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Abstract
We discuss transport coefficients in weakly ionized mixtures. We investigate the situations of
weak and strong magnetic fields as well as electron temperature nonequilibrium. We present in
each regime the Boltzmann equations, examples of transport fluxes, the structure of transport
linear systems and discuss their solution by efficient iterative techniques. Numerical
simulations are presented for partially ionized high-temperature air.

1. Introduction

Ionized magnetized reactive gas mixtures have many practical
applications such as laboratory plasmas, high-speed gas flows,
lean flame stabilization or atmospheric phenomena. This
motivates kinetic theory investigations and the derivation of
macroscopic plasmas equations. We discuss in this paper
the kinetic theory of partially ionized polyatomic reactive gas
mixtures in weak and strong magnetic fields and the situation
of electron temperature nonequilibrium. We present in each
regime the scaled Boltzmann equations, the viscous tensors,
the species diffusion velocities, the structure of the transport
linear systems and discuss their solution by efficient iterative
techniques. New asymptotic expansions are discussed for the
evaluation of multicomponent diffusion matrices. Numerical
simulations of transport coefficients in partially ionized high
temperature air are finally presented.

2. Transport coefficients in weak magnetic fields

The kinetic theory of weakly magnetized or unmagnetized
thermal plasmas has been investigated by numerous authors
[11, 14, 21, 24, 31, 33, 36, 38, 39, 41–43]. In particular, the
structure of the transport linear systems for polyatomic gas
mixtures has been investigated as well as their solution by
iterative techniques [15, 17, 24, 26].
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2.1. Boltzmann equations

For mixtures of polyatomic ionized reactive gases, semi-
classical Boltzmann equations are typically written in the
form [11, 15, 21, 24, 36, 38, 42]

∂tfk + ck·∇fk + bk·∇ck
fk = 1

ε
Jk + εαRk, k ∈ S, (1)

where S = {1, . . . , n} denotes the species indexing set, ε the
formal parameter associated with Enskog expansion, and for
k ∈ S, fk denotes the distribution function, ck the particles
velocity, bk = g + zk(E + ck∧B) the force per unit mass,
g a species independent specific force, zk the species charge
per unit mass, E the electric field, B the magnetic field,
and Jk and Rk the scattering and reactive collision operators
[24, 38]. Application of the Chapman–Enskog method yields
the fluid conservation equations, thermochemistry properties,
expressions for transport fluxes and the transport linear systems
[11, 15, 21, 24, 36, 38, 42].

2.2. Examples of transport fluxes

The viscous tensor derived from the kinetic theory is in the form

Π = −κ(∇·v)I − η(∇v + (∇v)t − 2
3 (∇·v)I), (2)

where κ is the volume viscosity, η the shear viscosity and v
the average flow velocity. Note incidentally that the ratio κ/η

is not small for polyatomic gases as taken for granted in most
books of fluid dynamics [2]. On the other hand, the species
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diffusion velocities Vk , k ∈ S, are in the form

Vk = −
∑

l∈S

Dkldl − θk∇ log T , k ∈ S, (3)

where Dkl are the symmetric multicomponent diffusion
coefficients introduced by Waldmann, θk the thermal diffusion
coefficients, dk = (∇pk − ρkzk(E + v∧B))/p the diffusion
driving forces, ρk the species mass densities and T the absolute
temperature.

2.3. Transport linear systems and asymptotic expansions

The Chapman–Enskog method requires solving systems of
linearized integral Boltzmann equations with constraints
through a Galerkin variational procedure. Various variational
approximation spaces can be used as reduced spaces
[15] or spaces for a direct evaluation of the thermal
conductivity and the thermal diffusion ratios [16]. The
successive approximations in the Chapman–Enskog expansion
of transport coefficients are still known to converge more
slowly in plasmas than in neutral mixtures [3, 5, 7, 14]. The
transport linear systems are also naturally obtained in their
symmetric form [11, 15, 17, 21, 42, 43]. The linear system
associated with any coefficient µ then takes on either a regular
form or a singular form [15, 24, 26, 27]. Only the latter singular
form is discussed in this paper and can be written as

Gα = β,

〈α, G〉 = 0,
(4)

where G ∈ Rω,ω, α, β, G ∈ Rω, ω is the dimension of
the variational space and the coefficient is obtained with
a scalar product µ = 〈α, β ′〉 [15, 21]. The matrix G

is symmetric positive semi-definite, its nullspace is one
dimensional N(G) = RN , β ∈ R(G) and the well-posedness
condition N(G) ⊕ G⊥ = Rω holds [15].

The sparse transport matrix db(G) is a submatrix [15]
composed of diagonals of blocks of G, and 2db(G) − G and
db(G) are symmetric positive definite for n ! 3. The solution
of the transport linear system can then be obtained either from
the symmetric positive definite system (G + G ⊗ G)α = β

or from iterative techniques. The iterative techniques are
either generalized conjugate gradients or stationary techniques
associated with a splitting G = M − W , M = db(G) and
yield α =

∑
0!j<∞(PT )jPM−1P tβ, where T = M−1W

and P = I − N⊗G/〈N , G〉. The matrix M + W =
2db(G)−G must be positive definite but this is a consequence
from Boltzmann linearized equations. These stationary and
generalized conjugate gradients methods have been found
to be efficient for mixture of neutral gases [18–20] and the
situation of ionized mixtures is discussed in [22, 25, 26, 28]
and in section 5.

3. Transport coefficients in strong magnetic fields

The kinetic theory of gases in strong magnetic fields has been
investigated by numerous authors [3, 5, 7, 11, 21, 26, 27, 32].

The main difference from the previous regime is that the
magnetic force term (ck − v)∧B·∇ck

fk is now taken into
account at the zeroth order. The natural time variation of
this term is indeed the inverse of the gyrofrequency which
may be of the same order as the collision time. Even
though the equilibrium distributions are still Maxwellian
distributions, the resulting transport fluxes are anisotropic.
Many properties obtained in the isotropic case have been
generalized to the situation of strong magnetic fields. New
symmetry properties have recently been obtained as well as
the mathematical structure of the linear systems with iterative
algorithms [26, 27].

3.1. Boltzmann equations

For mixtures of polyatomic ionized reactive gases, semiclas-
sical Boltzmann equations are typically written in the form

∂tfk + ck·∇fk + b̃k·∇ck
fk +

1
ε
(ck − v)∧B·∇ck

fk

= 1
ε
Jk + εαRk, k ∈ S, (5)

where b̃k = g + zk(E + v∧B). The integro-differential
Boltzmann equations are solved with an Enskog expansion and
the fluid macroscopic equations are obtained. The transport
fluxes obtained in strong magnetic fields are then nonisotropic.

3.2. Examples of transport fluxes

The viscous tensor derived in this regime is in the form

Π = −κ∇·vI − η1S − η2(R
BS − S RB)

−η3(−RBS RB + 〈SB, B〉 B ⊗ B)

−η4(S B ⊗ B + B ⊗ B S − 2〈SB, B〉 B ⊗ B)

−η5(B ⊗ B S RB − RB S B ⊗ B), (6)

where S = (∇v + ∇vt ) − 2
3 (∇·v) I is the strain rate tensor,

B = B/‖B‖, RB the rotation matrix RBx = B∧x, κ

the volume viscosity and η1, . . . , η5 the shear viscosities.
Denoting the auxiliary vectors associated with x ∈ R3 by
x‖ = (B·x)B, x⊥ = x − x‖, and x, = B∧x, the species
diffusion velocities are in the form

V i = −
∑

j∈S

(D
‖
ijd

‖
j + D⊥

ij d
⊥
j + D,

ij d,
j )

−(θ
‖
i (∇ log T )‖ + θ⊥

i (∇ log T )⊥ + θ,
i (∇ log T ),). (7)

The resulting multicomponent diffusion coefficients parallel
D

‖
ij , perpendicular D⊥

ij and transverse D,
ij to the magnetic

field are symmetric and the entropy production associated
with all dissipative effects has been shown to be positive
[26, 27]. The perpendicular and transverse transport
coefficients are conveniently evaluated in a complex
framework and complex Stefan–Maxwell equations have also
been obtained [11, 21, 26, 27].
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3.3. Transport linear systems and asymptotic expansions

The linear systems associated with transport coefficients
parallel to the magnetic field are similar to the isotropic
systems already discussed in section 2. We investigate here
only the linear systems associated with transport coefficients
perpendicular or transverse to the magnetic field. These
transport linear systems are obtained by using a Hermitian
Galerkin solution of the linearized Boltzmann equations.
These systems are complex since vector products with the
magnetic field have been transformed into multiplication by
imaginary numbers and take on either a regular or a singular
form [15, 24, 26, 27]. Only the latter is addressed in this section
and reads as

(G + iG′)α = β,

〈α, G〉 = 0,
(8)

where G, G′ ∈ Rω,ω, α ∈ Cω, β, G ∈ Rω, and the
corresponding transport coefficient is obtained with one scalar
product µ⊥ + iµ, = 〈α, β ′〉. The matrix G and the constraint
vector G are as in the isotropic case and G′ = QD′P where D′

is diagonal, Q = I−G⊗N/〈G, N 〉 and P = I−N⊗G/〈G, N 〉.
In particular N(G + iG′) = CN , the well-posedness property
N(G + iG′) ⊕ G⊥ = Cω holds and β ∈ R(G + iG′).
The iterative techniques already available for weak magnetic
fields have been extended to the anisotropic case, either of
the generalized conjugate gradient type or of the stationary
type [26, 27]. In particular, upon introducing the splitting
G+ iG′ = M −W , where M = db(G)+diag(σ1, . . . , σω)+ iG′

is easily invertible, and the iteration matrix T = M−1W , we
have α =

∑
0!j<∞(PT)jPM−1P tβ. The advantage of these

algorithms is that their convergence properties are never worse
in the magnetized case B -= 0.

4. Transport coefficients in a two-temperature
plasma

Many authors have investigated the kinetic theory of
nonequilibrium plasmas, either weakly magnetized or
strongly magnetized [4, 12, 13, 35, 37, 40]. The most general
thermodynamic nonequilibrium model is the state to state
model where each internal state of a molecule is independent
and considered as a separate species [9, 10, 33, 38, 41]. When
there are partial equilibria between some of these states, species
internal energy temperatures can be defined and the complexity
of the model is correspondingly reduced [10, 38]. This is
notably the case when vibrational temperatures are defined for
each polyatomic species, aside from an electronic temperature
and a translational–rotational temperature. The next reduction
step then consists of equating some of the species internal
temperatures or the translational temperature and it yields
notably the two-temperature plasma model discussed in this
section. In this framework, a multiscale second order kinetic
theory derivation has recently been obtained [29].

4.1. Boltzmann equations

The Boltzmann equations in a two-temperature plasma are
typically in the form [29]

∂tfk + ck·∇fk + bk·∇ck
fk = 1

ε

( ∑

j∈H

Jkj +
1
ε
Jek

)
, k ∈ H,

(9)

∂tfe +
1
ε
ce·∇fe +

1
ε
b̃e·∇cefe +

1
ε2

(ce − vh)∧B·∇cefe

= 1
ε2

( ∑

j∈H

Jej + Jee

)
, (10)

where H denotes the heavy species indexing set, e the electron,
bk = g + zk(E + ck∧B), k ∈ H and b̃e = g + ze(E + vh∧B).
A multiscale Chapman–Enskog procedure is then used and
requires to expand the collision operators the streaming
operators and the collision invariants in powers of ε. The
reference velocity must be that of the heavy species vh for a
consistent theory. The macroscopic equations and the transport
fluxes at O(ε) order are then obtained with the corresponding
transport linear systems [29].

4.2. Examples of transport fluxes

The heavy species viscous tensor in nonequilibrium flows is in
the form

Πh = −κh(∇·vh)I − ηh(∇vh + (∇vh)
t − 2

3 (∇·vh)I), (11)

where the subscript h is associated with the heavy species.
The diffusion velocities of the heavy species Vk, k ∈ H, are
given by

Vk = −
∑

l∈H

Dkldl − θk∇ log Th, k ∈ H, (12)

where dk = (∇pk −ρkzk(E+vh∧B)−F̃ke)/ph and F̃ke/pe =
−α

‖
ked

‖
e − α⊥

ked
⊥
e − α,

ked
,
e − χ

‖
ke∇T

‖
e − χ⊥

ke∇T ⊥
e − χ,

ke∇T ,
e ,

k ∈ H. In particular, there are no polarization effects for
the heavy species. On the other hand, the electron viscous
tensor vanishes Πe = 0 and the electron diffusion velocity is
in the form

Ve = −D‖
eed

‖
e − D⊥

eed
⊥
e − D,

eed
,
e − θ‖

e (∇ log Te)
‖

−θ⊥
e (∇ log Te)

⊥ − θ,
e (∇ log Te)

,

−
∑

i∈H

(α
‖
ied

2‖
i + α⊥

ied
2⊥
i + α,

ied
2,
i ), (13)

where de = (∇pe − ρeze(E + vh∧B))/pe and d2
i = −niV i ,

i ∈ H. The last term in (13) is a second order term required
for a O(ε) drift diffusion equation and has been termed the
‘Kolesnikov effect’ [29]. In the special situation Th = Te
these fluxes can be recovered from an equilibrium theory.

4.3. Transport linear systems and asymptotic expansions

The transport linear systems for the heavy species are identical
to the isotropic systems of section 2 with S replaced by H. All
iterative techniques and asymptotic expansions can thus be
used for nonequilibrium flows. The transport linear systems
associated with electrons are small systems similar to the
regular anisotropic case.
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5. New algorithms

Iterative methods have led to fast and accurate evaluation
of transport coefficients for nonionized mixtures [18–20].
Numerical experiments have shown that generalized conjugate
gradient techniques perform as well for partially ionized
mixtures, isotropic or anisotropic [25, 27, 28]. The
convergence rates of stationary methods, however, deteriorate
as the ionization level increases as established by Garcı́a
Muñoz [22, 27]. To solve this problem, new stationary
algorithms have been introduced associated with more singular
formulations of the linear systems [25]. We briefly describe
in this section the more singular formulations in the situation
of first order diffusion matrices D and refer to [25] for higher
order diffusion matrices.

The n linear systems associated with first order diffusion
are of size n and read as

{
,αDk = βDk ,

〈αDk , y〉 = 0,
k ∈ S, (14)

and the diffusion coefficients are given by Dkl = 〈αDk , βDl 〉,
k, l ∈ S. The Stefan–Maxwell matrix , reads as ,kk =∑

l∈S,l -=k XkXl/Dkl , ,kl = −XkXl/Dkl , k, l ∈ S, k -= l,
where X1, . . . , Xn are the species mole fractions and Dkl ,
k, l ∈ S, the species binary diffusion coefficients, and y =
(Y1, . . . , Yn)

t is the mass fractions vector [21, 23, 24]. The
right-hand sides are βDk = ek − y, k ∈ S, where ek ,
k ∈ S, are the standard basis vectors of Rn. We also have
Dkl = α

Dk

l = α
Dl

k , N(,) = Ru, where u = (1, . . . , 1)t ,
N(D) = Ry and D = (, + ay⊗y)−1 − (1/a)u⊗u where
a > 0 [19, 23].

Letting , = M − W , where M is diagonal and Mkk =
,kk/(1 − Yk), T = M−1W and P = Qt = I − u⊗y, we have
,D = Q and the convergent asymptotic expansion

D =
∑

0!j<∞
(PT )jPM−1P t . (15)

The projector P is needed in the expansion since the spectral
radius of PT is strictly lower than unity whereas that of the
iteration matrix T is unity [23]. The two terms expansion
is especially interesting since it yields n2 coefficients within
O

(
n2

)
operations [23, 24]. However, the convergence rate

decreases when the ionization level increases [22, 25]. In
order to improve the accuracy of the iterates (15) we define
Yc =

∑
k∈I Yk , where I denotes the set of ionized species,

and the vector u2 by (u2)k = 1−Yc if k ∈ I and (u2)k = −Yc

otherwise. Letting y2 = ,u2, ,2 = , − y2⊗y2/〈u2, y2〉
D2 = D − u2⊗u2/〈u2, y2〉, where Q2 = Q − u2⊗y2/〈u2, y2〉,
we have ,2D2 = Q2 and the nullspaces of ,2, D2 and
Q2 are now two dimensional. We now set ,2 = M2 − W2

where M2 is diagonal and (M2)kk = (,2)kk/
(
1 − Yk − (y2)k

)
,

T2 = M−1
2 W2, P2 = Qt

2 and we have the fast converging new
expansion [25]

D = u2⊗u2

〈u2, y2〉
+

∑

0!j<∞
(P2T2)

jP2M
−1
2 P t

2 . (16)

Figure 1. Reduced anisotropic viscosities ηi/η1, 2 ! i ! 5, in
equilibrium air at T = 10 000 K and p = 0.1 atm as functions of the
electron Hall parameter βe.

6. Numerical experiments

Numerical tests have been performed with equilibrium high
temperature air at pressure p = 0.1 atm and temperature
T = 10 000 K. The corresponding mixture is constituted by
the n = 11 species N2, O2, NO, N, O, N+

2, O+
2, NO+, N+,

O+ and e. Thermodynamic properties have been estimated
from [30] and collision integrals from [44]. The rotational
relaxation times for internal energy of the polyatomic ionized
molecules have been approximated as the relaxation time of
the corresponding neutral molecules [1].

6.1. Viscosities and electrical conductivities

The viscosities of equilibrium air are evaluated as functions of
the intensity of the magnetic field B. The resulting reduced
viscosities η2/η1, η3/η1, η4/η1 and η5/η1 are presented in
figure 1 as functions of the electron Hall parameter βe = ωeτe

where ωe denotes the electron Larmor frequency ωe = eB/me

and τe the Coulomb mean collision time τe = 3me/16ρe.
(1,1)
e,ion

[6]. The corresponding viscosity η1 at B = 0 is η1 ≈
2.01 × 10−3 K m−1 s−1. We note that the ratios of ηi/η1,
2 " i " 5, are at most 0.05 and such values even require
strong magnetic fields and very low pressures. This was to
be expected since the heavy species Hall parameter is much
smaller that the electron Hall parameter and in agreement with
the two-temperature plasma model where anisotropy of the
viscous tensor disappears.

In figure 2 the reduced electrical conductivities σ⊥/σ ‖

and σ,/σ ‖ are presented as functions of the electron Hall
parameter βe. The corresponding electrical conductivity
parallel to the magnetic field is σ ‖ ≈ 2866 A V−1 m−1.
The electrical conductivities are evaluated from second order
diffusion coefficients and the general trends in figure 2 are
similar to that obtained by Bruno and co-workers for argon
plasmas [6, 7]. The perpendicular and transverse coefficients
change mainly when the electron Hall parameter is around
unity and the electron trajectory is effectively perturbed by the
magnetic field.
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Figure 2. Reduced anisotropic electrical conductivities σ⊥/σ ‖ and
σ,/σ ‖ in equilibrium air at T = 10 000 K and p = 0.1 atm as
functions of the electron Hall parameter βe.

Figure 3. Reduced anisotropic thermal conductivities λ⊥/λ‖ and
λ,/λ‖ in equilibrium air at T = 10 000 K and p = 0.1 atm as
functions of the electron Hall parameter βe.

6.2. Thermal conductivities

The thermal conductivities of equilibrium air are evaluated
as functions of the magnetic field B. The ratios λ⊥/λ‖ and
λ,/λ‖ are presented in figure 3 as functions of the electron Hall
parameter. The corresponding thermal conductivity parallel to
the magnetic field is λ‖ ≈ 0.614 W m−1 K−1. The trends are
globally similar to that of magnetized argon plasmas already
investigated by Bruno et al [6, 7]. The transverse conductivity
λ, reaches a positive maximum, next a negative minimum and
then goes to zero as the intensity of the magnetic field increases.

We have finally considered a mixture of frozen and
equilibrium air. The corresponding mole fractions are given
by Xk = (1 − δ)Xfr

k + δXeq
k , k ∈ S, where Xfr

k and
Xeq

k denote the kth species mole fraction in frozen and
equilibrium air, respectively, and 0 " δ " 1 is the
mixing ratio. The corresponding thermal conductivity λ is
presented in figure 4 as a function of δ and the units are
W m−1 K−1. We have also presented the thermal conductivity
corresponding to the monoatomic approximation λmon as
well as the same coefficient after application of the Euken
corrective factor λeuk = λmon(1 + 4C int/15R), where C int

is the internal heat capacity per unit mole and R the perfect
gas constant. This plot shows that the polyatomic effects

Figure 4. Thermal conductivities λ, λmon, λeuk and λ[e] (W m−1 K−1)
in a mixture of frozen and equilibrium air T = 10 000 K and
p = 0.1 atm as functions of the mixing ratio δ.

are of fundamental importance. Large errors result from
the monoatomic model and even the Euken correction is not
satisfactory. The only reduced model which yields a uniformly
valid approximated thermal conductivity is the so-called
total-energy approximation λ[e] where polynomials in the
total energy are considered instead of splitting the particle
energy between the kinetic and internal energy [15, 16]. The
corresponding thermal conductivity is very close to λ with a
relative error of the order of 10−3 and the two curves are nearly
superposed in figure 4.

7. Conclusion and future work

Iterative methods are a powerful tool for evaluating
multicomponent transport coefficients in partially ionized
mixtures. Multitemperature kinetic theories should be
generalized to polyatomic reactive gas mixtures taking into
account electronic excited states [8, 34]. It is also of
fundamental importance to obtain reliable thermodynamic,
chemical and transport data over a wide temperature range
for practical applications, in particular for collision integrals
associated with internal energy exchange.
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