||||||||;II||\||IIX|||||||||\IIII\IIII‘IIII|IIII‘IIII\IIIIIIIII\||||‘|||I\|||I‘||||\|I|I‘|I|I\|I|IJIIII\IIII‘||||\|||I|JIIII\IIII

Hierarchical Bayesian Modelling

for univariate geo-referenced
spatial data

(BCG chap 5)

Eric PARENT

Parent@engref.fr
French Institute of Forestry, Agricultural and Environmental

Engineering. Laboratory for Risk Analysis in Environmental Sciences

)
9™ May 2006 A
{/




||||||||;II|I\IIIIXIIII|IIII‘|III\IIIIllllllllll‘llll\llll T ||||\I|||‘|III\IIILJIIII\IIII IIII\IIII‘IIII\IIII

The'Univariate stationary
Gaussian isotropic case

/Mean effect Spatial

s)=t(syrs)— 1o
I u(s)=X(s)B = Jf

Latent structured >

phenomenon range

Y(s)=p(s)+2Z(s)+&(S)——.nue

Error iid
noise

Sill
f» Given (u,Z) the Y(s)'s are

range ond’t independent
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t)o dlttlo neL |elar hi ali L)delllng strategy in HBM

e Modelling : Capacity to accommodate complexity

Parameters, latent states process and observation model can
be modelled independently

Parameters [6]
0 = (0,,0,) |
- / l \ [Zj6]
Random process of

Individuals, populations, time, space states Z conditioned
upon 0
||
’ / -
l l [ylZ.6]
. . Random process of the
8 Y: Observations observations conditioned upon

Z and 0

w Modellina
o p(effect|cause)
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t)o dlttlo neL |elar hi ali L)delllng strategy in HBM

 Modelling : Capacity to accommodate complexity

Each term [Z|0] and [y|Z,0] can be very complex if seen « globally »,
but is constructed from simple local interactions

« How does this component works,

« How does this global g Z conditioned upon the elements that
model works ? » : . i
component 1 directly affect it ? »

Global (complex) model —_— Z Local (simple) models

i

- A natural framework to formalize knowledge

- Enhances dialog between modeler and practitionner
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The Bayes rule (Bayes theorem)

Sir. Reverend Thomas Bayes (1702-1761)

Source : Brooks, S.P., 2003. Bayesian computation : a statistical
revolution. Phil. Trans. R. Soc. Lond. A — 361: 2681-2697.

« Information processor »

Model
Parameters 0
Likelihood p(y|0) « Updating »

Prior K Bayes rule \ Posterior

p(0) p(0ly)

(0)p(y0)
POly)= "
_' [p(©)p(y0)do

prior

\\ 0 // \ % \_ 0 /)
T p(6|y) o p(0)-p(y| 6)
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t)o dlttlo na |elar hi ali L)delllng strategy in HBM
Take advantage of conditional independence

¢ Inferences
The joint posterior pdf splits into 3 components
= Easy to switch from “Modelling” to “Inferences”

Inference
p(cause|effect)

Parameters o p(6) G p(Z,0]y) «

0= (0..0,) | pP(6) - P(Z8) - p(y|Z,6)

, Wl S

Random process of
Individuals, populations, time, space

states Z conditioned
upon 0

N
p(y|Z,0)

Random process of the
observations conditioned upon
Zand 0

w Modellina
o p(effect|cause)

Obse ns




1) Draw N replicates
from [0O]y]

2) use 6 sample to
get « empirical »
estimates : mean,
variance, percentiles
from 0.

Unknown pdf
[Oly]

J

sample from [Oy] :
(6, 0, ..., 6N

MCMC without tears : WinBUGS

® 7/24
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.

\

MCMC and bayesian inference go along well

v 2

rr

fréq. empirique

Histogramme de fréq. empirique de I'échantillon

nﬂﬂnﬂnnnﬁ

0O 01 02 03 04 05 06 07 08 09 1
0

Mo enne‘g—igﬁ(i)
Y . N iz
N, 2
Variance:%Z(H(’) —9)

i=1

fréq. cumulée emp.

0.75 ~

0.5

0.25

Calcul des percentiles de [0]y]

0O 01 02 03 04 05 06 07 08 09 1
0
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Bayesian inference

Prior (known) Model likelihood
upon 6 (known)

osterior of 0 \ /

02 I

'\ Do not depend from 6 and
often untractable

analytically. Can be
considered as a constant

MCMC can help by

[0]y] =k -[0][y]0] mmb  oroviing < samois »

from [O]y]
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Inference

el

i

Y-Z

v.Zo~N(X'X ) X(Y-2Z),

® 9/24

Y-XB

[ —1
X'X\

&)

NO| P ’H’TNN<H+(TI)ZJI(Y(_T))?}(H+(TI)ZJ

H((I) K,5). cov matrix for Z
T . nugget variance
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Prior Gal‘sgfi

Inference (cont’d)
H(<|> K,6). COV matrix for Z
T . hugget variance

1

ON

Y (7)2 T

000000

1
o
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Can’t take advantage of conjugacy for ¢,x!!!

H(d,x,0): cov matrix for Z
H($,x,0)=0?C(¢,k)

y exp(—Z'c  (p,x)Z/ 2(0 )2)
o2 pholpck Jaet(C(4.0)

px
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Elevation data

From Diggle and Riperio(2000)
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Traditional
Inference

variofit: model parameters estimated by WLS
(weightedoleast squares):

semivariance

covariance model is: powered.exponential
parameter ¢stimates:

tausq sigmasq phi  kappa

8.17 6665 3.5 2

1000 2000 3000 4000 5000 6000

0
|

distance
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Frequentist kriging
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Iy ofLw

Y1 YG
a

Y2

Y5

= J B [ e

o WinBUGS"

“Bayesian inference Using Gibbs Sampler”
Medical Research Council, Biostatistics Unit, Cambridge, UK
Imperial College, London, UK

Bayesian statistical modeling

Very popular

Sampling based methods using Gibbs sampling (eventually hybrid)

Models can be described graphically

Freeware, available at :

Extensions : { Spatial models : GeoBUGS®
Convergence : Coda®, Boa® (

Coupling with

® 16/24

www.mrc-bsu.cam.ac.uk/bugs/
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ayesian Kriging

Mean Var

kappa 1.421 0.1934

E wl
@ o

N

oL

o

phi 0.2178 0.102
sigma2 5145.0 3003.0

kappa sample: 1001
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sigma2 sample: 1001
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phi sample: 1001
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[T HTH]HT

(samples)means for height.pred

0.002km

(1) < 700.0

700.0 -

—
N
(2]

=

(40) 750.0 -

(80) 800.0 -

(61) 850.0 -

(26) 900.0 -

(1) >= 950.0

750.0

800.0

850.0

900.0

950.0
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Bayes L LzlizlJ]OISII‘nelv‘\})/lﬁzﬂj‘[)/newy,al [e‘y] dg
O

Freq. est=878.7+2* 3.2
‘9:(189K9¢9G) © 7

Confidence intervals

widen | <+ -
S -
>.

height.pred[74] sample: 1001

— —
ek
o

I I I I I I
825.0 850.0 875.0900.0925.0 ©
height.pred[74]
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P(height.pred[74])
0.04
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LrobaLilizing uncertainly : to bet or not to bet

Model Risk
[ data } “ [ (Pargmeetric } “ [ 'S }
approach)

Randomness (by essence)
Measurement error Stochastic models

sampling Management under uncertainty

Parameter estimation (by
ignorance)

Model robustness

{ Uncertainty }

Incomplete observation

® 20/24




TP ITEE IR U R T HHHH [T R TR TP HWHWHMHH
™ ‘1 Brlat katloJmary Non-Gaussian
iIsotropic case

A

1(s)=X(s)[ . Mean effect N K

range

Z(s)~N(0,H(¢.x,0)) - Latent structured

phenomenon
Exemples for Process model : Gauss+Matern, powered exp...

Y(s)= +&(5)
Exemples for data model : Bernoulli, Poi
. S) | Given (u,Z) the Y(s)'s are
Y(S)|Z,H,X~dB.ezzgp(S)),log(%)—Xﬁ+Z ond’t independent >
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t)o dlttlo neL |elar hi aI; L)delllng strategy in HBM

e Modelling : Capacity to accommodate complexity

Parameters, states process and observations process can be
modelled independently

Parameters

6= (04,6,)

[9]‘ ‘
/ l \ [Z10]
roce
Random process of

Individuals, populations, time, space states Z conditioned
upon 0

|
| T 4 [yIX,6]

. . Random process of the
Y: Obgervations observations conditioned upon

Z and 0

w Modellina
o p(effect|cause)
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hat ‘s next in chapter 5?

How to describe non-stationarity (5.3)

Play it again with areal data (lattice)...

® 23/24
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THANKS!
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