

Thus, we can again calculate the value of the constant of Theorem 1.1,

I'(a/c)
ct/c=b=1@a/c —b)L(b+ 1)

oo
Kzf X k(x)dx =
0

In the case of a drifted Brownian potential, in order to obtain the rates of tran-
sience of the diffusion, Kawazu and Tanaka [12] and Tanaka [22] made use of
Kotani’s formula, whereas Hu, Shi and Yor [11] made use of Lamperti’s repre-
sentation combined with the study of Jacobi processes. Unfortunately, both meth-
ods fail for more general potentials. Our approach consists in reducing the study
of H (r) to that of an additive functional of a Markov process.

More precisely, the remainder of this paper is organized as follows: in Section 2
we show that H (r) has the same rates of convergence as for Z,ds, where Z is a
generalized Ornstein—Uhlenbeck process. In Section 3 we study the basic proper-
ties of Z. Section 4 is devoted to the study of the hitting times of Z and we will
prove that this process is recurrent. In Section 5 we define the local time and ex-
cursion measure associated with the excursions of Z away from level 1. The main
result of that section is an estimate of the distribution tail of the area of a generic
excursion. Section 6 is devoted to the calculus of the second moment of the area of
an excursion when « > 2. Once all these results are obtained, the rest of the proof
is very classical and is given in the last section.

In the rest of the paper, given a stochastic process ¢, we will indifferently
write ¢ or £ (1).
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2. The process Z. We first construct X from a Brownian motion through a
random change of time and a random change of scale. Let B denote a standard

Brownian motion independent of V and for x € R, set o (x) def inf{t > 0, B; = x}.
Recall that the scale function A was defined in (1.3). The process A is continuous
and strictly increasing. Let A=l (=00, A(+00)) — R denote the inverse of A. We
also define

def

Q1) T@) =/(;texp(—2V(A1(BS)))ds for 0 <t < op(A(+00)).

The process T is strictly increasing on [0, op(A(400))). Let 7! denote the in-
verse of T and set
(2.2) X, =AY BT ')  forallr>0.

According to Brox [4], the process (X¢, t > 0) is a diffusion in the random poten-
tial V. Recall that H (r) defined by (1.6) stands for the hitting time of level r for X.
Using the representation (2.2), we obtain

(2.3) H(r)=T(op(A(r))).
Now, let Lp(x,t) denote the (bi-continuous) local time of B at level x € R and

time ¢ > 0. Substituting (2.1) in (2.3), we get

o5 (AM) _1
H(r)= /0 exp(—2V(A™ " (By)))ds

A(r)
=/_ exp(—2V(A~ (")) Ly(y, o5 (A(r))) dy.

Making use of the change of variable A(x) =y,

H(r) = /_r exp(—=V)Lp(A(x), op(A(r))dx = Ji(r) + J2(r),

where

0

e f exp(—=V ) Lp(A(x), o5 (A(r))) dx,

h(r) ¥ /0 " exp(— V) Ls(AG), o5(AG)) dx.

We first deal with J;. Since x — Lp(x, t) has compact support for all ¢ and since
lim,_, oo A(x) = —00, we see that

J1(00) d=ef/

0
exp(—Vy)Lp(A(x),o0p(A(4+00)))dx < o0, P-a.s.

Moreover, Ji(r) < J1(oo) for all » > 0. Thus, we only need to prove Theorem 1.1
for J>(r) in place of H (r).
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According to the first Ray—Knight theorem, for all a > 0, the process (Lp(a —
t,0(a)),0 <t < a) has the law of a two-dimensional squared Bessel process
starting from O and is independent of V. Let (U(x),x > 0) under P be a two-
dimensional squared Bessel process starting from 0, independent of V. Then, for
each fixed r > 0,

Hr)' /0 T U(A(r) — A(x))dx

law /0 eV U(A(r) — A(r — y)) dy

law [ —V,_y Y V,_
= e U e'"*ds|dy
0 0

law [ —V(r_vy_ M Vo
= e U e 9= ds ) dy
0 0

(where V,_ denotes the left limit of V at point x). For any fixed r > 0, we define

V? & V—n— —V, forall 0 <t <r. Therefore, the scaling property of U yields

r v Y Sr
D) f e_Vy_V’U(eV’ / eVs ds) dy
0 0

r vr Y or
law e_VyU(/ es ds) dy.
0 0

Time reversal of the Lévy process V (see Lemma 2, page 45 of [1]) states that, for
each r > 0, the two processes (V1,0 <7 <r) and (—V;,0 <t <r) have the same
law. Thus, for each fixed r, under P,

r y r
(2.4) Jo(r) 2 / eVyU( / e Vs a’s) dy = / Zyds,
0 0 0
with the notation
2.5) 7, € VU ay),
and where
~ X
(2.6) a(x) dzﬁf e Vs ds.
0

According to (2.4), we only need to prove Theorem 1.1 for the additive functional
Jo Zs ds instead of dealing directly with H (r).

The rest of the proof now relies on the study of the process Z. As we will see
in the next sections, Z is a “nice” recurrent Markov process for which we may
define a local time L at any positive level, say, 1. We may therefore also consider
the associated excursion measure n of its excursions away from 1. Given a generic
excursion (&;) with lifetime ¢, we define the functional

~ ¢
T(e) déf/ ¢, ds.
0
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The key step consists in proving that I(€), under the excursion measure n, has a
regularly varying tail of the form

~ C
n{/(¢) > x}x:()O pra

Then, as we may write

z ~
[ ZS ds ~ Z 1(6)’
0

excursion €
starting before ¢

the asymptotics of fé Zs ds will follow from classical results on the characteriza-
tion of the domains of attraction to a stable law.

3. Basic properties of Z. Recall that U under P is a two-dimensional squared
Bessel process starting from 0 and is independent of V. We now consider a family
of probabilities (Py,x > 0) such that U under P, is a two-dimensional squared
Bessel process starting from x and is independent of V. In particular, P = Py.
We will use the notation E, for the expectation under P, (and E = Ej for the
expectation under P = Py). Of course, the law of V is the same under all P, and
when dealing with probabilities that do not depend on the starting point x of U,
we will use the notation P.

Let us first notice that the process Z defined by (2.5) is nonnegative and does
not possess positive jumps because V has no positive jumps. Moreover, under P,
the process Z starts from x. We define the filtration

F Yo (V. Ulals)), s <1).

Our first lemma states that Z is an F -Markov process.

LEMMA 3.1. ((Z:)i=0, (Px)x>0) is an F-Markov process whose semigroup
Julfills the Feller property. Moreover, for each x > 0, the process (Z;,t = 0) un-
der Py (i.e., starting from x) has the same law as the process (Z; ,t > 0) under Py,
where

(3.1) Zx défxe“’tU(?)

PROOF. The process U is a squared Bessel process. Therefore, our process Z
is a generalized Ornstein—Uhlenbeck process in the sense of [6] and Proposi-
tion 5.5 of [6] states that Z is indeed a Markov process in the filtration ¥ . Let
(Pr)r>0 and (Qy);>0 stand for the respective semi-groups of U and Z. The inde-
pendence of U and V yields the relation

(3.2) Q1 f(x) =Ex[f(Z)] =E[Pacry(f (")) (x)].
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Since U is a squared Bessel process, its semi-group fulfills the Feller property.
Moreover, a(-) is continuous with @(0) = 0 and lim;— o+ eVt =1 P-as. These
facts combined with (3.2) easily show that (Q;) is also a Fellerian semi-group.
Finally, (3.1) is an immediate consequence of the scaling property of U. [

For x > 0, we say that x is instantaneous for Z if the process Z starting from x
leaves x instantaneously with probability 1. Moreover, we say x is regular (for
itself) for Z if Z starting from x returns to x at arbitrarily small times with proba-
bility 1.

LEMMA 3.2. Any x > 0 is regular and instantaneous for Z.

PROOF. We only prove the result for x = 1; the general case may be treated the
same way. Since U under Py is a squared Bessel process of dimension 2 starting
from 1, it has the same law as (B%(r) + 520) +2B(t) +1,t > 0), where B and B
are two independent standard Brownian motions. It is therefore easy to check using
classical results on Brownian motion that:

(a) For any strictly decreasing sequence (#;);>0 of (nonrandom) real numbers
with lim; _, oo ; = 0, we have

P{U®#t) > 1i0) =P {U@#) <1i0.)=1.

v-1 _
— =

(b) liminf;_, o+ —o0, Pi-a.s.

Let us now prove that Z starting from 1 visits (1, co) at arbitrarily small times.
Recall that (V,, x > 0) is a Lévy process with no positive jumps which is not the
opposite of a subordinator. According to Theorem 1, page 189 of [1], the process V
visits (0, oo) at arbitrarily small times with probability 1. Thus, for almost any
fixed path of V, we can find a strictly positive decreasing sequence (u;);>o with
limit O such that V,,; > 0 for all i. But, conditionally on V, under Py, U is still a
squared Bessel process of dimension 2 starting from 1 and

Zu; = €U (a(ui)) > Ulau;)).

Since a(-) is continuous with lim;_, g a(t) = 0, the sequence (a(u;));>¢ is positive,
strictly decreasing with limit 0. Using (a), we conclude that Z starting from 1 visits
(1, 0o) at arbitrarily small times almost surely.

When 0 is regular for (—oo, 0) for the Lévy process V, a similar argument
shows that Z starting from 1 visits (0, 1) at arbitrarily small times almost surely.
Let us therefore assume that O is irregular for (—o0,0) for V. According to
Corollary 5, page 192 of [1], this implies that V has bounded variations, thus,
there exists d > 0 such that lim,_, o4 V,/x = d a.s. (cf. Proposition 11, page 166
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of [1]). Let a—!(-) denote the inverse of a(-). Since a(t) ~ t as t — 0+, we have

eVl <14 2dt for all t small enough, almost surely. In consequence,

Z(cf1 (1) = eVd“(U Ul)y<(1+2dnU(z) for ¢t small enough, P;-a.s.
Using (b), we conclude that the process (Z(a~ (1)), t > 0) visits (0, 1) at arbitrar-
ily small times P;-a.s. Since a~1(") is continuous, increasing and a(0) = 0, this
result also holds for Z.

We proved that Z starting from 1 visits (0, 1) and (1, co) at arbitrarily small

times almost surely. Since Z has no positive jumps, Z starting from 1 returns to 1
at arbitrarily small times almost surely. [

LEMMA 3.3. Forall x,y >0 and all t > 0, we have P,.{Z, = y} =0. In
consequence,

0
/ 1i7,—,ydt =0, Py-a.s. forall x,y > 0.
0

PROOF. A squared Bessel process has a continuous density, in particular,
P.{U(a) =b} =0 forall b,x >0 and all a > 0. Since V and U are independent
and a(¢) > 0 for all ¢ > 0, we get

P.{Z =y} =E[P,{U(a(t)) = ye~"'|V}] = 0. O

The following easy lemma will be found very useful in the remainder of this
paper.

LEMMA 3.4. Forall 0 <x <Yy, the process Z under P, (i.e., starting from x)
is stochastically dominated by Z under Py (i.e., starting from y).

PROOF. The process U is a two-dimensional squared Bessel process and a
theorem of comparison for diffusion process (cf. Theorem IX.3.7 of [16]) states
that U under Py is stochastically dominated by U under P, whenever x < y. Thus,
the lemma is a direct consequence of the independence of U and V. [

We conclude this section by proving the convergence of Z at infinity.

PROPOSITION 3.1. Letting x > 0, under P, Z; converges as t goes to infinity
toward a nondegenerate random variable Z~, whose law does not depend on the
starting point x. The distribution of Z~ is the same as that of the random variable

o0
(3.3) U(l) / eVs ds under Py.
0

In particular, the law of Z~ has a strictly positive continuous density on (0, 00)
and

2T'(k + DK
(3.4) P(Zoo > 1) ~_ #
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where k is the constant of (1.2) and where K = E[A(400)“"1] € (0, o0) is the
constant defined in the statement of Theorem 1.1.

PROOF. According to Proposition 5.7 of [6], under the assumption that
E[V] < 0, the generalized Ornstein—Uhlenbeck process Z converges in law to-
ward a random variable Z., whose distribution is given by (3.3). In our case, we
may also have E[V|] = —oo. However, in the proof of Proposition 5.7 of [6], the
assumption that E[V1] < 0 is required only to ensure that

o0
lim V, = —o0 and / eV dr = A(400) < 00 a.s.
0

t—00

Since we have already established these two results, Proposition 5.7 of [6] is also
true in our case. The process U under Py is a squared Bessel process of dimen-
sion 2 starting from 0, therefore, U (1) under Py has an exponential distribution
with mean 2. Keeping in mind that V and U are independent, we find

P{Zo > x} =Po{U(1)A(+00) > x}
= E[Po{U (1) A(400) > x| A(+00)}]

(3.5) — E[exp(—ﬁ)].

It is now clear that Z, has a continuous density, everywhere positive on (0, c0).
Moreover, in view of the Abelian/Tauberian theorem (see, e.g., Chapter VIII of
[9]), we deduce from (3.5) that the estimate (3.4) on the tail distribution of Z, is
equivalent to

E[A(400)*"1]
(3.6) P{A(+00) > x}x_>oo Do
This result is proved in Lemma 4 of [17] in the case 0 < ¥ < 1. Another proof,
valid for any « > 0, is given in Theorem 3.1 of [15] under the restrictive as-
sumption that V| admits a finite first moment. However, one may check that, in
the proof of Theorem 3.1 of [15], the assumption E[|V|] < oo is only needed
for 0 < ¥ < 1. Thus, in our setting, (3.6) holds for any x > 0. We point out
that Lemma 4 of [17] and Theorem 3.1 of [15] are both based on a theorem of
Goldie [10] which is, in turn, a refined version in the one-dimensional case of a
famous result of Kesten [13] on the affine equation for random matrices. [

4. Hitting times of Z. Given a stochastic process Y and a set A, we define
the hitting times
4.1) ta(Y)=inf{t>0,Y; € A} (with the convention inf @ = 00).

For simplicity, we will use the notation 7, (Y) instead of t(,}(Y). When referring
to the process Z, we will also simply write 74 instead of 74(Z). We now show
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that the hitting times of Z are finite almost-surely and we give estimates on their
distribution tail. In particular, this will show that Z is recurrent. The rest of this
section is devoted to proving the following four propositions. These estimates are
quite technical and, on a first reading, the details of the proof may be skipped over
after glancing at the statements of the propositions.

PROPOSITION 4.1.  For any 0 < x <y, there exist c1,y, c2,y > 0 (depending
on y) such that

Po{ty,00) > 1} <c1,ye7 2 forallt > 0.

PROPOSITION 4.2. There exist yy, c3, c4 > 0 such that, for all yo <y < x,

P.{70,y1 > 1} < c3(log(x/y) + 1)e~/ A/ for gl ¢ > 0.

PROPOSITION 4.3.  For all x > 0 and all y > 0, there exist c5 x y, C6 x,y > 0
(depending on x and y) such that

P.{ty > 1} <5, ye 0! forallt > 0.

In particular, Z starting from x > 0 hits any positive level eventually.

PROPOSITION 4.4. We have

Alim supPy{nyy <71} =0.

PROOF OF PROPOSITION 4.1. Let 0 < x < y. According to Lemma 3.4,
T[y,00) under Py is stochastically dominated by 7y o) under Py, thus, we only
need to prove the proposition for x = 0. Let |#] stand for the integer part of . We
have

PO{T[y,oo) > l‘} §P0{Zl <Yy, Z)r < y, ...,Zm < y} §P0{Zl < y}m,

where we repeatedly used the Markov property of Z combined with the stochastic
monotonicity of Z (Lemma 3.4) for the last inequality. Since Z| = eV1U (a(l)),
it is clear that Po{Z; < y} < 1 for all y > 0. Thus, setting ¢; , = —log(Po{Z; <
y}) >0and ¢y y =e?>, we find

Po{t)y,00 >y} <e” @ < yem 2, O
The proof of Proposition 4.2 relies on the following:

LEMMA 4.1. There exist c7, cg, xo > 0 such that, for all x > xo,

PX{T[O,X/Z] > l‘} <cre” ! forallt > 0.
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PROOF. Pick n > 0 and let (Vt("),t > 0) stand for the Lévy process V,(n) =
V: + nt. Recall that ® denotes the Laplace exponent of V. Thus, the Laplace
exponent O of VO g given by & (x) = d(x) + nx. Since D(k/2) <0, we
can choose 1 small enough such that & («/2) < 0. Then VE’“ diverges to —oo
as ¢ goes to infinity and we can define the sequence

def
{ v =0,
def .
Va1 Z inf{r >y, V7 — Vi < —log(8)}.

The sequence (V41 — ¥n)n>0 is 1.i.d. and distributed as ;. We have
() K ) 1
P{y1 >t} <P{V;” > —log(8)} < P{exp(Eth ) > W}
_ 8K/2E[exP(fV(n)>} _ gk/2,190 (c/2)
= ) t .

Since ®™ (k/2) < 0, we deduce from Cramér’s large deviation theorem that there
exist cg, ¢10, ¢11 > 0 such that

4.2) P{y, > con} < cjpe” 1" for all n € N.

Notice from the definition of y; that

(4.3) eMa(y) = /}/1 eV%)—VE")—n(m—S)ds < /yl e 1N=9) g5 < l’
0 0 n

and also

(4.4) e’ <.

The process U under P, is a squared Bessel process of dimension 2 starting
from x. Therefore, U under P, is stochastically dominated by 2(x 4 U) under Py.
Using the independence of V and U, we deduce that Z,, under P, is stochastically
dominated by 2e'7i (x +U(a(yy))) under Py. Moreover, the scaling property of U
combined with (4.3) and (4.4) yields, under Py,

2
271 (x + Uta(y1)) 2 2xe"n +2¢ naGU (1) = T+ U ().
n

Thus, Z,, under P, is stochastically dominated by the random variable 7 + %U D
under Py. Now, let (x,,n > 1) denote a sequence of i.i.d. random variables with
the same distribution as %U (1) under Py. Define also the sequence (R;;, n > 0) by

def
Rgéx,

def |
x
Rn—H = ZRﬁ + Xn+1-

The process (Z,,,n > 0) under Py is a Markov chain starting from x. We already
proved that Z,, is stochastically dominated by Ry . By induction and with the help
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of Lemma 3.4, we conclude with similar arguments that the sequence (Z,,,n > 0)
under P, is stochastically dominated by (R;,,n > 0). In particular, choosing n =
Lt /c9] and using (4.2), we find

X X
P {110,x/2) > t} < P{yy > con} +PX{Z,,1 >=, ..., Zy, > —}

2 2
< cipe—cn? P{R" R f}.
=cloe + 1> > > >
Thus, it only remains to prove that there exist ¢, xo > 0 such that
X X _
PIR{>—,...,R, > <e P for all n € N and all x > xg.
2 L)

Expanding the definition of R*, we get

x X 1 1
Rn—4_n+4n_lX1++ZXn—l+Xn

Let us set c = 8/n. We have

4 X 1 1
@5 Ry —zes g+ =+t (-1 =+ O — o).

Let also S denote the random walk given by Sp &0 and Sn+1 def S+ (Xn+1 —©).
We can rewrite (4.5) in the form

(4.6) RE-2e<X i 3% Ly
‘ "R T T T g ik

Let u def inf{n > 1, S, < 0} stand for the first strict descending ladder index of the
random walk S. We have

2 n
P{u > n} <P(S, >0} <E[e"/I] = E[e/®51]" = (—) :
e
where we used the fact that S| has the same distribution as the random variable
%U (1) — 8 under Py [and U (1) under Py has an exponential distribution with
mean 2]. Therefore,  is almost surely finite. Setting cj2 = 1 —log?2 > 0, we get

P{u >n} <e 12" for all n € N.

Finally, from the definition of u, we have S, <0 and S, >0 forall 0 <n < pu,
hence,

3l
S, — - —— 5, <0.
Hn 412 qn—1—k k=
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Combining this inequality with (4.6) and the fact that i > 1, we obtain, whenever

def
X >x) = %60

R

=

N
VN

c—+ <-c+-=

IR
M| =

x *
23 41

Thus, for all x > xo,

P{Rf>£,...,le‘>£
2 2

This completes the proof of the lemma. [

} <P{u>n}<e ",

PROOF OF PROPOSITION 4.2. Set yg def Xx0/2, where xg is the constant of the
previous lemma. This lemma ensures that for all x, y such that yg <y < x and
§ <2, we have

“4.7) Px{f[oﬁy] > l} <cre” ! forall r > 0.

Let us now fix x, y such that yp < y < x. Define the sequence (z,) by zo d=efx and
Zns1 = 7,/2. We also set m =1 + [log(x/y)/log(2) ], then

X=Z20221 =" ZZm-12)Y = Zm-

Thus,
2 Ty t
Pi{t0,y) > 1} < Px{f[o,z.] > n—1} +> Px{f[o,z,-m — 70,51 > nj}
i=1

t
+ Px{f[o,y] 0,211 > ;}-

Making use of the Markov property of Z for the stopping times Tjg,x,] combined
with Lemma 3.4, we get

r)] 2 1
Pofroy > 1} < on{f[o,m > ;} +2 Pzi{f[o,ml] > ;}
i=1
t
+ P, T0.01 > ml
According to (4.7), each term on the r.h.s. of this last inequality is smaller than
c7e~8t/M hence, choosing c3, ¢4 large enough,
P {10,y >1} < mere” M < ¢4 (log(x/y) + l)e_"“(log(x/y)“)t. O

PROOF OF PROPOSITION 4.3.  We have already proved Proposition 4.1 and
Proposition 4.2. Recall also that, Z has no positive jumps. In view of Lemma 3.4,
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it simply remains to prove that for any 0 < y < yo (yo is the constant of Proposi-
tion 4.2), we have

(4.8) Py {110.y) > 1} < c13,y9,ye 40" forallz > 0.

Let us fix y < yo. We also pick z > yg. Define the sequence (v;):

def
Z =
vy = 0,

< dﬁfinf{t>vfl,Zt=yoand sup ZsZz}.

Vi1 = i
v <s<t

Making use of Propositions 4.1 and 4.2, we check that v;; is finite for all n, Py -a.s.
More precisely, these propositions yield
Py, (v} >t} <cis,y .6 10" forallt > 0.

Since the sequence (vﬁ - V:)p>0 18 1.1.d., Cramér’s large deviation theorem en-
sures that there exist ¢17, y,. 2, €18, 9,2+ €19, y,z > 0 such that

4.9) Py (Vi > c17,y9.211) < C18,yp,0¢ 100" foralln € N.
Let us note that lim,_, vf = 00, Pyj-a.s., thus,

(4.10) Py {zi0.01 < i} =2 Prolmio.n < oo}

According to Proposition 3.1, we have Py {Z € (0, y]} > 0. In particular, the
limit in (4.10) is strictly positive. Thus, we may choose z large enough such that
P, {710,y] > v} =d < 1. Repeated use of the Markov property of Z for the stop-
ping times v} yields

(4.11) Py (0,51 > v} =Pyo{zo. > vi}" =d".
Finally, setting n = [ /c15,y,,,], we get from (4.9) and (4.11)
Py {0,y > 1} <Py {v; >t} + Py {70,y > vy}
<c1gygce 0t 4"

< e20,y0.y¢” 70" O
We need the following lemma before giving the proof of Proposition 4.4.

LEMMA 4.2. There exist kg > 1 and y1 > 1 such that

Py{tyy < Ty/ke} = % forally > yj.

PROOF. Letus choose k > 1 and y such that

(4.12) 6*k> < y.
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We also use the notation m def %log(%) and yy, def inf{t > 0,V; < —m}. Define
&1 1y, <™. Since (k/2) <0, we deduce that

P{E]} <P(Ven > —m} < &/PME[/?Ven] = K/AmHOWD ;5 g,
o B v/ k—00

. f . . .
We also consider &> def {sup,= Vs <log(k/7)}. Since V diverges to —oo, its over-
all supremum is finite (it has an exponential distribution with parameter « ), there-
fore,

P{826} — 0.
k— 00
Define also

& ‘Ef{U(t) < 2<y+ % +r2) for all ¢ 20}.

We noticed in the proof of Lemma 4.1 that U under P, is stochastically dominated
by 2(y + B2 + B?), where B and B are two independent squared Brownian mo-
tions. Therefore, the law of the iterated logarithm for Brownian motion (see, e.g.,
Chapter II of [16]) entails

P, {6¢) < Po{there exists 7 > 0 with U (1) > 2 + r2} — 0.
k y/k—o00

We finally set &, def & N &, N &;. Our previous estimates ensure that P, {&;} < 1/4
whenever k and y/k are both large enough. Moreover, on the set &, for all 0 <

tf)/m,

t 2 Ym 2 y
a(t)? = ( [ ds) < ( [ ds) < (e e =7.
0 0

Thus, on the one hand, on &4, for k > 1 and for all 0 <t < y,,,

2k
Z; = eV’U(a(t)) < e(S“pSZ"VS)2<y + % +a(t)2) < 7()} + % + %) <ky.

On the other hand, on &4, since V,,, < —m,

_ y oy — y
Z, < '”2( = —)<6 "<z,
ym =€ y+k+k <6ye =

where we used (4.12) for the last inequality. Therefore,
Py{tiky.o0) < T0/k} <Py{ES} <5 forallk, % large enough.
Finally, since Z has no positive jumps, we also have

Py{f[ky,w) < T[O,y/k]} =Py{my <yl O
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PROOF OF PROPOSITION 4.4. Let y; and ko denote the constants of the pre-
vious lemma and let y > y;. Define the sequence (u,,) of stopping times for Z:

o def 0,

1
L1 d:efinf{t > fn Zo = koZy, o1 Zy =~ Zp, }
0

Proposition 4.1 ensures that p, < oo for all n, Py-a.s. The Markov property of Z
also implies that the sequence (Z,,,n € N) is, under Py, a Markov chain starting
from y and taking values in {kjy,n € Z}. Moreover, according to the previous
lemma,

1

P{Zu, =koZu,|Zy, > y1) =1 —Py{z =12

1
Mn+1 Mn Zﬂn>y1}<1'

Thus, if (S,;, n > 0) now denotes a random walk such that
P{So=0}=1,
{P{Sn+1 =S+ 1} =1=P{Sur1=S,— 1} =14,
then we deduce from the previous lemma that (Z,,,,) o<, <inf{n>0, Zyup <1} under Py is

S,

stochastically dominated by (yk In particular, for all y > y;

n
)OSnsinf{nzo,ykg" <n}

and all p € N*,
P,{(Z,,) hits [kgy, o0) before it hits [0, y1]} < P{sup Sy > p}.
n
Since Z has no positive jumps, we obtain, for all y > y; and all p € N*,

(4.13) Py{Tyk([; < 70,91} < P{sup Sp > p}.
n
Note that the last inequality is trivial when y < yj. Also, since § is transient to-

ward —oo, its overall supremum is finite and, given & > 0, we may find pg such
that P{sup, S, > po} < ¢. Setting Ao def k{°, we deduce from (4.13) that

sup supPy {1y, < 100,47} <.
A=ho y>1

Note that 79 y,] < 71 (because y; > 1) and recall that Z has no positive jumps. By
use of the Markov property of Z and with the help of Lemma 3.4, we obtain, for
all y>1andall A > X,

Py{ny <l < Py{ny < 7oy} + Pyl{0,y,1 < Ty} Py {may < 1)
<e+Py{n <7}

Since Py, {75 < 71} converges to 0 as A — oo, there exists A; > A¢ such that
Py, {7, <71} <eforall A > A;. Thus, we have proved that

supPy{myy <11} <2¢ forall A > Aj.
y=1 U
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5. Excursion of Z.

5.1. The local time at level 1 and the associated excursion measure. Accord-
ing to Lemmas 3.1 and 3.2, the Markov process Z is a Feller process in the filtra-
tion ¥ for which 1 is regular for itself and instantaneous. It is therefore a “nice”
Markov process in the sense of Chapter IV of [1] and we may consider a local time
process (L;,t > 0) of Z at level 1. Precisely, the local time process is such that:

e (L;,t >0) is a continuous, F -adapted process which increases on the closure
of the set {r >0, Z; = 1}.

e For any stopping time 7T such that Zr = 1 a.s., the shifted process (Z;4r,
Lt4+; — LT);>0 is independent of ¥; and has the same law as (Z;, L;);>0 under
P;.

We can also consider the associated excursion measure n of the excursions of
Z away from 1 which we define as in Chapter IV.4 of [1]. We denote by
(¢, 0 <t < ¢) a generic excursion with lifetime ¢. Let also L~ stand for the right
continuous inverse of L:

(5.1) L7 inf(s >0, L, > ¢}  forallt > 0.
Note that Lfl < oo for all 7 since Z is recurrent.

LEMMA 5.1. Under Py, the process L™" is a subordinator whose Laplace
exponent ¢ defined by E[e Lt 1] Ll =10 pas the form

@A) :A/()oo e n{¢ > r}dr.

Moreover, there exist ¢o, co3 > 0 such that n{¢ > r} < cppe " forallr > 1, in
particular, n[¢] < oo.

PROOF. According to Theorem 8, page 114 of [1], L~ is a subordinator and
its Laplace exponent ¢ has the form

(52) o) = rd + 2 f T e > rydr.
0

Moreover, the drift coefficient d is such that dL(t) = fé 1{z,=1ydt Py-as. (cf.
Corollary 6, page 112 of [1]). Thus, Lemma 3.3 implies that d = 0. We now esti-
mate the tail distribution of ¢ under n. Recall that 74 (¢) stands for the hitting time
of the set A for the excursion €:

T4(€) & inf{r € [0,¢], ¢ € A} (with the convention inf @ = 00).
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Since a generic excursion € has no positive jumps, the Markov property yields, for
r>1,
nfg >ri=nfn(e) <1, >ri+nfe; <2,0>r}
=n{n(e) =1, > 1}Py{r; > r — 1}

+n{e <2.¢> 1) sup Pofr>r— 1
x€(0,2)
<2n{¢ > 1} sup Py{r; >r —1}.
x€(0,2]
Combining Lemma 3.4 and Proposition 4.3, we also have
sup P {r)1 >r — 1} <max(Po{r; >r — 1}, Pr{r; >r — 1})
x€(0,2]

< C248_C25(r_1).

This yields our estimate for n{¢ > r}. Finally, any excursion measure fulfills
Jom{¢ > r}dr < oo, thus, n[¢] = [°n{¢ > r}dr <oco. O

LEMMA 5.2. Let f be a nonnegative measurable function. For all A > 0, we
have:

(a) El[/ooo e—“f(z,)dt] = ﬁn[/j e‘“f(e,)dt},

(b) E| [(/Ooo e—“f(z,)dt)Q]
= ﬁn[(/j e_)‘tf(e,)dt)z}

# ¢ —At i| |:_)L§. ¢ _a :|
+so<x><p<2x>“[/o ¢ " f(endiinje /0 e fledt|.

PROOF. Assertion (a) is a direct application of the compensation formula in
excursion theory combined with the fact that the set { > 0, Z; = 1} has 0 Lebesgue
measure under Py (Lemma 3.3). Compare with the example on page 120 of [1] for
details.

We now prove (b). We use the notation G f(x) = E, [f0°° e‘“f(Z,) dt]. From
a change of variable and with the help of the Markov property of Z,

E [(/Ooo e‘”f(Zth)z} =2E, UOOO e M F(Z) [tooe—“f(zs) ds dt}

—2E, [ fo ” e—”’f(Z»fo(zt)dz].
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Thus, using (a) with the function x — f(x)G, f(x), we get that

00 2 2 ¢
(53) El[(/o e‘“f(Zz)dt> ]:M“Uo e‘”f(q)@f(e,)dz].

We also have, with the help of the Markov property,

Go.f(2) =E, [ [ ) e_“f(Zs)dS} VE, [ / we‘“f(Z»ds]

=E, UOT] e_“f(Zs)ds} +E.[e ™G, (D).

Therefore, we may rewrite (5.3) as

2 Sy T
st s [ e sz as]al

2 d —2\t —A
——n E o dt]G 1).
oo [/O e (e B le™ 1 dt |Go f(1)
We deal with each term separately. Making use of the Markov property of the
excursion € at time ¢ under n(-|¢ > ¢) and with a change of variable, the first term
of the last sum is equal to

54

2

S Y ¢ —A(s—t) }
<P(2)»)n[_/o ¢ f(ft)/z ¢ f(&)dsdt

= @u[([j e_“f(e,)dt)z].

Similarly, the second term of (5.4) may be rewritten

M E o —AE—1) ]
o0 n[fo e M fee dt

_ 2 T } [_M ¢ }
_w()»)<ﬂ(2)»)n[/o e flendi ol [T e frear]

where we used (a) for the expression of G, f (1) for the last equality. The combi-
nation of (5.3), (5.4), (5.5) and (5.6) yields (b). [

(5.5)

(5.6)

COROLLARY 5.1. Let g be a measurable, nonnegative function which is con-
tinuous almost everywhere with respect to the Lebesgue measure. Then

¢
n[/ g(&) dt] =n[¢]E[g(Z0)].
0
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PROOF. In view of the monotone convergence theorem, we may assume that g
is bounded. First, using (a) of the previous lemma with the function f =1,

(5.7) A% :n[/g e M dt] —> n[¢].
0

A A—0+
Thus, using again (a) of Lemma 5.2 but now with the function g, and with the help
of the monotone convergence theorem, we find

)

¢
n[/ g(e,)dt} = lim ¢(\)E; U e Mg(Z,)dt]
0 A—0+ 0
0
=n[¢] lim E; [x/ e_“g(Z,)dt].
A—0+ 0
By a change of variable and using Fubini’s theorem, we also have

B [T e Mezodi| = [T Eilez, e dy.

For any y > 0, Z,/; converges in law toward Z, as A — 0+. Moreover, accord-
ing to Proposition 3.1, Z4, has a continuous density with respect to the Lebesgue
measure and g is continuous almost everywhere, hence, limy 04 E1[g(Zy/,)] =
E[g(Zx)]. Making use of the dominated convergence theorem, we conclude that

o0 0
E; [A/ emg(Z,)dt] — / E[g(Zxo)le " dy =E[g(Zx0)]. 0
0 A—0+Jo
COROLLARY 5.2. Recall that m £ %. When « > 1 [i.e., when ®(1) < 0],
we have

e
n|:/0 € dt:| =n[¢]m.

PROOF. Corollary 5.1 yields n[ fog €:dt] = n[¢]E[Zs]. According to Propo-
sition 3.1, Z,, has the same law as U(1) fooo ¢Vs ds under Py. Moreover, U (1)
under Py has an exponential distribution with mean 2 and is independent of V,
hence,

v o) 2
E[Z =2/ E[e’* ds=2/ e ds =——.
[Zoo] A [e™*] A o) =

5.2. Maximum of an excursion. The aim of this subsection is to study the dis-
tribution of the supremum of an excursion. Our main result is contained in the
following proposition.

PROPOSITION 5.1. We have
2T (k)k 2K

n(zz(e) < 00} 7 mlc1=——
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Of course, this estimate may be rewritten

2T (k) *K
n{supe>z} ~ nf]———.

[0.¢] i 7*

The proof relies on two lemmas.

LEMMA 5.3. We have

o0 o0 1
E 1yy,~01dt | =E / 1 dt} = .
|:‘/0 {Vt O} :| |: 0 {VrZO} K'q)/(K')

LEMMA 5.4. We have

. o 1
ZlgroloEz[/o Liz,>2) df] T )

Let us for the time being admit the lemmas and give the proof of the proposition.

PROOF OF PROPOSITION 5.1. Since a generic excursion € under n has no
positive jumps, the Markov property yields

¢ ¢
n[/ l{es>z}d8]=n[1{rz<e)<oo}/ 1{e5>z}dS}
0 77 (€)

(5.8) “
=n{7;(¢) < 0}JE, [/0 l{Zs>z}ds].

On the one hand, from Corollary 5.1 and Proposition 3.1,
2Tk + DK

¢
(5.9) n[/o Lie,>z) ds} =n[]P{Zy > Z}Z:OOH[C] ' (0)2k

On the other hand, according to Lemma 5.4,

T 1
(5.10) EZ|:/0 1{Z;>z} ds:| Z:Q)Q}(q)/(/{).

The proposition follows from the combination of (5.8), (5.9) and (5.10). O

PROOF OF LEMMA 5.3. Since V has no positive jumps, it is not a compound
Poisson process, therefore, Proposition 15, page 30 of [1] states that the resolvent
measures of V are diffuse, that is, E[ fooo 1{y,—0y dt] = 0. Thus,

00 00
E|:/ 1{\&20} dt] = E|:'/ 1{V,>O} dt].
0 0

Let W: [0, c0) — [k, 00) denote the right inverse of the Laplace exponent ® such
that ® o W (1) = A for all A > 0 [in particular, W(0) = «]. Then, Exercise 1 on
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page 212 of [1] which is an easy consequence of Corollary 3, page 190 of [1]
states that

00 (2
E[ / e M1y, >0 dt] A )
0 - W(A)

Taking the limit as A — 0, we conclude that

= IR A0
B 1m0 = 50 = o O

PROOF OF LEMMA 5.4. Assume that z > 1 and let £ > 0. Note that for 1 <
b < z, we have t(0,;/p) < 71 P;-a.s. Thus, on the one hand,

7[0,2/b] 7
(5.11) EZ[/O I{Z,Zz}df] 5E1|:/0 I{ZtZZ}dt]

On the other hand, making use of the Markov property of Z and with the help of
Lemma 3.4,

7
EZ [f Z>7} dt]
0

[ [700,z/b]
/0 liz,>;) dt

7[0.z/b]
<E; /0 liz,>z dt

1
=E,

7
+E; |:/ 1{ZzZz} dt]
7[0,2/b)

7
+ Ez/b [/0 l{Z,Zz} dt]

7(0,2/b] 7 7|
=E, A l{ZtZz}dl +Pz/b{fz < T]}EZ |:]O I{thz}dt]-

(5.12)

According to Proposition 4.4, there exists by > 1 such that, for b > by, sup,., P/
{r; < 711} < €. Therefore, combining (5.11) and (5.12), for all z > b > by,

T[0,2/b] u
Ez [/0 1{ZrZZ} dt] = Ez |:/0 I{ZtZZ} dti|
1 T[0,2/b]
= 1-— SEZ [/0 lizza) dt]

Thus, we just need to prove that we may find b, > b1 and zg > O such that

1 T[0.2/b;]
KCD/(K) —€ SEZ[/O I{ZtZZ}dti|

- 1
kP (k)

(5.13)

+¢ for all z > zg.
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Recall from Lemma 3.1 that Z under P, has the same law as the process
(zeV1U(a(t)/z),t > 0) under Py. Thus,
PAZ >z, 70,20 > 1}
a(t 1
—P, { VfU( ())>1 Vse[0.1) e SU(a(s)> —}.

Z Z b
Since U is continuous at 0 and starting from 1 under Py, we also have
(5.15) sup

TR
0<s<t <

Combining (5.14) and (5.15), we get that, for all fixed ¢ > 0,

(5.14)

Plas

Z—)OO

0 forall t > 0.

liminfP,{Z; > z, 7 >t} >P eV’>1\/sE[Ot)eVS>1
oo f t =<5 10,z/b] = = ) , b

= P{VZ >0, T(—o00,—logh] V) = t}-

Thus, by inversion of the sum and from Fatou’s lemma,

.. T10,2/b] .. o0
lérgéngz [/(; l{z,zz}dt:| = lﬁrgg.}f A PZ{Zt > 2, 7[0,z/b] = t}dt

0
2/ liminfP{Z; > z, 10,z /p) > t} dt
0

Z— 00

o0
z/o P{V; > 0, T(—o0,~10ogn (V) > t} dt

f(—oo,—logb](V)
:E[/() 1{V,>O}dt:|-

By use of the monotone convergence theorem, we also have

im B[ [ 1 odr| =B [T 1,0 !
= t|=——,
Jim £ | R R

where we used Lemma 5.3 for the last equality. We may therefore find b, > b
such that, for all z large enough,

f[o,z/bzl 1
EZ[/(‘) {ZI>Z} dt] CD/( )

We still have to prove the upper bound in (5.13). Keeping in mind (5.15), we notice
that, for all fixed r > 0,

limsupP,{Z; > z, 110,z/p,) > 1} <limsupP,{Z; > z} <P{V, > 0}.
7—>00 —>0
Moreover, Proposition 4.2 states that there exist ¢265,, ¢27.5, > 0 such that, for
all z large enough and all > 0,

P AZ: > 2, 10,2/by) > t} <P {110,2/by) > 1} < 26,6 P02
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This domination result enables us to use Fatou’s lemma for the lim sup. Thus, just
as for the lim inf, we now find

' 710,2/b,] 0o
hmsupEz[fO I{thz}dt] < /0 hmsupPz{Z, > Z, T[0,2/bs] Zt}dt

7—> 7—> X

o0
< / PV, > 0} dr
0

o0 1
=E 1 dt | = .
I:'/(; {VIZO} :I KCD/(K)

This completes the proof of the lemma. [

5.3. Integral of an excursion. We now estimate the tail distribution of the area
of an excursion. The next proposition is the key to the proof of our main theorem.

PROPOSITION 5.2. We have

¢ 24T (kK 2 K2
n{/O\ 65dS>X}x_)OOn[§]W.

In the rest of this subsection, we assume x to be a large number and we will use
the notation

(5.16) m & log® x,

def X X
5.17 f = :
.17) m  log’x

The idea of the proof of the proposition is to decompose the integral of an
excursion € such that 7, (&) < oo in the form (see Figure 3)

¢ Ty (€) Py/m(€) e
(5.18) / esds=/ esds+/ € ds + € ds,
0 0 7y (8) Py/m(f)

where py/;, =inf{t > 1,(€), ¢ < y/m}. We will show that the contributions of the
first and last term on the r.h.s. of (5.18) are negligible. As for the second term,
we will show that its distribution is well approximated by the distribution of the

random variable y 5 eV dt. This will give

n{/: € ds >x} ~nfty(e) < oo}P{y/(;ooeV’ >x}

and the proposition will follow from the estimates obtained in the previous sec-
tions. We start with a lemma:

LEMMA 5.5. Recall notation (5.16) and (5.17). We have

7(0.y/m) K /y\*
P, / Zeds >xp ~ <—) .
0 X—00 (I)/(K) X




306 A. SINGH

F1G. 3. An excursion €.

PROOF. Let (Z, t > 0) denote the process
7 = V,U(a(t)>
y

We have already proved in Lemma 3.1 that Z under P; has the same law as Z
under Py. Let T4 denote the hitting time of the set A for the process Z. We must

prove that
T[0,y/m] t K K
Pl{/ ’ erU<@>dz>f} ~ <X>
0 y y ) x—=00 @' (k) \x

y Linf{r >0,V, < —log2m)},

We define

v Einfr > 0, V, < —log(m/2)},

and for 0 < ¢ < 5, set

27
2
def{lU(Z)— l|<eforall0<z< ﬂ}
y

Let us first notice that for all 0 <t < y, we have a(t) = f[ ~Vsds <2my and
Vy < 1 . Thus, on &, we have

e
)
(5.19) Z, = ye" U("yy )<%(1+8><1

We also have eV > % forall t <y’ <y.Thus, on &,

(5.20) Z—erfU(“()> —(1—)>— forall t <y,
m
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Combining (5.19) and (5.20), we deduce that

& C{y" < %o.ym = v}
Let us for the time being admit that

X—>00

X K
(5.21) lim (—) P {&°}=0.
y
We now write
[0,y /m t
Pl{/ ’ eV’U(&)dt>£}
0 y y

Toy/ml [ a(r) X c
§P1{f ¢ ’U(—)dr>—,8}+P1{8}
0 y y

7[0,y/m]
5P1{/0 ' eV’(1+8)dt>§,8}+P1{é‘C}

< P{/Ooo Vit > X Jfg)y } FP{E°).

We have already checked in the proof of Proposition 3.1 that

o0 K 1 K
P{/ eVrdt > al } ~ (( +8)y> .
0 (I+¢e)y)x—00 &'(k) X
Therefore,

K T{0.y/m t K(l «
limsup<£> Pl{/ eV’U<@>dt>f}§i.
x—>o00 \Y 0 y y P’ (k)

We now prove the lim inf. Since y’ < T[o,y/m] on &,

"E),'m t
Pl{/ “” ]erU<@)dz > f}
0 y y

Toy/ml [ a(r) X c
zPl{f e ’U(—)dt>—,8}—P1{8}
0 y y

y/
zPl{f eV (1 —e)dt > f,e} —P{&9)
0 y

> P{/Oy Nidr > 0 _xg)y} — 2P, {€°).

Since V,» < —log(m/2), it is easy to check with the help of the Markov property
of V that

Y o)
P{/ eVidt > al } ~ P{/ eVrdt > o }
0 (I—¢)y)x=co Jo (I—e)y

K (d-ey\“
X—>°°d>’(/<)< x >
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so we obtain the lower bound

K T(0,y/m] t K(1 —¢)*
1iminf(f> Pl{/ erU<@) dt > f} , Rd—¢e
x—00 \y 0 y y D (k)

It remains to prove (5.21). To this end, notice that

2my

mwﬂsﬂ "

Zm—}—I-Pl{ sup |U(z)—1|>e}
y z€[0,m2/y]

smwmz—mng+P{ wp|U@—u>s}
z€[0,m2/y]

Recall that ®(k/2) < 0. Thus, on the one hand,
P(Vy/2 > —log(2m)} < (2m)*/*E[e*/*Vn12]

= 2m)*/2em/?P«/D) = 0((X)K>.
x

On the other hand, U under P; is a squared Bessel process of dimension 2 starting
from 1. Thus, it has the same law as B2 + B2 + 2B + 1, where B and B are two
independent Brownian motions. Hence,

Pl{ sup |U —1| >8} §2P{ sup |B| > — }+P{ sup |B|> E}
[0.m2/y] [0.m2/y] 4 [0.m2/y] 4

£
§3P{ sup |B|>—}.
[0.m2/y] 4

Finally, from the exact distribution of supy ;;|B| and the usual estimate on
Gaussian tails,

forall a,t > O.

24/t
E%Wwb}iiifW@)
[0,7] a

Therefore,

24m ey y\*
Pl{ sup |U(Z)—1|>8}§—6Xp(— 2):0((—) )
zE[O,mz/y] 8\/§ 32171 X

This completes the proof of the lemma [

PROOF OF PROPOSITION 5.2. We first deal with the lim inf; we have

¢ 710, y/m](€)
n{/ esds>x}2n{ty(e)<oo, esds>x}.
0

7y(€)
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Using the Markov property and the fact that the excursion € does not possess pos-
itive jumps, the r.h.s. of this inequality is equal to

2T (k)k 2 K2

T[0,y/m]
n{zy(e) < OO}Py{/O Zsds > x}x:oon[{] D’ (k) x¥

where we used Lemma 5.5 and Proposition 5.1 for the equivalence. Therefore,

24T (k)i K2

¢
liminfx"n{/ € ds > x} >
0 @' (k)

X—>0Q0
We now prove the upper bound. Let ¢ > 0. We simply need to show that

2¢T (k) 2K
@' (k)

X—> 00

¢
1imsupx”n{/ e, ds > (1 +2e)x} <
0
According to Lemma 5.1, we have n{¢ > logzx} =o(x7"), thus
e 2 ¢
n{/ egds > (1 +28)x} =n{§ < log x,/ e ds > (1 —|—2£)x} +o(x™).
0 0

We also note that fOC €5ds < £ Supsepo ¢ €s- Since y = x/log® x, we deduce that,
for all x large enough,

¢
{{ < logzx,/ esds > (1 +28)x}
0
2 ¢ T)'(E)
:{ry(e)<§ < log x,/ GSdS>(1+28)X,/ esds<8x}
0 0

¢
C{ry(s)<§<log2x,/ esds>(1+8)x}.
Ty(f)

Thus, making use of the Markov property of € for the stopping time 7 (¢),

¢
n{/o €sds > (1 —|—28)x}

) ¢
Sn{ry(s) < ¢ <log x,/
T

y(€

€ds > (1+ S)X} +o(x™)

71
<n{ty(e) < oo}Py{/ Zods > (1 +8)x, 1) < 1og2x} + 0(x).
0

In view of Proposition 5.1, it remains to prove that

x\* Tl
I \p / Zyds > (1+e)x, 71 < log? }< .
arrisolép(y) y{ 2 s > ( ex, 11 <logxt < )
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We have

T
Py{/ Zids > (1+e)x, 11 <10g2x}
0

T[0,y/m] 7] 5
<Py /0 Zsds > x i +Py / Zsds >ex, 1) <log”xt.
T

[0,y/m]

On the one hand, according to Lemma 5.5,

. x\* T[0,y/m] K
lim (—) Py{/ sts>x}= .
X—> 00 y 0 CI)/(K')

On the other hand,
71
Py{/ sts>8x,rl<log2x}
7[0,y/m]
€
(5.22) < Py{ sup Zy > — }
s€[T0,y/m)- 711 log” x
= Py/m{rax/logzx < Tl}’

where we used the Markov property of Z for the stopping time {9, y/,») combined
with Lemma 3.4 and the absence of positive jumps for the last inequality. Since
Y~ X we also notice that

m " Jog?x’

n{t

sx/logzx(e) < oo} =n{ty/m(e) <7,

x/logzx(e) < OO}

=n{1y/u(€) < oo}Py/m{rgx/logzx <11}.
Therefore, (5.22) is also equal to
T, 10g24(€) <00} (ylogzx)K B 0(@)")
n{ty/m(€) <oo} x—o\ exm X ’
where we used Proposition 5.1 for the equivalence. This concludes the proof of the
proposition. [

6. The second moment. Recall that m = —2/®(1). The aim of this section

is to calculate the quantity n[( f(f (¢, —m) dt)?] when « > 2 in terms of the Laplace
exponent ® of V. We start with the following:

LEMMA 6.1. Whenx > 2, forallt,z >0,
@ ElZ]=m+ (z—m)e D,

16¢ 1o

16(1 —e'®@) | o(1) ;

T o()D(2) + 16(£'®@ — (@)
D(1)(P(2) — D(1)

if e(1) =),
(b) Eolz}1=
otherwise.
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PROOF. U under P, is a squared Bessel process of dimension 2 starting
from z, therefore, E,[U (x)] = z+2x. Making use of the independence of U and V,
we get

E.[Z]=E [V U(a(r))) = E[e"'E,[U(a(t))|V]] = E[e"" (z + 2a(1))].

We already noticed that time reversal of the Lévy process V implies that eV’ a()
and fé eVs ds have the same law, therefore,
£ 2
E.[7.1= 7E[eV: Z/E Vil ds = 7o' ®(D) () _
1Z:1=zE[e"] + A [e's]ds = ze +q>(1)(e )
=m+ (z —m)e' D,

We now prove (b). First, the scaling property of U shows that, under Py, the
random variables Z; and e"'a(t)U(1) have the same law. Second, ¢"7a(¢) and
fot e"s ds also have the same law. Therefore,

t 2 t 2
(6.1) Eo[z,z]on[U(l)Z]E[(/o eVSds> ]=8E[<f0 eVsds) }

where we used the fact that Eo[U (1)2] = 8 because U (1) under Py has an exponen-
tial law with mean 2. From a change of variable and making use of the stationarity
and the independence of the increments of V, we get

t 2 t t
E[(/ eV‘ds> }=2E[/ er/ eV"dydx]
0 0 X
t t
=2/ E[ezv"/ eV dy:| dx
0 X

t t—x
=2 / E[e?V] / Ele""]dydx
0 0

t 1—x
[0 [ 00 gy
0 0
2(1 — &' @)
(D)D)
2t S0
o (1) ’
z(etd)(Z) _ etCD(l))

D()(P(2) — @(1))
This equality combined with (6.1) completes the proof of (b). [

if ®(1) = ®(2),

otherwise.

LEMMA 6.2. When k > 2,

| o eV 4@ — 40))
i 4| ([ 2 —mean) | = ST
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This limit is strictly positive because ® is a strictly convex function with ®(0) =
d(k)=0.

PROOF. We write, for A > 0,

wf (|- |
—uf([* zean) |- e [ zear] £

Making use of (a) of Lemma 6.1, we find, for any z > 0,

o0 o0
E, [ / Zie M dt] = / E.[Z/)e M dt
0 0

o
=/ (m+ (z —m)e'®M)e™ gr =
0

(6.2)

6.3
63) A +2

AL —D(1)°
This equality for z = 0 combined with (6.2) yields

EO[( /0 Xz = mye M dtﬂ

o 2 40+ ®(1))
_ At
_E‘)K/o Zie f”) }Uzm)z@_@(m'

6.4)

We also have

o
E0|:</ Zie~ “dt) }—ZEO[/ Ze~ x/ V4 e_)‘ydydx}
_2/ EO[Z e~ / Zit A(’Cﬂ)dy] dx
:2/ e_ZAxEo[ZxEZXI:/ Zye_ky dyﬂdx,
0 0

where we used the Markov property of Z for the last equality. Thus, with the help
of (6.3), we find

00 2 o) 00
- e —22x 2
EO[(/O Zie df) ]— m_q,(l))/o e (MEo[Z2] + 2Eo[Z,]) dx.

This integral can now be explicitly computed thanks to Lemma 6.1. After a few
lines of elementary calculus, we obtain
2
461 — P2
E0|:</ Zte—)\l‘ dt) i| — 5 5 ( ( ))
0 AMA—=0()Er =20(D(1) + P(2)) + ()P (2))
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[this result does not depend on whether or not ®(1) = ®(2)]. Substituting this
equality in (6.4), we get

AEO[( fo oo(zt —m)e M dt)z]

AP (2) —4D(1) —4r(EA 1+ 2(D(1) — D(2)))
T O(D)2(@(1) = A)(ER2 = 20(D (1) + 2 (2)) + P()P(2))
We conclude the proof of the lemma by taking the limit as A tends to 0+. U

LEMMA 6.3. When k > 2,

AlimﬂEl [(/OOO(Z, —m)e M dzﬂ = 2n1[§]n[</(f (¢, —m) dt)z].

PROOF. Recall that ¢ stands for the Laplace exponent of the inverse of the
local time L~'. We first use (b) of Lemma 5.2 with the function f(x)=|x —m]|:

E1[</OOO |Z; —m|e™* dt)z]
(6.5) (ZA) [( f le; —ml|e” “dt)]
+m |:/ le; —mle” “dt} [ M /: |e,—m|e_“dt]

Note also that Lemma 5.1 and Proposition 5.2 readily show that

¢ B
(6.6) n[(/o le; —m|dt> ] < o0 forall B < k.

Thus, the three expectations under n on the r.h.s. of (6.5) are finite because x > 2.
Therefore, we can also use (b) of Lemma 5.2 with the function f(x) =x — m:

E; [(/Ooo(zt —m)e M dt)2:|
6.7) <p(2k) [( / (€ —m)e” “dt)]

¢
- At —A B iy
" 0»)(/)(2A) [/ (€& —m)e- dt] [ fo(ét m)e dt:|.

Recall also that ¢(A) ~n[¢]A [cf. (5.7) in the proof of Corollary 5.1]. Thus, keep-
ing in mind (6.6), the dominated convergence theorem yields

xLo+<p(2x) [(/ (€ —m)e” Md” 2n[§] [(/ (& = m)dtﬂ
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and

¢ ¢
lim n[e_“f (¢ — m)e_)" dt] = n[/ (¢, —m) dt} =0,
r—0+ 0 0

where we used Corollary 5.2 for the last equality. Finally, (a) of Lemma 5.2 com-
bined with (6.3) gives

_ A
<A)<p<2x) [/ (& —m)e” dt}

so(zm Bl @ - mear]

21 < d(1)+2 > 2+ ®(1)

= H _——
e\ P(H(A — D(1)) /) 2—0+ n[z]P(1)2

These last three estimates combined with (6.7) entail the lemma. [

We can now easily obtain the calculation of the second moment.

PROPOSITION 6.1. When k > 2,

: 2 8@Q) — 40 (1))
“[(/o (E"“‘)d’) = e

PROOF. In view of Lemmas 6.2 and 6.3, it suffices to prove that

e.¢] 24 o0 2
lim ,\EIK / (Z; —m)e ™ dt> = lim AEO[( f (Z; —m)e ™ dt) ]
A—0+ 0 | r—0+ 0

Indeed, the Markov property of Z for the stopping time 7] yields

0 2
EO[( /O (Z, —m)e ™M dz) ]
T 00 2
=Eo[</0 (Zt—m)e_’\’dt—i—/ (zt—m)e—“dt)]
T 2
6.8) :E0[< fo l(Zt—m)e_Mdt) ]

00 2
+ Eole " E, [( /0 (Z; —m)e ™ dt) ]

T1 o0
+ 2K, [e—“l / (Z; —m)e M dt]El [ / (Z;, —m)e M dt].
0 0

Proposition 4.1 and the absence of positive jumps for Z give

T 2
(6.9) EO[( [O (Z — m)e ™ dt) } < (m+ 1)*Eg[t}] < .
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Similarly,
71
(6.10) ‘EO [e_m f (Z; —m)e M dt]' < (m+ DHEg[7;] < 0.
0

Note also that, according to (6.3),

o T @) +2)
6.11) AEIUO (Z, —me dz]_qD(l)(k_q)(l));Ol.

Thus, (6.8)—(6.11) and the fact that lim; _, o+ Eo[e~2"1] = 1 conclude the proof of
the proposition. [

7. End of the proof of the main theorem. We showed in Section 2 that we
simply need to prove Theorem 1.1 for the additive functional

.
1(r) déf/ Z,ds
0

under P = Py in place of H (r). Moreover, Proposition 4.3 states that the hitting
time of level 1 by Z is Pg-almost surely finite, therefore, it is sufficient to prove the
result for / (r) under P;. The remaining portion of the proof is now quite standard
and very similar to the argument given on pages 166—167 of [14]. Let us first deal
with the case ¥ < 1. Recall that L~! stands for the inverse of the local time of Z at
level 1. Since [/ is an additive functional of Z, the process (1 (L,_] ), t > 0) under P,
is a subordinator (without drift thanks to Lemma 3.3) whose Laplace transform is
given by

(7.1) Ei[e ™)) = exp(_m /OO e ™ n{I(e€) > x) dx),
0

where we used the notation 1 (€) def f(f €; dt. We now define

def

L—l
" - 1
6% [7 zas=1ah -1,

n—1

The sequence (§,,n > 1) under Py is i.i.d. Moreover, in view of Proposition 5.2,

we deduce from (7.1) that
~ 2T (i )i 2K
12) Pifg1 > x) v nlT©) > x) v nlgl T g
X—00 X—00 (K)XK

The characterization of the domains of attraction to a stable law (see, e.g., Chapter
IX.8 of [9]) implies that

I(L;I) _-‘3] ++%—n law 2( n[é‘]nKsz )1/K/Sca
2sin(mwk /2) P/ (k) k*

nl/l{ - nl/l{ n—o0
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Moreover, according to Lemma 5.1, we have E[Ll_l] =n[¢] < oo so the strong
law of large numbers for subordinators (cf. page 92 of [1]) yields

o]
(7.3) % = [l

We can therefore use Theorem 8.1 of [19] with the change of time L' to check
that, under Py,

Ll) law < 7TK2K2 )I/Kgca
2sin(mk /2) D’ (k) o

This concludes the proof of the theorem when x < 1. Let us now assume that
k = 1. In this case, K = E[(f0°° eVs ds)%1 = 1, hence, (7.2) takes the form

2
Pitér > x) > gk

The characterization of the domains of attraction now states that there exists a
constant ¢pg such that

I(LyY) —ng(n) &+ +é&
n

—
tl/K t—00

mn[{]

(7.4) 0

ca
c™,

law
—g(n) =% e+

where g(x) &ef f(f Pi{&; > y}dy. Note also that our estimate on n{{ > x}
(Lemma 5.1) entails an iterated logarithm law for the subordinator L~!, in par-
ticular,
-1

" cn—n?3 n+n?3 for all n large enough.

n[¢]
Using this result and the fact that 7 (-) is nondecreasing, it is not difficult to deduce
from (7.4) that

1
—(I(t) _ ! g(L)) Jaw €28 ZT el
t n[¢]"\n[g]//t—~oom[g]  @'(1)
(cf. with the argument given on page 166 of [14] for details). Thus, setting

def L (/T \_
J0= n[c](g(n[z]> 628)’

we get the desired limiting law for (/(t) — f(¢))/t and also

t t/(m[¢]) 2tlogt

f(t)t:mﬁ ) Pi{& > y}dyt;‘oo )

The proof of the theorem when « > 1 is very similar to that in the case k¥ < 1, but
we now consider the sequence (§,,n > 1) instead of (§,,n > 1) defined by

def Lo
e n _ —
@ mmyds =g - - L),

n—1
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These random variables are i.i.d. and are centered under P| because

¢ ¢
Eil§]] = n[/o (e — m) ds} _ n[/o 5 ds} Cnlim=0

(we used Corollary 5.2 for the last equality). Moreover, when « > 2, Proposi-
tion 6.1 yields

2, ¢ 1 8(D(2) —40(1))
Bl ") =n| ([ (e ~myas) |=ni =2 IR0

Since the tail distribution of ¢ under n has (at least) an exponential decrease, we see
that the estimate (7.2) still holds with é{ in place of &;. Thus, the characterization
of the domains of attraction to a stable law insures that, when « € (1, 2),

I(L;l)_mL;l _S{_i_..._i_;:’én_) ﬂ2< II[C]TL'KZKZ )I/K "
nl/x ol 2sin((mk)/2) ' (0)) <

Similarly, when x = 2 and since K = E[[§° ¢"s ds] = %,

I(Ly") —mL;' e —4/mIC] W
Jnlogn — n—>0 &()J/P'2)

and when « > 2,

IL;Y —mL! El[s,zw_\/n[;]z;(cp(z)—4q>(1))
21N =

N == ®(1)°(2)

Just as in the case ¥ < 1, we easily check that the hypotheses of Theorem 8.1
of [19] are fulfilled. Thus, the change of time Lt_1 ~n[¢]t is legitimate and con-
cludes the proof of the theorem. [J]
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