Semi-classical methods in Ginzburg-Landau theory

by Bernard Helffer Département de Mathématiques, UMR CNRS 8628, Bât. 425, Université Paris-Sud, F-91405 Orsay Cedex, France.

E.Mail: Bernard.Helffer@math.u-psud.fr

Dedicated to Laurent Schwartz (1915-2002). Abstract The theory of superconductivity has recently stimulated new researchs in semi-classical analysis concerning the ground state energy of the Neumann realization of a Schrödinger operator with magnetic field and the localization of its ground state.

As for the analysis of the tunneling for the Schrödinger operator, an important role is played by the Agmon estimates, permitting to determine a priori the decay of the ground state. This is rather clear already in the papers by Bernoff-Sternberg, Lu-Pan and Del Pino-Felmer-Sternberg but was more systematically developed in our works with A. Morame. The techniques which reappear here have strong intersection with former work by the author in collaboration with A. Morame (=A. Mohamed), which were inspired by a geometer Montgomery who was asking, by analogy with the celebrated question of M. Kac “Can we hear the form of a drum”, “Can we hear the zero locus of a magnetic field”.

But what is probably the most interesting is the unexpected specificity of the Neumann problem, in comparison with the Dirichlet problem. One can indeed see that the most interesting phenomena appear at the boundary. We shall describe in this survey after a short presentation of the physical origin of the problem the recent mathematical results which have been obtained in order to understand the mechanism of what is called boundary nucleation in superconductivity. In the case of 2- or 3-dimensional domains, we shall demonstrate how the geometry of the boundary (curvature, corners) is combined with the properties of the magnetic field.

1 Introduction: The question in superconductivity

Let us start by giving a physical presentation of the question and postpone the “ mathematical translation of the question”. This problem is described in all the basic books in physics (see for example Saint-James-De Gennes [SdG], Saint-James-Sarma-Thomas [S-JSaTh], and Tinkham [Ti]). One can for example find in Chapter 4 of [S-JSaTh] (Subsection 4.3) the following description:

“ For type II superconductors, the above calculation shows that superconductivity is not entirely destroyed for H_{c2} < H < H_{c3} . A superconducting sheath remains close to the surface parallel to the applied field. Conversely, when the field is decreased below H_{c3}, a superconducting sheath appears at the surface before superconductivity is restored in the bulk at H = H_{c2}. If the sample is a long cylinder with the applied field parallel to the axis, the sheath will cover all the surface of the cylinder. If it is a sphere, the sheath will be restricted to a small zone near the equatorial plane when H is close to H_{c3} . When the field is decreased towards H_{c2} the sheath will progressively extend up to the poles.”

More recently, a lot of articles appear which are devoted to this question. For mentioning some, let us cite the contributions by Chapman [Ch] and Bernoff- Sternberg [BeSt], which remain at a formal level, the nice paper by Bauman- Philips-Tang [BaPhTa] treating in detail the case of the disk and the papers by Giorgi-Phillips [GioPh], Lu-Pan [LuPa1, LuPa2, LuPa3, LuPa4, LuPa5] and Del Pino-Felmer-Sternberg [PiFeSt] for a mathematically rigorous analysis in general domains. But our presentation will be more concentrated around the quite recent contributions by Helffer-Morame [HeMo2, HeMo3, HeMo4], Lu-Pan [LuPa5], Helffer-Pan [HePa], Pan [Pan3] and Bonnaillie [Bon]. In particular, we would like to show how the geometry of the boundary of the sample can play an important role for the onset (our nucleation) of the superconductivity.

Let us now “translate” our main problem in a mathematical problem. It is naturally posed for domains in R^3, but for cylindrical domains in IR^3, it is natural (but not completely justified mathematically) to consider a functional which is defined in a domain Ω ∈ R^2, where Ω is the section of the cylinder. This explains why we consider models in domains in R^3 or in R^2. The behavior of the sample can be read on the properties of the minimizers (ψ, A) in H^1(Ω; C ) × H^1(R^n; IR^n) of the Ginzburg-Landau functional Ĝ : Ĝ(ψ , A) = ∫ Ω {|(∇ − iκA)ψ|^2 + κ^2 2 (|ψ|^2 − 1)^2} dx + κ^2 ∫ Rn^{|curl A − H|2 dx .}_{(1.1)}

Here Ω is a regular bounded set, ψ is called the order parameter and A is a magnetic potential defined on R^n. H is a magnetic vector field when n = 3 and which is called the external magnetic field or the applied magnetic field. In the case n = 2, we identify this magnetic field to a function (thinking that it is the intensity of a magnetic field vector, which is parallel to the axis of the cylinder). It is initially defined on R^n but in the case when Ω is simply connected, one can reduce everything to Ω and consider the functional G(ψ , A) = ∫ Ω {|(∇−iκA)ψ|^2+ κ^2 2 (|ψ|^2−1)^2} dx+κ^2 ∫ Ω |curl A−H|^2 dx . (1.2)

We refer to [BeRu], [HHOO] for the analysis of specific problems with holes.

Here we will always asume that Ω is connected and simply connected.

The parameter κ is a characteristic of the sample. Traditionnally one makes the distinction between the type 1 materials corresponding to κ small and the type 2 materials corresponding to κ large. Mathematically, this leads to analyze various asymptotic regimes like κ → 0 or κ → +∞. This is this last case which will be analyzed here.

As Ω is bounded, the existence of a minimizer is rather standard (see [DGP]). In order to kill the degeneracy of the problem due to the gauge invariance, one can consider instead the functional G̃(ψ , A) = ∫ Ω{|(∇ − iκA)ψ|^2 +^{κ2}_2 (|ψ|^2 − 1)^2} dx + κ^2 ∫ Ω |curl A − H|^2 dx + ∫ Ω |div A|^2 dx .

(1.3) One can also add the conditions that A should be divergence free (i.e. div A = 0) and tangent to the boundary.

The minimizer should necessarily satisfy the Euler-Lagrange equation, which is called in this context the Ginzburg-Landau system [GinLa, dG, S-JSaTh] and which reads in the case n = 2 −(∇ − iκA)^2ψ = κ^2(1 − |ψ|^2)ψ, curl^2A = −^i_{2κ} (ψ∇ψ − ψ∇ψ) − |ψ|^2A + curl H, in Ω, ∂ψ ∂ν − iκAψ · ν = 0 , on ∂Ω curl A − H = 0, on ∂Ω.

(1.4)

Note here that ν denotes the external normal at a point of ∂Ω and that :

curl^2A = (∂_2(curl A), −∂_1(curl A)) .

In this survey, we assume : H(x) ≡ σH_e(x), (1.5) where H_e(x) is a fixed, non identically zero, magnetic field in Ω and where σ is a parameter which will permit the variation of the intensity of the magnetic fields.

It is well known that there exists a unique vector field F on Ω such that

curl F = H_e and div F = 0 in Ω, F · ν = 0 on ∂Ω.

We observe that (0, σF) is a trivial critical point of the functional G. It is therefore natural to discuss in function of σ, if this pair is a local or a global minimizer. As σ is large, one can show [GioPh] that this is effectively the unique^1 global minimizer. One says that in this case the superconductivity is destroyed. In other words, the order parameter is identically zero in Ω. It is then natural to try to follow the property of the minimizers when decreasing σ starting from +∞ and to determine when the trivial solution (also called the normal solution) is no more a global minimum or a local minimum.

1Up to gauge transformation. This will what we mean by unique below.

This leads (assuming that H_e is constant and of intensity one) to the definition

H_{C3} (κ) = inf{σ > 0 : (0, σF) is the unique global minimizer of G}. (1.6)

So H_{C3} (κ) is the bottom of the set

N (κ) := {σ > 0 : (0, σF) is the unique global minimizer of G} . (1.7)

Note that it could be interesting to analyze H̃_{C3}(κ) which is the infimum of the unbounded connected component of N (κ) and to show that when κ is large we have H̃_{C3} (κ) = H_{C3} (κ).

The first result that we would like to mention is essentially due to Lu-Pan (cf also Bauman-Phillips-Tang [BaPhTa] for the case of the disk).

Theorem 1.1 .

For any simply connected domain Ω ⊂ R^2 with regular boundary we have : • lim_{κ→∞} H_{C3}(κ) κ = 1 Θ_0

, (1.8)

where Θ_0 is the bottom of the spectrum of an operator which will be introduced in (3.8).

• If the external field satisfies : κ Θ_0

+ o(1) < σ < H_{C3}(κ) , (1.9)

then the superconductivity appears at the boundary of the sample. More precisely there exist C, α > 0 and κ_0 such that the order parameter ψ_{κ,σ} (corresponding to a minimizer (ψ_{κ,σ} , A_{κ,σ}) of G) satisfies, for x ∈ Ω and κ ≥ κ_0 : |ψ_{κ,σ} (x)| ≤ C exp −ακd(x, ∂Ω)||ψ_{κ,σ}||_L1_{(Ω)} . (1.10) The conclusion of the second part corresponds to a mathematical description of what is called boundary nucleation (or boundary onset of superconductivity).

But this inequality does not give the optimal localization for the boundary nucleation. Let us first discuss the case when the dimension is 2. If c(x) denotes the curvature of ∂Ω (with the convention that the disk has positive curvature), the localization will appear near the points of maximal curvature under the condition that : δ(κ, σ) := H_{C3}(κ) − σ , is sufficiently small.

This idea, which was arising from formal calculations of Bernoff-Sternberg [BeSt], has been made mathematically rigorous by the successive efforts of Lu-Pan

[LuPa1], Del Pino-Felmer-Sternberg [PiFeSt], and finally completed in the recent papers by Helffer-Morame [HeMo2] and Helffer-Pan [HePa]. Actually, this localization depends strongly on δ. It is shown in [LuPa1] (Theorem 1.5) that when δκ^{− 13} becomes large the localization becomes uniform in the boundary. Recent contributions [Pan2] are devoted to a more precise analysis of the phenomenon. Note also the recent contribution by Sandier-Serfaty [SaSe4] who analyze, for larger δ the onset of superconductivity inside the domain. For refined estimates, we will have to introduce a tubular neighborhood of the boundary Ω(δ_1) := {x ∈ Ω | d(x, ∂Ω) < δ_1} .

In this case, and under the condition that δ_1 is small enough, we denote, for x ∈ Ω(δ_1), by s(x) the unique point of ∂Ω such that d(x, ∂Ω) = d(x, s(x)). The main results obtained in [HePa] are the following. The first one gives a fine asymptotics (compare with (1.8)), of H_{C3} (κ).

Theorem 1.2 .

There exists a universal constant C_1 > 0 such that, as κ → +∞,

H_{C3} (κ) = κ Θ_0 + C_1 Θ^{3/2}_0 c_{max} + O(κ^{− 13} ) , (1.11)

where c_{max} = max_{x∈∂Ω} c(x).

The second result gives a precise complementary information for the decay near the boundary.

Theorem 1.3 . Let ρ := 1 C_1

Θ^{32}_0 (H_{C3} (κ) − σ) . 1. There exist L, C, κ_0, α_0 such that for ρ satisfying 0 ≤ ρ ≤ Lκ^{− 13} , the order parameter ψ = ψ_{κ,σ} satisfies, for κ ≥ κ_0, ∫ Ω(δ1) exp ( α_0 √ κ(c_{max} − c(s(x)) ) |ψ|^2 dx ≤ C exp(Cκ^{16} )‖ψ‖^2_L2_{(Ω)}. (1.12) 2. There exist L, C, κ_0, α_0 such that, for ρ satisfying Lκ^{− 13} ≤ ρ ≤ (c_{max} − c_{min}) , where c_{min} = min_{x∈∂Ω} c(x), then we have, for κ ≥ κ_0 : ∫ Ω(δ1) exp ( α_0 √ κ(c_{max} − ρ − c(s(x)) )^{32}_+ ) |ψ|^2 dx ≤ Cκ^{13} ‖ψ‖^2_L2_{(Ω)}. (1.13)

Note that this estimate of the decay is not optimal (one should probably speak of Agmon distance inside the boundary) but gives a much more precise information than in the initial papers by Lu-Pan [LuPa4] and Del Pino-Felmer- Sternberg [PiFeSt]. These theorems are related to the analysis of the Neuman realization of −(∇ − iA)^2. It is useful to observe the strong connexions between the critical field H_{C3} (κ) and the smallest eigenvalue μ^{(1)}(A) of this realization. One first observe the following elementary lemma :

Lemma 1.4 .

• If μ^{(1)}(κσF) < κ^2, then G has a non trivial minimizer.

• If G has a non trivial minimizer (ψ_{κ,σ} , A_{κ,σ}) then μ^{(1)}(κA_{κ,σ} ) < κ^2.

The second important remark is that ψ_{κ,σ} is, using the first Ginzburg-Landau equation, a solution of : −(h∇ − i A_{κ,σ} σ )^2ψ_{κ,σ} + V_{κ,σ} ψ_{κ,σ} − 1 σ^2 ψ_{κ,σ} = 0 , (1.14)

where h = 1/(κ · σ) , V_{κ,σ} = σ^{−2}|ψ_{κ,σ}|^2 . If one shows by a priori estimates that^{Aκ,σ}_σ is near F and that ψ_{κ,σ} is small in L^∞ in the asymptotic regim considered here (properties established mainly in [LuPa4] and improved in [HePa]), it is not too surprising to think that the analysis which will be presented in another section of this survey on the decay of the ground state of −(h∇ − iF)^2 as h → 0 will still be valid.

2 Neumann realization of the magnetic Schrödinger operator

We would like to discuss the spectrum of selfadjoint realizations of the Schrödinger operator in an open set Ω in R^n : P_{h,A,Ω} = n∑ j=1 (h D_{xj} − A_j )^2 ,

where h > 0 is a small parameter.

As we have seen in the previous section, one of the motivations comes from superconductivity but this is also one of the basic problems in the literature in mathematical physics in connexion with semi-classical problems (h being in this context the Planck constant). If one can naturally refer to Kato and, at the end of the seventie’s, to Avron-Herbst-Simon [AHS] or Combes-Schrader-Seiler [CSS] for the mathematical analysis of the problem, the implementation of semiclassical techniques for the analysis of the ground state appears first in [HeSj4] and then in [HeMo2]. Very roughly, it is shown in [HeMo2] that, if Ω = IR^n, h|curl A(x)| plays the role of an effective electric potential. By this we mean that the analysis of the operator : −h^2Δ + h|B(x)| can give a good intuition for the localization of the ground state. The specialists in PDE will recognize that this problem is strongly related to the so-called Garding-Melin-Hörmander (cf [Mel], [HeRo]) inequalities for the operator : P_{1,A,Dt} = ∑ j ( D_{xj} − A_j D_t)^2 ,

in Ω × IR.

The boundary case was less analyzed. Of course the case of the Dirichlet realization does not lead to really new phenomena in comparison with the case Ω = IR^n, at least if the condition

b < b^′ , (2.1)

is satisfied, where we used the notations :

inf_{x∈Ω̄} |B(x)| = b , inf_{x∈∂Ω} |B(x)| = b^′ . (2.2)

So it is not too difficult to prove

Theorem 2.1 .

Under assumption (2.1), the smallest eigenvalue λ^{(1)}(h) of the Dirichlet realization P^D_{h,A,Ω} of P_{h,A,Ω} satisfies :

λ^{(1)}(h) h = b + o(1) . (2.3)

The points where the minima of |B| are sometimes called magnetic wells for the energy b. The decay of the ground state outside the wells can be estimated (cf [Br], [HeNo2]) as a function of the Agmon distance associated to the so called Agmon metric (|B| − b)dx^2, where dx^2 denotes the euclidean metric. Note that this metric is degenerate.

We recall that this estimate is very easy to get in the special case when n = 2 and when the magnetic field has a constant sign. One can immediately write the inequality : ±h ∫ B(x)|u(x)|^2 ≤ ⟨P_{h,A}u | u⟩ , ∀u ∈ C^∞_0 (Ω) . (2.4) Here ⟨· | ·⟩ denotes the scalar product in L^2(Ω) and || · || the corresponding norm.

In the general case, one can get a similar result but with a remainder in O(h^{54} )||u||^2 (cf [HeMo2], Theorem 3.1).

As in the case when A = 0 but when an electric potential V is added, it is possible to discuss the various asymptotics in function of the properties of B near the minima (cf [HeMo2, Mon, Sh, Ue1, Ue2] or more recently [KwPa2]).

As we shall see later, this property is no more true in the case of the Neumann realization. The infimum b of |B(x)| on Ω̄ is not necessarily the right quantity for analyzing the bottom of the spectrum as (2.1) is satisfied. Of course, by direct comparison of the variational spaces corresponding to Dirichlet and Neumann, one knows that the smallest eigenvalue μ^{(1)}(h) of the Neumann realization P^N_{h,A,Ω} of P_{h,A,Ω} is smaller than λ^{(1)}(h) (but the lower bound (2.3) is not correct in general).

One important theorem that we would like to present is

Theorem 2.2 .

If the magnetic field is constant and not zero, then any ground state corresponding to the Neumann realization P^N_{h,A,Ω} is localized as h → 0 near the boundary of Ω.

This theorem is general and does not depend on the dimension.

The second theorem (cf [LuPa5], [HeMo3]) is specific of the case of dimension 3. Let us introduce in ∂Ω the subset

Γ_B = {x ∈ ∂Ω | ⟨B | N (x)⟩ = 0 } , (2.5)

where N (x) is the normal at x to ∂Ω, that is the set of points in ∂Ω where the magnetic field B = (B_1, B_2, B_3) is tangent to ∂Ω.

Theorem 2.3 .

Let us assume that n = 3. If the magnetic field is constant and if its intensity b is not zero, then any ground state corresponding to the Neumann realization P^N_{h,A,Ω}, is localized as h → 0 in Γ_B .

The typical case is the case of the ellipsoid : αx^2_1 + βx^2 + γx^2_3 ≤ 1. In this case, the set Γ_B is the intersection of the boundary with the plane : αx_1B_1 + βx_2B_2 + γx_3B_3 = 0.

These two theorems are not satisfactory in the sense that they are not necessarily optimal. In the case n = 2, we can state [HeMo2] :

Theorem 2.4 .

Let us assume that n = 2. If the magnetic field is constant and not zero, then any ground state corresponding to the Neumann realization is localized as h → 0 near the boundary of Ω at the points of maximal curvature.

This gives the general answer for the case of dimension 2. The case of dimension 3 was more difficult and only solved quite recently. Although the methods of proof can also lead to localization results for the ground state (see [HeMo2], [HeMo3]) or more generally for minimizers of the Ginzburg-Landau functional (see [LuPa1]-[LuPa5], [HePa]), this will not be discussed here. This is actually explored in [Pan3].

The understanding of these results comes from the analysis of various reference models.

3 Models with constant magnetic fields in dimension 2

3.1 Preliminaries.

Let us consider in a regular domain Ω in IR^2 the Neumann realization (or the Dirichlet realization) of the operator P_{h,bA0,Ω} with

A_0(x_1, x_2) = ( 1 2 x_2, − 1 2 x_1) . (3.1)

Note that by Neumann realization, we mean that the following boundary condition :

ν · (h∇ − ibA_0)u = 0 on ∂Ω , (3.2)

is satisfied and we recall that this was the natural condition considered in superconductivity (compare with the third line of (1.4) ). We will assume b > 0 and we observe that the problem has a strong scaling invariance : P_{h,bA0} = h^2P_{1,bA0/h} . (3.3) As a consequence, the semi-classical analysis (b fixed) is equivalent to the analysis strong magnetic field (h being fixed). If the domain is invariant by dilation, one can reduce the analysis to h = b = 1. Let us denote by μ^{(1)}(h, b, Ω) and by λ^{(1)}(h, b, Ω) the bottom of the spectrum of the Neumann and Dirichlet realizations of P_{h,bA0} in Ω. Depending on Ω, this can correspond to an eigenvalue (if Ω is bounded) or to a point in the essential spectrum (for example if Ω = IR^2 or if Ω = IR^2_+). The analysis of basic examples will be crucial for the general study of the problem.

3.2 The case Ω = IR^2.

We first recall that :

μ^{(1)}(h, b, IR^2) = λ^{(1)}(h, b, IR^2) = hb . (3.4)

The level hb is an eigenvalue of infinite multiplicity. It is called in the physical literature the first Landau level.

Note that by domain monotonicity, one can show that in the case of Dirichlet :

λ^{(1)}(h, b, Ω) ≥ λ^{(1)}(h, b, IR^2) = hb . (3.5)

Such a lower bound is wrong in the Neumann case and this will make the problem more interesting.

3.3 The case Ω = IR^2_+

The analysis in IR^2_+ = {(x_1, x_2) ∈ IR^2|x_2 > 0} is less known but will play an important role in the discussion.

Let us first observe that, by construction of quasimodes and by (3.5) :

λ^{(1)}(h, b, IR^2_+) = hbλ^{(1)}(1, 1, IR^2_+) = hb . (3.6)

Let us now consider the Neumann case (with also in mind in parallel the Dirichlet case). After elementary unitary transforms, it is enough to analyze :

~S = D^2_{x2} + (D_{x1} − x_2)^2 , (3.7)

with Neumann or Dirichlet conditons. Note that we have now the standard Neumann condition on x_2 = 0.

For realizing the spectral analysis of this operator, one can then use a partial Fourier transform, and after a change of notations, we get :

^S(t, σ, D_t) = D^2_t + (σ − t)^2 (3.8)

considered as an operator defined on IR^2_+ = {(t, σ) ∈ IR^2 | t > 0} with Neumann or Dirichlet conditions on t = 0.

The spectral analysis is then reduced to the analysis of a family (parametrized by σ) of differential operators ^S(t, σ, D_t), which are now considered as defined on IR^+ with Neumann or Dirichlet conditions on t = 0, and denoted respectively by H^{N,σ} and H^{D,σ}. The “Dirichlet” spectrum of P_{1,A0} is then described as

Sp (P^D_{1,A0}) = {λ ∈ IR^+|∃σ ∈ IR s. t. λ ∈ Sp (H^{D,σ})} , (3.9)

and a similar expression can be obtained for the “Neumann” spectrum. The eigenvalues of H^{D,σ} and H^{N,σ} are locally described by analytic non constant functions of σ. One consequently obtains a continuous spectrum (cf Reed- Simon, Vol. IV [ReSi]). The determination of the bottom of the spectrum is then obtained by analyzing the variation of the smallest eigenvalue (= ground state energy) of H^{D,σ} or H^{N,σ} as a function of σ.

Here the answer depends strongly on the boundary condition. For Dirichlet, the smallest eigenvalue λ_+(σ) is monotonically decreasing from +∞ to 1 as σ goes from −∞ to +∞.

For Neumann, the smallest eigenvalue μ_+(σ) is monotonically decreasing from +∞ to 1 as σ goes from −∞ to 0. One can then show [DaHe] that there exists a unique σ_0 > 0 such that μ_+(σ) is decreasing for σ ∈] − ∞, σ_0] till

Θ_0 := μ_+(σ_0) < 1 (3.10)

and is then monotonically increasing to 1 as σ → +∞. Moreover, its minimum is non degenerate : δ_0 = 1 2 μ^{′′}_+(σ_0) > 0 . (3.11)

We then obtain :

Proposition 3.1 .

The Dirichlet spectrum in IR^2_+ is given by :

Sp (P^D_{h,bA0,IR}2_+ ) = [bh, +∞[ . (3.12)

The Neumann spectrum in IR^2_+ is given by :

Sp (P^N_{h,bA0,IR}2_+ ) = [bΘ_0h, +∞[ , (3.13)

with 0 < Θ_0 < 1 . (3.14)

This property that the bottom of the Neumann spectrum is strictly below the bottom of the Dirichlet spectrum plays a fundamental role in all the discussion.

3.4 The case of the corner

After preliminary results devoted to the case Ω = IR_+ ×IR_+ and obtained by [Ja] and [Pan1], a more systematic analysis have been performed by V. Bonnaillie in [Bon]. Let us mention her main results. We consider the Neumann realization of the Schrödinger operator with h = 1, b = 1 in a sector Ω_α : {(x_1, x_2) ∈

R^2 | |x2| ≤ tg^α_2 x1}. One can first show, using Persson’s Theorem (see for

example [Ag]) that the bottom of the essential spectrum is equal to Θ_0. So the question is to know if there exists an eigenvalue below the essential spectrum. The first result obtained in [Bon] is that :

lim_{α→0} μ^{corn}(α) α = 1 √ 3 . (3.15)

She actually obtains a complete expansion in powers of α. In addition, as byproduct of the proof, she has the universal estimate μ^{corn}(α) ≤ α √ 3 . (3.16)

This answers to the question about the existence of an eigenvalue below Θ_0 under the condition that α √ 3 < Θ_0 .

This does not permit to recover the case α =^π_2 . Let us mention the following interesting conjecture :

Conjecture 3.2 .

The map α → μ^{corn}(α) is monotonically increasing from 0 to Θ_0.

3.5 The case of the disk.

The case of Dirichlet was considered by L. Erdös in connexion with an isoperimetric inequality [Er]. By using the techniques of [BoHe], one can then show [HeMo2] the following proposition which is a small improvment of his result

Proposition 3.3 . As R √ b large, the following asymptotics holds :

λ^{(1)}(b, D(0, R)) − b ∼ 2^{32} π^{− 12} b^{32} R exp(− bR^2 2 ) . (3.17)

The Neumann case is treated in the paper by Baumann-Phillips-Tang [BaPhTa] (Theorem 6.1, p. 24) (see also [PiFeSt]) who prove the

Proposition 3.4

μ^{(1)}(b, D(0, R)) = Θ_0b − 2M_3 1 R b^{12} + O(1) . (3.18)

Here we recall that Θ_0 was introduced in (3.10) and that M_3 > 0 is a universal constant.

Another interesting case is the exterior of the disk. One first observes that the bottom of the essential spectrum is b and one can show that as b is large, there exists at least one eigenvalue below b. One shows also in [HeMo2] that the above formula for the smallest eigenvalue is still valid when replacing^1_R by −^1_R . This permits to verify that it is indeed the algebraic value of the curvature which appears for all the models.

4 Models in the half space R^3_+

The analysis of the case of dimension 3 is quite recent. The results are obtained by [LuPa5] with some improvments in [HeMo3]. So we consider :

P (h, b) := h^2D^2_{x1} + (hD_{x2} − B_3x_1)^2 + (hD_{x3} − B_2x_1 − B_1x_2)^2 ,

and it is well known that in IR^3, the spectrum is given by [b, +∞[ where b = √∑ i |B_i|^2 .

The only difference is that now the spectrum is continuous and that the discrete Landau levels have disappeared.

The case of the Neumann realization in {x_1 > 0} is more interesting. One can again by a dilation argument assume that b = 1, but the estimate on the bottom of the spectrum will depend on the angle ϑ between the magnetic field and the normal to the plane x_1 = 0. The problem is first reduced, after a rotation respecting {x_1 = 0}, to :

L(ϑ, D_t) = D^2_{x1} + D^2_{x2} + (D_{x3} − cos ϑx_1 − sin ϑx_2)^2 .

and a partial Fourier transform permits to get :

L(ϑ, τ ) = D^2_{x1} + D^2_{x2} + (τ − cos ϑx_1 − sin ϑx_2)^2 ,

in {x_1 > 0} with the Neumann condition at {x_1 = 0}. One observes that the bottom of the spectrum is given by :

σ(ϑ) := inf Sp (L(ϑ, D_t)) = inf_τ (inf Sp (L(ϑ, τ )))) ,

and it can be shown that this function is continuous, decreasing on [0,^π_2 ] from 1 to Θ_0.

This is consequently when the magnetic field is parallel to the plane {x_1 = 0} that the bottom of the spectrum is minimal. This fact is well known by the physicists already in the sixties but was not proved. This leads the physicists, in the case of a film, to the assumption that the magnetic field is parallel to the boundary of the film. This permits a reduction to a problem in dimension 1. See [GinLa], [Bo], [BoHe].

So we have explained how one can get the following

Theorem 4.1 .

The bottom of the spectrum is minimal when the magnetic field is parallel to the boundary.

This is the main point in the proof of Theorem 2.3.

5 Models with curvature in dimension 3

In order to understand what could be the curvature effect, we present here the following simplified model :

P_0 := (hD_r − sin θ t)^2 + (hD_s + cos θ t + κ r^2 2 )^2 + h^2D^2_t (5.1)

on IR^2 × IR^+. Here θ is assumed to be fixed and κ is a real parameter. In the application the two parameters are not independent but it is better to keep them as an independent parameter for the first part of the analysis. We have moreover assumed for simplification that b = 1. We are interested in the analysis of the bottom of the spectrum and we shall just sketch how to get a rather optimal lower bound.

Scaling .

We first introduce the following scaling : t = h^{12} t̃, r = h^{13} r̃ and the coefficients of the operator being independent of s we take a partial Fourier transform in s.

Dividing by h, we get that P_0/h is unitary equivalent to :

P_1 := (h^{16} D_{r̃} − sin θt̃)^2 + (h^{12} σ + cos θt̃ + κh^{16} r̃^2 2 )^2 + D^2_{t̃} (5.2)

on IR^2 × IR^+. We can rewrite the operator in the form :

P_1 = D^2_{t̃} + ( t̃ − h^16 [ sin θD_{r̃} + cos θ(h^{13} σ +^κ_2 r̃^2) ])_2 +h^{16} ( cos θD_{r̃} − sin θ(h^{13} σ +^κ_2 r̃^2)

)_2 . (5.3)

We note that we have a lower bound of the type :

P_1 ≥ μ_+(h^{16} sin θD_{r̃} + cos θ(h^{13} σ +^κ_2 r̃^2)) + ( h^{16} cos θD_{r̃} − sin θ(h^{13} σ +^κ_2 r̃^2)

)_2 , (5.4)

where μ_+ appears in Subsection 3.3. This leads naturally to first consider the operator :

P_2 := μ_+(h^{16} sin θD_{r̃} + cos θ(h^{13} σ +^κ_2 r̃^2)) + ( h^{16} cos θD_{r̃} − sin θ(h^{13} σ +^κ_2 r̃^2)

)_2 , (5.5)

now considered as an operator on L^2(IR^2_{r̃,σ}). In order to find a suitable lower bound, it is better to first decompose it as an Hilbertian integral of operators P_2(σ), this time defined on L^2(IR), and to look for a minimization on σ. In this context, it is natural to replace μ_+ by its quadratic approximation at the bottom. We recover a differential model, which will give a good understanding of the problem, modulo an error term which has to be controlled. We consequently analyze the family (depending on σ)

P_3(σ) := Θ_0 + δ_0(h^{16} (sin θD_{r̃} + cos θ(h^{13} σ +^κ_2 r̃^2)) − ξ_0)^2

+h^{13} ( cos θD_{r̃} − sin θ(h^{13} σ +^κ_2 r̃^2)

)_2 . (5.6)

with δ_0 defined in (3.11). After easy transformations, we have to analyze the minimization over σ̂ of the spectrum of the family

P_4(σ̂) := Θ_0 + h^{13} δ_0 ( sin θD_{r̃} + cos θ(σ̂ +^κ_2 r̃^2)

)_2

+h^{13} ( cos θD_{r̃} − sin θ(σ̂ +^κ_2 r̃^2)

)_2 . (5.7)

It is then natural to introduce :

P_5(σ̂) := h^{− 13} (P_4(σ̂) − Θ_0) , (5.8)

which becomes independent of h :

P_5(σ̂) = δ_0 ( cos θ(^κ_2 r^2 + σ̂) + sin θD_r

)_2 + ( cos θD_r − sin θ(^κ_2 r^2 + σ̂)

)_2 . (5.9)

Here we have omitted the tilde’s. We observe that this operator has the structure :

P_5(σ̂) = X^2_1 + X^2_2 , (5.10) where X_1 and X_2 are selfadjoint vector fields (depending on the parameters θ, σ̂ and κ) :

X_1 = sin θD_r + cos θ( κ 2 r^2 + σ̂) , X_2 = cos θD_r − sin θ( κ 2 r^2 + σ̂) . (5.11)

Here what is important is the rank 3 Lie structure of the two vector fields. We note that :

[X_1, X_2] = iκr , [X_1, [X_1, X_2]] = κ sin θ , [X_2, [X_1, X_2]] = κ cos θ (5.12)

and that higher brackets are equal to 0. Our aim is to minimize over σ̂. One can show via elementary transformations (scaling, gauge transforms) that all the analysis can be reduced to the analysis of a new simple model introduced by Montgomery [Mon] :

L^M (ρ) := ( D^2_r + (r^2 − ρ)^2 ) . The following lemma is true (see [Mon, HeMo1, KwPa1]) :

Lemma 5.1 The infimum over ρ ∈ R of the bottom of the spectrum of L^M (ρ) is obtained for an unique strictly positive ρ = ρ_{min}.

We then define ν̂_0 = inf σ(L^M (ρ_{min})) . (5.13) This corresponds for the initial model to σ̂_{min} = κ 2 ((cos^2 θ + δ_0 sin^2 θ)^2(δ_0( κ 2 )^2)^{−1})^{13} ρ_{min} . (5.14)

This leads to,

Proposition 5.2 .

The ground state energy of the model operator P_4 is given by :

inf_{σ̂} inf Sp P_4(σ̂) = Θ_0 + h^{13} ν̂_0( 1 2 )^{23} δ^{13}_0 |κ|^{23} (δ_0 sin^2 θ + cos^2 θ)^{13} . (5.15)

Moreover the minimum is obtained for σ̂ = σ̂_{min} defined in (5.14).

6 Main semi-classical results for general magnetic fields

In the case of a bounded regular domain, the first result is due to Lu-Pan [LuPa2] (for the main term), is improved in [HeMo2] and is concerned with general magnetic fields :

Theorem 6.1 .

μ^{(1)}(h) h = min (Θ_0b^′ , b) + O(h^{12} ) . (6.1)

This theorem exhibits two situations depending on the sign of b−Θ_0b^′. When the sign is negative, the boundary condition is not important for the determination of the asymptotics of the ground state. If one adds the assumption (dimension 2 case) that B(x) has a unique non zero minimum at a point z_o of Ω, which in addition is not degenerate, then, with :

a = Tr ( 1 2 Hess B(z_0) )_{1/2} , (6.2)

it is shown in [HeMo2] the following theorem, which completes former results of [Mon] and [HeMo1].

Theorem 6.2 .

If A is C^∞, then there exists C > 0 such that

−C h^{19/8} ≤ inf Sp (P_{h,A,Ω}) − [b + a^2 2b h]h ≤ C h^{5/2} . (6.3)

The proof is based for the upper bound on a construction of quasimodes and for the lower bound on techniques inspired by the proof of Garding- Melin inequality [Mel]. One also uses the explicit computations concerning the spectrum of the harmonic magnetic oscillator whose spectrum is for example explicitely computed in [Mat]. Note that it is also established in [HeMo1] (cf also the previous works by [Br] and [HeNo2]) that any ground state decays exponentially outside the minima of B.

Let us now consider the second case. The first result, which was already observed in [PiFeSt] is the following.

Theorem 6.3 Boundary Localization. Let us assume that the condition :

Θ_0b^′ < b , (6.4)

is satisfied. Then there exist C > 0, α > 0 and ν ∈ IR, such that, if u_h is a ground state of P^N_{A,h,Ω}, then :

exp α d(x, ∂Ω) h^{12} |u_h(x)| ≤ C h^{−ν}||u_h||_L2 , ∀x ∈ Ω . (6.5) Note that the condition (6.4) is always satisfied when the magnetic field is constant. We have indeed b = b^′ and Θ_0 < 1. This gives in particular Theorem 2.2.

The next result describes the localization inside the boundary

Theorem 6.4 . Let p(∂Ω) = {ω ∈ ∂Ω | B(ω) = b^′} . (6.6) Let us assume that : Θ_0b^′ < b. Then, there exist α_1 > 0 and, for any ϵ > 0, constants C(ϵ) and h_0(ϵ) such that a normalized ground state satisfies : || exp α_1d̃(z, p(∂Ω)) h^12 u_h|| ≤ C(ϵ) exp ϵ h^12

, (6.7)

for all h ∈]0, h_0(ϵ)]. Here the “distance” d̃ is defined by : d̃(z, p(∂Ω)) = d(z, ∂Ω) + χ(d(z, ∂Ω))d_{∂Ω}(s(z)) , (6.8)

where d_{∂Ω} is the Agmon distance associated inside the boundary to the metric (B(s, 0) − b^′)ds^2 and χ is positive, equal to 1 on [0,^{δ1}_2 ] and with suppport in [0, δ_1].

Before to go further for the regular case, let us present a recent result concerning the domain with corners [Bon].

Theorem 6.5 .

Let Ω a domain with N vertices S_1, S_2,....,S_N , with corresponding angle α_1, ...., α_N . Then the lowest eigenvalue of the Neumann realization in Ω satisfies

μ^{(1)}(h) = h min ( b, Θ_0b^′, inf_{j=1,··· ,N} μ^{corn}(α_j)B(S_j ) ) + O(h^{54} ) . (6.9)

Modulo the proof of the conjecture 3.2, it says that the minimum of the main term in the right hand side of (6.9) is when B is constant obtained at the corner of smallest angle.

7 Curvature effects in the constant magnetic field case

7.1 The case in dimension 2

The next theorem was conjectured by Bernoff-Sternberg [BeSt] (see also [LuPa3] and [PiFeSt]) and its proof was achieved recently in a recent paper of the author with A. Morame [HeMo2]

Theorem 7.1 .

Let Ω a regular bounded domain in R^2. Let us assume that the magnetic field is constant and > 0. Then we have :

μ^{(1)}(h) ∼ Θ_0h − 2c_{max}M_3h^{32} + O(h^{53} ) . (7.1)

where M_3 is the universal constant appearing in the case of the disk.

The proof of the upper bound was given (at least formally) in Bernoff-Sternberg [BeSt] who construct approximate solutions. Lower bounds with remainders are proposed in [LuPa1] and [PiFeSt].The best remainder in the general case is obtained in [HeMo2] (who get a control in O(h^{74} )). The lower bound is based on the introduction of a fine partition of unity and after this localization on the results obtained for suitable models. Note that the proof of the lower bound in Theorem 7.1 gives simultaneously the localization the ground state.

7.2 The case in dimension 3

For this we need to introduce various notions and assumptions. It is natural to assume that the set Γ_B introduced in 2.5 :

Γ_B is a regular submanifold of ∂Ω . (7.2) At each point x of Γ_B, we define the normal curvature along the magnetic field B by : κ_{n,B}(x) := K_x(T (x) ∧ N (x) , B |B| ) , (7.3)

where K denotes the second fundamental form on the surface ∂Ω and T (x) is the unit oriented tangent vector to Γ_B at x. It is natural to assume that : κ_{n,B} ≠ 0 , on Γ_B . (7.4) The last generic assumption is :

The set of points where B is tangent to Γ_B is isolated. (7.5) The following function on Γ_B will play an important role :

γ̃_0(x) = ( 1 2 )^{23} ν̂_0δ^{13}_0 ( |κ_{n,B}(x)|^{23} ( δ_0 + (1 − δ_0)|⟨T (x) | B |B| ⟩|^2 ) 1_3 ) , (7.6)

where ν̂_0 > 0 and δ_0 ∈]0, 1[ are universal constants attached to spectral invariants related to two model Hamiltonians respectively defined on IR and IR^+ and which will be defined in (5.13) and (3.11).

Associated to this function, which will play the role of effective curvature, we define :

γ̂_0 = inf_{x∈ΓB} γ̃_0(x) . (7.7)

Our main theorem, also obtained in collaboration with A. Morame, is :

Theorem 7.2 .

Let P^N_{h,A,Ω} be the Neumann realization on L^2(Ω) of the magnetic Laplacian (hD − A)^2, where h ∈]0, 1[ is a small parameter and A corresponds to constant magnetic field. Under assumptions (7.2), (7.4) and (7.5) , there exists η > 0 and γ̂_0 > 0 such that :

inf Sp (P^N_{h,A,Ω}) = bΘ_0h + γ̂_0b^{23} h^{43} + O(h^{η+ 43} ) , (7.8) where γ̂_0 is defined in (7.7).

The proof used again a partition of unity and a fine comparison with models which were described above. When we are near a point x of Γ_B , we shall use the model described in Section 6 with κ = κ_{n,B}(x) and θ = θ(x), where θ(x) is the angle between B and T (x). The expression appearing in (7.6) is then equal to (5.15).

8 Conclusion

The question of the effective localization when there is more than one point of maximal curvature remains open. One recovers here problems which are analogous to the problem of miniwells for the Schrödinger operator that was analyzed in collaboration with J. Sjöstrand [HeSj1]-[HeSj3].

As a result of the analysis which is presented here, we note that the exterior problem is also interesting. In the semi-classical limit, we obtain the existence of an interval [Θ_0 b h + O(h^{32} ) , b h[, in which the Neumann spectrum is discrete and corresponds to states which are localized near the boundary.

As suggested by J. Sjöstrand (and this seems to be used in the numerical computations by K. Hornberger and U. Smilansky [HoSm] for a different but connected problem-these authors look at highly excites states-), it would be interesting to develop a general theory of reduction to the boundary.

Note also that it would be interesting to explore a non homogeneous situation (at the origine for example of the pinning of the vortices see [AfSaSe]) and corresponding to the analysis of the functional G(ψ , A) = ∫ Ω {|(∇−iκA)ψ|^2+ κ^2 2 (|ψ|^2−a(x))^2} dx+κ^2 ∫ Ω |curl A−H|^2 . (8.1)

Here a(x) is a function describing the inhomogeneity of the sample which satisfies 0 < α_0 ≤ a(x) ≤ 1.

Finally, we have shown that the results presented here can be used in the non-linear case and give good informations on the nucleation. There is still a lot to do in continuation of the works by Helffer-Pan [HePa], Pan [Pan2], Sandier- Serfaty [SaSe4]....

Acknowledgements I would like to thank all my collaborators on these problems and particularly C. Bolley, A. Morame and X. Pan. I had also a lot of discussions with many colleagues. I thank in particular V. Bonnaillie for her careful reading of the manuscript. This survey corresponds to a plenary talk at a satellite conference in Hanoi in August 2002. I would like to thank the organizers of this successful conference. Finally the manuscript was prepared at the Mittag-Leffler Institute where I find very good working conditions.

References

[AfSaSe] A. Aftalion, E. Sandier, and S. Serfaty : Pinning phenomena in the Ginzburg-Landau model of superconductivity. J. Math. Pures Appl. (9) 80, n^∘3, p. 339-372 (2001).

[Ag] S. Agmon : Lectures on exponential decay of solutions of second order elliptic equations. Math. Notes, T. 29, Princeton University Press (1982).

[AHS] J. Avron, I. Herbst, and B. Simon : Schrödinger operators with magnetic fields I. Duke Math. J. 45, p. 847-883 (1978).

[BaPhTa] P. Bauman, D. Phillips, and Q. Tang : Stable nucleation for the Ginzburg-Landau system with an applied magnetic field. Arch. Rational Mech. Anal. 142, p. 1-43 (1998).

[BeRu] J. Berger and J. Rubinstein : On the zero set of the wave function in superconductivity. Comm. in Math. Physics 202, p. 621-628 (1999).

[BeSt] A. Bernoff and P. Sternberg : Onset of superconductivity in decreasing fields for general domains. J. Math. Phys. 39, p. 1272-1284 (1998).

[Bo] C. Bolley : Modélisation du champ de retard à la condensation d’un supraconducteur par un problème de bifurcation. M^2AN, Vol. 26, n^∘2, p. 235-287 (1992).

[BoHe] C. Bolley and B. Helffer : An application of semi-classical analysis to the asymptotic study of the supercooling field of a superconducting material. Annales de l’Institut Henri Poincaré (Section Physique Théorique), Vol. 58, n^∘2 (1993), p. 169-233.

[Bon] V. Bonnaillie : On the fundamental state for a Schrödinger operator with magnetic fields in a domain with corners. Comptes Rendus de l’Académie des Sciences 336 (2), p. 135-140 (2003).

[Br] R. Brummelhuis : Exponential decay in the semi-classical limit for eigenfunctions of Schrödinger operators with magnetic fields and potential which degenerate at infinity. Comm. in PDE 16, n^∘ 8-9, p. 1489-1502 (1991).

[Ch] S.J. Chapman : Nucleation of superconductivity in decreasing fields. European J. Appl. Math. 5, Part 1, p. 449-468, Part 2, p. 468-494 (1994).

[CSS] J.M. Combes, R. Schrader, and R. Seiler : Classical bounds and limits for distributions of Hamiltonian operators in electromagnetic fields. Ann. of Physics 111, p. 1-18 (1978).

[DaHe] M. Dauge and B. Helffer : Eigenvalues variation I, Neumann problem for Sturm-Liouville operators. Journal of Differential Equations, Vol. 104, n^∘2, p. 243-262 (1993).

[dG] P.G. De Gennes : Superconductivity of Metals and Alloys, Benjamin, New York and Amsterdam (1966).

[DGP] Q. Du, M. Gunzburger, and J. Peterson : Analysis and approximation of the Ginzburg Landau model of superconductivity. SIAM Rev. 34. p. 45-81 (1992).

[DuHe] M. Dutour and B. Helffer : On bifurcations from normal solutions for superconducting states. ”Advances in Partial Differential Equations”. Vol. 58, n^∘ 3, p. 259-280 (2000).

[Er] L. Erdös : Rayleigh-type isoperimetric inequality with a homogeneous magnetic field. Calc. Var. and PDE. 4, p. 283-292 (1996).

[GinLa] V. Ginzburg and L. Landau, On the theory of superconductivity, Soviet Phys. JETP 20, p. 1064-1082 (1950).

[GioPh] T. Giorgi and D. Phillips : The breakdown of superconductivity due to strong fields for the Ginzburg-Landau model. Siam J. Math. Anal. 30, p. 341-359 (1999).

[He1] B. Helffer : Introduction to the semiclassical analysis for the Schrödinger operator and applications. Springer lecture Notes in Math., n^0 1336 (1988).

[He2] B. Helffer : Semi-classical analysis for the Schrödinger operator with magnetic wells, (after R. Montgomery, B. Helffer-A. Mohamed), Proceedings of the conference in Minneapolis, The IMA Volumes in Mathematics and its applications, Vol. 95. Quasiclassical Methods, Springer Verlag (1997) p. 99-114.

[He3] B. Helffer : Bouteilles magnétiques et supraconductivité (d’après Helffer- Morame, Lu-Pan et Helffer-Pan). Séminaire EDP de l’école Polytechnique 2000-2001. Reprint www.math.polytechnique.fr.

[HHOO] B. Helffer, T. and M. Hoffmann-Ostenhof, and M. Owen: Nodal sets for the groundstate of the Schrödinger operator with zero magnetic field in a non simply connected domain. Comm. in Math. Phys. 202, p. 629-649 (1999).

[HeMo1] B. Helffer and A. Mohamed : Semiclassical analysis for the ground state energy of a Schrödinger operator with magnetic wells. Journal of Functional Analysis 138, N^∘ 1, p. 40-81 (1996).

[HeMo2] B. Helffer and A. Morame : Magnetic bottles in connection with superconductivity. Journal of Functional Analysis, Vol. 185, N^∘2, p. 604- 680 (2001).

[HeMo3] B. Helffer and A. Morame : Magnetic bottles in connection with superconductivity: Case of dimension 3. Proc. Indian Acad. Sci. (Math. Sci.), Vol. 112, N^∘1, February 2002.

[HeMo4] B. Helffer and A. Morame : Magnetic bottles for the Neumann problem: Curvature effects in the case of dimension 3. Preprint mp arc 01-362 (2001).

[HeMo5] B. Helffer and A. Morame : Magnetic bottles for the Neumann problem: Curvature effects in the case of dimension 3. The general case. Preprint mp arc 02-145 (2002). To appear in Annales de l’Ecole Normale Supérieure (2003).

[HeNo1] B. Helffer and J. Nourrigat : Hypoellipticité maximale pour des opérateurs polynômes de champs de vecteurs. Birkhäuser, Boston, Vol. 58 (1985).

[HeNo2] B. Helffer and J. Nourrigat : Décroissance à l’infini des fonctions propres de l’opérateur de Schrödinger avec champ électromagnétique polynomial. Journal d’Analyse Mathématique de Jérusalem, Vol. 58, p. 263-275 (1992).

[HePa] B. Helffer and X-B. Pan : Upper critical field and location of surface nucleation of superconductivity. Annales de l’Institut Henri Poincaré (Section Analyse Non Linéaire), Vol. 20 (1), p. 145-181 (2003).

[HeRo] B. Helffer and D. Robert : Puits de potentiel généralisés et asymptotique semi-classique, Annales de l’IHP (section Physique théorique), Vol.41, n^∘3, p. 291-331 (1984).

[HeSj1] B. Helffer and J. Sjöstrand : Multiple wells in the semiclassical limit I.

Comm. in PDE, Vol. 9(4), p. 337-408 (1984).

[HeSj2] B. Helffer and J. Sjöstrand : Puits multiples en limite semiclassique V - le cas des minipuits -, Current topics in Partial Differential Equations, Papers dedicated to Professor S. Mizohata on the occasion of his sixtieth birthday, edited by Y. Ohia, K. Kasahara and N. Shimakura (1986) Kinokuniya company LTD, Tokyo, p. 133-186.

[HeSj3] B. Helffer and J. Sjöstrand : Puits multiples en limite semi-classique VI - le cas des puits variétés -, Annales de l’IHP (section physique théorique) Vol. 46(4) , p. 353-373 (1987).

[HeSj4] B. Helffer and J. Sjöstrand : Effet tunnel pour l’équation de Schrödinger avec champ magnétique, Annales de l’ENS de Pise, Vol. XIV (4), p. 625-657 (1987).

[HoSm] K. Hornberger and U. Smilansky : The boundary integral method for magnetic billards. J. Phys. A 33, p. 2829-2855 (2000).

[Ja] H.T. Jadallah : The onset of superconductivity in a domain with a corner.

J. Math. Physics 42 (9), p. 4101-4121 (2001).

[KwPa1] K. H. Kwek and X-B. Pan : Schrödinger operators with nondegenerately vanishing magnetic fiels in bounded domains. Transactions of the AMS, Vol. 354, n^∘10, p. 4201-4227 (2002).

[KwPa2] K. H. Kwek and X-B. Pan : On a problem related to vortex nucleation of superconductivity. J. Differential Equations 182, n^∘1, p. 141-148 (2002).

[LuPa1] K. Lu and X-B. Pan : Estimates of the upper critical field for the Ginzburg-Landau equations of superconductivity. Physica D 127, p. 73- 104 (1999).

[LuPa2] K. Lu and X-B. Pan : Eigenvalue problems of Ginzburg-Landau operator in bounded domains. Journal of Math. Physics, Vol. 40, n^∘ 6, p. 2647- 2670 (1999).

[LuPa3] K. Lu and X-B. Pan : Gauge invariant eigenvalue problems on IR^2 and IR^2_+. Trans. AMS, 352 (3), p. 1247-1276 (2000).

[LuPa4] K. Lu and X-B. Pan : Ginzburg-Landau system and surface nucleation of superconductivity. Proceeding of the IMS Workshop on Reaction- Diffusion systems. Chinese University of Hong-Kong, December 6-11 (1999). Methods Appl. Anal. 8, n^∘2, p. 279-300 (2001).

[LuPa5] K. Lu and X-B. Pan : Surface nucleation of superconductivity in 3- dimension. J. of Differential Equations 168(2), p. 386-452 (2000).

[Mat] H. Matsumoto : Semiclassical asymptotics of eigenvalues for Schrödinger operators with magnetic fields. Journal of Functional Analysis, 129, n^∘1, p. 168-190 (1995).

[MatUe] H. Matsumoto and N. Ueki : Spectral analysis of Schrödinger operators with magnetic fields. Journal of Functional Analysis 140, n^∘1, p. 218-255 (1996).

[Mel] A. Melin : Lower bounds for pseudo-differential operators, Ark. Math. 9, p. 117-140 (1971).

[Mon] R. Montgomery : Hearing the zerolocus of a magnetic field. Comm.

Math. Physics 168, p. 651-675 (1995).

[Pan1] X-B. Pan : Upper critical for superconductors with edges and corners.

Calc. Var. Partial Differential Equations 14, n^∘4, p. 447-482 (2002).

[Pan2] X-B. Pan : Surface superconductivity in applied magnetic fields above H_{C2}. Comm. Math. Phys. 228, n^∘2, p. 327-370 (2002).

[Pan3] X-B. Pan : Surface conductivity in 3 dimensions. Preliminary version in October 2001.

[PiFeSt] M. del Pino, P.L. Felmer and P. Sternberg : Boundary concentration for eigenvalue problems related to the onset of superconductivity. Comm. Math. Phys. 210, p. 413-446 (2000).

[ReSi] M. Reed and B. Simon : Methods of modern Mathematical Physics, IV:

Analysis of operators. Academic Press, New York, 1978.

[S-JSaTh] D. Saint-James, G. Sarma, and E.J. Thomas : Type II Superconductivity (Pergamon, Oxford 1969).

[SdG] D. Saint-James and P. De Gennes, Onset of superconductivity in decreasing fields, Physics Letters, Vol. 6(5), p. 306-308 (1963).

[SaSe1] E. Sandier and S. Serfaty : Global minimizers for the Ginzburg-Landau functional below the first critical magnetic field. Annales IHP (Analyse non-linéaire)17, n^∘1, p. 119-145 (2000).

[SaSe2] E. Sandier and S. Serfaty : A rigorous derivation of a free-boundary problem arising in superconductivity. Ann. Sci. Ecole Norm. Sup. (4) 33, n^∘4, p. 561-592 (2000).

[SaSe3] E. Sandier and S. Serfaty : On the energy of type-II superconductors in the mixed phase. Rev. Math. Phys. 12, n^∘9, p. 1219-1257 (2000).

[SaSe4] E. Sandier and S. Serfaty : The decrease of bulk-superconductivity close to the second critical field in the Ginzburg-Landau model. Preprint June 2002.

[Sh] I. Shigekawa : Eigenvalue problems for the Schrödinger operator with the magnetic field on a compact Riemannian manifold. Journal of Functional Analysis, Vol. 75, n^∘1, p. 92-127 (1987).

[Si] B. Simon : Semi-classical analysis of low lying eigenvalues I. Ann. Inst.

Henri Poincaré 38 (4), p. 295-307 (1983).

[Ti] M. Tinkham, Introduction to Superconductivity, McGraw-Hill Inc., New York, 1975.

[Ue1] N. Ueki : Lower bounds for the spectra of Schrödinger operators with magnetic fields. Journal of Functional Analysis 120, n^∘2, p. 344-379 (1994). Erratum n^∘11, p. 257-259 (1995).

[Ue2] N. Ueki : Asymptotics of the infimum of the spectrum of Schrödinger operators with magnetic fields. J. Math. Kyoto Univ. 37, n^∘ 4, p. 615-638 (1998).