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We review the properties of minimal spectral k-partitions in the
two-dimensional case and revisit the connexions with Pleijel's
theorem. The hexagonal conjecture corresponds to the idea that,
when k is large, the minimal k-partitions will behave like the
restriction of an hexagonal tiling (when far from the boundary).
We focus on this large k problem (and the hexagonal conjecture)
in connexion with two recent papers by J. Bourgain and S.
Steinerberger on the Pleijel theorem and with |. Polterovich’s
conjecture, which could be the consequence of a "square”
conjecture for minimal spectral bipartite partitions.



We consider mainly the Dirichlet Laplacian in a bounded domain
Q C R?. We assume that Q is sufficiently regular say with C*>
boundary.

In [14] we have started to analyze the relations between the nodal
domains of the real-valued eigenfunctions of this Laplacian and the
partitions of Q2 by k open sets D; which are minimal in the sense
that the maximum over the D;’s of the ground state energy (=
lowest eigenvalue) of the Dirichlet realization of the Laplacian
H(D;) in D; is minimal.



We denote by \;(£2) the increasing sequence of its eigenvalues and
by u; some associated orthonormal basis of real-valued
eigenfunctions. The groundstate u; can be chosen to be strictly
positive in 2, but the other eigenfunctions v, must have zerosets.
For any real-valued u € CJ(Q), we define the zero set as

N(u) = {x € Q| u(x) = 0} (1)

and call the components of 2\ N(u) the nodal domains of u. The
number of nodal domains of v is called y(u). These 1(u) nodal
domains define a k-partition of Q, with k = p(u).



We recall that the Courant nodal theorem says that, for k > 1, and
if \x denotes the k-th eigenvalue and E(\y) the eigenspace of
H(Q) associated with Ay, then, for all real-valued

uc EQ)\ {0}, plu) < k.

In dimension 1 the Sturm-Liouville theory says that we have always
equality (for Dirichlet in a bounded interval) in the previous
theorem (this is what we will call later a Courant-sharp situation).

A theorem due to Pleijel [16] in 1956 says that this cannot be true
when the dimension (here we consider the 2D-case) is larger than
one.



Minimal spectral partitions
We now introduce for k € N (k > 1), the notion of k-partition.
We will call k-partition of Q a family D = {D,-}f-‘:1 of mutually
disjoint sets in 2. We call it open if the D; are open sets of 2,
connected if the D; are connected. We denote by () the set
of open connected partitions of €2. A spectral minimal partition
sequence is defined by

Definition

For any integer kK > 1, and for D in O,(Q), we set

A(D) = max A(D;). (2)
(@) = inf A(D (3)

and call D € O a minimal k-partition if £, = A(D).



More generally we can define, for p € [1, +00), AP(D) and £ , by
1
replacing in (2) max; A(D;) by (M)P

L1 5(Q) = inf AP(D). 4
(Q) = inf A?(D) *)
Note we can minimize over non necessarily connected partitions

and get the connectedness of the minimal partitions as a property
[14].

If kK =2, it is rather well known that £5 = \> and that the
associated minimal 2-partition is a nodal partition, i.e. a partition
whose elements are the nodal domains of some eigenfunction
corresponding to Ap.

A partition D = {D;}%_; of Qin O is called strong if

Int (U;D;)\ Q2 =Q . (5)



Attached to a strong partition, we associate a closed set in Q,
which is called the boundary set of the partition :

N(D) = U (8D, N Q) .

N(D) plays the role of the nodal set (in the case of a nodal
partition).



This suggests the following definition:
Definition

We call a partition D regular if its associated boundary set N(D),
has the following properties :
(i) Except for finitely many distinct x; € QN /N in the neighborhood
of which N is the union of v; = v(x;) smooth curves (v; > 3) with
one end at x;, IV is locally diffeomorphic to a regular curve.
(i) 92N N consists of a (possibly empty) finite set of points z;.
Moreover N is near z; the union of p; distinct smooth half-curves
which hit z.
(iii) N has the equal angle meeting property

The x; are called the critical points and define the set X(N).
Similarly we denote by Y (/) the set of the boundary points z;. By
equal angle meeting property, we mean that the half curves
meet with equal angle at each critical point of NV and also at the
boundary together with the tangent to the boundary.



We say that D;, D; are neighbors or D; ~ D;, if

Djj == Int (D; U D;) \ 09 is connected. We associate with each D
a graph G(D) by associating with each D; a vertex and to each
pair D; ~ D; an edge. We will say that the graph is bipartite if it
can be colored by two colors (two neighbors having two different
colors). We recall that the graph associated with a collection of
nodal domains of an eigenfunction is always bipartite.



Pleijel’s theorem revisited

Pleijel's theorem as stated in the introduction is the consequence
of a more precise theorem and this is the aim of this section to
present a formalized proof of the historical statement permitting to
understand recent improvements and formulated conjectures.
Generally, the classical proof is going through the proposition

Proposition 1

(6 4
Iimsupll((‘ n) < : Q) (7)
ntoo N AQ)liminfe, o 22

where 1i(¢,) is the cardinal of the nodal components of Q \ N(¢,)
and then to establishing a lower bound for A(2) liminfy_, | Ek,((Q).




Behind this statement, we have actually the proposition:

Proposition 2

lim sup (¢n) < o a (8)

oo N T AQ) liminfy, o 2

Here L, () is the smallest eigenvalue (if any) such that there
exists in the corresponding eigenspace an eigenfunction with k
nodal domains. Otherwise, we take L4() = +o0.



The proof of Proposition 2 is immediate observing first that for
any subsequence ny, we have

)\nl - L,u((;ﬁné) Lu((ﬁ),,z) ) M(¢”£)

ne = ng o u(én,) ne

If we choose the subsequence ny such that

||m /L(anl) _ |imsup'u(¢n) ;
l—+oo Ny n—+too N

we observe that by Weyl's formula that

A
lim 22 =47/A(Q),
Nm o = A/AD,

and

L L
liminf =42 > fim inf =X .
{—400 u(qﬁn[) k—+o00




Proposition 1 is deduced from Proposition 2 by observing that it
was established in [14] that

Ak(€) < £i() < Li(2) - (9)
Moreover, and this is a deep theorem, the equality £4(Q2) = L4(Q)

implies £4(Q) = Li(Q) = A ().
We say in this case that we are in a Courant-sharp situation.



Towards improvements 77

If we think that only nodal partitions are involved in Pleijel's
Theorem, it could be natural to introduce Ei(Q) where we take
the infimum over a smaller non-empty class of k-partitions

D = (Dy,---,Dg). We call (’)i this undefined class, which should
contain all the nodal k-partitions, if any.

Definition

£H(Q) == inf max\(D;). (10)
DeOﬁ

Of course we have always

() < £4(Q) < £4(Q) < Li(Q). (11)



Hence we have:

Proposition

: 4
lim sup ll(f") < T T’ (12)
A—+00 A(Q) liminfi_ o0 =54

Hence this is the right hand side of (12) which seems to be
interesting to analyze.

It is clear from (11) that all these upper bounds are less than one,
which corresponds to a weak asymptotic version of Courant’s

theorem.



Classical Pleijel’'s Theorem (based on the Faber-Krahn inequality)
is the immediate consequence of the first proposition and of the
lower bound

A(Q) liminf Skl({Q) > A\(Disky) . (13)

k—4o00

(Note that the proof of Pleijel uses only a weak form of this
inequality, where £ is replaced by Ly.)
This leads to

Pleijel's Theorem

A(Q) lim sup (9n) <vp, (14)
n—-+00 n
with 4
vp = —— 1 0.691.

\(Disky)



Remark

Note that the same result is true in the Neumann case (Polterovich
[17]) under some analyticity assumption on the boundary.

Remark

Note that we have the better:

Q
A(Q) lim inf Qki() > X\(Disky ) .

k—-+00

But this improvement has no incidence on Pleijel's Theorem. In
particular, note that we do not have necessarily A\, < £, ; (take
k = 2 and use the criterion of Helffer-Hoffmann-Ostenhof [13]).

It is rather easy to prove that:

£ (Q Sk (92
A)minf S5 <A@ maup S
o8] —+00



A now well known conjecture (hexagonal conjecture) (Van den
Berg, Caffarelli-Lin [7]) was discussed in
Helffer-Hoffmann-Ostenhof-Terracini [14], Bonnaillie-Helffer-Vial
[6], Bourdin-Bucur-Oudet [4] and reads as follows:

Hexagonal conjecture
£4(2)

A(Q2) lim inf

k—400

= A(Q) lim sup Sk/((Q) = M Hexa1)  (16)

k—+o00



This was computed for the torus by Bourdin-Bucur-Oudet [4] (for
the sum), as the picture below shows.




This would lead to the conjecture that in Pleijel's estimate we have
actually:

Hexagonal conjecture for Pleijel)

A(Q2) limsup #(én) < VHex (17)
n—+oo N
with
4

= —— ~ 0.677.
Hex A(Hexay)

We note indeed that

VHex )\(Diskl)
vp| N )\(Hexal)

~ 0.977.



If we think that we have lost some information by not using the
nodal character of the partition, one can think that the hexagonal
tiling should be replaced by a square tiling, the proof going
through the research of a suitable (’)?< as mentioned before. This
leads to the stronger conjecture that

Square conjecture for Pleijel (Polterovich)

lim sup < =

11(¢n) Am z
n—4oo N )\(Sql) T

This conjecture is due to losif Polterovich [17] on the basis of
computations of Blum-Gutzman-Smilansky [3]. Due to the
computations on the square ([16],[18]), this would be the optimal
result.



Improving the use of Faber-Krahn by J. Bourgain and S.
Steinerberger

The goal of Bourgain and Steinerberger was to improve the lower
bound of liminfy_, Ek,((m. Bourgain gives an estimate of his
improvement on the size of 107° and Steinerberger does not give
any estimate.

In any case, it is clear that

VHex < VBo < VpJ,

and
VHex < Vst < Vpj,

where v, and vs; are the constants of Bourgain [5] and
Steinerberger [19].



Bourgain's improvement

One ingredient is a refinement of the Faber-Krahn inequality:

Lemma (Hansen-Nadirashvili)

For a nonempty simply connected bounded domain ¢ R?, we
have
ri(£2)
ro(€2)

with rp(€2) the radius of the disk of same area as Q2 and r;(Q2) the
inradius of (2.

A(Q) N(Q) > <1 + ﬁu -

) i),



Actually, one needs a modified version for treating non simply
connected domains. This is effectively unknown if we are in a non
simply connected situation.

The other very tricky idea is to use quantitatively that all the open
sets of the partition cannot be very close to disks (packing density)
(see Blind [2]).



The inequality obtained by Bourgain is the following (see (26) in
his note, first version) as k — 400, is that for any 6 € (0, do)

L£k(2)

> (14 o(1))\(Disk;)A(Q) ™t x b(9) (19)

=

where
T
V12
and dp € (0,1) is computed with the help of the packing
condition. This condition reads
578 — (1 — o
250 * p

b(8) := (1 +250073)(—=(1 — §) "2 +25063)"L.

)2*17

where p is a packing constant determined by Blind (p ~ 0.743).



But for 6 > 0 small enough, we get b(d) > 1 (as a consequence of
\/% < 1), hence Bourgain has improved what was obtained via
Faber-Krahn.

As also observed by Steinerberger, one gets

A(Hexaq)
M —— Z Sup b 5 > 17
A(Disk) 5€(0,00) “)

which gives a limit for any improvement of the estimate.
In any case, we have

lim inf () > \(Disk;)A(Q) ™! x sup  b(9) (20)
k—r+oo 5€(0,60)




The uncertainty principle by S. Steinerberger

To explain this principle, we associate to a partition €; of

D(Qj) =1~ miz(gi?j)
and, with the notation QAB = (Q\ B)U (B \ Q),
A(Q) = iréf A(/f\Z(é)B) ;

where the infimum is over the balls of same area.
Steinerberger’s uncertainty principle reads:

Steinerberger's principle

There exists a universal constant ¢ > 0, and Ny({2) such that, if
the cardinal NV of the partition > Np(2), then

>

S(0@) + A@) G

i

~—

>c. (21)



Application to equipartitions of energy A
Let us show how we recover a lower bound for

liminfx_ 1 (£4(Q)/k). We consider a k-equipartition of energy
A. The uncertainty principle says that its is enough to consider two

cases.
We first assume that

N o

A(L2i)

D(; >

> D) ) >

We can rewrite this inequality in the form:
c

kinf A(Q) < (1 - S)AQ).

After implementation of Faber-Krahn, we obtain

;)\(Diskl) <(1- g)A(Q) : (22)



We now assume that

A(Q,‘) C
ZA(Q") AQ) =2

This assumption implies

(o)

(U{A( Q)> g}Qi) > EA(Q)' (23)

The role of A can be understood in the following inequality due to
Brasco-De Philippis-Velichkov:
3C > 0 such that Vw

A(w)Mw) — \(Disky) > C.A(w)?\(Disky) . (24)



We apply this inequality with w = Q;.
This reads

A(Q:)A — M Disky) > CA()?\(Disky) .

Hence we get for any 7 such that A(2;) > ¢, to
A(Disky)(1 + %) < AQ)\.

which is an improvement of Faber-Krahn for these ;.
Summing over i and using the information (23) leads to

Cc?
A

and finally to

§A(Disk1) < (1 - CC3> A(Q)

36

216 + 6Cc?

*/\(D/Skl) (1+—5=)HAQ) <1 +(1-2)—



Putting (22) and (25) together, we obtain that for k large enough
the k-partition satisfies

C C3
;A(Diskl) < max ((1 e 216i6&2)> AQ).  (27)

If we apply this to minimal partitions (A = £4(£2)), this reads

£4(Q) .

c cc3
. - _c G .
A(Disky) < max <(1 2)’ (1 216 + 6Cc2)> A) L@igﬁ

(28)
One recovers Bourgain's improvement (20) with a different
constant.

Remark

Steinerberger obtains also a similar lower bound for

. 1) . .
liminfx 1o % using a convexity argument.



Considerations around rectangles

Take the square Q = (0,1)?. The eigenvalues are given by
Am.n = 72(m? + n?). The following conjecture seems to be natural:
Let A\ = 72(m? 4+ n?) and suppose that Am.n has multiplicity
m(m, n). Let jimax(u) be the maximum of the number of nodal
domains of the eigenfunctions in the eigenspace associated with
Am,n-

Hmax = SL!P(mj”j) ’

J

where the sup is computed over the pairs (mj, n;) such that

7r2(mj2 + nf) = Amn-



The problem is difficult because one has to consider, in the case of
degenerate eigenvalues, linear combinations of the canonical
eigenfunctions associated with the A, ,.

Actually, as stated above, this conjecture is wrong. According to
Pleijel, this is wrong for the fifth eigenvalue on the square.

The eigenfunction (x,y) + sinx siny sin(x + y) sin(x — y) =

7 (sinxsin3y — sin y sin 3x) = 11 3(x, ) has four nodal domains,
and the above quantity equals 3. More generally one can consider
11.3(2%x,25y) to get an eigenfunction associated with the
eigenvalue 10 - 4% with 4% nodal domains. The corresponding j¢,ax
for this subsequence is asymptotic to 5% This does not infirm the
Polterovich’s conjecture.



The counterexample of Pleijel

t=0 t=0.25 t=0.5
t=0.75 t=1

Figure: Nodal sets of cosfsin xsin 3y + sin# sin y sin 3x for various #'s.

Thanks to C. Lena for transmitting the pictures.



We continue by collecting some observations.
Proposition

Let R(a, b) = (0, ar) x (0, br). For all a,b> 0 with %, € R\ Q
the Pleijel constant
2
PI(R(a, b)) = =. (29)

™

Note that this has been already mentioned in [3] and in [17]. The
case when b?/a? € Q depends on an alternative to the conjecture
discussed before.



Proof

Since the Pleijel constant is scale invariant, it suffices to consider
R(w, br) for irrational b?. The eigenvalues are given by

Am.n = m? + n?/b?, (30)

and the eigenfunctions by u, »(x, y) = sin mxsin(ny/b). Since b is
irrational the eigenvalues are simple and

p(tm,n) = mn. (31)



Weyl asymptotics tells us that with A = A, :

K(m,n) = #{(.7) : A s(b) < A} = (P + 12/57) + o().
(32)
We consider

4 2
P(m, n: b) = mn__ mn <2
T

k(m,n)  w(m%b+ n2/b) (33)

Next we take a sequence b = lim;_, . % with % + e, = b, e, > 0.

We pick n = mpy/qq and estimate with a; = pj/qj

4mn g 2aj (34)
T

w(m?b+n?/b)  m aj+ ¢+ a(aj+ )t



A simple calculation leads to

2 2

Pl(./) = ; 1+€J/aj+1/(1+ej/aj)

(35)

We have ¢; := ¢;/a; — 0 and we can write for some finite constant
C
|PI(j) — 2/7| < CcF. (36)

This proves the proposition.



For varying @, the nodal sets on |0, 7[* of
u(x, y) = cos(f) sin(3x) sin(5y) + sin(#) sin(5x) sin(3y).
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Thanks to Corentin Lena for transmitting these pictures.



Bipartite partitions
We now start the discussion on possible choices of the class (’)i.
If we think that only nodal partitions are involved in Pleijel's
theorem, it could be natural to consider as class Oi the class (’)f(’p
of the bipartite strong regular connected k-partitions
D = (Dy,---, Dg) (we call this class). Note that there is some
arbitrariness in the definition. One would have perhaps preferred to
relax the assumptions on the partition like for £, but "strong” is
necessary to define a bipartite partition. Note that v; should be
even in the definition of "regular” and hence

I/,'24.

Definition

SZP(Q) = Diengbp max A(D;) . (37)
k



By definition, we know that Sfp(Q) < Ly (), if the inequality is
strict then it cannot by definition come from an eigenfunction. If
we want this notion to be helpful for improving Pleijel's constant it

is necessary that
lim inf S () > liminf k() )

k—+4o00 k—+o00

Unfortunately one can show that

P(Q) = £4(Q)



Let us explain why on a simple example. We consider the Mercedes
Star (MS). One easily sees that we have a bipartite 3-partition
whose energy can be arbitrarily close to the energy of MS.

Figure: Scheme of the construction for the Mercedes Star

One can extend the previous construction in order to have the
result in full generality. Hence this class do not lead to any
improvement of the hexagonal conjecture for Pleijel's Theorem.



Almost nodal partitions

Here is a new try for a definition of OF in order to have a flexible
notion of partition which is close to a nodal partition. We will say
that a k-partition D of Q of energy A(D) is almost nodal with
defect J, if there is a connected open set ' C Q and a

(k — j)-subpartition D" of D such that D’ is a nodal partition of
of energy A\(D). Of course a nodal partition is almost nodal with
defect j for any j < k — 1.

The first useful observation is

If Q is simply connected, there exists always an almost nodal
k-partition with defect 1.

The proof is obtained using a sufficiently thin "square”

(k — 1)-partition in © and completing by the complementary in Q
of the closure of the union of the preceding squares.



We also note that an almost nodal partition in € is almost nodal in
Q if Q C Q2. We can now introduce

Definition

Denoting by (’)i"Od’j the set of the almost nodal partition with
defect j, we introduce

eeM(Q) = inf  A(D). (38)
DeOoh

Assuming €2 simply connected it is enough to take j = 1 and we
anod

write simply £37799(2).



Of course, we have
(@) < £77°(Q) < Li(Q). (39)

The next point is to observe, by playing with square tilings, that

anod 0
A(Q) lim sup kk()

k——+o00

< AM(Sq1)- (40)

We can then continue in the same way as for Sfp(Q), hoping this

time that .
ano
A(Q) lim inf ‘gkk()

k—+4o00

= )\(Sql) .



[@ V.l Arnold et al.
Some unsolved problems in the theory of differential equations
and mathematical physics.
Russian Math. Surveys 44(4), 157-171, (1989)

@ Blind, G.
Uber Unterdeckungen der Ebene durch Kreise.
Journal fiir die Reine und Angewandte Mathematik 236
(1969): 14573.

@ G. Blum, S. Gnutzmann, and U. Smilansky.
Nodal domain statistics: A criterion for quantum chaos,
Phys. Rev. Lett. 88 (2002), 114101-114104.

@ B. Bourdin, D. Bucur, and E. Oudet.
Optimal partitions for eigenvalues.
SIAM J.Sci. Comp. 31(6) 4100-4114, (2009).

[§ J. Bourgain.
On Pleijel's nodal domain theorem.
arXiv:1308.4422v1 [math.SP] 20 Aug 2013.



[@ V. Bonnaillie-Noél, B. Helffer and G. Vial.
Numerical simulations for nodal domains and spectral minimal
partitions.
ESAIM Control Optim. Calc.Var. DOI:10.1051/cocv:2008074
(2008).

[3 L.A. Caffarelli and F.H. Lin.
An optimal partition problem for eigenvalues.
Journal of scientific Computing 31(1/2), DOI:
10.1007/s10915-006-9114.8 (2007).

@ M. Conti, S. Terracini, and G. Verzini.
An optimal partition problem related to nonlinear eigenvalues.
Journal of Functional Analysis 198, 160-196 (2003).

@ M. Conti, S. Terracini, and G. Verzini.
A variational problem for the spatial segregation of
reaction-diffusion systems.
Indiana Univ. Math. J. 54, 779-815 (2005).

@ M. Conti, S. Terracini, and G. Verzini.



On a class of optimal partition problems related to the Fucik
spectrum and to the monotonicity formula.
Calc. Var. 22, 45-72 (2005).

[@ T.C. Hales.
The honeycomb conjecture.
Disc. Comp. Geom. 25 (2001), p. 1-22.

[§ B. Helffer.
On nodal domains and spectral minimal partitions: a survey.
Milan Journal of Mathematics 78(2), 575-590 (2010).

ﬁ B. Helffer, T. Hoffmann-Ostenhof.
Remarks on two notions of spectral minimal partitions.
Adv. Math. Sci. Appl.20 (1), p. 249-263, (2010).

ﬁ B. Helffer, T. Hoffmann-Ostenhof, S. Terracini.
Nodal domains and spectral minimal partitions.
Ann. Inst. H. Poincaré Anal. Non Linéaire 26, 101-138 (2009).

[ J. Leydold.



On the number of nodal domains of spherical harmonics.
Topology, 35, 301-321, 1996

[ A. Pleijel.
Remarks on Courant’s nodal theorem.
Comm. Pure. Appl. Math. 9, 543-550 (1956) .

[ 1. Polterovich.
Pleijel's nodal domain theorem for free membranes.
Proceeding of the AMS, Volume 137, Number 3, March 2009,
Pages 10211024.

[§ U. Smilansky and R. Sankaranarayanan.
Nodal domain distribution of rectangular drums,
arXiv:nlin/0503002, 1-3.

[§ S. Steinerberger.
Geometric uncertainty principle with an application to Pleijel's
estimate.
arXiv:1306.3103v3 [math.MG] 6 Aug 2013

[ T. Hoffmann-Ostenhof.



Geometric Aspects of Spectral Theory, Open Problem Session
(xiv) page 2068-2069, Oberwolfach Reports 33, 2012



	Introduction
	Bipartite partitions

