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1 Abstract of the course

1.1 Introduction

Our aim is to describe in these notes how the techniques of the well-developed
semi-classical theory can be applied to provide a precise solution to some
problems in the theory of superconductivity. From a spectral point of view
the problem is that of the bottom of the spectrum of the Schrédinger operator
with magnetic fields.

The reader is supposed to have a good knowledge of elementary spectral
analysis, of Hilbertian analysis and of the theory of distributions (Sobolev
spaces). For the spectral theory, the books by Reed and Simon [ReSi] is more
than enough and the reader can also look at [LB] (in french) or to the notes
of an unpublished course [Hel7].

When Schrédinger operators with magnetic fields are concerned, one
should also mention the surveys by [Hel3, Held|, Mohamed-Raikov [MoRa],
[Hel5] for the relations with superconductivity and the book by B. Thaller
[Tha]. Other aspects in semi-classical analysis are presented in the books by
D. Robert [Ro2], Kolokoltsov [Ko] (in connection with results of the Maslov’s
school) and A. Martinez (in the spirit of microlocal analysis) [Ma] .



2 On the Schrodinger operators with mag-
netic fields

2.1 Preliminaries

Let Q be an open set in R", A = (A;, As, . .. , A,) a O vector field on Q,
corresponding to the so called magnetic potential, and V' (which may depend!
on h) a C*(Q) real valued function, corresponding to the so called electric
potential, and let h > 0 is a small parameter (playing the role of the Planck
constant, or in other contexts of the inverse of the intensity of the magnetic

field). The vector A corresponds more intrinsically to a 1-form
wa = ZAjdxj . (21)
J

One can then associate to w, a 2-form called the magnetic field op :

op =dwy = Z Bjrdxj A dxy, . (2.2)
i<k
When n = 2, the unique By defines a function, more simply denoted by
x +— B(z), also called the magnetic field.

When n = 3, the magnetic field is identified with a magnetic vector B , by
the Hodge map :

B = (B', B, B®) = (B3, — B3, B1) . (2.3)

All these objects can be defined more generally on a Riemannian manifold
(with notions like connections, curvature, ....) but it is outside the aim of
this short course.

We would like to discuss the spectrum of selfadjoint realizations of the
Schrodinger operator in an open set €2 in R” :

n

Ph,AV,Q = Z(h D$j — Aj)2 + V(I) .

J=1

!Typically, one can meet V (z;h) = Vo(x) + hVi(z).



2.2 Selfadjointness

Our main interest is the analysis of the bottom of the spectrum of P 4 v.q.
The open set €2 can be bounded or the whole space R". Many physically
interesting situations correspond to n = 2, 3. In the case of a bounded open
set (), we can consider the Dirichlet realization or the Neumann condition
(other conditions appear also in the applications).

The Dirichlet realization
The Dirichlet realization corresponds to taking the so-called Friedrichs ex-
tension associated with the quadratic form :

Cs(;,C) 3 u

= QF ava(u) = [o (IVhaul> + V(z)|u(z)]?) d, (24)

whose existence follows immediately from the proof of the existence of a
constant C' such that :

/Q (|Vh7Au|2 + V(:B)]u(a:)F) dx > —C|lul]?* , Yu € C5°(Q) (2.5)

with .
Vipa=hV —iA.

In this case, we say that the quadratic form is semibounded (from below).
When € is regular and bounded, the form domain of the operator is

VP(Q) = Hy(Q),
and the domain of the operator, which is denoted by Ph[f AV, 1S

D(PifA,v) = H&(Q) N H2(Q) :

The Neumann realization
The Neumann realization corresponds to taking the Friedrichs extension of
the quadratic form :

Co(Q;C) 3 ur Qp 4yq(u) = /Q (IVhaul? + V(2)|u(2)]?) do, (2.6)



whose existence follows immediately from the proof of the existence of a
constant C' such that :

/Q (]VmAu]Z + V(:B)]u(a:)\Q) dr > —Cllul]*, Yu € C*(Q) . (2.7)

When € is regular (bounded), the form domain of the operator is
V() =H'Y(Q), (2.8)
and the domain of the operator, which is denoted by P,{Y AV, 1S
D(PY,v)={ue H*Q) |- (hV —iA)u=0 on 60 }. (2.9)
Here 71 is the normal derivative to 02, this condition :
n-(hV —iA)u =0 on 09, (2.10)
is called the magnetic-Neumann boundary condition.
The case of R”
In the case of R", it is more difficult to characterize the domain of the operator

in general. When V' > —(C, it is easy to characterize the form domain which
is

VRY) = {u € L*(R") | Vjau € L2(R™), (V+C)zue LA(R) }. (2.11)

In the general case, if the operator is semi-bounded on C§°(R") in the sense
of (2.5), it has been proved by Simader [Sima] (see also [Hel7]) that the
operator is essentially selfadjoint. The original proof is for the case without
magnetic field, but we prove below that one can modify it to accomodate the
magnetic case also. The essential self-adjointness means that the Friedrichs
extension is the unique selfadjoint extension in L?(R") starting from C§°(R")
and the domain D(P, 4 ) satisfies in this case :

D(Phﬂ,v) = {U c L2(Rn) , Ph,A,Vu € LQ(Rn)} . (212)
We include here the proof of essential self-adjointness.

Theorem 2.1. Suppose that P = —(V —iA)*>+V is semibounded on C§°(R™)
and that V € C°(R"), A € CY(R™). Then P is essentially self-adjoint.



Proof.
We may assume, since P is semibounded, that

(u| Pu) > ||ul®>, Vue C°(R™). (2.13)

This inequality extends by density to functions v € Hy,,, (R") (the H' func-
tions of compact support)

comp

HVAu]|2+/ V(z)|u(z)?dr > |jul]?, Yue HL  (R™). (2.14)

According to the general criterion of essential selfadjointness it suffices to
verify that the range R(P) is dense. Suppose that f € L*(R") is such that

(f | Pu) =0, VYue CE(RM). (2.15)

We have to show that f = 0.

We first observe that (2.15) implies that (—(V —iA4)? + V) f = 0 in the
sense of distributions. Standard elliptic regularity theory for the laplacian
implies that f € HZ (R").

We now introduce a family of cut-off functions, (x, by

Ce(z) = ((z/k), VkeN, (2.16)

where ¢ € C§°(R") satisfies 0 < ¢ <1, = 1on B(0,1) and supp ¢ C B(0,2).
For any u € C§°(R™) we have the identity

/VA(Ckf) -V a(Gu) do + /C,fV(a:)f(x)u(x) dx
— (/| P(cBu) + / VG () PF@)u(z) de

T / G@) V() - [F@Vau(@) — u@Vaf@]de  (217)

When f satisfies (2.15) we get
/ VAGT) - Va(Ger) da + / V() T@)u(z) d
~ [ 196 T@u(a) do

T / G@) V(@) - [F@)V au(@) — u(@)Vaf @] de.  (218)



This formula can be extended to functions v € H}_, in particular, we can

take u = f and obtain o
VAP + [ GVi)ra) ds
= e {IVAGNIP+ [ GV @) ds)
~ [ VG @P | #@)do. (2.19)
Using (2.14), (2.19) and taking the limit k — oo, we get
1711 = tim (1 f1?
<timsup (194G + | V@)oo /@) da)

- limsup/ V(@) | (2)[2 d = 0. (2.20)
k—o0
This finishes the proof of the theorem. ]

2.3 Spectral theory

All the operators introduced above are selfadjoint. If one denotes by P one
of these operators, one can analyze its spectrum, defined as the complement
in C of the resolvent set p(P) corresponding to the points z € C such that
(P — z)~! exists. The spectrum o(P) is a closed set contained in R. The
spectrum contains in particular the set of the eigenvalues of P. We recall
that A is an eigenvalue, if there exists a non-zero vector u € D(P) such
that Pu = Au. The multiplicity of A is the dimension of Ker (P — \).
We call discrete spectrum o,4(P) the subset of the A € o(P) such that A is
an eigenvalue of finite multiplicity. Finally we call essential spectrum of P
(which is denoted by o.s(P)) the closed set :

Gess(P) = o(P) \ 04(P) . (2.21)

In this course, we will be mainly interested in the analysis of the bottom of
the spectrum of P as a function of the various parameters (mainly /). De-
pending on the assumptions, this bottom could correspond to an eigenvalue
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or to the bottom of the essential spectrum.
Using the MiniMax characterization (see appendix C), this bottom is deter-
mined by

f(o(Pav) = inf Quav()/ul?. (2:22)

where V denotes the form domain of the quadratic form Qp av.
It is consequently enough, in order to determine if the bottom corresponds
to an eigenvalue, to find a non-trivial v in the form domain V), such that

thA,v(u) < inf(o-ess(Ph,A,V)))HuHQ . (223)

An easy case when (2.23) is satisfied is when o¢ss(Pp.av)) = 0, corresponding
to the case when P has compact resolvent. For verifying this last property, it
is enough to show that the injection of ¥V in L? is compact. This is in partic-
ular the case (for Dirichlet and Neumann) when € is regular and bounded.
In the case, when 2 is unbounded, it is possible to determine the bottom of
the essential spectrum using Persson’s Lemma (see Appendix D).

Example 2.2. .

Let us consider P,y := —h*A+V on R™, where V is a C* potential tending
to 0 at oo and such that inf,cgm V(z) < 0.

Then if A > 0 is small enough, there exists at least one eigenvalue for P,. We
note that the essential spectrum is [0, +00[. The proof of the existence of this
eigenvalue is elementary. If x,,;, is one point such that V(x,,;,) = inf, V(z),
it is enough to show that, with ¢y (z) = exp(—%\ag — Tmin|?) and X\ > 0, the
quotient W tends as h — 0 to V(Zmn) < 0.

Actually, we can produce an arbitrary number N of eigenvalues below the

essential spectrum, under the condition that 0 < h < hy.

2.4 Lieb-Thirring inequalities
In order to complete the picture, let us mention (confer [ReSi|, p. 101) the

following theorem due to Cwickel-Lieb-Rozenbljum :

Theorem 2.3. .

There exists a constant L,,, such that, for any V such that V_ € L= (R™),
(and such that —A + V' has a self-adjoint realization) and if m > 3, the
number N_ of strictly negative eigenvalues of Py = —A + V s finite and

10



bounded by
N_< Lm/ (=V(z))? da . (2.24)
{z |V (z)<0}

This shows that we could have, when m > 3, examples of negative po-
tentials V' (which are not identically zero) and such that the corresponding
Schrodinger operator Py, has no eigenvalues. A sufficient condition is indeed

Lm/ (~V(@)3 de < 1.
{V<o0}

If A\ < infoes(P), it is natural to count the number of eigenvalues strictly
below A :
NA) =#{N <Al A ea(P)}, (2.25)

each eigenvalue being counted with multiplicity.

In this situation, it is useful to have either universal estimates (Cwickel-Lieb-

Rozenbljum) or semiclassical asymptotics (see Robert [Ro2] or Ivrii [Iv]).
More generally, we are interested in controlling the more general moments

(also called Riesz means) defined for s > 0 by

N (A= > (A=\) . (2.26)
JiA<A
Theorem 2.4. (see [LieTh/)

For alln, s with 5+ s > 1, there exists a constant C, such that, if V' satisfies
V_ € L25(R"), then the eigenvalues of P = —A + V satisfy

Z (=\) < C (=V)3+sd . (2.27)

j:)\]'<0 {V<O}
The same is true with magnetic field.

This inequality (for s = 1) has played an important role in the analysis
of the stability of the matter in physics.

Remark 2.5.

Note that these estimates are also true, with the same constants, with —A
replaced by —Ay = Z?:1(ij — A;)?. But this is not a consequence of the
direct comparison of —A +V and —Aa + V', but it comes simply from the
fact that the proof for the case without magnetic field can be extended with

the same constants.

11



Remark 2.6.

If we reinsert the semi-classical parameter by looking at P,y = —h*A +V
one can establish (Helffer-Robert [HeRo2]) under suitable assumptions on V'
the asymptotic estimate

S (M)~ Coh ™ / (—V)3+dy . (2.98)
5:A;<0 {V<o0}
The effect of a magnetic field is also discussed in this paper and in [LaWe].
Note that in this case the semi-classical Laplacian —h2A is replaced by
—Apa=—(hV —iA)?, (2.29)

and that the main term is independent of the magnetic potential.

2.5 Diamagnetism

Everything being universal in this discussion, we take h = 1. For Schrodinger
operators, the inclusion of a magnetic field raises the energy. That is the
consequence of the following basic inequality.

Theorem 2.7 (Diamagnetic inequality).
Let A : R" — R" be in L2 (R") and suppose that f € L*(R™), is such that
(V+1A)f € L*(R™). Then |f| € H'(R") and

IVIfI] < [(V+iA)f] (2.30)
in the sense of distributions.

In the proof we will clearly need to differentiate the absolute value. We
state this result as a proposition.

Proposition 2.8.
Suppose that f € Li (R™) with Vf € L (R"). Then also V|f| € L .(R")

loc loc loc
and with the notation

sign z = {0_ szo? (2.31)
we have
VI|f|(z) = Re {sign (f(z))V f(2)}. (2.32)
In particular,
IVIfI| < V]I

12



Proof of Proposition 2.8.
Suppose first that v € C*°(R") and define |z|. = \/|z|? + €2 — ¢, for z € C
and € > 0. Then |ul. € C*(R") and

Re (uVu)

Let now f be as in the proposition and define fs as the convolution fs =
f * ps with ps being a standard approximation of the unity for convolution.
Explicitly, we take a p € C3°(R") with

Vule = (2.33)

p20. [ plajdr=1.

and define ps(z) = 0 "p(z/d), for x € R™ and 6 > 0. Then f5 — f,
\fs] — |f| and Vfs — V[ in L _(R") as 6 — 0.

Take a test function ¢ € C§°(R™). We may extract a subsequence {0y }ren
(with 6 — 0 for & — o0) such that fs (z) — f(x) for almost every = €
supp ¢. We restrict our attention to this subsequence. For simplicity of
notation we omit the & from the notation and write lims_,¢ instead of limj,_, ..

We now calculate, using dominated convergence and (2.33)

[v6)s1ds = tim [ (Vo)1 da
~tigliny [(Vo)|fil. do
:—11m11m/¢Re UsV1s)

e—045—0 |f5‘2+€2

Using the pointwise convergence of fs5(x) and ||V f5 — V f|| L1 suppe) — 0, we
can take the limit 6 — 0 and get

Re (fVf)
[volsias=-tim [ ¢ ‘fﬂfﬁ; . (2.34)

Now, ¢V f € L'(R") and \/G(;— — sign f(z) as € — 0, so we get (2.32)

from (2.34) by dominated convergence. ]

13



Proof of Theorem 2.7.
Since A € L2 _(R™) and f € L*(R"), the assumption (V+iA)f € L*(R") im-

plies that Vf € Ll _(R™). Therefore, we can use Proposition 2.8 to conclude

loc

that (2.32) holds for f. Since Re {sign(f)iAf} = 0, we can rewrite (2.32)
as

VIf] = Re {sign ()(V +iA)f} . (2.35)
and therefore, since |z| > | Re (2)| for all z € C, we get (2.30). ]

Using Theorem 2.7 we now get, by the variational characterization of the
ground state energy, the comparison for Dirichlet eigenvalues,

inf o (PYo+V)>inf o (-Af+V) . (2.36)
Also a similar result is true in the case of Neumann boundary conditions :
inf o (PYg+V)>inf o (A5 +V) , (2.37)

This inequality admits a kind of converse, showing its optimality (Lavine-
O’Caroll-Helffer) (see [Hell])

Proposition 2.9.
Suppose that @ C R? is simply connected. Let Aa be the ground state of Py,
then Aa = Aa—o if and only if B =0 (when Q is simply connected).

When 2 is not simply connected, the condition B = 0 is NOT sufficient
and one should add a quantization condition on the circulation of A along
any closed path.

Let us just present an heuristic proof (see for example [Hel2| for a rigorous
proof or [Hell] in connection with the Aharonov-Bohm effect) which permits
to understand this last point. For u € H', one can write u = pexpi¢. One
has :

(V —iA)ul® = [V + p?|Ve — A" .
If we apply this identity to u = u4 where u,4 is a normalized ground state,
we obtain :

)\A:/ (1(V = iA)ual? + Viual?) da
Q
= [ (%oal + VipaP) o+ [ (34190~ AP)ao
Q Q

2A0+/ AV — AP dz .
Q

14



When Ay = Ao, we get V¢ = A, which implies the various statements. One
can indeed deduce from the last property that w4 is closed and due to the
fact that ¢ is defined modulo 27, we get

1
— /wA €7 (2.38)
2 -

on any closed path 7.
Conversely, if this condition is satisfied, the multivalued function ¢ defined

by :
é(z) = / oA |
’Y(xva)

where y(zg,x) is a path in  joining xy and x, permits to define the C'*
function on €2

Q32— Ur) =exp(—ip(x)) . (2.39)

The associated multiplication operator U gives a the unitary equivalence with
the problem with A = 0.

Remark 2.10.

It 1s instructive to look at the model of the circle and at the magnetic Lapla-
cian —(% —ia)?, where a is a real constant corresponding to the magnetic
potential. So the magnetic field is zero and the spectrum can be easily found
to be described by the sequence (n—a)? (n € Z) with corresponding eigenvec-
tors 6 — exp(ind).

We immediately see that, confirming the general statement, the ground state
energy, which is equal to dist (a,Z)?, increases when a magnetic potential
1s introduced. We also observe that the multiplicity of the groundstate is 1
except when d(a,Z) = % We note finally that if we take A = 1, the number
of eigenvalues which is strictly less than 1, is 1 for a =0, and 2 for a €]0,1].
This illustrates our previous comment on the Cwickel-Lieb-Rozenblium in-

equality in Remark 2.5.

As discussed above, the diamagnetic inequality (2.30) implies that ground
state energies go up when a magnetic field is applied. Consider a fixed A
and the ground state energy e;(B) of the operator (V —iBA)? + V (either
in a domain and with boundary conditions, or on R™). One can now ask the
more general question of whether the function B +— e;(B) is monotone non-
decreasing. This is generally not true, see Erdos [Er2] for a counterexample.
However, for large B positive results can be obtained.

15



We consider the Neumann operator PfYB Ay in a domain () and assume
that €2, V are such that PfYB Ay has compact resolvent for all (sufficiently
large) B > 0. So the spectrum of P/, |, consists of a sequence of eigenvalues
(of finite multiplicity) tending to infinity, in particular, the degeneracy of the
ground state is finite. Let B € R and let n be the degeneracy of the ground
state p(B). By analytic perturbation theory (see for instance [Ka] or [ReSi,
Chapter XII]), there exists € > 0, n analytic functions

(B—¢,B+e¢)> 0 ¢;(8) € H(Q)\ {0},
for y =1,---,n, and n analytic functions
(B—¢,B+¢€) >0 E;j(f) eR,

such that
P{YﬁA,Vd)j(ﬁ) = Eg(ﬁ)d)g(ﬁ) )
E;(B) = m(B) .

We may choose € sufficiently small in order to have the existence (but not

necessarily the uniqueness) of j,,j_ € {1,...,n} such that
For 8 > B: E; (8)= min FE;(3)
je{1,...n}
For g < B: E; (B)= ?11111 }Ej(ﬁ) . (2.40)
J€L,.., n

Define the left and right derivatives of p;(B):

i, (B) = lim (B +e) — m(B) '

e—04+ €

(2.41)

Proposition 2.11.
For all B € R, the one-sided derivatives py 4 (B) exist and satisfy

,Ull,j:(B) = —2Re <¢ji | A (=iV — BA)¢J’¢> .

Proof.
Clearly, y1y 4 (B) = Ej, (B). We will prove that

Eg/‘i (B) = —2Re (¢;. | A~ (=iV — BA)¢j,) .

But this result is just first order perturbation theory (Feynman-Hellman). 1
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Theorem 2.12.
Suppose that 2 is bounded with smooth boundary. Let g be a function such
that for all e € (—1,1) we have

l9(B+¢€) —g(B)] — 0 (2.42)

as 3 — oo.

Suppose that A,V are smooth functions and that 2, A,V are such that
there exists a € R such that uy(B) = aB+ g(B) +o(1), as B — +o0o. Then
the limits limp_.oo pty  (B) and limp_.o py _(B) exist and

lim 4 (B) = lim iy _(B) = o (2.43)

B—oo

Remark 2.13.
Let v € [0,1), then g(8) = (7 satisfies (2.42). Thus, if there exist powers
Mooy Ym € 10,1) and o, v, . ..,y € R, such that (as B — o),

pui1(B) =aB + ZajBW +o(1),
=1

then Proposition 2.12 implies that

. / o
Jim i 4 (B) = o

Proof of Theorem 2.12.
Clearly?, for all B, we have p{  (B) < pj _(B). So it suffices to prove that

a < li]_gn inf y1} ,(B), (2.44)
limsup py (B) <a. (2.45)
B—oo

Let € > 0. Then

1
= E<¢j+(3) | (PIJY(B—Fe)A,V - P1]YBA,V - €2A2)¢j+ (B)) -

2Using the fact that ;. is an analytic choice of the eigenvalues in a neighborhood of
B

)
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Therefore, the variational principle implies

p(B +¢€) — u(B)

w1 (B) = — el Al o) -

By assumption there exists a function f: Ry — Ry, with limg ., f(8) =0,
and such that

11 (B) — (af +g(8))] < f(B) -

,U/,1+(B) > o+ g(B+€) _g(B) . f(B>+f(B+E) _€||AH%00(Q) ) (246)

Therefore, (using (2.42))

liminf 4y  (B) > o — e[l Al 0 g -

Since € > 0 was arbitrary, this finishes the proof of (2.44).
The proof of (2.45) is similar (taking e < 0 reverses the inequalities) and
is omitted. |

2.6 Kato’s inequality and consequences

In order to obtain stronger results on essential self-adjointness than Theo-
rem 2.1 a useful tool is the so-called Kato inequality. We present it in the

magnetic version. For the applications to self-adjointness questions we refer
to [ReSi, Vol.2, Section X.4].

Theorem 2.14 (Kato’s magnetic inequality).
Let A € C*(R™,R"™). Then, for all f € L} (R™) with (V —iA)*f € L} _(R")

loc loc
we have the inequality
AlfI > Re {sign (f)(V — iA)2f}, (2.47)
where sign f was defined in (2.31).

The proof uses the derivative of the absolute value
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Theorem 2.15 (Kato’s inequality).
Let f € Li (R") such that Af € L{ (R™). Then we have the inequality

loc loc
Alfl = Re {sign (f)Af}, (2.48)

in the sense of distributions, where sign f was defined in (2.31).

The proof of Theorem 2.15 follows the same steps as the proof of Proposi-
tion 2.8. That is, one first considers smooth functions f and the regularized
absolute value |z|. = y/|z|? + €2 — € and calculates directly. One then consid-
ers a sequence fs of smooth approximations to f. Taking first 4 and then e
to zero one obtains the desired inequality. We leave the details to the reader
(see [ReSi, Vol.2, Section X.4]).

Proof of Theorem 2.14.
We only give the proof under the extra regularity assumption, A € C?(R").
In that case the assumption (V — iA)*f € L.(R") and standard elliptic

loc

regularity implies that f € HZ_(R"), in particular that
Af VS € L (R"). (2.49)
Suppose now that u is smooth. Then we can calculate as follows, using

2l = VIl + € =

V), Re {uVu}  Re {u(V + zA)u}

TVREre Ve

(2.50)

We therefore find

VIulE+ e Alul, = div (/[ul? + & V]ul) — |V]ul|*
= Re {Vu(V +idyu+adiv((V +id)u)} — |V]u||”
= [(V +iA)u|* = |V]ul|*
+ Re {iAu (V + iA)u + udiv (V + iA)u) } (2.51)

2
)

By (2.50), [(V +iA)u|* > |V]ul.

so (2.51) implies that, for smooth u,

a(V +i4)*u

Alul. > Re (2.52)
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The end of the proof now follows the same lines as the proof of Proposi-
tion 2.8, i.e. (2.52) holds for suitably smoothened versions fs of f. By taking
the limit 0 — 0 followed by the limit ¢ — 0, in the sense of distributions, one
arrives at (2.47).

If one only knows that A € C*, it is not immediate to conclude (2.49).
The details in this case can be found in [ReSi, Vol.2, Section X.4]. ]

2.7 Very rough estimates for the Dirichlet realization

When n = 2, it is immediate to show the inequality
Vi aul|? = (Phaqu | u) > h/ B(z)|u(x)’dz , Yu € C°(Q),  (2.53)
Q

which is interesting only if assuming B > 0.
Here the basic point is to observe that :

hB(x) = i[h0y, — 1Ay, hOy, — 1As] . (2.54)
We then write
hB(z)u(x) u(x) = (X1 Xou)(x) u(x) — i(XoXqu)(x) u(x) ,

with X; = hd,, — 1 4;.
Integrating over 2 and performing the integration by parts :

h /Q Ba)u(z)2dr = —i(Xyu | Xou) +i(Xou | Xyu)

It remains then to use Cauchy-Schwarz Inequality.
This leads for the Dirichlet realization and when B(z) > 0, to the easy but
useful estimate :

inf o(PP,) > hinf B(x) := hb . (2.55)
’ z€N
Note that the converse is asymptotically (as h — 0) true. The proof is

rather easy. In a system of coordinates, where x = 0 denotes a minimum of
B which is assumed to be inside €2, and in a gauge where

—

1
A(xlu 1'2) - _éb(_‘rQa ‘7;1) + O(‘IP)?
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we consider the quasimode

2
u(z;h) == bih zexp ( — p\/E%)x(x) ;

where y is a cutoff function equal to 1 in a neighborhood of 0. The optimal p
is computed by minimizing over p the energy corresponding to the constant
magnetic field b and to h =1 :

b b
(/060 + 5 + 10 = im0 ) Al
with 1

u,(y) = biexp (— p\/l_)yQ) . (2.56)
One easily gets that this quantity is minimized for p = % and that the
corresponding energy is b.
The control of the remainders is easy, and we get :

inf o (PPy) < hb+ O(hz) . (2.57)
So we have proved?® (in the 2-dimensional case) :

Theorem 2.16. .
The smallest eigenvalue NV (h) of the Dirichlet realization PIEA,Q of Phaa
satisfies :
AV (h)
h

—b+o(1). (2.58)

Exercise 2.17.
Show that (for Dirichlet) in the case when the magnetic field is constant, one
has

AD(h)
h

=b+ O(exp —%) , (2.59)

for some h > 0.
Hint.

Take a centered gaussian which is as far as possible from the boundary.

3We leave to the reader the proof for the case when the minimum of |B(z)| is attained
at the boundary. One can for example take a sequence of Gaussians centered at a sequence
of points tending to one point of the boundary, where B takes its minimum. This affects
only the remainder term.

21



Let us state Theorem 2.16 in a more general case (cf [Mel], [Ho, Vol.
III, Chapter 22.3] and [HelMo2]). Let us extend at each point Bjj, as an
antisymmetric matrix (more intrinsically, this is the matrix of the two-form
o). Then the eigenvalues of iB are real and one can see that if A is an
eigenvalue of iB, with corresponding eigenvector u, then u is an eigenvector
relative to the eigenvalue —\. If the A\; denote the eigenvalues of i B counted
with multiplicity, then one can define

T B(z) = Y Al (2.60)
J:xj(z)>0

The extension of the previous result is then :

Theorem 2.18.
The smallest eigenvalue NV (h) of the Dirichlet realization PPyq of Poag
satisfies :

/\(1)(h) _ N
P = ;Iég Tr " (B(z)) + o(1) . (2.61)

The idea for the proof is to first treat the constant field case, and then to
make a partition of unity. For the constant field case, after a change variable,
we will get, with 0; = 0/0x;, for n = 2d, the model

d
Z J+d+lbx])]7

J=1

and for n = 2d + 1, the model

— 01 + Z (94 + ibjz;)?]

with

d
D |bl=Tr"B.
j=1

2.8 Other rough lower bounds.

Let us start the analysis of the question with very rough estimates. In the
case of Dirichlet, n = 2, and if B(z) # 0 (say for example B(z) > 0), we
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can use (2.53) which gives a comparison between selfadjoint operators in the
form (for any p € [0,1])

PPy > p(PP) + (1= p)hB(a) (262)

The operator on the right hand side of (2.62) is now a new Schrédinger
operator, which has this time an “effective” electric potential (1 — p)hB.
In order to find a lower bound for the smallest eigenvalue of the Dirichlet
realization, it is enough to optimize over p a rough lower bound for the
operator :

p(P,) + (1= p)hB(x) .
Remark 2.19.

According to the diamagnetic inequality, we will instead look for a lower bound
of the lowest eigenvalue of the Dirichlet realization of the operator

—ph*A + (1 — p)hB(x) .
This leads to the following proposition, which improves Theorem 2.16 :

Proposition 2.20. .

Under the condition that x — B(z) is > 0, analytic and strictly larger that
b = inf,cq B(x) at the boundary, then there exists ¥ > 0 and C' > 0 such
that :

1 1
A (R) — bh > 5}#5 : (2.63)
where b = inf cg2 B(z).

Proof.
We use Remark 2.19 for some p €]0, %] We observe that for any p, we have

XD (R) > ph? X () + (1= p)hb |

where \;(€) is the lowest eigenvalue of the Schrodinger operator —A+V, (see
(2.27) and [BeHeVe]) with V(z) = 5-(B(x) — b) and € = ph.
We now apply the Lieb-Thirring bounds for —A + V.. This gives?, for any

A >0,
> -a@<Cf G-V,

F:Aj(e)<A {Ve(z)<A}

4We actually apply the inequality with (V. — A) replaced by (V. — A\)_ and combine
with the minimax principle.
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where \;(€) denotes the sequence of eigenvalues of —A + V..

Note that the fact that we consider the first moment instead of the counting

function is due to the fact that we would like to avoid the unfortunate condi-

tion on the dimension appearing in the Cwickel-Lieb-Rozenblium estimate.
We now take A = 2(\;(e) +n) with > 0 and get :

A(€) +n <4C (M (e) +n)? (/ dac) .
{Ve<2(a(e)+n)}

This gives

1
L @ +n) (/ dx),
4C {Ve<2(X1(e)+n)}

for any n > 0. Taking the limit  — 0, we obtain first that A;(e) > 0 and

1
L] W)
4C 1( {Ve<2X1(e)}

We now use the analyticity assumption, the set {V. < 2Xi(¢)} is the set
{B(z)—b < 2(e\i(€))}. But it is easy to show by using Gaussian quasimodes
as in Example 2.2, that (e\;(¢€)) tends to zero, as € — 0. But the measure of
{B(x) —b < pu} as p — 0% is of order p? for some ¥ > 0, if B(x) is analytic
(see, for this standard result which can be shown for example via Lojaciewicz
inequalities, [BeHeVe]).

So we get :

€
< 149 ]
40 — 0(6)\1(6))

Coming back to our initial problem, we finally obtain that : Vp €]0, %],

h 1
AV () = (1= p)hb = 5 (ph) 57 .
This can be rewritten in the form :

1 1 240

AD(R) — hb > GP T = bph,

or

AD(R) — hb > hpto (%hw - bplis) .

If we take p = vh% and vb small enough, we get (2.63) for h small enough. §
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Remark 2.21. .

The optimality of this inequality will be discussed later in particular cases.
In particular, we will discuss the case when B(z) = b and the case when
B(x) — b has a non degenerate minimum.

Remark 2.22.

When b = 0, we can take p = %, and get, for some 6 > 0 :

1
AD(p) > Zp2? .
()_O

Results in [HelMo3], [Mon], [Ue2] or [LuPal] show that this is optimal.
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3 Models with constant magnetic field in di-
mension 2

Before we analyze the general situation and the possible differences between
the Dirichlet problem and the Neumann problem, it is useful- and it is ac-
tually a part of the proof for the general case— to analyze what is going on
for particular models.

3.1 Preliminaries.

Let us consider, in a regular domain €2 in R?, the Neumann realization (or
the Dirichlet realization) of the operator P 4, with

1 1

Ap(z1,m9) = (éxg, _§x1> . (3.1)

Note that the Neumann realization is the natural condition considered in the
theory of superconductivity. We will assume b > 0 and we observe that the
problem has a strong scaling invariance :

Papag = h*Piyag/n - (3.2)

As a consequence, the semi-classical analysis (b fixed) is equivalent to the
analysis of the strong magnetic field (h being fixed) case. If the domain is
invariant by dilation, one can reduce the analysis to h = b = 1. Let us
denote by ™M (h, b, Q) and by AV (h, b, Q) the bottom of the spectrum of the
Neumann and Dirichlet realizations of P} 4, in 2. Depending on €2, this
bottom can correspond to an eigenvalue (if € is bounded) or to a point in
the essential spectrum (for example if @ = R? or if Q = R?). The analysis
of basic examples will be crucial for the general study of the problem.

3.2 The case of R?

We would like to analyze the spectrum of Pgy4, more shortly denoted by :

B B
Sp = (Dy, — Exg)Q + (D, + 5:(71)2 . (3.3)

We first look at the selfadjoint realization in R?. Let us show briefly, how
one can analyze its spectrum. We leave as an exercise to show that the spec-
trum (or the discrete spectrum) of two selfadjoint operators S and T" are the
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same if there exists a unitary operator U such that U(S=+:)" U1 = (T+:)~!.
We note that this implies that U sends the domain of S onto the domain of
T.
In order to determine the spectrum of the operator Sp, we perform a suc-
cession of unitary conjugations. The first one U; is defined, for f € L*(R?)
by

X1T2

Uif =exp(iB )f (3.4)
It satisfies
SpU, f = U15113f, Vf e SR?), (3.5)
with
5}3 = (Dxl)2 + (Dg, + Bxl)Q . (3.6)
Remark 3.1. .

Uy is a very special case of what is called a gauge transformation. More
generally, as was done in the proof of Proposition 2.9 (see (2.39)), we can
consider U = exp(i¢), where exp(i¢) is C*°.

If Ay =3 (D — Aj)? is a general Schrédinger operator associated with
the magnetic potential A, then U 'A,4U = A ; where A = A+ grad¢. Here
we observe that B := curl A = curl A. The associated magnetic field is
unchanged in a gauge transformation. We are discussing in our example the

very special (but important!) case when the magnetic potential is constant.

We have now to analyze the spectrum of S5. Observing that the operator
has constant coefficients with respect to the x,-variable, we perform a partial
Fourier transform with respect to the x5 variable

Uz = Fupty (3‘7)
and get by conjugation, on LQ(R?CL@)?
S% = (Da,)* + (&2 + Bay)* . (3.8)

We now introduce a third unitary transform Us

€2

(Usf)(y1,82) = f(71,&) , with yy =21 + B (3.9)

and we obtain the operator

Sk = D2+ B*)* (3.10)
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operating on L*(R? ).

The operator depends only on the y variable. It is easy to find for this
operator an orthonormal basis of eigenvectors. We observe indeed that if
[ € L*(Rg,) (with ||f]| = 1), and if ¢, is the (n + 1)-th eigenfunction of the
harmonic oscillator, then

(2,&) — | BI1f(&) - ¢u(|B|2y)

is an eigenvector corresponding to the eigenvalue (2n + 1)|B|. So each
eigenspace has an infinite dimension. An orthonormal basis of this eigenspace
can be given by vectors ej(§2)|B\% én(|B|2y) where e; (j € N) is a basis of
L*(R).

We have consequently an empty discrete spectrum and the bottom of the
spectrum (which is also the bottom of the essential spectrum) is B. The
eigenvalues (which are of infinite multiplicity!) are usually called Landau
levels.

3.3 Towards the analysis of R>" : an important model

Let us begin with the analysis of a family of ordinary differential operators,
whose study will play an important role in the analysis of various examples.
For ¢ € R, we consider the Neumann realization H™¢ in L*(R") associated
with the operator D? + (z — &£)?. Tt is easy to see that the operator has
compact resolvent and that the lowest eigenvalue p(€) of HY is simple. For
the second point, the following simple argument can be used. Suppose by
contradiction that the eigenspace is of dimension 2. Then, we can find in
this eigenspace an eigenstate such that u such that u(0) = «/(0) = 0. But
then it should be identically 0 by Cauchy uniqueness.

We denote by ¢ the corresponding strictly positive L2-normalized eigenstate.
The minimax characterization shows that & — u(&) is a continuous function.
It is a little more work (see Kato [Ka] or the proof below) to show that
the function is C* (and actually analytic). It is immediate to show that
w(€) — 400 as £ — —oo. We can indeed compare by monotonicity with
D? + 2% + &%

The second remark is that (0) = 1. For this, we use the fact that the
lowest eigenvalue of the Neumann realization of D? +t? in R is the same as
the lowest eigenvalue of D? + t? in R, but restricted to the even functions,
which is also the same as the lowest eigenvalue of D} + ¢* in R.
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Moreover the derivative of p at 0 is strictly negative (see (3.12) or (3.18)).
It is a little more difficult to show that

M p(§) =1. (3.11)
The proof can be done in the following way. For the upper bound, we
observe that (&) < A(&), where A(§) is the eigenvalue of the Dirichlet real-
ization. By monotonicity of A\(£), it is easy to see that A\(€) is larger than one
and tend to 1 as ¢ — 400. Another way is to use the function exp —3(z —¢)?
as a test function.
For the converse, we start from the eigenfunction x +— ¢¢(z), show some
uniform decay of ¢¢(z) near 0 as & — +oo and use x — x(x + &)pe(x + &) as
a test function for the harmonic oscillator in R.

All these remarks lead us to the observation that the infimum of the
spectrum, infeeg inf o (HV4), is actually a minimum [DaHe] and strictly less
than 1. Moreover one can see that p(§) > 0, for any &, so the minimum
is strictly positive. To be more precise on the variation of u, let us first
establish (Dauge-Helffer [DaHe|] motivated by a question of C. Bolley (see
[BoHe]))

(&) = —[1(€) — €we(0)* . (3.12)
To get (3.12), we observe that, if 7 > 0, then

0= fo [DFoe(t) + (t = €)%pe(t) — (&) pe(t)] e~ (t + 7)dt
= e (0)psr (7) + (€ +7) = 11(€)) foo, Pe(t)perr(t+7)dt .

Observing that
Perr(T) = G (0)T + O(7?)

as 7 — 0, and using the equation satisfied by ¢¢, we can take the limit 7 — 0
to get the formula.

Remark 3.2.
In the case of the Dirichlet realization, we have a similar formula :

2

N(E) == ((¢)(0)"

where gp? 15 the ground state of the Dirichlet realization and this shows im-
mediately the monotonicity. Note that (¢f)'(0) # 0 (by Cauchy uniqueness
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theorem), so X' is strictly negative.
This formula is actually a particular case of a general formula (called Rel-
lich’s Formula) for the Dirichlet realization of Schrédinger operator.

;From (3.12), it follows that, for any critical point &. of p in RT

1" (&) = 2607 (0) > 0. (3.13)

So the critical points are necessarily non degenerate local minima. It is then
easy to deduce, observing that limg o p(§) = 400 and limg_ o p(§) = 1,
that there exists a unique minimum &, > 0 such that

O = irélfu(é’) =u(&) <1. (3.14)
Moreover
Oy =& . (3.15)
Finally, it is easy to see that ¢¢(z) decays exponentially at co.

Around the Feynman-Hellmann formula.
Let us give additional remarks on the properties of £ — (&) and p¢(-) which
are related to the Feynman-Hellmann formula. We differentiate with respect
to & the identity® :

HY(€)p(€) = n(€)p(5€) - (3.16)

We obtain :

(OcH™(€) — 1 (©)p(:6) + (HY () — 1(€)) (Fe) (1) = 0. (3.17)

Taking the scalar product with ¢ in L*(R™), we obtain the so-called Feynman-
Hellmann Formula

O = (0 e | vch = 2 Thoolemra. 318)

Taking the scalar product with (J¢)(+; &), we obtain the identity :

((OH™(€) = 1'(€)¢(5€) | (Oep)(+5€))
+((HY(€) — 1(€))(0ep) (1) | (Oe)(+16)) =0 (3.19)

®We change a little the notations for H™*¢ (this becomes HY (¢) ) and ¢ (this becomes
©(+;€)) in order to have an easier way of writing the differentiation.
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In particular, we obtain for £ = &, that :

(O™ (&0) (3 &0) | (De) (5 60))
+((HY (&) — 1(60))(0ep) (5 &) | (Fep)(5&0)) =0 . (3.20)

We observe that the second term is positive (and with some extra work
coming back to (3.17) strictly positive) :

((OHMN (£0))9) (5 60) | (Oe0) (&) < 0. (3.21)

Let us differentiate once more (3.17) with respect to &.

2(0:HN (&) — 1/ (€)0ep () + (HN () — 1(€))(92) ()

HOEHN(€) — 1"(©)p(:€) = 0. (3.22)
Taking the scalar product with ¢ and £ = &, we obtain from (3.21) that
1" (&) =2+ (0eHY (&0) (3 &) | Dep(560)) < 2. (3.23)

Proposition 3.3.
The eigenvalue (&) and the corresponding eigenvector ¢¢ are of class C*
with respect to €.

Proof :
This result (actually the analyticity) is proved in the book of Kato [Ka].

3.4 The case of R%*

For the analysis of the spectrum of the Neumann realization of the Schro-
dinger operator with constant magnetic field Sp in R*>*, we start like in the
case of R? till (3.8). Then we can use the preliminary study in dimension 1.
The bottom of the spectrum is effectively given by :

R2:+

inf o(Sy™ ") = | B|inf u(€) = 6| B . (3.24)

Similarly, for the Dirichlet realization, we find (See Problem F.7, for de-
tails) :
inf o (S5%) = |B] inf €)= |B]. (3.25)
S
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3.5 The case of a corner

After preliminary results devoted to the case {1 = R, x R, and obtained by
[Ja] and [Panl], a more systematic analysis have been performed by V. Bon-
naillie in [Bon|. Let us mention her main results. We consider the Neu-
mann realization of the Schrodinger operator with h = 1, b = 1 in a sector
Qo 1 {(x1,22) € R? | 22| < tg($)x1}. One can first show, using Persson’s
Theorem (see for example [Ag]) that the bottom of the essential spectrum is
equal to ©y. So the question is to know if there exists an eigenvalue below
the essential spectrum. One result obtained in [Bon] is that :

) ,LLCOTn(Oé) 1

lim ——— = —. 3.26

alLI%) « \/g ( )
Computing the energy of the quasimode u, (following an idea of Bonnaillie-
Fournais [Bon])
P00y expi -7
2 4 77

Q3 (2,) = (pcos é, psin @) — ua(z,y) = cexp(i

Wi*Fh 6= ﬁ and c such that the L?-norm in the sector is 1, one has the
universal estimate

corn(a) < Q
s T V3+a?’
which gives (3.26) above (the lower bound is more difficult). This also answers
the question of the existence of an eigenvalue below ©q under the condition
that

(3.27)

(67

V3+a?
3.6 The case of the disk.

The case of Dirichlet boundary conditions was considered by L. Erdos in
connection with an isoperimetric inequality [Erl]. By using the techniques
of [BoHe], one can then show [HelMo3] the following proposition which is a
small improvement of his result

<0Oq.

Proposition 3.4. .
As RVb large, the following asymptotics holds :

1 bR?
A (b, D(0, R)) — b ~ 237r_2b3Rexp(—%) | (3.28)
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The Neumann case is treated in the paper by Baumann-Phillips-Tang
[BaPhTa] (Theorem 6.1, p. 24) (see also [PiFeSt] and [HelMo3]) who prove
the

Proposition 3.5.
1 1
pM (b, D(0, R)) = ©gb — 2Ms b2 +0(1). (3.29)

Here we recall that ©y was introduced in (3.14), and that M5 > 0 is a

universal constant. Notice that an improvement of (3.29) has been obtained
in [FoHel3].

Remark 3.6.

Another interesting case is the exterior of the disk. One first observes that
the bottom of the essential spectrum is b and one can show that as b is large,
there exists at least one eigenvalue below b. One shows also in [HelMo3] that
the above formula for the smallest eigenvalue is still valid by changing % nto
—% (with a weaker control of the remainder term). This permits to verify
that it is indeed the algebraic value of the curvature which appears for all the
models.
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4 Harmonic approximation

In this section we discuss one of the basic techniques for analyzing the ground-
state energy (also called lowest eigenvalue or principal eigenvalue) of a Schro-
dinger operator in the case when the electric potential V' has non degenerate
minima. Except some aspects related to magnetic fields, this part is very
standard and we refer to [CFKS, Hell, DiSj] for a more complete description
of the results.

4.1 Upper bounds
4.1.1 The case of the one dimensional Schrédinger operator

We start with the simplest one-well problem:
P = —h*d*/dx* + v(x) , (4.1)

where v is a C'°°- function tending to oo and admitting a unique minimum
at 0 with v(0) = 0.
Let us assume that

v"(0) > 0. (4.2)
In this very simple case, the harmonic approximation is an elementary exer-
cise. We first consider the harmonic oscillator attached to O :

1
—h*d*/dx® + 51}”(0)x2 : (4.3)

This means that we replace the potential v by its quadratic approximation
at 0, namely %v” (0)z?%, and consider the associated Schrodinger operator.
Using the dilation z = h%y, we observe that this operator is unitarily equiv-
alent to

h | —d?/dy* + %v”(())yﬂ : (4.4)
Consequently, the eigenvalues are given by
A(h) =h-A(1) = (2n+ 1)h - “"éo) , (4.5)
and the corresponding eigenfunctions are
uh(r) = h b () (4.6)
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with ©

un(y) = Pa(y) exp —F

which can be obtained recursively by

d [v"(0)
1 _ @ 1

where ¢,, is a normalization constant.

We now return to the full operator P ,. For simplicity we will only consider
app.

% , (4.7)

the first eigenvalue. We consider the function /"

’U”(O) [L’2

2h

where yx is compactly supported in a small neighborhood of 0 and equal to 1
in a smaller neighborhood of 0. Note here that the H'-norm of this function
over the complementary of a neighborhood of 0 is exponentially small as
h — 0.

We now get

= X(z)uf () = c - x(2)h ™% exp—

%(0) ). (4.8)

The coefficients corresponding to the commutation of P, , and x give expo-
nentially small terms and the main contribution is

I(0() — 50" (O))x (e ()

which is easily estimated, observing that

3
2

(P,w —h- )u?app' — O(h

1
lv(z) — 51}”(0)1’2\ < COlx]*, for|z| <1,

as O(h?). The spectral theorem applied to (4.8) gives the existence of an
eigenvalue \(h) of P, such that

’)\(h)—h-\/vﬂéo)‘ <C-hi

6We normalize by assuming that the L?-norm of u” is one. For the first eigenvalue, we
have seen that, by assuming in addition that the function is strictly positive, we determine
completely ul?(z).
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In particular, we get the inequality

A(h) < h- %(Ouc*h%. (4.9)

Combining with other techniques, one can actually prove that

M(h) —h- ,/”"éo)) <O bt (4.10)

4.1.2 Harmonic approximation in general : upper bounds

In the multidimensional case, we can proceed essentially in the same way.
The analysis of the quadratic case

H(hD,,x) = —h*A + %(Ax | z)

can be done explicitly by diagonalizing A via an orthogonal matrix U. There
is a corresponding unitary transformation on L?*(R"™) defined by

Uf)(x) = fF(U ),
such that )
UHU = ; <—(hayj)2 + §Ajy§.) .

Using the Hermite functions as quasimodes we get the upper bounds by
hy i/ ’\7] + O(h?) as in the one-dimensional case.

4.1.3 Case of multiple minima

When there are more than one minimum, one can apply the above con-
struction near each of the minima. The upper bound for the ground state
is obtained by taking the infimum over all the minima of the upper bound
attached to each minimum.

4.2 Harmonic approximation in general: lower bounds

Here we follow Simon’s approach (see [Sim2] and also [CFKS]). Another
approach is described in [Hell] and another variant in [DiSj]. The reader can
look at Chapter 11 of [CFKS].
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Given a covering of R™, by balls of radius R, B(2/,R) (j € J), and a
corresponding partition of unity, such that, for an R-independent constant,

Zjej(qbf)Z =1 )
n 4.11
Z@:l Zjej |D$[¢f|2 S % ) ( )

we can write that, for all u € C§°,

(Poyulu) = (Payoiu| dfu) —h* Y |[[Ds,oful?

J Jit
h2
> > (Puvofu | 6wy = O ull* (4.12)
J

We now suppose R €]0,1]. We can in addition assume that either the balls
are centered at the minima of V' (denoted by 2%, k € K), or that the balls
are at a distance at least %R of these minima.

In the first case, we observe that :
[ (Pryoju | ofu) — (Piyoju | dfu) | < CR||¢full®

where P,f’y is the quadratic approximation model at the minimum z7*, i.e.
the operator obtained by replacing V' by its quadratic approximation

1 . . .
VF(x) =inf V + 5(V”(x”“)(x — 2% | (x — 2% |
if the ball is centered at the minimum.

In the second case, using the fact that the minima of V' are non-
degenerate, we get :

R2
R R R, |2
’(Ph,V¢j u | ¢j u) > FH% ull” .
The optimization between the two errors leads to the choice of

h2

o
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2 4
that is R = hé, and we then observe that % = %5, which is dominant in
comparison with h as h — 0. We then get the lower bound
Ai(h) > inf V + A(inf o (h, 27)) - Ch? | (4.13)

where the infimum is over the various minima z7* (assumed to be non degen-
erate) and py(h, z7*) denotes the lowest eigenvalue of the harmonic approxi-
mation at 27% Py, .

Note that in the case of a manifold there is another term which leads to a
small change in the argument (see Simon [Sim2]). The Laplacian has indeed

the form Zij g’%axiggijaxj g’% after a change of function in order to come
back to the selfadjoint case.

4.3 The case with magnetic field

Let us consider two situations.

4.3.1 V has a non degenerate minimum.

The first case is the case when V' has a non degenerate minimum at 0. In
this case the model which gives the approximation is

n

S (D, — A+ SV O) | 7).

j=1

where A? is a linear magnetic potential attached to the constant magnetic

field Bjk = B]k(O),
1
A?(a:) = B <zk: Bjk$k> )

so that in a suitable gauge (note that by a linear gauge, one can first reduce
to the case when A(0) = 0)

Alz) — A%(2) = O(|zP) .

After the dilation z = h%y, we get

h (Z(Dyj — AD)? + %(V”(O)y | y)) ,

j=1
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whose spectrum can be determined explicitly (see [Mel], [Ho] (Vol III) and
more specifically for this case [Mat]). One then gets easily the upper bound.

2-dimensional harmonic oscillator.
Let us treat the 2-dimensional case as an exercise. We start from

A A
D? +(D,, + Bx)* + 7136% + 72;53 .

A partial Fourier transform, leads to

A
2+ —2D§2 .

A
DI + (& + Bxy)* + 5

2
2

A dilation leads to the standard Schrodinger operator

A A
Df+D§+(\/§s+Bt)2+7lt2.

So we have proved the isospectrality of the initial operator to a standard
Schrodinger operator, with potential

V(s t) = (4/ %s + Bt)* + %tQ

Its groundstate is immediately computed as

A(B) = VA + B2 with A(0) = (v + VA /V2.

In this explicit formula, one immediately sees the diamagnetic effect an-
nounced in Subsection 2.5 and also that

A(B) = [B] < A(0)

which is more specific of the quadratic case (paramagnetic inequality).

The fact that this last inequality (which says that the groundstate energy of
the Pauli operator is lower than in the case without magnetic field) cannot
be extended for more general situations has been shown by Avron-Simon and
Helffer using the Aharonov-Bohm effect.
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Lower bounds.
The lower bound is obtained similarly once we have observed that

Re <Ph,A7vu | U>
=2 (Phaveiu | ¢fu) — 0237, || De,dflull? -

We have then, for the balls containing the minima, to replace the magnetic
potential by its affine approximation at the momentum and to control the
remainder. Note that there is a “small” additional difficulty (of the same
type as for the manifold case) for controlling the term corresponding to the
approximation of the magnetic potential.

Let us more precisely describe what is going on. A new control is only
necessary for the balls centered at one of the minima. The idea is that the
harmonic approximation at the minimum (we choose one of the minima, take
coordinates such that 0 is the minimum of V', so V(0) = VV(0) = 0) has to
be replaced by

(4.14)

, 1
perro = Z(hD” — Alm(2))? + §Hess V(0)x -z .
¢

We recall from the previous paragraph that this spectrum is known and equal
to h times the spectrum computed for h = 1, as immediately seen by the
dilation = = Vhy.

After a gauge transformation, we can assume that
A(z) — A" (x) = O(|z])

and note that the magnetic field attached to A“"(z) is the value of the
magnetic field attached to A at 0.
We now take R = hs and write

(Pravofiu| o) > (P™Ofu | ¢jfu) — Ch3|lgjful
~ | [ 1AG) = A @)l - (0T 1A ()l do
This leads first (omitting the reference to R which is now chosen) to

(Pravou | oju) >
(PPO% 1 | pju) — ChE || gsul|? — Ch3 ||gyul - [|(hV — iA™(x))¢yul|dz .
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Using then Cauchy-Schwarz with some (to be determined) weight p(h), we
obtain

(Phavoju| oju)
> (Puppodju | dyu) — ChS || ¢jul|?

—_ : —1 all? 2 — i A" () paul|?
Ch (p(h)gﬂsf)g 17+ p(R)" [ (WY = iA™"(z)) b ||)
1

> (1= h5p(h)?) (Pappotju | ¢ju) — Ch3 || dsul|? — C hi WWH? .

The choice of p(h) = h™5 leads to

(Poavolfu| ¢fu) > (1= h3) (Poyo0fu | 9Fu) — Chs || ¢Ful? .

We are now essentially in the same situation as in the case without magnetic
field.

4.3.2 Magnetic wells

We would like to describe a case where no electric potential is present. We
consider the rather generic case when B(z) € C™({) satisfies, for some
20 € Q-

B(z) > b:=DB(z)>0,Vz € Q\ {2}, (4.15)

and we assume that the minimum is non degenerate :
Hess B(zp) > 0. (4.16)

We introduce in this case the notation :
1 1/2
a="Tr (éHess B(zo)) . (4.17)

Theorem 4.1. .
If A € C®(Q;R?), and if the hypotheses (4.15) and (4.16) are satisfied,

then
2

p(h) = [b+ %h]h + o(h?) . (4.18)
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The detailed proof can be found in [HelMo3]. It is based on the analysis
of the simpler model where near 0

B(z) = b+ ax® + By*. (4.19)
In this case, we can also choose a gauge A(z) such that
Ai(z) =0 and As(z) =bx + %xg + By . (4.20)

When the assumptions are not satisfied, and that B vanishes. Other
models should be consider. An interesting case is the case when B vanishes
along a line. This model was proposed by Montgomery [Mon] in connection
with subriemannian geometry.

4.4 Higher order expansion

After a dilation z = v/hy, we can look at
1
=8y + 2 Vo(Vhy) + Vi(Vhy) |

that we can rewrite, using the Taylor expansion at 0 of V and V; by formal
expansions :

Zh%HJ(ya Dy) :
J

This approach was developed by B. Simon [Sim2] and variants have been also
described by Helffer-Mohamed [HelMo2].
We can then find a complete expansion by recursion. One can look for a

formal quasimode in the form h~% <Zj€N h%qﬁj(%/\/ﬁ)) associated to an ap-

. . . J . . ) . 9 .
proximate eigenvalue Y a;h? and determine the a;’s and ¢;’s by recursion.

Another idea will be to introduce a Grushin’s problem. A third idea is
to construct WKB expansions. This will not be detailed in this course.
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5 Decay of the eigenfunctions and applica-
tions

5.1 Introduction

As we have already seen when comparing the spectrum of the harmonic
oscillator and of the Schrodinger operator, it could be quite important to
know a priori how the eigenfunction attached to an eigenvalue \(h) decays
in the classically forbidden region (that is the set of the z’s such that V' (z) >
A(h)). The Agmon [Ag] estimates give a very efficient way to control such
a decay. We refer to [Hell] or to the original papers of Helffer-Sjostrand
[HelSj1] or Simon [Sim2] for details and complements.

Let us start with very weak notions of localization. For a family h — )y,
of L?-normalized functions defined in 2, we will say that the family 1)y, lives
(resp. fully lives) in a closed set U of € if for any neighborhood V(U) of U,

lim AR
h=0 Jyw)na

respectively
lim |Yp)?de =1 .
h=0 Jyw)na

For example one expects that the groundstate of the Schrodinger opera-
tor —h?A + V() fully lives in V~!(inf V). Similarly, one expects that, if’
limy, .gA(h) < E < info..(Pyyv) — € (for €) and 1, is an eigenvector as-
sociated to A(h), then 1, will fully live in V~!(] — oo, E]). This is the way
one can understand that in the semi-classical limit the quantum mechanics
should recover the classical mechanics.

Of course the above is very heuristic but there are more accurate mathemat-
ical notions like the frequency set (see [Ro2]) permitting to give a mathemat-
ical formulation to the above vague statements.

Once we have determined a closed set U, where 1, fully lives (and hope-
fully the smallest), it is interesting to discuss the behavior of v, outside U,
and to measure how small v, decays in this region.

To illustrate the discussion, one can start with the very explicit example of

the harmonic oscillator. The ground state x — ch™1 exp —% of —h2% + x?

"This is in particular the case when liminf|,|_ ;o V(z) > inf V.
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lives at 0 and is exponentially decaying in any interval [a, b] such that 0 ¢
[a,b]. This is this type of result that we will recover but WITHOUT having
an explicit expression for 1.

5.2 Energy inequalities

The main but basic tool is a very simple identity attached to the Schrodinger
operator P 4 v.

Proposition 5.1. :

Let Q be a bounded open domain in R™ with C? boundary. Let V € C°(Q;R),
A€ COR™) and ¢ a real valued lipschitzian function on Q. Then, for any
u € C*(Q; C) with uspn = 0, we have

Jo IVha(exp 2 u)? dx + [,(V — |Vo[?) exp 2 |u|? do =

Re <fg exp % (Ppavu)(z) cu(x) dx) (5.1)

Proof :
In the case when ¢ is a C?(9Q)- function and A = 0, this is an immediate
consequence of the Green-Riemann formula :

/VU~dex:—/Av~wda:—/ (Ov/On)w dogg . (5.2)
Q Q o0

This gives in particular :

/VU~Vde:—/AU-de, (5.3)
Q Q

for all v,w € C*(Q) such that w/sq = 0 or (Jv/dn) sq = 0.
This can actually be extended to v, w € H}(Q).
We then observe (we treat the case when A = 0) :

Re [exp22(—h?Au)-udr = Re [(hVu)- (hV exp 22u) dz
= Re [((hV — V@) exp 2u) - (hV + Vo) exp Lu) dz

= [|(hV exp %u)Pdw — [|V¢|*|exp %u)\Q dz .

The case when A is not zero is treated similarly.
To treat more general ¢’s, we just write ¢ as a limit as € — 0 of ¢. = Y * ¢
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where x.(z) = x(%)e™ is the standard mollifier and we remark (this is a
standard result about Lipschitz functions) that V¢ is almost everywhere the
limit of V¢, = Vx, x ¢. In the case when A is not zero, we have in addition
to use

/ Viav - Vi aw do = —/ Apav-wdr — h/ (hOv/On — iA - 1v)w dogg -
Q Q o0

(5.4)
Remark 5.2.
This tdentity is adapted to the Dirichlet realization. We will need a similar

wdentity for the Neumann realization. In this case, we will instead of the
condition uspq = 0 take the Neumann (magnetic) condition.

5.3 The Agmon distance

The Agmon metric attached to an energy F and a potential V is defined
as (V — E),dz* where dz” is the standard metric on R™. This metric is
degenerate and is identically 0 at points living in the ”classical” region:
{z | V(z) < E}. Associated to the Agmon metric, we define a natural
distance

(,y) = dwv-g), (2,9)
by taking the infimum :

dv-p. ()=l / (V1) - B Ol (5.5)

rectou ([0, iy

where C'P*([0,1]; z,y) is the set of the piecewise (pw) C' paths in R™ con-
necting  and y

ct((0,1];z,y) = {y € C**“([0,1;R") , v(0) =z, (1) =y} .  (5.6)

When there is no ambiguity, we shall write more simply dv_g), = d.
Similarly to the Euclidean case, we obtain the following properties

e Triangular inequality

ld(2',y) — d(z,y)| < d(2',z), Ve,2',y e R™. (5.7)
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almost everywhere.

We observe that the second inequality is satisfied for any derived distance
like
d = inf d .
(z,U) = inf d(z,y)

The most useful case will be the case when U is the set {z | V(z) < E}.
In this case d(z, U) measures the distance to the classical region. All these
notions being expressed in terms of metrics, they can be easily extended on
manifolds.

5.4 Decay of eigenfunctions for the Schrodinger oper-
ator.

When uy, is a normalized eigenfunction of the Dirichlet realization in {2 sat-
isfying Py avun, = Apup, then the identity (5.1) gives roughly that exp% up,
is well controlled (in L?) in a region

Qe h) = {2 | V(z) = [Vo@)]2 = A > & > 0},

by exp (supﬂ\ﬂl @) The choice of a suitable ¢ (possibly depending on h)

is related to the Agmon metric (V — E), dx?, when A\, — F as h — 0. The
typical choice is ¢(z) = (1 — €)d(z) where d(z) is the Agmon distance to the
”classical” region {z | V(z) < E'} . In this case we get that the eigenfunction
is localized inside a small neighborhood of the classical region and we can
measure the decay of the eigenfunction outside the classical region by
d
exp(l — e)ﬂ up, = O(exp E) : (5.9)
h h

for any € > 0.
More precisely we get for example the following theorem

Theorem 5.3. :
Let us assume that V' is C'*°, semibounded and satisfies
lim‘ i‘nf V>infV =0 (5.10)
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and

V(z) >0 for|z| #0. (5.11)

Let uy, be a (family of L*-) normalized eigenfunctions such that
Py ayvun = Apup (5.12)

with A\, — 0 as h — 0. Then for all € and all compact K C R™, there exists
a constant C¢ i such that for h small enough

d d €
HV}MA(eXp E . uh)HLQ(K) + H exp E . uhHLQ(K) S 067]( exp E s (513)
where x — d(x) is the Agmon distance between = and 0 attached to the Agmon
metric V - dz?.

Useful improvements in the case when £ = min V' and when the minima
are non degenerate can be obtained by controlling more carefully with respect
to h, what is going on near the minima. It is also possible to control the
eigenfunction at co. This was actually the initial goal of S. Agmon [Ag].

Proof:
Let us choose some € > 0. We shall use the identity (5.1) with

e VV replaced by V — Ay,

¢ = (1—=19)d(z,U), with 6 small enough possibly depending on e,

e u = uy, and

Ph,A,V replaced by _Ah,A +V - )\h'

Let
Qr={zeQ,V(zx)>d,Q; ={zeQ, V() <d}.

We deduce from (5.1)

Jo [ Vn,a(exp Sup)|2dz + fﬂgr(V — M — |Vo|?) exp 2 |up|? da
< sup,eqy [V(2) = M — [V (for exp 22w f? dx) .

Then, for some constant C' independent of h €]0, ho] and § €]0, 1], we get
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Jo [V, a(exp uy)|2dx + fQ; (V = — |V@|?) exp 22 u? dx
<C- (fﬂg exp % |up|? dx) :
Let us observe now that on f we have (with ¢ = (1 — §)d(-,U))
V=X —|Vo]?>(2-6)6"+0(1) .
Choosing h(d) small enough, we then get for any h €]0, h(d)]
V=, — Vo> > 8.
This permits to get the estimate

Jo IV, a(exp uy)|*dx + 62 fQ; exp 22 |uy|? da
< C - (for oxp 2 funl? dr)

and finally

Jo [V h,aexp %uh)Pda: + 0% [, exp % |up|? dx
< C-exp @ ,

where a(0) = 2sup,cq- ¢(x). We now observe that lims g a(d) = 0 and the
end of the proof is then easy.

Remark 5.4.

When V' has a unique non degenerate minimum the estimate can be improved
when A\, € [0,Coh], by taking § = Ch, for some C > 1 and ¢ = d —
Chinf(log(%),log C). We observe indeed that V, d and |Vd|* are equivalent
in the neighborhood of the well.

Applications:

As a first corollary, we can compare different Dirichlet problems correspond-
ing to different open sets {2; and 2, containing a unique well U attached to an
energy E. If for example €2; C €29, one can prove the existence of a bijection
b between the spectrum of S, o,) in an interval I(h) tending (as h — 0) to E
and the corresponding spectrum of S q,) such that |b(A\)—=A| = O(exp —S/h)
(under a weak assumption on the spectrum at 9I(h)). S is here any constant
such that

0<S< d(V,E)_‘_(an, U) .
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This can actually be improved (using more sophisticated perturbation the-
ory) as O(exp —25/h).

Let us just give a hint about the proof. If (ug), /\22)) is a family of spectral
pairs of the Dirichlet realization of the Schrodinger in €25. Then if y is a cutoff
function with compact su%a%jort in €2, which is equal to 1 on a neighborhood
of U, then we can use th2 as a quasimode. We observe indeed that

(=Bna+V =N (xup”) = =2(VX) - (Vhauy?) = B2(Ax)uy .
Then the choice of x and the Agmon estimates on ug) permit to show that
the right hand side is exponentially small as stated.

Remark 5.5.
It can be useful to extend the properties of the eigenvectors to the decay

properties of the kernel of the resolvent of the operator. The reader is invited
to look in [DiSj].

5.5 The case with magnetic fields but without electric
potential

In this case, there is no hope to use the result for V', which does not create any
localization. The idea is that the role previously played by V(z) is replaced
by h|B(z)| (or more generally to x +— Tr*(B(z)). This is due to (2.53) in
the case n = 2 (B(x) of constant sign) and to their extensions. The Agmon
distance will be attached to h [ Tr *(B(z)) — inf, Tr *(B(z))] da?.

The proof is in two steps: treatment of the case with constant magnetic field
and then partition of unity for controlling the comparison with this case.
This explains, due to the presence of h before | B|, that the decay is measured
through a weight in exp —%, where ¢ should satisfy :

Vol < e (B(@) - inf Te* (B(e))

outside a neighborhood of the magnetic well, that is the set of points where
Tr *(B(x)) = inf, Tr *(B(z). We will come back to this in Section 7.
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6 On some questions coming from supercon-
ductivity

6.1 Introduction to the problem in superconductivity

This problem is physically described in all the basic books in physics (see
for example Saint-James-De Gennes [SAG]). A lot of articles appear which
are devoted to this question. For mentioning some, let us cite the contribu-
tions by Bernoff-Sternberg [BeSt], which remain at a formal level, the paper
by Bauman-Phillips-Tang [BaPhTa] treating in detail the case of the disk
and the papers by Giorgi-Phillips [GioPh], Lu-Pan [LuPal, LuPa2, LuPa3,
LuPa4, LuPa5] and Del Pino-Fellmer-Sternberg [PiFeSt] for a mathemati-
cally rigorous analysis in general domains, and more recent contributions
by Helffer-Morame [HelMo3, HelMo4, HelMo5], Fournais-Helffer [FoHell,
FoHel2, FoHel3|, Bonnaillie [Bon] ....

Let us describe the mathematical problem. It is naturally posed for do-
mains in R3, but for cylindrical domains in R3, it is natural (but not com-
pletely justified mathematically) to consider a functional which is defined
in a domain € R?, where ) is the section of the cylinder. This explains
why we consider models in R%2. The behavior of the sample can be read
on the properties of the minimizers (¢, A) in H'(Q; C) x H'(R?;R?) of the
Ginzburg-Landau functional G :

G, )= [T i+ 1 =17 de 42 [ Jewrl A=A
Q R2

(6.1)
Here € is a regular bounded set, v is called the order parameter and A is a
magnetic potential defined on R™. H is a magnetic vector field when n = 3
and is called the external magnetic field or the applied magnetic field. In
the case n = 2, we identify this magnetic field to a function (thinking that
it is the intensity of a magnetic field vector, which is parallel to the axis of
the cylinder). It is initially defined on R™ but in the case when 2 is simply
connected, one can reduce everything to {2 and consider the functional

Gy, A) = /{|(V — ik A + %2(\1/42 —1)*} dx + /<52/ lcurl A — H|? da .
Q Q

(6.2)
Here we will always assume that €2 is connected and simply connected.
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The parameter k is a characteristic of the sample. Traditionally one makes
the distinction between Type I materials, corresponding to x small, and the
Type II materials, corresponding to large x. Mathematically, this leads to
the analysis of various asymptotic regimes like k — 0 or kK — 400. It is this
last case that will be analyzed here. In order to measure the dependence on
the size of the external magnetic field, we write H = o H..

As  is bounded, the existence of a minimizer is rather standard, we
will prove this existence in the next section. The minimizer should satisfy
the Euler-Lagrange equation, which is called in this context the Ginzburg-
Landau system [SdG].

This equation reads

(V = in APy = —*(1 = [p*)v .
curl ’A = —QL(E ¢ 7,/)V77/)) W)|2A } in  ; (6.3&)
T v =0 e

Here, for A = (Ay, Ag), curl A = 0,, Ay — 0., Ay, and
curl >A = (0,,(curl A), —0,, (curl A)) .

Notice that the weak formulation of (6.3) is

Re / V= ind)o - (V — inA) — 2(1 — [W)gdzr =0,  (6.4a)

0
/(curl a)(curl A — H)dx =
Q

for all (¢,a) € H(Q) x H'(;R?).

Due to the gauge invariance of the functional, it is better to restrict
(without loss of generality) to the smaller set H'(Q2,C) x H} (), where

L /Q Im (O(V —ikA)Y) adz,  (6.4b)

K

1, (@) = {v = (vi, Vi) € H'()? |
divV =0 i Q,V-v=0 onaQ} . (6.5)
The space H}, () inherits the topology (norm) from H'(;R?).

The analysis of the system (6.3) can be performed by PDE techniques.
We note that this system is (weakly) non linear, that H'(Q) is compactly
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imbedded in L8(Q) and that, if divA = 0, curl>A = (—AA;, —AA,). One
can show in particular that the solution in H'(Q, C) x H} () of this “ellip-
tic” system is actually, when € is regular, in C>(Q).

It is well known that there exists a unique vector field F in H}; (Q) such

that

curlF =H, and divF =0, in{,
F-v=0 on 0f.

We observe that (0,cF) is a trivial critical point of the functional G, i.e. a
trivial solution of the Ginzburg-Landau system. It is therefore natural to
discuss as a function of o, whether this pair is a local or a global minimizer.
When o is large, one can show [GioPh] (see Subsection 6.3) that this solu-
tion is effectively the unique global minimizer. One says that in this case
the superconductivity is destroyed. In other words, the order parameter is
identically zero in €. It is then natural to try to follow the property of the
minimizers when decreasing o starting from 400 and to determine when the
trivial solution (also called the normal solution) is no more a global minimum
or a local minimum.

In the analysis, we will need the following standard result (see for example
[Tem]) on the curl-div system

Proposition 6.1.
If Q) is bounded, reqular and simply connected, then curl defines an isomor-
phism from Hj, () onto L*(2).

6.2 Existence of a minimizer

Using the discussion in the previous section it is natural to impose the con-
dition that A € Hg, (Q).

Theorem 6.2. Suppose that §2 is bounded and simply connected with smooth
boundary. For allx € R and H € L*(Q), the functional G on H'(Q)x H}, (Q)
has a minimizer.

Proof.

Let (vn, A,) € HY(Q) x H () be a minimizing sequence, i.e.
I A = inf CA). 6.6
Jim G (4, An) (MA)EHII(IKIDXH&V(Q)QW ) (6.6)
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Step 1. {(¢,A,)} is bounded in H'(Q) x H'(Q).
By using that G is the sum of three positive terms, we get the existence of a
constant Ey > 0 such that

T, < Ey, (6.7)

where T, is any of the three terms

/ (V — ikA),|? d, /(\wn\Q —1)%dx, / |curl A, — H|? dx .
0 Q Q

Since H is a fixed function in L?*(Q2) and div.A, = 0, we get from Propo-
sition 6.1 that A,, is uniformly bounded in H*(Q).

Notice, using Cauchy-Schwarz and the inequality 2ab < ea® + e 'b? for
any € > 0, that

/<|wn|2—1>2dx=/ [l — 2 + 1da
Q Q
1
> o} — 2/ > Sl — 240,

Therefore, 1, is uniformly bounded in L*(€2), and therefore—using again the
Cauchy-Schwarz inequality—in L?((2).

The boundedness of A, in H!(Q) implies, by the Sobolev embedding the-
orem, that A, is uniformly bounded in L*(Q2). Combined with the L*-bound
on 1, this gives uniform boundedness of A1, in L*(2). So, considering the
uniform bound,

/ ‘v¢n - lei~An¢n|2 dl‘ S E07
Q

this implies that {¢, }, is uniformly bounded in H'(2).
Step 2. A weak limit is a minimizer.
We now extract a subsequence, again denoted by {(¢n,A,)}, converging
weakly in H*(Q2) x H'(Q2) to some (¢, A) € H(Q) x H'(Q2). Of course, by
passage to the limit

divA =0, inQ
in the sense of distributions. Furthermore, since the inclusion H'(Q)) —
H*(Q) is compact for all s < 1 and the restriction H*(Q2) — L2*(99Q) is
continuous for all s > 1/2, we also get

A-v=0, ondQ.
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Thus A € H},,(Q). We can estimate,
/ |curl A — H|* do = lim {curl A — H | curl A, — H) 12512
9] n
< |lcurl A — H||2 lim inf ||curl A,, — H]|2.

Therefore,
/Q lcurl A — H|* dw < lirrilinf/Q |curl A,, — H|? dz. (6.8)
The same type of calculation gives that
/Q (V — ik A)o[? do < liminf /Q (V= ind)baPde. (69)

The compactness of the Sobolev embedding H'(Q2) — LP(Q), for p = 2,4
implies that

/Q(\W — 1) de,= liin/ﬂ(|wn|2 —1)%dx. (6.10)

Combining (6.6) with (6.8), (6.9) and (6.10) shows that (¢, .A) is a minimizer.
|

6.3 The result of Giorgi-Phillips

Let us give a rather simple proof of this result.
The first important property is

Proposition 6.3.
If (¢, A) is a minimizer of G, then for (almost) all x € €,

() < 1. (6.11)

Sketch of a proof via the maximum principle.
Assuming the regularity of the minimizer (up to the boundary), we can apply
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the Maximum principle to the function u(z) = |¢(x)>. We observe that u
satisfies®

1
§Au+m2u(1 —u) = |Veat)? . (6.12)

This equation is a direct consequence of the first Ginzburg-Landau equation.
We multiply it by ¥ and take the real part. The formula is then a consequence
of the identity

Re (At 0) = sA(P?) — [(V — imA)of

with A, 4 = (V — i/’i.A)2 .
This in particular implies :

%Au +k*u(l—u) >0. (6.13)

Now if v admits a maximum which is > 1 then we get a contradiction as
follows. If this maximum is attained at one point of 2, we have indeed
Au < 0 and x%u(1 — u) < 0 in contradiction with (6.13). If the maximum
was attained at the boundary, we should use in addition the fact that u
satisfies the usual Neumann boundary condition.

Instead of giving the necessary justifications for the above proof, we prefer
the following attractive short argument from [DGP].

Proof of Proposition 6.3.
With the notation [t]; = max(t,0), we define Q; :={z € Q : [¢P(x)] > 1},
and the following functions on €2,

w ~
f=— Y=Y -1f.
||
Notice that [t]; = HTM, so applying Proposition 2.8 twice, we see that

o] -1 € H'(Q), and  V[| - 14 = 1o, VI[¢| - 1]s = Lo, V]4l.

8Here we cheat a little because we do not control in detail a possible problem near the
zeroes of ¥. But this is not a deep problem because we have to show here that u can not
be too large so the zero set of u cannot be a problem.
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Let x € C*°(R) be increasing and satisfy,
X(t)=0ont<1/4, x(t)=1ont>3/4,

and define
c

G(2) = x(lz]) f=G).

Then, since G is smooth with bounded derivatives, the chain rule gives that
f € H'(Q) (see for instance [LiLo, Theorem 6.16]). Furthermore, ¢ = [[¢)| —

1]+f7 S0

|2’

(V —iA)) =1, fVI| + [|0] = 1]4(V —iA) f
Now, clearly,
Lo, (V —iA)) = 1q,(V —iA)(|¢|f) = Lo, {fVI¥] + [¢|(V — iA) f}

So therefore,
Re {(V —i4)d - (V = id) } = Lo, (911" + (1] = DII[(V = iA) ).
Here we used that on €, we have |f| = |f| = 1, and therefore

fVF+ TV =VIfF =0,

so 1o, fV [ takes values in iR?.
Thus we have, by the weak form of the first Ginzburg-Landau equation,
and the support of .

0= Re { /Q (V — AV — iAY) + B(ll? — 1) d
=/Q V1 + (1] = D] [(V = iAVF + (1 + D) (] — 12| de.

Since the integrand is non-negative, we easily conclude that €2, has measure
ZETO. 1

We now assume that we have a non normal minimizer for G. This means

that

I€2

G, A) < 9] (6.14)
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and

/ [Y)?dx > 0. (6.15)
Q

Condition (6.14) implies the following inequality :

/|(V—il€¢4)¢‘2d$+ﬁ2/ lcurl A — H|? dx§n2/ [(z)|*dz . (6.16)
0 Q 0

We will now show that this last inequality will permit the control of
Jo [V —ikoF)|* d.

Without loss of generality, we can assume that A satisfies the additional
condition

divA=0inQ, A-v=0o0ndQ. (6.17)

We now use the result Proposition 6.1 on the curl-div system to conclude
that there exists a constant Cq such that

V|72 < Co llcurl V|[Taqy, VYV € Hy, () (6.18)

We now compare [, |(V — ikoF)y|> and [, [(V — iA))y[>. A trivial

estimate 18
1 =iy < 20T —im AP + 22 A = POl . (619
Implementing (6.11) and (6.18) gives
/Q (V —ikoF)y* < 2/Q (V —irA)Y|? + 2Cor?||curl (A — oF)||* . (6.20)
This leads to
/Q\(v ~ino )P < (2+209)/<;2/Q\@/)|2dx. (6.21)
But 1 satisfies (6.15), so we finally obtain

M (okF) < (24 2Cq)K2 . (6.22)

But we will see in the next section, by semi-classical techniques that there
exists Cp(€2) > 0 and ho(£2) > 0 such that if

1

oKk > h_o s (623)
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then

Y (okF) > Ok . (6.24)

Co(Q2)
So we have shown that if, for some pair (k, o) satisfying (6.23), a non normal
minimizer exists then

0 < (2+2Cq)Co(Q)k .

This can be reformulated in the following way

Theorem 6.4 (Giorgi-Phillips).

Suppose that H = oH,., where H, > 0, in the definition of the Ginzburg-
Landau functional. If Q) is simply connected, there exists a constant C'(2) > 0
such that if

o > C(92) max(k, %) :

then G has as unique minimizer (up to gauge transform) the normal solution

(0,0F).

Remark 6.5.

We emphasize that the result is true for any k > 0. But as t = ko tends
to 0, pM(tF) is O(t?). We will analyze this question in the next subsection.
As observed in [GioPh], one can improve the theorem, assuming k < 1 by
saying that there exists C'(§) such that if o > C(Q2), then G has as unique
minimizer (up to gauge transform) the normal solution (0, cF).

Remark 6.6.

The fact that curl F is constant does not play an important role. A weaker
assumption of non vanishing of curl ¥ will be enough for showing that as
o — 400 the unique minimizer is the normal solution. See Remark 2.22.

6.4 Perturbation theory and analysis of the weak k
situation

In this subsection, we present some results of X. Pan [Pan3] (see also Bolley-
Helffer for the analysis of a 1-dimensional reduced model).

If A satisfies the two conditions A -v = 0 on df2 and div.A = 0 in €, the
domain the Schrédinger realization is fixed and the dependence with respect
to k is analytic. We can then apply Kato’s theory (analytic perturbation
theory) to the analysis of the groundstate energy. For x = 0, A4 is simply
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the Neumann realization of the Laplacian in 2. The groundstate energy is
0 and this is an eigenvalue of multiplicity 1 (£2 is assumed to be connected).
The associated eigenfunction can be chosen as

1
Q-

%o (6.25)

We consequently know that, for x small (k €] — kg, +ko[) enough, the
groundstate eignevalue remains simple and admits the expansion

ﬂ(l)("i-A) ~ Z K'jluj )

Jj=1

as k — 0.

But the diamagnetic inequality immediatly implies that @1 = 0. So we

know that
O (kA ~ S gy (6.26)
Jj=2
and it is interesting to compute pis.
This can be done by using formal expansions in the following way. We look
for an eigenvalue admitting expansion (6.26) and an eigenfunction

PV (A () ~ S W (6.27)

J=0

Moreover, we actually do not loose in generality by adding the condition that
; is orthogonal to ¢, for 7 > 1. This can be rewritten in the form

/gojdx:(),
Q

forj=1,...,n.
We now write formally that

849V (R A) — V(5 A) e (K A) ~ 0 . (6.28)
We note that with our choice of gauge

—Apa = —A+2ikA -V + K A” .
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We denote by Ry the operator defined by
RO = HoAilﬂo y

where Il is the projector on the first eigenfunction.

Computing the coefficients of each powers of x in (6.28), we get the equa-
tions (we just write the first equations....). The coefficient of x° is 0. Let us
look as the coefficient of k

We can consequently choose ¢; = 0.
Let us now look at the coefficient of 2. Taking account of the previous
equation, we obtain :

—Apy — papo + | AlPpe = 0. (6.30)

This equation can be solved if and only if

o — / Al2de |
Q

This gives the value of o, which is non zero iff the magnetic field curl A is
non identically 0. We are also very happy to verify that py is positive, as
predicted by the diamagnetic inequality. For this value of ps, one can then
define ¢, by
1

Wk
It is easy to see that one can continue to solve uniquely the equations. The
necessary condition for solving determines indeed at each step p;.

P9 = RolAl? .

Remark 6.7.

In the previous subsection, we can apply this result with k replaced by ko, and
A replaced by F. In this case, we note that one solution o (k) of p(okF) = k2,
admits the expansion (for k small)

o(k) ~ Zaj/ij )
J

with
_1
oo = 1y? u2=/ Flds
[9]
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6.5 Critical fields and Schrodinger operators with mag-
netic field

This leads (assuming that H, is constant and of intensity one) to the
definition

He,(k) =inf{oc > 0: (0,0F) is the unique global minimizer of G}. (6.31)
So He, (k) is the bottom of the set
N (k) :={o >0:(0,0F) is the unique global minimizer of G} .  (6.32)

The first result that we would like to mention is essentially due to Lu-Pan
(cf also Bauman-Phillips-Tang [BaPhTa| for the case of the disk). These
theorems are related to the analysis of the Neumann realization of —(V —
iA)%. Tt is useful to observe the strong connections between the critical field
He, (k) and the smallest eigenvalue pM(A) of this realization. One first
observes the following elementary lemma (cf [LuPal]) :

Lemma 6.8. .
o If uM(koF) < k2%, then G has a non trivial minimizer.
e If G has a non trivial minimizer (Y o, Aws) then p(kA, ) < K2.

Let us give the proof which is easy and enlightening. For the first state-
ment, it is easy to see that if u; is a normalized eigenfunction associated
with p"(koF) and if we consider the pair (Au;,cF) we get, for 0 < |\
small enough, an energy which is strictly less than the energy of the normal
solution (0,F). We have indeed

G0N, oF) — G(0.0F) = AP(u (k) — 1) + N | fun(o)]*d
Q

For the second statement, we observe that

ﬂ(l)(“AmU)meaHQ = H(VﬁAn,owmaHQ < HQHwn,UHQ"i"g(wmmAmU) —G(0,0F) .

This gives the inequality with < instead of <. A finer analysis, observing
that [ |¢eo|* do > 0 if ¢, is not trivial, gives the stronger result. The
lemma is proved.
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Remark 6.9.

The previous proof gives also an upper bound for the infimum of the Ginzburg-
Landau functional (1, A) — G, A). Optimizing with respect to X in the
proof of the previous lemma gives indeed :

201 (0 (koF) — 2
2 4 [lu(z)[* de

;ggg(w,A) <

Remark 6.10.
The second important remark is that 1, , s, using the first Ginzburg-Landau
equation, a solution of :

An o 1
: )2%;,0 + Vn,awn,a - ;wn,o = O 5 (633)

o

—(hV —i

where
h=1/(k-0), Vie = U*QW&U\Q )

If one shows by a priori estimates that % is near F and that v, , s small in

L™ in the asymptotic regime considered here (properties established mainly
in [LuPa4] and improved in [HePa]), it is not too surprising to think that
the analysis which will be presented in the next section of the ground state of
—(hV —iF)? as h — 0 will still be valid for the order parameter corresponding
to the minimizer.

Remark 6.11.
All these questions are still the object of active research. Natural questions
are :

e Does the equation in o,
p (koF) = w2,
have a unique solution for k large enough?
e Is this unique solution the critical field Hey () 7

Notice that Theorem 2.12 can be used to give an affirmative answer to the
first question if one can prove a sufficiently precise asymptotic expansion for
the lowest eigenvalue uM (ko F). We refer to [FoHel2, FoHel3] for the most
recent results around the analysis of this third critical field.
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7 Main results on semi-classical bottles and
proofs

7.1 Introduction

If one can naturally refer to Kato and, at the end of the seventies’s to Avron-
Herbst-Simon [AHS] or Combes-Schrader-Seiler [CSS] for the mathematical
analysis of the problem, the implementation of semi-classical techniques for
the analysis of the ground state appears first in [HelSj7] and then in [HelMo2].
Very roughly, it is shown in [HelMo2] that, if Q = R™, hlcurl A(x)| plays the
role of an effective electric potential. By this we mean that the analysis of the
operator : —h?A + h|B(z)|, can give a good information for the localization
of the ground state. The boundary case was less analyzed. Of course the
case of the Dirichlet realization does not lead to really new phenomena in
comparison with the case {2 = R", at least if the condition

b<, (7.1)
is satisfied, where we used the notations :

inf |B = inf |B =10 . 2
inf [B(x)| = b, inf [B()| = (7.2)

7.2 Main results

We recall that we have given a rough asymptotic estimate for the Dirichlet
realization in dimension 2 (see Theorem 2.16) and that by the minimax this
gives an upper bound in the case of Neumann. The first “rough” theorem
for Neumann is the following :

Theorem 7.1. 1
lim = inf o(Pyq) = min(b, ©gb') . (7.3)
The points where the minima of | B| are sometimes called magnetic wells
for the energy b. The decay of the ground state outside the wells can be
estimated (cf [Br], [HeNo2]) as a function of the Agmon distance associated
to the so called Agmon metric (|B| — b)dz?, where dz?® denotes the euclidean
metric. Note that this metric is degenerate.
We recall that this estimate is very easy to get from (2.53) in the special case
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when n = 2 and when the magnetic field has a constant sign. Here (- | -)
denotes the scalar product in L*(2) and || - || the corresponding norm.

In the general case. one can get a similar result but with a remainder in
O(h3)||ul|? (cf [HelMo3], Theorem 3.1).

As in the case when A = 0 but an electric potential V is added, it is
possible to discuss the various asymptotics in function of the properties of B
near the minima (cf [HelMo2, HelMo3, Mon, Shi, Uel, Ue2| or more recently
[KwPal). As we shall see later, this property is no more true in the case of
the Neumann realization. The infimum b of | B(z)| on 2 is not necessarily the
right quantity for analyzing the bottom of the spectrum as (7.1) is satisfied.
Of course, by direct comparison of the variational spaces corresponding to
Dirichlet and Neumann, one knows that the smallest eigenvalue pY(h) of
the Neumann realization P}, , of P, 40 is bounded from above by A (h)
(but the lower bound (2.58) is not correct in general).

One important theorem that we would like to present is

Theorem 7.2. .
If the magnetic field is constant and not zero, then any ground state corre-

sponding to the Neumann realization s localized as h — 0 near the boundary
of €.

This theorem is general and does not depend on the dimension.
These two theorems are not satisfactory in the sense that they are not
necessarily optimal. In the case n = 2, we can state [HelMo3]

Theorem 7.3. .

Let us assume that n = 2. If the magnetic field is constant and not zero,
then any ground state corresponding to the Neumann realization is localized
as h — 0 near the boundary of ) at the points of maximal curvature.

This gives the general answer for the case of dimension 2. The case
of dimension 3 was more difficult and only solved quite recently [HelMo4,
HelMo5|.

Although the methods of proof can also lead to localization results for
the ground state (see [HelMo3|, [HelMo4], [HelMo5]) or more generally for
minimizers of the Ginzburg-Landau functional (see [LuPal]-[LuPab5], [HePa]),
but this will not be discussed here. This is actually explored in [Pan3].

In the Dirichlet case, the inequality (2.53) was (at least when the condition
B(x) > 0 is satisfied) the starting point of the analysis of the decay. This is
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no more the case when Neumann boundary conditions are assumed, but we
can keep the general strategy as developed in [HelMo3].
We assume that €2 is a bounded, regular open set and that

B(z)>0. (7.4)

7.3 Upper bounds

The upper bounds are based on the construction of suitable quasimodes.
Gaussians can be used in the case when b < ©yb’. In the case when ©yb’ < b
one should use trial functions obtained by multiplying a boundary tangen-
tial Gaussian by a “normal” solution constructed with the help of the first
eigenfunction of the model on R* (see Subsection 3.3). More precisely, we
can take near one point xy of the boundary, where |B(x)| = ¥/, a system of
coordinates x — (s,t) such that ¢(x) denotes the distance to the boundary
and s(z) is a parametrization of the boundary with s(zg) = 0. In these
coordinates, the “principal part” will look like

h’>D? + (hD, — V't)?

on the half plane ¢ > 0. (It is better to think that we should consider
S'x]0, to] with Neumann at ¢ = 0 and Dirichlet at ¢ = ).
The first guess in order to have a lower energy is to look for

(t,s) — h™1e™ Viug(h™ 2 3t)

where R 3 v — wug(v) is the eigenvalue for the half-line model with £ = &,
and magnetic field equal to 1 (§ and py being suitably chosen) in order to
get the minimal energy (for the moment it is an L*°-eigenfunction).

This leads to

/

B°D2 + (po — %v)2u0 = Opb'v .

So we should take the pair (3, po) with 8 = V¥ and py = &f3.

It then remains to localize the candidate in the s variable closely to s =0
and to localize in the ¢ direction with a cut-off function ¢ — x/(¢) with compact
support in [0, ) and to localize in the s direction with a function s +— xo(s)
with support in a neighborhood of 0. So the trial function that we choose
(for an h independent constant and for o > 0 arbitrary) is

2

do(t, 5h) = C h™15 X(t) xo(s) exp —O‘%exp (ifo\/g %) uo (¥'/)3t) .
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Computing the energy of this trial function, this leads to :
p (h) < min(b, Ogb') h + o(h) , (7.5)
which is enough for the analysis of the decay. Note also that the upper bound

involving b = inf B can also be obtained by using [HelMo3].

7.4 Lower bounds

Let 0 < p < 1. We first claim that there exists C' such that, for any dy > 0,
we can, by scaling a standard partition of unity of R2, and by restricting it
to €, find a partition of unity x” satisfying in €,

S IP=1, (7.6)
J

IV < Co?n, (7.7)
J

and
supp(x") C Q; = B(z;,60 h*) , (7.8)

where B(c,r) denotes the open disc in R? of center ¢ and radius r. Moreover,
we can add the property that :

either supp x; NIQ =0, either z; € 0N . (7.9)

According to the two alternatives in (7.9), we can decompose the sum in

(7.6) in the form :
2.=2.t2

int bnd

where “int” is in reference to the j’s such that z; € Q and “bnd” is in
reference to the j’s such that z; € 0.

The second point is to implement this partition of unity in the following
way :

g (u) = th(X?U) —h’ Z VX3 |*, Yu e HY(Q) . (7.10)

J
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Here g} (or gy 4, if we want to keep the reference to the magnetic potential)
denotes the quadratic form :

an 4(u) = / |hVu —iAul? dx | (7.11)
Q

and we recall that || - || denotes the L?-norm in Q.

This formula is usually called IMS formula (see [CFKS]) but is actually much
older (see [Mel], [Hol).

If ahN7 4 1s the associated sesquilinear form, (7.10) is the consequence of the

identity, for any function x € C*°(Q) and any u € H'(Q) :
dnalxu) = Re a4 (u, x*u) + B [Vx|u |22 - (7.12)

We will also use later the property that, for any function y € C*(Q) and
any u in the domain of Py, o, that is for any u in the space

D(PYyq) ={ve H* Q) |v-(hd —iA)use =0
we have

Qf]LV,A(XU) = Re <P}£\,[A,Qu ‘ XZU)LQ(Q) + 1| Vx| u H%?(Q) . (7.13)

We can rewrite the right hand side of (7.10) as the sum of three (types
of) terms.

an(w) =Y an(xju) + ) an(xju) — h? Z VG l?, Yu e HY(Q) .

int bnd

(7.14)
For the last term in the right hand side of (7.14), we get using (7.7) :

W2y IV P < OB 657 |lul (7.15)

J
This measures the price to pay when using a fine partition of unity : If p is
large, the error is big as h272?. We shall see later what could be the best

choice of p or of §y for our various problems (note that the play with J, large
will be only interesting when p = 3).
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The first term in the right hand side of (7.14) can be estimated from
below by using (2.53). The support of X?u is indeed contained in 2. So we

have :
th(xé?u) >h Z/B(x)]x?uF dx . (7.16)
int int
The second term in the right hand side of (7.14) is the more delicate and
corresponds to the specificity of the Neumann problem. We have to find a
lower bound for g (x"u) for some j such that z; € 9Q. We emphasize that
zj depends on &, so we have to be careful in the control of the uniformity.
Let z be a point in 0€2. The boundary being regular, we can, by a change of
coordinates in a small neighborhood of this point, rewrite the form ¢, 4 for
u’s with support in this neighborhood of z :

qna(u) = / . Zgk’e(f)(ihaikﬂ*ﬂ‘lk(f)ﬂ)'(ih@tea + Ae(z)u) det(g(z)) dz .

Here we can assume that the new coordinates of z are (0,0) and we can
also assume that the matrix ¢ is the identity at z :

g"*(0) = 6k -

Of course g depends on z, but all the estimates we could need on the deriva-
tives of ¢ will be uniform in z.

The game is now to compare for u’s with support in a ball of the type
B(z,2C0ph") qn a(u) with the quadratic form :

1 1
gn 4() = / [, — 5 B()2)ul? + (i, + 5 B()a)ul? d
x2>0

We have omitted for simplicity the tilde’s in the right hand side. The com-
parison is not direct but as an intermediate step, we have to use a gauge
transformation (multiplication by exp —z¢—h’) associated to a C°° function ¢;
such that :

WA = WA, — d9;
with

| Anew,j(@) = 5 (B(2;) (=22, 21))| < Claf*.

DN —
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In this formula, w4 is the one-form attached to the vector field A (cf (2.1)).
Let us emphasize that C' is independent of j. Let us also introduce for the

next formula : A= 2(B(z;)(—x2, 11)).

By comparison in each ball with the constant magnetic field case, we get,
, i
Qh,A(X?u) > (11— COh? — C5th)qh[A§-m] (exp{—ﬁgf)j}xg-’u)
= Ch[Ja*xjul®
> (1—Ch* — C5th)qh[A§- ](exp{—ﬁgf)j}xz?u)
— Ol

We can now use the result concerning the half -plane in order to get :

Qh,A(X?u) >(1- Ch* — Cdoh”)hOg / B(%’)’X?U‘Z dx — Oh4p729HX?UH2 :

(7.17)
We now put together all the estimates and obtain :
qn,a(u) > tht fB(x)‘X?u‘de
+(1 = Ch* — C6ph?)hO0 3,4 | B(z) X ul® dz (7.18)

—Ch*=20 5 HX?UH2
—Co5 2 > ul* .

We have now to optimize our choices of p, # and dy. If we just want to
get a lower bound of the spectrum, we can first write :

qn.a(uw) > hmin (b, Ogb') ||ul/
— (Ch29+1 + CSoh?tt + Ch*=20 0562h2_2p) |l .

Taking p = %, 0= %, 0o =1, we get :
Ga(u) > <min(b, Ol )h — Ch%) ]2 . (7.19)

So, taking u = u}, where uj is a groundstate, we obtain from (7.19) :

Proposition 7.4. .
There exist constants C' > 0 and hg > 0 such that, for all h €0, ho) :

1D (R) > (min(b, Ogb') ) h — Chi . (7.20)
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But for the control of the decay, we need also to take in (7.18) p = 3,
0= %, and 0y large. This gives an estimate which may look weaker but will
be more efficient.

Proposition 7.5. .
There ezists C' and hy and, for all 5o > 0, there exists C(dy) such that, for
h €]0, ho|, the following inequality :

gna(u) >hy ., [ B@)|x}ul*de
—C(80)1 Y g | IXGul? da (7.21)
oy o] e

is satisfied, for all u € H'().

7.5 Agmon’s estimates

We first observe that if ® is a real and uniformly Lipschitzian function and
if u is in the domain of the Neumann realization of P, 4, then we have by a
simple integration by part (see (5.1) and replace ¢/h by ¢/v/'h) :

Re (P au | exp %u)
= Re ((2V — A)u | (4V — A)exp %’u}
= {((}V = A exp-Tu | (}V = A)exp Tru) — h[[[VO| exp -Trul?

= 2 ) D 2
—qh,A(exph%u) h|||V®| exph%uH .

(7.22)

We now take u = wuy an eigenfunction attached to the lowest eigenvalue
M (h). This gives :

o o o
PO exp —ul? = g a(exp ) — VO exp Sl (7.23)

It remains to reimplement the previous inequality in this new one and to
use the upper bound (7.5).

Let us take ®(z) = amax(d(z,d9Q), h2), where a > 0 has to be deter-
mined. Let us use Proposition 7.5. We first write :

qna(exp }%u) >hy,.. [ B(x)|exp %X?UPCZ.I
=C(B0)h 3o | X exp Srul® d (7.24)

e S lexp Sl
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Let us consider the case when
O’ <b. (7.25)

The inequality (7.5) becomes :
pD(h) < Ogb h+o(h) . (7.26)

Using (7.22), we now obtain :

<(b — Ol — o(1) — 5—(’(2: - a2) Z/ | exp(%)xgumx

int

<)Y / NulPde.  (7.27)

bnd

Taking dy large enough,, hg small enough and a < /b — Oyl’, we finally get
the existence of C' such that, for h €]0, hy], the estimate :

ad(x, 08
oo X5 ) < o (7.25)

is satisfied.
This gives the elements of the proof for the following theorem ([LuPa2,
HelMo3| and [PiFeSt]) :

Theorem 7.6. .
Under condition (7.25), there exists C' > 0, a > 0, such that if uy is the
ground state of ijl\fhvﬂ, then :

| exp — T un(@) | m@) < Cllunllze - (7.29)

Note that the condition (7.25) is always satisfied when B is constant
because b = b’ and Oy < 1.

Remark 7.7. .
On the contrary, when b < Oyb’ the ground state decays exponentially out-
side neighborhoods of points where B(z) = b. Note that in this case the
boundary condition does not affect the localization of the ground state or
the asymptotics of the ground state energy (exponentially small effect). The
aodp_p(x

), where dg_; is the Ag-
mon distance to the minima of B(z) for the potential B(x) — b.

decay is then estimated by the weight exp —
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A Discussion about reduced spaces and gauge
invariance

The first remark is that given A on an open set Q, one can always find a
gauge transform such that :

divA=0inQ, A-vondQ. (A.1)

The proof is standard and very simple. Given a general .Z, we look for ¢
such that :

div <ﬁ+ grad @) =0, (ﬁ—i— V@) -v on 08 . (A.2)

This reads R R R
Ap=—-divAinQ, 0,p=—A-von . (A.3)

This a non-homogeneous Neumann problem, whose solution is unique if we
add the condition that

/ﬁ@da:zo. (A.4)

The proof can be in two steps. We first reduce to the homogeneous case by
choosing v in €2 such that

8, =A-vondQ . (A.5)
Then ¥ = $+ 1}, should be a solution of
AY =divA+ AP, d,x =0 on 99 .

This last equation can be solved if the right hand side is orthogonal to con-
stants, that is, if

/A<div,1+A$> dz =0 .

Q
But this is an immediate consequence of (A.5). We then find the unique
solution ¥ by adding the condition

/S(\dx:/{/)\dx.
Q Q
Remark A.1.

We note that in this proof the simplyconnectedness of Q is not used.
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B Variations around the spectral theorem

We just come back to the way one can deduce from the existence of quasi-
modes information on the spectrum of a selfadjoint operators.

B.1 Spectral Theorem

We refer for this part to any standard book in Spectral Theory (for example
Reed-Simon [ReSi] or Lévy-Bruhl [LB]). We recall only that if A\ & o (A),

then
1

< — .
~ d(A o (A))

This implies immediately that if there exists ¥ € D(A) and n € R such
that ||¢| = 1 and ||(A — n)y|| < ¢, then there exists A € o (A) such that

d(\,n) < e. We emphasize here that there is no assumption of discreteness
of the spectrum.

1A= (B.1)

B.2 Temple’s Inequality

Let A be a selfadjoint operator on an Hilbert space and i) € D(A). Suppose
that A is the unique eigenvalue of A in some interval |a, 3[. Suppose in
addition that

n= (| AY) €la, 4]
and let
e=[[(A=my| .
Then it is easy to show that :
€2 €2
n— <A AN<n+ . B.2
f—n n—a (B2)

For the proof we can reduce to the case when 17 = 0 and simply observe that
(A—a)(A—X) and (A—B)(A—\) are positive operators. We can then apply
this positivity property for the vector ¢). Note that this gives an additional
information, only if € is small enough, more precisely

e<(PB-nh-a). (B.3)
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B.3 Distance between true and approximate eigenspaces

There is a need to generalize this lemma to more general situations and
have an information on the corresponding eigenspaces. We follow here the
presentation of [DiSj.

Let E and F be closed subspaces in a Hilbert space ‘H. Let Il and Ilp
be the orthogonal projections on £ and [ respectively. We can then define

the non-symmetric distance d(F, F) as

dE,F)= sup d(z,F). (B.4)

Z€E, ||z||=1

This can be recognized as

dE,F)= suwp o —Hpz| = [|(I - p) g = [T - TeTlgl] . (B.5)

2€E, ||z||=1

Observing that ||A]| = ||A*|| in £(H) we finally get :

—

d(E,F) = |l — HUpllg|| = ||lg — Hgllg| . (B.6)

It is easy from the first definition® to verify that :

— — —

d(E,G) < d(E,F)+d(F,G). (B.7)

-

Note that d(E, F) = 0 if and only if £ C F.
We then have the following lemmas

Lemma B.1.

-

Ifd(E, F) <1, then (Ilp)|p : Ew— F is injective and (Ilg)|p has a bounded
right inverse.
The injectivity is easy. If x € F/ and [Ipx = 0, we get

-

[zl = [l = Tpa|| < d(E, F)|l] ,

9First observe that

-

d(z,G) < d(z, F) + d(F, G)||Tpz] .
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which implies x = 0.
On the other hand, if x € FE, we look for y = Ilgpz, 2 € E, such that
r = llgy = lIgllpz. Writing this as :

—

we get that if d(E, F') < 1 then
z= (I - (plp —1g)) 'z .
So the right inverse is given by :
(Mp),p" = Mp(I — (Mgllp —Tg)) " (B.8)

Lemma B.2.

— —

Ifd(E,F) <1 and d(F,E) < 1, then (Ilp)|g and (Ilg)p are bijective and

d(E,F) = d(F,E).

Proof.

We have .

d(E,F)*= sup  (1—||(Ip) pz|) .

z€E , ||z|p=1
This implies
inf (L) g = 1 - d{E, F)” .

z€E | ||z||g=1
This implies that (IIp) g is injective with bounded left inverse. Similarly, its
adjoint is (Ilg)| p and has the same property. It follows that they are bijective
and have the same norm. The same property is true for their inverse. But
the last identity can be written as

-

I(ITp)pll =2 =1 —d(E, F)*,
and we have similarly
(M) el 7% =1 = d(F, E)*

This achieves the proof of the lemma.

Proposition B.3.
Let A be a selfadjoint operator in a Hilbert space H. Let I C R be a compact
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interval and let i; (j =1,...,N) N linearly independent vectors in H and
i (7=1,...,N)in I such that :

A¢j = ,Ltjﬂ)j + Tj s with . (Bg)

Let a > 0 and assume that o (A) N [(I + B(0,2a)) \ I| = 0. Then if E is the
space spanned by the ¢;’s and if F' is the eigenspace associated to o (A) N1,

we have
d(B, F) < (3 _lIrsll*)2/(aXg™)?) (B.10)

where X&' is the smallest eigenvalue of the N x N matriz : S = ({(¢; | 1))

Proof.
Let A€ C\ ({p1,...,pun}Uo (A)). Let I = [, f]. Then by assumption :

(A= Ny = (j — Ny + 15,

which can be written as :

(A= N = (= N) 7 = (A= N7 — A) 7y (B.11)
If vg is the oriented boundary of (I + B(0,a)) x i[—R,+R], we have :

py; = - (1j = A)"Mbjd\ — L (A =Xy = N)rd

20T oy 20T oy
The first integral of the right hand side is equal to ¢; and the second one
tends as R — 400 to
1 B+a+ioco . . a—a+1i0o . .
2t Sy (A=N" =) TrydA—g [ (A=A (= A) " rydA
With A=+ a+ it or A = a — a+ it, we have
-1 -1 75
(A=) (= A) ]| < pranrl

Hence
+00 1

Il
a? + t2 a

Mo~ vyl < = [

—0o0
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Now if u =", a;4; € E, then
lul* = (Sa [ a) = Xg™[|e* -

So

[N

(3, lIri11%)

a(Ngn)?

P L

< ] -

et —ull < 3 Jay ety — o) < fla
J

The proposition follows.

Remark B.4.
If 0 (A) N 1 is discrete of finite multiplicity and if the right hand side above
is strictly less than 1, then we conclude that A has at least N eigenvalues in

I.

B.4 Another improvement for the localization of the
eigenvalue

We only consider the case when N = 1 (and in this case this is essentially
a variant of Temple’s inequality, see for more general situations the book
[Hell] p. 38-39) and suppose that we have shown that for some normalized
1) generating the one dimensional vector space E, we have

(A-p)p=r,

with [|r]| <e.
We assume that we have applied the previous proposition and that we have

— —

also proven that, for e small enough, d(F, F) = d(F,E) < 1.

Of course we get by the spectral theorem that for the unique eigenvalue
Ain I, we have |\ — p| < Ce, but what we would like to show is that the
approximation is actually much better, i.e. of order O(¢?).

If X is the eigenvalue and if v := wp1), we start from the identity :
A= (Av|v)/{v]|v).
So we now write
A—p={(A=polv)/(v]|v),
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that we would like to compare with the quantity ((A — u)¥ | 1) which will
be in many examples explicitly computable. Let us estimate the difference.
Using the projection 7, we obtain :

[oll* = l9)1* = [l — 9|
which leads to the estimate :
[lv]]* = 1] < d(E, F)*.
In the same way, we observe that :
(A=pv|v)={(A=wv |[¢) = (A—p)(v—1) | (v—1))
which leads to the estimate :
(A=pvfv)={(A=w[¢)—(r]v—1))
and finally to
(A= pv|[v) = (A= [ )| < ed(E,F).
This leads to

M=l <
| u|_1

1
1= rp (12

C Variational characterization of the spec-
trum

C.1 Introduction

The max-min principle is an alternative way for describing the lowest part
of the spectrum when it is discrete. It gives also an efficient way to localize
these eigenvalues or to follow their dependence on various parameters.

C.2 On positivity

We first recall the following definition
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Definition C.1. .
Let A be a symmetric operator. We say that A is positive (and we write

A>0), if
(Au|u) >0, Yue D(A) . (C.1)

The following proposition relates the positivity with the spectrum

Proposition C.2. .
Let A be a selfadjoint operator. Then A > 0 if and only if o(A) C [0, +o0].

Example C.3. .
Let us consider the Schrodinger operator P := —A +V, with V € C* and
semi-bounded, then

o(P) C [inf V, 4o00] . (C.2)

C.3 Variational characterization of the discrete spec-
trum

Theorem C.4. .

Let A be a selfadjoint semibounded operator. Let ¥ := inf o..(A) and let
us consider o(A)N] — oo, X, described as a sequence (finite or infinite) of
eigenvalues that we write in the form

Mo X< i\,

Then we have

M= it 67 AG | 6) (©3)
= b6l As |6 (€4)

$ED(ANK - §#0
and, forn > 2,

A" = inf loll~*{A¢ | ¢) , (C.5)

pED(ANK ;L |, ¢#0
where '
Kj = @iﬁj K@T (A — )\2) .

One can prove actually that, if the right hand side of (C.3) is strictly
below Y, then, the spectrum below > is not empty, and the lowest eigenvalue
is given by (C.3).
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C.4 Max-min principle

We now give a more flexible criterion for the determination of the bottom of
the spectrum and for the bottom of the essential spectrum. This flexibility
comes from the fact that we do not need an explicit knowledge of the various
eigenspaces.

Theorem C.5. .
Let A be a selfadjoint semibounded operator of domain D(A) C H. Let us
introduce

i(A) = sup in (A6 | 8. (C6)
V1,92, %n—1 { ¢ € [span (wb cee awnfl)]l; }
¢ € D(A)and [¢] =1

Then either
(a) pn(A) is the n-th eigenvalue when ordering the eigenvalues in increas-
ing order (and counting the multiplicity) and A has a discrete spectrum in

] = 00, pn(A)]

or
(b) pn(A) corresponds to the bottom of the essential spectrum. In this case,
we have pi(A) = u,(A) for all j > n.

Remark C.6. .
In the case when the operator has compact resolvent, case (b) does not
occur and the supremum in (C.6) is a maximum. Similarly the infimum is a
minimum. This explains the traditional terminology *“ Max-Min principle”
for this theorem.

Note that the proof gives also the following proposition

Proposition C.7. .
Suppose that there exists a and an n-dimensional subspace V- C D(A) such
that

(Ap | ¢) <allo|*, Yo eV, (C.7)

15 satisfied. Then we have the inequality :

tn(A) <a. (C.8)
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Corollary C.8. .

Under the same assumption as in Proposition C.7, if a is below the bottom of
the essential spectrum of A, then A has at least n eigenvalues (counted with
multiplicity).

Exercise C.9. .

In continuation of FExample 2.2, show that for any € > 0 and any N, there
exists hg > 0 such that for h €]0, ho|, Py has at least N eigenvalues in

[inf V,inf V' + €]. One can treat first the case when V' has a unique non
degenerate minimum at 0.

A first natural extension of Theorem C.5 is obtained by

Theorem C.10. .
Let A be a selfadjoint semibounded operator and Q(A) its form domain *
Then

tn(A) = sup inf (A | ¢)n . (C9)
U2, tn { ¢ € [span (Y1, ..., Yn )] }
¢ € Q(A)and |9 =1

0

Applications

e [t is very often useful to apply the max-min principle by taking the
minimum over a dense set in Q(A).

e The max-min principle permits to control the continuity of the eigen-
values with respect to parameters. For example the lowest eigenvalue
A1(€) of —Cg‘l—;+x2+ex4 increases with respect to €. Show that € — A (¢)
is right continuous on [0, +00[. (The reader can admit that the corre-
sponding eigenfunction is in S(R) for € > 0).

e The max-min principle permits to give an upperbound on the bottom
of the spectrum and the comparison between the spectrum of two op-
erators. If A < B in the sense that, Q(B) C Q(A) and!!

(Au|u>< (Bu|u), Yu e Q(B),

then
pn(A) < 1 (B) -
Similar conclusions occur if we have D(B) C D(A).

associated by completion with the form u — (u | Au)s initially defined on D(A).

1Tt is enough to verify the inequality on a dense set in Q(B).
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Example C.11. (Comparison between Dirichlet and Neumann).

Let €2 be a bounded regular connected open set in R™. Then the N-th
eigenvalue of the Neumann realization of Py = —A4 4+ V is less or equal
to the N-th eigenvalue of the Dirichlet realization. The proof is immediate
if we observe the inclusion of the form domains.

Example C.12. (Monotonicity with respect to the domain,).

Let €23 C Qy C R™ two bounded regular open sets. Then the n—th eigenvalue
of the Dirichlet realization of the Schrédinger operator in €25 is less or equal
to the n-th eigenvalue of the Dirichlet realization of the Schrodinger operator
in ;. We observe that we can indeed identify H}(€;) with a subspace of
Hi(€3) by just an extension by 0 in Q5 \ Q.

Other applications appear in Problems F.4 and F.7 (questions 3 and 4). Note
that this monotonicity result is wrong for the Neumann problem.

D Essential spectrum and Persson’s Theorem

We refer to [Ag] for proofs and generalizations.

Theorem D.1. .
Let V' be a real-valued potential such that there exist a €]0,1] and C with :

Vull* < all Aull® + Cllull*, Yu € CF(R™) . (D.1)

Let H= —A+YV be the corresponding self-adjoint, semibounded Schrodinger
operator with domain H*(R™). Then, the bottom of the essential spectrum
1S given by

info.ss(H) = X(H) , (D.2)
where
N(H) = Sup Hqi;'lil{<¢ | Ho) [ ¢ € CE(R™\K)}| (D.3)

where the supremum is over all compact subsets K C R™.

Essentially this is a corollary of Weyl’s Theorem and the property that
Uess(H) = Jess(H + W) ’ (D4)

for any regular potential W with compact support. There are other exten-
sions in case with boundary (see [Bon]).
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E Boundary coordinates.

Let 2 be a smooth, simply-connected domain in R% Let v : R/|0Q] — 99
be a parametrization of the boundary with |y/(s)| = 1 for all s. Let v(s) be
the unit vector, normal to the boundary, pointing inward at the point 7(s).
We choose the orientation of the parametrization v to be counter-clockwise,
SO

det (7/(s),v(s)) =1.

The curvature k(s) of 02 at the point (s) is now defined by

V"(s) = k(s)v(s) .
The map ¢ defined in the introduction,

O :R/|0Q| x (0,t) — Q,
(s,t) — v(s) + tv(s), (E.1)

is clearly a diffeomorphism, when ¢, is sufficiently small, with image
P (R/[09 x (0,t0)) = {x € Q| dist (z,00) < to} =: , .

Furthermore, t(®(s,t)) = t.
If A is a vector field on €, with B = curl A we define the associated fields
in (s,t)-coordinates by

Ax(s,t) = (1= th(s)) A(R(s,1) - '(s) ,  Aa(s,t) = A(D(s,1)) - V/(s) ,
(E.2)

B(s,t) = B(®(s,1)) . (E.3)

Then 0,A; — 0,A; = (1 — tk(s))B. Furthermore, for all u € W2(€),), we
have, with v = u o P,

/Q (=iV — A)uf? do (.A)

to

= / {(1- tk(s))_2)(—i33 — 1211)1)}2 + (=i, — Ag)@f}(l — th(s)) dsdt

/Q lu(z)|? dx = / [v(s,)|*(1 — th(s)) dsdt .

to
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Lemma E.1.

Suppose ) is a bounded, simply connected domain with smooth boundary and
let to be the constant from (E.1). Then there ezists a constant C' > 0 such
that, szf 18 a vector potential in ) with

curlA=1  on o, (E.5)

and with A defined as in (E.2), then there exists a gauge function ¢(s,t) on
R/|082| x (0,to) such that

T o Ay (s, 1) o B 70—t+m+t2b(s,t)
A(S,t) = (AQ(S,t)) = A — V(&t)gp = ( 20 , (E6)

where

1 —
= — 1Ad
Yo \89\/chr x,

and b satisfies the estimate,
HbHLm(R/‘BQ‘X(O%)) < Clcurl A — 1H01(Qt0) ) (E.7)

Furthermore, if [so, s1] is a subset of R/|0Q| with s; — so < |09, then we
may choose ¢ on (sg, s1) X (0,ty) such that

o (A ) s [~ RS 2t
A(S,t) = (AQ(S,]';)) = A — V(s,t)@ = ( 2 0 s (E8)

with b still satisfying the estimate (E.7).

Proof.
Notice first that

169 EoT B
/ A(s,0) dSZ/ A-+(s) ds:/curlAdx :
0 0 Q

Let us write

v=curl A—1, v(s,t) =v(P(s,t)), V=
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Then [|7'||r~ < Cl[v|c1(q,,) and
05 Ay — 0L A] = (1 — tk(s))(1 + tD') .

Define

t s
©(s,1) :/ Ay(s,t') dt’ + (/ Ay(s,0)ds’ — s7) - (E.9)
0 0
Then ¢ is a well-defined continuous function on R/[9Q| x (0,ty). We pose
A=A~V and find

- o fll(s,t) i Al(S,t)
o= (30) = (5
DA (5,t) = —(0, A5 — 0, A)) = —(1 — th(s))(1 + &) |

Therefore,

2 t
Ai(s,t) =7 —t+ @ —/ t'(1—t'k(s))V(s,t") dt’,
0

and we get (E.6) by applying 'Hopital’s rule to the integral.

In the case where we only consider a part (so,s1) X (0,%y) of the ring
R/|0€2| x (0,tp), we have trivial topology and therefore any two vector fields
generating the same magnetic field are gauge equivalent. Therefore the con-
stant term, 7y, can be omitted. From a more practical point of view, one can
see that we can omit the term sy in (E.9) since we do not need to ensure
the periodicity of the function ¢.
|
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F Exercises in Spectral Theory

Exercise F.1. (Quasimodes).
Let us consider in RT, the Neumann realization in R of

Py(€) == D} + (t — €)*,

where £ is a parameter in R. We would like to find an upper bound for ©y =
infe (&) where p(§) is the smallest eigenvalue of Py(§). Following the book
of the physicist Kittel, one can proceed by minimizing (Po(€)o(+;p) | ¢(+; p))
over the normalized functions ¢(t; p) := c,exp —pt* (p > 0). For which value
of & is this quantity minimal? Deduce the inequality :

2
Oy < 1——.
m

Problem F.2. 2

Let V' be in Cg°(R™) (m = 1,2). Show that the essential spectrum of Py =
—A+V is[0,4o00].

Let us assume in addition that

/ V(z)dr <0. (F.1)
Find ¢ € D(Py) such that

<va ‘ w >L2(]Rm)< 0.

When m = 1, consider the family 1, = exp —alx|, a > 0, and, when m = 2,
Yul(z) = exp—Llal", a > 0.
Deduce that Py = —A + V' has a negative eigenvalue.

Problem F.3. .
Let us consider in R? the disk Q := D(0, R) and the Dirichlet realization in
Q of the Schrodinger operator

am:—A+%w@, (F.2)

12These counterexamples come back (when m = 1 to Avron-Herbst-Simon [AHS] and
when m = 2 to Blanchard-Stubbe [BS]).
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where V is a C* potential on Q satisfying :
V(z)20. (F.3)

Here h > 0 is a parameter.

a) Show that this operator has compact resolvent.

b) Let A\i(h) be the lowest eigenvalue of S(h). We would like to analyze
the behavior of Ai(h) as h — 0. Show that h — Ai(h) is monotonically
MCreasing.

c) Let us assume that V > 0 on Q; show that there exists € > 0 such that

R2M(h) > €. (F.4)

d) We assume now that V- =0 in an open set w in Q. Show that there ezists
a constant C > 0 such that, for any h > 0,

A(h) <C . (F.5)

One can use the study of the Dirichlet realization of —A in w.
e) Let us assume that :

V' > 0 almost everywhere in € . (F.6)
Show that, under this assumption :

Jim Ay (h) = +o00 (F.7)

One could proceed by contradiction supposing that there exists C' such that
A(h) < C, Vh such that 1 > h >0 . (F.8)
and establishing the following properties.

e For h >0, let us denote by x +— uy(x; h) an L*-normalized eigenfunc-
tion associated with Ay (h). Show that the family uy(-; h) (0 <h <1)
is bounded in H'(Q).

e Show the existence of a sequence h,, (n € N) tending to 0 as n — 400
and uy € L*(Q) such that

lm ui(-; hy) = tso
n—-+00

in L*(Q2).
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e Deduce that :

/QV(Q:) Uoo(7)? dx =0 .

e Deduce that us = 0 and make explicit the contradiction.

f) Let us assume that V(0) = 0; show that there exists a constant C, such
that : o

A(h) < e

g) Let us assume that V(z) = O(|z|*) prés de 0. Show that in this case :

C
A(h) < — .
h3
h) We assume that V(x) ~ |z|* near 0; discuss if one can hope a lower
bound in the form
1
A(h) > — .
Justify the answer by illustrating the arqguments by examples and counterex-
amples.

Problem F.4. (Harmonic oscillator in a symmetric interval).

Let H, be the Dirichlet realization of —d?/dx?® + x* in ] — a, +al.

(a) Briefly recall the results concerning the case a = +o0.

(b) Show that the lowest eigenvalue A\i(a) of H, is decreasing for a €]0, +o0[
and larger than 1.

(¢) Show that \i(a) tends exponentially fast to 1 as a — +oo. One can use
a suitable construction of approximate eigenvectors.

(d) What is the behavior of A\i(a) as a — 0. One can use the change of
variable * = ay and analyze the limit lim, .o a*\;(a).

(e) Let py(a) be the smallest eigenvalue of the Neumann realization in
| — a,+al. Show that pi(a) < Ai(a).

(f) Show that, if u, is a normalized eigenfunction associated with u(a), then
there exists a constant C' such that, for all a > 1, we have :

[2vallL20-a+ap < C-

(g) Show that, for u in C*([—a,+a)) and x in CZ(] — a,+al), we have :

- / U (Byu(t)dt = / |y (6) Pt — / C(OPult)d

a —a —a
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(h) Using this identity with u = u,, a suitable x which should be equal to 1
on [—a+ 1,a — 1] , the estimate obtained in (f) and the minimaz principle,
show that there exists C' such that, for a > 1, we have :

Ai(a) < pi(a) +Ca™? .

Deduce the limit of j11(a) as a — +00.
(i) Improve c). In order to get finer results, one can try to find a formal
solution at £oo in the form exp %2]35\" > im0 Cilel .

Problem F.5. (Avron-Herbst [CFKS))
The aim of this problem is to analyze the spectra of the operators

2

j; i —
= dz?

+q(2)* () ,

where q(z) is a polynomial :

a) Show that these operators are with compact resolvent if and only if m > 1.
b) Observing that

e = (- + gfa)) (—- % a(0))

discuss the kernel of Hy in function of m.
c¢) Observing that

Oy o) Hy

Hﬂ:(_x +q(7)) = (%

show that H, and H_ have the same spectrum except possibly 0.

d) Treat completely the case m = 1.

e) We assume now that q(x) = x + ga® with g # 0. Show that the corre-
sponding operators are unitary equivalent (up to a multiplicative factor) to
semiclassical Schrodinger operator.

f) Show that in this case Hy and H_ are unitary equivalent.

g) Show that there exists a unique eigenvalue A\(g) which is o(1) as g — 0.
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h) Show that this eigenvalue is actually exponentially small.
i) (More difficult) Find an equivalent of A(g) in the form

S
A(g) ~ alg\’“exp—? :

for suitable « > 0, k € R and S > 0.

Problem F.6. (semi-classical analysis and Airy operator)
One would like to understand the problem on Rt given by the Dirichlet real-
ization PP(h) of

with v'(x) > ¢ >0 on RT.

a) Show that the operator has compact resolvent.

b) We first analyze the case v(x) = x, h = 1 (In this case the operator is
called the Airy operator A(x,D,)). Show that, for the Dirichlet realization
AP of A in R, there exists a sequence () en+ of eigenvalues tending to oo.
Show that the lowest one py is strictly positive. What is the form domain
Q(AP) of the Airy operator?

¢) Show that the corresponding eigenfunctions u; are in C*°(RT).

d) Show that the eigenvalues are of multiplicity 1.

e) We admit that

D(AP) = {u e H:(R") N HX(RY); zu € L3 (R*)}
= {ue H{RY), z2u e LA(R"), Az, D,)u € L2(RT)} .

Show that the eigenvectors are in S(RT).
Another approach could be to analyze the Fourier transform of xu; where x
1s equal to 1 for x large and is equal to 0 in a neighborhood of 0.
f) Describe the spectrum of AP(x, hD,) for any h > 0.
g) We come back to the general case. Transpose for PP(h) what was done for
the one-well problem via the harmonic approximation, the harmonic oscilla-
tor being replaced by the Airy operator. The student can use if needed that
(AP(z, D,) — 1) is a bijection from So(RT) N {Ruy}* onto S(RY) N {Ru; }+
where

So(RT) = {u € S(RF) s. t. u(0) =0} .
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Problem F.7. (Schridinger operator in R with Dirichlet conditions).
The aim of this problem is to analyze the spectrum YP(P) of the Dirichlet
realization of the operator

1 1
P = (DCM — 51’2)2 -+ (l)z2 -+ 5.(51)2,
in RT x R.
1. Show that one can a priori compare the infimum of the spectrum of P

RS =

in R%and the infimum of P (P).

Compare ¥P(P) with the spectrum XP(Q) of the Dirichlet realization
of Q = Dfﬂ + (y1 — y2)? in RT x R.

We first consider the following family of Dirichlet problems associated
with the family of differential operators : a — H () defined on |0, 4+o00|
by :

H(a) =D} + (t—a)*.
Compare with the Dirichlet realization of the harmonic oscillator in
] -G, +OO['

Show that the lowest eigenvalue \(«) of H(a) is a monotonic function
of « € R.

Show that o — A(«v) is a continuous function on R.
Analyze the limit of M(a) as « — —o0.
Analyze the limit of A\(a) as @ — 400.

Compute X(0). For this, compare the spectrum of H(0) with the spec-
trum of the harmonic oscillator restricted to the odd functions.

Let t — wu(t;a) the positive L?-normalized eigenfunction associated
with A(a). Let us admit that this is the restriction to R™ of a function
in S(R). Let, for a € R, T, be the distribution in D'(R*T x R) defined

by
“+oc0

¢ To(¢) = ; oY1, a)ua(y1)dy: -

Compute QT,.
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10. By constructing starting from T, a suitable sequence of L?-functions
tending to T,, show that A(a) € LP(Q).

11. Determine ¥P(P).
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