COUNTER EXAMPLE TO THE ISODIAMETRIC INEQUALITY IN
H-TYPE GROUPS

S. RIGOT

ABSTRACT. We prove that in a H-type group equipped with either its Carnot-Carathéodory,
gauge or ||.||o-distance and with its Haar measure, the isodiametric inequality does not hold.
As a consequence one gets that the Hausdorff measure and the spherical Hausdorff measure
of dimension @, where @ is the homogeneous dimension of the group, do not coincide.

1. INTRODUCTION

The classical isodiametric inequality in the euclidean space R" equipped with the n-
dimensional Lebesgue measure asserts that the balls maximize the measure among all sets
with prescribed diameter. This gives non trivial information about the relation between the
metric structure of the space and the measure it is endowed with since it is in general not
always possible to include a given set in a ball with equal diameter. This inequality is also
known as a useful tool when comparing the Hausdorff and spherical Hausdorff measures of
dimension n and showing in particular that these two measures coincide.

The question of the validity of a suitable isodiametric inequality and of its role when
comparing Hausdorff and spherical Hausdorff measures can be more generally formulated in
other metric measure spaces. We will be mostly concerned in this paper by the case of a
H-type group G equipped with either its Carnot-Carathéodory, gauge or ||.||s-distance d and
with its Haar measure \. If () denotes the homogeneous dimension of the group, one knows
that X is a Q-uniform measure, that is, there exists w(d) > 0 such that A(B) = w(d) diam(B)?
for all balls B (see Section 2 for precise definitions and statements). Then the isodiametric
inequality would read as A(A) < w(d) diam(A)® for all Borel set A. The main result of this
paper will be the construction of a counter example to this isodiametric inequality. We shall
indeed construct from a ball B a set A that strictly contains B but still has the same diameter
than B so that A(A) > A(B) = w(d) diam(A)%. This will be done in Section 3.

The reason for focussing in this paper on H-type groups comes from the main initial
motivation which was to handle the case of the Carnot-Carathéodory distance. This distance
is defined with respect to the length of so-called sub-unit curves and there is in general no
explicit formula for computing the distance between any two points. It turns however out that,
for the particular class of Carnot-Carathéodory spaces composed by H-type groups, one can
determine explicitly the equations of the minimal geodesics and this can be used to derive
concrete geometric features induced by the Carnot-Carathéodory metric (see Section 2, in
particular Lemma 1, and also the argument of the proof of Theorem 1). When considering the
other distances for which there are explicit formulas, the construction of the counter example
follows from more crude computations and can be extended to more general situations as e.g.
Carnot groups equipped with the analogue of the ||.||o-distance, see Remark 1.
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Next, as a general matter of fact, it turns out that in a homogeneous group of homogeneous
dimension @) equipped with a homogeneous distance and with a Haar measure, the validity of
the isodiametric inequality is equivalent to the equality between the Hausdorff measure H<
and the spherical Hausdorff measure S9. This relies on quite classical covering arguments and
might be quite classical as well. For sake of completeness we shall however give some details
about these arguments in Section 4. More specifically we will express the ratio between 9
and S¥ in terms of a so-called isodiametric constant C7(d) € (0, 1] where the equality C7(d) =
1 characterizes the validity of the isodiametric inequality. All together it will in particular
follow that for a H-type group of homogeneous dimension ) equipped with either its Carnot-
Carathéodory, gauge or ||.||o-distance, the Hausdorff and spherical Hausdorff measures of
dimension () do not coincide.

2. H-TYPE GROUPS

We begin with the definition of H-type groups together with natural structures attached to
them, namely dilations and Haar measure. These groups are special examples of connected,
simply connected and nilpotent Lie groups of step two. They have been introduced by Kaplan
in [13] as a natural generalization of the Heisenberg groups (see Example 1 below for the
definition of the Heisenberg groups).

Let G be a real Lie algebra equipped with a scalar product and which can be decomposed in
a non-trivial orthogonal direct sum, G =V @ Z, where [V,V] C Z and [V, Z] = [Z, Z] = {0}.
We define the linear map J : Z — EndV by (J(Z)X,X') = (Z,[X,X']) for all X, X' € V
and Z € Z. We say that G is a H-type algebra if for all Z € Z,

(1) J(2)? =2 1d.

Note that in such a case Z is the center of G and [V,V] = Z so that G is a stratified Lie
algebra of step two. Note also that dim()) must then be even. For more details about H-type
algebras we refer to [13], see also e.g. [3] or [14].

A Lie group G is said to be a H-type group if it is connected, simply connected and if its
Lie algebra, is of H-type. The exponential map being in such a case a diffeomorphism from G
onto G ([6]), we can write an element in G as z = exp(X + Z) where X € V and Z € Z and
the group law is then given by the Campbell-Hausdorff formula and has the form

exp(X + Z).exp(X' + Z') =exp(X + X' + Z + Z' + [X, X"]/2)
forall X, X' eV and Z, Z' € Z.

Next a H-type algebra G can be equipped with a natural family of dilations J,, p > 0,
defined by

6, (X+2Z)=pX+p°Z
forall X € V and Z € Z. They induce dilations on the group that we shall still denote by 4,,
5, (exp(X + 2)) = exp(d,(X + 2)).

Finally, if £ denotes the n-dimensional Lebesgue measure on G where n = dim(G), then the
push-forward A = expy £ of £ through the exponential map is a bi-invariant Haar measure on
G. It is also not hard to see that A is homogeneous of degree () with respect to the dilations
where () = dimV + 2 dim Z is the homogeneous dimension of the group, that is,

A(B,(F)) = p9 A(F)
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for all Borel set F' and all p > 0 ([6]). As a convention, when speaking, with a slight abuse of
terminology, of the Haar measure of the group, we shall always refer here to .

Ezample 1. As already mentioned, H-type groups generalize the definition of the Heisenberg
groups. The Heisenberg algebra corresponds to the case where dim(Z) = 1 so that Z ~ R.
Then the linear map J is entirely determined by J(1) and if dim(V) = 2n for some n € N*,
one can represent J(1) in a suitable orthonormal basis as

0 Id
sw=(% %)
Hence the corresponding Heisenberg group H® may be identified with R?>” x R and the group
law is then given for [z,t], [z/,#] € R*" x R by

1 n
[z,t].[", ] =[x+ 2/, t +t + 5 Z(wnﬂxi — :E;H_Z:I:Z)]
i=1
The dilations are defined by d,([z,t]) = [pz,p?t] and the Haar measure coincides with the
usual Lebesgue measure on H"* ~ R?"+1,

Next there are many ways to define natural distances on a H-type group , that is, distances
d which induce on the group G the usual euclidean topology when identifying G with its Lie
algebra G via the exponential map, that are left invariant, that is, d(z.y,z.z) = d(y, z) for
all z, y and z € G, and homogeneous of degree one with respect to the dilations, that is,
d(6,(y),0,(2)) = pd(y,z) for all y, z € G and all p > 0. Any distance with these properties
will be called a homogeneous distance. We begin with some common features of such distances
that will be used in this paper.

First it turns out that any two homogeneous distances are bi-lipschitz equivalent. It follows
in particular that if d is a homogeneous distance on G then (G, d) is a complete and locally
compact metric space (it is indeed enough to check this property for a single particular natural
distance and this will be clear for the gauge or ||.||so-distance to be defined below).

Next, if d is a homogeneous distance, it follows from the left invariance and homogeneity
of the metric and of the measure A that

(2) A(B) = w(d) diam(B)?

for all ball B where w(d) = A\(B;)/diam(B;)? and B; denotes the closed unit ball centered
at 0. This is actually true more generally in any homogeneous group equipped with a ho-
mogeneous distance and with a Haar measure. One can also note that for H-type groups
(or more generally Carnot groups) equipped with a homogeneous distance, one always has
diam(B) = 2 radius(B) for all balls B. (Here, once a metric is given, balls are always under-
stood as defined with respect to this fixed distance).

We define now more specifically the three homogeneous distances we shall consider here.
We begin with the so-called Carnot-Carathéodory distance. We fix an orthonormal basis
(X1,...,Xy) of V. When needed, we shall also interpret X, (as well as any vector in G) as
a left invariant vector field. Then we say that an absolutely continuous curve v : [0,T] — G
is sub-unit if there exist measurable functions by, ..., by, : [0,T] = R such that }_, b; t)? <1
and
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for a.e. ¢t € [0,T]. In other words, the differential of the exponential map at a point Y € G
being given by I — ad(Y)/2 (see e.g. [12]) and hence #(t) = X (¢) + Z(t) — [X(¢), X (£)]/2
whenever (t) = exp(X (t) + Z(t)) for some curves X (t) and Z(t) in V and Z respectively
(here we also identify V and Z with their tangent spaces), the conditions for y to be a sub-unit
curve can be rephrased as Z — [X, X]/2 = 0 and || X|| < 1 a.e. on [0,T].

Since the family (Xi,...,X,,) generates G as a Lie algebra, it follows from Chow’s the-
orem that any two points z, y in G can be joined by a sub-unit curve. Then the Carnot-
Carathéodory distance between z and y is defined as

de(z,y) = inf{T > 0; there exists a sub-unit curve v: [0,7] - G
such that v(0) =z, v(T) = y}.

One can easily check from this very definition that d. is left invariant and homogeneous of
degree one with respect to the dilations. It also turns out that d. induces the euclidean
topology so that d. is a homogeneous distance on G. We refer to e.g. [2] or [11] for more
details about Carnot-Carathéodory spaces.

The argument we shall use to contradict the isodiametric inequality when G is equipped
with d, will use a specific geometric feature of minimal geodesics stated in Lemma 1 below.
First we recall that (G,d.) is a complete and locally compact metric length space hence any
two points can be joined by a minimal geodesic ([10]). By minimal geodesics we will always
mean here minimal geodesics with constant and unit speed, that is, curves v : [0,7] — G
such that d.(y(t),y(t')) = |t — /| for all ¢, t' € [0,T].

Lemma 1. Let z € exp Z and vy : [0,T] — G be a minimal geodesic starting from z. Then
v(t) € exp Z for all t € (0,T).

In other words a minimal geodesic starting from the center of the group can meet the
center only at its extremal points. This will follow from an explicit description of the minimal
geodesics. In the Heisenberg groups they have been first studied by Gaveau ([8], see also e.g.
[15] or [1] and the references therein). For a H-type group necessary conditions for a curve
to be a minimal geodesic can be found in [14] and a first step to a complete characterization
has been given in [16]. We shall complete here the description. We set

P ={(a, W,Y,T) € (0,+00) x V x Z x (0, +00); W] =1, [[Y]| = 1}

and
1—

m(a) = a —sin(a), p(a)= #?EEZ;.
We say that a curve 7 is a curve with parameter (a, W,Y,T) if v : [0,7] — G is defined by
v(t) = exp(X () + Z(t)) with

T at 172 at
3 X(0) = = (exp(B (V) - DW, Z(0) = 3 m(2)Y.
We say that <y is an horizontal segment (with constant and unit speed) if v : [0,T] — G is
defined by ~(t) = exp(tX) for some T € (0,+00) and some X € V with || X|| = 1. We have
the following two propositions.

Proposition 1 ([14]). A minimal geodesic in (G,d.) starting from 0 must be either a curve
with parameter (a, W,Y,T) for some (a,W,Y,T) € P or an horizontal segment.
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Proposition 2 ([16]). All curves with parameter (a,W,Y,T) € P where a € (0,27] and all
horizontal segments are minimal geodesics.

To complete the picture it thus remains to study the case of curves with parameter
(a, W,Y,T) € P where a > 27.

Proposition 3. Curves with parameter (a,W,Y,T) € P with a > 2w are not minimal
geodesics.

The argument of the proof given below generalizes the situation of complete Riemannian
manifolds where, whenever c is a geodesic and there exists another distinct geodesic between
c(t) and ¢(t') with the same length than ¢, then ¢ cannot be minimal on any bigger interval
[t,' + €]. This gives a simpler alternative to the more involved argument used in [1] in the
case of the Heisenberg groups.

Proof. By contradiction assume that some curve y with parameter (a,W,Y,T) € P with
a > 27 is a minimal geodesic. We choose W € V with |[W|| = 1 and W # W and let ¢ denote
the curve with parameter (a, W,Y,T) € P. We set ty = 2nT/a. Since ||Y|| = 1, it follows
from (1) that exp(27J(Y)) — Id = (cos(27) — 1) Id + sin(27) J(Y') = 0 so that y(ty) = c(to).
Then we consider the curve [ : [0,7] — G given by ljjo,1] = €|0,o] a0d {10,771 = V[to,17- We
claim that [ is not a minimal geodesic. Indeed on one hand, all curves with parameter in
P and all horizontal segments being smooth curves, it follows from Proposition 1 that any
minimal geodesic starting from 0 is of class C* (we note that this is also true for all minimal
geodesics by left invariance of the distance and because the group law is of polynomial type,
see also [17], [18] where this is shown to hold more generally under the so-called strong bracket
generating hypothesis and [9] where this is extended to all Carnot groups of step 2). On the
other hand [ is clearly not smooth at ty. Indeed if I(¢t) = exp(X(t) + Z(t)), we have

X (1) = J( ) exp( (V)W

for all t € (0,%9) hence
lim X (t) = J(Y)exp(2nJ(Y))W = J(Y)W.

t—ty
Similarly we have )
lim X(t) = J(Y)W
t—td
and the claim follows since J(Y) is invertible and W # W. Hence [ cannot be a minimal
geodesic and thus d.(0,{(T)) < T (note that [ is a sub-unit curve). But I(T') = y(T) and v
was assumed to be minimal hence d.(0,7(T")) = T and the contradiction follows. O

We now turn to the proof of Lemma 1. Let z € exp Z. By left invariance, any minimal
geodesic starting from z is of the form z.y where 7 is a minimal geodesic starting from 0. And
we have that z.y meets exp Z if and only if v meets exp Z. On the other hand we know from
Proposition 1, Proposition 2 and Proposition 3 that v is a curve with parameter (a, W,Y,T)
for some (a, W,Y,T) € P with 0 < a < 27 or an horizontal segment. Obviously an horizontal
segment does not meet exp Z except at its starting point. Next, since |Y|| = 1, it follows
from (1) that exp(bJ(Y')) = cos(b) Id +sin(b)J(Y') for all b € R. Hence

(exp(bJ(Y)) — Id) (exp(—bJ(Y)) — Id) = 21Id —(exp(bJ(Y)) + exp(—bJ(Y)))
= 2(1 — cos(b)) Id
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and exp(bJ(Y)) — Id is in particular invertible for all b € (0,27). If ¢ € (0,7), we have
at/T € (0,27) and it then follows that X (¢) # 0 whenever X(¢) is given by (3). Hence
v(t) & exp Z as claimed.

We will also consider two other homogeneous distances. One of them is the so-called gauge
(or Kordnyi) distance d, defined with respect to the homogeneous norm

lexp(X + Z)|l = (IX|* + 161 2]|*)"/*

for all X € V and Z € Z. By [4], this norm satisfies ||z.y|| < ||z|| + ||y|| for all z, y € G, and
one then defines the distance dy(z,y) between any two points z, y € G by

dg(z,y) = [l=7"yll-
The second one, that we shall call ||.||o-distance, is defined by

doo(z,y) = 127" Yl|oo-
where
| exp(X + Z)|loo = max (|| X||,21Z]|'/%)
for all X € V and Z € Z. A routine computation shows that ||z.y|lec < ||#]/ec + [|y]leo for all
z, y € G and then dy, defines a homogeneous distance on G as well.

3. COUNTER EXAMPLE TO THE ISODIAMETRIC INEQUALITY

We prove in this section that in a H-type group equipped with either the distance d., d,
or do, the isodiametric inequality fails to hold.

Theorem 1. Let G be a H-type group , A be the Haar measure of the group and d be one of
the distances d., dg, dw. Then there ezists a closed set A such that A\(A) > w(d) diam(A)<.

Recall (2) for the definition of w(d). Note that since two locally finite Borel regular Haar
measures of the group only differ by a multiplicative constant there is here no loss of generality
when considering the specific Haar measure ).

Proof. We start from the closed unit ball B; and we first prove that there exists a point
p € 0B such that d(p,z) < diam(B;) for all z € By. The conclusion will then easily follow
from this geometric observation. We distinguish three cases corresponding to each distance.
Case 1. When d = d., we start from a point p € exp Z N 0B;. The claim will follow from
the fact that there is no minimal geodesic starting from z that can pass through the center of
the ball By (except possibly at its terminal point). If z € By, z # 0, we let v; : [0,71] = G
be a minimal geodesic between p and 0 and -y, : [0,75] — G be a minimal geodesic between
0 and z. Then we define the curve v : [0,71 + T»] — G by 7(t) = v1(t) if t € [0,71] and
Y(t) = yo(t —T1) if t € [T1,T1 + T3]. It follows from Lemma 1 that -y cannot be a minimal
geodesic between p and z since y(71) = 0 € exp Z. Since 7 is sub-unit it follows that
de(p,z) <T1 4+ Ts = d(p,0) + d.(0,z) < 2 where the equality follows from the minimality of
~v1 and 2. If z = 0 we obviously have d.(p,z) =1 < 2.

Case 2. When d = d; the conclusion follows from a direct computation. We choose p =
exp(Zp) for some Z, € Z such that ||Z,|| = 1/4. Then if z = exp(X + Z) € B; with X € V
and Z € Z, we have exp(Z,)'.exp(X + Z) = exp(X + Z — Z,) hence

dg(p,2)* = | X|[* +161Z ~ Z,|*
= IXII* + 16 1Z1|* + 16| Z, |1 — 32(Zp, Z) < 2(1 + 16 [ Z] || Z,]I) < 4,
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because z € By hence || X||* +16||Z||? < 1 and || Z|| < 1/4. Tt follows that dy(p,z) < v/2 < 2
as wanted.

Case 3. When d = d, the argument is similar to the previous one starting once again from
p = exp(Zp) with Z, € Z such that ||Z,|| = 1/4. Then if z = exp(X + Z) € B; with
X €Vand Z € Z, we have | X|| < 1 and 16||Z — Z,|? = 16| Z||2 + 16 || Z,||? — 32(Zp, Z) <
2(1416|Z|| | Zp]]) < 4. Hence dso(p, ) < v/2 < 2 as wanted.

To conclude let p € dB; be such that d(p,z) < diam(B) for all z € B;. By continuity
of z — d(p,r) and compactness of By, we get that sup,cp d(p,z) < diam(B;). Since
q = supgep, d(g, ) is 1-Lipschitz hence continuous, it follows that one can find a nonempty
closed ball B centered at p such that sup,cp, d(¢,z) < diam(B;) for all ¢ € B. Considering
a smaller ball if necessary, one can also assume that diam(B) < diam(B;). Then we set
A = By U B. Since p € 0B1, A clearly contains a small nonempty ball that does not meet
Bi hence A\(A) > A(B1) = w(d) diam(B;)?. On the other hand we have that d(q,q') <
SUp,ep, d(¢,z) < diam(B;) for all ¢ € B and all ¢’ € B; and it easily follows that diam(A) =
diam(B1) hence A(A) > w(d) diam(A)? as wanted. O

Remark 1. One can extend the previous argument to Carnot groups equipped with the ana-
logue of the ||.||o-distance. More precisely a Carnot group G is a connected, simply connected
Lie group whose Lie algebra G admits a stratification,
G=afV;, M,Vjl=Vim, Vi#{0}, Vi={0}ifj>*

The group may be identified via the exponential map with R™ x ... x R™* where m; =
dim(V;). Then the dilations are given by 6,(z1,...,75) = (pz1,-..,p 7). One defines
a homogeneous distance do, on G setting doo(z,y) = ||z .yllec Where |[(z1,...,Z)|lcc =
max{f; ||wj||]grﬁj, Jj =1,...,k} and the §;’s are suitable positive constants that depend on the
group structure and are chosen in such a way that ||2.y]lcc < ||Z|l0o + |¥llcc (s€€ €.g. [7] for
more details about this kind of distances). Then starting from a point p € dB; of the form
p=(0,...,0,z,) with ﬂ,’§||xp||Rmk = 1, one easily extends the argument of Case 3 above and
a counter example to the isodiametric inequality follows.

4. COMPARISION BETWEEN HAUSDORFF AND SPHERICAL HAUSDORFF MEASURES

We recall in this section some relationships between various natural measures that can be
defined on a H-type group equipped with a homogeneous distance, namely the Haar measure
and the Hausdorff and spherical Hausdorff measures of dimension ) where () is the homoge-
neous dimension of the group. In connection with the previous section we shall in particular
be interested in the role of the isodiametric inequality when comparing the Hausdorff and
spherical Hausdorff measures. In our present context the validity of the isodiametric inequal-
ity turns indeed out to be equivalent to the equality between these two measures. As already
mentioned, the main arguments we use here are based on a classical covering theorem and
the results we shall state might be quite classical as well. However for sake of completeness
we shall give some few details about these arguments in this section. We also stress that the
main results (Theorem 2 and Theorem 4) can be easily extended, with the same arguments
and proofs, to the more general setting of homogeneous groups equipped with a homogeneous
distance.

We keep the same notations as before and let G be H-type group and A be the Haar
measure on G as defined in Section 2. We fix a homogeneous distance d on G. If @) is the
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homogeneous dimension of the group the Hausdorff measure 4% and the spherical Hausdorff
measure S? are defined in the classical way using Carathéodory’s construction. If A C G,

HY(A) = 1,}18 HE(A)

where H (A) = inf{3 52, diam(4;)9; A C UL, A4;, diam(4;) < p},
S9A) = 1[%1 S2(A)

where S?(A) = inf{} 72, diam(A4;)%; A C UL,A4;, A; is a ball with diam(4;) < p}.

The normalization adopted here may not be the classical one, where one adds the -
dimensional Lebesgue measure of the euclidean ball with unit diameter in R? as a multi-
plicative factor, but it has the advantage that %#% and S depend here only on the intrinsic
homogeneous distance d.

We recall that we have set w(d) = A(Bj)/diam(B;)? where B is the closed unit ball so
that \(B) = w(d) diam(B)% for all ball B. All the three measures A\, H? and S? are locally
finite Borel regular Haar measures on G hence they only differ from a positive and finite
multiplicative factor. First, as a classical matter of fact, it follows from the left invariance
and homogeneity and from the normalization that the ratio between A and S9 is exactly
given by w(d).

Theorem 2. We have A = w(d) S9.

We first recall the covering theorem which is the central tool for the proof of this result as
well as for the comparision between H% and S¥. It can be found, in a more general setting,
in [5, Chapter 2.8].

Let F be a family of closed subsets of G.

We say that F covers a set A finely if for all @ € A and all € > 0, there exists F' € F such
that a € F and diam(F) <e.

We say that F is adequate for a set A if for any open set U there exists a countable
disjointed subfamily F of F such that
UFeﬁFCU and )\((UﬂA)\UFE]:-F) =0.

(Note that we can replace here A by S@ or H%.)
If F € F, wedefine F =U{T € F; TNF # § and diam(T) < 2 diam(F)}.

Theorem 3 ([5]). We assume that all sets in F are bounded and that \(F') > 0 for all F € F.
Then if F covers A finely and if there exists 7 > 1 such that \(F') < 7A(F) for oll F € F,
then F is adequate for A.

We turn now to the proof of Theorem 2. Since A and S® are both locally finite Borel
regular Haar measures on G it is sufficient to check that A\(U) = w(d) S9(U) where U is an
open subset of G with A(U), and hence S?(U), finite. Then let € > 0 be fixed and let (B;);£%
be a family of balls such that U C Uf% B; and

+o0
Y diam(B;)? < S9(U) +e.
=0
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We have
—+o00
U) <> ABi) = Zdlam )9 < w(d) (SPU) +e¢).

Since this holds for all ¢ > 0, it follows that MU) < w(d)S?(U). Conversely, for p > 0
fixed, we consider the family ¥, composed by all closed balls in G’ with diameter less than
p- Then F, covers U finely. Next, for all B € F,, we have dlam( B) < 5 diam(B) hence B
is contained in a ball with diameter 10 diam(B) and thus A(B) < 109 A\(B). Then it follows
from Theorem 3 that one can find a countable disjointed subfamily .73,) C F, such that

U,cU and MNU\U,)=S8?U\U,) =0
where U, = Up 7 B. Then we get

w(d) ST, d) Y diam(B)? = Y A(B) = A(U,) = A(V).
BEF, BeF,
It follows that

w(d) SA(U) < w(d) SOV \U) +(d) SUy) < w(d) SUU\U,) + A(U) = AU)
for all p > 0. Then we let p | 0 to get that w(d) S(U) < A(U) and this concludes the proof.

We turn now to the comparison between H? and S€ using a so-called isodiametric constant
C(d) that will make the connection with the isodiametric inequality. If A is a bounded Borel
subset of G with positive diameter, we put

Ca(A) = w(d) diam(A)?/\(A)
with the convention that Cy(A) = 400 whenever A\(A) = 0. Then we set
Cr(d) = inf{C4(A); A is a bounded Borel subset of G with diam(A) > 0}.

First we note that Cr(d) > 0. Indeed otherwise, for each ¢ > 0, one could find a Borel
set A, with positive and finite diameter such that w(d) diam(A:)? < e A(A:). Then we
set 7. = diam(A.)~! and D, = 6, (A:). We have diam(D.) = 1 hence D, is contained in
a ball with unit radius and thus A\(D.) < w(d) diam(B;)?. On the other hand \(D.) =
9@ N\(A:) > w(d) /€ and the contradiction follows for £ small enough. Next it turns out that
the multiplicative factor between H? and S is exactly given by the isodiametric constant

Cr(d).

Theorem 4. We have H® = C;(d) S%.

Proof. The proof is very similar to that of Theorem 2. First it is enough to check the equality
for open subsets U of G with finite 9, and hence S?, measure. Then, using verbatim

arguments of the proof of Theorem 2, we let ¢ > 0 be fixed and let (U;);f% be a family of
bounded sets such that U C UZT":OSUi and

“+o00o
Edlam(Ui)Q <HOU) +¢
i=0
We have
“+o00 400
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where the equality follows from Theorem 2 and the definition of Cy(U;). Since this holds for
all € > 0, it follows that C;(d) SY(U) < HO(U).

Conversely we prove that H?(U) < C4(A) S?(U) for all bounded Borel set A with positive
diameter. First we have C4(A) < Cy(A) and, by left invariance and homogeneity, Cy(Az,) =
C4(A) whenever A, , = z.6,(A) with z € G and r > 0. Hence, taking closure and translating
A if necessary, it is enough to prove the claim for closed bounded sets A with positive diameter
and containing 0. We also assume that Cy(A) < +oo otherwise there is nothing to prove.
The proof is now similar to the second part of Theorem 2 using coverings with sets of the
form A, ,, the main point being to check that we are in a position to use Theorem 3. Thus
let p > 0 be fixed. We set

A, ={Az,; v € G, rdiam(A4) < p}.
The family A, covers U finely since for all z € G and all r > 0 we have z € A, and
diam(A, ) = r diam(A). Next, similarly as before, we have diam(A,,) < 5diam(4, ) hence
A, is contained in a ball with diameter 10 diam(A,,) and thus

AMA, ;) <109 w(d) diam(A4,,)? = 109 Cy(A) M(Ag )

It follows from Theorem 3 that A, is adequate for U and we conclude now as in Theorem 2.
One can find a countable disjointed subfamily A, C A, such that

U,cU and SPU\U,)=H?U\U,) =0
where U, = Up, 4 B. Then we have

HI(U,) < > diam(B)? = Cy(A) > 89B) = Cy(A) S?(U).
BeA, BeA,
It follows that
HF(U) <HF(UN\T,) +HF (U,) <HIUUN\T,) + Ca(4) SUU) = Ca(4) S2(U)
for all p > 0. Then we let p | 0 to get that HR(U) < Cy(A) S?(U) as wanted. O

Going back to the isodiametric inequality we get that its validity, that is, the fact that
AMA) < w(d) diam(A)? for all Borel set A, is equivalent to the equality C7(d) = 1. Indeed
since one always has H? < 8@ it follows from Theorem 4 that C7(d) < 1 and on the other
hand the isodiametric inequality asserts that Cj(d) > 1. Thus, for the specific distances d.,
dy and d,, we know from Theorem 1 that the corresponding isodiametric constant is strictly
less than 1 and the following corollary easily follows.

Corollary 1. Let G be a H-type group of homogeneous dimension QQ and let d denote either
the distance d., dg or de. We have Cr(d) < 1 and consequently H?(U) = Cr(d) S®(U) <
SQ(U) for all Borel set U with 0 < S?(U) < +oo.
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