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Abstract

Consider a divisor D with simple normal crossings in a compact Kéh-
ler manifold X. It has been known since the work by G. Tian and S.T.
Yau that if K[D] is ample there exists on X\D a unique Kéhler-Einstein
metric with cusp singularities along the divisor (implying completeness and
finite volume). We show in this article that a K&hler metric in an arbitrary
class, with constant scalar curvature and singularities analogous to that con-
structed by Tian and Yau, is unique in this class when K[D] is ample. This
we do by generalizing Chen’s construction of approximate geodesics in the
space of Kéhler metrics, and proving an approximate version of the Calabi-
Yau theorem, both independently of the ampleness of K[D].

INTRODUCTION

In the setting of compact Kéhler manifolds, the existence of smooth geodesics
for the Mabuchi metric between any two metrics among a fixed Kéhler class is
strongly related to, and in particular implies, uniqueness of canonical metrics like
extremal metrics or constant scalar curvature metrics, up to the action of auto-
morphisms of the identity component.

Whereas it is now known that such smooth geodesics do not exist in general,
see [LV], it is possible to construct less regular paths verifying the same equation
in some more formal sense, and the difficulties arising from the lack of regularity
can be bypassed, see e.g. [Che| when the canonical line bundle is ample, and
[CT] in the general case, to give the expected uniqueness results. Such formal
geodesics have nonetheless some regularity properties up to some of their second
order derivatives (and higher order outside "small" sets), they are the unique such
paths verifying the equation in question [PS|, and they can be approached in the
appropriate topology by smooth paths verifying some perturbed equation.

In this direction, this article lies within the framework of generalizing the results
of [Che| to the setting of Kéhler metrics with cusp singularities along a divisor.
Namely, let (X, wg, J) be a compact Kéhler manifold of complex dimension m, in
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which we consider a divisor D with simple normal crossings; write its decomposi-
tion into smooth irreducible components as D = Zj\;l D;. Let us endow each line
bundle [D;] with a smooth hermitian metric | - |;, and denote by o; € O([D,]) a
holomorphic section such that D; = {o; = 0}, j = 1,...,N. Up to multiplying
|-|; by a positive constant or a smooth positive function for those j, we can assume
that |o;]; < e~ so that p; := —log(|o;|?) > 1 out of Dj; notice that iddp; extends
to a smooth real (1,1)-form on the whole X, the class of which is 27ei ([D;]). Let A
be a nonnegative real parameter, and set u; := log(A + p;) = log ()\ — log(|aj\§)).

Choose A, ..., Ay > 0, and increase A if necessary; then,
N N
w = wy — 100U = wy — Z <Aji86uj>, where u = Z Ajug;, (1)
j=1 j=1

defines a genuine Kéhler form on X\ D, that we will take as a reference metric in
what follows. This because if U is a polydisc of coordinates (z1, ..., 2,) around
some point of D such that U N D = {2 --- 2z = 0}, then w is mutually bounded
near the divisor with Zle % + > itpy1 idz; A dZj, and moreover has
bounded derivatives at any order with respect to some orthonormal frame for this
local model metric. In the same way, we shall look at u as a reference potential.

Indeed, we state:

Definition 0.1 Let w be a locally smooth closed real (1,1) form on X\D. We say
that w is a Kdahler metric of Poincaré type in the class Q = [wolar, denoted by

w € PMag, if:

(1) @ is C*®°-quasi-isometric to w, meaning that cw < w' < ¢ lw on X\D for
some ¢ > 0, and |V? w|, is bounded for any j > 1;

(2) @ = wy +i00v for some v locally smooth on X\D (the potential) such that
v =0(u) near D, and |VIv| is bounded on X\D for any j > 1.

Similarly, we denote by 757\/19 the space of potentials of such metrics.

One can extend the notion of Mabuchi metric, see section 1.3, and endow these
spaces with a Riemannian structure the geodesics of which are of particular inter-
est, as in the compact setting.

The main result of this article is a partial resolution of the equation of such
geodesics, and as an application of this partial resolution and of the construction of
approximate geodesics, we give a uniqueness result for Kéahler metrics of Poincaré
type with constant scalar curvature, provided the line-bundle K[D] is ample. Let
us sum up these results in the following statements:
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Theorem 1 Let X be a compact Kiahler manifold and D a divisor with simple nor-
mal crossings in X . Consider the space PMgq of Poincaré type Kdhler metrics on
X\D relative to some Kdihler class on X, endowed with its Mabuchi metric. Then
any two potentials of metrics in this space can be joined by a continuous geodesic,
which furthermore can be approached by C*> deformations of the segment joining
them. There exists some uniform control on these approximate geodesics, seen as
paths between potentials: they and their first order derivatives (in space and time
directions) are bounded, as well as their time-time, space-time and some of their
space-space second order derivatives, namely their complex Hessians (Theorem 2.1
and Corollary 2.2).

Theorem 2 Under the same assumptions and if in addition Kx[D] is ample on
X, then any metric lying in the space considered in Theorem 1 and with constant
scalar curvature is unique (Theorem 5.1).

A key ingredient to proving the last point is the existence among the class of
metrics PMg we consider of a metric with negative (in some strong sense) Ricci
form, which we state as:

Theorem 3 Assume K x[D] is ample on X. Then there exists a metricw € PMg
such that o(w) < —cw for some ¢ > 0 (Theorem 3.3).

Notice that such metrics lie in PMg for any fixed Kéhler class €2 on X, and
not necessarily for Q = ke (Kx[D]) with & > 0, as the Kéhler-Einstein metric
obtained by Tian and Yau in [TY1] would do. This construction typically requires
an analogue of the celebrated Calabi-Yau theorem [Yau, Aubl, and ours can be
stated as the resolution of some Monge-Ampére equation, independently of the
ampleness of Kx[D]. Even if we use the method of its proof rather than the
theorem itself, let us quote it now:

Theorem 4 Let w be a Kdhler metric of Poincaré type, and f € Cp2(X\D) which

loc

is a O(e™™") at any order for some v > 0, such that fX\D(ef — 1)vol” = 0.
Then there exists a function ¢ € Cio(X\D) bounded at any order such that (w +
i09¢p)™ = efw™ on X\D.

The class of metrics we consider calls for a few comments. A first interest of
considering such Kahler metrics with cusp singularities along a divisor is that this
kind of singularities, at least when looking at the local model, can be reasonably
well understood, and can allow canonical metrics involving a contribution of the
divisor, like the Tian-Yau’s Kéhler-Einstein metric of [TY1]|. Moreover, in the very
active area devoted to the existence of Kahler-Einstein metrics on Fano manifolds,
or more generally to the Tian-Yau-Donalson conjecture relying the existence of
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constant scalar curvature metrics among some integer Kéhler class and algebro-
geometric properties of the underlying polarized manifold, see for example [Donl],
there has recently been a renewed interest for certain type of singular metrics,
see e.g. [JMR, Don2, RT|. Those singular metrics are roughly speaking those
with conical singularities along a divisor or orbifold metrics, and one of the aims
of considering them is to analyze smooth metrics by letting the cone angle go to
2m. Since symmetrically cups singularities can be thought of as limits of conical
singularities with cone angle going to 0, the study of the metrics we consider here
certainly takes part in this growing theory, as a counterpart of the study of smooth
metrics.

Now, let us give a few precisions on conditions (1) and (2) of Definition 0.1.
First, condition (1) can somehow appear loose, and certainly having restricted our
attention to metrics with a sharper asymptotic behaviour, as in [Sze, §3.2|, would
have made more precise some analytic considerations. Nonetheless, constructing
approximate geodesics as in Theorem 2.1 in such a restricted class (in other words,
getting precise asymptotics for approximate geodesics) seems delicate, whereas
working in PMgq had no notable drawback for this construction. Moreover, as
it is not known whether one can ask a precise asymptotic behaviour for constant
scalar curvature Kéhler metrics of Poincaré type, it might be useful to have a
rather general uniqueness result at one’s disposal.

On the other hand, condition (2) can appear a bit artificial, and one could
think about replacing it by the more natural

(2') @ = w + dy for some 1-form ¢ € L*(X\D,w),

and then deducing (2) from (1) and (2’). This is actually manageable, at least
when the divisor is smooth. The main issue here is the boundedness of differentials
for potentials, required in proving Theorem 2.1, see section 2.2, so we assume it
via condition (2), which still allows us a sufficient range of examples. However,
the control v = O(u) can always be performed assuming only (1) and (2’), see
paragraph 1.4.3.

The article is organized as follows. The first part of this work mainly deals
with examples and analytic preliminaries in the setting of what we called Kéhler
metrics of Poincaré type. After recalling a model (and investigating more precisely
its behaviour near the divisor) for such metrics (section 1.1), we focus on extend-
ing quickly a few notions required when dealing with the geometry of a space of
Kahler metrics and constant scalar curvature metrics, like Aubin-Yau functional,
or Mabuchi’s metric and K-energy. This leads us to the equation of geodesics in
our spaces of metrics; we can also look at it on potentials, and it writes, given a
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path (v¢)ep,)) joining vo and vy in WQ,

b, — [0ulZ, =0,
as in the compact case. Let us precise that we conclude part 1 with the comple-
mentary section 1.4, where are generalized results like Poincaré inequality and is
discussed the control one can get when widening the definition of Poincaré type
metrics.

We formally solve the equation of geodesics in part 2 (Theorem 2.1), mostly
adapting Chen and Blocki’s techniques [Che, Blo| to our framework, particularly
using a continuity method for a homogeneous Monge-Ampére equation on (X\ D) x
[0,1] x S* derived from (2) (section 2.2) similar to Chen’s. At that point, the
difficulty occurred by the boundary at infinity D adds to that from the boundary
at finite distance of [0, 1] x S'. We nonetheless bypass this thanks to the Poincaré
setting, e.g replacing balls of coordinates by balls of local covering coordinates
("quasi-coordinates") in the (X\D) direction when reasoning locally, or using an
adapted maximum principle (Lemma 2.9), in which the boundary on which is
usually required some nonpositivity is replaced by (X\D) x ({0} LU {1}) x S™.

In the two central parts 3 and 4 we come back on X\D. In the former, we
state our logarithmic Calabi-Yau theorem (section 3.1), which we use in the next
two sections to construct, assuming the ampleness of Kx[D], metrics of Poincaré
type with negative Ricci forms. A weighted 90-lemma is also required for this
construction, and is proved in section 3.3. As for part 4, it is devoted to the proof
of the logarithmic Calabi-Yau theorem, following a rather classical progression (C?,
second, third, and higher order estimates in section 4.1) concerning the uniform
control, the decay properties of approximate solutions being dealt with in section
4.2.

As an application of the constructions of approximate geodesics and metrics
with negative Ricci forms, we give in the final part the uniqueness result for Kéhler
metrics of Poincaré type with constant scalar curvature, provided the line-bundle
K|[D] is ample (Theorem 5.1). This uniqueness does not need to be considered
up to the action of some D-parallel automorphism group of X, since as explained
in Lemma 5.2, there is no non-trivial holomorphic vector field L? for a Poincaré
type metric when K|[D] is ample. We conclude (section 5.2) by a short outline
of the proof of the uniqueness theorem, which follows closely Chen’s [Che| of the
compact case.

A question to be studied would be the generalization of the results of [CT| to get
rid of the ampleness of K[D] in Theorem 1, and to get the uniqueness of constant
scalar curvature metrics of Poincaré type up to the action of automorphisms in
the connected component of the identity and tangent to the divisor. Another
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question one can ask is that of the existence of such metrics, and of a definition of
K-stability for the pair (X, D), see the suggestions of [Sze, §3.2].
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1 THE SPACE OF METRICS

The purpose of this section is to give, by reference to a simple model, the
definition and a few basic properties of Kahler metrics of Poincaré type.

1.1 Model metric

1.1.1 Construction

Recall quickly the construction of the model metric w; let (X, wq, J) be a com-
pact Kéhler manifold of complex dimension m, in which we consider a divisor
D with simple normal crossings with decomposition D = Zjvzl D; into smooth
irreducible components. Take o; € (O([D;]),| - |;) a holomorphic defining sec-
tion for Dj, j = 1,...,N. We can assume that p; := —log(|o;[5) > 1 out
of Dj; notice that i0dp; extends to a smooth real (1,1)-form on the whole X,
whose class is 27c;([D,]). Now let A be a nonnegative real parameter. If we set

u; = log(X + p;) = log (A —log(|o;3)), one has:

Lemma 1.1 Let A > 0. For sufficiently big A (depending on A and wy), the
(1,1)-form wy — AidOu; defines a Kdhler form on X\D;.

Proof. This comes from a simple computation; indeed,

= Aidp; NOp;  Aiddp,
—Aidou,; = J 1 _ L
R N

A’iagpj CA .
jwy < gy Wo In the

sense of (1,1)-forms where C' is such that +id3p; < Cw, on X. Since p; goes to

The first summand is a nonnegative (1,1)-form, whereas +

+oo near D;, we have wy — Awi’?ﬂ' > 0 on X\D; when A is big enough. O
J

Py
Choosing Ay, ..., Ay > 0, replacing wy by %wo and increasing A if necessary,
one has %wo — i@guj > 0 on X\D, for j =1,...,N, hence w := wy — i00u =
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Zévzl (%wo — Ajiagu]) (recall u = Zjvzl Aju;) defines a genuine Kéhler form on
X\D. Now we have checked this point, we shall also see why w can be compared
to a product (cusp metrics across the divisor)x (smooth metric on the divisor),

and even get precise asymptotics near D.

1.1.2 Asymptotic behaviour

Before describing the asymptotics of w near D, let us fix the setting briefly.
Around a codimension k crossing, D; N --- N Dy say, consider an open set U of
holomorphic coordinates (21, ..., 2k, ki1, - -5 2m) € A™ with A C C the open
unit disc. The simple normal crossing assumption allows us to write D N U =
(DyU---UDp)NU = {2 =0} U---U{z = 0}, that is U\D = (A*)* x A™*,
zj = 0 being the equation of D; in U. We then have:

Proposition 1.2 Set

. . N
Avidzy N\ dzy Apidz, N\ dzy; AE
Wya = et +<w0— E A@@@u-)b ADs 5

|Z1\210g2(]2'1|2) ’ZkP 10g2<‘2k|2) et J J 1N---NDy,

where the last summand on the right hand side is the metric wy — ZszjH A;i00u;

restricted to Agim---ka' Then ||V, ,(w = wua)llwp.a = O(py' + -+ p. ") for all
p>0.

Proof. Let us start by the k = 1 and p = 0 case. Notice that |01]? = /|2 |* with
some smooth (through D) f, thus p; = f +log(|z1[?) ~ log(|21*), 9p1 = L1 + Of
and i00p; = i00f. As a consequence,

idzy Ndz +i(z1dz AOf +Z10f Ndz) + | *0f AOf  idDf
21207 (1 + (A + )/ p1)? prt+ A

As wy 4 dominates wy and 100 f is smooth, i00f is bounded i.e. —;‘?Jgr’; isa O(p;t)

for wy 4. Similarly, df is bounded for wy hence for wy 4, hence ‘z’(zldzl AO f+zidf A
dz7)| < Cldz1|wy , = CA;1/2|21|2{ log(|z1[?)], which gives a O(p;") after dividing
by |z1[*log?(|z1|*). Again we have |z|%0f A df = O(|z?), which gives O(p;?)

after dividing by |z1|*log”(|z1[?), hence with respect to wya, —i00u = LS

up to some O(p; ).

On the other hand w' = wy — 35, A;i0du; is smooth on U, hence (Wi =
(W'|py);5)idz; A dz, = O(z1) for j,k > 2, which is easily a O(p;"), and finally

whridzy A dzg is a O(|dz1|w, ) and wipidzy Adzy is a O(|dz |2, ), with |dz ., , =

Wy, A
Al_l/2|zl|| log(|z1|?)|, thus both are easily again O(p;*).

7
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We use the same technique when p > 1, and simply add the developments
when the number of D, increases. O

In the k£ = 1 case, i.e. away from the crossings, these asymptotics clearly
give a notion of what is the metric induced by w on any D; away from (J 2 Dy
and even on D;\ J;; Dy, looking closer and closer to but not through (J;; Dj.
Then we can actually give a sharper formulation if there do exist crossings, using
this notion of induced metrics. For instance in the k = 2 case, with D (resp. Dy)
given by z; = 0 (resp. 2o = 0) we can show that w = (w|p,\p, )11 + (W|p\Dy )2z +
W'|pinpy, FO(p1 tpy t) with W' = wy— > iso A;i00u; (smooth through Dy UD,), and
O(py'py!) understood at any order, which we shall denote by O=(p;'p;"'). This
gives rise to a recursive notion of metrics induced on k codimensional crossings
away from crossings of higher codimensions.

In this way, near the divisor, our metric is asymptotically a product of Poincaré
metrics, or cusp metrics, on punctured discs with a smooth metric, and we get back
properties such as: w is complete, has finite volume (equal to the volume associated
to the class of wy, cf. section 1.3), and its injectivity radius goes to 0. Notice also
that the metrics induced on the (successive crossings of the) divisor have a similar
behaviour.

About the standard cusp metric, notice the following, which is due to the

homogeneity of Poincaré’s half plane: let weys = % on the punctured

disc, and for § € (0,1) set ¢ : %A = A* ( — exp( — %g%). Then for all
6 € (0,1), B
. 1dC A d¢
Y5 Weusp = m,
which does not depend on § and is C*°-quasi-isometric to (mutually bounded with

and with bounded derivatives at any order w.r.t. orthogonal systems for) the

— 9ltd [
= A1 s

(with fixed factors). Besides cA* C [Usc(o ¢s(3A) with ¢ > 0 small enough
(0 < ¢ < e /7). This tells us for instance that in the k¥ = 1 case of the latter
proposition, on the considered neighbourhood U, that there exists for all p € N a
constant C), such that

euclidian metric. Moreover os*log(|z|?) which has the size of 15

1
sup ——

<C
seoy 1 —0 b

euc

N
HVIG;UC (q)é‘*w — Alwcusp - ((AJO - Z Aﬂ@((_?uj) ’Dlm.,_ka>
7j=2

with ®s : %A X A™TL 5 Af o AT (G2, 2) (go(;(Cl),ZQ, .. .,zm).
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1.2 Metrics of Poincaré type

The viewpoint of "quasi-coordinates" (the ®; are generally only holomorphic im-
mersions, not charts) — see |[TY1|, p.580 — is useful to define likewise Holder
spaces, for which the usual way of defining them is quite inconvenient because of the

injectivity radius going to 0. Thus, if ®; : P, := (gA)’“ x AMTF 5 (A)E x AR

(Cly B 7Ck) Rk+1y - - - 7Zm) = (9051 (<1)7 sy 905k(<k)a REk41y -+ 7Zm) for 6 € (07 ]-)k and
if U is a polydisc neighbourhood of a crossing Dy N---N Dy, with U N D; given by

{z; =0}, j=1,...,k, we define for f € C}(U\D), (p,a) € N x [0,1],

o = Su 5
[fllepe@p) 66(0,11))’“| Jp—
assuming that U C (cA)* x A™"*. Then given a finite number of such open
sets U € U covering D, V such that X = V U J; o, U and a partition of unity
{xv,xv,U € U}, we define the Holder space

CP(X\D) = {f € CLIX\D)| Ixv fllenaq) + sup Ixv fllera@p) < +oo}
€
endowed with the obvious norm, for the same (p, @) as above. We set similarly

C*(X\D)= ) C"™(X\D).

(p,a)eNX%[0,1)

Those spaces do not depend on the covering. In order to avoid ambiguity, let us
precise that the Holder spaces defined above with v = 0 are the same than the
C* spaces defined with the help of the Levi-Civita of w, which strictly contain
the spaces of CF_ functions on X'\ D with bounded derivatives up to order k with
respect to a smooth metric on the whole X.

We proceed similarly for tensors; for instance for @w € T2 (A, U\ D) with U
as above, we set

||W||Fp,a(Al,1’U\D) = Sup ||¢6*W||Fp,a(/\1,177)k)
5€(0,1)k

with the norm of ®s*ww computed with the standard euclidian metric, and then
we define TP*(AL!, X\ D) and I'™(Ab, X\ D) by means of a partition of unity.
An immediate example is w € T°°(AL!, X\ D). Let us restate the definition of the
class of metrics we are investigating in this paper:

Definition 1.3 We say that a locally smooth real closed (1,1)-form w' is a Kdhler
metric of Poincaré type in the class Q0 of w, denoted by w' € PMagq, if:
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1. W' is C*®-quasi-isometric to w, meaning that cw < W' < ¢ 'w on X\D for
some ¢ > 0, and W' has bounded derivatives in the quasi-coordinates used
above (i.e. w' is quasi-isometric to w and w' € T®(AM X\D));

2. W' = wy+1i90v for some v locally smooth on X\D such that v = O(u) near
D, and dv has bounded derivatives at any nonnegative order in the quasi-

coordinates used above (i.e. dv € T®°(A', X\D)).

Stmilarly, we denote by 737\719 the space of potentials (computed with respect to
some fized wy, € PMq chosen as a base-point) of such metrics.

Remark 1.4 Assuming condition 1. above, one can consider a class of metrics
which is a priori wider, by relaxing condition 2. into 2°. w' = w + dy for some
1-form ¢ € L*(X\D,w); we discuss this point in section 1.4 below.

We will take again the viewpoint of quasi-coordinates below, when looking at
weighted Holder spaces, see section 3.1. -

We have defined an infinite dimensional manifold PMgq, which is a convex
open subset of the Fréchet space € of Cf° functions on X'\ D which are O(u) and

loc
with differential in T°°(A', X\ D); hence the tangent space PMgq at any point
is &£ itself. Since potentials are unique up to constants (their growth authorizes
integrations by parts without boundary terms, use e.g. Gaffney-Stokes’ theorem
|Gaf] for complete manifolds), we take the normalization | x\of vol*’ = 0 to fix

the tangent space £/R to PMg at a point w'.

Before going deeper into the geometries of PMg and 7/37\/1/9, let us observe
the following fact, which contrasts with the compact setting (K stands for the
canonical line bundle A”™ on X and K[D] = K ® [D1]® --- ® [Dy]):

Proposition 1.5 Let w' be a metric of Poincaré type. Then its Ricci form o,
is in T°(AY X\D), and is L*(X\D,w)-cohomologous to some (any) smooth real
(1,1)-form of —2mwci(K[D]).

Proof. By definition and according to Proposition 1.2, we can write (w')™ =
T o B0 |2)w6” with f € C*°(X\D) and bounded below by some constant
g=1 19315 08 9515

¢ > 0, that is log f € C*°(X\D). Thus on X\D,

N N
Ouw' = Quo + Z i001og(|o;3) + 2 Zi@glog (log(|o;[3)) — i0d1og f.
s j=1
Now for j = 1,..., N, i00 log(|o;3) extends to a smooth form of class —2mc; ([D;]),
so that Qwo%—z;\le i091og(|o;|3) extends to a smooth form in —2m¢; (K[D]). Finally
1de(2 Zj\;l log (log(|o;[3)) +log f) is bounded hence L? for w, and its differential
is T°°(AM!, X\ D), hence the result. O

10
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1.3 Geometry of the spaces of metrics and of potentials

Let us now give a brief list of objects defined on PMg and 73/\79 necessary to
our study, who share similar properties to their homonyms defined in the compact
case (see |Gau, ch.4] for a review of this subject):

e The volume. We already know that the metrics w, = wbp+i8511 € PMq have
finite volume; in fact, they all have the same volume, Vol say, which is also
that attached to 2. Indeed, taking wy, = w (potentials are only translated
in £), it is easy to see that for any v € PMgq, w™ = (w,)" + dO, with ©, a
polynomial in w,, d°v and i00v, which is therefore bounded (for w say), as
well as its differential, and hence [ X\D dO®, = 0 by Gaffney-Stokes. Since the
u e &, we get in the same way that Vol = = [we]™ = Q™.

o Aubin-Yau functional ¢ . For the same reason linked to integrations by parts
as for the volume, the 1-form vol : v {f — ﬁ fX\D fvol® } defined on

PMag is closed, hence gives rise to a functional called _# on WQ we fix
saying it vanishes at 0. Moreover _¢# is R-equivariant (compute ¢ (v) using
the path (tv)sep,1) from 0 to v), thus we can identify PMgq to #1(0) in

PMaq.

e Mabuchi metric. One can give WQ and PMgq Riemannian structures
writing (f1, f2), = \% fX\D fifavol®, or (fi, fa)w = ﬁ fX\D J1f2 vol” when
fX\D fi vol¥" = 0, j = 1,2. Those metrics give an isometry 73\./\79 >0

(v— _Zv), 7(v)) € PMgxR.
e The equation of geodesics. Denote by v € £((X\D) x [0,1]) a function on
(X\D) x [0,1] such that for all ¢, 0, et U, € &, or even ‘dk”‘ < Cju and

, ar
}dk;,:”‘ < G forall k>0, j > 1 and V the Levi-Civita connection of w —
a segment in PMg clearly verifies those conditions. Then such a function
can be seen as a path in P Mg if wy + i00v, € PMg for all ¢ € [0,1], and is

a geodesic for the Mabuchi metric iff

U — 002, = 0. (2)

e The mean scalar curvature. Once again integrations by parts work as in the
compact case and tell us that the mean scalar curvature o [ X\D s(w') vol”

is the same for all W' € PMg. If this quantity is denoted by s, due to
Proposition 1.5, one has

e (K[D) - ™

S = —4mm
(o] ™

11
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o Mabuchi K-energies. Again, the 1-form § : v — {éy f e fX\D f(s(wv) —

§) vol“® } is closed on 737\79 hence gives rise to a functional E that descends
to a functional E on PMg. They are called K-energies, and one can fix
them saying they vanish at the base-points considered above. Their critical
points are (potentials of) constant scalar curvature metrics. Moreover, if
one considers a path (v)iepo.1] € E((X\D) x [0,1]) of potentials and sets

E : t — E(t), then one can show:

Proposition 1.6 For allt € [0,1],

BO) = 20Vadills, — [ (5= 00 s, — ) vol )
vt X\D

where V is the J-anti-invariant part of the Levi-Civita connection of w,, acting
on 1-forms.

The latter formula illustrates the importance of geodesics, because along such
paths the K-energy would be convex. Now take a path (v;) € 5((X\D) x [0, 1]),
and look at it as an element of £((X\D) x [0,1] x S') (similar definition) in-
dependent of the last variable, s say, and set ®(z,t,s) = v,(z) for all (z,¢,s) €
(X\D) x [0,1] x S*. Give X := [0, 1] x S* its natural complex structure. Then an
easy computation, see e.g. [Sem]|, or [Chel, p.197, gives:

Proposition 1.7 The path (v;)icp] s @ geodesic iff
% YAy m+1
(er\D wep + 100P) =0, (4)

where operators O and O are those of (X\D) x X. In other words, the datum of a

geodesic on PMq with extremities vy and vy is equivalent to that of a function ®
in E((X\D) x X) which is S*-invariant, which verifies equation (4) and boundary
conditions ®(-,7,-) = v,, 7 = 0,1, and such that for all (t,s), ®(-,t,s) € PMq.

The solutions we can get for equation (4), and hence the "geodesics" we can
get on PMyg, are the purpose of the next part, to which the reader can jump
directly, next section being devoted to complementary considerations for a priori
more general metrics.

1.4 Analytic complements in Poincaré type metric

With the auxiliary aim of proving that metrics which are C'"*°-quasi-isometric to w
and in the same L? cohomolgy class are actually precisely those of PMq when D

12
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is smooth, we develop here a few basic tools for analysis in Poincaré type metric,
some of which are also used in part 4. For k > 1, a € [0, 1], let us define

ghe = v e Oplv=0(u), dv € TF (AN}, (5)

loc
The result we get in this section states as:

Proposition 1.8 Assume D smooth. Let n € TH*(AM), (k,a) € N x (0,1), an
exact (1,1)-form one can write as dip with ¢ € L*(X\D,w). Then there exists
v € EF22 such that n = i00v.

As an immediate corollary we have:

Proposition 1.9 Assume D smooth. If ' is C*-quasi-isometric to w and in the
same L? cohomolgy class, then w' writes as w + 100y, with ¢ € Uk ke that is:
= PMaqg.

We first solve the equation A,v = f with f € L? and [ x\p fvol¥ =0, and for this,
establish a Poincaré inequality for (metrics quasi-isometric to) w (§1.4.1). Then
we take f = —2tr“(n), and show that i00v = 7 ; we also get the control v = O(u),
and from classical elliptic theory, v € uC*2(X\ D) follows (§1.4.2 and 1.4.3). So

far we do not need D to be smooth, but assuming this we can improve regularity
to get v € EFF2 (§1.4.4).

1.4.1 Poincaré inequality

We consider a metric g quasi-isometric to the model w of the section 1.1. In
order to solve in H' = H'(X\D, g) the equation Aju = f, where f is L? and
has zero mean, by the classical variational method (minimization of the functional
{v— %fX\D |dvl; vol” — [y , vf vol’ } on zero mean functions), we show for g a
Poincaré inequality:

Lemma 1.10 Assume X\D is equipped with a metric g quasi-isometric to the
metric w defined by (1). Then there exists a constant Cp > 0 such that for all
v e HY(X\D,g) verifying fX\vaolg = 0 we have

/ [v]? vol? < Cp/ |dv|? vol? . (PI)
X\D

X\D

Proof. Start, for simplicity, by the case where D is smooth. We cover it in X with
open sets of coordinates U;, j = 1,..., M, of the form {|z| < a} x A™™! so that DN
U; = {]z| = 0}. Consider also a neighbourhood U of D such that U C U]M:1 U,. Let
v € C(U\D) such that v|sy = 0. We are first seeing there exists ¢ > 0 such that

13
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for all j, fU]-\D |v]? vol? < Cij\D |dv|?vol?. We can assume, up to modifying ¢, that

4|dz|?
Now change the coordinates by setting ¢ = log(log?(|z|?)) € (A4, 00) and = arg z €
St g becomes dt? +e?'df? +ds?, with volume form e *dtdfds. Thus ij [v|? vol? =
St am—1 dOds ;OO |v|2e~tdt (resp. ij |dv|2vol = [ am-1 dOds ;OO |dv|2e"dt),
and we just need an inequality [, [v|?e~tdt < c [ |dv|?e~tdt for all (6, s) to
conclude. Moreover, since |dv|? = (Ov)? + €*(0pv)* + |dam—1v[5, > (Ov)?, an
inequality [ vZe~tdt < c [ (9yv)?etdt for all (0, s) still suffices to conclude.

Set w(t) = e~ if stands for d;, wen the have (v?w) = 2vv'w+v?wW' = 2vv'w —
v?w, hence by integrating with fixed 6 and s, 0 = QfXOO vv'etdt — ;Oo vie~tdt
because v = 0 on {t = A} and for ¢ big enough. We rewrite this as:

+o0 +oo +oo % +oo %
/ v2e tdt = 2/ vv'e tdt < 2(/ 'UQe’tdt) (/ v’ze’tdt)
A A A A

by Cauchy-Schwarz, hence f:oo vie~ldt < 4[;00 v"?e~tdt, which ends the first
point of demonstration. We then have:

M M
/ [v|? vol? < Z/ |v]? vol? < CZ/ |dv]? vol? < Mc/ |dv]? vol?,
U\D ‘= JuDp ‘=1 JUAD U\D
(6)

g restricted to U;\ D writes +ds?, with ds? the euclidian metric on A™!.

as soon as v € C*(U\D).
Now seek a contradiction, and take a sequence of functions f; € C*(X\D)
violating the theorem; we thus can consider that

e for all j, fX\D fjvol? = 0 and fX\D sz vol? = 1;
o lim; o [y p ldf;[; vol” = 0.

Observe that (f;) is bounded in H'(X\D, g), hence up to an extraction converges
weakly in H'(X\D, g) to afunction f € H'(X\D, g). In particular ||df||,2(x\p,g) =
0, that is to say f is constant, since the df; tend to 0 in L?. Now finally, by weak
L? convergence, fX\D fvol! =lim,_, fX\D fjvol? =0, hence f =0.

Take £ > 0 small, such that 3e? < (Mc)™! say, and a domain V' CC X\ D wide
enough so that U¢ CC V and there exists a smooth cut-off function y equal to 1
on U¢ 0 on V¢ and such that 0 < y <1 et |dx|, <e. Forall j set u; = (1 —x)Jf;
and v; = xf; so that u; € C(U\D), (u;)or =0, v; € C(V) and f; = u; + v;.
Thus for all 7,

ffvolg§2</ u?volg+/ vjz-volg):2</ u?volg+/vjz-volg).
X\D X\D X\D U\D 1%

14
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Now on the one hand, (v;) converges weakly to 0 in H' (V, g) — just see that
for all test function ¢ (resp. test l-form a) on V, yy is again a test function
(resp. xa a test 1-form and (dx, a), a test function) — and since V is compact
with boundary, we can assume (forgetting another extraction) that (v;) strongly
converges to 0 in L?, necessarily to 0.

On the other hand, according to the beginning of this demonstration, for all j
we have

/ ul vol? < Mc/ |du|? vol?
U\D U\D
= Mec (/ X |df; |2 vol? +/ F2|dx |2 vol? —|—2/ Fix(dfj, dx)g volg> :
U\D U\D U\D

In the latter line, the first integral is bounded above by fX\D |df;]2 vol? which
tends to 0; the second one by &? [ X\D f7vol! = £, and the third by the square
root of the first two. It thus follows that fX\D fj2 vol? < 2Mce? < 1 when j is big
enough, a contradiction, hence the theorem for C2°(X\D) functions, and then for
H'(X\D, g) functions by density.

Now let us consider the case where D admits crossings. If we have an inequality
for smooth functions with a compact support near D like (6), the end of the
argument will apply unchanged. To get this inequality though, cover D with
polydiscs of coordinates Py, = {|z| < ax}* x A™* (a;, < 1 to adjust) such that
D is given in those by {z;---2z; = 0}. One point is that to get the desired
inequality with U an open set relatively compact in the union of our polydiscs, it
is enough to show such an inequality for functions v € C2° (P_k\D) with v =0 on
{]z1] = ax}N---N{|zx| = ar}. But this we can do assuming g is the product metric

g b Hds? e, dfi e i e O - e 2k dOE4-ds?
where t; = log(log®(|2]?)) € (Ag,00), 6 = argz € S*, 1 = 1,..., k. Finally,
express (ti,...,t;) in polar coordinates (7, ¢1,...,9k-1), P1, - Pr_1 € (0,7/2),
r € (r(e1,-..,¢k-1),00), and do the same integrations by parts as above with ’

standing for 0, in order to conclude. O

1.4.2 Resolving Av = f; a 90-lemma

Take a metric g quasi-isometric to the model metric w of (1). As a corollary
of Lemma 1.10 every f € L? with zero mean for vol? admits a H' function v such
that Aju = f, unique as soon as fX\vaolg = 0. Moreover, v is H{_ by local
ellipticity of A, if one assumes more regularity on g. Actually:

Lemma 1.11 (Sobolev estimate on X\D) Ifg is C*°-quasi-isometric to w and
A= fwithve H', fe H* k>0, fX\vaolg =0, then v is in H*2(X\D, g).

15
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If fX\vaolg = 0 then ||v||gr+2 < Ci||f|lgx for some constant Cy depending only
on g and k.

Proof. Even if the idea of the proof is rather simple, it is more complicated to
write it down completely in a brief way. Let us nonetheless give a few indications
to see how it goes. First, for v and f as in the statement, an integration by parts
shows Hde%g = [x\pvfvol’ < vl fllzz, so that if [, ,vvol’ =0, Poincaré
inequality (PI) for g gives |[v][z2 < Cpl|f||zz. Secondly, since A, is elliptic on any
relatively compact domain V' in X\ D, standard Sobolev estimates on balls tell
us that v € H*2(V, g) and that there exists some Cy such that ||v]| griag <
Cve (1 f Il (x\p,g) + ||v||L§), which is less than (Cvx +Cp)|| f| g+ (x\p,g) When v has
Zero mean.

So that there remains to estimate the L? norm of v on a neighbourhood of D.
Assume for simplicity that D is smooth and & = 0, and suppose it is as usual
covered by polydiscs of coordinates U = (cA) x A™! with ¢ a small constant,
with D given by 23 = 0. Since g is C*°-quasi-isometric to w, we can replace it
bY geusp + ds* on U\D. Now since the pull-backs by the ®s introduced in §1.1.1
of this latter metric are all same, gy say, the game is to express the Hé norms on
the U\D with the help of H' norms on the pullbacks. Namely, it is possible to
find a sequence (;) increasing to 1 and two constants ¢, s such that for any H7_
function w on the considered sets, if P denotes the polydisc %A x Am-1

. =1 s 1. . .
IViwllzeonp) < ey il ®a” (Vawlll, 1) =1 > i Voo (P W)l (15
=1 ‘ =1
j=0,1,2, ie. ||w||H3(C/U\D) <ay %H@gl*wﬂm 1. with ¢ > 0 small inde-
7 (3P)

pendent of the covering, and conversely

e}

1 *
”wHLg(U\D) > Co Z EHCD(SZ wHLgo(p).
=1

Now, the standard Sobolev estimate on P for gy says there exists some con-
stant C' > 0 such that for every [, H<I>51*UHH30(%P) < C’(]|Ago(<I>5l*v)HL§O(7>) +
||(I>51*v||L30(7>)) = C(||¢5l*f||Lgo(p) + ||(I>51*v||L30(7>)). Then take the weighted sum

over | with weights % to get ||UHH§(C/U\D) < 010510(|’f||Lg(U\D) + HUHLE(U\D))' To
conclude take enough of those U so that D is covered by the U, take V wide
enough and collect the inequalities. (l

We are now able to state a 90-lemma adapted to metrics "roughly" of Poincaré
type:
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Proposition 1.12 (99-lemma on X\D) Any real square integrable eract (1,1)-
form n such that n = dy with ¥ a C7°, square integrable 1-form writes i00v with

loc

vin H?N s unique up to a constant.

Proof. This is classical. First, take v as the only possible candidate (with zero
mean), that is the solution of A, v = —2tr¥(dv)). Then consider the 1-form & :=
%dcv — 1. Since by construction, tr¥(d¢) = 0, at every point one has the identity

dE NdEN W2 = _%@nwm' But the left hand side term can also be written
d(& N dENw™?), so by Gaffney-Stokes’” theorem [Gaf] (£ A d§ A w™ 2 and d(€ A
dé AN w™?) are L' since v is H? for w according to Lemma 1.11), its integral
over X\D is zero, hence d¢ = 0 i.e. i90v = 1. The only point to be verified is

that [ X\D tr*(dwy) vol” = 0, but this is guaranteed by the formula tr¥(dv) vol” =

dip N % and one more use of Gaffney-Stokes’ theorem. The local smoothness
of v is due to local ellipticity of A,,, and actually this is a standard fact that for
every (p,a) € N x (0,1) and relatively compact domain V' CC W, there exists
C = C(p,a,V,W) such that [[v]crszawy < C(nllz2 + [nllcremw))- O

1.4.3 Control on the potentials growth

Our 90-lemma provides potentials for Kihler metrics of Poincaré type, in H2N

. Of course such potentials are not bounded in general (for example with «

small enough in absolute value, w + @iddu is of Poincaré type whereas au is not

bounded — recall that u is defined by formula (1)), we can still get some control
on their growth near the divisor.

Lemma 1.13 Let f € C*(X\D) have zero mean against vol* — for instance,
f=-=2tr(w — w) with W' a metric roughly of Poincaré type in class of w. Then
if v e Ce N H? is a solution of Ayv = f — in the example, 1000 =W —w —,
there exists C' such that |v| < Cu. Moreover, if v also has zero mean, then one

can take C = C'|| f||cox\p) with C" depending only on w.

Proof. There is no loss in generality in assuming that A; = --- = Ay = 2 in
defining formula (1). Now for j = 1,..., N, take A > 0 and set @; = log(A + p;)
so that

A+pi)? At
In view of Proposition 1.2 and since ié@pj is smooth through Dj, it is clear that
given ¢ > 0, when X is big enough then A,i; > —e on X\Dj;, and A,u; =
1+ O(pj_l) near D;. So taking € small enough and A big enough ensures that there
exist a neighbourhood U of D in X and some constant ¢ > 0 (which we can take
arbitrarily close to 1 after adjusting €, A and U) such that A, u > ¢ on U, where
u= Z;VZI @;. Notice that u and u are equivalent near D.

i000; =
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Now write Vy = X\U, take domains V},, p > 1, such that (V},),>¢ is an increasing
exhaustive sequence of compact domains of X\ D, and set finally U, = U N 1}]) for
all p > 0. On the other hand, set ¢ := +v — Cu — A, where C' is chosen so that
Ayp==xf—CA,u<0on U\D (soC depends only on ||f|/co) and A is chosen
so that ¢ < 0 on QU (so A depends only on | f||co and on |[v||coy, which is
controlled by || f||co provided v has zero mean).

Consider for p > 0 the solution ¢, of the Dirichlet problem

Aypp =Ayp on U,
Op = on OU
wp =10 on OV,

By the usual maximum principle those ¢, are nonpositive on their domains U,.
Suppose (some subsequence of) (¢,),>0 converges almost everywhere to ¢ ; then
¢ <0,ie. v < Cu+ A and we are done. So we want to control the ¢, in some
Sobolev space in order to get some convergence in a smaller space.

Set 0, = ¢ on OU and 0 on 9V,. The techniques used to show Lemma 1.11
generalize to show that ¢, is H? and there exists a constant C' independent of p
such that

lepllezw,) < C (|Auepllz2w,) + lepllzw,) + 10p]lL200,)) -

Now [[Awpllrzw,) = [ fllrzw,) < [fll2x\p), and [|0y]|r200,) = [l 2200, which
do not depend on p (and are controlled by || f||co). It remains to estimate @, z2(v,)-
Decompose ¢, into v, + x, where ¢, = 0 on 9U, and Y, is harmonic on U,.
Then Y, is nonpositive and reaches its infimum on 9U,, so that ||x,|r2w,) <
linfyr | - Vol(U)V2,

Finally, fUp |dip,|2 vol* = fUp A, vol¥ = fUp ¥, f vol”. But ¢, extends to
an H' function on X\ D declaring it is 0 on (X\D)\U,, so that if a, is its mean
on X\D,

/ (1, — a,)? vol* < cp/ dy |2 vol® — cp/ iy |2 vol®
X\D X\D Up

w w Vol(U,)1/2
As [ p(p—ap)?vol? = [, 12 vol* —a2 Vol(X\D) and |a,| < XHEEE 14l
we get, going back up those inequalities that

Vol(U,)
~ Vol(X\D)

Vol(U)

-1
—W> 1 fllz2x\Dy

—1
Iyl < Cr (1 ) Il < Cr(1

which does not depend on p. So the ¢, = 1,+X, are H?-bounded in their domains,
and the bound, C say, does not depend on p.
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A diagonal extraction gives us the weak convergence in all the H*(U,) and
strong convergence in the H'(U,) of a subsequence of (p,) to some ¢ lying in
Ny H*(U,). Moreover ||¢'||g2w\py = sup, [|¢'|m2(v,), and each [[¢'|| g2(v,) is less
or equal than the liminf of the ||| z2(,) when ¢ goes to oo, quantity bounded
by C, so: ||¢'||m2@wy < C < +oo. It is not hard to see that ¢'|gy = ¢|oy and
Ay’ = Ayp on U because the equality ¢,lov = ¢lov (resp. Aup, = Ayp on
U,) holds for every p (resp. every p > ¢). So ¢ and ¢’ are two H*(U) functions
satisfying the same Dirichlet problem on U, so by H'(U) uniqueness, ¢’ = ¢, that
is: p is (up to an extraction) the L?-limit of (¢,) on any U,, so (up to another
extraction) ¢ is almost everywhere in U the limit of this sequence of nonpositive

(901))‘ O

1.4.4 The smooth divisor case: proof of Proposition 1.8

We assume now that D is smooth, and reduced to one component for sake of
simplicity (what follows easily generalizes to the case when D has several disjoint
components). We start from the following fibration:

Na\D (7)
lq(t,p)
[A, +oo[xD

Sl

Let us explain it briefly. The tubular neighbourhood N4 of D, with projection
p, is obtained from the exponential map of a smooth metric on X, e.g. wy. The
St action comes from the identification of N4 with a neighbourhood V of the null
section of the holomorphic tangent bundle Np = T;ﬁ—é%’j, and leaves p : Ny ~
V C Np — D invariant. The part ¢ of the projection ¢ in (7) is obtained from
u = log ( —log(|o|?)) we make S'-invariant (we take for example the mean of |o|
under the S! action) near the divisor and extended smoothly away; it is easy to
see that ¢ = u up to a perturbation which is O(e™*) as well as its derivatives at any
order (for w). Finally, A et A4 are adjusted so that N4\D = {t > A} C X\D.

One associates to the circle action on N4 a connection 1-form 7, as follow: if g
the metric associated to w and T' the infinitesimal generator of the action, of flow
®,, we set at any point = of Ny

2
~ * gac(aT> ~ _1A
0 gw(T7 T) St

where S! in the last integral is the fiber ¢~!(z). In this way, for all x € Ny,

f _ = 27.
()]

Moreover, if one considers around a point of D a neighourhood of holomorphic
coordinates (z1, ..., 2y,) such that D is given z; = 0, one ha n = df up to a term
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which is O(1) at any order for w. We then have:

g=dt* + e’ +p'gp + O(e™) (8)

with ¢gp the metric associated to wy|p, and the perturbation O(e*t) is understood

at any order for w. This means for example that Jdt = 2e~'n+O(e™"), the O(e™)
understood as well.

One can use furthermore the fibration (7) as follows. Let f € C**(X\D); we
write the decompositions

f=of)(t,2) +1Lf = fo(t) + fr(t, 2) + 1L f (9)

where z = p(z), with :

o) =50 [ e 50 = gy S5 v,

[wolp]™ ! c1([D]):[wolp]™ !

and Vol(D) computed with ¢gp, hence equal to (m-Ty7 > OF (m—1!

Using (9) and the definition of C**(X\D), since the fibers S are of length
equivalent to et for g, it is easy to see that on an open set of coordinates as above
and for all j <k,

Dy (1L f) = O(e™k=tral)

as soon as Dy j_¢ denotes a product (j — ¢) factors of which are equal to e'dy, and

¢ factors are among {r|logr|0;,0.,,0.,, f > 2}, where r = |z].

Having said this, we come to the promised proof. Now according to §1.4.1 to
1.4.3, we know that v € H*? and v € tC*® (we know that v = O(t); we get that
v € tO% by Schauder estimates in a system of quasi-coordinates).

To see that v € £E¥2% we consider the Dirichlet problem:

A,w=g inNJ\D,
w=0 ondNy={t=A}

with g € C**(N4\D) and w € tC*t22(N4\D) (obtained by exhaustion). Indeed
if v is a smooth cut-off function equal to 1 on {t < A} and vanishing on Ny, we
get v as Vi + Ve, With

vaint - (Aw’y)v + ’Yf - 2(d’7a dv)w in X\NA+17
Umtzo OnaNA+1:{t:A+1}

and
AyVest = (—AuY)v + (1 =) f +2(dvy, dv), in N4\D,
Vet =0 on ON, = {t = A}
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(the right-hand-side members being controlled by || f||ck.«, since for all C' there
exists K = K(C) such that ||v[|ckr2.an,) < K| fllcre), and vipg, vesr extended by
0. The role of ve,; will be played w, whereas g will play that of (—A,y)v + (1 —

.S +2(dy, dv)e.
We introduce the subspace

Fht2a _ {v c C'ﬁ,f(NA\DN vy = O(t), 0wy € CFTH(NL\D) ;
vy, Myw € CH29N\D); v]ia = 0},

of tC* endowed with the obvious norm, and we assume A big enough so that
Ap — A, @ FF2e 5 OFe(N4\D) has a sufficiently small norm, where h is the
metric

h=dt* + e *n* +p*gp.

(compare with the asymptotics (8)). If one shows that A, : FF*2 — CF*(N4\D)
is invertible of inverse Gy, with ||G}|| remaining bounded if A increases, a per-
turbation argument will tell us that A, is also invertible ; one writes A, =
Ah(l — Gr(Ay — Aw)). In the final analysis, there remains to see that the so-

lution of
Apyw =g in Nsj\D,
w=0 ondNy={t=A}
which is in tC**2%(N4\D) is in F**2 Observe that A, respects decomposition
(9), hence Apwy = go, Apwy = g1 and A, (1T, wy) = 11, g. We also show that the

component wy has bounded derivative, and that the other two are bounded and
with bounded derivatives:

e wy: the condition vo(A) = 0, as well as the identity Ajwy = —(9? — 9;)wy
give

+o0
Oywo(t) = et/ e *go(s)ds = O(1)
and

wo(t) = /A esds / +O° e go(u) du = O(t).

Those formulas clearly give the norms of wy and dwy are controlled by
9|+, independently of A.

o wy: set a(t) = [, wi(t,-)?vol’P; if one shows that a(t) is bounded, then
the classical theory will tell use that w; is bound (with an effective bound
coming from that of a(t)). Now da(t) = 2 [, wi(t,)dwy(t,-)vol?? and
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=2( [pwi(t,")02wi(t, ) vol’P + [, (0w (t, ~))2v019D ). In this way:

(02 — 0,)a(t) > 2/ wi(t, ) (Fwi(t, ) — i (t,-)) voloP

D

2/ wi(t, ) (Apwi(t,-) = gi(t,)) vol’”
N / ‘dle VOlgD _2/le(ta‘)91(t,')volgf’

> caf(t C’(g)a(t)l/2

where we go from the first to the second line by noticing that Ayv; = —(9? —
O)wy + Ay wy, with ¢ coming from Poincaré inequality for gp (one has
[ wi(t, ) vol®” = 0), and C(g) is the supremum of ( [, ¢:(t,)? vol?” )1/2.
According to Lemma 1.14 following this proof, this inequality forces a to
be bounded, and a(t) < (@)2. In other terms, the L? norm of w; on
each {t} x D remains bounded, and is smaller than @ < ' fllerarzs C'
independent of A, hence an analogous estimation on ||wy||c1.

o I w: as I g € e (@/2*Ch/2 according to the weighted analysis in [Biq],
I, vis in e PtCF*+2/2 for some B > 0, and in particular is bounded, as well as
its differential. We also have that C is controlled by ||g||c#.«, independently
of A.

The classical elliptic theory gives us that w € F¥29  with |w]|zrize <
Cllgllckaay\py, C independent of A (one applies Schauder estimates on balls B
of quasi-coordinates to w to which is subtracted its mean on B; this gives a family

uniformly bounded in C?; since w has bounded derivatives), which ends the proof.
O

We close this part with the statement and the proof of the lemma used in the
previous proof:

Lemma 1.14 Let b a nonnegative C?,, function on [A, +oo|, vanishing at A. We
assume that b = O(t°) for some B > 0, that b, 9;b and 9%b are L* for e'dt, and
that

(9% — 0y — c)b > —Cb'/?, (10)

with ¢ >0, C > 0. Then b is bounded above, and supb < (%)2

Proof. Assume that b is not identically 0, and that 5 < 1, so that b = o(t).
Then b, : t — b —e(t — A) goes to —oo after reaching its upper bound at a point
t. €]A, +oo|, and this for all € > 0. At such a point, 82b(t.) = 9?b.(t.) < 0 and
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O2b(t.) = 0?b.(t.) + e = . From (10), we hence have that cb(t.) < Ob(t.)'/? —¢ <
Cb(t.)"/?, that is b(t.) < (£)?

Now, at fixed ¢, b(t) = lim._,b.(t), and for all £ > 0, b.(t) < b.(t.) < b(t.) <
(€)%, dou b(t) < (£)% This holding for all ¢, we have that b is bounded above,
with the announced bound.

There remains to see that we can take 5 < 1. Set B(t) = —(9? — d; — ¢)b(t) on
[A, +oco[. This can be integrated into

t +o00
b= e”t/ e(“”)sds/ e " B(u) du,

A

with p > v the roots of X2 — X —c¢ (u > 1, v < 0). Now by (10), B(t) < C"tF/2,
hence [," e #B(u) < C't?%e 1 etc., hence b = O(t?/?) (since b > 0). We
concludes by an immediate induction. O

The remaining question is the following:
Question. Does Proposition 1.9 hold when D has simple normal crossings ?

Actually, using integral formulas like (17) below and the fact that components
orthogonal to the constants on the S'-fibers around the divisor have a harmless
behaviour, there is not much difficulty seeing that the differential of such a poten-
tial has its component in the normal directions to the divisor bounded. However
it seems delicate to adapt our proof of Proposition 1.8 in the normal crossing case.

2  RESOLUTION OF THE HOMOGENEOUS MONGE-AMPERE
EQUATION ON THE PRODUCT (X\D) x X

2.1 The theorem and its interpretation in terms of geodesics

The result we get in the present part is:

Theorem 2.1 Equation (4) with boundary conditions and S invariance admits
a solution in the sense of currents. More precisely, this solution is the increasing
limit of C’OO((X\D) X E) and S*-invariant deformations ®, of the segment = :=

((1 —t)vy + tvl)te[o L satisfying the equations

)m+1

(er\D*wbp + 1009, = cr%dw A dw N (er\D*wbp)m (11)

for arbitrarily small r > 0, where dw = dt + ids and ¢ > 0 s a positive constant,
and with er\D*w+i85<I>T positive and C'*°-quasi-isometric to %dedw+er\D*w.
Finally, there exist uniform C° and C' bounds on ®,—=, as well as uniform bounds
on i00(®, — Z).
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The proof, which follows Chen’s [Che| of the compact case, itself in the line
of works like [CKNS, Gua|, consists in a continuity method which requires several
steps. The method is explained in next section, the estimates we need to achieve
it are obtained in sections 2.3, 2.4 and 2.5, and proof is completed in sectiogg@.

For now, we shall translate Theorem 2.1 into the language of paths in PMgq
between vy and vy, since this is what we need to show Theorem 5.1 of part 5:

Corollary 2.2 For any vy, v1 € 75.7\//19 and any small enough € > 0 there exists a
path (vf) from vy to vy which is a C> deformation of the segment ((1—t)vo+tvy),

satisfying the equation (vf —
exists C' > 0 such that for all ¢, |Uf — (1 = tyvo + tv1) |,
}i@gvﬂwb < C where d, 0 and O are those of X\D and " stands for ;.

2 -
i wf) (wi)™ = ewpy, where wi = wy, +1i00v;. There

. - :
vl [05] [deE].,,

Proof. Take € > 0 small, and for all ¢ € [0, 1] denote by v the function ®.(-,¢,-),
with ®. that of Theorem 2.1 (with ¢ instead of r); this makes sense, since every
summand is S'-invariant. Moreover, v = v,, 7 = 0, 1, since (P, —E)|(x\p)xos = 0,
and (v%)ep,1) € E((X\D) x [0,1]). To assert that (vf) is a path from vy to vy,
we thus only have to check that wf = wy, + i00v{ is quasi-isometric to w for all
t € [0,1], where @ and O are those of X\D; this simply follows from the fact that
for all ¢ € [0,1], wf is the restriction of pry\ p*wy, +i09¢. (0 and 0 of (X\D) x ¥)
to the subbundle Ay of Al

(X\D)x{t} (X\D)x3
PIy\p Wy + i00¢. and DI x\ p Wep + 5dw A dw required in (11).

and from the mutual bound between

We furthermore have from Theorem 2.1 a bound on i00®,, independent of ¢,
0 and 0 being those of the product (X\D) x ¥. This tells us that there is some
C such that for all small € > 0,

|ivov;], <C (12)

(the linear part (1 —t)vy+tvy of (v§) is killed by 92, and dvy, dvy, i100vy and i00v,
are bounded).
Finally, expressing (11) on X\ D and forgetting the pull-backs, we have:

(i -

smce we focus on small £, we can assume up to rescaling that 4c = 1, and hence
J— m
) wy)™ = EWpp- O

: ie)(wf)m A %dw N dw = 4deswy, N %dw A dw;

Definition 2.3 For ¢ > 0, a path as in Corollary 2.2 is called an e-geodesic
between vy and v;.
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2.2 The continuity method

Observe that equation (4) can be rewritten as
i AR m
((er\D*wbp + §dw A dw) + i00(P + t(1 — t))) =,

since 2dw A dw = dt A ds = —i0d(t(1 — t)) (w is a local holomorphic coordinate
on X such that dw = dt + ids). This rewriting takes into account that & :=
Pry\p Wy + tdw A dw is a Kihler form on (X\D) x X, whereas DI x\p Wy 18
degenerate in the X direction. Having said this, we finally study the equation

(w+i009)™ ™ =0

on (X\D) x ¥ with w now standing for @, which as a product of two reference
metrics will be our reference product metric on (X\D) x 3. To generalize the
definitions of Hoélder spaces of functions or tensors on (X\D) x ¥ in an easy way
we use quasi-coordinates, by replacing the polydiscs we used on X\ D by their
product with (half-)balls of coordinates of homogeneous diameter forming an atlas
of ¥.. In this part C*, C°° I'**(Ab!) and so on will thus denote such spaces on
(X\D) x ¥, unless otherwise specified. One last remark is the S'-invariance of our
new w, as well as this of ¢, if this latter stands for some ® + ¢(1 — t).

Now let us give ourselves an S'-invariant function 6 : [0,1] x (X\D) x ¥ — R
strictly increasing in 7 € [0, 1] at every point, such that 6(0,-) = 0, 6(1,-) = 1,
bounded below by cr for some positive constant ¢ and with nice derivatives, namely
such that 6 would be in a space denoted by C*°([0, 1] x (X\D) xX). The continuity
method we propose consists in resolving for r € (0, 1] the family of equations

(w +i096)™ " = 6(r) (w + i09p,) ™

Ol (x\D)x{rixst = vy, T=10,1 (boundary conditions) (5,
cw < w+i00¢ < ¢ lw for some constant ¢ > 0 "

¢ — 1€ C®((X\D) x %).

where ¢, is itself the solution of (F;), meaning that w+i0d¢; is C*°-quasi-isometric
to w on (X\D) x ¥ and ¢1|(x\p)xfr}xst = Ur, T =0, 1.

The first step is ensuring that such a ¢; exists. Actually, an easy computation
provides it as a C’OO((X\D) X Z) deformation of the segment = joining to vy and
vy. Namely, if C' > 0 is a constant, and if ¢; := (1 — t)vg(2) + tv1(2) — Ct(1 —t)
(notice it is S'-invariant), one has:

w +i00¢1 = (1 — t)wy, + twy, + 2Re(i0(v1 — vy) A dw) + (C + 1)%dw A dw,
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which clearly is C'*°-quasi-isometric to w when C' is big enough, since dvy and dv,
are in T°°(A!, X\ D) (and in particular bounded for a Poincaré type metric).
Having settled this question, our strategy is to show the following:

Proposition 2.4 Let ¢ the infimum of the r such that (E,.) admits a unique
solution for all ' € (r,1]. Then ro = 0.

The proof is done in section 2.6, but requires a significant preparatory work, in
particular in obtaining a priori estimates for solutions of equations (E,). For now,
let us deal with the uniqueness of their solutions, as well as some C° estimates.

2.3 Uniqueness and a priori C° estimates of intermediate
solutions

Proposition 2.5 (Uniqueness and C° estimate) For any r € (0,1], the so-
lution ¢ of (E,) is unique if exists; in particular it is S'-invariant. Moreover,
01 < ¢ < @1+ h for some bounded function h € C* vanishing on (X\D) x 0%,
and if ¢' is the solution of (E,), r' € (0,1], then ' < r implies ¢ < ¢, and
reverse.

Proof. The idea underlying the technique used here consists in making apparent
some functions sub/over-harmonic with respect to well-chosen metrics and which
vanish on (X\ D) x 9% and then apply an appropriate maximum principle (Lemma
2.9). This latter states, in a weak form:

Lemma 2.6 Let v be a Cf, function bounded above on (X\D) x X, such that
SUD(x\D)x2 U > SUP(x\p)xax V- Assume (X\D) x X is endowed with a Kdhler
metric w' quasi-isometric to w. Then there exists a sequence (x;);>0 of points of
(X\D) x % such that

lim v(z;) = sup v, lim |dv(z;)| =0, and liminf A v(z;) > 0.
Jmoe (X\D)xx I j—ro0

Proof of Lemma 2.6. It is very similar to that of Wu’s maximum principle [Wu]
p-406, but adapted to the boundary context. We do it for w. For ¢ > 0 set
Ve = U — EPI'x\ pU, SO that it goes to —oo near D x . Suppose that for all € > 0,
v reaches its maximum at some x. € (X\D) x 9%. It is then not hard to see that
for all fixed z € (X\D) x X, liminf._,ov(xz.) > v(x), hence a contradiction with
the assumption sup x\pyxs ¥ > SUP(x\pyxax v since of course liminf. ,ov(z.) <
SUP(x\D)xax V-

Having said this, we know there is an ¢y > 0 such that v,, raises its maximum
at some z., € (X\D) x . Applying the reasoning above to the ¢ € (0,e0) gives

26



The space of Poincaré type Kdhler metrics on the complement of a divisor.

an e such that v., raises its maximum at some z., € (X\D) X 3}, and so on. Set
r; = x.,; a glance Wu’s proof shows (z;) verifies the stated assertions. [ |

The following will be useful to strengthen our maximum principle:

Lemma 2.7 Assume (X\D) x ¥ is endowed with a Kdhler metric w' C*-quasi-
isometric to w. Then there exists a C*((X\D) x X) solution o to the Dirichlet

problem
Aw/Oé =1
a|x\pyxex = 0.

Moreover, 0 < a < Ct(1 —t) for some C = C(w') > 0.

Proof of Lemma 2.7. This follows from an exhaustion argument; namely, « is
obtained as the C?-limit on each compact subset of (X\ D) x X of some subsequence
of a sequence of C*# solutions (a,) (8 € (0,1)) of the analogous Dirichlet problem
on an exhaustive sequence of compact subdomains (V,) of (X\D) x X. From the
uniform ellipticity of A,, on (half-)balls of quasi-coordinates, it suffices to have
a uniform C° control on the a, to get a uniform C*# control and then perform
some extraction. The nonnegativity of the oy, hence that of ¢, is clear. Moreover
Ay (t(1—t)) = 2t (idt A ds) = |dt|?, > c|dt|? = ¢ where ¢ = ¢(w') > 0 is such
that w' > cw. Finally, Ay (c74(1 —¢) — ) > 0on V, and (¢7't(1 —t) —a,) >0
on 9V, so ¢ (1 —t) —a, > 0 ie. o < ¢ H(1 — ) for all p, so we are done for
the sought C? estimate. This estimate passes to o, which then is C* ((X\D) X E)
still by uniform ellipticity of A, on (half-)balls of quasi-coordinates and since
1€ C™((X\D) x ). [

Remark 2.8 Similar arguments give isomorphisms A, : q’f 20 _y okB for every
(k,8) € Nx(0,1) for any w' quasi-isometric to w, the 0 index meaning "vanishing

on (X\D) x 92"
Combining the last two lemmas, one gets:

Lemma 2.9 Let v be a C?_ function bounded above on (X\D) x X, nonpositive

on (X\D) x 0¥. Assume (X\D) x X is endowed with a Kdhler metric w'" C*-
quasi-isometric to w and that A,v < 0. Then v < 0.

Proof of Lemma 2.9. Suppose there exists a point x € (X\ D) x 3 such that v(z) >
0. Then for some € > 0 small enough (v —ea)(z) > 0 hence sup y\ pyys(v —a) >
0 > sup(y\pyxos- Lake a sequence (7;) as in Lemma 2.6 for v — ea; in particular,
liminf; ,o Ay (v—ea)(x;) > 0, whereas this is equal to —e+liminf;_, Ay v(z;) <
—e&, hence a contradiction. [ |
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Let us come back to the proof of Proposition 2.5. Denote by ¢ the difference
¢ — ¢1, so that v € Cg°. We claim that v is over-harmonic with respect to
W' = w ~+i00¢ (which is C'*°-quasi-isometric to w); this can be seen at any point
z by taking coordinates (21, ..., Zn41) such that ' = 3~ idz; A dzj and 100y =

1

> Ajidz; A dzj at z. From logarithm concavity we write (55) ™+ =11

o(r)
m+1q 1.
Ay < e U2 g 328 A > 2(m + 1) (0(r) V) — 1) > 0 where

A’ is the Laplacian associated to w’. From the latter proposition above, this gives:
¥ >0, ie ¢ > ¢;. Using the same techniques we show that:

m+1
-

e If ¢/ denotes a solution of (E,/), r <" <1, then A'(¢ — ¢') > 0s0 ¢ > ¢'.
Reverse inequality comes from symmetry. This provides the uniqueness, and
hence the S'-invariance, statements.

o Keep the notation ¢y = ¢ — ¢1. If h denotes the C§° function such that
Ajh = 2(m + 1) given by Lemma 2.7 — then ¢ < h, i.e. ¢ < ¢1 + h. This
comes from the inequality w = w; + 100y > 0; taking its trace with respect
to wy provides: m + 1 — %Aw1¢ > 0. U

2.4 Second order estimates

Let us denote by f the function :ﬁ—i so that f € C'OO((X\D) X E), f > ¢ for some

positive constant ¢ > 0; notice that (E,), r € (0, 1], sums up as (w + Z’@Egb)mﬂ =

O(r)fw™ ! in addition to mutual boundedness and boundary conditions. We
still have some freedom on the definition of 6; for instance we can take 6(r) =
r((1 = x(r))ef™ 4 x(r)) where x is an increasing smooth function on [0, 1] equal
to 0 (resp. 1) in a neighbourhood of 0 (resp. 1) and ¢ = inf(x\pyxx f > 0. This
way, 0(r)f = cr when r is close to 0.

On the other hand, since ¢ = ¢ — ¢; is the function that has a chance to be
bounded (in general, ¢, is not if it is constructed from a segment joining unbounded
potentials, so neither is ¢), it is convenient to look at our equations in the form:
(w1 + i(f)gi/))mﬂ = 0(r)w" ™. Let us call this latter (E’) after adding to it mutual
boundedness (¢ 'w; < w; < ¢ lwy for some ¢ > 0) and boundary (¥|x\pyxs = 0)
conditions. Then:

Proposition 2.10 There exists a constant C' independent of r € (0,1] such that
for the solution v of any (E),

sup (m+1—1A19) <C(1+ sup (m+1—3A10)). (13)
(X\D)xX% (X\D)x0%
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Proof. Tt uses an inequality due to Yau |[Yau|, whose proof is purely local, and
writes within our setting:

Lemma 2.11 (Yau) If inf;4 R’ means the infimum on (X\D) x X of the
0 0yo 0

quantities (Rm“l(g, 3 )95 8_71)w1’ j # [ where the 8;2;6 are taken wy-orthonormal
J J

at the point of computation and A is the Laplacian associated to wy + 1000 then:

—A'(e7™(m +1 - $Aw)) >
e (Aulog (e x()(f — ) — (m -+ 1) inf R,
— ke (m+1)(m+1—1A¢)
+ (k+ ;IE Rm;f’;”—)e_w (m+1- %A1¢)1+1/m (r(e+ x(r)(f - c)))f1
where the only constraint on the constant k 1s: k+inf;4 Rm;’jllz > 1. In particular
k can be chosen independently of r.

Fix the constant x of the lemma once for all. Now it is easy to find K independent
of r such that

L <em™(Adlog (e+ X(r)(f = ) = (m + 1)*inf R’ )

: w1 1+1/m -1
—k(m+ 1)K + (k+ %15 Rm?- ) K (r(c+ x(r)(f =)
as soon as K > K,. Now, either e"w(m +1) (m +1 - %Alzb) is < Kg+1on
(X\D) x ¥ and we are done (¢ is bounded), or its supremum is > K. In this latter
case suppose the supremum is not reached along (X\D) x 0%, and use Lemma
2.6 to get a sequence of points (z;) such that e (m + 1)(m + 1 — LA1)) (z;)
tends to our supremum, and A (e™*¥(m+1)(m+1—3A1%))(x;) to a nonnegative
quantity. With our definition of Ky, this contradicts the formula of Lemma 2.11,
hence the result, since ¢ is bounded independently of 7. 0

Now we can control the right-hand-side term of the inequality (13) with the
help of first order terms in :

Proposition 2.12 There exists a constant C' independent of r € (0,1] such that
for the solution v of any (E.),

sup (m+1-1Au,0) <CL+ sup |dyl,).
(X\D)x 9% (XAD) >3

Sketch of proof. The proof of this Proposition is rather technical, but follows
closely Chen’s [Che|, Theorem 1, so we are only saying a few words about what
needs to be adapted in our non-compact set-up.
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First, Chen’s proof works considering any point p of the boundary with a half-
ball B of coordinates such that his reference metric is bounded above by twice of
the euclidian metric, and below by one half of it on B. Moreover the radius does
not depend on p, and the m first coordinates parametrize the base whereas the
last one, z say parametrizes ¥; more precisely, ¥ is given by {$Re(z) > 0} in B.

Of course we cannot proceed like this with our kind of metrics (the injectivity
radius goes to 0), but we already know that having uniform estimates on the pull-
backs by some quasi-coordinate system (the ®4) provides global bounds. So that
we replace Chen’s coordinate half-balls by quasi-coordinate half-balls, namely we
fix a ball of radius § > 0 in C™ x {Re(z) > 0} and consider a family (7,),ec(x\p)xos
of holomorphic immersions B — (X\D) x 3 such that for all p € (X\D) x 9%,
T, sends 0 to p, BN (C™ x {0}) in (X\D) x 0¥ and wewe < mp'wi < 2weye-
This way, we can apply Chen’s techniques to m,%1, and get analogous results, in
particular the fact that the normal-tangential (resp. tangential-tangential) second
derivatives at p are controlled by the L* norm (resp. the squared L*° norm) of
its differential, control which does not depend on p.

One subtlety though; to prove the nonnegativity of Chen’s barrier function
v when 0 is small enough, instead of using positive lower bounds on A’v (or
mp,*(A'v)), we directly use the definition of this function, and the fact that for some
constant C' independent of p, if x stands for fRe(z), we have 0 < z < C’h. Indeed,
we can take 7,(%,2) = (%, c(t +i(s — sp))) or my(*,2) = (x,c((1 —t) —i(s — sp))),
depending on which component of (X\D) x 9% p is, with ¢ > 0 small independent
of U, so that we are done if we know that #(1 —¢) < Ch on X\D for some
C > 0. But such a constant exists since for C' big enough, A; (C’h —t(1—1)) =
2C(m+1) — Ay (t(1 —¢)) > 0 on X\D, and from Lemma 2.9. We refer to [Che],
p-204-208, for the details. O

Let us conclude this section with a definitive control on Aq:

Proposition 2.13 There exists a constant C independent of r € (0, 1] such that
for the solution 1 of any (E.),

sup |dv|., < C.

(X\D)x%

In particular in view of Proposition 2.12, supx\p |i85@/}‘wl 1s bounded above by a
constant independent of the parameter r.

Sketch of proof. Here again we can adapt Chen’s argument, namely his blowing-up
analysis — [Che, §3.2] — so we will not repeat it entirely here, but rather underline
a few necessary changes in the proof.

So we suppose there exists a sequence (7;) such that 6;1 1= SUP(x\ pyxes [AVr; |un
goes to +oo, and we look at a sequence (p;) of points of (X\D) x ¥ such that
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|d)r, (p5) ]y > 5]-_1 — 1 for all j. Because in general we cannot extract from (p;) a
sequence converging in (X\D) x X, we follow these points, and define objects on
(half-)balls around them. Here nonetheless, we have to differentiate two cases: up
to an extraction, w; := pry, (pj) converges to a point w of ¥, and:

1. if w € 9%, we take 6 > 0 small enough and give ourselves a half-disc Dy of
coordinate with nonnegative real part, whose radius is 9, centered in w and
with Ds N {9e = 0} sent parallel to 9%;

2. if w € XO], we take 0 > 0 small enough and give ourselves a disc Ds of
coordinate in X, whose radius is 0 and centered in w.

In both cases, forgetting the extraction, wj; is in the considered neighbourhood of
w, and even in that of half-radius. Moreover we take a ball B§ of quasi-coordinate
of radius ¢ centered in z; = pry\ p(p;) in X\ D, and then we have immersions

7t Bs — (X\D) x X
0 +— (25, w,),

at our disposal, where Bs denotes the (half-)ball of radius § of C™*! included in
Bj§ x Ds. Our construction of wy allows us furthermore to assume 7;*w; is trivial
at (0,0) and that its derivatives are bounded in By independently of j. We then
set, for j big enough and (z,w) € By,

bi(z,w) = 7"y, (g5(2, w)),

which defines on every compact a sequence of functions we are going to study.
Similarly, for those j, (z,w), we set

hj(z,w) = m;"h(g;(z,w)),

and finally we set @;(z, w) = m;*w, (ej(z, w)); the previous remark ensures us that
these w; converge in C™° on every compact, and that we can assume 4 small enough
to always have %weuc < Wj < 2Weye-

Now this rescaling implies for all big enough j that }di}j(z, w) ‘ajj < 1 wherever
d@z?j(o,o)bj > 1—¢;, and |Ag,9;(z,w)| < C where C is that of
Proposition 2.12. Moreover the inequalities 0 < ¢ < h < ||h||co propagate and
give 0 < ; < izl- < ||h||co. We deduce from those and from standard Schauder
estimates that (Q/Jj) is C1® bounded on every compact as soon as it makes sense
(v € (0,1)), hence two diagonal extractions give us a subsequence we still call
(1/2) which converges C'# on every compact to some function 1; which belongs to

CcLb (C™ x {Re > 0}) in the first case raised above, and to Chb (C™1) in the

loc loc

it makes sense,
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second one (8 € (0,a)). In addition v is bounded by ||h||co on its whole domain,
and the inequalities on the |7,Dj(0, 0) |® tell us, passing to the limit: |¢(O, 0)} =1.

euc
However in the first case, it is easy to see that ﬁj(z, w) tends to 0 when j goes
to infinity for every fixed (z,w) from the very definition of the izj. This implies
¥ = 0, which contradicts W(O, 0)|euc = 1.
In the second case, using the nonnegativity of the w + 1651/1”, we can show
that on every complex line II passing through 0 € C™*!, Ay < 0 in the sense of
distributions, hence 1/; is constant on every such II, hence constant (it is bounded),

which contradicts again ‘1/;(0, 0. =1. O

euc

2.5 (2% and C?" estimates

We have proved a uniform (independent of the parameter r) estimate for the differ-
ential and the complex Hessian of our potentials 1; notice that from 1/)|( X\D)xds =
0, this gives a uniform complete C? estimate of ¢ along (X\D) x 93. We now
give such a C? estimate on (X\D) x ¥, which however is no more uniform, at least
when r goes to 0:

Proposition 2.14 Assume 1 is a solution of some (E.), r € ( Then there

0,1].
exists some constant C' independent of r such that H(le)Qw”co < %
Proof. Here we adapt Blocki’s proof of his Theorem 3.2 in |Bto]. This proof uses
the compactness of the underlying manifold in a crucial way, namely in working
at a point where some function attains its maximum. Instead of making up for
this lack of compactness by using, for instance, our maximum principle (Lemma
2.6), we are seeing what happens when following a sequence of points such that
the function in question tends to its supremum along this sequence.

To begin with, fix r € (0, 1], take ¢ as in the statement and define a function
B by

B:z+— sup (Vydy)(Y)
YET, ((X\D)xX)
‘Y‘wlzl

where V stands for V. Notice that B(z) is nothing but the biggest eigenvalue
of (V)% at x, so that we have to produce the desired estimate on B (up to
some first order term and a factor 2, this last object and i90y have the same
trace); a bound above will even be enough. Then define A = B + |di|,,,, and set

M = sup x\ pyxx, A. Since A is already controlled on (X\D) x 9%, we can assume
that M > sup x\ pyxas 4, and even that there exists some positive § such that

M = sup A.
(X\D)x[8,1-8]x St
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Indeed, if such a § did not exist, the C® bound we have assumed on 1 would
schematically provide that we can reach M following a sequence of points whose
projection on [0, 1] would tend to 0 or 1 and give M = sup x\ pyxos A-

So we have balls of quasi-coordinates Bs —% B; € (X\D) x X of radius §
centered at points O, such that for all j:

a 7T]*A<O) = A(Oj) 2 M — and inf X\D)XEA < T *A < M

2]7

o

)

) %weuc < 7" w1 < 2Weye, T W1 = Weye at 0, and 7; (@861/}) is diagonal at O ;
) (Wj*wl + i@gﬂ;@b)mﬂ = m;*0(r) - 7 (wy)™

) there exists Y; of norm 1 at O; such that 7;*A(0) = 7;*(Vy,d¥)(Y;) +
5 (1, 0.

This way if we denote the pullbacks with hats, we have on By for all j:

C

o,

a) A;(0) > M — L and infx\pyxs A < A; < M ;

237

=

o

Weue < Wj < 2Weye, Wj = Weye at 0, and zaawj is diagonal at O ;
@; +i00%;) " = 0,(r) - (@)™
d) ||, =1 (at 0) and A;(0) = (Vy,dd;) () + |dy, 0.

C

/N

)
)
)
)

The idea now is to let j go to oo and bring the problem to the situation in which
Blocki’s proof works. Nonetheless we cannot assume so far that the /1]- are regular,
and this is why we start by some local regularizations. For this reason we extend
the }A/] to the whole Bs as constant vector fields, and for all j we consider:

-, 1
Aj = ]Y\ (V %) +|d¢y}

so that 121; < A; < A;(0) + == A;(O) + 5. Moreover 121; is C*" and bounded in

C?"(B;s) independently of j (thanks to similar C*" controls on the @ZA)]) On the

other hand we have such C*" controls on the &; (k = 3), éj(r) (k =4, plus a lower
bound cr for this latter). We can then simultaneously extract from our sequences
weakly C*" converging sequences, hence up to another extraction strongly C*
converging sequences, with convergence to C*" objects (and convergence in S?" 1
for (Y])) Let us simply drop the index to denote the limit; the relations above
give, by passing to the limit:

a) A(0) = Mand < A < M, with &' = 1 (Vg dd) (V) + |dd],

b) %weuc < W < 2Weyes W = Weye at 0, and 265)@/) is diagonal at O ;
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c) (w+ i@gzﬁ)mﬂ — 0(r) - (@)™, er < O(r) and control on the derivatives of
é(r) up to order k — 1 independent of r, and the same for @ ;

d) [V], =1 (at 0) and A(0) = (Vyduy)(Y) + |dy |-

Now we can use normal coordinates at 0 and apply Btocki’s proof, since we
have enough regularity on our objects, to get at 0
it < e (T)0)

e

A

2
w+idap Lt = —K/> +C,,

and its derivatives up to order 3, |dv|,,, A1, and hence does not depend on r,
and neither does K nor K'). Now A reaches its maximum at 0, so the left-hand
side of the latter inequality is nonnegative, hence an upper bound on A by some
% with C independent of r and n. This gives the desired control on M. O

with C,. depending only on r (essentially, C, < T% with C' depending only on w;

Now using the techniques of [CKNS|, and working as usual in (half-)balls of
quasi-coordinates instead of (half-)balls of coordinates, one can show:

Proposition 2.15 There exists some 3 € (0,1) and some constant C' such that
|U|lc2s < Cif ¥ is the solution of some (E!), r € (0,1]; more precisely, such
and C can be taken independent of r if it stays away from 0.

Proof. Cover (X\D) x ¥ of (half-)balls B ¢ C™ x CH) (where C* = {Re > 0})
of quasi-coordinates (21, ..., 2, z) of radius 6 > 0 independent of r such that:

e the collection of (half-)balls of radius §/2 still covers (X\D) x %;

e any point in (X\D) x 0% is the center of a half-ball;

e the part 7= (C™ x {0})N BT of a half-ball corresponds to (X\D) x 0% i.e. if
7 is one of the immersions associated to BT then T' = B™Nx~! ((X\D) x0%);

e on any (half-)ball %wwc < 7w < 2Weye, m0(r) > cr and the derivatives of
m*w and 70(r) are bounded; all these controls are independent of 7 and r;

e according to Proposition 2.14, we have bounds on the 7*¢ up to order (4, 7)
which are independent of m. Moreover those bounds are independent of r on
||, |dn*1| and ‘i@gw*w; they remain so on |V27*¢| as long as r stays
away from 0;

To get C?# estimates on the balls, we write the pull-back of (E') as F[r*¢] = 0
where

Flu) = log [det ((W*w)ﬂ; + 6’2?2’7)] —log (7*0(r)),u € Cp.(B);
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this way 7%y and F satisfies the hypotheses of Theorem 17.14 in [GT]|, with in
particular the ellipticity of F' coming from

2m—+2

Z F]k:fjgk _ ’5‘ (o) 75 c R2m+2 Cerl

jk=1

with (7*w’)~1 the (1,1)-form whose matrix in the coordinates of B is the inverse
of that of 7*w’ = 7* (wl + 2651/1), the estimates on 100 ensuring us about the
existence of some ¢ > 0 independent of r and 7 such that: cge,. < (7%gy)"" <
¢ 'r71geue. The theorem gives us an estimate on the ’v2(ﬂ'*d))|coﬁ(%B) with 3
depending only on 0, A et A such that Aweye < 7wy + i00(7*¢Y) < Aweye and
|V2(m*1))|co(p), so that B can be taken independent of r if it stays away from 0.

The case of (half-)balls is a bit more delicate; nonetheless, let us say some
words about it. We want to apply Theorem 9.15 of [GT|, and for this we need an
estimate on the modulus of continuity of V(7*¢) around points of the boundary.
Applying techniques of [CKNS], in particular those of §2.2, one gets

Lemma 2.16 There exists a constant C depending only on |m*|c2p+y, A, A,
7™0(r) — so in particular C' can be taken independent of r if it stays away from
0, and independent of 1 — such that for all zy € %T =TnN §B+ on has

()] < C
~ 1+ |log |z — 2|

|V2r*1p(20) — VPr*eh(2)

for all z € BT such that |z — z| < §/3.

Now differentiate the pullback of (E!) with respect to some tangential operator D
equaltoj:—orj: a , 1 <j < mto get

m—+1

Are (Dr*1p) = —=Dlog (70(r) det(7*g1) ;z) + Z (T )Y D(m*wr) 5. (14)
jk=1

and apply Theorem 9.15 of [GT| with L = —A, ./, u = Dr*¢ and p > 2””2 fixed.

This gives us an estimation |D(7r*w)| .\ < C with C only dependlng on a

w2 (38+)
lower bound on r. It is converted to a C*7(2B") estimate on the D(7*¢) thanks

to our choice of p, thus so far we control the Py o C’O’"( B*), 1 <5,k <

92;07,
m. A similar control on aag_azw comes from the very equa2tion (E.): develop the
determinant with respect to the last column and express 88265’ as a function of all
the other terms. O
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2.6 Proofs of Proposition 2.4 and Theorem 2.1

2.6.1 Proof of Proposition 2.4

Since equations (F,) and (E!) are equivalent under the translation ¢ — ¢; +1,
we can take ro as the infimum of the r such that (E!,) admits a solution for all
r" € (r,1]. We first show that ro < 1, which is somehow the easy part, and then
that ry cannot be positive, which uses the estimates we proved in sections 2.3, 2.4
and 2.5. Notice that uniqueness has already been proved in Proposition 2.5.

Equation (£!) admits (regular) solutions for r close to 1. The vital remark
here is the following: if P denotes the operator

P:C? — I'™(Kx\p)xx)
Y —> (wl + i@éw)mﬂ,

and 1) is strictly w;-pluri-subharmonic (i.e. w;+i0dy > 0), then up to a —% factor,
the linearization of P at 1 is the Laplacian of w; + i00 multiplied by its volume

from, that is:
1

d¢P(X) = _§(Aw1+i85¢X) . (w1 + 2'85@/))””1,

and this remains true when restricting P to Ci ™7 to T"#(K), (k,3) € N x (0,1).
In particular doP = —1(A,,-)wi*™ which is an isomorphism from Cy? to T28(K)
(since %Awl is an isomorphism from Cg”g to C%# see remark 2.8). Take any
v € (0,1). Because of the latter isomorphism, and since (r) € C*7, we know
from the implicit functions theorem that (E’) admits C;” solutions for 7 close to
1, and away from 0 if necessary, say r € J; the only point to be checked is that for
such solutions v, w' = w; + i00Y are equivalent to w ("uniformly equivalent" is
not necessary). Notice that J, r — 1, is continuous for the C*7 norm, and so is
the function mapping those r to the smallest eigenvalue of w’. Because 0(r) never
vanishes, neither does this eigenvalue, which remains positive, as well as the other
eigenvalues. So far there is no evidence for the existence of some ¢ > 0 such that
W' > cwy globally on (X\D) x ¥ for all r € J, but we can assume that |[¢,||cax,
and in particular [[¢,||c2 remains bounded for those r. This tells us that there
exists some C' > 0 such that for all » € J, o’ < Cuwy; since 0(r) = det” (w') is
positively and uniformly bounded below on (X\D) x ¥ x J, it turns out that such
a c exists.

This is now a standard bootstrap argument to show that those solutions are
C*°. Fix r and choose some quasi-coordinate system like in the proof of Proposition
2.15; select a (half-)ball, with coordinate (z1, ..., z,11), and denote as usual by 7
the associated immersion and D some first order differential operator, namely one
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of the d,, or 0,,, j € {1,...,m+1}. Differentiate the pulled back Monge-Ampére
equation (E!) with respect to D; this writes Ay« (Dr*y) = f, with f as in (14)
hence bounded up to order (2,v) independently of m. Now A, .. is an elliptic
operator with C?7 coefficients, and both its ellipticity (lower and upper bounds
on its principal symbol) and the C?7 bounds on the coefficients are independent
of . Standard Schauder estimates thus tell us that Dr*y is C*? on say the
(half-)ball of half radius, and provide C*7 on those smaller balls independent of
m. Collecting all those regularity statements and estimates for all the D and =«
in game, we get that ¢ € CEW((X \D) x Z): we have improved regularity by one
order. Going back to a (half-)ball of quasi-coordinate, the differentiate Monge-
Ampére equation writes with an elliptic C37 operator and a C?7 right-hand-side,
with ellipticity and bounds independent on the immersion. We have this way C°7
regularity and bounds on the D7*¢ independent of 7: ) € C’G’W((X \D) x Z).
Going on this induction it is clear that ¢» € C*°((X\D) x %), for all r € J.

Equation (E) admits (smooth) solutions for all » € (0,1]. Denote by rq the
infimum of the r € (0, 1] such that (E/,) for all admits a solution in C§° ((X\D)xX)
for all 7" € (r,1]. We already know that ro < 1; let us suppose it is > 0. Choose
some sequence (r;);>1 of elements of (1o, 1] tending to ry. By Proposition 2.15
we have some € (0,1) and some constant C' such that |4, ||c2s < C for all
j > 1. Playing the same game as above, it is easy to provide a uniform C*”
bound on (¢,,). Two diagonal extractions give us a C’fo’z converging subsequence
with some v € (0,3) to some function t; moreover the uniform C*# bound on
the whole (X\D) x ¥ provides a uniform C*7 bound which pass to the limit
(use quasi-coordinates), hence 1 € C*7, and even C’g’”. By local C? convergence,
wi 4 100y > 0 and (w; + i@&[})mﬂ = 0(ro)wi*™". Since ¢ € C*((X\D) x X) we
know from above that wy +i001 is mutually bounded with w;. Then the bootstrap
argument applies and we get that ¢ € C’OO((X\D) X Z).

To conclude, apply the implicit function theorem with wy + 199 replacing
wy; from this we know that there exists C*7 solutions to (E!) with r in some
neighbourhood J of ry. Shrinking J if necessary, 0 ¢ J, and it turns out as above
that those solutions are in C'*° ((X \D) x E), which contradicts the definition of rg,
since (rg —&,79] C J as soon as € > 0 is small enough. Proposition 2.4 is proved.

2.6.2 Proof of Theorem 2.1

Theorem 2.1 almost follows from Proposition 2.4, except for the uniform bounds
on the ®., which come from Proposition 2.13, and the statement about the limit
obtained when letting € go to 0. This latter is understood in the theory developed
in |Be-Ta| and is an application of the monotonicity theorem in this paper; even
if it is stated for a decreasing sequence of pluri-sub-harmonic functions, we can
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apply it to our sequence (®.) which increases when € goes to 0. Take indeed an
exhaustive sequence (K;) of compact subsets of (X\D) x X, and a decreasing
sequence of (¢;) going to 0 such that for every j, m; := SUpg, |<I>Ej — <I>5j+1| < 21]
Then on every compact subset, (@sj +> k1 mk) decreases from a certain rank,
to the same limit as the CP _-limit of the (®.), and this limit satisfies (4) in the
sense of currents by the monotonicity theorem.

This ends the proof of Theorem 2.1, and the present part.

3 CALABI-YAU THEOREM ON X\D AND NEGATIVE RICCI FORMS

3.1 Statement and motivation

In order to state properly Theorem 3.2, which is a generalization of the celebrated
Calabi-Yau theorem, we first need to introduce weighted Hélder spaces, in which
the decay of the functions is taken into account near the divisor.

Definition 3.1 Let (k,a) e N x [0,1), v € R. We set
Che = {f € CLA(X\D)|p'f € CH(X\D)} = p7CH(X\D),  (15)

where C**(X\D) is that of section 1.2. We endow this space with the obvious
norm, denoted by || - ||Cz;,a.

o k,a
We also set Cv = mkeN,ae(O,l) Cv ’

Let us comment briefly this definition. The right hand side inequality in (15)
and (3.5) comes from the control on the derivatives of p, especially |dp|, is compara-
ble to p near D, and that Vgp = O(p) for any k > 1. Notice that we can also com-
pute norms using quasi-coordinates. For instance, if U is a polydisc (cA)* x (A)™*
around a neighbourhood of a point of D such that DNU = {(0,...,0)} x (A)™*
covered by a union {Jsc(g 1y ®5((2A)F x (A)™F) as in §1.1 and if f is CF with
support in U, then

1

f fo sup Q5" fllcrap,

(where Py = (3A)% x (A)™*) because ®5*p is uniformly mutually bounded with
m on Py for § € (0,1)*, as we already saw it in §1.1.

We can now state the following "logarithmic" version of the Calabi-Yau the-
orem (see for instance [Joy, ch.5] for a review on the Calabi conjecture and its
resolution by Yau):
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Theorem 3.2 Letw' € PMgq, v >0 and f € C°(X\D) such that fX\D ef volv' =

Vol. Then there exists ¢ € C*(X\D) such that (w' 4 i00p)™ = ef(w')™. More
precisely, ¢ is for all k > 0 a CF _-limit of (¢-)o<e<1 when € goes to 0, where
(' +i00p.)" = eftee=(w')™ for all e > 0. Moreover there are C*-bounds inde-
pendent of € on those ¢., and there exists ¢ > 0 such that ¢. € C2(X\D) when ¢

1s small enough.

This approach of e-perturbed Monge-Ampére equation is quite close to that of
[TY2] and [Hei, part 4].

We postpone the proof to part 4 below. The existence of the family (p.).~0
with elements in C*°(X\D) is not new, and follows from [TY1]; actually, they
do it with Q = 27(K[D]) with K[D] assumed ample and € = 1, but what really
matters here for w’ is being of Poincaré type, and that € > 0. It also follows from
this work that |p.|co < e7!|f|co for all € € (0,1]. However, new are the uniform
C* bounds, and that the ¢, lie in positively weighted Hélder spaces.

An interesting observation is the following: for € > 0, 0, 495,. = O — i00f —
£i00ip., which tends at any order uniformly on X\D to g, —i00f. In other words,
suppose that g, — i00f is "interesting" in some sense; then we can realize it as
the Ricci form of a metric differing from w’ by some fast decaying potential, up
to an arbitrary small error term in the T*°(AM! X\ D) topology. More concretely,
our theorem allows us to construct metrics with Ricci form strictly negative in the
Poincaré sense:

Theorem 3.3 Assume K[D] is ample on X. Then there exists w € PMgq such
that o, < —cw for some positive constant c.

The proof is rather long, so the next section is devoted to it.

3.2 Proof of Theorem 3.3

Before starting, we shall mention that we proceed by induction on the highest
codimension in X of the crossings of D. We shall also introduce more functional
spaces, as our weighted Holder spaces defined so far fail to contain the functions
appearing in the upcoming proof.

Definition 3.4 Let g be a metric C*™-quasi-isometric to the model w of section
1.1 and let (k,a) € Nx [0,1), v € R*. Given vy,...,v, such that v; = 1 in a
netghbourhood of the connected component D; of D and v; = 0 in the neighbourhood
of Dy ifl#j for j=1,...,n (so that D =| [;_, D;), we set

fvol? = O}.

X\D

EF(g) = {f € Ch & (D Ryjl
j=1
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If v > 0, we set ||f||El’§,a(g) = |]hHC$,a + >, laj| (we get each a; back as the limit of
[ near D;).

Those spaces are indeed relevant in the weighted d0-lemma we are going to
use in the proof of Theorem 3.3, as the spaces where lie the d0-potentials of real
closed (1,1)-forms which are O(p~) at any order for some & > 0, as described in
the weighted 90-lemma, (Proposition 3.6) stated and proved in section 3.3 below.

3.2.1 The smooth divisor case

As aforementioned, we start when the codimension of the crossings equals
1 in X, meaning actually there are no proper crossings, but instead that D is
smooth. Choose some smooth negative gy € —2mc;(K[D]), and remember wy was
a smooth Kéahler form on X, such that Q = [wy]sr. The adjunction formula says,
it D = Zjvzl D; is the decomposition of D into irreducible disjoint components,
for all j:

K[D]|p, = (K ® [Dy] ® --- @ [Dy])]p,

= (K® [Dj])|p, ® (D] ® - ® [D;] ® - ® [Dy])n,
= Kp,®1=Kp,,

so that go|p, (meaning "the closed form induced in AB} ") is in —2mci(Kp,). Now
for all 7, the Calabi-Yau theorem for smooth Kéahler compact manifolds applies
on D; which is smooth and compact, and provides some potential ¢, € C*(D,)
such that go|p, = Cuo|p, +i0B; Denote by p; the projection on D;, defined in a
tubular neighbourhood N of D;, and by x; a smooth function equal to 1 in a
small neighbourhood of Dj, with support in Aj. This way, ¢ = Y7, x;p;"¢;
is well defined and smooth on X; moreover, wy + Z’@ggp induces wy| p; + i@gwj on
every D; as soon as the Ny are disjoint.

The point is that this closed real (1,1)-form wg 4390 has no reason in general
to be positive; nevertheless, the lack of positivity is essentially in the direction
normal to D, so that it can be corrected, in our Poincaré metrics setting, by
"loglog potentials". More explicitly, let xo : R — [0, 1] such that yo = 0 on
(—00,0] and xo =1 on [1,400). Remember that u; = log(A + p;) for some A > 0,
and that there we can assume p; to be constant on the Ny for all 1 < j # k < N;
take also Aq,..., Ay > 0. In those conditions, we claim that

N N
w/ =Wy — Z Aﬂ@gu] + Zzag(XO(u;/2 - K)pj*l/}J) € PMQ
i=1 j=1

when A and K are big enough. It even turns out that w’ = wy|p, + i00; +

% +O°°(pj_1) in any neighbourhood of any point of D, in which D, is given
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by {z = 0}, this last assertion being independent of A and K. These asymptotics
being showed in the same way than those of Proposition 1.2, the only point to be
checked is that w’ > 0 on X\ D for a suitable choice of A and K. Since the u; are
constant near the Dy, k # j, we can assume that N = 1 to show this positivity,
and we drop the j indexes. First fix A > 0 big enough so that wy — Aiddu > 0 on
X\D. Then take € € (0, 1) small enough so that wy|p + i09 > dewp|p, that is
i00y > (4e — 1)wg|p. If one takes a collection of open sets of coordinates which
in X are neighbourhoods of open sets covering D and in which D is given by
z = 0, we can assume those neighbourhoods small enough so that i00(p*y) >
—(1 = 3e)wy — Clidz A dzZ. Since x, takes its value in [0, 1], we will have similarly
that yo(u!/?—K)idd(p*1) > —(1—3¢)wo—CidzAdZ on our open sets, whose union
is denoted by V. Then we take K big enough so that Vi := {u > K?} C V, and
this way on X\ Vi, x1(u!/?—K) is 0 and o’ equals wy — Aiddu, hence is > 0. Thus,
it suffices to show w’ > 0 on Vi, and our lower bound on x;(u'/? — K)idd(p*1))
goes in this sense.
Indeed, since we have besides:
i0u A Ou ,

00 (u'/? = K) = (' = K)o 4 (2 = )

i00u  3idu A Ou
2ul? Ay )
we can again, up to increasing K once more, assume we have |(p*¢)i85xl(u1/ 2

K)| < e(wg — Aiddu) on Vi, remembering that du and i0du are bounded for
Poincaré type metrics. Similarly, we can assume that

’i(@xl(u1/2 — K) AO(p™) + O(p™ ) A Ox(u/? — K))| < e(wy — Aiddu)

on V. Finally, on Vi, or rather in its intersection with any of our open sets

of coordinates assumed small enough so that — Aiddou > % — Wy >

2Cdz N\ dzZ — ewy up to increasing K once again, we have the minoration
wy =wy — Aiddu + x1(u'/? — K)idd(p*1))
+i(x1(u? = K) AO(p™y) + O(p™y) A Ox1 (u? — K))
+ (p*)iddx, (u? — K)
>(1 — 2¢)(wo — Aiddu) + x1(u'? — K)idd(p )
>ewy — Cidz A dZ — (1 — 2¢) Aidou
>2e%wy + (1 — 4¢)Cidz Adz car — Aiddu > —cwy + 2Cidz A dZ,
which is positive.

Having dealt with that point, thanks the asymptotics of &/, it is easy to compute

asymptotically its Ricci form; schematically, it writes Ouo|p, +i00; — % +
J
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O>(p; ') near each D;. These asymptotics are exactly those of gy — 2 Zjvzl i00u;,
which we can suppose < —cw on X\D for some ¢ > 0 for the same reasons than
w is Kahler of Poincaré type. In a nutshell, g, + (QO —2 Zjvzl i(‘?guj) e I$e(ALY),
and this form lives in the zero cohomology L? class. Applying the weighted 90
lemma (Proposition 3.6), we thus can write 0. + (00 — 22?[:1 i0du;) = i0df
for some f € F°(w') and ¢ € R so that fX\D eftevol”” = Vol ; we will not use
fX\D fvolw/ = 0, so we can assume ¢ = (. This function f has no reason to tend
to 0 near D; nonetheless, we can correct it in a compact subset of X'\ D so that it
does, and so that p,, +i00f < —c'w and fX\D el vol*" = Vol.

To do so, set a; := limp, f for all j =1,..., N. Start by assuming a; > 0 (if
a; = 0, consider ay, and if a; < 0, the technique is the same). According to the
beginning of the proof, when K is big enough, and x4 > 1, then

gw/—iagf—aliﬁc?(—)(o(u;ﬂ—l() +xg(u]1~/2—uK) +x0(u}/2—(u—|—1)K)) < —qw

/2 _

for some ¢; > 0 independent of p. Set fi, = f +a; ( - Xo (u;/2 — K) + Xo (uj

1K) + xo (u;/z —(p+ 1)K)>, so that f1, € Ef°(w’) up to its mean, fi, goes to

0 near D; and to a; near D;, j > 2. Moreover, u fX\D et vol* is continuous
on [1,+00), is strictly greater than Vol for u = 1 and its limit is strictly less
than Vol when p goes to +oo (if a; < 0, the inequalities are inversed). Hence
there exists some 4 so that [ X\D e/tm vol“” = Vol. Repeat this construction near
Do, ... ,PN, to get a function f' € C°(X\D) sucl_1 that j;X\D el vol*" = Vol and
0 — 100 f" < —cw. Denote by n the difference 100f — i00f’, so that
N
A7 1/2 1/2 1/2
n= Zﬁa[Z%(‘Xo(%/ ~K) —l—Xo(uj/ — 1, K) —l—Xo(uj/ —<Nj+1)K)>} (16)

J=1

with well-chosen p; (this will be useful below), and notice it has compact support
on X\D.

Now apply the first part of Theorem 3.2 to " and f/; then 0,05, = 0w —
i00f < —cw. Set w = w' + 00y to conclude. Notice that we could have applied
the second part with € > 0 small enough, and still get ¢, ;95,. = 0w — i00f —
£i00p. < —c.w with ¢. > 0. Notice moreover that we can take arbitrary positive
A;, in particular we can take them equal.

3.2.2 Proof of Theorem 3.3: the general case

Assume now there exist some codimension 2 crossings, and that it is the highest
possible codimension. In what precedes, we first solve Calabi problem on the
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divisor, and then construct a potential on X\ D from the data of potentials on the
divisor. We are following here the same process, now we know approximately how
to solve Calabi problem when the divisor is smooth. For the sake of simplicity,
assume that D = D; + D,, and that the decomposition of D' = D; N Dy into
irreducible smooth components writes Zjvzll D!, and observe that D;\D’, Do\ D’
are endowed with Poincaré type Kahler metrics, namely w|p,\ pr and w|p,\p. Once
again, the adjunction formula applies nicely to give

Kx[Dl|p, = Kx[Di]|p, @ [Do]|p, = Kp, ® [D']p,,
that is the intrinsic Kp,[D'] on D;. One step further we have
Kx[Dl|p, = (Kx[D]|p,)|p; = (Kp,[D'])|p; = Kp;

for all 7 = 1,...,N’. Thus QO\D3 € —27?01(KD;_) as soon as gq is smooth in
—2mey (K[D]). Take such a gy, such that gy < 0 on X.

Set as usual u; = log(A+ p;) on X\D;, 7 =1,2 (A > 0 adjustable), and notice
that when k # j, u;|p, plays the role of ZlNz/l uy, on Dy where w; would be
defined on Dy, as a function with "loglog" behaviour near D.

As for the smooth divisor case, if ¢; € C°°(D}) is such that wy b, + i00v; has
Ricci form go|p; (Calabi-Yau theorem for smooth manifolds), we can extend it as

a smooth function ¢ on X so that

w1 = OJ()’D1 + z@g(i}bl) - iag(u’2|Dl\D2)
and ws := wo|p, + 100(1)|p, ) — ’565(“1|D2\D1)

are Poincaré type metrics, respectively on Dy\Dy and D5\ D;, with respective
asymptotics wo|p; + 100¥; + % + O>®(py ') near D’ given by {w = 0}

_ wl? log? (|w|?
in Dy, and wo|p; + 100¢; + % + O0>(p;") near D} given by {z = 0} in
Dy, and moreover such that their Ricci forms have respective asymptotics gg| D, —

% + O0=(py"') near D} in D; and oolpy — % + O0>(p; ') near D
in DQ.
Now applying the construction of the previous paragraph, we find ¢, € p; €

C(D1\D') and @, € C5°(Dy\D') such that

Oy +i0p1 =(o — i00u; — i85u2)|D1\D2 + £i00p1 + M2|p,
and 0,,, 105, = (0 — i00u, — i@qu)|D2\D1 + €000y + 1|,

with e arbitrarily small (and v = ~(¢)) and 7, with compact support in X\ Ds
arbitrarily small in C*°(X\ Ds), n, with compact support in X\ Dy arbitrarily small
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in C*°(X\ D), constructed as 7 in (16) (notice that the formulas respectively make
sense on the whole X\ D, and X\ D;). This only changes the asymptotics near
the D} by putting an exponent —v instead of an exponent —1 in the O*.

Now consider a function ¢ on X\ D such that ¢ is the sum of a function in
C°(X\D) and a smooth function on X, such that ¢|p,\p, = ¢1, @|p,\D, = ¥2,
and wy +100¢ — i00u; — i00us > 0 on X\ D. We observe then that its Ricci form
differs from pg + 2(i00u; + i00uy) + 11 + 12 — £i00¢ < —cw by some O=(p~7).

Following the same process than in what precedes (weighted d0-lemma, cor-
rection of constants near D, approximate Calabi-Yau theorem,), there exists some
¢ in CF(X\D), y" > 0, such that wy + i00(p + ¢') — i00u; — i00uy > 0 on X\ D
and its Ricci form is arbitrarily close to pg + 2(@'05u1 +i00usy) + ny + 12 — €100,
and can in particular be taken —cw for some ¢ > 0. This rules out the simplest
codimension 2 case.

The proofs of the cases where there are more D; (with possibly some disjoint
from the others) or where the codimensions of the crossings are higher are just
careful repetitions of the techniques used here. O

3.3 The weighted 90-lemma

We precise that everything in this section is independent of the ampleness of K[D].
We formalize what is a real (1,1)-form which is a O(p~7) at any order (or at order
(k,«)) by the following:

Definition 3.5 Let (k,a) € N x [0,1), v € R. We set:
Fi:,a (A(l’l)) — p—'yl-\k,a (A(l’l)),
and endow the it with the obvious norm. We also set I'Y’ (ALI) =p I (ALI).

The result we used in the proof of Theorem 3.3 writes:

Proposition 3.6 (Weighted 09-lemma) Let (k,a) € Nx(0,1), n € Fg’o‘ (A®D)
an L? exact 2-form, B > 0, and ¢ the 00-potential of n with zero mean w.r.t. some
Kdhler metric of Poincaré type w'. Then ¢ is in fact in E§+2’a(w’), and there exists
a constant C = C(B, k, a,w’) such that ||<,0||E§+24,a < C’||77||F§,Q(A1,1).

Proof. We decompose it with the help of three intermediate lemmas:

Lemma 3.7 Let g be a Kdhler metric C*-quasi-isometric to the model w. There
exists a constant ¢ = ¢(g) > 0 such that for any (k,a) € N x (0,1), € € (0,1] and
v € [0, ce) the e-perturbed Laplacian Ay + ¢ : CE2* — C5 is an isomorphism.
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Proof of Lemma 3.7. For v and € > 0, one has to check that the conjugate

operator Ly. = p'(Ag +2)(p77) = Ay + (e = v222 = 29(y + V)| 2[) +2y(-, 2),

is an isomorphism from C**2< to C**. Following [TY1], p.589, this is true when
SUP x\ p {7% +2y(y+1)] %{j} < ¢ (the first order term in £, . does not matter).

Taking A = supx\p %, B = supx\p ‘%

_ 4B
for all € € (0,1] and v € [0, ce) where ¢ = 2A+E) JABTGTDE [ |

e this latter inequality is easy to check

Lemma 3.8 Under the assumptions of Proposition 3.6, ¢ € C*2% and there
exists a constant C' such that ||¢||cr+2.a < CHnHFg,a.

Proof of Lemma 3.8. It uses a perturbed Moser’s iteration scheme, with parameter
e. Namely, define . as the solution of Ay, +p. = —2tr* (n), given by Lemma
3.7. Once noticed that fX\D s vol” = 0 (integrate the equation satisfied by ¢.),

just copy word by word the proof of Proposition 4.6 below, replacing 1 — e/*¢%= by
—2tr¥ (1) — ep. (again, the ¢ are not a problem, and merely play in our favor; for

. 2 W' W' Y w!

instance, fX\D |de.|” vol = fX\D VA, volY = fX\D 0 (—2tr% (n) —ep.) vol* <
12t ()| 2|0l £2), T by (w')™ ', and noticing constants C' and C” of Proposition
4.5 , which depend on f, can be replaced by constants independent of 1 times
HnHFE’Q(ALl)' Then notice ¢ is a CP -limit of (¢.).~0 with & going to 0. [

Remark 3.9 This could appear a bit short, but we have preferred to develop the
computations of such a Moser’s iteration scheme in the slightly more difficult case
that is Theorem 3.2. Notice that both proofs use the Sobolev embedding (Lemma
4.4) stated in paragraph 4.1.1.

Next, we come to the technical core of the proof:

Lemma 3.10 Under the assumptions of Proposition 3.6, set ' = min{2, }.
. B
Then o =¥ + Y, axvy with || i | log |o]| cho < C\|77||Cg,a.

Proof of Lemma 3.10. We limit ourselves to the case of codimension at most 2
of the crossings for the sake of simplicity. Notice that assuming this proposition,
the a; are automatically controlled as in the statement of Proposition 3.6, because
for all k, a = lim,_,p, (¢ — ©¥)(x), and we already control ||¢||co. We choose a
connected component Dy of D, which we can split into smooth irreducible com-
ponents Dy, ..., D;. We first work around D;, which we cover with polydiscs of
coordinates {|z1],...,|zm| < £} where Dy is given by z; = 0, and in case of a
crossing the other component is given by {z; = 0}. Now if we choose one of these
polydiscs, P say, two situations can occur:
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1. There is no crossing in P. Write z; = re" =e

0 — e=e'i0 o — (2,...,2y), and
equip each punctured disc {0 < |z < 1} with the Standard cusp metric
dt* + e7*df?. The equation (i0p),; = mi == m rewrites ((07 —
Oy)+e202) o = f, with | f(z,2)] < C’H'r;HF%e At where C' depends only on our
polydisc. Now decompose ¢ into pg+¢ 1, with ¢y invariant with respect to 6,
and ¢ orthogonal to the constants on each S'. In the same way, decompose
finto fo+ fi ;5 [fo(t,2)], [fL(t,2)] < C’||7]||p%e_/3t still hold with a possibly
bigger C still depending only on P. Then (, verifies (07 — d;)wo = fo(t, '),
and we solve this writing:

+00 +o00
wo(t,2") = ap(2') + / et,dt’/ e fo(t", 2)dt" (17)
t t’

(with the fact that o, is L? for e *dtvol” to get rid of an additional term
x(2)e!). Notice that for each (¢, 2’), the double integral is in absolute value
less than m“v(, 2)e? |lroe™Pt) and in particular (¢, 2’) tends to ap(z’)
exponentially fast when ¢ goes to infinity. Moreover we can write ap(z') =
©0(0,2") — +°° et dt’ +°° e fo(t", 2")dt" for all 2/, which gives a C° bound
on ap dependmg only on the polydisc and ||| e

We still have to deal with ¢ . Since it is orthogonal to the constants on ev-
ery circle, we can write |¢ (t,0,2")] < 7 supgepoon ‘ ~(t,0',2)| for every
(t,0,2'), and this can be rewritten as:

329% dp1 I
(— BIE +W+f¢>(t7972)

902

o1 (t,0,2)] < 7™ sup
0’€[0,27)

for every (t,0,2') thanks to the equation verified by ¢ . The sup in the
latter right hand side is smaller than C/||n| e with C depending only on

the polydisc, thanks to the C? estimate on ¢ and hence on ¢, we got from
Proposition 3.8.
We can sum this up saying that on P, | — ap| < Cp||77||rg,ae*ﬁ/t, with

lap| < C’])HT]HF%Q (and ap independent of z; and continuous).

. There is a crossing in P. Write again z; = e and 2" = (23,..., 2n).
Nothing impedes us to lead the same analysis as above in P but outside
of the (m — 1)-dimensional polydisc {z; = 0} (we can still write down the
integrals and take suprema) to see once more that | —ap| < C'7>||77|]Fg,ae_5't,

with |ap(ze, 2")| < CPHT]HF%, 29 # 0, and ap continuous outside of {z; = 0}.
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We want to improve our analysis of the crossing case, but so far we can collect the
information we got when working around D;. Notice that the ag patch together;
indeed, if z € D; has coordinates 2" in Q; and 2’® in Q, (and up to increasing
the number of polydiscs we can assume Q; N Q, has nonempty interior), we have
that

1 . . . 2
ag, (M) = lim )= lm o) = lim ) =ag(z'?).
yeQ1\D1 y€(Q1NQ2)\D1 y€Q2\D1

Let us denote this function induced on D; by a. Thus a is continuous and bounded
on D)\\J_, D;. Tt is furthermore pluriharmonic. Indeed, choose a test (m —
2,m — 2)-form y on D;\ U{:Q D;, or more precisely on some polydisc in D; from
which we remove U{:Q D;. There is no loss in generality in assume that this
polydisc is @ N D; for one the Q considered above. It the sense of currents,
(10,0, x) = fD1ﬂQ 1i0.,0,x. Now since we are working on Q, we can write this
as fDmQ 1010,0,x, and this rewrites f{log(flog‘zﬂ):t} ©(21,2)i0,0.x + O(e”?).
This latter integral is equal to | (log(— log |21 ))=t} n A x by Stokes’ theorem, where
0 =2, 42 Mpadzpdzy. Clearly this is O(e™P), so finally (i0..0., x) = 0.

Finally from the fact that for a Poincaré metric, the domain of the Laplacian
L? — L? is H?, we get that a is H? on D;, and an integration by parts says it is
constant. Let us go back to the polydisc P with a crossing, and write 2z, = e~ ¥,
We now know there is a constant ¢; such that [¢(21, 22, 2") — 1| < ClH??HCg,ae_ﬂlt.

By symmetry, there is a constant cs such that |@(z1, 29, 2”) — co| < CQ||n||Cg,ae*5/s.

Since t and s are arbitrarily big, this forces ¢; and ¢y to be equal. In the general
case, this shows that the constant induced by ¢ is the same on all the irreducible
components of a common connected component D, of D, and we can write, if
this constant is denoted by aj, that there exists a constant C' such that on a

fixed neighbourhood of Dy, ¢ — ax| < C|n]lpo.a( 7 | log |01H)_6,. The lemma
B/
is proved. |

End of the proof of Proposition 3.6. We are now performing a last improvement
to our controls to get the result of Proposition 3.6. First, assume [ < 2, so that
B" = B. Then, Schauder estimates on balls of quasi-coordinates with mixed weights
give us a constant C' such that

|3 teglest” (o = ) . < Clmls

To prove the theorem (at order (2,«)), one needs to change the sum of weights
}log ‘O_jHﬁ into a product of these weights. Notice that this is automatic away
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from the crossings of D, so that we can focus on what happens near a crossing of
the component Dy, which is assumed to have codimension 2. As in the proof of
Lemma 3.10, we consider a polydisc P = {|z] < ¢} x - Xt{}zm| <11 aropnd a
crossing given by {z; = 0} U {2z = 0}, and we set 2; = e ¢ ¥ 25 = ¢+ and
2" = (z3,...,2m). Take a punctured disc {21} x {0 < |22| < 1} x {2"}, on which
we can write, according to the proof of Lemma 3.10

+OO / +oo 1"
gO(Zl,S,C,Z”) = +/ ¢ ds,/ e’ f0(2175”72”>d81/+ SOJ_2<21787C72//)
s s’

where f = |2,? logQ(\z2|2)n(aiz2, %) and fj is its (-invariant part (so that one has

| fol, [ f] < Cln|lcoe™+9) C depending only on P), and ¢,, orthogonal to the
constants on each circle {s = constant} verifying

6250J_2 GSOJ-Q 2s 82901-2
052 os ¢ acz TV

%01, _92s %o, 0o, . .
so that oz = € (f Ly — 92 T ~5 ), which is, among others, smaller than

C||n|]cg,ae*5/(t+5) thanks to the C? control we have on |log |zl|‘6,(<p — ay), hence

14 102 1o .
the C° control on eﬂt(% — %). Then conclude using ’gplQ(zl,s,C,z”)‘ <

2
7% SUD ¢ [0,24] ‘%(zl,s,(’, z”)!.
When 3 is > 2, observe that on the Sl-invariant parts we have the desired
control. Now, for the orthogonal part, after using Schauder estimates we have a
Cg}o‘ control on (¢ — ai). Applying the technique above first give a C° control on

[1; | log |O'j|‘2( > | log |o;] })min{’gﬂ’z}(gp—ak), hence a C** control, and applying it
once more gives a C°. (.4} hence a Crzmor‘l (6.4} control. Just repeat the argument as

many times as necessary to get a C’g control, and conclude with weighted Schauder
estimates. U

4 PROOF OF THE CALABI-YAU THEOREM ON X\D

As underlined in our comment following the statement of Theorem 3.2, which
is new here decomposes into to parts: uniform unweighted bounds on the approxi-
mate solutions, to which we devote the next section, and the fact that approximate
solutions lie in weighted Holder spaces, to which we devote section 4.2. Moreover,
an easy observation on the statement of Theorem 3.2 is that it is enough to have
the announced uniform C* bounds on the . to get ¢ with a diagonal extraction,
so we are only looking for such bounds, and not for possible weighted C* bounds.
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4.1 Uniform bounds

Before starting, notice that when X is a Riemann surface, the theorem follows at
once from Lemma 3.7 and Proposition 3.6. In this section and in the following, we
are thus assuming that m > 2 (nonetheless Lemma 4.4 also holds if m = 1).

4.1.1 Order zero estimate

To get a C estimate, we follow a Moser’s iteration scheme. Nonetheless, it will
be more convenient to work also on the normalized potentials . := ¢. — a. with
a. == % f x\p e vol“". In what follows, all the LP norms are taken with respect
to vol*’ unless another measure is specified. Similarly, g refers to the Riemannian
metric &'(+,J-), V to its Levi-Civita connection, and Holder norms of functions
and tensors are computed with respect to «’.

Proposition 4.1 In the conditions of Theorem 3.2, there exist constants C' and A
only depending on W' and f such that for all € € (0,1], ||¢c||z2 < C and |a.| < A.
In particular, ||pe||rz < C"=C + AVol.

Proof. We start with the L? estimate. Fix ¢ € (0,1], and set w’ = w' + i09¢.
and T. = (W)™ ' + (W)™ 2 A (W) + -+ + (W)™ ' Notice that T. is closed,

3
greater than or equal to (w')™ ! in the sense of real (m — 1, m — 1)-forms and that

i00p. AT, = (W)™ — (W)™ = (ef+2%= — 1)(w')™. Now, since
i@g(gogTa) = 2i0p. A 0p. N T. + 20,1000, A Tk,

and fX\D i00(p.T.) = 0 (Gaffney-Stokes), we have:

/ 100, N Dp. AT, + / e — 1) (W)™ = 0.
X\D

X\D

Noticing that idp. A Op. A T. > idp. A Op. A (W)™ and that (ef+%e — 1), =
el (e5%s — 1)p. + (ef — 1)p. > (e/ — 1)p. (because e — 1 has the sign of ¢, ), we
get that:

/ 1. A B A ()" < / oe(1— el )W)
X\D

X\D
Since fX\D(l —ef)(W)™ = 0 and dp. = O, this rewrites fX\D 10, A\ O A
(W)™t < [ ol — e (w)™. The left-hand-side term of the latter inequality
is ||dibe||3. . From unweighted Poincaré inequality (PI) (¢). has zero mean) and

Cauchy-Schwarz inequality, it then follows that ||¢.||z2 < Cpl||1 — &f||2 == C,
which is independent of ¢.
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Let us now estimate a., and to begin with, see how to get an upper bound
on it. Integrating both parts of the equation (w’ + i@@gpa)m = e/ 5% (W)™ yields
S X\D e/ %< yol* = Vol. Hence Jensen inequality says [ X\D ep.ef volY' < 0 ie.
fX\D p.ef vol*" < 0. Now a. Vol = fX\D ef (. — 1) vol" < — fX\D e 1. vol* so
by Cauchy-Schwarz,

[ellzollefllze _ Cllefllz

<
e = Vol =" Vol

which does not depend on «.
On the other hand, in order to get a lower bound on a., let us define b, :=
% f x\p e vol“s | i.e. b, is the mean of . with respect to the metric it defines. This

way, Vol = fX\D ef volv' = fX\D e yol“s > fx\D(l — ) vol“s = (1 — eb.) Vol,
so b, > 0. Therefore, a. > a. — b, = \%fX\D cpe(volw/ —Volwé) = \%fX\D (1 —

/ 1—eftepe

el o= ) ah vol” > - vcl)llLQHwE”LQ. To conclude, repeat ||[¢.||z2 < C, and use
2

QCIIfllcoe HfHCO

Voll/2

lewe| < |flco to get a. > — , which is again independent of . O

Next proposition is central in our upcoming iteration scheme:
Proposition 4.2 Under the assumptions of Theorem 3.2, for all € € (0,1] and
all p > 2 we have:

2\ A D 2 1 v 2
| (i) a8(0) Ayt < g [ e e - e
X\D 4(p—1) X\D
(18)

Proof. Fix p > 2 and ¢ € (0,1]. Again from the inequalities 7. > (w')™"! and

(1_€f+6%>’906|p_2905 = (1_ef)|905‘p—290€_|_ef(1_eswg)‘¢€|p—2% < (1_€f)‘905|p_29067
the proposition is proved if we show the identity

2
. ) p - EQe m
/ Za(|§0s|p/2) A a(|¢s|p/2) A Ta = —/ |§06|p 2QOE<1 - ef+ v )(w/> .
X\D 4(p—1) X\D
But this simply follows from the direct computation
i65(|908|p_1908T8) = p|g0a|p_2g05i85908 NT. +p(p — 1)|90£|p_2i890a A 5908 NT,
the identities i00p. A T. = (ef+5¢= — 1) (W)™, |pe[P~2i0¢p. A Op. = I%i@(|<ps|p/2) A
O(|¢-[P"*) and fX\D i00(| [P T:) = 0 by Gaffney-Stokes. O

Before deriving inductive controls in our iteration scheme, we have to enlighten
which Sobolev embedding we are going to use, and in particular between which
(weighted) Sobolev spaces:
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Definition 4.3 Let q € [1,+00). We set:

L = {v L. / lv|?pvol*’ < —l—oo} L

p vol*’

and if k > N, we call Lq’ the space of functions v € LY* such that |Vjv‘ € Lg’o

loc

forj=0,... k.
Lemma 4.4 Let a2 > 1. Then one has the continuous injection L' — L®° as
soon as qi < q—2 + =

Proof. We only need to look at what happens near the divisor, and even near
crossings, since the smooth divisor case is ruled in [Biq|, Lemma 4.4. We assume
for simplicity that the crossings have codimension two in X. Let us consider a
small polydisc U around a point in such a crossing, and let us cover U\D by a
union (with the notations of 1.1.2)

U ®5.(P), P=(34)" xam,

k>0

where the 6, = (03, 67) € (0,1)? can be chosen so that 1 — 6} ~ o (resp. 1—4} ~
o) when k (resp. 1) goes to co (we choose them in a similar way as the 0 of the
proof of Lemma 1.11). In this way, &5 _*p1 (resp. ®s,,"p2) is mutually bounded
with 2% (resp. 2'), i.e. @5 ,*p is mutually bounded with 25+, We can also assume
that the metric on U\D is the product gy of two standard cusp metrics by a
euclidian metric, so that all the ®5, ,“gy give the same metric on P. We also have
[w[To @Dy ~ 2ki0 #HQ(S’CJ*MHZP for any p > 1. Now we know that there exists
C > 0 such that for all w € L'(P), ||l zazop) < Cllw||po1py.
Take v € L{""; then

1 . 1
o} L& (U\D) Z WH@M (“pl/q2)| fqz ~ Z 2k+12k+lH(I)
k,1>0 k>0

q2
La2

q2

<CZ H<D5k1 qLqul <C’(Z Hq)tskl quqll)ql since ¢qo > qq
k,1>0 k,1>0
1 q2
- C<k;) W”(p‘;k,l* 1/q1 HL‘H 1) ~ Clol7: LIV (U\D)’ O

Let us come back to our iteration scheme. Set ¢ = min {%, —m 1+ y} > 1

(beware € is not related to €), so that we have a continuous embedding Lg’l — ng,o7
of norm Cl, say, according to the latter lemma. Let du be the measure p'=¢vol* .
We have the following inductive control formula:
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Proposition 4.5 Under the assumptions of Theorem 3.2, there exist two con-
stants C and C" such that for all € € (0,1] and all p > 2,

lopellpe < Clivellyy +C'p||%||Lpe-

Proof. We are going to use the inequality of Proposition 4.2, but first, if B denotes
Sup x\ p }% _» al easy computation yields (p and ¢ are fixed):

|l e ot <2 [ fdlep,
X\D v X\D

1 /
vol*’ +=B / o< |P vol®
2 Jx\wp

so that [|p= 2] /2]| a1 < 2 [ |dlipel [ Vol +(3B + 1) [y p liel? vol. Ap-

plying Poincaré inequality (with a mean term) to |p.|P/? we get:

o 2ol e < € [ Jalod vt +or( [
0 X\D X\D

N2
|<,05|‘”/2 vol¥ )

With €= 2 (384 )Cp and €' = (18-+1) Vol . Now, (fp el vol ) <
(fX\D lpe[Ppt—e vol*’ ) ( fX\D pt vol*’ ), and this latter integral is finite since € —

2 w/ c 2
1 < 2 < 1. We also know from (18) that Jxw ‘d]<p€|p/2 vol¥ < zl(;z)p;l)fX\D 11—
ef||ge[P~ 1 vol*’, and by Holder this smaller than 7 (fX\D | |Ppt € Vol )(p_l)/p
( S X\D (|1 — ef|p=Y)Pp —< ol ) e , and the last factor is always less or equal to

(fX\D ple vol“’l)l/pﬂl —ef|lco < C for some C' depending only on ', p and €
(the "parameters"). To sum all this up, we say there are constants C' and C” only
depending on the parameters so that for all p > 2 (and for p = 2 with similar
arguments) and all € € (0, 1],

lo7 2 10el 20 < Clleellyy + C'pllgeliy,

Applying the Sobolev embedding stated in Lemma 4.4 to p~'/2|p.|P/2, we exactly
get that [¢.|" e is less than or equal to C%,, times the left-hand side of the
dp

latter inequality, so finally up to renaming the constants there are C' and C” only
depending on the parameters such that for all p > 2 and ¢ € (0, 1],

el < Cllgel, +C'plleell" .
mn dp dup

Since under the conditions of Theorem 3.2 we have an initial estimate on [|¢.|| 2
and hence on |¢c[[z2 (vol” dominates du) independent of ¢, it is now an easy
i
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exercise to show that there exists two positive constants () and C'; depending only
on the parameters such that

leellzy, < Q(Cap) ™"
for all p > 2 and ¢ € (0, 1]. Letting p go to oo, we have thus proved:

Proposition 4.6 (Uniform C° estimate) Under the assumptions of Theorem
3.2, there exists Q = Q(v,w', || fllco) such that for all € € (0,1], ||p:|co < Q.

4.1.2 Second order estimate

We are now looking for second order estimates, which as usual when dealing
with Monge-Ampére equations derive from the C° estimate. If we denote by A
(resp. A.) the Laplacian of ' (resp. w! = w + i0Jyp.), then Joyce’s computation
[Joy|, p.111 (replace f by f + ep.) for Aubin-Yau formula writes:

AE(ASDE) = 2A<f + 5905) + 49M9§Lﬁggﬂvaéy%v?\w%

afB .~ w'\E w'\E (19)

+ 492797’ (Rm* )5 5Vaepe — (Rm*” ) 5,5V e0c )
(factors 2 and 4 are due to the fact that Joyce works with half-Laplacians and dd*
instead of 100). Thus Aubin-Yau inequality becomes:

Proposition 4.7 Under the assumptions of Theorem 3.2, let ¢ € (0,1] and set
F, =log(2m — Ay.) — k. where k is some real number to be fived later. Then

Af +2em 3 3
AF. < =1 =" 2m — (9:)* 9.3 9.5
elle > 2 — ASDE €+ H’( m (gs) gaﬁ) + C(ga) gaﬁ

where C' is some constant depending only on H Rm*’ Hco.

Corollary 4.8 (Uniform second order estimate) Under the assumptions of
Theorem 3.2, there exits some constant Q1 = Q1(v,w', || fllco, || fllc2) such that
for all e € (0,1], 2m — Ap. < Q1. This provides in particular two constants Qo
and ¢ > 0 such that for all € € (0, 1], 100, <Qy and cw’ < W <.

leo

Proof. Choose k = C'+ 1 in Proposition 4.7. Remember that 2m — Ap. >
2me~2Ifllco/m (0 (look at the eigenvalues of 100, with respect to w’). It follows
that at any point

Af+2em

— 2mk < —AF. +C'
am — Mg, E+2mkr < +

(92)% 9oz = (v — O)(9:)*P g5 < —AF. +
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where C" = 2mk + 5-e?Vllco/™ (|| A f||co + 2m), which is independent of . Apply
Wu’s maximum principle (|[Wu|, Lemma 3.1) to A, (for fixed € € (0, 1], we know
that w’ is quasi-isometric to w’ from [TY1]) and F. and make possibly some extrac-
tion to get a sequence (z;) of points of X\ D such that lim; o, F.(7;) = supy\ p F:
and lim;_,o A.F.(z;) > 0. Hence up to a shift on the indexes, (g.)*’gn5(z;) <
C’" + 1 for all j. Moreover, play with the eigenvalues to see that 2m — Ap. <
2((98)(1@9&5)771*16”5% at any point, so for all j this gives 2m — Ap.(z;) < 2(C" +
1)m=telfllco. Plug this into the definition of F, to evaluate the F.(z;), and let j
go to oo; this yields supy, p F. < 2| f|lco + (m — 1)log(C” + 1) + log 2 + k||| co-
Finally, again by definition of F., this tells us that

2m — Ap. < 2(C"+ 1) exp (2] flleo + 26|l co),

which can be made independent of € by noticing we have a uniform bound on
|@ellco by Proposition 4.6. 0

4.1.3 Third and higher orders estimates

We shall now prove:

Proposition 4.9 (Uniform third order estimate) Under the assumptions of
Theorem 3.2, there exists a constant Q3 such that for all e € (0,1], Vi88g06||00 <

Qs-
Proof. The starting point is again due to a hard but local computation by Yau
[Yau] (see again [Aub]). Define, for ¢ € (0,1], S. such that 45? = |Vidde. |

so that S? = (gg)aﬂ(gg)ﬂﬁ(g;)wvaﬁ—v%vw% in local holomorphic coordinates.
Yau’s computation writes:

—A(S2) = |Vagise = (9:) Vs @V gasee
+ | Vagrspe — (9 VanaeVieuse — 9 Vauspe Vasspe ié
+ PY2((9.)%, Vg, e, Vas(f +02)) + QY1 ((9:)™, Vagy e, Rpeq)
+ PP ()%, Vg, 9o Vags (f +02)) + Q% ((9:)™, Vg e, VR )

where the P7%! et Q7%! are polynomials with constant universal coefficients in
the entries of three matrices, exponents j, k and [ indicating the degrees of the
coefficients of those matrices.

In view of Corollary 4.8, there exists a constant C; > 1 depending only on
the parameters such that for all ¢ € (0,1], A.(S?) < C1(S? + S.). On the other
hand, we can use formula (19) to assert there exists constants ¢ > 0 and Cj
depending only on the parameters such that A.(Ap.) < ¢S? — C for all € € (0,1].

2
1
UJE

2
!
We
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Collect those two inequalities to write A.(S? — 2cC1CoAp.) < —C4 (S5 — %) + C,
C := 2c¢C,Cy + $C1. Now choose a sequence of points (z;) of X\D such that
lim; 00 (S2 — 2¢CLCoA @, ) (25) = supx p(S2 — 2cC1CoAp.) and lim;_,o AL (SZ —
2¢C1CoAp.) () > 0. Then up to a reindexation A.(S? —2c¢C1CoAp.) () > —C
so that (S.(z;) — %)2 < 2¢Cy + 3, or Se(z;) < C5 = (5 + (2¢Co + 2)?) for
all j. Letting 7 go to oo, this tells us that supX\D(SE2 — 2cC1CyAp.) < C3 +
2cC1Cy||Ap. || o, hence ||Sc|[co < (Cs + 4cCyCyl|Ape|lco)'/?, which can be made
independent of € with help of Corollary 4.8. U

As an immediate consequence, let us state:

Corollary 4.10 Let a € (0,1). Under the assumptions of Theorem 3.2, there
exists a constant Qo such that ||w.|lro.ear1y < Qo for all e € (0, 1].

Finally, the usual bootstrap argument allows us to conclude. Indeed, fix
a € (0,1); in formula (19), the operator A. is uniformly elliptic on a quasi-
coordinate system and its coefficients are controlled in C%?, these controls being
independent of e. We have a uniform C° control on the right-hand side terms and
on Ay, independent of €. Thus, using quasi-coordinates, Schauder estimates give
a uniform C* on Ay, independent of €. Since we have a C? estimate on ¢, which
does not depend on &, we get a C>* control on ¢., independent of . Plug this
back into formula (19); the operator A, has now its coefficients controlled in C*
and the right-hand side terms are controlled in C%®, with controls independent
of e. We deduce from those a C*“ control on (., again independent of . Going
on this induction, we see that for all £ > 0 there exists a C*® bound on the .
independent of ¢.

4.2 The approximate solutions are in weighted spaces

Once we know that one of the potentials . of Theorem 3.2 is in some C’S, v > 0,
fast decay of its derivatives easily follows:

Proposition 4.11 Under the assumptions of Theorem 3.2, let € € (0, 1]. Assume
that . € C3 for some vy € (0,v]. Then @, € C°.

Proof. We start by proving that . € C;O‘ where a € (0, 1) is fixed. The statement
is local near D, so we are looking on what is happening there. We take a small
polydisc U = (cA)* x (%A)m_k (¢ > 0 small) around a point of a k-dimensional
crossing, and in which the components of D are given by respective vanishings

of the first k variables. Now set P = (%A)k x A% and &5 : P — A™ as in
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section 1.1 for § €]0,1[%, so that U\D C Usepo1ps ®5(3P). We need to estimate
|97 e ||cre@n by, which is comparable to

1 *
(1 —01)7-- (1 =) ||(I)6 @s”gl,a(%P).

sup
5e(0,1)k

100VADs* [(w' )™ Lo (wl)™ 1)
q)é*(w/)mfl

for § € (0,1)*. Since p. € C>(X\D), we have uniform ellipticity and uniform C!

control for all [ > 0 on the coefficients of the Ps, meaning for instance that there

exists a constant C such that for all § € (0, 1),

Now consider on P the second order operators Ps : v >

||U||Cl,a(%p) < C(HP(SUHCO(P) + ||U||CO(7D))

for all v € C*(P) such that ||Psv||coepy is finite. Now, notice that Ps(®s*¢.) =
1 — P /He®s7ee for all § € (0,1)*. But f € C) and . € CY, v < v, so
that || Ps(Ps"p:)||copy < C(1 = 61)7---(1 — )7 for some C independent of 4.
In the same way, |[®s5*¢.||copy < C'(1 —61)7--- (1 — )7 for some C’ indepen-

dent of . Thus m]\éé*%ucm(%m is controlled independently of ¢ i.e.

|07 ¢ellcra@\py is finite. Take enough of such U to declare that ||p”@e||cra(x\p)
is finite, that is p. € CY*(X\ D). Reinject this in the previous argument (in the
| P5(®s*pe) || c2i-1.0(py controls) to get step by step that ¢, € C21*(X\D) for all
[>1. U

With the latter proposition, in order to complete the proof of Theorem 3.2, we
finally have to show:

Proposition 4.12 Under the assumptions of Theorem 3.2, there exists a constant
¢ > 0 such that p. € CO(X\D) for all € € (0,1].

Proof. Take € € (0,1]. We start from the inequalities Ay, + 2ep. < 2f and
Acpe + 2ep. > 2f. Take v € (O,min(%,y)), and denote by L, . the operator
PI(A + 2e)(p7-), so that L, .(p"p:) < 2p7"f < M for some real constant M.
Denote by ¢ a C*°(X\D) function such that £, () = M outside a compact
subdomain K of X\D; such a v exists according to the proof of Lemma 3.7,
provided v < ce. Now if A is some big enough constant, v := pYp. — ¢ — A < 0
on 0K and L, (v) < 0 on the complement V of K in X\D. We want to deduce
from this that v < 0 on V| which would give an upper weighted estimate on ¢.;
for this we will use arguments similar to those of the proof of Lemma 1.13.
Namely, take an exhaustive increasing sequence (U,),>o of relatively compact
open subsets of X'\ D containing K, and set V, = Up\ K for all p, so that V' = J, V..
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Denote for all p by v, the solution of the Dirichlet problem

E%E(Up) = 'C%E(U) on V),
Up =0 on 0K
v, =0 on OU,,.

Still following the proof of Lemma 1.13, we know that it is enough, in order to
conclude, to show that the v, are nonpositive, and that there exists on ||v, | z2(v;)
a bound independent of p. Let us deal first with the nonpositivity; fix p. We
already know that v, is nonpositive on the boundaries of its domain V},; suppose
it is positive somewhere in V,, and denote by = € V,, a point such that v,(z) =
supy, v > 0. At this point, Avy(z) > 0, whereas

2
0 Z EV@(”F)(ZE) - AUP(CC> (26 fy (g(v)) - 27(7 + 1)|%|wl’z)vp(x)a

so provided that the parenthesis is > 0, which is the case with our assumption on

v, vp(z) < ( Ap(m)—mp(:c) < 0, a contradiction.

2e—y 2(2) —2y(v+1) | pl
There remains to control va|| 2(v,) independently of p. In order to do so, we
decompose v, as the sum &, + 1,, where &,|sv, = 0 and L, .(n,) = 0, so we are
done if we control [|&,||z2(v,) and [[mp][z2(v,) independently of p. The arguments
above give 1, < 0 and infy, 7, = infay, 1, = infox n, = infor v, so [|Mpl|2v,) <
Vol(V) 1/2‘ infox v}
Finally, an integration by parts gives:

/Vpgpﬁw(gp)vor“: /V (26 —7*|%2[7,) €2 vol' + / |dé,|? vol® .

dp|2
, > 0 on X\ D; moreover we have seen

Up to reducing the constant c, 2e —
w’ Vol(K w’ w’ w’

that [, [d&,|* vol* > 7 () v, & vol , SO fv 52 vol < &r Zg; o, &Lre(&) vol
Now notice that fV L, .(&)? )2 vol*’ fV Jel )2vol¥ = fv T(Ap. + 25(,05) -
M)2vol¥ < fV\D Y (Ap.+2ep.) — M)?vol < +oo, since Ay, + 2, is bounded
and p? is square integrable as 7 < %, and conclude by using Cauchy-Schwarz
inequality. We have proved that ¢. < Cp~ on V, for any 7 € [0, ce) and for some
C, possibly depending on ¢ and ~.

The reverse inequality A p. + 26, > 2f gives us near D the weighted lower
bound . > —Cp~7 for any v € [0, ce), up to reducing c¢. This is done by working
with w! instead of w’. Nonetheless, we can indeed take ¢ independent of ¢ because
w’ and w’ are mutually bounded independently of € by Corollary 4.8. O

The proof of Theorem 3.2 is complete, and this ends the present part.
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5 UNIQUENESS OF CONSTANT SCALAR CURVATURE METRICS
(K[D] AMPLE)

5.1 Statement of the result

As an application of both our constructions of approximate geodesics and metrics
with negative Ricci forms, we shall get to the following result:

Theorem 5.1 Assume K[D] is ample. If there exists w' € PMgq such that its
scalar curvature s(w') is constant on X\ D, then it is unique in PMag,.

The proof is the purpose of the next section. For now, we state and show an
auxiliary result, which will be useful at the end of this demonstration, and which
also explains the uniqueness stated in the latter theorem. Indeed, it specifies
that the group of automorphisms of X and tangent to the divisor is discrete, and
consequently why we get a proper uniqueness for a Poincaré type Kéahler metric
on X'\ D with constant scalar curvature, and not only uniqueness up to the action
of such automorphisms in the connected component of the identity.

Lemma 5.2 Assume K[D] is ample. Then the space of holomorphic vector fields
which are L* with respect to some Poincaré type metric is reduced to 0.

Proof. Endow X\ D with Tian-Yau’s Kahler-Einstein metric [TY1], or more gen-
erally with any w in any PMgq such that o, < —cw for some ¢ > 0; in any
case, denote the metric by w. Let Z be a L? holomorphic vector field, which,
as such, is in I')2(T°). Since w dominates any metric smooth through D, Z is
actually smooth on the whole X. The rest of the proof is the same as in the
compact case; we indeed have A |Z|2 = ric,(Z,Z) — 2|V, Z|* < —c|Z|?, so that
A Z)2 + £]Z|2 < 0. Now the integration by parts

[ jazifor = [ (zeadzier <~z
X\D X\D ¢
forces | Z|? to be constant, hence to vanish since then A, |Z|? = 0. O

5.2 Proof of the uniqueness theorem

This proof follows really closely Chen’s proof in [Che, §6] for the compact case,
and we give here an outline of it for the sake of completeness.

Let us fix a few notations. We denote by w a metric of PMg such that
0w < —cw, ¢ > 0, given by Theorem 3.3; we consider it as the base-point of P Mg,
so that Kahler potentials will be computed with respect to this w, i.e. ¢ is a
potential for w’ € PMg if w’ = w + i00p. Take moreover two metrics wy and w;
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in PMgq with constant scalar curvature; we call v, the potential associated to w,
such that fX\D vrvol”” =0, 7 =0, 1. Finally we consider the e-geodesic (v§)ico,1]
from vy to vy for € > 0 small; thus we have v = vy, 7 = 0,1, and if one sets
fi = #, we have vF — ’81}§|iv5 =cff forallt € [0,1] := 1.

t

Remember that we have on 9§ and dvy, as well as on |i851}§ |w, uniform bounds
on (X\D) x I independent of e. Set E° : t — E(vf); according to Proposition 1.6,

EE(t) = / |Dsos|? . vol ™ —/ €Sy vol” +e5 Vol (20)
X\D “t X\D
for all t € I, where Dj stands for V, _d.

5.2.1 A crucial inequality

We work now with frozen ¢ on the second summand of the right-hand-side of
(20), which we can rewrite as —¢ [ X\D fisi voli with the obvious simplifications of

notations. Since s{ = 2A¢5 et o = g, + 100 log(f?), it follows that

fistvoli =2 [ g7 (tni(0.) ~ Aflog(/) vol;.

X\D X\D
Now log(ff) € C(X\D), so integrating by parts yields fX\D feAs log(ff) vol; =
Jxp [d1og(ff)[5; vol”. Thus, (20) rewrites, after noticing also vol¥ = V;‘f:, inte-
t

grating on I and dividing by ¢:

Diosls; . a2\ qw _

————vol*dt — 2 (trf(0w) — |dlog(f; )‘wf) vol* dt = —§ Vol
(X\D)xI efi (X\D)xI

because E°(0) = E°(1), as our extremities are potentials of constant scalar curva-

ture metrics. Use now the inequality o, < —cw to get:

| Dy I 2

/ ——— + (2ctrf(w) + 2|dlog(f7)|2:) | vol* dt < —s Vol :=C, (21)
(X\D)xI efi ¢

for all e > 0. This inequality, or rather the three inequalities it contains (every

summand in the bracket is nonnegative), are essential in obtaining the controls of

the next paragraph.

5.2.2 L? bounds, weak limits, and conclusion

Now that we have inequality (21) as well as uniform controls independent of &
on some second-order derivatives of (vf), we can use Chen’s computation, and get
some control on the following objects: wf :=log(ff), X7 := #5005, Yy := e i XF,
forall t € I, e > 0. We can sum up those controls this way:
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Lemma 5.3 (X¢).q is bounded in L*(|- |, vol* dt), (Y8)5>0 is bounded in L> (|-
|, vol“ dt), and (EY,E)DO is bounded in LI(| - |, vol” dt), 1 < ¢ < 2.
Moreover (w?).s¢ is bounded in Lp(vol‘” dt) for all finite p > 1, and (e_“"z)

— e>0
is bounded in L™ and (8w?)6>0 is bounded L*(] - |, vol* dt).
Finally, (e*w‘EEX,E)DO tends to 0 in the L(| - |,,vol“dt), 1 < g < 2.
Proof. |Chel, p.225-229. [ |

We extract subsequences converging in those respective LP spaces and denote
the limits by replacing the € by 0. This does not lead to some ambiguity, since for
instance 0Y.° coincides with the weak limit of Y=,

We want now to show that 9X° = 0, from which we are not so far formally, since
if everything was smooth we could write 9.X0 = e’ (5Y0+5w9®Y,0) = 0. To reach
this, we have to make a detour by truncated versions of X°, namely the X%F :=

(E?:o (wj—(;)j)Yo defined for k& > 0.This provides us that 0X° = 0 in the sense of
distributions, i.e. for every v of the correct type, f(X\D)XI (X?,00(t)) vol* dt = 0.
From this we pass to the statement that on almost every slice (X\D) x {t},
0X} = 0; since the space of holomorphic L? vector fields is reduced to 0 by
Proposition 5.2, X7 = 0 for those t. Now in an open set of holomorphic coordinates,
ov; = > e (97) it(X§)Fdz;. The right-hand-side term thus tends weakly to 0, as
g¢ is bounded independently of e. Hence dvf tends weakly to 0 in L?; on the other
hand, for every € > 0 and at any point, d(v; — vp) = v — Ov§ = fol 0vidt, hence
for all (2m — 1)-form 1 with compact support in X\ D,

1 ~
(d(v: — v0), ¥) :/ d@f/\z/;dt:/ dig A dt = (di, §),
0 (X\D)xI

where (-, t) = 1 for all ¢ € [0,1]. Letting e go to 0, this says that d(v; — v) = 0
is the sense of distributions, hence vanishes since it is locally smooth. This implies
vo = vy up to a constant, hence wy = wy (and vy = v; by normalization). The
reader is referred to [Chel, p.229-231, for the details. O
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