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Abstract

We prove that the tangent complex of K-theory, in terms of (abelian) de-
formation problems over a characteristic 0 field k, is cyclic homology (over k).
This equivalence is compatible with the A-operations. In particular, the relative
algebraic K-theory functor fully determines the absolute cyclic homology over
any field k of characteristic 0.

We also show that the Loday-Quillen-Tsygan generalized trace comes as the
tangent morphism of the canonical map BGLy, — K.

The proof builds on results of Goodwillie, using Wodzicki’s excision for cyclic
homology and formal deformation theory & la Lurie-Pridham.
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Introduction

Computing the tangent space of algebraic K-theory has been the subject of many
articles. The first attempt known to the author is due to Spencer Bloch [Blo] in 1973.
It was then followed by a celebrated article of Goodwillie [Goo] in 1986.

Considering the following example, we can easily forge an intuition on the mat-
ter. Let A be a smooth commutative Q-algebra and G(A) be the group G(A) =
[GLy(A), GLy (A)] of elementary matrices. It admits a universal central extension

1—Kz(4) — GA)T — G(A) — 1

by the second K-theory group of A. The group G(A)* is the Steinberg group of A.
This above exact sequence can also be extended as an exact sequence

1 — Kz(4) — G(A)t — GLy,(A) — Ky (A) — 1. (1)

This exact sequence can be thought as the universal extension of GLy, by K-theory
(both Ko and Kj here). This idea leads to Quillen’s definition of K-theory through
the +-construction.

Consider now the tangent Lie algebra gl,, of GLy: B — GLy(B). Its current
Lie algebra gl (A) := gl, ®g A also admits a universal central extension, this time
by the first cyclic homology group

0 — HCE(A) — gl (4)" — gl (4) — 0. (2)

The obvious parallel between those two central extensions leads to the idea that the
(suitably considered) tangent space (or complex rather) of K-theory should be cyclic
homology. We will give meaning to this folkloric statement, prove it and provide a
comparison between those extensions (see below).

In both of the aforementioned articles of Bloch and Goodwillie, the tangent space
is considered in a rather naive sense: as if K-theory were an algebraic group. Bloch
defines the tangent space of K-theory at 0 in K(A) (for A a smooth commutative
algebra over Q) as the fiber of the augmentation

K(Ale]) — K(A),

where € squares to 0. Goodwillie then extends and completes the computation by
showing that relative (rational) K-theory is isomorphic to relative cyclic homology, in
the more general setting where A is a simplicial associative Q-algebra. He shows that
for any nilpotent extension A’ of A, the homotopy fibers of K(A') @ Q - K(A) ® Q
and of HCZ(A’) — HCZ(A) are quasi-isomorphic.

In this article, we give another definition of the tangent space of K-theory using
deformation theory, over any field k containing Q. We then show that this tangent
space is equivalent to the absolute and k-linear cyclic homology. Before explaining
exactly how this tangent space is defined, let us state the main result. In this intro-
duction, we will restrict for simplicity to the connective case! (or equivalently to the
case of simplicial algebras). With our definition of tangent complex, for any unital
simplicial k-algebra A, we have

Tr(a),0 = HCY_,(A)

IFor the unbounded case, we essentially replace in what follows A @y B with its connective cover
(A®y B)<C.



where the right-hand-side denotes the (shifted) k-linear (absolute) cyclic homology of
A. Of course, for this to hold for any field k, the left-hand side has to depend on k.
This dependence occurs by only considering relative K-theory of nilpotent extensions
A’ of A of the form

A=A Q;} B— A

where B is a (dg-)Artinian commutative k-algebra with residue field k. This defines
a functor

K(A,): dgArt, — Sp-o
B~ hofib(K(A®yx B) — K(A))

from the category of dg-Artinian commutative k-algebras with residue field k to the
category of connective spectra. The category of such functors dgArt, — Sp.q
admits a full subcategory of formal deformation problems — i.e. of functors satisfying
a Schlessinger condition (see Definition 2.1.1). The datum of such a functor is now
equivalent to the datum of a complex of k-vector spaces. The induced fully faithful
functor dgMod,, — Fct(dgArt,,Sp.,) admits a left adjoint — denoted by ¢Ab
that forces the Schlessinger conditions.
We define? the tangent complex of K-theory (of A) as

Tk (a0 := (2" (K(A4))
and our main theorem now reads

Theorem 1 (see Corollary 3.1.3). Let A be any (H-)unital dg-algebra over k, with
char(k) = 0. There is a natural equivalence

H™*(Tk(a)0) ~ HCS 1 (A).
This equivalence is furthermore compatible with the \-operations on each side.

We later extend this result to the case where A is replaced by a quasi-compact quasi-
separated scheme.

As a consequence, the K-theory functor fully determines the cyclic homology
functors over all fields of characteristic 0. Moreover, it gives its full meaning to the
use of “Additive K-theory” as a name of cyclic homology (see [FT]).

Using our theorem, we then prove (see Theorem 4.2.1) that the canonical natural
transformation BGLy — K (encoding the aforementioned universal central extension
of GL) induces a morphism gl (4) — HCX(A) of homotopical Lie algebras (i.e. a
Lo-morphism). Such a morphism corresponds to a morphism of complexes

CEX (gl (4)) — HCY | (4)

from the Chevalley-Eilenberg homological complex to cyclic homology. We will show
that this morphism identifies with the Loday-Quillen-Tsygan generalized trace. In
particular, it exhibits HCX | (A) as the kernel of the universal central extension of
gl (A). As a consequence, the extensions (1) and (2) above are indeed tangent to
one another.

2This definition is somewhat close to this idea of Goodwillie derivatives, but for functors defined
on categories of non-abelian nature (of commutative algebras in our case). Replacing dgArt, with
complexes of k-vector spaces would give us the Goodwillie derivative of the K-theory functor, namely
Hochschild homology. See Remark 3.1.6.



Structure of the proof

The proof of Theorem 1 goes as follows. First, we show in subsection 2.3 that the
tangent complex Ty 4y only depends on the (relative) rational K-theory functor
K A Q. Using the work of Goodwillie [Goo|, we know the relative rational K-theory
functor is equivalent (through the Chern character), with the relative rational cyclic
homology functor: K A Q ~ HiCE{l. We get

Tic(ay0 i= O (K(Aa)) = (2 (HCL, (An))

where HiC(E{l(.AA): dgArt, — dgModE0 maps an Artinian dg-algebra B over k
to the connective Q-dg-module hofib(HC2 | (A ® B) — HCZ | (A)), and where (2
is the left adjoint of the fully faithful functor dgMod, — Fct(dgArt,, dgModSO)
mapping V to B — (V ®j Aug(B))<’.

Since cyclic homology if well defined for non-unital algebras, we also have a
functor HC(E{I(.KA) mapping an Artinian B to the (shifted) cyclic homology of the
augmentation ideal A4 (B) := A ®y Aug(B).

We then argue that the functor /2 is (non-unitally) symmetric monoidal (once
restricted to a full subcategory, see Proposition 2.3.9). Since /¢(A ®y Aug(—)) = A4,
this implies the equivalence (2 HCE | (A4) ~ HCK | (A).

We will then prove (see Theorem 3.1.1) that the induced morphism

(PHCT | (A4) > (PHCZ | (An)

is a quasi-isomorphism. We use here the assumption that A is unital (or at least
H-unital). This excision statement is close to Wodzicki’s excision theorem for cyclic
homology [Wod]. The structure of our proof relies on a paper by Guccione and
Guccione [GG], where the authors give an alternative proof of Wodzicki’s theorem.
Nonetheless, our Theorem 3.1.1 is strictly speaking not a consequence of Wodzicki’s
theorem, and the proof is somewhat more subtle.

Composing those quasi-isomorphisms, we find the announced theorem

Ti(ay,0 = £ (K(Aa)) = (AHCL (Aa)) = (HHCT (An)) ~ HCL (A).

Possible generalizations

In this article, we work (mostly for simplicity) over a field k of characteristic 0. The
results will also hold over any commutative Q-algebra, or, more generally, over any
eventually coconnective simplicial Q-algebra®. This can surely also be done over more
geometric bases like schemes or stacks (and bounded enough derived versions of such).

A more interesting generalization would be to (try to) work over the sphere
spectrum. Since we only need in what follows ’abelian’ formal moduli problems, it is
not so clear that the characteristic 0 is necessary. There would, however, be significant
difficulties to be overcome, starting with a Wodzicki’s excision theorem for topological
cyclic homology.

Acknowledgements

The question answered in this text naturally appeared while working on [FHK]| with
G. Faonte and M. Kapranov. A discussion with G. Ginot and M. Zeinalian raised

3s0 that the theory of formal moduli problems would still work flawlessly.



the problem dealt with in our last section. I thank them for the many discussions we
had, that led to this question. I thank D. Calaque, P-G. Plamandon, J. Pridham and
M. Robalo for useful discussions on the content of this article. I of course thank the
anonymous referees for their very constructive comments on the first drafts of this
article.

Finally, I thank J. Pridham for bringing [Pri2] to my attention when the first
version of our work appeared online. Some arguments used in [Pri2] are fairly similar
to those we use here.

Notations

From now on, we fix the following notations
e Let k be a field of characteristic 0.

e Let dgMod, denote the category of (cohomologically graded) complexes of k-
vector spaces. Let dgModlfO be its full subcategory of connective objects (i.e.
V* such that V" = 0 for n > 0). Let dgMod, and dgMod;’ denote the
oo-categories obtained from the above by inverting the quasi-isomorphisms.

e Let dgAlgy” be the category of (possibly non-unital) associative algebras in
dgMod, (with its usual graded tensor product). We denote by dgAlgp™<"

its full subcategory of connected objects and by dgAlgiu’SO c dgAlgy" the

associated oo-categories.

e For A € dgAlgiu’SO, we denote by ngiModfilu’SO the category of connective
k-complexes with a left and a right action of A. We denote by ngiModZu’<0
the associated co-category?.

o Let cdgafo denote the category of connective commutative dg-algebras over k.
We denote by (:dgalfO its co-category.

e Let sSets be the oo-category of spaces, Sp., the oo-category of connective
spectra, and X%: sSets = Sp,, : Q% the adjunction between the infinite
suspension and loop space functors.

1 Relative cyclic homology and K-theory

In this first section, we will introduce cyclic homology, K-theory and the relative
Chern character between them. Most of the content has already appeared in the
literature. The only original fragment is the extension of some of the statements and
proofs to simplicial H-unital algebras.

1.1 Hochschild and cyclic homologies

nu

A) Definitions Fix an associative dg-algebra A € dgAlg.". Assuming (for a
moment) that A is unital, its Hochschild homology is

HHY(A) = A ® A
A®y A°

4In the case where A was unital to begin with, the co-category of connective A-bimodules embeds
fully faithfully into ngiModZu’éo. Its image is spanned by those modules on which a unit acts by

an equivalence. See [HAlg, 5.4.3.5 and 5.4.3.14].



It comes with a natural action of the circle, and we define its cyclic homology HCI,‘(A)
to be the (homotopy) coinvariants HHlf(A)hsl under this action. To define those
homologies for a non-unital algebra A, we first formally add a unit to A and form
AT ~ A@ k. We then define F'(A) = hocofib(F (k) — F(A™)) for F being either
HHX or HCX. Those definitions turn out to agree with the former ones when A was
already unital.

Unfortunately, we will need later down the road a construction of HCX(A) for A
non-unital that does not rely on the one for unital algebras. We will therefore work
with the following explicit models. We will first define strict functors, and then invert
the quasi-isomorphisms.

We fix A € dgAlg," a (not necessarily unital) associative algebra in complexes
over k. We also fix M an A-bimodule. Throughout this section, the tensor product
® will always refer to the tensor product over k.

Definition 1.1.1. We call the (augmented) Bar complex of A with coefficient in M
and denote by BX¥(A, M) the ®-total complex of the bicomplex

s MeA® T e M 0
k k

with M in degree 0 and with differential —b': M ® A®¥" — M ® A®"~! given on
homogeneous elements by

n—1
V(ag® - ®an) = D, (-1 @ ® ;0111 Q- @ an
i=0
where €; =i + >, _; |a;| (|a| standing for the degree of the homogeneous element a).
One easily checks that b’ squares to 0 and commutes with the internal differentials of
A and M.
We denote by BX(A) the complex BX(A, A).

Assuming A is unital and the right action of A on M is unital, we can build
a nullhomotopy of BX(A, M) ~ 0. This contractibility does not hold for general
non-unital algebras and modules.

Definition 1.1.2 (Wodzicki). The dg-algebra A as above is called H-unital if B¥(A4) ~
0. The A-bimodule M is called H-unitary over A if BX(A, M) ~ 0.

Remark 1.1.3. In the above definitions, we only used the right action of A on M.
In the original article of Wodzicki, such a module M would be called right H-unitary.
A similar notion exists for left modules.

Remark 1.1.4. If A is H-unital, then its right module M ® A is H-unitary, for any
M. Indeed, we then have BX(A, M ® A) ~ M ® BX(A) ~ 0.

Definition 1.1.5. We denote by HX(A, M) the ®-total complex of the bicomplex

e MA®? Py MA L M —— 0
k k

with M in degree 0 and with differential b: M ® A®™ — M ® A®"~! given on homo-
geneous elements by

bag® @ an) =b(ag® - ®ay) + (1)1, 00 @ - @ a1



Here also, the differential squares to 0 and is compatible with the internal differentials
of A and M.
We denote by HX(A) the complex HX(A4, A).

If Ais (H-)unital, the complex HX(A) is the usual Hochschild complex, that
computes the Hochschild homology of A. For general A’s, we need to compensate for
the lack of contractibility of the Bar-complex with some extra-term.

Let t, N: A®n+1 . A®"+1 by the morphisms given on homogeneous elements by
the formulae

tao® - ®an) = ()10, @@ - ®an1  and N =)t

One easily checks that they define morphisms of complexes 1 — t: BX(A) — HX(A)
and N: H¥(A) — BX(A). Moreover we have N(1 —t) =0 and (1 —¢)N = 0. We can
therefore define Hochschild and cyclic homology as follows.

Definition 1.1.6. We define the Hochschild homology HHX(A) and the cyclic ho-
mology HCX(A) of A as the @-total complexes of the following bicomplexes

HHY(A): - 0 0 BY(A) =5 HE(A) — 0 — -
HCK(A): - 2 BR(A4) 225 1k(A4) 2 BR(A) 225 HK(A) —5 0 — - -

where in both cases, the rightmost HX(A) is in degree 0. The Connes exact sequence
is the obvious fiber and cofiber sequence

HHX(4) —— HCX(A) —2— HCK(4)[2]

induced by the above definitions.

Remark 1.1.7. The Hochschild homology of A is the homotopy cofiber of 1 —
t: B¥(A) — HX(A). In particular, we have a fiber (and cofiber) sequence

BX(A) = Hk(4) —— HHE(A).

If A is H-unital, then we have HX(A) ~ HHX(A). Moreover, under this assumption,
using the reduced Bar complex as a resolution of A as a A ® A°-dg-module, we easily
show:
K L
HHS(A)~ A4 ® A
A®A°

Remark 1.1.8. The normalization N can be seen as a morphism N: HH¥(A4) —
HHX(A)[—1], which in turn is an action of (the k-valued homology of) the circle S*
on HHX(A). Choosing a suitable resolution of k as an H,(S') := H,(S', k)-module,
we find

HCK(A) = HIE(4),0 = HIE(4) & k.
Hl(S")



B) Relation to Chevalley-Eilenberg homology Cyclic homology is some-
times referred to as additive K-theory for the following reason: it is related to (the
homology of) the Lie algebra gl (A) of finite matrices the same way K-theory is
related to (the homology of) the group GLy (A).

More specifically, for A a dg-algebra, the generalized trace map is a morphism

Tr: CE{ (gl (4)) — HCH(A)[1]

used by Loday-Quillen [LQ] and Tsygan [Tsy] to prove (independently) the following
statement for A a discrete algebra, and by Burghelea [Bur| for general dg-algebras.

Theorem 1.1.9 (Loday-Quillen, Tsygan, Burghelea). When A is unital, the mor-
phism Tr induces an equivalence of Hopf algebras

CE¥(gl,,(4)) ~ Sym, (HCX(A)[1]),

where the product on the left-hand-side is given by the direct sum of matrices.

1.2 Filtrations, relative homologies and Wodzicki’s excision
theorem

Definition 1.2.1. Let f: A — B be a map of (possibly non-unital) connective® dg-
algebras. The relative Hochschild (resp. cyclic) homology of A over B is the homotopy
fiber

HHX(f) := hofib(HH¥(A) — HHX(B))
(resp. HC¥(f) := hofib(HC¥(A) — HCX(B)) ).

If I denotes the homotopy fiber of f endowed with its induced (non-unital) algebra
structure, we have canonical morphisms

nu: HHS(I) - HAS(f)  and  guo: HOX(I) — HCX(f).

Theorem 1.2.2 (Wodzicki). Let I — A — B be an extension of (possibly non-unital)
connective dg-algebras. If I is H-unital, then the induced sequences

HHY(I) —— HHX(A) —— HHY(B)
HCY(I) —— HCX(A) —— HCX(B)

are fiber and cofiber sequences. In other words, the canonical morphisms ngu and
nHC are equivalences.

Wodzicki proves in [Wod] the above theorem in the case where A, B and I are con-
centrated in degree 0. If his proof should be generalizable to connective dg-algebras,
some computations seem to become tedious. Fortunately, Guccione and Guccione
published in [GG] another proof of this result, that is very easily generalizable to
connective dg-algebras. There is also a more recent article of Donadze and Ladra
[DL] proving this result for simplicial algebras.

5For simplicity, we restrict ourselves to the connective case. The general case — unneeded for our
purposes — would work similarly.



We will actually not need Theorem 1.2.2 in what follows. We will, however,
need to reproduce some steps of its proof in a more complicated situation. In this
subsection, we will give a short proof of Theorem 1.2.2, where we have isolated the
statements to be used later. The proof follows closely the work of [GG].

We fix f: A — B a degree-wise surjective morphism in dgAlgﬁu’go. We denote
by I the kernel of f. Let M e dgBiMod""<°.

A) A filtration from BX(I, M) to BX(A, M) and from HX(I, M) to HX(A, M)
We introduce a filtration on both B¥(A, M) and H¥(A, M). Those filtrations were
originally found in [GG].

Fix n e N. Let pe N. We set

n M ® AP ifp<n
M" =
P M@ A® @ I®~" ifp>n.

We denote by Fp(f, M) (resp. Fi.(f,M)) the subcomplex of B¥(A, M) (resp.
HX(A, M)) given as the total complex of the bicomplex

-y

e (f. M) RN (LN V =Ny (LN V|
(resp. Fpu(fo M) oo — M =25 M2y = o 2 M5 M —0 ).
In particular, we have
Fihe(f, M) = BE(I, M), B(A, M) ~ colim Fp (f, M)
Flp(f, M) = HS(I, M) and HE(A, M) ~ colim Fo(f, M).

Lemma 1.2.3. The quotients ]-'glfl(f, M>/F§k(f, M) and f;ﬁl(f, M>/-7:ff[k(f, M)

are isomorphic to the complex
A®" ® B® BX(I, M)[n +1].

Proof. We have M;?H/M;} ~0if p<nand M;““l/MZT)L ~ A" QB IP~" Q@ M else.
A rapid computation shows that in the induced differential

AP"QBRIPTTT"QM — A" QBRI M
is equal to id gengp ®(—b') in the case of .Fgl.fl(f, M)/]:gl:(f, M) and to id gengp Qb
in the case of ]—'Z:‘Lf.fl(f, M)/]:;}D:(f, M)- O
Corollary 1.2.4. If M is H-unitary as an I-bimodule, then
0~ BX(I,M) ~BX(A, M)  and  HX(I, M)~ HX(A,M).
Corollary 1.2.5. Let N be a connective left B-dg-module. If I is H-unital then
HEKANQI ~HEI,N®I) =BX(I,N®1I) ~ 0.

Proof. The first equivalence is an application of the above corollary. The equality
follows from the trivial observation that the left action if I on NV is trivial. The last
equivalence is implied by the fact that I is H-unital, together with Remark 1.1.4. [



B) A filtration from BX(A, B) to BX(B) and from H¥(A, B) to HX(B) For
n,p € N, we set
N B®p+l ifp<n
P ) BOn+l @ A®PT glge.

We define Qi (f) (resp. Q% (f)) as the quotient of B¥(A, B) (resp. of HE(A, B))
given by

Qp (f): ..._,Nn;b,Nn LS N N
n n b n b b n b n
(resp. QHE(f) —>Np —’Np—l_)"'—’Nl _)NO —>O)

We have QOBI:(f) ~ BX(A, B) and Q%I:(f) ~ HX(A, B), as well as
colim Qju (f) = BX(B) and colim Q. (f) ~ HE(B).

Lemma 1.2.6. For any n € N, we have:

ker(Q’éI:(f) Qn+1(f)) ~ B5(A, B®" L @ D[n + 1]

ker(Q%:(f) Qn+1(f)> ~ HX(A, B®" @ I)[n + 1].
Proof. We have K}' := ker(N]) — NJ*') ~ 0if p < nand K ~ B"*1 @I ®
A®r-1-1 ¢lse. The differential ¥ induces the differential K ., — K' given on a
homogeneous tensor by @ -+ - @ by, @ ipt+1 @ An12 @ -+ - @ apy1 by the formula

T ® @by @lny10n12®An13@ -+ @ apy1

p
D b ® @by ®ing1 ®ani2® - ® a1 @ - @y

j=n+2
The other terms, for 0 < j < n, are cancelled because of the vanishing of the composite
I —> A— B. The conclusmn follows. O

Corollary 1.2.7. If I is H-unital, then
BS(A,B) ~ BX(B)  and  HX(A,B) ~ HX(B).

Proof. It follows from Lemma 1.2.6 and Corollary 1.2.5 that the filtration from
HX(A, B) to HX(B) we just introduced is quasi-constant. The case of BX is simi-
lar. O

C) The proof of Theorem 1.2.2. We start with an extension I - A — B of
connective dg-algebras. Up to suitable replacements, we can assume that f: A — B is
a degree-wise surjective, and that I is its kernel. Consider the commutative diagram

S(1)
HE(A,T) —— HY(A) —— HX(A, B)

~ I

He

H

(B).

10



The functor H¥(A, —) preserves fiber sequences, and therefore the horizontal sequence
is a fiber sequence. From Corollary 1.2.4 and Corollary 1.2.7, we deduce that o and
[ are quasi-isomorphisms. In particular the diagonal sequence is a fiber sequence.
Similarly, we show that the sequence

Bi(I) — Bi(A) — BJ(B)

is a fiber sequence. The result then follows from the definitions of HHX and HCK.

D) Invariance under quasi-isomorphisms Let us record for future use that
all the constructions of the previous paragraphs are well-behaved with respect to
quasi-isomorphisms.

Lemma 1.2.8. The following statements hold.

nu,<0

(i) Let A — A’ be a quasi-isomorphism in dgAlg, and let My — My be a
quasi-isomorphism of connective A'-bimodules. The induced morphisms
B(A, M) — BE(A', My) — BS(A', Ma)
and  HE(A, My) — HE(A', My) — HE(A', My)
are quasi-isomorphisms. In particular, we have quasi-isomorphisms BX(A) —

BX(A, A) — BX(A") and HE(A) — HE(A, A") — HE(A") as well as HHX(A) —
HHX(A") and HC¥(A) — HCE(A').

(ii) Let f: A— B and g: A’ — B’ be two fibrations in dgAlgﬁu’<O and let A — A’
and B — B’ be two quasi-isomorphisms commuting with f and g. Denote by I
and I' the kernels of f and g, respectively (so that the induced morphism I — I’
is a quasi-isomorphism too). Then

(a) The following induced morphisms are quasi-isomorphisms:
Qe (f) — Qi (9), n(F) = Qc(9):

(b) For any morphism of connective A’-bimodules My, — My, the induced mor-
phisms

Fu(f, My) = Figu(g, M1) — Fc(g, M2)
and F?Z‘f(faMl)_)f’fU:(g’Ml)_) ’;-Ltlf(gaMQ)
are quasi-isomorphisms.

Proof. Those are standard arguments: all the complexes at hand are defined as the
total space of a simplicial object. In particular, they come with a canonical filtration
whose graded parts are of one of the following forms (up to the obvious notational
changes)

M ® A®" or M® A" @ [P~ or B® L g A®P—n
k k k k

Since k is a field, the induced morphisms between those graded parts are quasi-
isomorphisms and the result follows. O
Corollary 1.2.9. The functors BX, #HX, %,:, QZU:, g,:, ?T'Lll“ HHX and HCK
descend to co-functors (that we will denote the same) between the appropriate co-
categories localized along quasi-isomorphisms.

11



1.3 Relative cyclic homology and K-theory

In this subsection, we recall the fundamental notions of K-theory and of the equivari-
ant Chern character, at least in the relative setting.

We consider the (connective) K-theory functor as an co-functor dgAlglf0 —
Sp.o. Let (dgAlglfO)nAﬂ1 denote the oco-category of morphisms A — B that are
surjective with nilpotent kernel at the level of HY.

Definition 1.3.1. The relative K-theory functor is the co-functor

K: (dgAlg")5 — Spso

nil
given on a morphism f: A — B by the homotopy fiber K(f) = hofib(K(A) — K(B)).

Since the map HyA — Hg B is surjective with nilpotent kernel, the map K;(A) —
K;(B) is also surjective while the map Ko(A) — Ko(B) is an isomorphism. In par-
ticular, the spectrum K(f) is connected.

Remark 1.3.2. Using Bass’ exact sequence, one can easily show (see for instance
[Bei2, §2.8]) that relative connective K-theory and relative non-connective K-theory
are equivalent:

K(f) := hofib(K(A) — K(B)) ~ hofib(K**(4) — K"°(B)) € Sp.
Definition 1.3.3. The relative cyclic homology functor is the co-functor

HCE: (dgAlgs®)2, — dgMod"

nil
given on f: A — B by HC¥(f) := hofib(HCX(A) — HCX(B)).

Remark 1.3.4. Goodwillie’s definition of relative K-theory and cyclic homology in
[Goo] differs from ours by a shift of 1.

The main result of [Goo| states that the Chern character induces an equivalence
ch: K A Q — HCQ[1]. The construction of the relative Chern character from the
absolute one is straigthforward. We will however need a more hands-on construction
in section 4. The two constructions have been proven to coincide by Cortinas and
Weibel in [CW] (see Remark 1.3.11 below).

In order to construct our relative Chern character, we will need some explicit
model for relative K-theory of connective dg-algebras over k (containing Q). For
convenience, we will work with the equivalent model of simplicial k-algebras. We
denote by sAlg, the category of simplicial (unital) algebras over k, endowed with its
standard model structure.

A) Matrix groups and K-theory We start by recalling notions from [Wal| (see
also [Goo]).

For A € sAlg,, we denote by M,,(A) the simplicial set obtained by taking n x n-
matrices level-wise. Finally, we define the group of invertible matrices as the pullback

GL,(A) — M, (4)

L

GLn(ﬂ'oA) —_— Mn (7T()A).
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We have 79(GL,(A)) ~ GL,(mpA) and 7;(GL,(A)) ~ M, (m;A) for ¢ = 1. In partic-
ular, this construction preserves homotopy equivalences. The simplicial set GL,(A)
is a group-like simplicial monoid and we denote by BGL,,(A) its classifying space.
Finally, we denote by BGL (A) the colimit colim,, BGL,,(4).

Applying Quillen’s plus construction to BGLy (A) yields a model for K-theory,
so that there is an equivalence

Ko x BGLy(—)* ~ QP K.

Based on this equivalence, we will build in the next paragraph a model for relative
K-theory using relative Volodin spaces.

B) Relative Volodin construction The Volodin model for the K-theory of rings
first appeared in [Vol] in the absolute case. The relative version seem to originate from
an unpublished work of Ogle and Weibel. It can also be found in [Lod]. We will need
a version of that construction for simplicial algebras over k.

We fix a fibration f: A — B in sAlg, such that the induced morphism mo(A) —
mo(B) is surjective. In particular, the morphism f is level-wise surjective. We denote
by I its kernel and we assume that mo/ is nilpotent in myA.

Definition 1.3.5. Let n > 1 and let o be a partial order on the set {1,...,n}. We
denote by T9 (A, I) the sub simplicial set of M,,(A) given in dimension p by the subset
of M,,(A4,) consisting of matrices of the form 1 + (a;;) with a;; € I, if i is not lower
than j for the order o.

As a simplicial set, T?(A, I) is isomorphic to a simplicial set of the form A% x I#

with o and 3 are integers depending on o, such that a + 8 = n2. In particular, this

construction is homotopy invariant. Moreover, the map T (A,I) — M, (A) factors

through GL,,(A). Actually, T2 (A, I) is a simplicial subgroup of the simplicial monoid
GL,(4).

Definition 1.3.6. We define the relative Volodin space X (A4, I) as the union

X(A, 1) := | BT (A, I) € BGLy(A).

n,o

The group 71 (X (A, I)) contains as a maximal perfect subgroup the group E(mo(A))
and we apply the plus construction to this pair.

Proposition 1.3.7. The inclusion X(A,T) — BGLy(A) induces a fiber sequence
X(A,I)* — BGLy(A)* — BGLy (B)™.
In particular, we have a (functorial) equivalence
X(A, DT ~ QPK(f).

Proof. This is a classical argument, that can be found in [Lod, §11.3] for rings. We
simply extend it to simplicial algebras. We start by drawing the following commuta-
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tive diagram

(3) 0 —— BGL(B)* — BGLy(B)*

The space X (A,0) is acyclic (see [Sus| for the discrete case, the simplicial case
being deduced by colimits). It follows (by the properties of the plus construction),
that the row (2) is a fibration sequence. Obviously, so are the row (3) and the columns
(a) and (c). It now suffices to show that column (b) is a fibration sequence. Consider
the commutative diagram

X(A,I) —— BGLy(A) —— BGLy(B)*

| o ] l

X(B,0) —— BGLy(B) —— BGLy(B)*.

The square (7) is homotopy Cartesian. Indeed, the morphism p is induced by a
point-wise surjective fibration of group-like simplicial monoids (recall that we assumed
mo(I) to be nilpotent). It is therefore a fibration. We can now see that the diagram
is cartesian on the nose by looking at its simplices. The bottom row is a fibration
sequence. It follows that the top row (which coincides with column (b)) is also a
fibration sequence.

As a consequence, row (1) induces a fibration sequence in homology. Since
X (A,0) is acyclic, the homologies of X (A, I) and of QPK(f) are isomorphic. It
follows that X (A, I)* and Q® K(f) are homotopy equivalent. O

C) Malcev’s theory In order to construct our relative Chern character ch: K A
Q — HCQ[1], it is now enough to relate the homology of the relative Volodin spaces
X (A, I) with cyclic homology. This step uses Malcev’s theory, that relates homol-
ogy of nilpotent uniquely divisible groups (such as T¢(A, I) for A discrete) with the
homology of an associated nilpotent Lie algebra. The original reference is [Mal].

For simplicity, we will only work with Lie algebras of matrices. We assume for
now that A is a discrete unital Q-algebra. Let n < gl,(A) be a nilpotent sub-Lie
algebra (for some n). Denote by N the subgroup N := exp(n) < GL,(A4). We have
the following proposition (for a proof, we refer to [SW, Theorem 5.11]).

Proposition 1.3.8 (Malcev, Suslin-Wodzicki). There is a quasi-isomorphism
Q[BN] := C.(BN,Q) — CEZ(n)

functorial in n, where BN denotes the classifying space of N. Moreover, this quasi-
isomorphism is compatible with the standard filtrations on those complexes.
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The construction of this quasi-isomorphism is based on two statements. First,
the completion of the algebras U(n) and Q[N] along their augmentation ideals are
isomorphic and, second, the standard resolutions of Q as a trivial module on those
algebras are compatible. It follows that this quasi-isomorphism is actually compatible
with the standard filtrations on both sides.

Fix I < A a nilpotent ideal. For n € N and ¢ a partial order on {1,...,n}, we
denote by t7(A,I) < gl,(A) the (nilpotent) Lie algebra of matrices (a;;) such that
ai; € I if 7 is not smaller that j for the partial order . We have then by defini-
tion T (A, I) = exp(tZ (A4, I)) and therefore a quasi-isomorphism 7: Q[BT?Z(A4,I)] —
CE2(t9(A, I)) functorial in A and I.

Return now to the general case of a morphism of simplicial rings f: A — B
such that mgA — 7B is surjective with nilpotent kernel. First, we replace A so that
A — F is a filtration (i.e. is levelwise surjective) and ker(Ag — By) is nilpotent.
Using the monoidal Dold-Kan correspondence (see [SS]), we can further assume A4,
(resp. B,) to be a nilpotent extension of Ay (resp. Bp). All in all, we have replaced
f with an equivalent morphism, which is levelwise surjective and such that the kernel
I is (levelwise) nilpotent. Both functors Q[BT?(—, —)] and CEZ(t7(—, —)) preserve
geometric realizations and we therefore get a (functorial) quasi-isomorphism

7: QBT (4, 1)] — CEX(t7(A, 1))

by applying 7 level-wise.

D) The relative Chern character The usual construction (used among others
by Goodwillie) is based on the absolute Chern character ch: K — HCZ(—)[1]. Tt is a
(functorial) morphism of spectra K(f) — HC2(f)[1]. We will only need the induced
relative (and Q-linear) version:

Definition 1.3.9. We will denote by ch the (Q-linear) relative Chern character
Theorem 1.3.10 (Goodwillie [Goo]). The morphism ch is a quasi-isomorphism.

In order to compare a tangent map to the generalized trace in section 4, we will
need another description of the relative Chern character. Using the natural inclusion
t7(A,I) — gl (A) and the generalized trace map, we get a morphism

CE2(t7(A, 1)) — CEZ(gl,(4)) — HCZ(A)[1]

whose image lies in the subcomplex HCZ(f)[1]. We find
Q[BTS (A, I)] > CEX(t5(A, 1)) = HCZ(f)[1].

Taking the colimit on n and o, we find a version of the relative Chern character
ch?: QIQ* K(/)] ~ QX (A, )] — HCI(H)[1].

This version a priori does not descend to a morphism of spectra. However, Cortifias
and Weibel proved that ch induces a morphism Q[Q® K(f)] — HC2(f)[1] that is

functorially homotopic to our ch® (see [CW]).
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Remark 1.3.11. Cortinas and Weibel only consider the case of discrete algebras.
If f: A — B is a surjective morphism of simplicial algebras, we can reduce to the
discrete case. Indeed, writing f as a geometric realization of discrete f,: A, — B,
and setting I, = ker(f,), we find Q[X(A,I)] ~ colimp,] Q[X(A,,I,)] as well as
HCZ(f) ~ colimp,,; HC2(f,,). The relative Chern characters evaluated on I = A — B
are then (both) determined by their value on discrete algebras, and therefore coincide
using Cortinas and Weibel’s result.

E) The case of H-unital algebras In the proof of our main result, we will
use a Goodwillie theorem for H-unital algebras. To extend Theorem 1.3.10 to this
context, we will need the following result of Suslin and Wodzicki [SW] (see [Tam] for
its generalization to simplicial Q-algebras)

Theorem 1.3.12 (Suslin-Wodzicki, Tamme). If I — A — B is an extension of (pos-
sibly non-unital) simplicial Q-algebras and I is H-unital, then the induced sequence

KIH)AnQ—-KA AQ—-K(B)AQ

s a fiber sequence of connective spectra. In particular, if either A — B admits a
section or I is nilpotent, it is also a cofiber sequence.

We fix a nilpotent extension f: A — B of H-unital simplicial k-algebras. We get
a commutative diagram whose rows and columns are fiber and cofiber sequences

(HAAQ == Kkx f)AQ ———— 0

| |

K
KA AQ — K(kx A) AQ —— K(k) A Q
K(

| l

B)AQ — K(kx B) nQ —— K(k) A Q,

1

where the functor k x — formally adds a (k-linear) unit®. We get a natural equivalence
K(f) AQ=~K(kx f) Q.

Similarly, using Theorem 1.2.2, we have HCY(f)[1] ~ HCQ(k x f)[1]. Theorem 1.3.10
thus leads to the following

Corollary 1.3.13. There is a functorial equivalence
ch: K(f) A Q > HCI()[1],

in the more general case of f: A — B a nilpotent extension of H-unital simplicial
Q-algebras (that coincides with the relative Chern character when both A and B are
unital).

6S0 k x — is the left adjoint to the forgetful functor sAlg, — sAlgi "
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2 Formal deformation problems

Infinitesimal deformations of algebraic objects can be encoded by a tangential struc-
ture on the moduli space classifying those objects. In [Pril] and [Lur], Pridham and
Lurie established an equivalence between so-called formal moduli problems and dif-
ferential graded Lie algebras. This section starts by recalling Pridham and Lurie’s
works. We then establish some basic facts about abelian or linear formal moduli
problems.

2.1 Formal moduli problems and dg-Lie algebras

Definition 2.1.1. Let dgArt, < cdgafo/k denote the full subcategory of augmented
connective k-cdga’s spanned by Artinian” ones. Let C be an co-category with finite
limits.

We say that a functor F': dgArt, — C satisfies the Schlessinger condition (S) if

(S1) The object F(k) is final in C.

(S2) For any map A — B € dgArt, that is surjective on H°, the induced
morphism F(k xp A) — F(k) x p(p) F'(A) is an equivalence.

(S)

Definition 2.1.2. A pre-FMP (pre-formal moduli problem) is a functor dgArt, —
sSets. We denote by PFMPy, their category. A FMP (formal moduli problem) is
a pre-FMP F' satisfying the Schlessinger condition (S). We denote by FMPy the
category of formal moduli problems, and by i: FMP, — PFMPy the inclusion
functor.

Example 2.1.3. Let X be an Artin (and possibly derived) stack and = € X be a
k-point. The functor B + {z} x x ) X(B) defined on Artinian dg-algebras satisfies
the Schlessinger condition (see [TV] for instance). It thus defines a formal moduli
problem.

The category PFMPy, is presentable, and the full subcategory FMPy, is strongly
reflexive. In particular, the inclusion i: FMPy, — PFMPy admits a left adjoint.

Definition 2.1.4. We denote by L: PFMPy, — FMPy, the left adjoint to the inclu-
sion i. We call it the formalization functor.

Definition 2.1.5. A shifted dg-Lie algebra over k is a complex V together with a
dg-Lie algebra structure on V[—1]. We denote by dgLieiz the oo-category of shifted
dg-Lie algebras.

Remark 2.1.6. The notation € is here to remind us the shift in the Lie structure.
Note that shifting a complex V' by —1 amounts to computing its (pointed) loop space
Qv ~ V[-1].

Theorem 2.1.7 (Pridham, Lurie). The functor T: FMPy — dgMod, (computing
the tangent complex) factors through the forgetful functor dgLiei2 — dgMod,. In
other words, the tangent complex TF of a formal moduli problem admits a natural
shifted Lie structure. Moreover, the functor F — TF induces an equivalence

FMPy ~ dgLie{.

"Recall that A is called Artinian if its cohomology is finite dimensional over k, and if HO(A) is a
local ring.
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Definition 2.1.8. We denote by ¢ the composite functor £ := T o L: PFMPy, —
dgLiej!, and by e: dgLie}! = FMPy the inverse functor T,

Example 2.1.9. Let X be a smooth scheme and x € X a k-point. Example 2.1.3
yields an associated formal moduli problem whose tangent complex is Tx , the tan-
gent space of X at x. The shifted Lie structure is the trivial.

More interestingly, if G is a smooth group scheme, then its classifying stack BG
is an Artin stack. The tangent complex to the associated formal moduli problem is
g[1] = T 1[1], the shift of the Lie algebra of G. The shifted Lie algebra structure on
g[1] is the usual Lie algebra structure on g. This will be discussed in more detail in
section 4 below.

Let us recall briefly how the equivalence in Theorem 2.1.7 is constructed. Con-
sider the Chevalley-Eilenberg cohomological functor

CEg: dgLiey” — cdgay .
It admits a left adjoint, denoted by Dy, so that for any L and B, we have
Mapggpie, (L Pi(B)) ~ Mapcggaz:s (B, CEL(L)).
The equivalence e: dgLieg = FMPy, is then given on V e dgLieﬁ by the formula
e(V)(B) := Mapggpe, (Px(B), V[-1]).

Proving this construction indeed defines an equivalence is based on the following key
lemma

Lemma 2.1.10 (see [Lur, 2.3.5]). For B € dgArt,, the adjunction morphism
B — CEL(Dk(B))
is an equivalence.

In what follows, we will need slightly more general versions of formal moduli prob-
lems, namely formal moduli problems with values in an co-category such as complexes
of vectors spaces or connective spectra.

Definition 2.1.11. Let C be an oo-category with all finite limits. A C-valued pre-
FMP is a functor dgArt,, — C. A C-valued formal moduli problem (or FMP) is a
C-valued pre-FMP satisfying the Schlessinger condition (S).

We denote by PFMPﬁ the category of C-valued pre-FMPs, by FMPﬁ the cat-
egory of C-valued FMPs. We also denote by i¢: FMPﬁ — PFMPﬁ the inclusion
functor.

Lemma 2.1.12. If C is a presentable co-category, then PFMPﬁ and FMPﬁ are
presentable categories, and ic admits a left adjoint.

Definition 2.1.13. In the above situation, we will denote by L the left adjoint to
ic.

Proof (of Lemma 2.1.12). The presentability of PEMPY, is [HTT, 5.5.3.6]. Remains
to prove that FMP{ ¢ PFMPY is a strongly reflexive category (see [HTT, p.482]).
Fix a cartesian square (o) in dgArt,

C—— A

| @ s

k—— B
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where f is surjective on H°. We denote by Dy < PFMPﬁ the full subcategory
spanned by functors F' mapping (o) to a pullback square. Since FMPIC( = ﬂ(o) Do)
and because of [HTT, 5.5.4.18], it suffices to prove that D, is strongly reflexive in
PFMP.

Restriction along (o) defines a functor o*: PEMP§ — Fct(K,C) where K =
A' x Al is the square. The functor o* admits a left adjoint oy (namely the left
Kan extension functor, see [HTT, 4.3.3.7]). A functor F' belongs to D(, if and
only if o*(F) is a pullback square. By [HTT, 5.5.4.19], the full subcategory Fct(K,C)
spanned by pullback squares is strongly reflexive. It thus follows from [HTT, 5.5.4.17]
that D(4 is strongly reflexive in PFMPﬁ. O

We conclude this section by recording a functoriality statement, whose proof is
straightforward and left to the reader.

Lemma 2.1.14. Let f: C 2 D : g be an adjunction between presentable co-categories.

(i) Composing with g induces a functor gy : PFMPE — PFMPﬁ that maps formal
moduli problems to formal moduli problems.

(ii) The induced functor gy : FMPE — FMPY, admits a left adjoint fi given by the
composition fi = LP ofy oic, where fy: PFMPﬁ — PFMPE s the functor
given by composing with f.

(iii) We have fyoLE ~ LP of,.

2.2 Abelian moduli problems

The moduli problem of concern in this article is constructed from the (connective) K-
theory functor. In particular, its values are endowed with an abelian group structure,
or equivalently are connective spectra. We shall therefore establish a couple of basic
properties of those abelian formal moduli problems.

A) Abelian formal moduli problems Denote by FMP2P (resp. PEMP£P)
the category of abelian group objects (i.e. group-like Ey-monoids) in (pre-)formal
moduli problems. We call their objects abelian (pre-)formal moduli problems.

Forgetting the abelian group structure and the free abelian group functor form
an adjunction

FAP: FMPy 2 FMP2P : Gay.
We also have a similar adjunction

»*: PFMPy 2 PFMP2P . 0%,

Note the categories PEMPP and FMP2P identify with PFMPY (resp. FMPY) for
C = Sp- the category of connective spectra (see [HAlg, Rmk. 5.2.6.26]). In particu-
lar, the above adjunction is given by applying point-wise the functors X : sSets =
Sp- : Q®. Finally, we denote by iap: FMP?b — PFMPQID the inclusion functor,
and by LAP its left adjoint.

Remark 2.2.1. We have a Beck-Chevalley transformation Lo Q® — Gay, oAb, Tt
is in general not an equivalence. In particular, an abelian pre-FMPs, such as the
K-theory functor, will have two different associated formal moduli problems, and two
different tangent Lie algebras (one of which will automatically be abelian, see below).
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B) Abelian dg-Lie algebras It follows from Theorem 2.1.7 that the category
FMPQb is equivalent to the category dgLieS’Ab of abelian group objects in dgLie{Z.
We shall call objects of dgLie, ™" abelian dg-Lie algebras.

Although the following statement is well know to the community, we could not
locate a proof in the literature. We therefore provide one.

Proposition 2.2.2. The forgetful functor
dgLie,*" — dgMod,

s an equivalence. In particular Fl\/IP?b ~ dgLieg’AID ~ dgMod,,.
Definition 2.2.3. We denote by TAP: FMP‘I:‘b = dgMod, the equivalence of the
above proposition. We denote by eap,: dgMod, > FMP#P its inverse.

Proof (of the proposition). For any pointed category, we denote by  its pointed
loop space endofunctor. Denote by FMPi " the category of FMP in (n—1)-connective
spaces. In particular, we have FMP 0 — FMPy. The inclusion of (n— 1)-connective
spaces into all spaces induces a fully faithful functor FMPf " — PFMPy. We denote
by u, the composite

U, : FMPZ" — PFMPy — FMP,,.

Lemma 2.2.4. The functor u, is an equivalence.

Proof. For any oo-category C with finite products, denote by Mon%ri (C) the oo-
category of group-like E,,-monoids in C (see [HAlg, Def. 5.2.6.6]). By [HAlg, Thm.
5.2.6.10], the n-th loop space defines a (point-wise) equivalence Q": FMP{" —
MOIl]gEi (FMPk)

It follows from [BKP, Prop. 2.15] that taking the n-th loop space also defines
an equivalence FMP, — Mon%‘i (FMPy). The inverse first applies point-wise the
n-fold delooping B"™, and then applies L to the obtained functor. The composition

FMP;" % Mon® (FMPy) “% FMP,

is then homotopic to u,,, and is an equivalence. O

We continue our proof of Proposition 2.2.2. The forgetful functor f: dgLie{(2 —
dgMod, commutes with limits (and thus with Q). We get a commutative diagram,
where the leftmost column is obtained by taking the limit of the rows

Cy := lim FMPZ" 2 FMPE? & FMPE! L FMPL?
[0 ueo [0 u2 [0 u1 [0 uo

Cy := lim FMPy o FMP, —% FMP, —% FMPy
R Teo e T [0 T 0T

C3 := lim dgLiey . % dgLief! —% dgLief! —+ dgLie}’
Lo 1 It L

Cy := limdgMod,, .. % dgMod, % dgMod, % dgMod,.

Since the category dgMod, is stable, the projection on the rightmost component is
an equivalence C4 ~ dgMod,. The category C; identifies with the category of formal
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moduli problems in the limit category lim(--- — sSets>; — sSets>() ~ Sp-,. By
[HAlg, Rmk. 5.2.6.26], C; is equivalent to FMbe7 and therefore C3 ~ dgLielil’Ab.
Moreover, the equivalence T, is homotopic to the equivalence FMPQb ~ dgLieg’Ab
induced directly from T: FMPy ~ dgLiei2 by taking abelian group objects on both
sides. The projections on the rightmost component C; — FMPi0 = FMPy and
C; — dgLie{(2 identify with the functors forgetting the abelian group structure, while
the functor fy: dgLieg’Ab ~ C3 — C4 ~ dgMody is the forgetful functor.

Remains to prove that fy is an equivalence. Since f is conservative, so is fo.
The functor fo, is the limit of functors with left adjoints, and therefore it admits a left
adjoint go. Denote by g the left adjoint of f. Up to a shift, the functor g identifies
with the free Lie algebra functor:

g(V) ~ FreeLie(V[—1])[1].

For a fixed V € dgMod, ~ C4, the adjunction unit V' — fy, 0 g (V') identifies with
the canonical map
oy V — colim Q" (g(V[n])).
n

The full subcategory of dgMod, spanned by V’s such that ¢y is an equivalence is
stable under filtered colimits. We may thus assume V' to be perfect, concentrated in
(cohomological) degrees lower than some integer m. Fix i € Z. For n > m + 4, the
cohomology group H!(2"(g(V'[n]))) is independent of n and isomorphic to H (V). In
particular, the map ¢y is a quasi-isomorphism. O

Definition 2.2.5. We denote by CE: dgLiei2 — dgMod,, the functor mapping a

shifted dg-Lie algebra L to the Chevalley-Eilenberg complex of its shift CE,(L[—1]).
We denote by CES: dgLieE — dgMod, the functor mapping a shifted dg-Lie

algebra L to the reduced Chevalley-Eilenberg complex of its shift CE,(L[—1]).

Definition 2.2.6. We denote by 6: dgMod, ~ dgLieiz’Ab — dgLieli2 the functor
forgetting the abelian group structure.

Lemma 2.2.7. The functor 8: dgMod, — dgLieg identifies with the functor map-
ping a complex to itself with the trivial bracket. As a consequence, CES is left adjoint
to 0.

Proof. Denote by h(V) the (shifted) dg-Lie algebra with trivial bracket built on
V e dgMod,. Since g is given as a free (shifted) dg-Lie algebra, there is a canonical
morphism g(V) — h(V) given by collapsing the free brackets. By construction, the
functor 6 is given by the formula

O(V) ~ colim Q"' (g(V[n — 1])) € dgLie;’.

n
In particular, we find a functorial morphism in dgLie{(2

O(V) ~ colim Q"1 (g(V[n — 1])) — colim Q"1 (h(V[n — 1])) ~ h(V).
We have already seen in the proof of Proposition 2.2.2 that the image by f of this
morphism is an equivalence. The first result follows by conservativity of f.
For the second statement, we simply observe that CE! is the left derived functor
of the abelianization functor L — LJ[L, L], which is left adjoint to h. O
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C) Description of the equivalence FMPQID ~ dgMod, We will give a more
explicit description of the equivalence of Proposition 2.2.2. The definition implies
that TAP: FMP?b = dgMod, simply computes the tangent complex (at the only
k-point). Let us also describe its inverse eap.

Lemma 2.2.8. Let B € dgArty, and X = Map(B, —) € FMPy. We have
TFAP(X) ~ Aug(B)",

where Aug computes the augmentation ideal of a given Artinian, and (—)" computes
the k-linear dual.

Proof. Since B is Artinian, we deduce from Lemma 2.1.10 that B is canonically
equivalent to the Chevalley-Eilenberg cohomology of it (shifted) tangent Lie algebra
TX. It follows that the tangent Lie algebra of FAP X is the dg-module CE$(TX) ~
Aug(B)". O

Proposition 2.2.9. The functor eay s equivalent to the functor mapping V €
dgMod, to the abelian formal moduli problem

<0
k
where Aug computes the augmentation ideal of a given Artinian cdga and (—)<°
truncates the given complex (and considers it as a connective spectrum through the
Dold-Kan equivalence).

Proof. The equivalence dgLieg ~ FMPy is constructed by identifying dgArt,
with a full subcategory of dgLieg of so-called good (shifted) dg-Lie algebras, that
generates dgLieliZ in a certain way. This identification is given by the Chevalley-
Eilenberg functor CES. In particular, given V € dgMod,, and B € dgArt,, we
have

eap(V)(B) ~ MapFMPQb (FAb(Map(Ba _))veAb(V))
<0
> Mibagatoa, (Aue(B)" V) = (Ae(B) @V )
O

D) Diagrammatic summary It follows from Proposition 2.2.2 that an abelian
formal moduli problem is determined by its tangent complex (without any additional
structure).

We denote by ¢AP the composite functor £AP := TAP o LAP. We get the commu-
tative diagrams of right adjoints and of left adjoints

T T
dgLie! =5 FMP) —— PFMPy  dgLie; == FMPy «—— PFMP,

TO TGAb TQ"O @?l FAbl Zwl
dgMod = FMP2P PFMP2? dgMod = FMP2P PFMPAP
givlod, = k G k givlod, === kA k -

Ab
ZAb
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2.3 Q-linear moduli problems
A) Definitions

Definition 2.3.1. A Q-linear (pre-)FMP is a (pre-)FMP with values in the oo-
category C = dgModEO. We shorten the notations by setting

FMPY .= FMP{, PFMP:= PFMP{, ip:=ic and L%:=1C.

We denote by jg the forgetful functor PFMP(S — PFMP£P and by eg the functor
dgMod, — FMP(S given by the formula

<0
eg(V): B — (Aug(B) ® V) e dgModg".

Recall that ea}, denotes the inverse of the equivalence T: FMPfb — dgMod,.
Proposition 2.3.2. The following assertions hold.

(a) The functor jg: PFMPE — PFMP{P preserves formal moduli problems and
1s fully faithful.

(b) The functor ey, factors as
eab ~ jgoeg: dgMod,, 53 FMPY 1 FMPA®.

(c) The functors eg: dgMod, — FMP(S and jg: FMP(S — FMP2P are equiva-
lences.

As a consequence, we have the following factorization of the adjunction LAY iy :

LAb

Le —AQ
dgMod, ~ FMP#® ~ FMP_ & — PFMPY &—— PFMP2".
g Jo

1Ab
Proof. The functor jg is given by post-composing with the limit preserving functor
dgModE0 — Sp-(. In particular, it preserves the Schlessinger condition (S). Recall
that Q is idempotent in spectra: Q A Q ~ Q. It follows that jg is fully faithful. This
proves assertion (a).
Proposition 2.2.9 implies assertion (b). All is left is assertion (c), which follows
from assertion (a) and assertion (b). O

Definition 2.3.3. We denote by TC: FMPS — dgMod, the inverse of eg. We
denote by ¢Q the composite T? o LC.

Remark 2.3.4. Since k is both initial and final in dgArt,, any F € PFMPS
(resp. in PEMP#P) splits as F ~ F @ F(k), where F is pointed (i.e. satisfies the
Schlessinger condition (S1)) and F'(k) is the constant functor. Since the inclusion ig
(resp. iap) factors through the category of pointed functors, its left adjoint LY (resp.
LAP) can be decomposed into two functors. The first associates F to F, while the
second forces Schlessinger condition (S2). In particular, we have

LY(F) ~ Le(F) and (%(F) ~ (2(F)
(resp. LAP(F) ~ LAP(F) and £AP(F) ~ eAb(F)).
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B) Generators In this paragraph, we will identify families of generators of the
category PFMP(E.

Definition 2.3.5. For B € dgArt,, we denote by S¢(B) e PFMPS (resp. S@(B))
the functor

S%(B) := C (Mabggare, (B, ), Q) (resp. S%(B) i= Cu(Mapagas, (B. ). Q));
where Cy(—, Q) (resp. Co(—,Q)) computes the (reduced) rational homology of a given
simplicial set.

Lemma 2.3.6. The category PFMPS is generated under colimits by functors of
the form SQ(B). The full subcategory of PFMPE spanned by pointed functors (i.e.

satisfying the Schlessinger condition (S1)) is generated under colimits by functors of
the form SQ(B).

Proof. Note that PFMPE is equivalent to the oo-category of Q-linear objects in
PFMPy. As a category of presheaves, PFMP) is generated under colimits by
the representable functors Mapgga,¢, (B, —) (for B € dgArt,). It follows that

PFMP(S is generated under colimits by the free Q-linear presheaves generated by
those Mapgga,s, (B, —), i.e. by the SQ(B)’s. The second statement follows. O

We now compute explicitly the formal moduli problem associated to such a gen-
erator.

Lemma 2.3.7. Let B € dgArty,. There are functorial equivalences Q(SY(B)) ~
2(SQ(B)) ~ Aug(B)", where (—)" computes the k-linear dual and Aug the augmen-
tation.

Proof. From Remark 2.3.4, we have (2(SQ(B)) ~ ¢2(S¢(B)). The result then follows
from Lemma 2.2.8 in conjunction with the factorization from Proposition 2.3.2. O

C) Monoidality We will now consider monoidal structures on the adjunction
(2: PFMPY 2 FMPY ~ dgMod,, : eg.

We first observe that both sides admit a natural tensor structure: ®yx on the RHS,
and the point-wise application of ®g on the LHS.

Lemma 2.3.8. The functor eg is non-unitally lax symmetric monoidal.

Proof. We consider the constant moduli problem functor dgMod, — PFMP(S
mapping V' to the constant functor V. It is right adjoint to the symmetric monoidal
functor F' — F'(k) ®g k and therefore inherits a lax monoidal structure.

Let I be the functor I: dgArt, — dgMod, mapping an Artinian B to its
augmentation ideal Aug(B). It is by construction an ideal in the commutative algebra
object I: B — B and therefore inherits a non-unital commutative algebra structure.

In particular, the functor eg: V' — 70 (K Rk T) is non-unitally lax symmetric
monoidal. O

As a direct consequence of this lemma, we get that the functor 2 is non-unitally
colax symmetric monoidal.
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Proposition 2.3.9. The functor (2 is non-unitally symmetric monoidal once re-
stricted to the full subcategory of pointed functors.

Proof. We are to prove that for any pair F,G € PFMP(E of pointed functors (i.e.
F(k) ~ G(k) ~ 0), the natural morphism

Yrg: (2 <F % G) — (Y(F) <§> (@)

is an equivalence. Fixing F, we denote by Dp c PFMP(S the full subcategory
spanned by the G’s such that g is an equivalence. Since the tensor products ®j
and ®g preserve colimits in each variable, and since £2 preserves colimits, the category
Dr is stable under colimits. Using Lemma 2.3.6, we can therefore reduce the question
to the case where G (and by symmetry, also F) is of the form S%(B). Let B; and By
be Artinian cdga’s over k, and assume that F' = S@(B;) and G = SU(By).

The reduced Kiinneth formula provides a (functorial) equivalence

S¢ (Bl % B2> ~ C, <MapdgArtk (B1,—) x NIapdgA]rtk (B2, —), Q)

Applying ¢2 on that equivalence, we find using Lemma 2.3.7

A\

Aug <31 Ci) BQ> ~ (@ (SQ(Bl) % SQ(BQ)> ® Aug(B;)" ® Aug(Bs)".

Since B; and B, are perfect as k-dg-modules, the LHS identifies with

Aug(Bl)v Ql?Aug(Bg)v @Aug(Bl)v @Aug(BQ)V

The map 7go(p,)s0(B,) 18 thus a retract of the equivalence Q(SY(B; ®y By)) ~
Aug(B; ®k Bz)” and is therefore itself an equivalence. O

Lemma 2.3.10. Let C' e cdgag0 andV € dgModgo, Let F: dgArt, — dgModéO
be a pre-FMP. Tensoring point-wise by V defines a new pre-FMP F ®c V. The
canonical morphism

€Q<F®V> - (PR RV
c C

is an equivalence in dgMod, .

Proof. Since the involved functors preserves all colimits, we can reduce to the gen-
erating case V = C, which is trivial. O

Corollary 2.3.11. Let F,G € PFMPS. If F is pointed (i.e. F(k) ~ 0)) and if
(Q(F) ~ 0, then (%(F ®y G) ~ 0.

Proof. We split G into the direct sum G®G (k) where G is pointed and G (k) is a con-
stant functor. We can therefore assume that G is either pointed or constant. The first

case follows from Proposition 2.3.9, while the second case follows from Lemma 2.3.10
(for C = Q). O
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3 Excision

In this section, we fix A an algebra object in PFMPS. We also denote by A the
associated pointed functor

A: B+ hofib(A(B) — A(k)).
Note that A inherits a non-unital algebra structure. Finally, we denote by A the
(non-unital) algebra 2(A) ~ (2(A) in dgMod,.

3.1 Main theorem

Theorem 3.1.1. Consider the canonical morphisms

HH2(A) -2, HHE(A) (Q(HAZ(A)) 21 HHE(A),
HOZ(A) —— HCZ(A) (O(HCY(A)) —— HCE(A),

The following holds:
(a) The morphisms B o (¢ (amn) and Buc o (% (anc) are equivalences.

(b) If A is H-unital, then the morphisms £2(ann) and (%(anc) are equivalences
(and therefore so are Buu and Buc).

Remark 3.1.2. A direct consequence of assertion (b) is that the tangent complex of
Hochschild or cyclic homology of a given functor A does not depend on A(k). This
is an excision statement similar to Theorem 1.2.2.

Corollary 3.1.3. Let C € dgAlgy" be H-unital. Denote by Ac the functor B —
(C ®x B)SV. There is a functorial equivalence

AP (K(Ac)) ~ HCS(O)[1]-
Proof. We have Ac = eg(C) and therefore (@(Ac) ~ (Q(Ac) ~ C. We find

AP (K(Ae)) ~ (AP (K(Ac)) by Remark 2.3.4
~ (Q(K(Ac) A Q) by Proposition 2.3.2
~ (UHC(A0)[1]) by Corollary 1.3.13
~ (C(HCL(A0))[1] by Remark 2.3.4
~ HCX(O)[1] by Theorem 3.1.1.

O

Remark 3.1.4. Using the notations of Definition 2.1.11 for C = Sp the category of
spectra and the proof of Proposition 2.2.2, we get that FMPﬁp (~ C3) is equivalent
to dgMod,.. We get an adjunction

(5P PEMP,P 2 FMPP ~ dgMody, : esp .

It follows from Remark 1.3.2 and our main theorem that for any algebra object A in
PFMPY such that A := (2(A) is H-unital, we have

(5P (K™ (A)) ~ (AP (K(A)) ~ HOX(A)[L].
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Remark 3.1.5. The equivalence of Corollary 3.1.3 is defined through the relative
Chern character. We know from [Cat] and [CHW] that the Chern character is com-
patible with the A-operations on both sides. It follows that the equivalence of Corol-
lary 3.1.3 is also compatible with the A-operations.

Remark 3.1.6 (Goodwillie derivative). Denote by f the functor Perfg® — dgArt,
mapping a connective perfect k-complex M to the split square zero extension k& M.

Restricting along f defines a functor from PFMPip>0 to the category of functors
F: Perflf0 — Sp-(. Such functors F satisfying some Schlessinger-like condition form
a category equivalent to that of k-complexes. We find a commutative diagram

Fet(Perfs’, Sp.,) —/ PFMPAP

x €Ab

dgMod,

where ¢ (as well as ea},) is fully faithful. Now, the left adjoints £AP and (say) v of
eap and ¢ respectively, do not commute with — o f. The functor ¢ can actually be
interpreted in terms of Goodwillie derivative. For instance, it can be proved to map
K(Ak) o f to k € dgMod,. Note that k[1], seen as a k ® k-module, corepresents the
Goodwillie derivative of the K-theory of k:

0K ~ HH,(k, —)[1]: dgModg, — Sp-

More generally, one can prove 1(K(Ac) o f) ~ HHX(C)[1]. Moreover, the Beck-
Chevalley transformation 1 o (— o f) — ¢AP is identified with the usual morphism
HHX(C)[1] — HC(C)[L].

We will not use the above remark in what follows, so we will not provide a
proof. Note however that understanding the relationship between 1 and ¢AP (and a
putative circle action) may give us a less computational (and more conceptual) proof
of Corollary 3.1.3, based directly on Goodwillie calculus.

Lemma 3.1.7. Let M € PFMP(S be an A-bimodule. Assume that M(k) ~ 0. We
set M := (Q(M) as an A-bimodule. The canonical morphisms

Bag: (2(BI(A, M) — BI(A, M)

Bag: LHHIAM)) - HI(A, M)

are equivalences.

Proof. The augmented Bar complex BY(A, M) identifies as the homotopy cofiber
of the augmentation Bg(A, M) — M, where Bg(—,—) denotes the reduced Bar
complex. The latter is obtained as a homotopy colimit of the semi-simplicial Bar
construction. Since ¢Q preserves colimits, we find using Proposition 2.3.9

2By (A, M)) ~ (2 (cohmM ® A®©") ~ colim M @ A®x" ~ By (A, M).
[n]leA Q [nlea k

Taking the homotopy cofiber of the augmentation on both sides, we find the first
claimed equivalence. Similarly, the functor H2(A, M) is again the homotopy colimit
of a standard semi-simplicial diagram. O
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Proof (of Theorem 3.1.1 (a)). The functor HHY is the homotopy cofiber of the nat-
ural transformation 1 —¢: B — HQ. In particular, the morphism Bgy o £%(amn) is
a equivalence because of Lemma 3.1.7 (for M = A) and the fact that /@ preserves
cofiber sequences. In the case of HC, we use Remark 1.1.8 and Lemma 2.3.10:

A(re2(0) = (M2 © @) = (1) ® ©

~ HHX(4) @C?] Q ~ HCX(A),

where Q[e] := H,(S*,Q) € cdgago. -

3.2 Proof of assertion (b)

The proof of assertion (b) in Theorem 3.1.1 is more evolved and relies on the ideas
behind Wodzicki’s Theorem 1.2.2. We first reduce the study of Hochschild and cyclic
homology to that of the complexes H and B from subsection 1.1. We will use the
following terminology:

Definition 3.2.1. A morphism f: F' — G € PFMP(S is an (Q-equivalence if £2(f)
is an equivalence.

Denote by ay and ap the canonical morphisms

HI(A) = HI(A),
BIA) —5~ BIA).

As in the previous section, we can easily reduce the proof of Theorem 3.1.1, assertion
(b) to proving that both a3, and ag are (Q-equivalences.

Lemma 3.2.2. If both ay and ag are KQ—equivalences, then so are agyg and ayc.
We will now focus on ag and ap using techniques from subsection 1.2.
Proposition 3.2.3. The canonical morphisms
ag: BY(A) - B2(A) and oz HE(A) > HE(A)
are (Q-equivalences.

Lemma 3.2.4. Let M € PFMP(S be an A-bimodule. Assume that M(k) ~ 0 and
that M := (Q(M) is H-unital as an A = (2(A)-bimodule, then

Yo HE(A, M) — HE(A, M) and v5: B(A, M) — BL(A, M)
are (Q-equivalences.

Proof. We focus on 74, the case of yp being identical. Denote by f the canonical
natural transformation A — A(k) (where on the RHS is the constant functor). We
get A ~ hofib(f). Recall from subsection 1.2 paragraph A) the filtration

HIAM) ~ Flo(fy M) = -+ = Flo(f, M) — -
with colim Fpio (f, M) ~ HE (A, M).
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Applying /2, we find

CHAAM)) = C(Fa(f M) = o= C(Fra(f, M) > -
Since (@ is a left adjoint and thus preserves colimits, we have

colim (2 (]—'Z?(f,/\/l)) ~ (@ (cogmf;;?(f,/w)) ~ (Q(H2(A,M)).

It therefore suffices to prove that for any n > 0, the morphism ]-'Z@( fiM) —
fft?l(f, M) is an (@-equivalence. Denote by F" the complex £9( Z@(f7 M)). Since
dgMod,, the codomain of /@, is a stable oo-category, it is enough to check that

Fn+1/Fn ~ @ (f;?l(fv M)/]::l@ (f, M))

is contractible. Using Lemma 1.2.3, we get

T (1 Mn (1, pm) = A" © Alk) @ BI (A M) + 1],

From Lemma 3.1.7, we have (@(B2(A, M)) ~ B¥(A, M) ~ 0 (using the assumption
that M is H-unital over A). Since the functor B2(A, M) is pointed, we get that
F”H/Fn ~ 0 using Corollary 2.3.11. We conclude that vy is an (@-equivalence. [J

Lemma 3.2.5. If A is H-unital, the four canonical morphisms

HI(A, AK)) 25 HE(A(K), A(k)) — 0
B2 (A, A(k)) 25 BY(A(k), A(k)) — 0
are EQ-equivalences.

Proof. The functors H2(A(k), A(k)) and BL(A(k), A(k)) are constant. Their im-
ages by /2 thus vanish, by Remark 2.3.4. It follows that their projections to 0 are
(Q-equivalences. We now focus on the maps 0% and éz. Let f: A — A(k) be the
augmentation. Recall from subsection 1.2 paragraph B) the filtrations by quotients:

BY(A AK)) ~ QU (1) = -+ — Qo) — -+ — colim Qe (/) ~ BL(A(K). A(k))
HI(AAK) > QLo(f) = -+ = Qa(f) =+ — colim Qo (f) ~ HI(A(k), A(K)).
Since (@ preserves colimits, it suffices to prove that the transition morphisms Q" —

Q"*! are (Q-equivalences. Denote by M (n) the A-bimodule A(k)®2"+1 ®g A and by
M (n) its image by /2. We get from Lemma 1.2.6 two fiber and cofiber sequences

B2(A M) +1] — Qe () — 24 (F)
HIA M)+ 1] — Qo) — Q).

Their image by ¢ are still cofiber sequences, and it is now enough to prove that both
B2(A, M(n)) and HZ(A, M(n)) are cancelled by ¢2. We first observe that M(n) is
pointed: M(n)(k) ~ 0. Moreover, we have by Lemma 2.3.10

M(n) = QM) = AW @A) = A @ A,
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Remark 1.1.4 implies that M(n) is H-unitary over A. Using Lemma 3.2.4, we are
reduced to the study of B2(A, M(n)) and HZ(A, M(n)). By Lemma 3.1.7, we get

(A(BI(A, M(n))) ~ BE(A, M(n)) ~ 0
and, since the left action of A on M (n) is trivial:

(A (HI(AM(n))) = HE(A, M(n)) ~ BE(A, M(n)) ~ 0.

Proof (of Proposition 3.2.3). We first observe that ap and a4 factor as

B2 (A) = BI(A, A) = BX(A)
HI(A) =5 HI(A,A) 5 HI(A).

Since A is H-unital and A is pointed, Lemma 3.2.4 implies that vz and 3 are Q-
equivalences. The homotopy cofibers of 1 and 73 are respectively B2(A, A(k)) and
H2(A, A(k)). They are cancelled by (2 because of Lemma 3.2.5. It follows that 7z
and 7y are (2 equivalences, and so are az and oy.

This concludes the proof of Proposition 3.2.3 and therefore the proof of Theo-
rem 3.1.1. [

3.3 Non-connective K-theory and the case of schemes

We now extend our main result (Corollary 3.1.3) to the case of quasi-compact quasi-
separated (and possibly derived) schemes.

Proposition 3.3.1. Let X be a quasi-compact quasi-separated (and possibly derived)
scheme over k. Denote by K% : dgArt, — Sp the functor mapping an Artinian dg-
algebra B to the non-connective K-theory spectrum of the derived scheme X Qx B =
X x Spec(B). Using the notations of Remark 3.1.4: the Chern character induces an
equivalence

(5P (K3 ~ HOK(X)[L].

Proof. We write X ~ colim; Spec(4;) as a finite colimit of Zariski open affine sub-
schemes. By Zariski descent for K-theory, we have K% ~ lim; K™(A4,). Since ¢5P
is an exact functor between stable co-categories, it preserves finite limits. We find,
using descent for cyclic homology and Corollary 3.1.3:

(SP(Kx) ~ £SP(lim K" (Ay,)) ~ lim /SP K"(A4,) ~ lim HCX(A;)[1] ~ HCX(X)[1].
O

Example 3.3.2 (Relation to the Picard stack). Let us fix a quasi-compact quasi-
separated (derived) scheme X and consider the (abelian) pre-FMP Pic% :

Pick: B— {0} x Pic’%(X® B),
Pic%(X)

where Pic” is the graded Picard functor. It follows from Example 2.1.3 that Pic%
satisfies the Schlessinger condition (S) and is therefore a formal moduli problem.
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Recall that the determinant defines a functorial morphism of spectra from K-
theory to the graded Picard group det: K*¢ — PicZ. In particular, we get a morphism
of abelian pre-FMP’s detx: K5 — Pic%(. Taking the tangent complex yields a
morphism

trx: HCX(X)[1] ~ SP(K%) — (4P (Pic%) ~ T(Pic%k) ~ RT(X, Ox)[1].

The last equivalence is provided by Example 2.1.9 and the classical computation of
the tangent of the Picard stack of X at the trivial bundle.

The canonical morphism BG,,, — K similarly induces a section sx of trx. This
identifies RI'(X, Ox) as a summand of HCX(X), which corresponds to the weight 0
part in the Hodge decomposition of cyclic homology (see [Wei]).

4 Application: the generalized trace map

Let A be a connective unital dg-algebra over k. Recall from subsection 1.1, para-
graph B), that the generalized trace map is a (functorial) morphism

Tr: CEX(gl,(A4)) — HCX(A)[1].

A morphism CE¥ (gl (A)) — HCX(A)[1] such as Tr amounts to an L-morphism
gl (A) — HC¥(A), where the RHS is considered with its abelian £-structure. It
corresponds to a map Tr: gl (4) — HCX(A) in the oo-category dgLiey, or equiva-
lently to a map

ol (A)[1] — O(HC(A)[1])

in the oco-category dgLiei2 of shifted dg-Lie algebras. Recall that 6: dgMod, —
dgLie{(2 maps a k-dg-module to the abelian shifted dg-Lie algebra built on that mod-
ule.

In this section, we will prove that the generalized trace Tr is tangent (in the
sense of formal moduli problems) to the canonical morphism of functors BGL — K
mapping a vector bundle to its class in K-theory. We will see that BGL — K induces
a tangent morphism T: gl (A) — O(HCX(A)) of dg-Lie algebras over k and that
T is homotopic to the generalized trace Tr. See Theorem 4.2.1 below for a precise
statement.

4.1 The tangent Lie algebra of BGL

Let A4: dgArt, — dgAlgS0 denote the functor B — A ®x B. Denote by A4 its
augmentation ideal A4 (B) ~ A ®y Aug(B).

Definition 4.1.1. Let n € Nu {oo} and let A: dgArt, — dgAlgéO be any functor.
We denote by BGL,,(A) the functor dgArt, — sSets mapping B € dgArt, to

BGL,,(A)(B) := hofib(BGL,,(A(B)) — BGL, (A(k))).

Remark 4.1.2. The canonical morphism colim,ecy BGL,(A) — BGLy(A) is an
equivalence.

Example 4.1.3. We assume A = A4. Denote by exp(gl,,(A4))(B) the (nilpotent)
subgroup of GL,,(A4(B)) of matrices of the form 1+ M, where M is a matrix with
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coefficients in A4(B) ~ A ®x Aug(B). We can then identify the homotopy fiber
BGL,,(A4) with

BGL,(Ax) ~ GL.(Aa(K))/aL, (A4) = Bexp(gl,(Aa)).

For later use, we will work in a slightly bigger generality. Let R be a (possibly
non-unital) discrete k-algebra. We denote by ggr the functor

gr: dgAlgs"™ — dgLie;’

mapping a connective dg-algebra C' to the Lie algebra underlying the associative
algebra C ®x R. Examples include the case where R is the algebra of n x n-matrices
with coefficients in k, where we find gr = gl,,. Obviously, the construction R — gg
is functorial.

For an algebra R, we also denote by BGr(A4) € PFMPy, the functor

BGr(Aa): B — Bexp(gr(Aa(B))) = Bexp (EIR (A(?Aug(B))),

where exp(gr(A ®x Aug(B))) is the subgroup of (AQx BRk R)* consisting of elements
of the form 1+ M with M € A ®x Aug(B) ®x R.

Lemma 4.1.4. There is a functorial (in R) equivalence
((BGr(A4)) ~ gr(A)[1] € dgLie}.

Proof. Denote by Rt = k x R the unital k-algebra obtained by formally adding a
unit to R. Consider the functor F': dgArt, — sSets mapping B to the maximal
co-groupoid in
PeI‘fRJr@kA@kB .

Deformations of the perfect module R®y A are then controlled by the functor Def (R®Qy
A): B — F(B)®px) {R®A}. Tt follows from [Lur, Cor. 5.2.15 and Thm. 3.3.1] that
the deformations of R®y A are controlled by the dg-Lie algebra gr(A) = End(R®x A).
Moreover, we have a natural transformation BGr(A4) — Def(R®y A) which induces

an equivalence on the loop groups. It is therefore an f-equivalence and the result
follows. O

Corollary 4.1.5. For anyn € Nu{w}, the (shifted) tangent Lie algebra of BGL,,(AA)
is gl (A)[1].
4.2 The generalized trace

Let A: dgArt, — dgAlgS0 be any functor. It comes with a canonical natural

transformation BGL (A) — Q% K(A) mapping a vector bundle to its class. We can
now state the main result of this section:

Theorem 4.2.1. Let A be a connective unital dg-algebra over k. We denote by
Ay dgArt, — dgAlgEO the functor B — B Qx A. The natural transformation

BGLy(Aa) — QP K(AA) induces, by taking the tangent Lie algebras, a morphism
T: gl (A)[1] ~ ¢(BGLy(Aa)) — £(Q° K(Ana)) — 03 (K(Aa)) ~ O(HCS(A)[1])

mn dgLief. The morphism T is homotopic to the generalized trace map Tr.

32



Proof. Recall that the equivalence 4P (K(A4)) ~ HCX(A)[1] is built through the
relative Chern character K(A4) — jo HCY(A4)[1]. In particular, the morphism 7 is
induced by the natural transformation

char,: BGLoo (Aa) — QP K(Ax) — v(HC2(AL)[1])

where v ~ Q% 0jg: PFMPE — PFMPy, is the forgetful functor. Denote by Q[—]
the left adjoint to v (so that it computes point-wise the rational homology of the
given simplicial set). The natural transformation chgy, then factors as

chgr: BGLy(A4) — vQ[BGLo (Aa)] — vQ[X (A4, As)] N vHCZ(A)[1].

Recalling the construction of ch? and using Malcev’s theory for gl (A4), we get the
commutative diagram

BGLo(A4) — vQ[BCLu(A4)] — vQ[X(Aa, Ax)] —P° s JHCE(AL)[1]
Le l.e H
vCEZ (gl (Aa)) — veolim CEZ(t7(Aa, Aa)) = vHCZ(A)[1]-

By functoriality of the generalized trace map, we find that the composite map Troi
is homotopic to

vCEX (gl (Aa)) = HCZ(A4)[1] ™S HCZ(AL)[1]
All in all, we get that the natural transformation chgr, is homotopic to the composite
BGLoo(Aa) — vCES(gl,, (A)) — HCJ(A4)[1] 3 HCI(A4)[1].
Passing to the tangent morphism and using the Beck-Chevalley natural transforma-
tion, we find
T gl (A)[1] = (vCE (gl (Aa)) — 002 CE (gl (Aa)) — 0L HCI(AL)[1]
S 0LPHCE(AQ)[1] ~ OHCS(A)1].
Lemma 4.2.2. Let R be a (possibly non-unital) k-algebra and A be a (possibly non-
unital) connective dg-algebra over k. The natural morphism
(2 CEZ (gr(A4)) — CE(ar(4))
induced by the lax monoidal structure on eg is an equivalence.

Remark 4.2.3. We have gr(A®x —) ~ (R®k A) ® —. Up to replacing A with
R ®x A, we can assume that R = k. Note that gx = gl; computes the underlying
dg-Lie algebra of a given dg-algebra.

Proof. By the above remark, we restrict ourselves to the case R = k. The functor

Ay is pointed. In particular, the morphism KQ(.%T%QP ) — A®xP is an equivalence for

any p (see Proposition 2.3.9). Since /2 preserves colimits, we find
(%(Symf(AFP[1])) ~ Sym{ (A[1]).
The Chevalley-Eilenberg complex comes with a natural filtration whose graded parts

are symmetric powers, and the result follows (since /@ preserve colimits). O
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As a consequence, we get a commutative diagram, for any A € dgAlglfo’nu

O(CE gLy (A4))) “} @(HCQ(A1])

l\z éQ(ch)oBHcl\l

CEX(gl,,(A)) ——— HC¥(A)[1].

In particular, the proof of Theorem 4.2.1 now reduces to the following

<0,nu

Lemma 4.2.4. For any (possibly non-unital) k-algebra R and any A € dgAlg, """,
the tangent morphism of the composite

BGr(As) — Q[BGg(Aa)] ~ CEZ(gr(A4))

is homotopic (as a morphism gr(A)[1] — 0L2(CE2(gr(A4))) ~ OCTEDI:(QR(A)) in
dgLiey}) to the unit of the adjunction CE®(—) = C_El:(f[fl ) 6.

Proof. By Remark 4.2.3, we may assume R = k. We are to study a morphism
All] » 9C7EI:(A) in dgLie{f. By adjunction, it suffices to identify the corresponding
morphism C_EI:(A) — C_EI:(A) with the identity. Note that this is the linear tangent of
the Malcev quasi-isomorphism Q[BGr(A4)] ~ CEZ(gr(A4)). It is actually enough
to study the functorial morphism

£a: CES(A) > CES(A)

obtained by adjoining a unit on both sides.

This construction is functorial in A € GlgAlglfo’nu and moreover the functor
A CElf(A) preserves geometric realizations. Since every connective dg-algebra can
be obtained as the geometric realization of a diagram of discrete algebras, the natural
transformation £ is determined by its values on discrete algebras. We thus restrict to
discrete algebras.

Malcev’s quasi-isomorphism is compatible with the standard filtrations. It follows
that so is £&. The associated graded part of weight p of both the source and target
of £4 vanishes for p < 0 and is canonically isomorphic to Sym?(A[1]) = (APL)[p] for
positive p’s. In particular, both source and target of £4 live in the heart of Beilinson’s
t-structure on filtered complexes (see the appendix of [Beil]). We can thus in with
the 1-category of complexes.

With Malcev’s quasi-isomorphism being compatible with the coalgebras struc-
tures, the natural transformation £ also consists of morphisms of coalgebras. Since
CEX: Liey, — coAlgﬁlt from discrete Lie algebras to filtered coalgebras is fully faith-
ful, it follows that £ lifts to a self natural transformation (: F' = F' of the functor
F: Alg;" — Liex mapping an algebra to its underlying Lie algebra.

By forgetting down to the category of small sets, we obtain a self natural trans-
formation (still denoted () of the forgetful functor G: Alg, — Sets. The functor
G is representable by the non-unital algebra k[t]*! of polynomials P over k such
that P(0) = 0. By the Yoneda lemma, the natural transformation ¢ is determined by
P e k[t]?!. The fact that ¢ is k-linear implies that P is of degree 1, and the fact that it
preserves the Lie brackets implies that P = at with a? = a. In particular, the natural
transformation ¢ (and therefore also &) is either the identity or the 0 transformation.
Since ¢ is the image by /@ of the Malcev equivalence Q[BGy (A_)] ~ CE2(gi(A_)),
it certainly cannot vanish. O
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This concludes the proof of Theorem 4.2.1. O
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