Analysis of the bottom of the spectrum of Schrödinger operators with magnetic potentials and applications

Bernard Helffer Mathématiques - Université Paris Sud- UMR CNRS 8628

Partially supported by the programme SPECT (ESF) Programme in Spectral Theory and Partial Differential Equations, supported by the European Science Foundation (http://www.esf.org/) Austria, Belgium, Czech Republic, Danemark, Finland, France, Germany, Israel, Portugal, Sweden, Switzerland, United Kingdom.

Stockholm 2004

1. Introduction

In an open set Ω ⊂ R^n, (more generally on a compact or non compact, with or without boundary) we consider the Schrödinger operator with magnetic field: Δ_{h,A,V} = ∑ j (hD_{xj} − A_j)^2 + V

where h is a possibly small > 0 parameter (semi-classical limit), ω_A, called magnetic potential (sometimes identified with a vector ⃗A), is the 1-form

ω_A = ∑ j A_j(x)dx_j , ⃗A = (A_1, · · · , A_n)

and V is a C^∞ potential.

Boundary conditions:

Dirichlet Condition: u_{/∂Ω} = 0, or Neumann Condition: (⃗n · (h∇ − i ⃗A)u)_{/∂Ω} = 0. No condition, if Ω = R^n (essentially selfadjoint).

Basic object: the magnetic field (2-form) σ_B = dω_A When n = 2, identification with a function : σ_B = B dx_1 ∧ dx_2. When n = 3 : σ_B = ∑_{i<j} B_{ij}dx_i ∧ dx_j, can be identified with a vector (by the Hodge map) ⃗B. For the analysis, it is important to realize that B_{jk} = 1 ih [hD_{xj} − A_j, hD_{xk} − A_k] . The “brackets”technique will play an important role.

Gauge invariance : (u, A) → (u exp −i ϕ h , A + dϕ) , This implies same σ_B. Converse partially true (topology of Ω!!).

Mathematical questions

1. Dependence of the ground state energy on A ( or the associate σ_B), on h, on the geometry of Ω (holes, points of maximal curvature, corners).

2. Localization of the groundstate: semi-classically 3. Multiplicity of the lowest eigenvalue

(When A = 0, we know that the lowest eigenvalue (if it exists) is simple)

Motivations

In addition to their intrinsic interest, these mathematical questions are strongly motivated by :

Atomic physics See Lieb-Solovej-Yngason

Geometry Magnetic field in correspondence with curvature, ∇ − iA in correspondence with connections. See Montgomery, Helffer-Mohamed, Kwek-Pan

Complex analysis See Demailly, Fu-Straube, Christ-Fu...

Solid state physics See Bellissard, Helffer-Sjöstrand..

Superconductivity See Del Pino-Fellmer-Sternberg, Lu-Pan, Helffer-Morame, Pan, Fournais-Helffer.

Compactness of the resolvent and essential spectrum

It is not necessary that V → +∞:

−Δ + x^2_1x^2 is with compact resolvent.

Avron-Herbst-Simon (magnetic bottles). Helffer-Nourrigat (nilpotent techniques), Robert, Simon, Helffer-Mohamed,.... When n = 2, the inequality h ∫ Ω B(x)dx ≤ ||∇_{h,A}u||^2 , ∀u ∈ C^∞_0 (Ω) , with ∇_{h,A} = h∇ − iA, gives an immediate result. More difficult for n ≥ 3 !!

This works for Dirichlet, not for Neumann.

One can iterate with higher order brackets along Kohn’s argument. This leads to Helffer-Mohamed Criterion (to look at pure magnetic effect, we assume V = 0).

Compactness criterion in the Pure Magnetic Case

m_k(x) = ∑ |α|=k,j,ℓ |D^α_x B_{jℓ}(x)| Theorem.

Suppose Ω = R^n that there exists r ≥ 0 and C > 0 such that :

m^r(x) := ∑ k≤r m_k(x) → +∞ , m_{r+1}(x) ≤ C(1+m^r(x)) .

Then −Δ_A is with compact resolvent.

Examples :

(D_{x1} − x_2x^2_1)^2 + (D_{x2} + x_1x^2)^2 (Easy with the above inequality) but also (D_{x1} − x_2x^2_1)^2 + (D_{x2} − x_1x^2)^2

Question : Is there a semi-classical version of this theorem (notion of magnetic wells)? See later.

What about Dirac and Pauli Here: Ω = R^n (n=2,3).

Dirac operator : D_{h,A} = ∑ j σ_j(hD_{xj} − A_j)

on L^2(Ω, C^k ) (k = 2 if n = 2, k = 4 if n = 3), where the σ_j’s are the Pauli matrices:

σ_jσ_k + σ_kσ_j = 2δ_{jk}

D^2_{h,A} := Pauli Operator Under the same assumptions, Helffer-Nourrigat-Wang have shown that Dirac and Pauli are not with compact resolvent!! Moreover, when n ≥ 3, the essential spectrum is R.

Conjecture The pure magnetic Dirac operator is never with compact resolvent !!

Question Do we have magnetic wells for Pauli ??

Decay estimates

(Initially Agmon, Lithner)

In the semiclassical regime Helffer-Sjöstrand, Simon, Helffer-Mohamed,..., Helffer-Morame cf Superconductivity

Two types of results:

- Type 1: it decays at least like when A = 0 (connected to diamagnetism) |u_h(x)| ∼≤ C exp −d_V (x, V^{(−1)}(min V ))/h . This is rather optimal (as A = 0) - Type 2: The magnetic field is itself creating the decay (for example when V = 0). |u_h(x)| ∼≤ C exp −d_B(x, |B|^{(−1)}(min |B|))/ √ Ch) . This is NOT optimal.

When a boundary is involved, we will meet |u_h(x)| ∼≤ C exp −d(x, ∂Ω)/ √ Ch) . and sometimes we will have to measure the decay inside the boundary.

When |B| has a degenerate minimum, it is interesting to analyze the decay inside the submanifold where |B| is minimum.

Connexion with Schrödinger with degenerate wells (Helffer-Sjöstrand).

In the examples below the well is the circle x^2 + y^2 = 1. • Miniwells :

h^2(D^2_x + D^2_y) + (1 + x^2)(1 − x^2 − y^2)^2 . The well is x^2 + y^2 = 1 and the miniwells are (0, ±1).

• Uniformly degenerate wells : h^2(D^2_x + D^2_y) + (1 − x^2 − y^2)^2 .

The well is x^2 + y^2 = 1 and invariant by rotation.

Agmon estimates.

The Agmon distance d_V associated to the metric

(V − E)_+dx^2 .

Basic identity : Re ⟨exp −2^Φ_h Δ_{h,A,V} u | u⟩ = || exp^Φ_h ∇_{h,A}u||^2 + ∫ (V − |∇Φ|^2) exp^{2Φ}_h |u|^2 .

Main idea for Dirichlet:

Δ_{h,A} + V is rather well understood by −h^2Δ + V + h||σ_B|| . When V = 0, the groundstate is localized near the minima of || ⃗B||. When V = hV_1, one should compare the effect of V_1 and ||σ_B||.

Main idea for Neumann:

Completely different !! When V = 0 and σB is constant (not zero), the groundstate is localized at the boundary (effective potential Θ_0||σ_B|| with 0 < Θ_0 < 1)!! There is a different effective potential at the boundary.

Models One part of the analysis is based on spectral properties of models :

• D^2_t + t^2 on R (analysis of the model in R^2) • H^{Neu}(ρ) := D^2_t + (t − ρ)^2, on R^+, with Neumann condition at 0 (analysis of the model in R^2_+).

• D^2_t +D^2_s +(t cos θ−s sin θ−ρ)^2 on R^{2,+}, with Neumann condition at t = 0 (analysis of the model in R^3_+).

• D^2_u + (u^2 − ρ)^2 on R (Montgomery’s model). • D^2_s +(D_t −s)^2 in an infinite sector of angle α (Neumann).

The questions are: bottom of the spectrum, infimum over ρ (for example Θ_0 = inf_ρ inf σ(H^{Neu}(ρ))) , infimum over θ, dependence on α.

Application:

Localization at the boundary, localization at the points of maximal curvature (n = 2), localization at the points where the magnetic field (seen as a vector) is tangent at the boundary (n = 3), at the corners (Jadallah, Bonnaillie). Below: a numerical computation by Hornberger for the maximal curvature effect.

When B is constant (≠ 0), the groundstate is localized at the points of maximal curvature.

Diamagnetism, paramagnetism in the semi-classical regime.

We know (Kato’s inequality) that the ground state energies (=lowest eigenvalues) satisfy λ_{h,A,V} ≥ λ_{h,0,V} . A simple result (Lavine-O’Caroll (heuristic), Helffer) is that :

λ_{h,A,V} = λ_{h,0,V} if and only if { σ_B = 0 1 2π ∫ γ ω_A ∈ Z, ∀ path γ .

It is interesting to measure quantitatively λ_{h,A,V} − λ_{h,0,V} , especially in the case when σ_B = 0. This is called the Bohm- Aharonov effect for bounded states.

Two techniques:

- New Hardy estimates for Bohm-Aharonov hamiltonians: Laptev-Weidl, Balinsky, Christ-Fu... The simplest prototype is ∫ R^{2 |u(x)|2}|x|2^{dx ≤ (mink∈}Z^{|k − Ψ|)−2} ∫ R^{2 |(∇ + iA)u(x)|2 dx ,} ∀u ∈ C^∞_0 (R^2 \ 0) ,

where A =^Ψ_{r2}(−y, x), so Ψ is the circulation of A around a small positively oriented circle centered at 0.

- Semi-classical analysis: Comparison between direct effects and, in the case of “holes” or high electric barriers on the support of B, flux effects.

Roughly : λ_{h,A,V} −λ_{h,0,V} ∼ (1−cos Φ h )a(h) exp −

S_0 h +b(h) exp −

2S_1 h , where S_0 is the Agmon length of the shortest touristical path (around the support of σ_B), and S_1 is the Agmon distance to the support of B. Here V is a one well potential (having a minimum at x_{min}) which is “large” (possibly infinite) on the support of σ_B.

For the paramagnetism. We come back to Pauli.

Question:

Do we have λ_{min}(D^2_{h,A} + V ) ≤ λ_{min}(Δ_{h,0,V} ),

with D^2_{h,A} = Δ_{h,A} ⊗ I + h ∑ j σ_j ⃗B_j

Counterexamples (Avron-Simon (radial example), Helffer (by semi-classical analysis), Christ-Fu).

In Helffer’s example S_0 < 2S_1, the term hσ · ⃗B perturbes the spectrum in comparison with the magnetic Schrödinger operator by O(exp −^{2S1}_h ).

Semi-classical estimates for the splitting of Dirac (with V ): B. Parisse.

Can we hear the zero locus...

Formulation due to R. Montgomery (in reference to M. Kac). We have already mentioned that for Dirichlet (V = 0), the ground state is localized near the minimum of ||B||. Asymptotics of the ground state energy (substitute for the harmonic approximation) can be given

1. when ||B|| has a non degenerate strictly positive minimum, (Helffer-Mohamed, Helffer-Morame) (expansion : inf ||B|| h + γ_2h^2 + o(h^2)) 2. when ||B|| vanishes at a point, along a closed curve.

(Montgomery, Helffer-Mohamed, Kwek-Pan)

Typically, the model considered by Montgomery was locally

(hD_t)^2 + (t^2 − hD_s)^2 ,

which is related to the spectral analysis of D^2_t + (t^2 − ρ)^2 in R.

See above, see also questions in hypoanalyticity (Helffer, Pham The Lai-Robert, Christ.....) (this is related to the nonhypoanalyticity of D^2_t + (t^2D_x − D_y)^2 in R^3.)

More recently, a contribution of Kwek-Pan should be mentioned. Although not detailed, this seems to come back to models of the type :

(hD_t)^2 + (γ(s)t^2 − hD_s)^2 .

This time, γ(s) ≠ 0 is not constant and there is a localization of the ground state near the minima of |γ|. The bottom of the spectrum is given by

μ_1(h) = h^{43}(min |γ|^{13} )ν̂_0 + O(h^{53} ) ,

where ν̂_0 = inf_ρ σ(D^2_t + (t^2 − ρ)^2) .

This model will also appear in the analysis of the Neumann problem (n=3).

Expected (Helffer-Morame, work in progress): μ_1(h) ∼ h^43 (min |γ|^13)μ_0 + ν_1h^53 + h^{11}6 ∑_{ℓ≥0} δ_ℓh^ℓ6 .

Neumann when n = 2

Bernoff-Sternberg, Lu-Pan, Del Pino-Sternberg, Helffer- Morame, Fournais-Helffer. Theorem The groundstate of the Neumann realization satisfies

μ^{(1)}(h) = Θ_0h − 2κ_{max}M_3h^{32} + O(h^{74} ) . (1)

Here κ_{max} = maximal curvature, M_3 > 0 universal constant. For the upper bound, we construct (after Bernoff-Sternberg) in a neighborhood of a point of maximal curvature (s = 0 defining this point), the solution takes the form :

u := ϕ(h^{−1}2t) exp −γh^{−1}4 s^2 · exp ih^{−1}[Φ_0(s, t) + h^12 Φ_1(s, t)]χ(s, t) (2)

Remark O(h^74 ) is optimal. The coefficient of h^74 should be related to the second derivative of the curvature at the points of maximal curvatures. (See Bernoff-Sternberg).

Hope (Fournais-Helffer work in progress: Grushin problem or Feshbach projection method leading to a reeduction at the boundary):

μ^{(1)}(h) = Θ_0h − 2κ_{max}M_3h^{32} + γh^{74} + h^{158} ∑ j≥0 α_jh^{j8} .

and information on the splitting !

Neumann when n = 3

It has been observed by Lu-Pan, that the ground state u^h is localized (as h → 0) near the boundary ∂Ω but more precisely on the set : Γ_{⃗B} = {x ∈ ∂Ω | ⟨ ⃗B | N(x)⟩ = 0 } , (3) where N(x) is the normal at x to ∂Ω, that is the set of points in ∂Ω where ⃗B is tangent. It is natural to assume that :

Γ_{⃗B} is a regular submanifold of ∂Ω , (4) which will be oriented on each component. At each point x of Γ_{⃗B}, we define the normal curvature along ⃗B by : κ_{n,B}(x) := K_x(T (x) ∧ N(x) , ⃗B || ⃗B|| ) , (5)

where K denotes the second fundamental form on the surface ∂Ω and T (x) is the unit oriented tangent vector to Γ_{⃗B} at x.

It is natural to assume that :

κ_{n,B} ≠ 0 , on Γ_H . (6)

The last generic assumption is :

The set of points where ⃗B is tangent to Γ_{⃗B} is isolated. (7) On Γ_{⃗B} : γ̃_0(x)

= (^1_2)^23ν̂_0δ^{13}_0 ( |κ_{n,B}(x)|^23 ( δ_0 + (1 − δ_0)|⟨T (x) |^{⃗B}_{| ⃗B|}⟩|^2

)1_3) , (8) where ν̂_0 > 0 and δ_0 ∈]0, 1[ are universal constants attached to spectral invariants related to two model Hamiltonians respectively defined on R and R^+. ν̂_0 is indeed ν̂_0 = inf_ρ inf σ(D^2_s + (s^2 − ρ)^2) .

The minimum of this function, which plays the role of effective curvature, is an important invariant : γ̂_0 = inf_{x∈Γ ⃗} B γ̃_0(x) . (9)

Main theorem (Pan, Helffer-Morame) is :

Theorem.

Under the previous assumptions, there exists η > 0 and γ̂_0 > 0 such that :

inf σ(P^{h,N}_{A,Ω} ) = bΘ_0h + γ̂_0b^{23} h^{43} + O(h^{η+43} ) , (10)

where γ̂_0 is defined in (9).

Comment:

One can hope a corresponding exponential localization at the points of Γ_{⃗B}, where the infimum of γ̃_0 is attained.

Nodal sets and multiplicity

Let us consider the case of an annulus like symmetric domain

in R^2 and the Dirichlet case with 0-magnetic field.

Θ := 1 2π ∫ σ ω_A . (Normalized flux in the hole = circulation along a simple path around the hole).

Theorem Θ → λ(Θ) is 1-periodic, λ(−Θ) = λ(Θ). The multiplicity is 1 for Θ ∉ Z +^1_2, ≤ 2 for Θ = Z +^1_2. [0,^1_2] ∋ Θ → λ(Θ) is monotonic. The zero set is empty for Θ ∉ Z +^1_2.

For Θ = Z+^1_2, there is a basis of the groundstate eigenspace such that the nodal set is one line joining the two components of the boundary.

Papers by subsets of { Helffer, Maria and Thomas Hoffmann- Ostenhof, Nadirashvili, Owen}

Extensions for many holes, Schrödinger with periodic potentials...

Below we give (after H-HO-HO-O) a qualitative picture (not computed!!) describing the possible topological structure of the nodal lines for the groundstate in domains with holes and with normalized flux 1/2. Note that there are very few “quantitative” results, except by semiclassical analysis (^1_2 +^1_2 = 1) (see above) or for very symmetric situation by analyzing singular limits of domains (see below R. Joly-G. Raugel).

Bibliographie

- S. Agmon : Lectures on exponential decay of solutions of second order elliptic equations. Princeton University Press (1982).

- Y. Aharonov, D. Bohm. Phys Rev. (1959).

- J. Avron, B. Simon: A counterexample to the paramagnetic conjecture. Physics Letters (1979).

- J. Avron, I. Herbst, B. Simon: Schrödinger operators with magnetic fields I (and II, III). Duke Math. J. (1978).

- A. Balinsky : Hardy type inequalities for Aharonov-Bohm magnetic potentials with multiple singularities (2003).

- V. Bonnaillie: On the fundamental state for a Schrödinger operator with magnetic fields in a domain with corners. Note aux CRAS (2003)+ Asymptotic analysis.

- M. Christ- Fu: Compactness .....and Aharonov-Bohm effect.

Preprint (2003) - Del Pino-Felmer-Sternberg: Boundary concentration for eigenvalue problems related to the onset of superconductivity. CMP (2000).

- J.P. Demailly : Champs magnétiques et inégalités de Morse pour la d^{′′}-cohomologie. Ann. Inst. Fourier (1985)

- S. Fournais, B. Helffer: Energy asymptotics for type II superconductors. Preprint Orsay (2004).

- S. Fournais, B. Helffer: Accurate estimates for magnetic bottles in connection with superconductivity.

- B. Helffer: Effet d’Aharanov-Bohm pour un état borné, CMP (1988).

- B. Helffer, A. Mohamed: Sur le spectre essentiel des opérateurs de Schrödinger avec champ magnétique, Annales de l’Institut Fourier (1988) - B. Helffer, A. Mohamed: Semiclassical analysis for the ground state energy of a Schrödinger operator with magnetic wells, JFA (1996).

- B. Helffer, A. Morame: Magnetic bottles in connection with superconductivity. JFA (2001).

- B. Helffer, A. Morame: Magnetic bottles for the Neumann problem: curvature effect in the case of dimension 3 (General case). Annales ENS (2004).

- B. Helffer, J. Nourrigat: Hypoellipticité maximale pour des opérateurs polynômes de champs de vecteur, Progress in Mathematics, Birkhäuser (1985).

- B. Helffer, J. Nourrigat: Décroissance à l’infini des fonctions propres de l’opérateur de Schrödinger avec champ électromagnétique polynomial, Journal d’analyse mathématique de Jérusalem (1992)

- B. Helffer, J. Sjöstrand: Multiple wells in semi-classical analysis 1-6, (1984-1986) - B. Helffer, J. Sjöstrand: Effet tunnel pour l’équation de Schrödinger avec champ magnétique, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (1987).

- B. Helffer, J. Nourrigat, X.P. Wang: Spectre essentiel pour l’équation de Dirac, Annales scientifiques de l’ENS (1989).

- B. Helffer, M and T. Hoffmann-Ostenhof, M. Owen: Nodal sets for the ground state of the Schrödinger operator with zero magnetic field in a non simply connected domain. CMP 202 (1999).

- B. Helffer, M and T. Hoffmann-Ostenhof, M. Owen: Nodal sets, multiplicity and super conductivity in non simply connected domains. Lecture Notes in Physics Vol. 62 (200O) - B. Helffer, M and T. Hoffmann-Ostenhof, N. Nadirashvili:

Spectral theory for the diedral group. GAFA (1999) - B. Helffer, T. Hoffmann-Ostenhof, N. Nadirashvili: Periodic Schrödinger operators and Aharonov-Bohm hamiltonians. Moscow Mathematical Journal (2003).

- K-H. Kwek, X-P. Pan: Schrödinger operators with nondegenerately vanishing magnetic fields in bounded domains. Trans. Am. Math. Soc. (2002).

- A. Laptev, T. Weidl: Hardy inequality for magnetic Dirichlet forms. Oper. Theory, Adv. Appl. (1999).

- K. Lu, X. Pan: Estimates of the upper critical field for the Ginzburg-Landau equations of superconductivity. (5 papers around 1999) - R. Montgomery: Hearing the zerolocus of a magnetic field.

CMP (1995).

- B. Parisse: Effet d’Aharonov-Bohm sur un état borné de l’opérateur de Dirac. Asymptotic Anal (1995) - B. Simon: Semi-classical analysis of low lying eigenvalues I,II,III,IV (1983-1985)