MASS TRANSPORTATION IN GROUPS OF TYPE H

S. RIGOT

ABSTRACT. We give a solution of the optimal transport problem in groups of type H when
the cost function is the square of either the Carnot-Carathéodory or Kordnyi distance. We
prove in both cases existence, uniqueness and give a characterization of the optimal trans-
port map. In the case of the Carnot-Carathéodory distance we also prove that the optimal
transport is the limit of the optimal transports in natural Riemannian approximations, intro-
ducing in particular so-called cc-exponential coordinates in the group that may be recovered
through the limit of the usual Riemannian exponential maps in the approximating Riemann-
ian manifolds. This extends results already known for the Heisenberg groups.

The purpose of the present paper is to extend to groups of type H equipped with either
their Carnot-Carathéodory or Koranyi metric the solution to the mass transportation problem
that was obtained in [4] for the Heisenberg groups. Groups of type H have been introduced in
[17] in connection with the study of the fundamental solutions of the sublaplacian in nilpotent
Lie groups and constitute in many ways a natural generalization of the Heisenberg groups.

The original mass transportation problem of Monge has been the source of numerous
developments in the recent years, mainly due to the impressive variety of its applications
(see e.g. [1], [8], [21], [25] and the references therein, the list is far from being exhaustive).
The general mathematical formulation can be stated as follows. Given two Borel probability
measures p, v on a topological space X and a measurable cost ¢(z,y), one wants to minimize

b /X e, () dps(z)

among all transport maps 9 : X — X that push p forward to v, ¥4xu = v, meaning that
v(B) = u(¢1(B)) for all Borel sets B.

The situation we are interested in is when the space is a group G of type H and the cost
is given by either c(z,y) = d(z,y)?/2, where d denotes the Carnot-Carathéodory distance
or c(z,y) = dy(z,y)?/2 where d, denotes the Kordnyi distance. In both cases the main
ingredients in [4], where G was an Heisenberg group, were based on a careful analysis of the
differentiability of the distance function. With the help of these analytic tools one can study
in a natural way the c-superdifferential of a locally Lipschitz c-concave map (see Section 3 for
the terminology and definitions), showing in particular that its c-superdifferential is up to a
null set contained in a graph. This leads in a standard way to the existence and uniqueness
of the optimal transport map through nowadays standard arguments from the general theory
of optimal transportation. We shall closely follow the same strategy here, the main point
being to analyze in the greater generality of groups of type H the differentiability properties
of both distances, the Carnot-Carathéodory and Kordnyi ones. The differences are mainly
technical and come essentially from the fact that the dimension of the center of the group is
larger than one (when this dimension is one, we are in the Heisenberg case).

The case of the Carnot-Carathéodory distance will occupy the major part of this paper.

In that case the main arguments rely on the characterization and explicit computation of the
1
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minimal geodesics. Necessary conditions for a curve to be a minimal geodesic in a group of
type H have been given in [18]. A refined analysis has been done in [22]. This was mainly
used there to prove the Pansu-differentiability of dy, the Carnot-Carathéodory distance to the
origin, outside of the center of the group. We complete here the study very much in the spirit
of [4]. On one hand we quantify precisely the non Pansu-differentiability of dy on the center
and we compute on the other hand the derivatives of dy along the directions that belong to
the center.

We also give a complete description of minimal geodesics between any two points and
will interpret them as the limit of minimal geodesics in natural Riemannian approximations.
We may then introduce accordingly so-called cc-exponential coordinates which will explicitly
reflect this phenomenon. Going back to the problem of optimal mass transportation, we
actually prove that the optimal transport map can be written through these cc-exponential
coordinates as a suitable cc-gradient of a c-concave potential. Similarly to what was obtained
in [4] we show furthermore that one can recover the optimal transport map as the limit of
the optimal transport maps in the Riemannian approximations, as well as the cc-gradient of
the associated c-concave potential as the limit of the gradients of the associated potentials in
the approximations.

The issues are of a quite different nature when considering the Kordanyi distance induced
by the natural homogeneous norm of the group. This norm has a fairly simple expression
and is smooth outside of the origin. The main argument consists then in deriving, mainly
from routine computations of the derivatives of the norm along any direction, intrinsic BV
estimates. This allows to make use of results of [2] about intrinsic BV functions and to
eventually get the required description of the c-superdifferential of a locally Lipschitz c-concave
map.

The paper is organized as follows. In Section 1 we recall the definition of groups of type
H together with that of the Carnot-Carathéodory and Kordnyi distances and we introduce
various notions of differentiability to be used later. Section 2 is devoted to the study of the
minimal geodesics and of the differentiability properties of the Carnot-Carathéodory distance.
The main theorem about the structure of the c-superdifferential of a locally Lipschitz c-
concave map when the cost is given by c(z,y) = d(z,y)?/2 is proved in Section 3. Section
4 is more specifically devoted to the problem of optimal mass transportation related to this
cost. Existence, uniqueness and characterization of the optimal transport map will be proved
in §4.1. Riemannian approximations are discussed in §4.2. Finally the case of a cost given by
c(z,y) = dg(z,y)?/2 is studied in Section 5.

1. PRELIMINARIES

1.1. Groups of type H. Let G be a real Lie algebra equipped with a scalar product and
which can be decomposed in a non-trivial orthogonal direct sum, G = V@ Z, where [V,V]| C Z
and [V, Z] = [Z, Z] = {0}. We define the linear map J : Z — EndV by

(1) (J(Z2)X,X') =(Z,[X,X"])
forall X, X' € Vand Z € Z.

We say that G is of type H if for all Z € Z,
(2) J(2)? = ~||Z|” I.
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Note that in such a case Z is the center of G and [V, V] = Z so that G is a stratified Lie
algebra of step two. Note also that (1) implies that J(Z)! = —J(Z) for all Z € Z and then
it follows from (2) that

(3) 17(2) X1 = 1zl X1
for all X € V and Z € Z. For more details we refer to [17] where Lie algebra of type H have
been introduced, see also e.g. [6] or [18].

A Lie group G is said to be a group of type H if it is connected, simply connected and if its
Lie algebra is of type H. The exponential map being in such a case a diffeomorphism from G
onto G ([9]), we can write an element in G as z = exp(X + Z) where X € V and Z € Z and
the group law, given by the Campbell-Hausdorff formula, has the form

exp(X + Z).exp(X' + Z) =exp(X + X'+ Z + Z' + [X, X"]/2)

forall X, X' €V and Z, Z' € Z.
A Lie algebra G of type H can be equipped with a natural family of dilations d,, p > 0,
defined by
X+ 2Z)=pX+p°Z
for all X € V and Z € Z. For p <0, we set 6, = —0|,. They induce dilations on the group
that we shall still denote by d,,

55(exp(X + 2)) = exp(5,(X + Z).

We set n = dim G and m = dim V. We fix an orthonormal basis (X1,...,X,,;) of V and an
orthonormal basis (Xy,41,...,X,) of Z. When needed, we shall also interpret the X;’s (as
well as any vector in G) as left invariant vector fields. We set e; = exp X;.

If £ denotes the n-dimensional Lebesgue measure on G, the push-forward A = expy L of
L through the exponential map is a bi-invariant Haar measure on G. When speaking of a
property that holds a.e. on G, without referring to a specific measure, this will always mean
A-a.e.

1.2. Carnot-Carathéodory and Koranyi distances. Let G be a group of type H. An
absolutely continuous curve = : [0,7] — G is said to be horizontal if there exist measurable
functions by, ..., by, : [0,7] — R such that

for a.e. t € [0,T]. We interpret here Xy,...,X,, as left invariant vector fields. If moreover
> bj(t)? <1 for a.e. t € [0, 7], then + is said to be sub-unit. In other words, the differential
of the exponential map at a point Y € G being given by I —ad(Y)/2 (see e.g. [15]) and hence
y(t) = X (t) + Z(t) — [X(t), X (t)]/2 whenever ~(t) = exp(X (t) + Z(t)) for some curves X (t)
and Z(t) in V and Z respectively (here we also identify V and Z with their tangent spaces),
the condition for 7 to be horizontal can be rephrased as

Z—[X,X]/2=0

a.e. on [0,T] and the curve is sub-unit if moreover || X|| <1 a.e. on [0, 7.
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Since the family (X1,...,X,,) generates G as a Lie algebra, it follows from Chow’s the-
orem that any two points z, ¥y in G can be joined by a sub-unit curve. Then the Carnot-
Carathéodory distance between z and y is defined as

d(z,y) = inf{T > 0; there exists a sub-unit curve v: [0,7] - G
such that y(0) = z, v(T) = y}.

We refer to e.g. [5] or [14] for more details about Carnot-Carathéodory spaces.

On the other hand a group G of type H has a natural gauge defined by
lexp(X + Z)|| = (IIX[|* + 16]|Z]|*)"/*

for all X € V and Z € Z. By [7], this gauge satisfies ||z.y|| < ||z|| + ||y|| for all z, y € G, and
one then defines the so-called Kordnyi distance between any two points z, y € G by

dg(z,y) = ||z y]|-

Both distances d and d, are natural distances on G. They are left invariant and homoge-
neous with respect to the dilations of the group, that is,

d(z.y,x.2) = d(y,z) and  d(3p(y),0,(2)) = pd(y, 2),

for all z, y and z € G and all p > 0, and similarly for d,. Both of them induce on G the
usual Euclidean topology when identifying G with G via the exponential map and they turn
out to be bilipschitz equivalent. In particular the space of Lipschitz functions from (G, d)
into (R, |.|) coincides with that of Lipschitz functions from (G, d,) into (R, |.|) hence we shall
never specify in the sequel the distance, d or dg, the group is endowed with when speaking
about Lipschitz functions.

1.3. Notions of differentiability. We begin with the notion of Pansu-differentiability. It
can be more generally defined in any Carnot group and is essentially due to P. Pansu (see
[20]). We say that a map L : G — R is homogeneous if L(d,(z)) = p L(z) for all z € G and
p > 0. Let  denote an open subset of G.

Definition 1. A map [ : Q — R is said to be Pansu-differentiable at © € Q if there exists an
homogeneous group homomorphism L : G — R such that

fi @) = f(2) = L(z"" )
y— d(z,y)

=0.

The map L is then unique and will be denoted by D¢ f(x).

Note that this definition is independent from the choice of the Carnot-Carathéodory dis-
tance rather than that of the Koranyi one.

Definition 2. Let 1 < j < m be fired. We say that a map f : @ — R is differentiable at
z € Q along the vector field X; if the map p — f(x.0,(e;)) is differentiable at p =0 and we
then denote by X; f(z) the corresponding derivative.

Note that this definition coincides with the usual one whenever f is smooth. We define
similarly the right and left derivatives along the vector fields Xj.

Definition 3. Let 1 < <m, f: Q2 — R and v € Q be fired. We define X;'f(a:), Tesp.
X, f(z), as the right, resp. left, derivative of p — f(z.6,(e;)) at p =0 whenever they exist.
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When a map f: Q — R is differentiable at z € {2 along X; for all 1 < j < m, we set
m
Ve f®) =) X;f(z) X;,
j=1

and we shall then simply say that V¢ f(z) exists. The next proposition gives the connection
between Pansu-differentiability and derivatives along X1,..., Xp,.

Proposition 1. If f : Q@ — R is Pansu-differentiable at x € 2 then V¢ f(x) exists and
Dg f(z)(exp(X + Z)) = (Va f(2), X)
forall X €V and Z € Z.

Another important tool in the present paper will be the differentiability of a function along
the center.

Definition 4. A map f: Q — R is said to be Z-differentiable at x € Q if the map Z € Z —
f(z.exp Z) is differentiable at Z = 0 in the classical usual sense when one endows Z with
the Euclidean structure induced by that of G. We then denote by Vz f(x) the corresponding
gradient.

In other words, f : 2 — R is Z-differentiable at z € Q with Z-gradient Vz f(z) if and
only if
L e )~ (@) - (V2 f(), 2)
Z—0,Z€2 1 Z]|
If a map f : 2 — R is differentiable along X for all 1 < 5 < m and Z-differentiable at = € 2,
we define its cc-gradient as

=0.

Ve f(z) = Vg f(z) + Vz f(2),
and we shall then simply say that V. f(z) exists.

2. CARNOT-CARATHEODORY DISTANCE - MINIMAL GEODESICS

We give in this section a complete description of minimal geodesics in groups of type H
equipped with their Carnot-Carathéodory distance and use their explicit features to study
the differentiability properties of the Carnot-Carathéodory distance to the origin. One of the
main useful technical tool will be the introduction of so-called spherical coordinates related
to this distance. Thus we let G be a group of type H equipped with its Carnot-Carathéodory
distance d as introduced in Section 1. The Carnot-Carathéodory distance to the origin dj is
defined by dy(z) = d(0,z) for all z € G.

By minimal geodesics we will always mean in this section minimal geodesics with constant
and unit speed, that is, curves v : [0,7] — G such that d(y(¢),v(t")) = |t — t'| for all ¢,
t' € [0,T]. It turns out that (G,d) is a complete and locally compact metric length space
hence any two points can be joined by a minimal geodesic ([13]). We set

) 1 — cos(a)
m(a) = a —sin(a), p(a)= @ sin(a)’
and
P ={(a,W,Y,T) € (0,+00) x ¥ x Z x (0,400); [W] =1, [Y] = 1}.
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Definition 5. Given (a,W,Y,T) € P, we say that a curve vy is a curve with parameter
(a, WY, T) if v:[0,T] — G is defined by v(t) = exp(X(t) + Z(t)) with

T at 17T%  at
0 =T (@) - nw, 26 =1 Tm@)
Note that if Y € Z with ||Y|| =1 then it follows from (2) that for all a € R,
(4) exp(aJ(Y)) = cos(a) I + sin(a) J(Y).

In particular exp(2knJ(Y)) — I =0 for all k£ € Z. On the other hand,
(exp(aJ(Y)) —I) (exp(aJ(=Y)) —I) = 21 — (exp(aJ(Y)) + exp(—aJ(V)))
= 2(1 — cos(a)) I,
hence, if a # 2k for all k € Z, then exp(aJ(Y')) — I is an invertible linear map with

1
Y) -1 -1 = -Y)) - 1).

) (explaT(V) = 1) = s exp(ad (Y) = )
In particular,

<y is a curve with parameter (a, W,Y,T) € P so that y(T) € exp Z if and only if
(6) _ _

a = 2km for some k =1,2,...
Next let v be a curve with parameter (a, W,Y,T) € P and let y(t) = exp(X(¢) + Z(t)) with
X(t) and Z(t) as in Definition 5. We have
T
- ((cos(a) = 1)W + sin(a) J(Y)W)

by (4). Then, remembering that (J(Y)W,W) =0 and |W| = ||J(Y)W| =1 by (1) and (3),
we get

(7 1X(2)) = = /20T — cos(a)).

On the other hand, we have

X(7) = © (exp(a] (V) ~ W =

177 Z(T)

8) |Z(D)] =5 5 m(@) >0 and Y=

Note that this implies in particular that

(9) v(T) € G\ expV.
Finally it follows from (7) and (8) that

_Ix@)P
1o 1O = sz

Definition 6. We say that a curve v is an horizontal segment (with constant and unit speed)
if v:[0,T] — G is defined by y(t) = exp(tX) for some T € (0,+00) and some X € V with
[ X = 1.

Minimal geodesics in the Heisenberg groups have been first studied by Gaveau ([11], see
also [4] and the references therein). For groups of type H one knows from [18] that a minimal
geodesic starting from 0 must be a curve with parameter (a, W, Y, T) for some (a, W,Y,T) €
P or an horizontal segment. Then it has been proved in [22] that curves with parameter
(a,W,Y,T) € P where a € (0,27] and all horizontal segments are minimal geodesics, and that
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curves with parameter (2kw, W,Y,T) € P for some k = 2,3,... are not minimal geodesics.
More precisely, setting

P ={(a,W,Y,T) € (0,2m) x V x Z x (0, +00); [W] =1, Y] =1},
we have the following description.

Theorem 1 ([22]). Any curve with parameter (a,W,Y,T) € P with a € (0,27] and any
horizontal segment is a minimal geodesic. Furthermore, we have:

i) if ¢ € exp Z\ {0}, x = exp Z for some Z € Z\{0}, then there is exactly a one parameter
family of curves that are minimal geodesics from 0 to x. This family is composed by all curves
with parameter 2w, W, Z/||Z||,2+/=||Z|]), W €V, ||W| =1,

it) if © € expV \ {0}, then there is a unique minimal geodesic from 0 to x which is the
horizontal segment between 0 and x,

iii) if x € G\ (expVUexp Z), £ = exp(X + Z) with X € V\{0} and Z € Z\{0}, then there
is a unique curve with parameter (a, W,Y,T) € P from 0 to z. The parameters are uniquely
given by the following relations,

_IXE 1 o(ad (v 1 X
Z a
Y= m’ = 2(1 — cos(a)) 11

The relations giving the parameter (a, W,Y,T) in #i3) follow from the various remarks after
Definition 5. The uniqueness follows noting that u g ax) : (0,27) — (0,+00) is a decreasing
C' diffeomorphism, hence equation (10) has a unique solution a € (0,27). In general there are
finitely many other solutions of (10) strictly larger than 27 and to complete the description
of minimal geodesics one must now prove that curves with parameter (a, W,Y,T) € P where
a > 2w are not minimal geodesics. The argument generalizes the situation for complete Rie-
mannian manifolds where whenever ¢ is a geodesic and there exists another distinct geodesic
between ¢(t) and ¢(t') with the same length than ¢ then ¢ cannot be minimal on any bigger
interval [¢,t' + ¢]. This gives a simpler alternative to the more involved argument used in [4]
in the Heisenberg groups.

Proposition 2. Curves with parameter (a, W,Y,T) € P with a > 2w are not minimal
geodesics.

Proof. By contradiction assume that some curve v with parameter (a,W,Y,T) € P with
a > 2 is a minimal geodesic. We choose W € V with |W|| = 1 and W # W and let ¢ denote
the curve with parameter (a, W,Y,T) € P. We set ty = 2nT/a. By the remark following (4)
we have that y(¢y) and ¢(¢y) coincide (and both belong to exp Z). Then we consider the curve
[:[0,7] — G given by l|[0,t0] = C|[0,to] and l\[to,T] = Vl[to,T]- We claim that [ is not a minimal
geodesic. Indeed on one hand, all curves with parameter in P and all horizontal segments
being smooth curves, any minimal geodesic in (G, d) is of class C* (see also [23], [24] where
this is shown to hold more generally under the so-called strong bracket generating hypothesis
and [12] where this is extended to all Carnot groups of step 2). On the other hand [ is clearly
not smooth at ¢y. Indeed if I(t) = exp(X(t) + Z(t)), we have

X(t) = J(Y ) exp(y T (V)W
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for all ¢ € (0,%p) hence
lim X (t) = J(Y)exp(2nJ(Y))W = J(Y)W.

t—ty

Similarly we have
lim X (t) = J(Y)W
t—tg
and the claim follows since W # W. Hence [ cannot be a minimal geodesic and thus do(I(T)) <

T (note that [ is a sub-unit curve). But {(T) = v(T') and -y was assumed to be minimal hence
do(y(T)) = T and the contradiction follows. O

All together we get immediately Corollary 1 below. This will be one of the key tool when
studying Riemannian approximations for (G, d), see §4.2 and especially Lemma 8 there.

Corollary 1. Let x € G \ exp Z. Then there exists a unique minimal geodesic from 0 to
x. This minimal geodesic is given by i) or iii) in Theorem 1 whenever x € expV \ {0} or
z € G\ (expV Uexp Z) respectively.

We now turn to the Z-differentiability of dy outside of the center of the group. Most of
the arguments to follow in the rest of this section are close to those of [4]. There are some
differences though that arise mainly from the fact that in general the dimension of the center
is larger than one (when dim Z = 1 then G is the Heisenberg algebra) and that points in
exp V must often be considered separately.

Lemma 1. Let x € G\ (expV Uexp 2) be fized and assume that x is the end point of a curve
with parameter (a, W,Y,T) € P. For h € Z, let z;, = z.exp h and assume that there is some
curve with parameter (ap, Wy, Yy, Ty) € P from 0 to zp,. Then, if a, —a = o(1), we have

a
Th =T + 7 (Y, h) + o([|R])-

Proof. We set ¢, = ap, — a. We have ¢ = o(1) by assumption. First, since z ¢ exp Z, it
follows from (6) that a # 2k for all k = 1,2... and then aj # 2kx for all k = 1,2... provided
||h|| is small enough. Next let X € V\ {0} and Z € Z\ {0} be such that z = exp(X + Z). We
have zp, = exp(X + Z + h) with X € Vand Z + h € Z. Since z and z, are the end points of
the curves with parameter respectively (a, W,Y,T) € P and (ap, Wh, Yy, T}) € P, it follows
from (7) that

/T cos(a) = 2 /T~ cos(an)

ap
and hence
f(an) f'(a)

11 T, =T =T+T ep t+o(e
(11) h F(a) Fla) (en)
where

a
fla)= 1 — cos(a)
On the other hand, we have (see (8))
T2
Z+h= —a—’;m(ah)Yh
h
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with
Z+h Z+h 1 Z Z
Y, = = — ,h +o h
v =iznl = Tzl Tz e M g e
and
T? T? 1 T2 1
—= map) = — (1 — cos(a = — (1 — cos(a
a[}QL ( h) a}QL ( ( h)) ,U(Clh) a2 ( ( )) H(ah)
T? (1 — cos(a)) ' (a)
L 1—
@ u@ @ )
Remembering that
172 1 T?% (1 — cos(a))
12l = 5 —5 m(a) = 25 )

and that Y = Z/||Z||, we get

Z+h=(1- ’;'((Z)) en+olen)) (Z +h = (V,h) Y +of|[h]).

It follows that

V)Y o) = 2 242 + ofes)
1T ()

2 a® pla)

m(a)enY + o(ep)

and hence
. L a ple) 1
Mo T2 pi(a) m(a)

(Y, h).
Going back to (11) we get

o f0) pe) )
Th=T =27 Fa) 1(a) mia) (Y, h) + o(l|A])).

We have

f'(a) _ 2(1 — cos(a)) — asin(a) _ 2(1 — cos(a)) — asin(a)

f(a) 2a(1 = cos(a)) 2am(a) pu(a) ’

1 (a) = asin(a) — 2(12— cos(a))’
m(a)
hence,
f(a) pla) 1 1

f(a) p'(a) m(a) 2a’
and we finally get

[4)
Ty = T+ 2 (V, ) + of ]

as wanted. O

Before we deduce from Lemma 1 the Z-differentiability of dy on G'\ exp Z, we give explicitly
some easy consequences of Theorem 1 that will be particularly useful in the sequel. First,
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since when a curve 7y : [0,T] — G is a minimal geodesic starting from 0, we have do(y(T)) = T,
one can get explicit expressions for dy, namely,

)
2/7NZ]] if X =0,

(12)  do(exp(X + 2)) = IX]] if 2 =0,
X \/2||Z
allXll _ @ ”. I if X #0and Z #0.
[ V2(1 —cos(a)) +/a—sin(a)
where a € (0,27) is given by u(a) = ||X||?/4]|Z||. Next point 4ii) in Theorem 1 can be
used as a starting point for the definition of suitable spherical coordinates related to the

Carnot-Carathéodory distance on G \ (expV Uexp Z).

Theorem 2 ([22]). The map ® : P — G\ (exp VUexp Z) defined by ®(a, W,Y,T) = exp(X +
Z) where

X = % (exp(aJ(Y)) = )W, Z = % % m(a)Y,

is a C! diffeomorphism (in the classical usual sense when G\ (exp VUexp Z) is identified with
R™\ {0} x R* ™\ {0}). For any x € G\ (expV Uexp Z) we will call (a,W,Y,T) = & (x)
the spherical coordinates of x.

In other words, z € G\ (exp VUexp Z) has spherical coordinates (a, W, Y, T) € P if and only
if z is the end point of the minimal geodesic starting from 0 with parameter (a, W,Y,T) € P.
In particular, do(®(a, W,Y,T)) =T for all (a, W,Y,T) € P.

Lemma 2. The map dy is Z-differentiable on G \ exp Z with continuous Z-gradient there.
Namely, if x € G\ (expV Uexp Z) has spherical coordinates (a, W,Y,T) € P, we have

(13) Vzdy(z) = % Y
and, if z € expV \ {0},
(14) Vzdy(z) =0.

Proof. First let z € G'\ (expV Uexp Z) be fixed and let (a, W,Y,T) € P denote its spherical
coordinates. For h € exp Z with ||| small enough, we have z, = z.exp h € G\ (exp VUexp Z)
and if (ap, W, Ys,Tr) € P denote its spherical coordinates, the curve 7, with parameter
(ap, W, Yy, T) connects 0 to z;. Moreover, since ® is a C! diffeomorphism, we have a,, —a =
0(1). Then Lemma 1 together with the fact that the curve with parameter (a, W,Y,T) and
v, are minimal geodesics imply that

a
do(z.exph) —do(z) =T, — T = T (Y, h) +o(]|h]]),
that is, dy is Z-differentiable at x with Z-gradient
a
VZ dO(fE) = ? Y.

Next if z = exp X with X € V\ {0} and z;, = z.exph with h € Z\ {0}, we have
zp € G\ (expV Uexp Z) and then, if (ap, Wy, Yy, T)) € P denote its spherical coordinates,

a
do(zp) = 4 x|

2(1 — cos(ay))
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with p(ap) = || X||?/4/|h| thanks to (12). In particular limy,_o 4(ap) = 400 hence ap = o(1)
and then,

(15) do(zn) = [| X || + o(an)-
On the other hand, we also have, once again by (12),
ap
do(zp) = —=——==—= V2[|1l-
ap, — sin(ap)

Remembering that lim 0 do(zn) = do(z) = || X|| and doing an asymptotic expansion of the
right-hand side, we get
12
ap ~
lInll—o || X[

[17]]-

Going back to (15), it follows
do(zn) = do(x) + o(|[R])),
hence dj is Z-differentiable at £ with vanishing Z-gradient.

To complete the proof it remains to show that V z dy is continuous on G\ exp Z. Since ® is
a C' diffeomorphism, V z d is clearly continuous on G'\ (expV Uexp Z). Let z € exp V\ {0}
be fixed, z = exp X for some X € V\ {0}, and let z; be a sequence in G\ exp Z converging to
z. Note that Vz dj is locally bounded on G \ exp Z, hence, to prove the continuity of V z dj
at =, we only need to prove that Vz dy(z) is the only possible limit for V z dy(zx). Thus, up
to a subsequence, assume that Vz dy(xy) converges. If zj € expV \ {0} for infinitely many
k’s, then one can extract a subsequence zj, € expV \ {0} and we get

i,V dalen) = i V2 dolen) = U 0=V dofe)

Otherwise 2 € G\ (expV Uexp Z) for all k large enough. Let (ax, Wi, Y, Tx) € P denote
the spherical coordinates of . We have u(ag) = || Xx||?/4]| Zx|| whenever z; = exp(Xy + Zi)
with X € V\ {0} and Z; € Z\ {0}. Since zj converges to z, we have

lim Xy, =X and lim Z =0,

k—400 k——+o00

hence limy_, , o, pt(ax) = +oc which eventually implies that limy_, o, ar = 0. Next we have

lim T, = li = .
T = i do(ay) = dofe) > 0

Remembering that Y} is a unit vector in Z, it follows that

. . Qg
k_irfoovz o(zk) bl T, H Vzdo(z),

and this concludes the proof. O

We now turn to the Pansu-differentiability of dy. The situation outside of the center has
already been studied in [22].

Theorem 3 ([22]). The map dy is Pansu-differentiable with continuous Pansu-differential on
G \ exp Z. Moreover, if x € G\ (expV Uexp Z) and (a,W,Y,T) € P denote its spherical
coordinates, then

(16) Vado(z) = J(Y)exp(a J(Y))W = —sin(a) W + cos(a) J(Y)W,
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and if z = exp X with X € V\ {0}, then

X

(17) Vg do(z) = T

We will also need here to know what happens on the center for the derivatives of dy along
the vector fields X;, 1 < j < m. It turns out that dy is singular on exp Z and one of the key
ingredients to get the existence and uniqueness of an optimal transport map that we have in
mind will be the explicit computation of the right and left derivatives of dy along the X;’s
(see Lemma 5).

Lemma 3. Let = exp Z with Z € Z\ {0} be fized. For all 1 < j < m, we have
X]’-Ldo(ac) =-1 and Xj;do(z)=1.

Proof. Let 1 < j < m and =z = expZ with Z € Z\ {0} be fixed. We define f : R — R by
f(s) = do(z.65(e;)). For all s # 0 we have z.55(e;) € exp Z, hence we know from Theorem 3
that X;do(z.d5(e;)) exists and, by definition,

do(w.0s (ej)-éh(ej)) — do(z.65 (ej))

deo(m.és(ej)) = lim

h—0 h
L do(z.0s4n(€ej)) — do(z.05(e;)) o
= ’111_1% J h 12 = f (3)

In particular, f is differentiable away from 0 and to prove the lemma, it will be sufficient to
show that
lim f'(s)=—-1 and lim f'(s) =1.

s—0t s—0~

Noting that f’ is bounded on R* (f is indeed 1-Lipschitz), let us prove that the only possible
limit for f’(s) when s — 0% is —1. For all s > 0, we have z.55(e;) = exp(sX; + Z) €
G\ (expV Uexp Z) and we then let (a5, Ws,Ys,Ts) € P denote its spherical coordinates. Up
to a subsequence, one can always assume that f'(s), as;, Wy and Yy converge when s — 0%
to some limits say [ € [-1,1], a € [0,27], W € V with [|[W| =1and Y € Z with ||[Y] =1
respectively. Note that if 7' = dy(x), we always have

lim Ts = lim dy(z.0s(e;)) =T > 0.

50t T ss0t 0( S( ]))
We have a > 0. Indeed, if by contradiction a = 0, we would have, remembering the expression
of the exponential coordinates of z.d,(e;) in terms of the spherical ones,

2

Z = lim - 2% Y, = 1i
s—1>r(§l+ 2 ag m(GIS) s s—l>I(§l+ 2 ag

T_52 as — sin(ay) Y, =0,

which gives a contradiction since Z # 0 by assumption. Next we prove that we actually have
a = 2w. To see this, we use now the expression of the exponential coordinate in V in terms
of the spherical ones and pass to the limit. Since a > 0, we have

. . Ty T
Jim sX; = lim - (exp(ar/ (%)) ~ DWs = (exp(al (Y)) ~ DW,

hence,
(exp(aJ(Y)) —I)W =0
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and the claim follows from the remarks after (4). Next, for all 1 < k < m, we have
T. .
(sXj, X) = — ((cos(as) — 1) (Wi, Xi) + sin(as) (J(Ys) Wy, X))

Qs

It follows that if £ # j and s > 0 is small enough, so that as € (m,27), then

1 — cos(as)
Y. Xp)=———" X

<J( s)Wsa k> sin(as) <Wsa k)a
and hence,

<J(Y)W5Xk> = lim <J(Y5)W5,Xk> = 0.

s—0t
Since thanks to (3), ||J(Y)W|| =1, we get that one must have [(J(Y)W, X;)| = 1. We have
T
(sXj, Xj) ~ (J(YV)W, X;)es

es—0+t 2T

whenever a; = 271 — &5 with 5 > 0 and €5 = o(1) when s — 0". On the other hand
(sXj,X;) =s>0 for all s > 0. It follows that (J(Y)W, X;) < 0 and finally

(J(Y)W, X;) = —1.

To conclude we go back now to f'(s). Remembering that f'(s) = X;do(z.0s(e;)) and using
(16), we get that lim,_,o+ f'(s) exists with

lin f'(s) = lim —sin(a,) (Ws, X;) + cos(a,) (J(V5) Wi, X;) = (JOV)W, X;) = 1

s—0t

as wanted. The fact that lim,_,y- f'(s) =1 can be proved exactly in the same way. O

3. SUPERDIFFERENTIAL AND C-CONCAVE MAPS WHEN c(x,y) = d(x,y)?/2

We first recall the general definitions of c-concavity and c-superdifferential relative to a
given map ¢ : G X G — R where G denotes a fixed group of type H. Similar definitions can
more generally be given in any abstract space.

Definition 7. We say that a function ¢ : G = R is c-concave if
o(z) = inf c(z,y) + (y) Vo e G
yey
for some suitable nonempty setY C G and ¢ : Y — RU {400}, ¢ # +o00.

Definition 8. Let ¢ : G — R be a function. The c-superdifferential O.¢(x) of ¢ at x € G is
defined by

Ocp(z) = {y € G; c(z,y) — p(z) < c(z,y) — p(z) for all z € G}.
and the c-superdifferential 0.0 of ¢ by

Ocp = {(z,y) € G x G5 y € Ocp(7)}-

For the rest of this section we restrict ourselves to the case c(z,y) = d(x,y)?/2 where d is
the Carnot-Carathéodory distance on G. The case where c(z,y) = dy(z,y)?/2 will be studied
in Section 5. We shall frequently use the notation cy(z) = ¢(z,y). The main result in this
section will be the description of the c-superdifferential of a c-concave and locally Lipschitz
map as the graph of minus its cc-gradient up to a null set, through some suitable system of
coordinates, see Theorem 4. This gives the analogue of Theorem 4.4 in [4] and we shall follow
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here the same strategy of proof. For sake of completeness and clarity we shall however give
quite extensively the technical modifications when needed.

The study of c-superdifferentials is naturally related to the differentiability properties of
the function. We first investigate the Z-differentiability of c-concave maps.

Lemma 4. Let ¢ be a c-concave map. Then ¢ is Z-differentiable a.e. on G. Moreover we
have || Vz ¢(x)|| < 27 for a.e. z € G.

Proof. In this proof Z will be regarded as endowed with the Fuclidean structure induced by
that of G. First, for any fixed z € G, we define f, : Z — R by

12(Z) = calexp 2) = do(a~" exp 2)%/2.
If € G\expZ, then 7 .expZ € G\ exp Z for all Z € exp Z and it follows from Lemma 2
that f, is differentiable on Z with gradient
Vie(Z) =do(z7 . exp Z) Vzdo(z " . exp Z).

Moreover, it also follows from (13) and (14) that ||do(y) Vz do(y)|| < 27 for ally € G\ exp Z
and we eventually get that f, is 2w-Lipschitz. If x € exp Z, © = exp Z, for some Z, € Z,
then zl.exp Z € exp Z for all Z € Z and it follows from (12) that f,(Z) = 27 ||Z — Z,|| and
thus f, is 2m-Lipschitz as well.

Now let ¢ be a c-concave map with ¢(z) = infycy c(z,y) + ¢(y) as in Definition 7. Given
z€expV, weset o : Z - R

0z(2) = p(x.exp Z) = inf f,(Z)+ ¢(z.y),
yEx— LY

so that ¢, can be written as an infimum of 27-Lipschitz functions and hence is still 27-
Lipschitz. In particular we get from Rademacher’s theorem that, for all z € expV, ¢, is
differentiable a.e. on Z. Finally, since Vz ¢(z) = V@exp x(Z) whenever z = exp(X + Z)
with X € V and Z € Z, the conclusion follows from Fubini’s theorem. O

We turn now to the study of c-superdifferentials.

Lemma 5. Let ¢ : G = R and x € G be such that X;p(x) exists for some 1 < j < m. Then
(Ocp(z) \ {z}) Nz.exp Z = 0.

Proof. This follows from Lemma 3 arguing exactly in the same way as in [4, Lemma 4.7]. O

Lemma 6. Let ¢ : G — R and z € my(0cp) be such that Ve o(z) exists. Then O.p(x) is a
singleton. Furthermore we have O.¢p(x) = {z} if and only if Vg p(z) = 0. When Vg p(z) # 0,
let y denote the unique point in O.p(x). If Vz o(x) =0, then

y = z.exp(= Vg ¢()).
Otherwise 1.y € G\ (exp VUexp Z) and y = z.®(a, W,Y, T) where (a, W,Y,T) € P is given
by
Vzo(z) | Vap(x)

a=IVze@l,  W=-JGg oD Ve o@’
__ Vzoel@) z
= Ve T IVer@l

Here 7y : G X G — G denotes the canonical projection on the first factor.
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Proof. Let ¢ : G — R and z € my(0.p) be such that V¢ ¢(x) exists. First we assume that
one can find y € d,.¢(z) \ {r}. We know from Lemma 5 that y '.z € G\ exp Z and hence
dy is Pansu-differentiable and Z-differentiable at 4 !.z by Theorem 3 and Lemma 2. Then it
follows that V. cy(z) exists with

Veeey(z) = do(y™".z) Veedo(y™'.z).

On the other hand, by definition of 0.¢(x), the map z — cy(z) — ¢(z) is minimal at z = =
and, since Vg ¢(z) and Vz ¢(z) exist by assumption, we get that

(18) Vaey(z) =Vge(z) and Vzey(r) =Vze(z).

If Vzo(z) = 0, we get Vzdo(y~'.z) = 0 and it follows from (13) and (14) that one must
then have y~l.z € expV \ {0}, y~'.z = exp X for some X € V\ {0}. Then, thanks to (12)
together with (17), we get that Vg cy(z) = X, hence X = Vg ¢(z) and thus

y = z.exp(— Va p(z)).

Note that since X # 0, we have in particular Vg ¢(z) # 0. On the other hand, if V z ¢(z) # 0,
then Vz do(y~'.z) # 0 and it follows once again from (13) and (14) that y~t.z € G\ (exp VU
exp Z). We then denote by (a, W,Y,T) € P its spherical coordinates. Going back to Vg ¢
and Vz ¢, we get from (18), (16) and (13) that

Vap(z) =T J(Y)exp(aJ (Y)W,
Vzp(zr) =aY.

Hence,

_ . _ Vze(x)
a=|Vzo(), Y= TV 0@’

T exp(aJ(Y))W = -J(Y) Vg ¢(z)
(remember (2) for the last equality). Taking into account (4), the fact that (J(Y )W, W) =0
and that ||J(Y)W| = ||[W] =1 (see (1) and (3)), we note that ||exp(aJ(Y))W|| =1 and thus
it follows that
Vzo(z) | Vge(z)
IVz @) | Vae(@)]

In particular, since T' > 0, we have Vg ¢(z) # 0. Finally, one recovers the spherical coor-
dinates of z .y given in the statement noting that the rule for computing the inverse of an
element in spherical coordinates is given by

®(a, W,Y,T)"" = ®(a,exp(aJ(Y))W, -Y,T).

T=|Vae(z) and expaJ(Y))W =-J(

At this point we have in particular proved that whenever d.¢(z)\{z} # 0 then d.¢(z)\{z}
is a singleton and Vg ¢(z) # 0. To conclude the proof, it is thus sufficient to show that if
x € O.¢p(z) then Vg p(z) = 0. For all 1 < j < m, we have

o do(6(e0) L p
Xjeolw) = iy === = Im 3

hence Vg ¢z (z) = 0. Then, if z € d.¢(z), we get that Vg ¢(z) = Vg cz(z) = 0 as wanted. O

=0,
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We conclude now this section with the description of the c-superdifferential of c-concave
and locally Lipschitz maps. Before we state the result we introduce some notations. Given
X €V and Z € Z with ||Z]| < 27, we set

(epr if Z=0,
exp..(X + Z) =< ®(||Z||, -J(— —, —, || X if X #0and 0 < ||Z] < 27,
cel ) (|l (||Z||)||X|| 12 X1 # 1Z]
0 if X = 0.

L

Note that if z € G\ (expV Uexp Z) and if (a, W,Y,T) € P denote its spherical coordinates,
then z = exp..(X + Z) with

X=TJY)W, Z=aY,
and it turns out that
(X,Z) — expeo(X + Z)
is a diffeomorphism from C = {(X,Z) e Vx Z; X #0, || Z| < 27} onto G \ exp Z.

These somehow Carnot-Carathéodory exponential coordinates (cc-exponential for short)
will be helpful to interpret formally the c-superdifferential of a c-concave and locally Lipschitz
map as the graph of minus its cc-gradient, at least up to a null set. A more significant
justification for the introduction of these cc-exponential coordinates will be given later when
studying Riemannian approximations for (G, d). We will indeed prove that these coordinates
arise in a natural way through the limit of the usual Riemannian exponential maps in the
approximating manifolds (see Lemma 8). One can also note that if [ : [0,1] — G with
I(s) = exp(X(s) + Z(s)), X(s) € V, Z(s) € Z, is a minimal geodesic in (G,d) from 0 to
some z with cc-exponential coordinates (X' ,Z) € C with Z # 0 and spherical coordinates
(a,W,Y,T) € P, then the cc-exponential coordinates of z are related to the velocity of [
through the relation X (0) = T J(Y)W = X and the fact that [ is an horizontal curve. If
z € expV \ {0}, then X(0) = X. Here the minimal geodesic is taken as parameterized on
[0,1] and thus with constant speed T'.

Theorem 4. Let ¢ be a c-concave and locally Lipschitz map. Then O.¢(z) is a singleton for
a.e. € G. More ezxplicitly we have A\(my(0:.¢\T')) = 0 where T" is the graph of the measurable
function v defined for a.e. © € G by P(x) = z.expee(— Ve 0()).

Proof. Since ¢ is locally Lipschitz, one knows that ¢ is Pansu-differentiable a.e. on G ([20]).
By c-concavity and Lemma 4 it also follows that ¢ is Z-differentiable a.e. on G, hence V¢ ¢
exists a.e. on (G. Then the theorem is an automatic consequence of Lemma 6 together with
the definition of the map exp,. (see [4, Theorem 4.4] for more details). O

4. OPTIMAL MASS TRANSPORTATION WITH A COST c(x,y) = d(x,y)?/2

We consider in this section the problem of optimal mass transportation in a group G of
type H equipped with its Carnot-Carathéodory distance.
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4.1. Existence and uniqueness. Recall from the introduction that we are given two Borel
probability measures u, v on G and that we want to minimize

s /G e, 9(x)) dys(z)

among all transport maps 1 : G — G such that pup = v. Throughout this section the cost
function is fixed and given by c(z,y) = d(z,y)?/2.

A major difficulty comes from the fact that the condition 14p = v is genuinely non linear
with respect to ¥ and the class of transport maps is in general not closed with respect to any
reasonable weak topology. Kantorovich proposed to consider instead the larger class II(y, v)
of transport plannings, that is, probability measures v in G x G such that moxvy = p and
TixY =V, Ty, M1 : G X G — G being the canonical projections on the first and on the second
factor, and to minimize

olns c(z,y) dv(z,y)
GxG
in the class of transport plannings. The new constraint on transport plannings being now lin-
ear, existence of generalized solutions holds under quite general assumptions and in particular
in our present setting.

Going back to the original problem one can note that any transport map 1 induces via
the map (Id x 9)(z) = (z,%(x)) a transport planning with the same cost, defined by (Id x
%)upu. Then solving the original problem reduces in showing that one optimal transport
planning is induced by some map 1. Moreover one can easily recover from the linearity of
the Kantorovich’s formulation that the optimal transport map is unique provided one knows
that any optimal transport planning is induced by a transport map. It turns out that this
approach naturally leads through a well developed duality theory to the study of c-concave
maps and their c-superdifferential, see e.g. [3], [10], [21], [25] but the list is not exhaustive.
Then the main result about existence, uniqueness and characterization of an optimal transport
map, Theorem 5 below, follows essentially from Theorem 4 exactly in the same way as in [4,
Theorem 5.1] to which we refer for complete arguments.

Theorem 5. Let u and v be two Borel probability measures on G. Assume that i is absolutely
continuous with respect to A and that

(19 [ dofa)? duta) + [ do(w)? duty) < +co.
G G
Then there exists a unique optimal transport planning from p to v, and this planning is
induced by a map . If sptv is compact, ¥ is given by
(20) P(z) = z.exp,o(— Ve p(z)) for p-a.e. z € G

for some c-concave and locally Lipschitz map ¢. Conversely, if 1 is representable as in (20)
for some map ¢ such that

(21) Ve o(x) exists and o(xz) = minc(z,y) — ¢(y) for p-a.e. z € G
yeG

and if

(22) [ (do(e)* + doi@))?) du(o) < +o0

then ) is the optimal transport map between p and v = pyp.
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Here ¢°(y) = infzeq c(z,y) — () is the c-transform of .

4.2. Riemannian approximations. Let G be as before a fixed group of type H equipped
with its Carnot-Carathéodory distance d. For any ¢ > 0, let M, be the Riemannian manifold
with coincides with G as a manifold and is equipped with the Riemannian structure where
the metric at the point = has

£ £
Xiyeos Xy X1y s X

n’

ST ¢4
are regarded as left invariant vector fields. We denote by d. the induced Riemannian distance.
This distance is left invariant. Note that M, and G coincide as topological spaces.

We have d. < do < d for all 0 < ¢’ < ¢ and it turns out that (G,d) can be recovered as
the limit of (M,,d.) in the sense that

(23) d(xa y) = supd; ($7 y)
e>0

for all z, y € G ([16]).

In view of the transport problem we fix as in Theorem 5 two Borel probability measures u,
v on G with p absolutely continuous with respect to A and satisfying (19). We set c.(z,y) =
d.(z,y)?/2 and, as before, c(x,y) = d(z,y)?/2. It follows from (19) and (23) that

/ d(z)? du(z) —I—/ d:(y)? dv(y) < +oo.
M, M.

It has been proved in [19] that under these assumptions there exists a unique optimal transport
map 1. from p to v relative to the cost c.. It turns out that the optimal transport map relative
to the cost ¢ is the limit of 1.. The proof can be achieved in the same way as in [4, Theorem
6.2]

as an orthonormal basis. Here X7 = ¢Xj form +1 < j <nand Xy,..., Xy, X7

Theorem 6. Let y and v be two Borel probability measures on G with p absolutely continuous
with respect to A and satisfying (19). Then the optimal transport maps . from u to v relative
to the cost ¢ converge in p-measure as € goes to 0 to the optimal transport map 1 from u to
v relative to the cost c.

R. McCann gives moreover a characterization of the optimal transport map 1. in terms of
some c.-concave potential whose gradient -and its norm- specifies the direction -and how far-
to move the mass geodesically in M., namely,

(24) Pe(z) = expz(—Vpe(x))

for py-a.e. © € M,, where exp:, is the Riemannian exponential in M.,

m n
Vepe(z) = Y Xjpe(x) Xj+ Y Xioe(a) X5 € T M.,
Jj=1 j=m+1

@e is a Kantorovich potential, that is, a c.-concave function such that v € II(u,v) is an
optimal transport planning if and only if

(25) ce(z,y) = pe(z) + @(y)  ~-ae.

and where it turns moreover out that the curve s € [0,1] — expZ(—sV¢p.(z)) is a minimal
geodesic in (M, d.) for py-a.e. z. Note that by left invariance, one then has

expy (= V9. (2)) = z. expj (= V°¢: (7))
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where, with a slight abuse of notation, V¢p.(z) showing up the right-hand side is given by

m n
Vepe(z) =Y Xjpe(2) X;(0) + Y Xige(z) X5(0) € Ty M..
j=1 j=m+1

Following the notations of §1.3 we set

Vg (Ps(m) :ZXj‘;Os(-T) Xja VZ‘Ps(x) = Z Xj‘Ps(‘Q:)Xja
j=1 j=m+1

so that
Ve (z) = Vg pe(z) + 2 Vg we(x).

We shall now prove that any limit point of the ¢.’, suitably normalized, gives rise to
a c-concave potential associated to the optimal transport map % as in (20) together with
convergence of the corresponding gradients.

Theorem 7. Let i and v be two Borel probability measures on G with p absolutely continuous
with respect to A, sptv compact and [, do(z)?du(z) < +oo. Fore > 0, let ¢, : M. = R
be a c.-concave dual potential as in (25), normalized in such a way that ¢.(0) = 0. Then
(pe)eso is relatively compact with respect to the local uniform convergence in (G,d) as € goes
to 0. Moreover any limit point ¢ is locally Lipschitz, c-concave and satisfies (21). Next, if 9
denotes the optimal transport map from p to v relative to the cost ¢, then i coincides with
Z > T.exXpee(— Ve 0(2)) p-a.e. and

Vagp: — Vay in LY (G,dp) for all p € [1,400),
Vzo. — Vzp p-ae on{zeG;P(z)#z}

An important tool in the proof of Theorem 7 comes from the fact that the cc-exponential
map exp,. can be interpreted as the limit (in some suitable sense) of the exponential maps
expg in M,. We first recall the explicit expressions of the geodesics starting from 0 in M..
For simplicity of notations we set exp® = expy.

Lemma 7. Lete > 0 be fizred. Letv € ToM, ~ G be fized with v = X+Z,XeV,ZeZ. For
s €10,1], we set exp®(sv) = exp(Xe(s) + Ze(s)) with X.(s) €V, Z(s) € Z, and X = X(1),
Z = Z.(1). We also set a. = 2||Z||. If Z =0, we have

X.(s) = sX, Z:(s) =0
for all s € [0,1] and in particular X=X and Z=0. If Z #0, then, setting
Z 1 :
Y=-"1, W.=-—JY)X,

1Z]] Qe

we have
1
Xc(s) = (exp(acsJ(Y)) — W, Z(s) = (52a63 + 9 ”WEHZm(ass))Y

for all s € [0,1]. In particular Z #0 and Y = Z/||Z||.

Proof. These equations can be found in [18]. Alternatively one can argue in the same way as
in [4, Proposition 6.6]. O
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We come now to the connection between the maps exp,. and exp®. For z € G\ {0}, we set

0 ifzeexpV,
(26) ay=¢a ifze G\ (expV Uexp Z) has spherical coordinates (a, W,Y,T) € P,
2 ifx € exp Z.

Lemma 8. Let (e;)r>1 be a positive sequence that goes to 0. For each k > 1 assume that v,, €
ToM;, ~G, v, = X5k+ZEk with ng €V and ng € Z, is such that the curvel;, : s € [0,1] —
expk (svg, ) is a minimal geodesic in (M, ,d;,). Assume also that limy_, o exp°* v, =z for
some € G\ {0}. Then we have

i, o=
where a., = € > |1 Z¢, || and ay is given by (26). Moreover, if z € G\ exp Z, z = exp,. (X + Z)
with (X,Z) € C, then

lim X,, =X and lim °Z, =2

k—+o0 k—+o0 ek
Proof. For simplicity of notations, we shall replace in this proof all indexes ¢, by k. We set
z, = expfuy, op = exp(Xy + Z;) with X;, € V and Z;, € Z. First we note that |lvg||r =
dy (0, ) by minimality of the curve [y where ||.||x denotes the norm on Ty M} induced by the
Riemannian structure on My. We have ||Uk||k = || X, |12 + £’ |1 Zx||2 and dy (0, zx) < d(0, zx)
hence the two sequences || X|| and et |Zx|| = ek ax are bounded. Let us prove that we
actually have ar = O(1). By contradiction, assume that limy_, ., ar = 400 along some
subsequence (as usual we shall not relabel subsequences for simplicity of notations). Then
Zk # 0 for all k large enough and, with the notations of Lemma 7 applied to v = v, we have
Wil = | X|l/ax hence limy_, 4o ||Wi|| = 0. This implies that limy_, o X3 = 0. Indeed, we
have

(27) [ Xkl = v2(1 = cos(ax)) [|Will
(computations are similar to those leading to (7)) and the claim follows. Similarly, we have

1 1 a; — sin(ay
(28) 12 = £ ax + Wl max) = chag + 3 E72H9) g o
aj
hence limg_, o Zx = 0. It follows that z = limg_, . exp(Xg + Zx) = 0 which gives the
contradiction.

Then let & and X be limit points of a; and Xy respectively. We distinguish two cases.
First if z € G\ expV, we have @ # 0. Otherwise, remembering (28), we would get that
limg y100 Zx = 0 hence x € expV which gives the contradiction. It follows in particular
that Zj # 0 for all k£ large enough and, up to a subsequence, one can always assume that
Yy = Zi /|| Zx|| converges to some Y. Then, if I;,(s) = exp(Xy(s) + Zx(s)), we get from Lemma,
7 that

lim Xi(s) = X(s), lim Zg(s) = Z(s)

k——+o00 k——+o00

for all s € [0,1] where

A

X(s) = (exp(asJ(Y)) — )W, Z(s) = % W12 m(as) Y.
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with W = —J (V)X /4. By monotone convergence of dj to d, one gets that the limit curve
[ :s€0,1 — exp(X(s) + Z(s)) is a minimal geodesic in (G,d). On the other hand, if
T = d(0,z), we also have
g o o N2 o2 (7 (12)1/2
T= lim dg(0,zx) = kgrfooHUkch = kEIfoo(HXkH +e 2 1261

k—+00

= lim a (|W]? +e)2 = a||W] = || X||.
k—-+oo
Then, setting W = W/ ||W||, we finally get that

X(5) = = (explasT (V) = DW,  2(s) = 5 = m(as) Y,

and that the curve v : [0,7] — G defined by (t) = I(¢/T) is a minimal geodesic from 0
to z with constant and unit speed. Then it follows from the characterization of minimal
geodesics (see Theorem 1 and Corollary 1), that one must have & = a,. If moreover z €
G\ (expV U exp Z) we also get that (a, W,Y,T) must coincide with the spherical coordinates
of #. Then X = T J(Y)W coincides with X by definition of the cc-exponential coordinates.
Next we have @ = ||Z|| and Y = Z/||Z|| also by definition of the cc-exponential coordinates,
hence,

lim ¢ Zk— lim ap,Y,=aY = Z.
k—+o0 —+00

If z € expV \ {0} then z = exp X = expCCX for some X € V '\ {0} and we have a = 0.
Indeed, if Z;, = 0 for infinitely many k’s, this follows from the very definition of a;. Moreover
we get from Lemma 7 that X, = X for these k’s and this concludes the proof. Otherwise,
we argue by contradiction, and since x € exp V, we have limg_, |, Z; = 0 and it would follow
from (28) that limj_, s X} = 0 and then (remember (27))

2(1 — cos(ag)) 1%, = 0.

lim || Xg|| = lim
k—+o00 k—+o00

Thus we eventually would get that z = limg_, o, exp(X; + Zx) = 0 which gives the contra-
diction. Then, assuming as before that, up to a subsequence, Y}, converges to some Y, we
have

X = lim X;= lim (exp(arJ(Yy)) — I)Wj

k—+o00 k—+o0
1— .
= gim 22O gy S0 5 g
k—+00 ag ag
and this concludes the proof. O

Theorem 7 follows now from Lemma 8 arguing as in [4, Theorem 6.11].

5. OPTIMAL MASS TRANSPORTATION WITH A COST c(x,y) = dg(x,y)?/2

We consider in this section the problem of optimal transport in a group G of type H
equipped with the Kordnyi distance. From now on we thus set c(z,y) = dy(z,y)?/2. With
the same strategy as for the Carnot-Carathéodory distance, existence and uniqueness of the
optimal transport will follow as soon as one gets the analogue of Theorem 4 about the c-
superdifferential of locally Lipschitz and c-concave maps. However this will be obtained in
the present case for quite different reasons than in the case of the Carnot-Carathéodory
distance, the main difference coming from the situation on the center of the group. We begin
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with a first description of the c-superdifferential of a map ¢ at some point where ¢ is Pansu-
and Z-differentiable.

Lemma 9. Let ¢ : G — R and z € my(0cp) be such that Vi p(z) exists. Then we have,
either

(2) Ocp(xz) C G\ z.exp Z,
and then Ocp(z) is a singleton, O.p(x) = {y}, where y = z.exp(X + Z) with

X = 2 (J(Vz (@) - VA— [Vzo@IP ) Va ola),

2

(29) 2

Z:—l ||V(}(P(£E)|| Z(P(-'L')a

44— Vze)?

or
(i7) Ocp(z) C z.exp Z.
Moreover, when (ii) holds and d.p(z) \ {z} # 0, we have
(30) Vaoe(z) =0 and || Vz o(a)] = 2.

Proof. The proof uses verbatim arguments of [4, Lemma 4.11] together with the necessary
computational modifications. They rely essentially on explicit computations for the deriva-
tives of the gauge of the group. First, setting as before ¢y(z) = c(z,y) for all z, y € G, we
have that for all y € G, ¢, is smooth on G \ {y} and

1

1) Ve o) = gz X1+ 49X,
8

2 Vzalt) = (ixpE v gz 2

whenever y '.x =exp(X + Z), X €V, Z € Z, (X, Z) # (0,0). In particular it follows that
ify e G\ z.expZ, then Vgey(z) # 0 and if y € z.exp Z, y # z, then Vg cy(z) = 0. Note
that, arguing as in Lemma 6, we also have Vg c;(z) = 0.

Going back to 0.¢(x) with z € m(0.¢) such that V¢ p(z) exists, we get from the definition
of the c-superdifferential that
(33) Vaey(z) =Vap(x)  Vy e dep(x),
(34) Vzey(z) =Vzo(r) Vye o)\ {z}.
All together, it follows in particular that Vg ¢(z) # 0 whenever 0.p(z) \ z.exp Z # () and
Vg ¢(z) = 0 whenever 0,¢(z) Nz.exp Z # 0 from which we get the exclusive alternative
between (i) and (7).

When (z) holds, the fact that 0.¢(z) is a singleton together with the expression of y €
Ocp(z) follow from the explicit resolution of the system

1

(X% + 16][2][2)1/2 (IXIPI+4J(Z2)X = Vg p(z)

8
(I1XI* + 16]|Z][2)*/2
coming from (31), (33) and (32), (34) and where X and Z are the exponential coordinates
of y 1.z (note that the exponential coordinates of z 1.y given in the statement are then —X

Z =V zyp(x)



MASS TRANSPORTATION IN GROUPS OF TYPE H 23

and —Z). To solve this system one note in particular that || X||?> T + 4 J(Z) is an invertible
linear map with
_ 1
1 X11* + 16| Z[|>
When (i) holds we have already seen that Vg p(z) = 0. If moreover d.¢(z) \ {z} # 0, the
fact that || Vz ¢(z)|| = 2 follows from (32) and (34) applied toy € (O.p(z)\{z})Nz.exp Z. O

(IX1* 1 +4.7(Z)~ (IX1* 1 — 4.7(2)).

When (47) holds, it may a priori happen that d.¢(z) does not reduce to a singleton. To
get the description of J.¢ as a graph outside a negiglible set we shall prove that this happens
only on a set of zero measure. As in [4] this will be a consequence of (30) and of Lemma 11
below based on BV estimates for c-concave maps together with differentiability properties
of BVg functions. We first prove the Z-differentiability and L*> bound for the Z-gradient of
c-concave maps. This is also useful on its own when proving Theorem 8.

Lemma 10. Let ¢ : G — R be a c-concave map. Then ¢ is Z-differentiable a.e. on G.
Moreover we have | Vz p(z)|| <2 for a.e. z € G.

Proof. The proof can be achieved arguing as for Lemma 4. The point is that the map
fz + Z — R defined by fz(Z) = cy(exp Z) is 2-Lipschitz for all z € G. Indeed, when
x € G\ exp Z, then f, is differentiable on Z with ||V f,(Z)| <2 for all Z € Z (see (32)), and
when z € exp Z, x = exp Z, for some Z, € Z, then f,(Z) = 2||Z — Z;|| O

Lemma 11. Let ¢ : G — R be a c-concave and locally Lipschitz map. Then we have
AM{z € G; Vap(z) =0 and Vzo(z) #0}) =0.

Proof. First since ¢ is locally Lipschitz, it follows, essentially from Pansu’s differentiability
theorem ([20]), that X, in the distributional sense, can be represented by a L% function
for all 1 < j < m. Then we have that, for all 1 < 57 < m, X;¢ € BVg ., that is, X;X;¢p
can be locally represented by a (signed) Radon measure for all 1 < 7 < m (for more details
about the space BV of functions of intrinsic bounded variations, we refer to e.g. [2] and the
references therein). Indeed, first, direct computations give a constant C' > 0 such that

(35) | XiXjcy(z)| < C

forally € G, z € G\ {y} and all 1 < 4,5 < m. Then one can argue as in [2, Theorem
4.3]. On one hand one gets that X X ¢ can be locally represented by a Radon measure for
all X € V. In particular considering X = X; and X = X; + X; gives that (X;X; + X;X;)p
can be locally represented by a Radon measure. On the other hand it follows from (35)
that [(X;X; — X;Xi)ey(z)] < 2C for all y € G and all z € G\ {y} and consequently
(X;X; — X;X;)p can be locally represented by a Radon measure as well. All together we get
that 2X; X0 = (X;X; + X; X;)o + (X;X; — X;X;)¢p can be locally represented by a Radon
measure for all 1 <4,j < m, hence X;p € BV o as claimed.

Then it follows from [2, Theorem 2.2] that, for all 1 < j < m, X,¢ is approximately
differentiable a.e. and the approximate differential is then identically zero on S = {z €
G; Vg o(z) =0 and Vz ¢(z) # 0}. Once again by [2, Theorem 2.2] we get that the measure
[Xi, Xj]e has zero absolutely continuous part with respect to A on S for all 1 < 4,5 < m.
Since [V, V] = Z, we get that Zy¢ can be locally represented by a Radon measure with zero
absolutely continuous part with respect to A on S for all Z € Z. On the other hand, we know
from Lemma, 10 that Z is representable by an L function and coincides as a measure with
(Vzp,Z) X Hence Vz o =0 a.e. on S and the lemma follows. O
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As for the case of the Carnot-Carathéodory distance we automatically get from the previous
lemmata the analogue of Theorem 4 (see also [4]).

Theorem 8. Let ¢ be a c-concave and locally Lipschitz map. Then O.p(x) is a singleton for
a.e. x € G. More explicitly we have \(m(0. \T')) = 0 where T is the graph of a measurable
function 1 which satisfies that (z) = z.exp(X + Z) where X and Z are given by (29) for
a.e. x € G such that Y(x) # x.

We conclude with the existence, uniqueness and characterization of the optimal transport
map relative to the cost c(z,y) = dg4(z,y)?/2 which follows as for the case of the Carnot-
Carathéodory distance from Theorem 8 together with general arguments from the theory of
optimal transport.

Theorem 9. Let u and v be two Borel probability measures on G. Assume that i is absolutely
continuous with respect to A and that

/ dg(0,z)? du(z) +/ dg(0,9)* dv(y) < +oo.
G G

Then there exists a unique optimal transport plan from u to v, and this plan is induced by
a map . If sptv is compact, there exists a c-concave and locally Lipschitz map ¢ such that
P(z) = z.exp(X + Z) where X and Z are given by (29) for u-a.e. x € G such that ¢¥(z) # x.
Conwversely, if 1 is representable in such a way for some c-concave map ¢ which satisfies that

Vee p(z) exists and p(z) = Il’liél c(z,y) — ¢°(y) for p-a.e. z € G
ye

and
/ (dy(0,2)? + dy (0, %(2))?) dps(z) < +o0
G
then 1 is the optimal transport map between p and v = pyp.
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