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In a graphG, a vertex is said todominate itself and
all of its neighbors. Adominating set of G = (V ,E)
is a subsetD of V such that every vertex inV is
dominated by at least one vertex inD. Domination and
its variations have many applications, and have b
extensively studied in the literature, see [4,8,9].

Among the variations of domination, thek-tuple
domination problem was introduced in [7,8]. For
fixed positive integerk, a k-tuple dominating set of
G = (V ,E) is a subsetDk of V such that every
vertex inV is dominated by at leastk vertices ofD.
The special case whenk = 1 is the usual domination
The case whenk = 2 is called double domination
in [7] where exact values of the double dominati

✩ Work supported by the European projects APPOL, R
ARACNE and IST FET CRESCCO.

* Corresponding author.
E-mail addresses: Ralf.Klasing@sophia.inria.fr (R. Klasing),

laforest@lami.univ-evry.fr (C. Laforest).
1 This work was done while the first author was visiting theLaMI

at the Université d’Evry.

0020-0190/$ – see front matter 2003 Published by Elsevier B.V
doi:10.1016/j.ipl.2003.10.004
domination in terms of other parameters.
A main application to network purposes ofk-tuple

domination is forfault tolerance or mobility in the
following situations. Each vertex of the graph mod
a node of the network and edges are links. Nodu
can use a service (any read-only database for exam
only if it is replicated onu or on a neighbor ofu. To
ensure a certain degree of fault tolerance or to tole
mobility of nodes, one can imagine that any nodeu
has in its (closed) neighborhood at leastk copies of
this service available. As each copy can cost a lot,
number of duplicated copies has to be minimized. T
is the problem we study.

The purpose of this paper is to study the compl
ity of the k-tuple domination problem in graphs. Th
complexity of the (single) domination problem h
been well-studied in the literature, see [4]. The ha
ness of approximation of the (single) domination pro
lem has also been extensively investigated in the li
ature, see [3]. In terms of the complexity of thek-tuple
domination problem in graphs, a linear-time algorith
for the 2-tuple domination problem in trees is giv
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in [11]. A linear-time algorithm for thek-tuple domi-
nation problem in strongly chordal graphs is presented
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in [12], where it is also proved thatk-tuple domina-
tion is NP-complete for split graphs and for bipart
graphs.

In this paper, we extend these studies by inve
gating the approximation hardness ofk-tuple domi-
nation in graphs. We also propose several approxi
tion algorithms. Note that an approximation algorith
is apolynomial time algorithm that outputs a solutio
whose cost (here, the size of the dominating set)
be compared to the optimal one. The ratio (more p
cisely, the worst-case ratio over all input instances)
tween these two costs is called theapproximation ratio
(not necessarily a constant). General references on
proximation algorithms can be found in [3,10].

To our knowledge, this aspect has not been con
ered before for thek-tuple domination problem. W
derive the following results:

(1) We describe a(ln |V | + 1)-approximation al-
gorithm for the k-tuple domination problem in
general graphs, and show thatk-tuple domi-
nation cannot be approximated within a ra
of (1 − ε) ln |V | for any ε > 0 unless NP⊆
DTIME(|V |O(loglog|V |)).

(2) We prove that thek-tuple domination problem
can be approximated within a constant ratio
the degree of the graph is bounded by a const
but that it is APX-hard to approximate for grap
of maximum degreek + 2. Note that a graphG
possesses ak-tuple dominating set if and only i
the degree of each vertex inG is at leastk − 1.

(3) We show that thek-tuple domination problem ca
be approximated within a constant ratio inp-claw
free graphs, but that it is APX-hard to approxima
for 5-claw free graphs.p-claw free graphs ar
graphs which do not haveK1,p (a star withp
leaves) as an induced subgraph.

The paper is organized as follows. Section 2
devoted to the definitions. The following sectio
present the results on the complexity of thek-tuple
domination problem in general graphs (Section
bounded degree graphs (Section 4) andp-claw free
graphs (Section 5).
-

Let G = (V ,E) be any undirected graph. W
denote byuv an edge ofE betweenu in v. The
neighborhood of u in G is:

NG(u)= {v: uv ∈E}.
Theclosed neighborhood of u in G is:

NG[u] =NG(u)∪ {u}.
The degree of any vertex u is |NG(u)| and the
minimum degree of G is denoted byδG. If S ⊆ V then
G−S denotes the graph induced by vertices ofV −S.

Definition 1. LetG= (V ,E) be any undirected graph
Vertexu is dominated by vertexv if u ∈NG[v]. Vertex
u is k-dominated if it is dominated by at leastk
vertices. Ak-tuple domination set S ⊆ V of G is a set
of vertices such that each vertexu ∈ V is k-dominated
by vertices ofS. A minimum (or optimal) k-tuple
domination set of G is a k-tuple domination set o
minimum size.

Problem 1 (k-tuple domination). Given a graphG and
a constantk, construct a minimumk-tuple domination
set ofG.

Definition 2. S is an independent set of a graph
G = (V ,E) if S ⊆ V and uv /∈ E for all u,v ∈ S.
A maximal independent set (MIS) S of G is an
independent set maximal for inclusion.

It is easy to see that any MIS (Maximal Indepe
dent Set) of a graphG is a 1-tuple dominating set (als
calleddominating set of G). Moreover, constructing
MIS can be done by a greedy (linear) algorithm.

Definition 3. A graphG is p-claw free if for any
vertexu, the graph induced byNG(u) does not contain
an independent set ofp vertices.

Equivalently,G is a p-claw free graph ifG does
not have aK1,p as an induced subgraph.

It is easy to see thatG contains ak-tuple dominat-
ing set if and only ifδG � k − 1. In the rest of the
paper,k is a constant.
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3. k-tuple dominating sets for general graphs
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Let D be any dominating set inG. ThenDk :=
D ∪ {v1, v2, . . . , vk−1} is a k-tuple dominating set in

g

n
e

s

In this section we study Problem 1 in the gene
case. In Section 3.1 we give a lower bound on the r
of any approximation algorithm for this problem.
Section 3.2 we propose an approximation algorit
and we prove its approximation ratio.

3.1. Lower bounds on approximation ratio

To formulate our result, we formalize the cons
ered problems as follows.

MIN DOM SET.

Instance: GraphG= (V ,E).
Solution: A dominating set ofG, i.e., a subsetV ′ ⊆

V such that for allu ∈ V −V ′ there is av ∈ V ′ for
whichuv ∈E.

Measure: Cardinality of the dominating set, i.e.,|V ′|.

MIN k-TUPLE DOM SET.

Instance: GraphG= (V ,E). Constantk � 2.
Solution: A k-tuple dominating set ofG, i.e., a

subsetV ′ ⊆ V such that each vertexu ∈ V is k-
dominated by vertices ofV ′.

Measure: Cardinality of thek-tuple dominating set
i.e., |V ′|.

Theorem 1. If there is some ε > 0 such that a
polynomial time algorithm can approximate MIN k-
TUPLE DOM SETwithin (1 − ε) ln |V | then NP ⊆
DTIME(|V |O(loglog|V |)).

Proof. We will define an approximation preser
ing reduction from MIN DOM SET to MIN k-
TUPLE DOM SET. This together with the non
approximability bound of MIN DOM SET from [6
(obtained by an explicit transformation of the coveri
problem studied in [6]) will yield the desired result.

We now describe the reduction from MIN DOM
SET to MINk-TUPLE DOM SET. Given a graphG=
(V ,E) construct a graphGk = (Vk,Ek) as follows.
We add k − 1 verticesv1, v2, . . . , vk−1 to G. We
connect each vertexv ∈ V to each of the vertice
v1, v2, . . . , vk−1, and each vertexvi is connected to
each vertexvj , for i �= j ({v1, v2, . . . , vk−1} induces a
complete graph).
Gk of size |Dk| � |D| + k − 1 � (1 + k/|D|)|D|.
On the other hand, letDk be a k-tuple dominating
set inGk. ThenD := Dk − {v1, v2, . . . , vk−1} is a
dominating set inG of size|D| � |Dk|.

Assume that MINk-TUPLE DOM SET can be
approximated within ratioαk by using an algorithm
Ak. Let l be a positive integer. Consider the followin
algorithm:

Algorithm Ak,l .

Input: A graphG= (V ,E).

1. If a minimum dominating setD of G of size< l
exists construct it Else:

2. ComputeGk .
3. Compute ak-tuple dominating setDk in Gk

using AlgorithmAk .
4. ComputeD :=Dk − {v1, v2, . . . , vk−1}.
5. OutputD.

This algorithm runs in polynomial time sinceAk is
polynomial and Step 1 is also polynomial (becausel is
a constant). Note that ifD is constructed in line 1 the
it is optimal. In the following, we will analyze the cas
whereD is constructed in the next lines.

LetD∗
k be an optimalk-tuple dominating set inG.

Let D∗ be an optimal (1-tuple) dominating set inG.
Note that in our current analysis we have:|D∗| � l.
Given graphG= (V ,E), AlgorithmAk,l computes a
dominating setD of G of size

|D| � |Dk| � αk
∣∣D∗
k

∣∣
� αk

(
1+ k

|D∗|
)

|D∗|

� αk
(

1+ k

l

)
|D∗|.

Hence, AlgorithmAk,l approximates MIN DOM
SET within ratioαk(1 + k/l). Assume that there i
some (fixed)ε > 0 such that MINk-TUPLE DOM
SET can be approximated within ratioαk = (1 −
ε) ln(|V |) by using an algorithmAk . Let l be a positive
integer such that:k/l < ε/2. Then AlgorithmAk,l
approximates MIN DOM SET within ratio
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αk

(
1+ k

l

)
� (1− ε)(1+ ε/2) ln(|V |)

-

em
3 at

-
r-

8. C := C ∪ {Si};
9. OutputC.

by
ial

ion
:

= (1− ε′) ln(|V |)
for ε′ = ε/2 + ε2/2. As if MIN DOM SET can
be approximated within a ratio of(1 − ε′) ln |V |
then NP⊆ DTIME(|V |O(loglog|V |)) [6], it follows
that if MIN k-TUPLE DOM SET can be approx
imated within a ratio of(1 − ε) ln |V | then NP⊆
DTIME(|V |O(loglog|V |)). ✷
3.2. Upper bounds on approximation ratio

To solve Problem 1, we introduce another probl
and we make the final correspondence in Theorem
the end of this section.

Definition 4. LetX be any set andF be any family of
subsets ofX.

• An elementx ∈ X is k-covered in a setC ⊆ F of
subsets ofX if x is in at leastk sets ofC.

• A k-cover of (X,F) is a subsetC of F such that
for all x ∈X, x is k-covered inC.

Note that whenk = 1, this problem is theminimal
set cover problem. A well-known approximation algo
rithm for this problem can be found in [5]. We gene
alize it in a sense.

Problem 2 (Minimal k-cover set). Let X be any
set. LetF be any family of subsets ofX and k be
any integer,k � 1. Construct ak-cover of (X,F) of
minimum cardinality, calledminimal k-cover set of
(X,F).

Algorithm GEN-SET-COVER.

Input: A setX, a familyF of subsets ofX such that
F is ak-cover of(X,F).

1. C := ∅;
2. i := 0;
3. WhileX− S′

1 ∪ · · · ∪ S′
i �= ∅ do

4. i + +;
5. ChooseS ∈ F − C such that

|(S − S′
1 ∪ · · · ∪ S′

i−1)| is maximized;
6. Si := S;
7. S′

i := set of elements ofX k-covered inC ∪ {Si}
but not inC;
Lemma 1. Algorithm GEN-SET-COVERoutputs a k-
cover C of (X,F) in polynomial time.

Proof. At each step, anew element ofF is added to
the current solutionC. As F is a k-cover of (X,F),
the algorithm will eventually terminate with ak-cover
of (X,F). Hence, the number of steps is bounded
|F | that is polynomial. Each step is also polynom
with appropriate data structures.✷
Lemma 2. Each x ∈X is in exactly k sets (Si − S′

1 ∪
· · · ∪ S′

i−1).

Proof. By Lemma 1, eachx ∈X is k-covered inC. So
there existsat least k subsetsSi such thatx ∈ (Si − S′

1∪ · · · ∪ S′
i−1). Moreover, whenx ∈X is k-covered for

the first time, say at stepl, it is included inS′
l and then

cannot be in any subsequent(Si−S′
1∪· · ·∪S′

i−1) with
i > 1. ✷
Notation 1. Based on notations used in the descript
of the algorithm we define the following sequences

• For all i = 1, . . . , |C|,

ui = 1

|(Si − S′
1 ∪ · · · ∪ S′

i−1)|
.

• For all x ∈ X, let s1(x) � · · · � sk(x) be thek
indices such thatx ∈ (Ssi(x)−S′

1 ∪ · · · ∪S′
si (x)−1).

Let

dsi(x)x = 1

|(Ssi(x) − S′
1 ∪ · · · ∪ S′

si (x)−1)|
,

c′x =
∑

i∈{s1(x),...,sk(x)}
dix,

cx = max
i∈{s1(x),...,sk(x)}

dix.

Lemma 3. Let x be any element of X.

ds1(x)x � · · · � dsk(x)x = cx,
c′x � kcx.
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Proof. Let us first prove that the sequence (ui , i = 1,
. . . , |C|) is increasing. Suppose that for onei, ui+1 <

n

n,

ed

For each elementx ∈ X, cx is counted exactly once
in

∑
x∈X cx . However, asC∗ is a k-cover, cx is

,
x
nt
).

.

m

ui . This means that∣∣(Si − S′
1 ∪ · · · ∪ S′

i−1)
∣∣< ∣∣(Si+1 − S′

1 ∪ · · · ∪ S′
i )

∣∣.
But,∣∣(Si+1 − S′

1 ∪ · · · ∪ S′
i )

∣∣< ∣∣(Si+1 − S′
1 ∪ · · · ∪ S′

i−1)
∣∣.

In this case, at stepi the algorithm would have chose
Si+1 instead ofSi . This is a contradiction.

Hence, we have proved that for allx ∈ X, the se-
quence (dsi(x)x , i = 1, . . . , k) increases and by notatio
cx = dsk(x)x andc′x � kcx . ✷
Lemma 4.

|C| � k
∑
x∈X

cx.

Proof. For any setY �= ∅, we have
∑
x∈Y 1

|Y | = 1.
Hence, for anySi ∈ C we have:

∑
x∈(Si−S ′

1∪···∪S ′
i−1)

1

|(Si − S′
1 ∪ · · · ∪ S′

i−1)|
= 1.

Thus,

|C| =
|C|∑
i=1

∑
x∈(Si−S ′

1∪···∪S ′
i−1)

1

|(Si − S′
1 ∪ · · · ∪ S′

i−1)|
.

As anyx ∈X is in exactlyk sets(Si −S′
1 ∪ · · ·∪S′

i−1)

(Lemma 2), we can rearrange the sum to get:

∑
x∈X

k∑
i=1

1

|(Ssi(x) − S′
1 ∪ · · · ∪ S′

si (x)−1)|
=

∑
x∈X

c′x.

Hence we proved that:|C| = ∑
x∈X c′x . The rest of

the proof is evident from the obtained result combin
with Lemma 3. ✷
Lemma 5.

|C| �
∑
S∈C∗

∑
x∈S
cx .

Proof. Let us first prove that:

∑
x∈X

cx � 1

k

∑
S∈C∗

∑
x∈S
cx .
counted at leastk times (in the (at least)k sets ofC∗
containingx).

The end of the proof is direct with Lemma 4.✷
Let p be any positive integer thenH(p) is the

harmonic number of rank p: H(p) = ∑p

i=1
1
i
. It is

well known (see [5]) thatH(p)� ln(p)+ 1.

Lemma 6. For any S ∈F ,∑
x∈S
cx �H

(|S|).

Proof. Let zi = |(S − S′
1 ∪ · · · ∪ S′

i )| be a sequence
i = 1, . . . , |C|. z0 = |S|. Let l be the smallest inde
such thatzl = 0 (suchl exists because every eleme
of S will be k-covered at the end of the algorithm
Clearly zi−1 � zi . At each stepi of the algorithm
zi−1 − zi elements ofS arek-covered for the first time
(note that we can havezi−1 = zi ). The final cost that an
elementx gets (in stepsk(x)) is dsk(x)x (see Lemma 3)
Hence,

∑
x∈S
cx =

l∑
i=1

(zi−1 − zi) 1

|(Si − S′
1 ∪ · · · ∪ S′

i−1)|
.

Because of the maximum choice of the algorith
at each step, we have:
∣∣(Si − S′

1 ∪ · · · ∪ S′
i−1)

∣∣
�

∣∣(S − S′
1 ∪ · · · ∪ S′

i−1)
∣∣ = zi−1.

It follows:

∑
x∈S
cx �

l∑
i=1

(zi−1 − zi) 1

zi−1
.

It is proved in [5] that for all integera < b we have:

H(b)−H(a)� (b− a)1
b
.

Using this inequality, we obtain:

∑
x∈S
cx �

l∑
i=1

(
H(zi−1)−H(zi)

)

= (
H(z0)−H(zl)

) =H (|S|). ✷
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Theorem 2. Let X be any set and F any family
of subsets of X. Let SM be one set of F with the

e

:

ze

he
the

the

the

ree
is

4.2. APX-completeness

e

-

ts

ion

red

y

t

,

his
maximum cardinality. Then the size of the output of
Algorithm GEN-SET-COVERwith input (X,F) is at
most ln(|SM |)+1 times the size of the optimal k-cover
set of (X,F).

Proof. From Lemma 5, combined with Lemma 6, w
obtain:

|C| �
∑
S∈C∗

∑
x∈S
cx �

∑
S∈C∗

H
(|S|)

�
∑
S∈C∗

H
(|SM |) = |C∗|H (|SM |)

� |C∗|(ln(|SM |) + 1
)
. ✷

Theorem 3. The minimum k-tuple domination prob-
lem in any graph G = (V ,E) with maximum degree
∆ can be approximated with an approximation ratio
of ln(∆+ 1)+ 1.

Proof. It is easy to see thatG contains a minimumk-
tuple domination set iffδG � k−1. If it is the case, let
(X,F) with X = V andF = {NG[u]: u ∈ V }. Apply
the algorithm GEN-SET-COVER on(X,F) to obtain
C. Finally, outputD = {u ∈ V : NG[u] ∈ C} that is a
k-tuple dominating set ofG. Now, with the notations
of Theorem 2,SM corresponds to the maximum si
closed neighborhood, that contains at most∆ + 1
vertices. The result follows. ✷
4. k-tuple domination in bounded-degree graphs

In this section, we show thatk-tuple domination
can be approximated within a constant ratio if t
degree of the graph is bounded by a constant. On
other hand, we show thatk-tuple domination is APX-
complete (and therefore there is no PTAS) even if
degree of the graph is bounded byk + 2. Note that
this result is almost tight (in terms of the degree of
graph) as a graphG possesses ak-tuple dominating
set if and only ifδG � k − 1.

4.1. Membership in APX

Theorem 3 shows that when the graph is deg
bounded by a constant, the approximation ratio
constant.
We first recall the notion of L-reduction (se
e.g. [3]).

Definition 5 (L-reduction). Given two NP optimiza-
tion problemsF andG and a polynomial transforma
tion f from instances ofF to instances ofG, we say
thatf is anL-reduction if there are positive constan
α andβ such that for every instancex of F

(1) optG(f (x))� αoptF (x),
(2) for every feasible solutiony of f (x) with objec-

tive valuemG(f (x), y) = c2 we can in polyno-
mial time find a solutiony ′ of x withmF (f (x), y ′)
= c1 such that|optF (x)− c1| � β|optG(f (x))−
c2|.

To show the APX-completeness of a problemP ∈
APX, it is enough to show that there is an L-reduct
from some APX-complete problem toP (see e.g. [3]).
To formulate our result, we formalize the conside
problems as follows.

MIN DOM SET-B.

Instance: GraphG= (V ,E) of degree bounded byB.
Solution: A dominating set ofG, i.e., a subsetV ′ ⊆

V such that for allu ∈ V −V ′ there is av ∈ V ′ for
whichuv ∈E.

Measure: Cardinality of the dominating set, i.e.,|V ′|.

MIN k-TUPLE DOM SET-B.

Instance: GraphG = (V ,E) of degree bounded b
B. Constantk � 2.

Solution: A k-tuple dominating set ofG, i.e., a subse
V ′ ⊆ V such that each vertexu ∈ V is k-dom-
inated by vertices ofV ′.

Measure: Cardinality of thek-tuple dominating set
i.e., |V ′|.

Now, we are ready to state the main result of t
section.

Theorem 4. MIN k-TUPLE DOM SET-(k + 2) is
APX-complete for any k � 2.
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Proof. MIN DOM SET-3 is known to be APX-
complete [1]. We describe an L-reductionfk from

3
e

g

PX
also
tant

s

a subclass, we directly obtain the APX completeness
from Theorem 4. Indeed, the graphs used in the proof

gree

ll

t
nd
MIN DOM SET-3 to MIN k-TUPLE DOM SET-(k +
2). Given a graphG = (V ,E) of bounded degree
construct a graphGk = (Vk,Ek) of bounded degre
k + 2 as follows. For each vertexv ∈ V , we add one
complete graph ofk verticesG(v) and connectv to
k − 1 of the vertices inG(v). Note that the maximum
degree ofGk is k + 2.

It is easy to see that anyk-tuple dominating set in
Gk is composed of a dominating set inG plus all the
vertices inG(v) for anyv ∈ V .

As a result, anyk-tuple dominating setDk ⊆ Vk
of Gk = fk(G) can be transformed into a dominatin
setD ⊆ V of size |D| = |Dk| − kn wheren = |V |.
Then, for any optimalk-tuple dominating setD∗

k ⊆ Vk
and any optimal dominating setD∗ ⊆ V the following
relation holds:|D∗| = |D∗

k | − kn. Hence,

|D| − |D∗| = |Dk| −
∣∣D∗
k

∣∣.
On the other hand, given a dominating setD ⊆ V ,
we can construct ak-tuple dominating setDk ⊆ Vk
of Gk = fk(G) such that|Dk| = |D| + kn. SinceG
has bounded degree 3, we have|D| � n/4 (see [7]).
Therefore|Dk| = |D| + kn� (4k+ 1)|D|. Thus,∣∣D∗
k

∣∣ � (4k + 1)|D∗|
and we have shown thatfk is an L-reduction with
α = 4k + 1 andβ = 1. ✷

5. k-tuple domination in p-claw free graphs

In this section we study thek-tuple domination in
p-claw free graphs. We show that the problem is A
complete, even in a restricted class of graphs. We
propose an approximation algorithm having a cons
approximation ratio (ifp is constant).

5.1. Lower bounds on approximation ratio

Theorem 5. MIN k-TUPLE DOM SET is APX-
complete even when restricted to all 5-claw free
graphs of degree bounded by k + 2, for any constant
k � 2.

Proof. As the set of allp-claw free graphs contain
the set of all graphs of degree bounded byp − 1 as
are 5-claw free graphs by construction and have de
bounded byk + 2. We show in Section 5.2 that MIN
k-TUPLE DOM SET is APX when restricted to a
5-claw free graphs, for anyk � 2. ✷
5.2. Upper bounds on approximation ratio

Lemma 7. Let G= (V ,E) be any p-claw free graph
and k be any constant such that δG � k − 1. Let D∗

k

be any optimal k-tuple domination of G and S be any
MIS of G. Then:

k|S|
(p− 1)

�
∣∣D∗
k

∣∣.
Proof. For allu ∈ S, let cu = |D∗

k ∩NG[u]|. AsD∗
k is

a k-tuple domination ofG, cu � k for eachu ∈ S and
we have:∑
u∈S
cu � k|S|.

For all v ∈ D∗
k , let dv = |S ∩ NG[v]|. As G is a p-

claw free graph, for allv ∈ D∗
k there are at mos

p − 1 independent vertices in its neighborhood a
dv � p− 1. We have:

(p− 1)
∣∣D∗
k

∣∣ �
∑
v∈D∗

k

dv.

Now, for all u ∈ S, let c′u = |D∗
k ∩NG(u)|. Hence, for

all u ∈ D∗
k ∩ S, cu = c′u + 1 and for allu ∈ S − D∗

k ,
cu = c′u. Thus we have:∑
u∈S
cu = ∣∣D∗

k ∩ S∣∣ +
∑
u∈S
c′u.

Similarly, for all v ∈ D∗
k , let d ′

v = |S ∩ NG(v)|. For
all v ∈ D∗

k ∩ S, dv = d ′
v + 1 and for allv ∈ D∗

k − S,
dv = d ′

v . Thus we have:∑
v∈D∗

k

dv = ∣∣D∗
k ∩ S∣∣ +

∑
v∈D∗

k

d ′
v.

The last equality finishes the proof:∑
u∈S
c′u = ∣∣{uv ∈E: u ∈ S, v ∈D∗

k }
∣∣

=
∑
v∈D∗

k

d ′
v. ✷
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Algorithm TUPLE-DOMINATING-CLAW.

n

e
t

7).

x

eps

we can apply Lemma 7 onSi ∪ Li and obtain for all
i = 2, . . . , k,

in

hs.
go-
ach
tion

i-
5).
ree
lied
Input: A p-claw free graphG= (V ,E), a constantk
such thatk − 1 � δG.

1. Fori := 1 to k
2. Construct a MISSi in G− S1 ∪ · · · ∪ Si−1;
3.D := S1 ∪ · · · ∪ Sk;
4. Fori := 2 to k
5. LetLi be the set of vertices ofS1 that are not

dominated by any vertex ofSi;
6. S′

i := ∅;
7. For all itu ∈ Li , if NG[u] −D �= ∅ choose any

vertexv ∈NG[u] −D and add it inD and
in S′

i;
8. For each vertexu ∈ S2 ∪ · · · ∪ Sk , add inD

a sufficient number of new vertices ofNG[u] −D
to ensure thatu is k-dominated by vertices ofD;

9. OutputD;

Note that setsS′
i are not used in the algorithm (ca

be removed) but are useful for the analysis.

Theorem 6. Algorithm TUPLE-DOMINATING-
CLAW is a (p−1)

2 (k − 1 + 2
k
) approximation algo-

rithm for the optimal k-tuple dominating set problem
in p-claw free graphs.

Proof. Let G = (V ,E) be any entry graph,k a
given constant,D the set of vertices returned by th
algorithm andD∗

k an optimalk-tuple dominating se
of G. It is clear that the algorithm outputsD in
polynomial time. Let us callSk+1 the set of new
vertices added in the last part of the algorithm (line

Let us see whyD is ak-tuple dominating set ofG.
For all u ∈ G − S1 ∪ · · · ∪ Sk , at each stepi, u is
not taken inSi and thus is dominated by one verte
of Si . At the end,u is dominated by at leastk different
vertices ofS1 ∪ · · · ∪ Sk . Now eachu ∈ S1 ∪ · · · ∪ Sk
is k-dominated at the end because of the last st
(producing theS′

i sets tok-dominateS1 and the set
Sk+1 to k-dominate vertices ofS2 ∪ · · · ∪ Sk).

We can note that|Li | � |S′
i |, Li andSi are disjoint,

S′
i andSi are disjoint, hence|Si ∪ S′

i | � |Si ∪ Li |. In
addition, asSi∪Li is an independent set ofG (because
LiandSi are independent sets ofG and if a vertex of
u ∈ Li is neighbor ofv ∈ Si then it dominates it and
it is a contradiction with the definition ofLi ). Then
|Si ∪ S′
i | � |Si ∪Li | � (p− 1)|D∗

k |
k

. (1)

Let us now upper bound|Sk+1|. For eachi = 2, . . . , k
and each vertexu ∈ S2 ∪ · · · ∪ Si , the algorithm adds
at mostk − i new vertices inSk+1. Indeed, vertexu is
alreadyi-dominated by itself and at least one vertex
Sj for each 1� j � i − 1. Moreover, as eachSi is a
MIS, by Lemma 7 we get:

|Si | � (p− 1)|D∗
k |

k
.

Hence, we have

|Sk+1| �
k∑
i=2

(k − i)|Si | � (p− 1)|D∗
k |

k

k∑
i=2

(k − i).

Finally:

|Sk+1| � (p− 1)
(k − 1)(k− 2)

2k

∣∣D∗
k

∣∣. (2)

Let us prove now the approximation ratio.

|D| = |S1| +
k∑
i=2

∣∣Si ∪ S′
i

∣∣ + |Sk+1|.

Using (1) and (2), we get:

|D| � (p− 1)
∣∣D∗
k

∣∣ + (p− 1)
(k− 1)(k − 2)

2k

∣∣D∗
k

∣∣
= (p− 1)

2

(
k − 1+ 2

k

)∣∣D∗
k

∣∣. ✷

6. Conclusion and perspectives

We have proved the hardness of thek-tuple domi-
nation problem, even in restricted families of grap
Moreover, we have proposed approximation al
rithms for all these families of hard instances. For e
of them, the lower and upper bounds on approxima
ratios are tight.

The main family studied here arep-claw free
graphs in which MIS is a good approximated dom
nating set (we used this fact intensively in Section
We can note that unit disk graphs are 6-claw f
graphs (see [13]). Our algorithms can then be app
on this family. However, hardness results fork-tuple
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domination on unit disk graphs are still unknown (to
our knowledge). This would be particularly interest-

2].

y)
ng
r-

on

cs
rks,

tti-
on,

[4] G.J. Chang, Algorithmic aspects of domination in graphs, in:
D.-Z. Du, P.M. Pardalos (Eds.), in: Handbook of Combinatorial

ht,

o-

,

rs

in
rk,

in

b-

.

n-
25
ing since unit disk graphs model ad-hoc networks [
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