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Abstract

In this paper we consider a punctured Riemann surface endowed with a Hermitian
metric which equals the Poincaré metric near the punctures and a holomorphic line bundle
which polarizes the metric. We show that the Bergman kernels can be localized around
the singularities and its local model is the Bergman kernel of the punctured unit disc
endowed with the standard Poincaré metric. As a consequence, we obtain an optimal
uniform estimate of the supremum norm of the Bergman kernel, involving a fractional
growth order of the tensor power.
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1 INTRODUCTION

In this paper we study the Bergman kernels of a singular Hermitian line bundle over
a Riemann surface under the assumption that the curvature has singularities of Poincaré
type at a finite set. Our first result shows that the Bergman kernel can be localized around
the singularities and its local model is the Bergman kernel of the punctured disc endowed
with the standard Poincaré metric. The proof follows the principle that the spectral gap



of the Kodaira Laplacian implies the localization of the Bergman metric [MMI]. By a
detailed analysis of the local model we deduce a sharp uniform estimate of the supremum
norm of the Bergman kernels.

Let us describe our setting. Let ¥ be a compact Riemann surface and let D =
{a1,...,an} C X be a finite set. We consider the punctured Riemann surface ¥ = ¥\ D
and a Hermitian form ws, on ¥. Let L be a holomorphic line bundle on ¥, and let h be a
singular Hermitian metric on L such that:

() h is smooth over ¥, and for all j = 1,..., N, there is a trivialization of L in
the complex neighborhood Vj; of a; in ¥, with associated coordinate z; such that

1117 (2) = [log(|2;]*)]-

(B) There exists € > 0 such that the (smooth) curvature R” of h satisfies iRF > ews, over
¥ and iRF = wy, on V; := V;\{q;}; in particular, wy = wp~ in the local coordinate
zj on Vj and (¥, wsy) is complete.

Here wp+ denotes the Poincaré metric on the punctured unit disc, normalized as follows:
dz N dz

11 * :: _— .
(L) B R log2([+?)

For p > 1, let h? := h®P be the metric induced by h on LP|x, where LP := L®P. We

denote by H (02)(2, LP) the space of L?*holomorphic sections of L? relative to the metrics

hP and wy,

(12) Hy (5. 17) = {5 € HOE.17) s |81 = [ [Sfws < o0,
0

endowed with the obvious inner product. The sections from H (2)(2, LP) extend to holo-
morphic sections of LP over X, i.e., (see [MMI] (6.2.17)])

(1.3) H{y (X, LP) € HY(3, LP).

In particular, the dimension d,, of H (02)(2, LP) is finite.
We denote by B, € C*°(X,R) the Bergman kernel function of the space H&)(Z, LP),
defined as follows: if {S}}¢>1 is an orthonormal basis of H, ?2)(2, LP), then

dp
(1.4) By(x) = ) 57(2)[7»
=1

Note that B, is independent of the choice of basis (see [MMI, (6.1.10)] or [CM) Lemma
3.1]). Let BY" be the Bergman kernel function of (D*,wp-,C, [log(|z[*)|"|-]).

The main result of this paper is a weighted estimate in the C"*-norm near the punctures
for the global Bergman kernel B, compared to the Bergman kernel Bg’* of the punctured
disc, uniformly in the tensor powers of the given bundle.

Theorem 1.1 Assume that (X, ws, L, h) fulfill conditions (o) and (). Then the following
estimate holds: for every integer £,m > 0, and every § > 0, there exists a constant
C =C(l,m,0) such that for all p € N*, and z € V1 U...U VN with the local coordinate z;,

in the sense of ,

* — —(S
(1.5) 1B, = BY| | (z) < Cp*[log(l4)] .



Remark 1.2 Theorem[I.1] admits a generalization to orbifold Riemann surfaces. Assume
that 3 is a compact orbifold Riemann surface, and the finite set D = {ay,...,an} C
does not meet the (orbifold) singular set of ¥.. Assume moreover that L is a holomorphic
orbifold line bundle on . Let ws. be an orbifold Hermitian form on ¥ and h an orbifold
Hermitian metric on L in the sense of [MMI, §5.4]. The proof of Theorem can be
modified to show: If conditions («), (B) hold in this context, then holds. In fact, the
elliptic estimate [DLMI), (4.14)] and the finite propagation speed of wave operators hold
on orbifolds as observed by [M, §6/, so the arguments used in this paper go through for
orbifolds to get the conclusion.

By [MM1, Theorems6.1.1, 6.2.3|, for any compact set K C ¥ we have the following
expansion on K in any C"™-topology (see Theorem ,

1 1 < _;
(1.6) I;Bp(x) =5t Z bj(z)p™’ as p — 0o.
j=1

Theorem gives a precise description of B, near the punctures, in terms of the Bergman
kernel function of the Poincaré metric on the local model of the punctured unit disc in C.
Note that in the case of smooth metrics with positive curvature the Bergman kernel can
be localised and its local model is the Euclidean space endowed with a trivial bundle of
positive curvature, see [MMI1| Sections 4.1.2-3]. This kind of localization is inspired from
the analytic localization technique of Bismut-Lebeau |[BL| in local index theory. For the
problem at hand here we have to overcome difficulties linked to the presence of singularities.

From a study of the model Bergman kernel functions BE)* on the punctured unit disc,
we get the following ratio estimate as a corollary of Theorem and Corollary [3.6}

Corollary 1.3 Let (3,ws, L, h) be as in Theorem . Then

2
(1.7) sup By (z) = sup % = <£)3/2 + O(p) as p — o0o.
z€x reS,0eHY (8,L7) lo[|7 2 2m
It is, to our knowledge, the first example of a uniform L°° asymptotic description of
the Bergman kernel function of a singular polarization. This is of particular interest in
arithmetic situations. Note that the work of Burgos et al. [BrBK| [BuKK]| developed the
arithmetic intersection theory for log-singular Hermitian metrics, showing in particular
that Arakelov heights can be defined, and applied successfully the theory for the Hilbert
modular surfaces. Our results provide some possible applications in this direction. For
example, the classical arithmetic Hilbert-Samuel theorem [GiS| for positive Hermitian
line bundles is usually used to produce global integral sections with small sup-norm; a
combination of the recent work [BF] with the distortion estimate of our Corollary
should give some interesting arithmetic consequence for cusp forms on arithmetic surfaces
and Hilbert modular surfaces.

Corollary is also quite striking from a Kéahler geometry point of view, as the supre-
mum of the Bergman kernel is equivalent to (%)n on compact polarized manifolds of
complex dimension n (cf. Corollary [2.3).

Note also that the behavior of the Bergman kernel on singular Riemann surfaces is
relevant for the theory of quantum Hall effect [LCCW]| and attracted attention recently.

We give an important example where Theorem applies. Let ¥ be a compact Rie-
mann surface of genus g and consider a finite set D = {a1,...,any} C X. We also denote
by D the divisor Z;Vﬂ aj and let O5(D) be the associated line bundle. The following



conditions are equivalent:

(i) ¥ =¥ \ D admits a complete Kihler-Einstein metric wy, with Ricy,, = —ws,

(i) 29 —2+ N >0,

(iii) the universal cover of ¥ is the upper-half plane H,

(iv) L = K5y ® O5(D) is ample.
This follows from the Uniformization Theorem [FK| Chapter IV] and the fact that the Eu-
ler characteristic of ¥ equals x(X) = 2—2g— N and the degree of Lis 2g—2+ N = —x(X).
If one of these equivalent conditions is satisfied, the Kéhler-Einstein metric wy, is induced
by the Poincaré metric on Hj; (X, wy;) and the formal square root of (L, h) satisfy conditions
(o) and (B), see Lemma Theorem hence applies to this context. Let I' be the
Fuchsian group associated with the above Riemann surface ¥, that is, ¥ =2 I'\H. Then T'
is a geometrically finite Fuchsian group of the first kind, without elliptic elements. Con-
versely, if I' is such a group, then ¥ := I'\H can by compactified by finitely many points
D = {ay,...,ayn} into a compact Riemann surface ¥ such that the equivalent conditions
(1)-(iv) above are fulfilled. Let Szrp be the space of cusp forms (Spitzenformen) of weight 2p

of I' endowed with the Petersson inner product. We can form the Bergman kernel function
of Sg as in ((1.4), denoted by B]E . We deduce from Corollary

Corollary 1.4 Let I' C PSL(2,R) be a geometrically finite Fuchsian group of the first
kind without elliptic elements. Let B}; be the Bergman kernel function of cusp forms of
weight 2p. If T' is cocompact then uniformly on I'\H,

(1.8) Bl (x) = g +O(1),  asp— o

If T' is not cocompact then

3/2
(1.9) sup Bll;(a:) = (E) + O(p), as p — oo.
reT\H 0

Uniform estimates for sup,cr\g B}; (x) are relevant in arithmetic geometry and were
proved in various degrees of generality and sharpness in [AU, MU, [JK| [FJK]. In [EJK]
it is proved that in the cofinite but non-cocompact case supyepr\u B}; (z) = O(p/?) and
the result is optimal, at least up to an additive term in the exponent of the form —e for
any € > 0. Estimate gives the precise coefficient of the leading term p*/? and is
sharp (by killing the “e from below” from [EJK]). Estimate is the consequence of the
general expansion of the Bergman kernel on compact manifolds [T}, [Boul, [Cal [Z] (cf. also
[DLMT, MMT] and Theorem [2.1)).

It turns out that Corollary[T.4]can be formulated so as to underline a certain uniformity
in T, in the same fashion as in [EJK]:

Theorem 1.5 Let T'y C PSL(2,R) be a fized Fuchsian subgroup of the first kind without
elliptic elements and let I' C T'g be any subgroup of finite index. If T'g is cocompact, then

(1.10) Bg(a:) . Or, (1), as p — oo.
T
If Ty is not cocompact then

3/2
(1.11) sup Bg(:z) = <B> + Or, (p), as p — oo.
z€l\H ™

Here the implied constants in Or,(1), Or,(p) depend solely on I'y.



Note that is a special case of a more general result which is implied in [MMI],
§6.1.2] and which we state as Theorem in Section

We consider further extension of Theorem [I.5|to the case when the group I'y has elliptic
elements. Then the quotients I'\H are in general orbifolds. By using the result of Dai-
Liu-Ma [DLMI], (5.25)] on the Bergman kernel asymptotics on orbifolds and the orbifold
version of Theorem [I.1] we obtain the following.

Theorem 1.6 Let I'y C PSL(2,R) be a fized Fuchsian subgroup of the first kind. Let
{l‘j}gzl be the orbifold points of To\H and Uy, be a small neighborhood of x; in To\H. Let
' C Ty be any subgroup of finite index and 7p : T\H — To\H be the natural projection. If
[y is cocompact, then as p — oo

q
p . —
(1.12) Bg(az) = + Or, (1), wuniformly on (I'\H) \ U er(ij).
j=1
On each Wfl(Umj) we have as p — oo,

(1.13)  Bl()= (1 + > exp (iphy - p(1 - ew“’)]z\2>> £+ 0, (1),

Wégg\{l}

0

where ZE; € 75 () is in the same component of w;l(ij) as z, €% is the action of v

on the fiber of Kp\g at xg, and z = z(x) is the coordinate of x in normal coordinates z
centered at mg in H, and I'y = {y € I' : vy = y} the stabilizer of y.

In particular, if qo = lem{|Toy,| : j = 1,...,q}, np = max{|[[y| : y € mot(25),5 =
1,...,q}, then

qop
(1.14) sup Bi () = nr— + Or,(1).
x€l\H dop ™ ’
If Ty is not cocompact then as p — oo
3/2
(1.15) sup BL(z) = (%) + Or, (p).

e\ H
Here again the implied constants in Or,(1), Or,(p) depend solely on T'.

Theorems sharpen (in an optimal way) the main result of [FJK]| which states that

(1.16) sup Bl (z) = {OFO (p) if T is cocompact,
. T () =

zel\H Or, (p?/?) if I'y is not cocompact.

We obtain in this way the the precise leading terms in (|1.16)).

This paper is organized as follows. In Section[2] we recall the Bergman kernel expansion
of complete Kéhler manifolds and introduce the functional space we need further. In
Section [3] we study our model situation: the Bergman kernel on the punctured unit disc
with Poincaré metric. In Section [d] we establish the basic weighted elliptic estimate on
the punctured unit disc with Poincaré metric uniformly with respect to the p-th power
of the trivial line bundle with Poincaré metric. In Section [5, we develop the spectral gap
properties of the Kodaira Laplacian and give a rough uniform estimate of an approximation
of the Bergman kernel. In Section[6] by combining the finite propagation speed of the wave



operator and Section [b, we establish finally the main results stated in the Introduction.
In the Appendix [A] we prove a technical result, Lemma [3.4]
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2 PRELIMINARIES

In Section we recall by following [MMI] the asymptotics of the Bergman kernels on
complete manifolds and prove some results of independent interest about this expansion
on Riemann surfaces with locally constant curvature and also about its behavior with
respect to coverings. In Section [2.2) we introduce some functional and section spaces that
will be used throughout the paper.

2.1 Expansion of Bergman kernels on complete manifolds

For a Hermitian holomorphic line bundle (L, ) on a complex manifold we denote by R”
its Chern curvature and by ¢1(L, h) = 5= R” its Chern form.

Let (M,was) be a complete Kahler manifold of dimension n and (L, h) be a Hermitian
holomorphic line bundle on M and Kj; be the canonical line bundle on M. Then the
L?-norm on C3°(M, LP), the space of smooth sections of LP with compact support, is
defined for any s € C§°(M, LP) by

wn
(2.1) lslis = [ lsta)h At
M n:

Let L?*(M,LP) be the L%-completion of (C5°(M, LP),|||;2). We denote by (-,+) the
inner product on L?(M, LP) induced by this L?-norm. Then the Bergman kernel func-
tion By(x) € C*°(M,R) is still defined by with {S}}¢>1 an orthonormal basis of
H(02)(M ,LP), the space of L2-holomorphic sections of LP on M with respect to .
The Bergman kernel B, (x,y) is the smooth kernel of the orthonormal projection from
(L*(M, LP), ||+||z2) onto H&)(M, LP). We have

22)  Byley) =S @) @ (SUy) € L@ (L2, and By(s,z) = By(w).

>1

Here (S)(y))* € (L})* is the metric dual of S7(y) with respect to h?.
The Bergman kernel function ((1.4) has the following variational characterization (see
[CM, Lemma 3.1]):

(2.3) B,(z) = max {|S(x)\,%p . S € HY (M, L?), ||S|p2 = 1}.

We recall the expansion theorem for the Bergman kernel on a complete manifold [MMI),
Theorem 6.1.1].

Theorem 2.1 Let (M,wys) be a complete Kihler manifold of dimension n and (L, h) be
a Hermitian holomorphic line bundle on M. We assume there exist € > 0, C' > 0 such that



iRL > cwys and Ric,,, > —Cwys, where Ric,,,, = iR s the Ricci curvature of wyr.
Then there exist coefficients bj € C°°(M), j € N, such that for any compact set K C M,
any k,m € N, there exists C x> 0 such that for p € N¥,

k
1 .
24 ’73 _E b. —JH < Chmrp ¥l
(2.4) o p(2) pa ji(2)p om(K) km,K D
where
L, h)" b

(2.5) by = cl(wn) b = 872 (ro — 2A,,log by),

M

and 1y, Ay, are the scalar curvature, respectively the (positive) Laplacian, of the Rieman-
nian metric associated to w := c1(L, h).

We write (2.4) shortly as
k .
(2.6) By(x) =Y bij(@)p" 7 + 0" ),

For compact or certain complete Kéhler-Einstein manifolds the expansion was obtain by
Tian [T for £ = 0 and m = 2. For general k, m and compact manifolds the existence of
the expansion was first obtained in [Cal [Z].

The proof of [MMI1, Theorem 6.1.1] yields immediately the following localization prin-
ciple for Bergman kernels used in the proof of Corollary 2.4 Namely, the asymptotics
of By(x) depend only on the geometric data in any neighborhood of € M. Hence,
the Bergman kernel function asymptotics are the same on two open sets (in two possibly
different manifolds) over which the geometric data are isometric.

Theorem 2.2 Let (M, wyr,), (Ma,war,) be complete Kihler manifolds of dimension n
and (L1,h1) — My, (La, he) — My be Hermitian holomorphic line bundles. We assume
there existe > 0, C' > 0 such that for j = 1,2 we have iRLi > ewn; and Ricy,), > —CwM]..
Assume moreover that there are open sets U; C M, j = 1,2, and biholomorph%c isometries
O :U; — U, ¥ : (Li|yy, h1) = @*((L2|u,, h2)), where U is also a bundle isomorphism.
Let us denote by Bj, the Bergman kernel functions of H?Q)(Mj,l/;), 7 =1,2. Then for
any k,m € N and any compact set K C Uy, we have

Biy—Bapo®=0(p ") in C™(K) as p — 0.

In particular, if by ; and by ; denote the coefficients of the expansion (2.6) of Bi, and
By, then by j = by jo ® on Uy for all j € N.

We immediately obtain from Theorem [2.1] uniform sup-norm bounds for the Bergman
kernel on compact subsets.

Corollary 2.3 Under the hypotheses of Theorem let K C M be a compact subset
such that iRV = wyr on K. Then uniformly on K,

(2.7) By(x) = (%)n + 0", as p — oo.

In the case of dimension one and constant curvature we can state the following.



Corollary 2.4 Assume that M in Theorem[2.1) is a Riemann surface and there exists an
open set V' such that wy has scalar curvature —4 and iRY = wyr on V.. Then for any
k,m € N and any compact set K C 'V,

1 1 ‘
(2.8) By(z) = oy + O~ in C™(K) as p — co.
Proof. — From ) follows that by = 5= and by = —5- (note that r, = —8m), thus
the task is to prove that the coefficients b; of the expansions , . ) vanish on V for
j > 2. We divide the proof in three steps.

Firstly, it is easy to observe that b; are constant functions on V' for all j € N. Indeed,
by [MMI1l, Theorem 4.1.1] we know that b;, j € N, are polynomials in the curvatures R
and RT"”M and their derivatives. On V we have iRL = wyr and iRTHOM —2wr-
Thus all the derivatives alluded to above vanish on V', hence b; are polynomials just in
RL and RT"OM , hence constant functions on V, for all j € N.

Secondly, we prove the assertion of the Corollary for a compact Riemann surface 3y
with genus g > 2, such that 3; ~ I'1\H, with I'; a cocompact Fuchsian group. We endow
Y1 with the metric wy,, induced from the Poincaré metric of H with scalar curvature —4.
We consider the line bundle L; = T*(l’O)El = Ky, endowed with the metric h; induced by
ws,. Thus iR = 2wy, . Let By ,(z) be the Bergman kernel function of H°(Xy, LY). By
our observation above, the coefficients b; ; of the expansion are constant functions
on X for all j € N. Thus

k

(2.9) Bl,p Zbl,]pl J + O(p k= 1)
7=0

By the Riemann-Roch theorem, for p > 1,

. 1
(2.10) / By y(2)ws, = dim HO(Sy, L?) = / <p - 5)@(1{21, ha),
21 E1

and c1(Kx,,h1) = %wgl. By plugging the expansion into , identifying the
coefficients of the powers of p and taking into account that b; ; are constants we get
1 1 ,

(2.11) b170 = ;, b171 = —%, b17j =0 for ] > 2.
Thirdly, we use the localization principle for Bergman kernels formulated in Theorem [2.2]
We now identify holomorphically and isometrically L? on a neighborhood of = € V to
L; on an open set of ¥1. Indeed, by [W, Theorem 2.5.17 and Corollary 2.5.18], near z,
the surface is locally isometric to the Poincaré upper half-plane H, and the holomorphic
structure of the surface is determinated by the conformal structure fixed by the metric,
thus we obtain a holomorphic and isometric identification ¥ of a convex neighborhood U
of x € V to an open set of X1. Then the curvature of the Chern connection on the line
bundle L? ® ‘Il*Kgll with the induced metric h is zero on U. If ¢ is a holomorphic frame of
L? ®\IJ*K§11 on U, this means that 90 log ]a|% = 0, so there is a holomorphic function f on
U such that log|o|? = 2Imf (which holds in any dimension). Now e~/ is a holomorphic
frame of L? ® \P*Kgll such that |e=f o2 = 1 on U, and this yields a holomorphic and
isometric identification of L? to ¥*Ky;,.

By Theorem we know the asymptotics of By,(x) is as same as of By, thus from

(2.9) and (2.11)), we get that (2.8) holds uniformly on K C V. O



Observe that if (X, wy, L, h) fulfill conditions («) and (), the hypotheses of Corollary
are satisfied for V.= V; U ... U Vx (note that the scalar curvature of the Poincaré
metric equals —4), thus holds on any compact set K C Vi U...U Vy.

The following result is a direct consequence of the proof of [MMI, Theorem 6.1.4], and
for completeness, we include the proof in Section [6]

Theorem 2.5 Let (M,wys, L, h) be in Theorem and assume moreover that M is com-
pact. Let w1 (M) be the fundamental group of M and M be the universal covering of M.
For any subgroup T' C w1 (M) with finite index, we define the Bergman kernel Bg(x, y) on
F\M with the pull-back objects from 7 : F\]Tj — M. Then for any k,m € N, there exists
Cr,m > 0 such that for any I' as above we have

—k—1

(2.12) ‘ Crmp F 71,

1
I;B,f(w) -
J

k
il —Jj <
) (ris) o) -

where b; are the coefficients of the expansion (2.4) on M.

2.2 Functional spaces, section spaces

We define a few functional spaces, that will be much helpful in what follows.

(i) C°(D*,wp+) is merely the space of bounded continuous functions on D*, endowed
with the sup norm; notice that the reference to the metric, needed when considering
bounds on derivatives, is superfluous here.

(ii) Let U C ¥ be an open set. The space CF(U,ws) is defined as the set of C*
functions on U bounded up to order k on U with respect to the metric wy, and endowed
with the natural norm:

CMU,ws) = {f € C¥U) : |flcrwy) < 0}
with

(2.13) [fllex@ws) = ilelg\f\ok(ﬁf)’ [flew@) = (14 1V flog + -+ 1Y) Flug) (@),

V* being the Levi-Civita connection attached to ws:.
In the same vein, C*(U,ws;, LP, hP) is the space of C* sections of LP on U such that
the following norm is bounded for o € C*(U,ws, L, h?):

9.14 0|k (@) = (lolne + [VP¥0l,, o 4+ (V) o], ) (@),
A P sup o] (1 (@) < 00,

with V¥ is the connection on (T%)®* ® LP induced by the Levi-Civita connection asso-
ciated with ws; and the Chern connection relative to hP.

(iii) For k > 1, the space L** (E,wg,Lp,hp) is the Sobolev space of sections of the
line bundle LP endowed with the Hermitian norm AP over ¥, which are L? up to order k,
with respect to wy and AP. This way, elements of L>* (2,&)2, LP, hp) are sections o of LP

with Li;f regularity on ¥, such that:

(215) Ho—”ig’k(}l) = /2 (’0-|%p + ‘vp720—|}21p7&)2 + e + ‘(Vp,z)kg‘ip’wz)wz < Q.



Alternatively, L>* (Z, wy, LP, hp) is the || ||L§,k(h) closure of the space of smooth and com-
pactly supported sections of LP over X, with H”ig’“(h) defined in (2.15)). For k = 0 we
simply denote ||- ||L§’°(h) by |- ”Lg(h) and the corresponding inner product by (-, «),.
When we apply this definition for the trivial line bundle C endowed with the non-
trivial Hermitian norm |log(]z\2)‘p ho (the trivial Hermitian norm being hg), we get the
space L>* (ID)*,w]D*,(C, D*)-
(iv) We also need in the localization procedure below some weighted Sobolev spaces on

(3, ws) (resp. on a double copy of (X, ws)). We first define the weight function p on ¥ as
a smooth function, equal to 1 far from the punctures, to {log(|zj|2)‘ near the puncture a;,

log(|z[?)|"ho) and the norm ||'HL2,k(
P

and everywhere > 1. Let now k € N, and ¢ > 1; the weighted Sobolev space L;]V’fd(Z,wg)
is defined as the space of Li](’)]z functions f on X, such that:

(2.16) 17120 ;:/Zp(|f,q+...+ (VD)2 Y, < o

Notice moreover that ¥ x ¥ is the complement of a simple normal crossing divisor in a
compact Kdhler manifold, namely ¥ x ¥ = (EQ) D with D = (D x ¥) 4+ (X x D). This
way, the natural product metric wyxy is a Kéhler metric of Poincaré type on ¥ x ¥ (see
e.g. [Auv, Def. 0.1]). Analogously, Lgv’fd(E X ¥, wyxy) is the space of Lﬁ;lz functions f on
¥ x X, endowed with the product metric wyxx(z,y) = ws(x) + wx(y) such that

(2.17)
1A 0 = / p()p() (1 (2, )" + ..+ (V2 f ()|, o Jws(@)ws (y)
" ppesxs
is finite.

Lemma 2.6 a) We have L‘lﬂ’gd(Z,wz) — CU(Y), i. e., there exists cg > 0 such that for
all f € Liv’fd(E,wg) we have

(2.18) [ fllco(sms) < CO”fHLivfd'

b) There are continuous embeddings

(2.19) L2F (2 % B, wses) < C™ (2 X X, wsxs)
for all k, m such that k > m + 2.

Proof. — a) is from [Biq, §4.A and Lemme 4.5]. For b), after noticing that the proof of
[Big, Lemme 4.5] remains valid close to the divisor D C ¥ x X but far from the crossings
(aj,,a;j,) € ¥ x X, we work around one of these, just as in the proof of [Auv, Lemma 4.2].
More precisely, we choose two small punctured discs D}, and Dj, around a;, and aj, in

each X respectively, and cover the product Dy, xID}, in ¥ x 3 with help of (self-overlapping)
holomorphic polydiscs:

(I)gl,gQ : ID)E X ]De — ]D):l X D:Q

_2[11"'_7“ _2@2%"’7”
(u,v) — (e —u e v,
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with £1, £ > 0, and 0 < € < 1 fixed independently of 1 and f3. This way, D}, x D}, C
Uzy rp=0 ®e1.65(De x De), and we can even assume that Dy, x Dy, C U7 5,—0 Pey 65 (Dey2 X
D/2). Moreover, for any (¢1,42),
tdu N du . idv A\ dv
(T —=ful)* (1 —0[*)?
which does not depend on (¢1, f2). On the other hand, (®¢, ¢,)*p(x) = 261“‘% , which
is of size 201! for |u| < €, with derivatives (at every order) of the same size for w, and
similarly for (®4, s,)*p(y) with 2¢2+1,

Set U =D,, xD,, C X x 3, so that ]D)* x Dy, = U\D. Take w € Lq’td(E X 3, wyxy),
g>1,k>0, and pick m >0, m <k — 6’ SO that w € C™(U \ D); what precedes thus
yields:

(220) (®617f2)*w2><2 —

= w,

q
Hw”Cm (U\D) < 18721;0 ”((I)fh@)*chm(De/Qx]D

< Z (I)Kl,EQ w”om 5/2XD5/27w)
£1,62=0

5/27w)

o.9]
1 l1+02+2 * q
221) = 3 g™ @) W, 0, 00
1,£2=
= 1
> gl (@) (o) ()
£1,02=0
oo

1 *
s¢ Z 2l 102 [(®e1,02)" (p(2) )HLq *(DexDe,w
01,62=0

1
)| Gm, gxD, 0)

by the fized usual Sobolev embedding (or, more exactly, continuous restriction)

L‘I’/’“(DE X De, ) — Cm(De/Q X DE/27W)

applied to all the (®, ¢,)* (p(a:)%p(y)%w) Now, observe that our choices provide

[e.o]

1
222) Y g @) (@) pw) w) S 5, x5 )
l1,02=0

D[l (0(@)7 (1) 7)o g o)

as the @y, 4, (D x D) self-overlaps are of order 20+ and as each Oy, ¢, (De x D) overlaps
only a finite number of other A (D¢ x D), this number being bounded independently
of #1 and ¢5. Hence

lwli¢

< C||(p(z)x

m(U\D) 7p(y qw)Hqu IXT,wsnxs)

and one concludes by specializing to ¢ = 2, and gathering such estimates around the
crossings (aj,, aj,) with analogous estimates along the divisor D C ¥ x ¥ and far from the
crossings, and estimates far from the divisor. ([l

3 BERGMAN KERNELS ON THE PUNCTURED UNIT DISC

In this section we give a detailed description of the Bergman kernel on the punctured unit
disc. We first obtain an explicit formula in and then in §3.2|we get precise asymptotics
near the puncture by using a natural rescaling.
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3.1 Expression of the Bergman kernels on the punctured unit disc
Let p € N*, and
(3.1)

(2) 2)‘ph‘0)7

be the space of holomorphic functions S on D* with finite L*-norm defined in Section

(iii) for £ = 0. The purpose here is to study of the Bergman kernel of Hé) (D*), as p — 0.

(D*) := Hy) (D", wo-,

Lemma 3.1 For p > 2, the set

(3.2) {(%(pr_l)Jlmzf:eGN,eZ 1}

forms an orthonormal basis of Hé) (D*).

Proof. — Let H%(D,C) be the space of holomorphic function on D. By [MMI], (6.2.17)],
we know

(3.3) o’

(o (D) C H(D,C).

Note that for p > 2, £ > 1,

idz N\ dz
/D* }log(!z\Q)]wa* :/ |log(| ’ ’p ? \z|2

(3.4)
/ 2P~ 1d9/ |log r[P2— dr = 00,
Sl
and
_ idz N\ dz
P oe(l=) e = [ fog(ef?) e S
. E
(3.5) / op—1 d@/ 21 log r|P~2 dr
Sl
_ 2r(p —2)!
By , and the circle invariance of wp+ and }log( ]2\2)‘10 ho, the set (3.2) forms an
orthonormal ba51s of Hé) (D*). O

Remark 3.2 Notice that a similar computation shows that the elements of H2)(E,Lp)

are, for p > 2, exactly the sections of LP over the whole ¥ wvanishing on the puncture
divisor D = {ay,...,an}.

Back to D* and according to Lemma , the Bergman kernel of Hg) (D*), for any
p > 2, is thus

. log Iy\
. BD | }: p—1,

Here the metric dual of the canonical section 1 with respect to hg is identified to 1, hence

the metric dual of 1 with respect to ‘log |2|2 |phg is 1*(2) = ’log | 2|2 ‘pl. Specializing to

the diagonal, we get in particular the Bergman kernel functlon of H g’ )(D*) for all p > 2,
D* |log 121) p—11.12¢
(37) BY ()= poe o Ze .

This readily provides the behavior of BE)* far from 0 € .
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Proposition 3.3 For any 0 < a <1 and any m > 0, there exists ¢ = c¢(a) > 0 such that

(38) HBTED*( B 7”6””({a<\z|<1}wﬂ)*) =0(e™) asp— .

More generally, for any 0 <a <1 and 0 <y < 5, there exists ¢ = c(a,y) > 0 such that

* P — 1 —enl—2v
3.9 |8 -2 —O(e — 0.
( ) p (Z) o'r Cm({ae*P’Y§|Z|<1},wD*) (6 ) as p (0.8}
Proof. — Let us recall the celebrated formula from complex analysis:

1 1
—5— = Z — 3 on C N\ 7Z.
sin“w = (w— k)
Thus for ¢ > 0,
1
3.10 = = (P %) 1
(3-10) 2 hir 2 Z c
keZ

Combining (3.7)), (3.10) with an easy induction on p > 2, one gets the identity

D* ) = (p—1) ]log Z| ‘p
By ) =T 2 it + o (=P

(3.11)
( ( " Z ‘log ElR ‘p )
het mo (2IRT + [log(|2[?)[)?
To obtain (3.8) for m = 0, from (3.11)), for p > 2, we use
Z |log |z 2)‘17
; 2
kEZ, k£0 |2ikm + [log(|2|*)[|P
27)? s }log |z )‘ B
(3.12) <2 l—i—(i for 0 < |z| <e 1/2,
llog(|2]2)[” ; 2k7)? + [log(|2[2) 2
[log(|2*)[” P - _ -
< 2|1 2km) P f /2 < 1.
i Z |2ik7 + [log(|z]2)[|P = | og(|2[? } Z( ) or e <z <
€7, k#0 k=1

For m > 1, by considering separately a < |z| < e~1/2 and e71/2 < |2| < 1 as above, we

get again ({3.8]) from (3.11)).
~1/2 from

For ae ™" < |z| < et

‘log l—i—& _%Zcpfz’ya
|log(]2[?) | log(|2?)|

i [log( IZ ) N O™
(2km)? + [log(|2[?)[* ~ &= (2km)* + 1

and (3.12), we get also (3.9). O

Observe that the expected behavior for an Einstein metric of scalar curvature —4 such
as wpx, at least on compact subsets of D*, according to , Theorem and Corollary
, is B;]?* (2) — % = O(p~°). From our explicit description of B;D)*, we hence benefit
an improvement, namely exponential decay of the remainder, and extension of such an
asymptotic result up to the exterior boundary 0D of D*, as well as an estimate on how
close to the singularity 0 € D such an exponential decay holds.

(3.13)

13



3.2 Asymptotics of the density functions near the puncture

We are also interested in a global description of B]]?* up to the singularity 0 € D, especially
in the geometric context of Theorem [I.T], and such a description requires another angle of
attack. Let us simplify notations: for p € N*, set

‘logy‘p—i-l 00
bp(y) = Zep for y € (0,1),

p(§) =ef \logf\ fOl“ £€(0,1),
v(p) = (2mp)2pPe P (p)) 7! ~ 1.
Note that by Stirling’s formula and (3.14)),

(3.14)

(3.15) v(p)=0@p ) asp— oo
By (3.7) and (3.14)), we have
(3.16) Bpi1(z) = by(|2|*) for z € D*.

Motivated by the observation that at fixed y, the index of the largest term of the sum
Pyt Py’ is determined by y'/P, we further proceed to the change of variable z = y/?,
and focus on the function f, : (0,1) — R given by:

p+1 oo

fol) = by(a?) = “‘)g o o

pp+2
(3.17) = 7|logx|z equog ))?

(=1
= (%)3/2(1 + v(p))|log z| Z (go(av‘Z
/=1

The smooth function ¢ maps (0,1) to (0,1], with ¢(¢) = 1 iff ¢ = e~!. Thus, for
¢ fixed, x — (gp(xe))p heuristically converges to a thinner and thinner Gaussian-shaped
bump of height 1 centered at e~'/¢, and [log x| >0, (¢(z%))? can thus be thought of as a

e12 o173

series of these bumps centered at e~! , e of respective heights 1 L (because of

) 27
the factor |log x|) and so on; this actually holds for z in “low regime” (z < e p—a’ d>1/2,
say), the “tail” (z > e’ 0<6< 1/2) consisting in an agglomeration of such bumps
mixing up with one another to follow an almost constant behavior near z = 1: see Figure

[ below.

We develop in the following lines some elementary analysis that justifies these heuristic
considerations. First, set

Up(C) = (p(e™9))F = ePU=CH8O  for ¢ > 0,
Go(n) = 67172/2, Gi(n) = 773677'2/2 for n € R.

We prove in the appendix @ the following estimate, linking 1, to the Gaussian-type
functions Gy and Gi:

(3.18)

Lemma 3.4 There exists a constant C' such that for all ( > 0 and allp > 1,

C
[40() = Go(vB1~ ) + 526 (VR ~ )| < s

14
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Figure 1 — The scaled functions (2“)3/2fp on (0,1)

P
For p > 1 and z € (0,1), set
(3.19) - |logx|(zgo 1+ log(x Zgl [1+log(z")])).

Remembering that we are looking for an approximation of |log x| ;2 (cp(xé))p and keep-
ing in mind the relation (3.18) between ¢, p and 1, we state:

Proposition 3.5 There exists a constant C' such that for allp > 1 and x € (0,1),

IS
p+ pllog x|

(3.20) Noga] D ()" = Gyla)| <
/=1

Corollary 3.6 There exists a constant C' such that for all p > 1 and z € D*,

27\ 3/2 C

il / -
(3.21) ‘( P ) (1+v(p) Bp“( 2) = Gyl p)’ = p+ 2|log |z||”
In particular,
(3.22) sup B, (2) = (3-)"* + O(p).

zeD* ™
Proof of Proposition[3.5 — Setting
1

(3.23) 3p(¢) = ¥p(¢) — Go(vp(1 = () +ﬁg1(\/ﬁ(1—é))-
For all p > 1 and = € (0,1), by (3.18)), (3.19) and (3.23]),

‘\logm| Z (cp(xz) ‘ = \logw\‘ Z(S — log(z ‘
(3.24) = N

<logal > 0y(~ log(e®)]:

=1, 4#|log x| 1
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this takes into account the vanishing of 6,(¢) at ¢ = 1. By Lemma the latter is
bounded above by

o0

c 1
e Clogad 3
! (=1, ogal 1 T +p(Llogx +1)

we can thus conclude if we bound this quantity above by an expression of type W?ogwl)'
If0 < [log z| < 2, by bounding the terms associated with £ = | —(logx)~!], [~ (log ) ~!]+

1 by 1, where we note |u] the integer part of u € R, we get

o0

1 da
<924
;::1 1+p(llogz+1)2 — |[logz| Jo 14 pla—1)32
0#|log x| ~1
do

<2+
- |[logz| J_oo 1+ pla—1)2
T

Y, R —
VPl log z|
Thus by (3.24) and (3.25]), for 0 < [log x| < 2,

= Cllogz|  C _C
(3.26) ozl 3 (o(a))” - Gyo)] < B2y 2 < €
— p p’
C 1
p(1+ |loga:|) "1+ \loga:| =3
(3.20]) is proved on the region {0 < |logz| < 2}.

and this yields the upper bound

This way, the estimate

i
Let us assume now that [logz| > 2. Then for all £ > 1, {|logz| — 1 > |o§x|’ thus
|log z|?

(logz +1)2 = (flog | ~ 1) > 1871

and
o0 [ee]
log x|? \logx\Q _ 2n?
3.27 5 < = —.
tAllog |1 -
In other words, by (3.24), (3.25) and (3.27), on the region {|logz| > 2},
S C
3.98 ‘ 1 MNP _ G ‘ <=
(3.28) ozl 3 (#()" = Gyla)] < o
(=1
: : : C :
and this upper bound yields here again an upper bound ———  since ——— <
p(1 + [log ) |log x|
5 hen [logz| > 2. By (]3.26]) and (3.28), we get (3.20)) O

— W . : . .20)).
2(1 + |log x|) 8ol = Y Ve e

Proof of Corollary[3.6. — The first part of the corollary follows at once from Proposition
[B:5l The second part is an immediate consequence of the estimate

(3.29) sup |logz|G,(z) =1+ O(p~1/?).
z€(0,1)
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To establish this estimate, let us prove first that

(3.30) 1< sup [logz| Zgo 1+log(ah)]) =1+ 0@ "?).
z€(0,1) —1

As putting z = e~ in |log 2| 3202, Go (y/p[1+log(zh)]) gives 14372, Go (/P[1+1log(z?)]) >
1, we get already that the sup in (3.30)) is bounded below by 1

Now we have
[—(loga)~t]+1 , ,
(3.31) Z e PIHlog)™ < 9 4 o=p(o82)™/4 if |10 2 < 1,
{=|—(logz)~1]

1+slogx)?

and as a function of s > 0, e P! increases when s < |—(logx)~!| and decreases

when s > | —(logx)~!] + 1, thus

| —(logz) 1| -1 00
( + > )Qo(\/ﬁ[l + log(«")])

/=1 —(logz)~1|+2
(3.32) / Go (VB[ — sllos(x)[]) ds
C
= /Rgo( — /ps|log(z)]) ds = ma

_ -1y
where we just omit the sum Zézgog T llog z| > 1; the transition from the second

to the third line simply comes from the translation s < s + |log z| .
Now |log z|e P(1Hog0)* — (|log x| — 1)eP(llogz|-1)* —I—e p(“‘)gz' n? . By using that the
function n +— ne=" */2 is bounded on R, we get from that for x € (0,1),

(3.33) |logxlzgo p[1 + log(z )]) = inf{1,|logz|} + O(p~'/?), p = .
With similar methods, one proves that

(3.34) sup |logac|zgl [1 +log(z")]) = O(1), p — oo.
z€(0,1) =1

From and -7 we get - U

4 ELLIPTIC ESTIMATES FOR KODAIRA LAPLACIANS ON D* AND X

In this section, we establish a weighted elliptic estimate for Kodaira Laplacians on (D*, wp+)
with weight ‘log (|22 ‘p such that the estimate is uniform on p, and on D*. This is the
essential analyze input in comparison with the compact situation.

Let 8°* be the adjoint of the Dolbeault operator 9" on (LP, hP) over (¥, ws). Then
the Kodaira Laplacian is defined as
41)  O,=@" +8"2=08"3""+3"9" . Q0)(x, L) - QO)(x, LP).

We denote by D?* the above operator when ¥ = D*.
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4.1 Estimate on the punctured disc D*: degree 0

Note that the Poincaré metric (|1.1) on the punctured disc can be written as
(4.2) wp+ = —i00log (— log(|z[*)).

Recall that the norm H'”Lf,’Q(]D)*) was defined in Section (iii). In what follows, we
adopt the notation L for the trivial line bundle C over the open unit disc D, thought of as
endowed with the singular Hermitian metric hp« := |log(|z]2)‘ho; similarly, for p > 1, L?
will implicitly refer to (C, [log(|z[?)|["ho) = (C,Rb.). Notice that with these conventions,

(4.2) can be interpreted as:
(4.3) —iwp~ is the curvature of (L, hp+) (and thus —i pwp~ is that of (LP, h}.)).

We prove in this section the following basic elliptic estimate on the Kodaira Laplacians
DIE}*, associated to the data (]D)*, wps, LP, h%*).

Proposition 4.1 Let s > 1. Then there exists C = C(s, hp+) such that for allp > 1, and
all o € L2*(D*),

(4.4) Pl Y Gl (0 2
§=0

Our strategy is as follows. We will write the detail proof for s = 1, then by induction,
we get it for s > 2.

Fixing f € C§°(D*), for s = 1, we first establish an estimate analogous to with
Ay, the Laplace-Beltrami operator of wp«, instead of the Kodaira Laplacian D?* associated
to (D*, wp~, LP, hﬁ)*). Then we deduce by Ké&hler identities.

To facilitate the computation, we introduce first a new coordinate for D* and explain
some basic geometric facts.

For z € D*, we will use the coordinates (¢,0) € R x (R/2xZ) with

(4.5) t:=log (—log(|2[*))), == |ze”.

We denote also % by 0, and % by 0g. Then we compute

) 1
(4.6) Zlog(2P) 2 = 0, — Le'dy,  (zlog(|=[?) "z = Ldt + ie'db.
0z 2 2
Thus we have
(4.7) E—CFAQ—(ldt+’ 7td9)(a L t@) 8t—1dt_' —tdp
: = a4z 82 - 2 re t 26 0), — 9 1€ .

From (|4.7)), we obtain the following useful relation
(4.8) wp+ = —e'dt Adf, |log(|2]*)[Pwp = —e®~Vlat A do,

and the metric associated with wp+ in the coordinates (t,0) is

(4.9) (dt)* + 2e7%(dh)?,

1
2

thus (v/20;, %etﬁg) is an orthonormal frame of wp-.
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Let VP be the Levi-Civita connection on (ID*, wp«). Using (.9 and the equality
V5, 09— Vo, 0y = [0, 00) = 0

we compute that
* * 1 —
(4.10) <ng9 a(,,at> . <vg a(,,a@> = —501 (0, 09) = 27

>From (4.10), we get
D*at =0, Vj 09 =4e %0,

(4.11)
D9 = V5 0, = —0p.

From (4.11)), we get

V0 = dd @ dt + dt @ dI, VP dt = —4e ! dh @ db,

4.12
( ) AO = *2(815815 — Bt) — %6%8989.

Let @ (resp. ELP*) be the adjoint of & on the trivial line bundle (C,hg) (resp. on
(C, [log(|2[*)|"ho)) over (D*,wp-). By (6] and (4.8), we have the following expressions
in the coordinates (¢, ),

(4.13) 9" =9 —p(@tn)* and (9tA)*dz = (dz,0t) = Zlog(|2]?).
By ([4.6) and (£.8), we get for f € C>(D*),

—=LPx, —= 0
(4.14) 9" (f91) = ~2log(|2*) 5 f + (L= ).

Thus the Kodaira Laplacian associated with (C, [log(|z[%)|"ho) has the form

=9"9+99" =80+80 — p(A@A)* + (tA)*D)
(4.15) 1 _ o
= §A0 —p (O(OtA)* + (DtN) D),

where we used the Kéhler identity for the last equality.

Proof of Proposition [{.1. — Notice that since the Hermitian line bundles L? we consider
here are powers of the line bundle (C, |log(|z[?)||+|), the Chern connections V7 acting on
the sections of these bundles, which are functions, are given by

(4.16) VPf=df +pfot, feC®D* LP).

Therefore, for these f, and p > 1,

Hf”L21 D*) _/ (’f’2+ ’V f’2+’V(1/\[ tang)‘lOg(‘z‘g)'wa*
(4.17)
<2 [ (@4 ISP+ 2100+ 00T ) los(f) P

and, similarly

15y S [ GH1IE+ 220001 + €00 )
ISP+ e 0o fI? + €205 fI) [log(|2]*)|Pwn-,

(4.18)
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with the constants hidden in < independent of p.
We will compute everything by using the coordinate (t,6), then [ means [ (R/2n7)

and sometimes, we identify S to R/27Z. Thus by (4.8) and simple integrations by parts,
we get

(4.19) / €' f1?|log(|2|*) | wp+ = / el 0y f|2e P~V dtds = / (202 ) feP~Vtdtde,
]D)*

and
_1)2
(4.20) / 10:f1?|log(|2]*)[Pwp+ = — / (02f) fe(pl)tdtd9+(p;) / Frer=Vdtdg.
]D)*

This way, by the Peter-Paul inequality, 2zy < %2 +ey? for x,y > 0, € > 0, we obtain for
every € > 0,

/ (1011 + [¢'Dp f12)[10g(|2[2) [P
(421) 77" 2
s(s—1+(p‘2 1) / frerVtdedg + / (19711 + 1e* 05 £17) P~ V' dede.

-2

Taking € = p~* we get

@22 [ P0LS+ e 0n ) log(=f) -

<2 [ (U172 + (O 1P + %05 7)) e e
Thus, from , for f € LIZ;Q(]D)*),
(4.23) 1152250 S /D (PP AR + e 0uDp f1 + e OF £17) eV ditdd,

with the implied constant independent of p.

By (.12),
| oo P
a2 = f ((3ff)2+(0tf)2+(%33f)2)6(p’”tdtd9—8 @) dnas
8 / (D2f)(SE03 )P~V drdh — 8 / (D) (203 )eP=Vt dtds.

We deal with the mixed terms as follows:

o —8 [(O2f)(0rf)eP~Vtdtds: an integration by parts yields:

@2) =5 @@ dtas = 1p—1) [ (@) das

and we do not provide more efforts, as this quantity has the favorable sign already —
remember we want a bound below on the L;(D*)-norm of Ao f;
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* f(@ff)(%@gf)e(pfl)t dtdf: exchanging d; and dy via integrations by parts, we get:

(4.26) 8 / O )(SE03 )PVt dtdo
= 8/(f§ata,,f)2e(p—1>t dtdd — 8(p + 1) /(atf)(itagf)e(p—m dtde,

and collect the extra term —8(p+1) f(@tf)(%agf)e(p_l)t dtdf together with the left
over right-hand-side mixed term in (4.24)), i.e. we deal with:

o —8(p+2) [(Of)(502f)e V! dtdo:

@21) = 8(+2) [ (@) e dedp
> —2 /(Ejtagf)%(l’—l)t dtdd — 8(p + 2)? /(atf)%@—l)t dtde,
By Cauchy-Schwarz inequalities and , we get
—8(p +2)* / (8, f)%e®~ 1 dtdg
> -2 /(aff)Qe(pl)t dtdd — (8(p +2)* +4(p — 1)*(p + 2)?) /er(pl)t dtdo.
We sum up what precedes as:

/ (Do )2 log(|2?) Pap > 2 / (O21)% + (L0021)% + (02 )2)e® ) dtd
(4.28) "

- Bp+2)*+4(p-1)*(p+2)?) /fze@l)t dtdo),

By (4.23) and (4.28)), we get

(4.29) 171250y < € (1805 12250y + 2171225,

for some C' > 0 independent of both p > 1 and f € C§°(D*) with real values; by density,
this readily generalizes to f € LZ’Q(D*) with complex values, as Ag is a real operator.

We now carry out the replacement of Ag by DE’* in , to get the desired estimate
([@.4). By (4.13) and (4.15)), acting on function on D*, we have

= 1 = = 0 o i ,0
4.30 OP" = ZAg—pd  with 0 =z1 ne _ 9 _2pZ
Let f € L§’2 (D*). Using inequality (4.21]) with e > 0 to be adjusted, |D and 1) we
have:

/\éffe(pl)tdtde < 2/(]8tf|2 + |50 f[?)eP D dtdo
< (267 + p? +Cp?) ”fHQLgm*) + gC||A0in§(D*).
From (4.30) and (4.31]), we are led to:
2 D* | .3\ |2 D* 2 27 £1|2
||A0fHLZ27(D*) = H2(Dp +pa)fHLg(D*) S SHDp f“Lg(D*) +8p HafHLi(D*)
< SHDE*ing(D*) +8p2 (267 4 p? 4 cCp) ”f”ig(m*) + 8p2chA0fHQL§(D*).

(4.31)
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1
Take ¢ = W to conclude that:

(4‘33) HAOJCHLQ D*) < 16”Dpf”[,2 D*) + Ap Hf”L? D*)

with A = 256C 4+ 9. Plugged back into , this estimate gives exactly , with a
(new) constant C' > 0, uniform for p > 1 and f € L?;Q(]D)*).

The proof of Proposition for s = 1 is completed. Continuing by induction we get
it for all s > 2. O

4.2 Estimate on the punctured Riemann surface X : degree 0

We now consider the geometric situation of a punctured polarized Riemann surface (3, wy,

L, h) satisfying conditions («) and (8). Let a € D. By assumption the following holds:

there exists a trivialization of L around a such that in the associated local complex coordi-

nate z € D, we have h = ‘log(|z]2)‘|-] on the coordinate disc D, centered at a and of radius
€ (0,e~1). This way, the curvature wy of h coincides with wp+ on D* := D, \ {0}.

Proposition 4.2 For every s € N* there exists C = C(s,h) such that for all p > 1, and
all o € L2*(h) = L** (S, wy, LP, hP),

(4.34) Il Zzesmy < € 2PN olT )

where [, is the Kodaira Laplacian on ¥ associated to ws, and hP.

Proof. — Again, we do it for s = 1.

In the situation of the Proposition, we denote by h a smooth Hermitian metric on L on
the whole X such that it coincides with » on ¥\ D, /2. It is an easy exercise to construct
h so that its curvature, w say, is Kéhler over the whole (compact) ¥, which we take for
granted until the end of this proof. Notice that ws; and w coincide on ¥ \ I, /5.

Now the principle of the proof is to glue estimate to the analogous estimate
for (i, L,E), that states the existence of a constant C' such that for all p > 1, and all
o€ Lg’z (E) = L2 (i,w, Lp,ﬁp),

(4.35) lo322 < CUIE o2 +PHllol32m)-

This estimate, as well as its generalization for o € L%QS (E), s > 1, can be found for
instance in [DLMI], (4.14)] or [MMI] §1.6.2].

We denote VP>* the formal adjoint of V7% action on A(T*OV¥)® LP. By Lichnerowicz
formula [MMI], Remark 1.4.8],

(4.36) 20, = VPTVPT - pRY(w,w) + (2pR" + RT"%) (w, w)w* A i,

and w is an orthonormal frame of T(:0)S. By (4.3),

(4.37) Ri(w,@)=1, RT""(w,w)=-2 onV=VU...UVy.
From ({.36) and (£37), for any o € L2*(h),
(4.38) 19°%0125,) = 2 (0, 0), | < CollolZa .
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Let x be a cut-off function supported near a; assume, more precisely, that
(4.39) X€C®(X), 0<x <1 xlp,,=1 XIsb,,,=0.

Let p > 1, and 0 € LIQ;2 (h) = L**(Z,ws, LP, h?). Then (1 — x)o € Lg’z(ﬁ) and on its
support, h coincides with h; likewise, Yo can be interpreted as an element of Lz’Q(D*) and
on its support, h can be regarded as hp-. Therefore,

ol = lIxo+ (1 - )Gllez = 2(HXU||L22 pey T = )0||L22 @)
pr) T ng —x)o HLZ%(E))

+ 20" (IxelZz 00 + (1 = X0l 7))

L22

(4.40) < 20|57 (x0) |z

where C' = sup (C’(hD*),C(ﬁ)), with C(hp-+), resp. C(h), the constant from (4.4), resp.
from its analogue for (f, L,E). Thus defined, C' is independent of o and p.
2 _ 2 2 2 2 .
Now HXUHLZQ)(}L ) HXUHLZQ)(}L) < HU”L?)(}L)? and ||(1 - X)O-HL%(E) < HO’”LZ(h) as well.

D*

The treatments of DD* (xo ||i2(hm*) and HDi HiQ —, are done in the same spirit,

but require a little extra work. For instance, on ]D)Qr /35 by (4.15)) and ( -,
(4.41) Oy (xo) = xOp o — (x, (VP)L00) . — (90,0X) ppye + (§A0X> a,
hence
15 oMz nge < A(NT 0 20,y + N10X180 300,
+ [10x1(v) 01|72, + BRI I72(0,..)
= 4(HXDPUHQL§(h) + H|8X|5‘7Hig(h)

+ H|3X|(VP’E)I’OO'H?:§(;L) + H(%AOX)O-Hi?J(h))’

(4.42)

with the Lg(hD*)—norms, resp. Lf,(h)—norms, for 1-forms, resp. 1-forms with value in LP,
computed with wp+ ® hﬁ* on D*, resp. with wy, ® AP. Consequently,

(4.43) [l (XU)Hig(hD*) = 4C<HDPUHQL§(h) + va’zauf:g(h) + H"Hig(h))

with ¢ =1+ maX{H%AOXHéO(DwDW HEXHZ’O(]D)*,UJ
From (4.38) and (4.42)), we get

(4.44) HD?* (XU)Hig(hD*) S C(HDPUHiE,(h) "‘PH‘THsz,(h))

D*)}, that does not depend on p.

for some C independent of p and o. Similarly,
(4.45) HDE(O - X)a) Hig(ﬁ) = C(HDPUHig(h) +pHUHig(h))

with C again independent of p and o.
In conclusion, it follows from (4.40), (4.44]) and (4.45)), there exists C' > 0 such that
for any p> 1 and o € Lff(h), we have

(4.46) o322 < CUIT0 N 320 + P 013 20)-

The proof of Proposition for s = 1 is completed. The proof for general s € N*
follows by induction with the help of Proposition [4.1] O
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4.3 Bidegree (0,1)

This subsection will not be used in the rest of this paper, we include it here only for
completeness and its independent interest.

To prove that Propositions and still hold in bidegree (0, 1), or, namely, for o a
section of T*OVD*® LP or T*OD Y ® LP, an easy procedure is to observe that the following

diagram:
® a1
(4.47) C5°(D*) O (D*, T+ D)
Dp—ietagl LDP
Cgo( ) . — Cgo(D*,T*(O’l)D*)
© oe (=D

commutes, where the horizontal arrows are isometries under hY. and (hp+)? @wp+. Indeed,
by lb and 1} ﬁd(zlzlﬁ = 0Ot, and by 1} and 1) for g € C>°(D*), we have
__ — —LPae 0 0 1=
88Lp*(gat) = [8LP dg + zlog(|z*) =g — zlog(\zﬁ—g} ot
- 0z 0z
= (0,9 — i’ 0pg)Ot.

(4.48)

Proposition 4.3 Let s > 1. Then there exists C = C(s, hp+) such that for allp > 1, and
all o € L% (D*) = L** (D*, wp+, T*OVD* ® LP, wp- @ 1Y),

(4.49) o320y < C D0 N @ Vol 12 pey-
=0

Proof. — Indeed, take o = fﬁm = fot e COO(ID)*,T*(O’DD*). Then for instance,
(VP20 = (VP2 f @0t +2VPf @ V2 Ot 4+ f @ (VP")20t
where VP is the Levi-Civita connection of wp+. By (4.7), (4.9) and (4.11)), dt is uniformly

bounded at any order with respect to wp+ on D*, we get that
2 12 2,12 2 2 _ 2

L Aol 5 [ (TR + 19912 4 17 o = 11

independently of p. By Proposition [4.1] we thus have
2 2
(4.50) [l 2alwn < [ (18117 + 117 o
D* D*

for p > 1, with C independent of p. By (4.47)), we have

2 . 2
/ ‘Dpa‘pwm* :/ |Dpf —zetagf‘ wp*

]:D)*

(4.51) |
2/ \Dpf\QoJD* /|et('39f‘ (P=Dt dtdg.

1
By (4.21)) with ¢ = =, (4.28]) and (4.33)), as in (4.31)), we get
p

2 (p—1 211 £112 1 2
(4.52) [ €0t el Vtatas < ORI ey + 1100 oy
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As [y loZwps = [p. | f]2 wp+, from and 7 we get

2
/ }Dpf‘pw]@* §4/ \Dpalf)wm)* +Cp2/ ‘U’?)W]D)*.
D* D* D*
This yields, coming back to (4.50)),
(4.53) / (V)20 wp- < c/ (502 + Pl ) wpe.
* D*
Consequently, for p > 1, we get
(454) 012250, < OO 350y + 2013300

Now by induction on s, we get Proposition [£.3] for s > 1. O

Using moreover the same gluing procedure as in proving Proposition [4.2] we get the

analogue of (4.49)) on X:

Proposition 4.4 Let s € N*. Then there exists C' = C(s, h) such that for all p > 1, and
all o € L2**(8) = L** (S, ws, T* OV ® LP,wy, @ hP),

(4.55) ||O'Hizz),25(z) < C'ZOP4(S_j)H(Dp)jUHig(Z)‘
j=

5 SPECTRAL GAP AND LOCALIZATION

We follow in this Section the localization scheme based on the spectral gap and finite prop-
agation speed [MMI]| and show that the Bergman kernel localizes near the singularities.
As a consequence we obtain a first rough estimate, which will be improved in the next
Section.

Let (M,wyr) be a complete Kihler manifold. We will denote by R4t the curvature of
the anticanonical line bundle (K},, h), where h¥ is induced by way.

Let (E, h*) be a Hermitian holomorphic line bundle on M. Let 8" be the formal adjoint
of & with respect to {-,-) (cf. ) Let OF = 99 be the Kodaira Laplace operator.
By [MMI], Corollary 3.3.4] the operator OF : C§°(M, E) — C§°(M, E) is essentially self-
adjoint and we will denote its unique self-adjoint extension with the same symbol OF. Note
that the domain of this extension is Dom(00¥) = {¢ € L*(M, E) : OFc € L*(M, E)}.

Consider now a Hermitian holomorphic line bundle (L, ) and denote by O, := O
the Kodaira Laplace operator corresponding to (LP, h?). By [MMI, Theorem 6.1.1] and its
proof we have the following.

Proposition 5.1 (Spectral gap) Let (M,wyr) be a complete Kahler manifold and (L, h)
be a Hermitian holomorphic line bundle on M. We assume there exist € > 0, C > 0 such
that iR* > cwyr and iR > —Cuwyr. Then there exists ¢ = ¢(C,e) > 0 such that for all
p > 1 we have

(5.1) Spec(dp,) € {0} U [ep, +00) .

Corollary 5.2 The spectral gap (5.1)) holds for the Laplacian O, in the following situa-
tions:

(1) (M, war) = (D*, wp+), (L, h) = (C, |log(|2[*) | ho),
(2) (M,wn) = (Z,ws), (L, h) as in Theorem[1.1]
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Indeed, by and iR%°" = —wp« holds on D*, combining the condition (3), we know
iRE > cws, iR > —Cwsy, on 3, for some C' > 0. Thus we can apply Proposition to
Corollary [5.2]

We assume here, without loss of generality, that the puncture divisor D in X is re-
duced to one point a. Let ¢ be the holomorphic frame of L near a corresponding to the
trivialization in the condition («).

By the assumption («), (), under our trivialization e of L on the coordinate z on D
for some 0 < 7 < e~!, we have the identification of the geometric data

(5.2) (X,ws, L, h)|p: = (ID)*,WD*,C,h%*)m:.

We set:

e [ is the normalized Fourier transform of a smooth cut-off function as in [MMI], §4.1],
namely

(5.3) )= ( /R fwydv) /R ¢ £ (v) du

with f : R — [0,1] a smooth even function such that f(v) = 1 if |v| < ¢/2 and
f(v) = 0if [v| > e for € > 0. Thus F is an even function in the Schwartz space .7 (R)
with F(0) = 1. Let F be the function satisfying F(u?) = F(u) for all u € R. We
consider the function

(5.4) Gp R — R, wr— Lo o0y (Ju]) Fu)

where ¢ > 0 is defined in (5.1)); let K, := ¢,(0,) and let K,(+,-) be the associated
kernel; we denote by fp(+,-) the function associated to K,(-,+) via the doubled
trivialization around a used above; for x € Dy, we set f,, for the one-variable
function y — f,(z,y); then

(5.5) Kp(,y) = fplz,y)e(z) @ (" ()",
and (eP(y))* is the metric dual of ¢P(y) with respect to hP, that is, eP(y)* - eP(y) =
[ (y) 70

e Y a cut-off function as in (4.39));
e p: ¥ — [1,400) is a smooth function such that p(z) = |log(|2|?)| on Dj.

Proposition 5.3 For any {,m > 0, v > %, there exists Cyp, > 0 such that for any
p > 1, we have

(5.6) () p(y) " Kp(@, )| con gy < Ctamep™

in the sense of (|2.14]).

Proof. — We proceed as follows. Take p > 1, and pick a and b two real parameters to
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be determined later; then by definition of f, and K, :

(5.7)
)0 X @)XW fol ) 325,

= [ sereresta) [ o) esm)

xeD* yeD*

-/ p<x>2apx<m>2< [ Bl o0 X0 ol 0) @)y 00 (), ep<x>>hpwn* ()
zeD* yeh* D*

= [ @R (K ), ), (@) o).

zeD* v

As |ep|hﬁ* = pP/2, from l) we have:

lo@)0()" @)X fo . 9) | 25
(5.8) e o
:/e]D)* p(z)?2 2 x(x) ‘Kp(p Py fp,wep)(w)‘hg*wm)*(x).

Now for all x € ]D);r/?),

(0™ 77X foat”) @) < p(@) 2|07 2K (0™ 77X foa®®) | 0o

r3)
(5.9) - - e
_ p(x)l/ZHp 1‘Kp(p2b pXpr’xep)‘iﬂg* C'/O(Dzr/g),
and thus:
a 2
| () p(y)bx(m)X(y)fp(@“a3/)HL2(2x2)
(5.10)

1-p _ — 1/2
< [ pla P @ PN ey s, e (o).
reD* D 2r/3

We momentarily set g(z) = |K,(p?* " Px2 fp ") }le (z), and use the embedding Liv’g’d(E, wy) —>
]D)*

C%%,ws) (cf. Lemma a)), that gives, taking supports into account:

lo™ 9l oy, ) < 60/* p(lo~ gl + -+ [(VF) (07 ) s
(5.11) D?

§A3CO/D* (lg] + ...+ |(V5)Pg]ws

with A = 1+ ||dlog p|| o2+ wy. ), Which is finite by log p = log (—log(|z|?)) =t and (@.12).
Moreover,

9| + .. +[(V)%g|
= C(|Kp(p2b_px2fxep)|i§* RIRERI |(Vp’2)3Kp(pr_pX2fp,xep)|i2z]g*).

From ((5.11)), (5.12)), we obtain

(5.13) prlcho(D* ) S CHKP(szwXprwep)Hii’?’(h)‘

2r/3

(5.12)
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By Propositions and 1} and F € .% (R), we have for any fixed ¢, there exists
Cy¢ > 0 such that for any x € D, p € N*,

(5.14) HKp(,O2b_pX2fp,zep)HL%?’(h) < Czp_g||sz_p><2fp,wepHLg(h)

and thus (5.10), (5.13), (5.14) yield

(5.15)
)0 X @)XW fo o 9325,

< CZ pé/ X(UC)QP( 2a+f Hp2b pX2fp7$epHL2(h)wD* (x)
zeD* P

1
2
< Cw“’(/ X2p* p“wm*) (/ N X(I)zﬂ(fﬂ)%HPQb_pXpr,xepHi;(h)wﬂ)*(ﬂf))
reD*

1
2
< Czp‘g</D X% p“WD*) l(@)*p()* 2 X (@)X W) fol@, )| L2 (s

N

since
a — 2
IR R e Ve e e
zeD* P
= [ @ @) [ o) Px) )P )
xeD* yeb*
<[ x@Polafen @) [ o) @) P )
xeD* yeh*
a — £ 2
=[lo(@)p(1)* I x (@)X W) fol@, 9) | 2 (50
Moreover, [;. x?p** PTlwp. is finite as soon as a < §. Fixinga = § -4, § > 0,

f R rtlyp. = fJD)* 21200y, = fD* e 2tdtdf < oo is independent on p, and
consequently, the previous 1nequality reads:

(5.16) ()% p ()" X (@)X () fo@ )| p2 ey < Crsp™

for all b < £, and with Cy s independent of b, hence in particular for p > 1,

P

(5.17) ()8 p() 5 = x(@)x (W) o) 2 sy < Clsp™

With the same techniques, we extend this estimate to higher orders, namely for any & > 0,
50 —t

(5.18) [(p(@)p())* "X (@)x W) fo(@, 1) || o ey < Crsp™,

Observe that by (2. 13|) and (4.12)), dlog p = dt is C"™ (X, ws) bounded, and the factor
p in the definition of Lwt > thus (5.18) implies

(5.19) [ (p@)o) "X @xw) o 9) | g2 5y < Conp™

with v =6 + % > % By Lemma b) and (5.19)), for every £,m >0, v > % there exists
Com,y > 0 such that for all p > 1 we have

(5.20) (0@ p()) = X @)X W) Fo )| sy < Ctmp ™
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which can be rewritten in the sense of (2.14) as
(5.21) o)™ o) x (@)X W) Ep (@, 1) | oy < Comyp™-

Such an estimate is already well-known far from D, = ({a} x ¥) + (£ x {a}) in ¥ x &,
where the weights p can be omitted. We moreover prove the analogous estimates on

(D:/2 X (ENDy3)) U (B \Dy3) x ]D:/Q)
along the same lines. We thus come to the conclusion that (5.6) holds. ]

Estimates ([5.6)) might look a bit disappointing, as these are made with negative weights;
so far, this does not even tell us that K,(z,y) is bounded near the divisor ({a} x ) +
(X x {a}) in ¥ x X for the product Hermitian norm, which contrasts with our knowledge
that the Bergman kernels of LP do vanish along this divisor.

We see in next part that this rough estimate, together with the vanishing property,
suffice however to estimate sharply Bergman kernels on the whole ¥ x X..

Remark 5.4 The embedding L‘lN’gd —— C° does not hold on the whole D*. Now Propo-
sition [5.9 still holds on D* x D* near {0} + {0} and, more generally, far from 0D x OD,
as functions with supports in DY or D’Z‘T/3 i D* can be thought of as functions around the
punctures in X, to which Lemma applies. More precisely, let K;I,»* (z,y) be the kernel
of qbp(D?*) on * with respect to wp=; then for all 0 < r <1 and all {,m >0, and v > %,
there exists Cp oy = Cpm (1) > 0 such that for allp > 1,

(5.22) [o(2) 7 p(y) " x(2)x (W) K, (2,y)]

—L
O™ (Dx xDy) < Comap

6 PROOFS OF THE MAIN RESULTS

In this section, we will establish the results stated in the Introduction. We first complete
the proofs of Theorem and Corollary then that of Corollary and finally give
the details needed to establish Theorems 2.5 and [L.6l

Theorem and Corollary will be a consequence of Proposition [5.3] The princi-
pal idea is to combine Proposition [5.3] and the holomorphicity of sections associated to
Bergman kernels, together with the fact that for p > 2, L? holomorphic sections of (L, h?)
over (3, wy) vanish at D, and similarly for the holomorphic sections in L? (D*, wp+, C, h]%*),
which vanish at 0, as already noticed.

Let us fix a point a € D and work around this point, in coordinates centered at a. For
x,y € D7, under our identification and convention after , we write

By (z,y) = [log(ly[»)|" 8y (x,y);
By(x,y) = |log(|ly*)|"8; (z.y),
where, by (3.6), BE)* is a holomorphic function of x and 7, namely

(6.1)

* 1
D E : p—1,.0-¢
(62) Bp (:I’" y) 27T(p _ 2)‘ — E 'y,

which vanishes along {z = 0} + {y = 0} = {zy = 0} C D x D. By Remark (2.2))
and the convention after (3.6)), BPE is a holomorphic function of  and 7 vanishing along
{r =0} +{y =0} C D, xD,, and

63) |8y =B )@y, = log(la®) P log(y®) | (8 - 59) (.|

hP
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Figure 2 — In (6.7), F(O,)(x, +) depends only on the restriction of [J,,
to a geodesic ball of radius \/Li around z, and vanishes outside this ball

(the circles {|z| = r/2} and {|z| = r} are at Poincaré distance
tlog (1 - loﬁ) from each other).

logr

Theorem 6.1 For any k € N,Z > 0, o > 0, there exists a constant Cy, 4 such that for
p>1, on Di/z X ID):/Q, we have in the sense of ,

64)  |BY (2.y) - Byla.y)

Crim = Croap”log(|z]?)| ™ [log(ly[*)| .

Proof — By (j5.4), we have

F(Dp) (.Z',y) - Bp(way) = ¢p(DP) (%,y) = Kp(x7y)a

(65) F(E2)(z,y) — BY (2,y) = (O ) (z,y) = K2 (,y).

By the finite propagation speed for the wave operators [MMI1), Theorem D.2.1], we have

supp F(0,)(x, ) € B(, =) and F(O)(x, )
(6.6) V2
depends only on the restriction of [, to B (x, %)

Here B(z, %) is the geodesic ball with center at = and radius of = for wp-.
Thus from (5.2]) and (here we fix € > 0 such that € < d(0D;, 0D, ;)), we have

(6.7) ﬁ(Dp)(m, y) = ﬁ([!?*)(x,y) for all z,y € Dy 5.

From (/6.5 and (6.7, we have

(6.8) By(z,y) — BE)* (x,y) = KE)* (z,y) — Kp(z,y) forallz,y €Dy ,.
Note that by (4.7) and (4.12]),

(6.9) ‘\ log | 2|?|P o ‘etp o < Cppte®.
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By , , , , , and , for any k € N, there exists C' > 0

such that for any p € N* z,y € ]D):/Q, we have

IBY = Byl gy (@:9) < CoMlog(l) [ log (I ) [**] 85" = 8] cu (),
187" = B3|, ) < CoFlog(lf2)| "2 [log (1) ™| BY” = By e g (- )-

By Proposition and , we get for x,y € ID):/Z,

(61D 185 = 85 () < Coap™[loglal)| ™" log(y) ™"

(6.10)

Our task is thus to refine estimate (6.11)) by working directly on BE* — BE. We set:
(6.12) pYE = g gx.
As ﬁg) “Fisa holomorphic function of x and ¥ vanishing along {zy = 0}, one can write

(6.13) By (x,y) = aygp(z,y)

for some smooth g,, holomorphic in  and . Now for € > 0 small,

(6.14) sup |gp(z,y)| = sup gp(z,y) =" sup (87 (@, )|
|z|,|y|<el/2 |z|=]y|=e'/2 |z|=|y|=¢'/2
by holomorphicity of g,. From and , we get:
(6.15) sup |gp(z,y)| < Cz,vpffflllogﬁlfp*%-
|| Jy|<et/2

From - for |z|, |y| < e™P, we have

18 (@, y)| < lzllyl  sup  |gp(z,y)]
(6.16) |z],|y|<e~P

< Crqap e (2p) P |2y

Pick o > 0. As the function u — u( — 10g(u2))§+a is increasing on (0, e~2°], hence on
(0, e7P], thus

(6.17) 2] < e P (2p) 5 log(2?)| 2T if J2] < e
We thus convert (6.16|) into:
(6.18) B2 (@, )| < 22050 Gy op= 20+ log | |2)| 2 [log([y[?)] 2

on |z|,|y| < eP; up to increasing ¢ and adjusting the constant, we thus have

(6.19) B2 (2, )| < Crap™[log(l2]?)] "2 [log(|yl?)| 2

on {|z|,|y| < e P}. Notice that such an estimate holds on {e? < |z|,|y| < r < e7!'} as
well, since then |log(]:n|2)}, ’ log(|y|2)} < 2p, and thus (6.11]) gives for any g > 0,

(6:20) 18575 w)| < Crap 20)* "+ log(af)| ™7 log() |~
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We conclude by the case |z| < e P, e™? < |y| <r < e™!; fixing y, by the holomorphicity

of z and (6.11)),

1 * 1 *

sup |—BY ’E(w,y)’ = sup |-} ’E(x,y))

|lz|<e—p 1L |z|=e—» | L
(6.21) =eP sup B;I,D*’E(x,y)‘

|z|=e—P
< ePCyp ' (2p) "5 log(y[2)| 2T

so that
(6.22) 18Y (2, y)| < e’ Crap“(2p) 2|zl |log(|yl*)| 2

—_b_
5«

on {[z] < e, e < |y| <7 < e 1} Now on this set, [log(|y[?)| * 77 < (20)2*7[log(|y[?)|
by (6% and (62, we get

(6.23) 6272 (2, )| < 22Oy p~ 204D |log ()| 7= [log(|y[?)] 2

on {|z] <e P, e P < |yl <r<e '} Thisholds {|y| < e P e P <|z|<r<e !} as wel
by symmetry.

From (6.19)—(6.23]), we get: For all £ > 0, o > 0, there exists a constant Cy, such
that for p > 1, on ]D):f/2 X ]D:/Q,

(6:24) (57 = B )| < Crap™ flogar®)] 2 flom(ly) |5

From ) and -, we get (6.4} . for k = 0.

Observe that by . - for any k € N, there exists Cy > 0 such that on D,
2 2 2|
(6.25) ‘log|z] ‘C’v < C’k‘log\z| ‘, |z|cor < C’k‘log\z\ ’ |].

From ((6.13)) and (6.25)), we have

(6.26) |82 (@ y)| o < Chlzllyl Y [log(lzf)|* [log(ly[?)[™
k1+ko+k3<k

9p(2,y)

k3’

By (6) and (E12), we get

(6.27) |gn(

Hirtiz

<C Z ‘log<‘x’2)‘31‘log(‘yP)‘Jz’x|min(1,j1)|y’min(l,j2)W

J1+j2<j

go(.y).

Thus from (6.26)) and (6.27)), for any k € N, there exists Cj > 0 such that for z,y € D},
Hirtiz2

- k k
(6:28) |8, (@, y)| o < Crlzllyl|log(|x|*)]" log(ly)]" D Do

Jj1+je<k

9p(, y)‘

Now we can combine the argument for (6.24]) and (6.28) to get (6.4]) for £ > 1. The proof
of Theorem is completed. O

Proof of Theorem [I.1] — This follows immediately by taking z = y in Theorem 6.1} O
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Proof of C’orollary — By Theorem Proposition and (3.22), we get

3/2
p
(6.29) |x|§s71}£6_1 | By (, x)}hp = i + O(p) as p — 0o.

Combining , and , we obtain the desired conclusion. O

We turn now to the proof of Corollary Let ¥ be a compact Riemann surface of
genus g, let D = {ay,...,any} C ¥ be a finite set and ¥ = ¥\ D.

The Uniformization Theorem, see [FK| Theorems IV.5.6, IV.6.3, IV.6.4, IV.8.6] readily
implies that conditions (i)-(iv) from the introduction are equivalent, taking into account
that x(X) = 2—2g— N and the degree of L equals —x(2): From [FK| Theorem IV.8.6], we
see first that (i) and (iii) are equivalent, and combining [FK|, Theorems IV.6.3, IV.6.4], we
know that (iii) implies (ii), and the Riemann surfaces with universal covering the sphere
or C, are the sphere, C, C* or torus. This means that (ii) implies (iii). Finally by [GrH)
p. 214], (ii) and (iv) are equivalent.

Lemma 6.2 Let X be a compact Riemann surface of genus g and D = {ay,...,any} C %
a finite set such that 29 —2+ N > 0. Denote ¥ =X\ D and L = K5 ® Ox(D). There
exists a metric wy, on ¥ and a singular Hermitian metric h on L, such that (3,wy) and
the formal square root of (L, h) satisfy the conditions («) and (B).

Proof. — Since x(X) =2 —2g — N < 0, the universal covering of ¥ is H and ¥ admits
a Kahler-Einstein metric wy, of constant negative curvature —4, induced by the Poincaré

metric wyg = iﬁﬁjﬁ on H. It is a classical fact that every a € D has a coordinate

neighborhood (Ua, z) in 3 such that in this coordinate wy is exactly given by wp«(z) on
Uy, = Uy N {a}, see e.g. [Borl, p.79, (6.7)].

Note that wy; extends to a closed strictly positive (1, 1)-current ws; on 3. Let b= be
the metric on Ky induced by ws,. Then we have

(6.30) \d2’|ik2 = |2|*log?(|2)?) in (Uy, 2).

Let o be the canonical section of &5(D). The singular metric h7s(”) on @g(D) is defined
by \U\iﬁf(m = 1. The isomorphism

Ks _>K2®ﬁ§(D)|Z :L‘E, Ss—=>sR®Ro

over ¥ and the metrics h%> and h?s(P) induce the metric h on L|s. The curvature of the
line bundle (L|s, h) is given by —2iws;. Since < is a holomorphic frame of &x(D) on U,,
dz® Z is a holomorphic frame of L on U,. Then |dz® 2|7 = (log(|z]*))?, and thus (¥, ws))
and the (formal) square root of (L, h) satisfy conditions (a)) and (f). O

Let I' = 71(X) be the group of deck transformations of the covering H — ¥. Then
I"\H = ¥ has finite hyperbolic volume and I' is a Fuchsian group of the first kind without
elliptic elements. We denote by 7 : H — I'\H the canonical projection.

The space ./\/lgp of I'-modular forms of weight 2p is by definition the space of holomor-
phic functions f € ¢(H) satisfying the functional equation

(6.31) f(v2) = (cz+ )P f(2), z€H, v= <CCL 2) el,

and which extend holomorphically to the cusps of ' (fixed points of the parabolic ele-
ments). If f € O(H) satisfies (6.31)), then fd=®F € H(H, K%) descends to a holomorphic
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section ®(f) of H*(X, K¥) = H%(X, LP). By [Mu, Proposition3.3,3.4(b)|, ® induces an
isomorphism & : /Vlgp — HY (i, Lp).
The subspace of Mgp consisting of modular forms vanishing at the cusps is called the

space of cusp forms (Spitzenformen) of weight 2p of I', denoted by Sgp. The space of cusps
forms is endowed with the Petersson scalar product

(f.g) = /U F(2)9() (20 dug (=),

where U is a fundamental domain for I and dvy = %y*de A dy is the hyperbolic volume
form. The Bergman density function of (Sgp, (-, >) is defined by taking any orthonormal
basis (f;) and setting

Sp(2) =Y Ifi(2)P(2y)*, zeU.
i

Under the above isomorphism, Sgp is identified to the space H° (f, P ® ﬁi(D)*l) =
HO (i, K% ® ﬁi(D)p’l) of holomorphic sections of LP over ¥ vanishing on D.

If we endow Ky with the Hermitian metric induced by the Poincaré metric on H, the
scalar product of two elements udz®?, vdz®P € Kﬁz is (udz®P, vdz®P) = uv(2y)?. Hence,

the Petersson scalar product corresponds to the L? scalar product of pluricanonical forms
on X,

o) = [(@.00) e, fgesh,.

The isomorphism ® gives thus an isometry (see also [CMJ Section 6.4])
(6.32) Sy, = HO(S, LP @ 05(D)™") 2 Hiy (5, K§) = Hiy) (S, LP),

where H 02 (3, LP) is the space of holomorphic sections of LP which are square-integrable
with respect to the volume form wy, and the metric AP on LP, with h introduced in Lemma
. Moreover, H&)(E,Kg) is the space of L%-pluricanonical sections with respect to
the metric hX% and the volume form wy,, where we denote by h%® the Hermitian metric
induced by wy on Kyx. We let now B; be the Bergman density function of H&)(E, L?),
defined as in . We have

(6.33) Sy (2) = B} (n(2)), z€U.

We thus identify the space of cusp forms Sgp to a subspace of holomorphic sections of LP

by (6.32)) and its Bergman density function Szl: to B}; by (6.33]).

Proof of Corollary — In view of Lemma [6.2] this follows immediately from Corollary
applied for the even powers of the square root of L = K5 ® O5(D), and from (6.33)).
Even if the square root of L is a formal line bundle we can apply Corollary 1.3 to its even
powers, i.e., to LP, which has the effect of scaling p to 2p. This explains the occurence of

p/7 in the leading term of (1.8]) and (1.9), as well as in Theorems and O

Proof of Theorem — Since we have the same Sobolev constants for F\M and M
(cf. [MMI), Theorem A.1.6, (A.1.15)]), the proof of [DLMI) Proposition 4.1] or of [MMI],
Proposition 4.1.5] shows that for any {,m € N, there exists Cj,, > 0 (independent of

' C w1 (M)) such that for any p € N* z,y € F\J/\Z
.34 ’KP _BF < m 7l.
(6 3 ) p (a:,y) p(‘rvy) Com(\I) — Cl, p

34



By the finite propagation speed of the wave operator, for d(x,y) < €, we have
(6.35) K, (2,y) = mKp(nr (@), 7 (y))-

From and we conclude Theorem (I
Proof of Theorem — For a subgroup I" C T'y of finite index let 7p : T\H — I'¢\H be
the canonical finite covering. We will add a superscript I' for the various objects living
on M'\H. We fix 0 < » < e~ ! such that the ends Vi,...,Vy of To\H are of the form
(DX, wp+, C, hp+). Now for any finite index subgroup I' C Ty, the ends of I'\H are the
connected components {Vi'}; of 7'(V}), j = 1,..., N. Moreover, if VI is a connected
component of m 1(Vj), there exists n € N* such that the map np : ViF — Vj is given by
D*,, = Di: 2= 2" (cf. [Fol Theorem 5.10]). Let

(6.36) Vi =V N (D)) (= D))

On (IMH) \ U, VZ};M, the Sobolev constants are the same as the ones on (I'o\H) \U; Vj /4,
where V. /4 = D}, under the identification of V; and Dy.

Arguing as in the proof of Theorem [2.5] we see that for any & € N*, there exists
Cry .k > 0 (depending only on I'g and k) such that for any p > 1, x € (I'\H) \ |, 1@5/4,

1 1 _
(6.37) ‘Bﬁ(x) ~—p+ |, < O™
Now on VzFT we have

(6.38) (V5 wrve, L, h) =~ (D, wps, C, hp-).

As the curvatures on I'\H are pull-back of the corresponding curvatures on I'g\H, we see
from the proof of [MMI1], Theorem 6.1.1] that the spectral gap property, Proposition ,
holds uniformly on the set of subgroups I' C T', i.e., there exists cp, > 0, pp > 0 such
that for all p > pg, and all subgroups I' C I'g, we have

(6.39) Spec(0}) € {0} U [cr,p, +00) .
From the proof of Proposition and (6.38)), by using (6.39) in (5.14), we get for any

Lm >0, v > %, there exists Cy,,, > 0 such that for any p > pg and any I' C I'g with
finite index, we have

640) @) o) K@) gy < Comep~s  for any 7,y € V1.

Finally from (/6.40) and the proof of Theorem for any £, m > 0, and every d > 0, there
exists a constant Cr, > 0 such that for all p € N* and any I' C I'g with finite index,

(6.41) HBg ~ BY Hcm(z) < Crop~flog(|22)|° for 2z e V.

Now it is clear from Proposition (3.22), (6.37) and (6.41)), that (1.11]) holds. O
Proof of Theorem . — As the proof of (6.34]), there exists Cj,, > 0 (independent of

I' € I'g) such that for any p € N*, z,y € (I'\H) ~ UiViFr‘/éL’

(642) ‘Kg(% y) - Bg(% y)}Cm < Cl,mp_l-

Note that the property of the finite propagation speed of solutions of hyperbolic equa-
tions still holds on orbifolds, as shown in [Ml §6.6]. Hence (6.42) implies that (6.37))
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holds for z € (P\H) ~ (U, V" 4V U; ﬂ;l(UIj)). Moreover, on each end, the argument
f goes through, thus we get the uniform estimate with the constant Cr,
depending only on I'y and independent of I' C I'y.

Now on each component of 7 I(Um].), observe that the stabilizer group ijr_ of :):JF acts

in the normal coordinate of xf in H by rotation, with w]F being the unique fixed point.
We denote by Z the (real) normal coordinates around a point x € H. By [DLMI] (4.114),
(5.21), (5.23)] (cf. [MMI, Theorem 5.4.11], [DLM2, Theorem 0.2]) for the 2p-th tensor

power of (L\F\H)I/Q = K1£<12HI’ there exist Cy > 0 such that for any k,l > 0, there exist

N >0, Cp; > 0, depending only on I'g, k,1, such that in the normal coordinates around

:1:5 in H, we have when p — oo,

BFZZ Zb

(6.43) ~Nep)E Y €K, (opz)e PR

(ol
J
-1
< O (P77 7T (1 vplZ) Y eV,

where IC,,(Z) are polynomials in the real coordinates Z. Note also that b, are given by
(2.11). By [DLMI], (4.107) (4.105), (4.117), (5.4)] (or [MMI, Remark 4.1.26, (4.1.84),
(4.1.92)]), we have Ky = K1 = 0. This implies in particular that (1.13) holds on
ﬂ'Fl(ij).

Combining the above arguments, we establish (1.12)), (1.13) and (1.15). To obtain
, notice that by our choice of g, all factors e7%P in MD are 1. Thus

implies ((1.14)). O

27r’

A  PROOF OF LEMMA 3.4

We prove in this appendix the existence of a constant C' such that for all { > 0 and all
p=>1,

(A1) p(1+p(1—¢)?)6,(0)] < C,

where we recall the notation from (3.23)):
5(C) = P(1=C+log¢) _ %(1702(1 _Ph_ 3)‘
W) =e ‘ 21-¢)

Clearly, holds for any fixed p, that is: for any p > 1, there exists C), such that for
all ¢ >0, p(1+p(1—¢)?)[0,(¢)] < Cp. We thus want to show that the C), can be chosen
independent of p; this we do arguing by contradiction: we hence assume that there exists
a positive sequence ((p)p>1 such that, up to passing to a subsequence,

p—0o0

(A.2) p(l +p(1 - Cp)Q) 10p(Cp)| —— o0

Up to passing to a subsequence, ((,) converges in [0, 00]; we first distinguish the three
cases ((p) — 0, (¢p) — o0, and (¢p) — ¢ € Rp.

1. (¢p) — O: here, p(l +p(1 —Cp)Q) ~ p2, whereas eP(1=GH198 %) < =P for p large, hence

p(1+p(1— Cp)Z)ep(kCPHOg(P) —0;
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likewise, e~ 5(1=0% < ¢~ ¥ for p large, and (1—-2(1—-¢)%) ~—E, hence
(4.3) p(14p(1=G))e 89 (1201 - 6)") — 0.

This way, p(l +p(1— Cp)z) |05(p)| — 0, which contradicts (A.2).

2 — e 2 ¢p
. Cp : one has pll+p ] — ~ p2 2 and p(1—Cp+log ¢p) < P 1
ence ! - for b large,
henc
1 1 2\ _p(1—Cp+ 28
(A4) p( +p( - Cp) )6 (1—Cp+log Cp) S 2<2 _PSp :

¢
moreover e~ 3(1=¢)* < e~ for p large, and (1 - 81— Cp)3) ~ %’CS, hence

PCp

= G 0,

3p?
Here again, p(1 + p(1 — ()?)[0,(¢p)| — 0, and (A.2) is contradicted.
3. (¢p) — £: one must deal here with the dichotomy ¢ # 1/¢ = 1.

(a) £#1: p(14+p(1—¢p)?) ~ (1—€)*p?, and as ¢ — 1 —( +log( is strictly convex
and attains 0 at ¢ = 1, eP(0=HoeG) < o=2P for p large, with some € > 0, hence

p(L+p(= ) 800" (1= S - )) 5§

P14+ p(1 = G))eI=HE6) < (1 — 1) — 0,

p(1—

2
furthermore, e~ 2(17%)* < ¢~ Tt for p large, and (1-5(1—¢,)%) ~ B(1—¢)3,
hence

p(1-0)2
4

(A5) p(1+p(1=6)e 51— E(1—6)| S ZL—tPe

— 0.

Once more, this yields p(1 + p(1 — ()?)[6,(¢p)] — 0, and a contradiction to
ED).

(b) £ =1: setting 2z, = {, —1 — 0, we must one last time distinguish between three
different cases: ]ng| — 00, ng’ — =X €R* and pzf; — 0 (up to passing to
a subsequence).

. |pz§| — 00: in particular, pzf, = |pz§’\2/3p1/3 — oo. Here p(l +p(1 —Cp)Q) ~

2
p2212, and 1 — (p +1log(, = —2p +log(1 + 2,) < —%” for p large, thus
) p=3(2/3,1/3
pr _ pQZf,e_%

_Ins312/3
[pzp e IP ™ — 0,

(A6) p(1+p(1—(p)?)ertt=tloe®) < p2a2em

< pQZie—(\pz;?I”?’erw) — pi/3ep?

where the last inequality holds as soon as p'/? and |pz;’]2/ 3 > 6. As for the
other summand,

2
_PZp p
(A7) p(1+p(1—()?)e 21_55‘
2 3,2/3 1/3
_P*p _ 57 e
~ PP alem 2 = pEp e 2

(the last inequality holds as soon as p'/3 and |pz§|2/ 3 > 6). In conclusion,
p(1+p(1 = )?)]6p(¢p)| — 0, in contradiction with (A.2).
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[AU]
[Auv]

[BF]

[Biq
[BL]
[Bor]

[Bou|

ii. pz;;’ — = A3 # 0, that is: 2, ~ A\p~1/3. First, p(l +p(1— (p)2) ~ szg ~

2 3
A2pt/3; moreover 1 — ¢, +log (, = —z, +log(1+ 2,) = —%p + %” +0(p/3),
hence
»p

3
A I i i

3
1

p(14p(1 = G)?)18p(G)] ~ A2p*/3e 2"

£2,1/3
g )\2])4/367117

(A.8)

a contradiction with (A.2]).

iii. ng’ — 0: In this very last case, where again pzﬁ = pzf; czp — 0,

2 3
_P2p Zp A D
0p(Gp) = €2 (VT O — 1 Ba2)

pz2 23
(49) = F (1422 4 002) (1 + 0) — 1 - 21)

—e 2 (O(pZZS) + O(pzf,))a

hence

2.2 36, o 4 T 48 T
(A.10) (p+p°2)0p(Cp) =0 (p°zpe™ 2 ) + O(pzpe™ 2 ) + O(p'zpe™2)

=0(1)
z2
independently of the behavior of pQZg, as z — 2Fe 7, k = 2,3,4, are
bounded on R. In other words, p(1 + p(1 — (,)?)0,((p) = O(1), and this
final contradiction of ([A.2) ends the proof of Lemma O
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