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Abstract

This paper presents the exact an exact computation of the Toeplitz matrice inverse

QI
E
are outside a closed centered at zero disc with radius R > 1. From this result, two precise

asymptotic expansions of the entries and of the trace are derived.

with a symbol f = |1 — x|? where P and Q are trigonometric polynomials whose zeros
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1 Introduction

Let f be a real positive valued function, defined on the one dimensional torus T belonging to
LY(T). Such a function allows to define a family of truncated Toeplitz operators {Tn(f)}nen
whose matrices in the basis {x" = €},¢z still denoted by {Tx(f)} are given by

Tn(f) = (f(m - “))ogm,ngN

where f(s) is the s-th Fourier’s coefficient of f. T (f) is also called the Toeplitz matrix (of
order N +1) associated to the symbol f. Many works are devoted to the asymptotic expansion
of the entries of Tiy(f)~! when N tends to +oc and this papers present various points of view.
In order to clarify the goal of this work, we give some short examples.

When the symbol is |1 — x|?Pf1, where p € N and f; is a positive function, then if f; is
sufficiently smooth, we have:

_ 1 _ _
Tn(|1 - X‘prl)[J\}m]Jrl,[Ny]H = mN2p LGy (x,y) + o(N?P71),

G)p being the Green kernel associated to an differential operator of order 2p on [0, 1] and to
some boundary conditions. This result can be found in [4], the case p = 1, already dealed
in [3] and [6] is here generalised. Notice that in [6], the symbol f is of type f =1 — &
where @ is the characteristic function associated to a discrete random variable X defined on
a probabilised space (2, 7,p) :

+oo

O = cpx”, with ¢, = p({X =k}).
—0o0
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In this probabilistic frame, the entries a;; of the inverse of T (f) have the following inter-
pretation: the sequence of random variables Z,, = Xy 4+ X1 + ... + X,, where the X;,7 > 0
are identically distributed, independent copies of the random variable X, defines a random
walk on [0, N]. Then a;; is the expected number of visits at j with Zy = i before leaving the
interval [0, N| for the first time. [7] and [8] can be consulted for this question. That shows
how interesting it is to obtain not only asymptotic results but also exact expressions of the
inverse’s entries. It is precisely the aim of the present work when the symbol is of type

_ 2| QP

are P and @ two trigonometric polynomials without zero on T. Our main result is

Theorem 1 Let P and Q) be two trigonometric polynomials without zero on T respectively of
degrees n1 and ns. We assume that QQ has zeros outside of a closed disc centered in O with
radius R > 1 such that the analytic series

g = Zoﬁuzu

has a convergence radius > R. Let f = |1 — XP%. Then

Tn(f) is an inversible operator and we have for 0 < k,l < N +1 — (n1 — na),

. d(k)d(l)

(TN ()40 = a0t = N +2+ A(P,Q) @

with -
a =YY BrsBigmin(s + 1,8 +1),

s'=0 s=0
B PQ() - POQO) <~ -
d(k) = _(k + 1)p(1) (1) uzgﬁu + P(l)Q(l) uz;)uﬁm
A = (G - T, 8

If ng = 0, that is if @) is a constant polynomial, then one obtains a more intrinsic formula,
even if it means restrict the domain of k£ and [. That is the contain of the following corollary.

Corollary 1 For a symbol of type f = %, and if ny < k < N —ny, the term d(k) of the
theorem can be expressed in the following manner:
P(1)P(1)

(k) = —(k + 1)P(1) + P

~—

Corollary 2 With the same notations and hypotheses, an formula identical to (2) holds,
where the asymptotic expansion of d(k) is given by
P(1) 1 P(1) (P'(l) Q'(1)

d(k) = _(k + 1)(@ + O(E)) + Q(l)




Corollary 3 (Trace theorem) With always the same hypotheses and notations we obtain
the following asymptotic expansion of the the trace of Tn(f)™" :

2
(1)) = g @F + 5 (52 S0P +B- o)) + o,
where e
C(P’ Q) = Z Z Buﬁu’ max(u,u'),
u=0u'=0

)

and where A is given by (3).

Corollary 4 (Sum of terms) With the same hypotheses that previously we have
N N
_ P 9/ 1 1+A4
S @i = gl (53 + v (52 4 Bn.0)) ) + 0,

We have now to have in mind that the formula giving the term T ( f ),;il 141 1s a little different
that the equality 2 when k and [ are > N — (n; — ng). Let us state this fact in the following
proposition.

Proposition 1 Ifk,l < N — (n; — ng) then

B d(k)d(l
(TN(f))kil,H-l = Akl — N + 2(—1-);()]37 Q)

+ Ck 1,

where c(k,1) = O(1).

Remark 1 We have an exact computation of ci; given in the corpus of the proof.

2  proof of the theorem, the corollary 1 and the proposition.

2.1 An inversion formula
Notations :
Ht = {h e L2(T): h(s)=0, s< 0} ,
H- = L*T)eoH'.
H~ is the orthogonal subspace of H* in L?(T). 7 et m_ are the orthogonal projections from

L?(T) on H* et H~. The assumptions on f are originated from the following decomposition
theorem (Grenander and Szegd [2] ):

Let be f € LY(T) positive on T almost everywhere and such that Log f € L(T).
Then: 39 € HT such that: f = |g|?



When we are in the previous case, we can define Hankel operators Hg, and Hg  associated

to this decomposition Let

(pN:gXNJrl (X:e

10
7 )

Then

H<I>N : H+—>H7, H@N(Ib):ﬂ'_(q)]\ﬂb),
Hi  : H™ — H'Y Hg (p)=m(Pnyp).

The hypothesis of the decomposition (1) gives : HH$NH‘I’NH < 1. A demonstration of

this last result can be found in [5]. At last we denote by Py the complex vector space
vect{1,x,...,xN}.

Theorem 2 (Inversion formula) Let f be a symbol satisfying:
f>0,f=9g3, g€ H°=H"nL>®(T), ¢ 'eH>.
Then
(i) Tn(f) € Aut(Pn)

(i) if p is an analytic polynomial, of degree less or equal at N, we get :

1= (2) - o o ()]

In [9] Widom use widely this formula to study the asymptotic behaviour of Toeplitz determi-
nants with singular symbol It can be stated in term of an algebric formula based on operator
inversion, this result is proved by Kozak [1]. The formulation used here can be find in Seghier’s

paper [5].

Remark 2 In the following work we aim to get inversion formula with a singular symbol
f, that has zero on the torus. In this case the previous formula cannot be applied directly.
Parametrization of symbol (reqularization by a positive parameter less than one) allows us to
deal with a regular family of symbols. An asymptotic expansion of the entries of the inverse
can be obtained when N goes to infinity and parameter goes to one. The first consequence is
a exact expansion theorem:

2.2 The proof

This part is devoted to the presentation of exact expression concerning the entries of (T (f ))_1

2
whith f =11 — XP%,Where P and @ are trigonometric polynomials respectively of degrees
n1 and ny with zeros outside of a closed centered in 0 disc with radius R > 1. The inverse
formula stated in theorem 2 will be used in the following way: We have a positive symbol

f,with decomposition f = gg where g = (1 — X)%. Noticing that g, g~ € H>®, write us

(TN () kg = (T kg — (To)iy

where
(T = (7 (X" /9), 7 (X' /9))

4



and
(To)ky = (I — Hy Hoy) 'mp@nmy (X /9), 7 @i (X))
(T1)k, and (T2)k,; will be called respectively first term and second term. We consider the

regularised symbol f,.(x) = |1 — rx|? }g&%; with 0 < r < 1.

2.2.1 Computation of the First Term of Inversion Formula.

Computation of 74 (x*/g). We get

m(F/9) =D Bur (K (1= rX)
u=0

But
[ sk,
™ ( ) = X .
1—ryx 0 ifu>k.
Then
k k—u+1 k—u-+1
k- 7 X r
e (X*/9) =D Bux —
u=0
ko kel pkutl
= Bk—s 1— v
s=0 X

The first term of inversion formula is given by
(T = (7 (X" /9), 7+ (X' /9))

l k
= 33 BB (T =Y = 1), T = T (1 = )

s'=0 s=0

And ({1 =) /(1= rx), (0 =) () = o (1 e (12
Indeed, the previous scalar product can be expressed as:

O = /=), 0T = ()T /(1= X))
And an elementary computation gives then r5=% (1 — r2("+1)) /(1 — 72) si s > &, and we get

1— 2 min(s+1,s’'+1)

koL
Tk =D BresBrosr*™ 1,2

5=0 s'=0

2.2.2 Computation of the Second Term of Inversion Formula.

k
We begin with the computation of 7 ® x4 (XT> = xj. Here are introduced two notations :
)

P g PQ
g1 = = and = = —

[e o]
) =T = Z Yu X" where m = n; — no.

u=—m



Lemma 1 Vector is eigenvector for (I — H&‘)NH@N)_l.

1
1-rx

1
1—rx

According to the following computation:

. (XN+191(X) 1-rx 1 ) _ (gl(x) XN ) _

1
1—rx

Proof : Vector is eigenvector for ([—H$N H<1>N)*1 if is eigenvector for <Hq>»]<v Hq>N).

g1(x) 1=rx 1 —rx g1(x) 1 —rx
u+N+1 ut+N+2 = N+2
uX T T T
m_ 2717_ :Z'Yul _X:_gl()X ~
u>—m X u>—m —TX 91(1/7’) 1—rx
So that
1 N di) 1-rx X g1(r)
Hg+ H. =7 N+l pN+2 =
Py <1 TX) i < g(x) 1=rx1-rx  a(1/r)
Ni2 91(7) - i 5 U2 Ni2 91(7) Z _ et _
at/r) "\ =, 1orx a(tfr) \ =, X
N2 91(r) — 1 av+2) 91(r)  gi(r) 1 aN42) 1
=r — ul =r - =r G(r),
R ISR ey 51(1/r) 91/ T=1x Ty o)
noticing
91(r)  g1(r)
I 9T iy,
nmaam
Observe that G(1) = 1 and G'(1) = A(P) = 4R <%l((11)) - 1;’((11))) . Indeed, one obtains with a

straightforward computation

D (VR (1) + AR _ 4 010,

e PAEIEY =)

and

G _Qu PO

a(1) Q1)  P()
Put x, = ), + yg, where x} and y, are respectively proportional and orthogonal to the vector
ﬁ We get

s=0
and
k —
By (—) = NS g1 - ) /(1 ) (Z O -t rx>>,
u>—m s=0
finally

k k
7T+<T)N7T+ <X§> = Z Ty (XN+2+u,Yu Z/BR*S(XS+1 — rerl)/(l — TX))
5=0

u>—m



expanding the previous expression we get:

k —N—2+4s+1
2 P ( S gl (VR Ny 1y
s=0 uU=—m
+ Z ;Yu(TN—i—Q—i-u—s—l - 7,,N—i—2—i—u—i—s—i—1)/(1 _ TX)

u>max(—m,—N—2+s+1)

Then,if p=N+2+u

k B s+l Xp—s—l — ppFs+l © pP—s—1 _ ppt+s+l
Lk = Zﬂkfs Z Vp—(N+2) 1 + Z Tp—(N+2)
—TrY 1—ry
s=0 p=N-+2—m p=s+2

Put z;, = x}, + y with 2} = (Agn,)/(1 — rx) where

k s+l os+1—p s+1-p
_ _ X —7r
Ue= Brs D Tp-(N+2) =
s=0 p=N+2—m X
and
k ~ s+1
Angkr = Y Brs <7°s+1 Y AP =)

s=0 p=N+2—m

+ Z Wpf(N+2)7”p(7“7(sH) —TSH))-
p>s+1

A direct computation gives

<1 jrxayk> = yk(r) = 0.

The announced decomposition is thus obtained.

Remark 3 At this stage of the proof, it’s important to notice that for 0 < k < N—(n;—ng) =
N — m, the term yi is 0. In fact, in this case, the index p — (N + 2) is less than —m:
p—(N+2)<(k+1)—(N+2)<—m.

Lemma 2 The second term is given by:

-1
<<I_H<I>}‘\,H<I>N) x?{,‘?x;> +<yk’yl>

Proof :  To compute Hg, (yr) = m7—(Pnyk), we have to evaluate, using linearity of projec-
tion, the quantity:

1— 5% )Zs—l—l—p _ ’I“S+1_p

u. N+1

- Z%LXX 1—rx ( 1—rx
u>—m
or, equivalently

N
. Z ~ X it (Xs—f—l—p _ ,rs—i—l—p) .
u 1 _ /]”X 9

u>—m



with —p+s+1>0, N+2+u>0, N+2+u—p+s+1>0.Or:

T ((XN+2+ufp+s _ T*p+s+1XN+1+U)/(1 _ 7')_()) _

7((7“N+2+u*p+s+1 _ T*p+s+17~N+2+“)/(1 — r)‘()) = 0.

=

Hence the second term is :

<<I B Hq)?vHCI’N) (23) + Yk, (27 + yl)> :

We conclude with the lemma 1 O

We are able now to get the announced result by direct computations. The function

1—17ryx
being an eigenvector of Hg Hg, associated eigenvalue 2N+ G(r) we get

* —1 / ! AkNTAlNT 1
<(I—Hq>NH<I>N) (), (z l)> 1—7r2  1—r20N+2)G(r)’

We have to compute (yg,y;) in term of :

)

1—ryx

/ ’ / ’
X*p+s+1 _ T*p+s+1 X*p +s'+1 _ P s +1
1—ry '

Using the following equalities of scalar products

XU—V"U XUI—V"UI _ XU—Tvl—V"X XUI—T'Ull—?”)Z _ XU—TU XUI—TUI
1—rx  1—ry 1—ry1l—ry 1—7y 1—1rx 1—ry 1—7rx /’

—of 1—p2( 1)
we get rvv' 4 T if v/ < wv. Therefore
Yk, 1) =
! .
koL s+1 s'+1 ) SRS p2inf(s—p+1,s'—p'+1)
Z Z ﬂk—sﬁl—s Z Z Yp—(N+2)Vp' —(N+2)T r 1_,2
5=0s'=0 p=N+2—mp'=N+2—m

With the notation (yx,y;) = ¢k, we obtain the following [(TNfr)fl] L pour <1:

)

2min(s+1,s"+1)

k l
nl —Tr
T —1] _ |s—s'|
|:( Nfr) f 1041 E E sﬁl sT 1— 2

s=0 s'=0
. AN+ AN 1 ‘e
1—7r2 1 - r20NE2)G(r) ke
Observee that
N L s+1
- 'f‘ — —
lim 5 Zﬁk s v+ (5 +1) Y Ao |
p=0 p>s+1



Finally we get

: 1 _ o d(k)d()
}Eri [(TNfr) ]k+1,l+1 = Okl N+2+ A(P) + Ol

where ay,j, d(k),d(l), ci 1, A(P) are given by the following expressions:

Q1) P
A(P,Q) = 4R — ,
(PQ) =507 ~ By
Chl = 11H16k,1,r =
ko1 B s+1 s'+1
= Besbs > > v W—vap)inf(s —p+ L8 —p + 1), (4)
s=0s'=0 p=N+2—mp'=N+2—m

Lk
Ay =a =YY BrsBiymin(s+ 1,5 +1),

s'=0s5=0
k - s+1 00
dk) =D | Bees(D_Php-vez) — (5+1) D Fpo(vs2) (5)
s=0 p=1 p=s+2

One has still to prove that: lim,_,; (TNfT),;j_UH = (TNf)l;il,l—H' Put

(Twfr) " (Tnf) = (Tnfr) " (T fr) + (T ) ™ (T (f — £2)) -

With fixed N we have lim, 1 (Tn(f — f-)) = 0, then lim,_,; (T]\;fr)f1 (Tnf) = In. To obtain
the definitive proof, it remains to show that the expession of d(k) is as the announced one
and that ¢ in fact 0. Taking in account the hypothesis 0 < k < N + 1 + (ng — ny) the
following inequalities hold in the second summation of the equation (5) :

s+1-(N4+2)<k+1-N—-2=k-N-1<N+(np—n1)—N—1,
and so s +1 — (N +2) < (n2 —n1) — 1 so that v, (n42) = 0 and

k 00
d(k) = - Zkas(s +1) Z Vp—(N+2)-

s=0 p=s+2

Noticing that v(s42)—(n42) = Vs—n and —N < s — N <k — N < ny —nq, one can express
the third summation of (5) in this manner :

= _(PQY,y, _ PO
p;”w”) - <—>(” ~ PQ()




Weighing it all up, we are allowed to get the desired equation :

= k
i) =~ BT >+ D =
_ PR N~ LG -
=Pl 2T whs
_ PO S POOO) - o
= Bmem " Y25t B 2t

or equivalently
P'(1)P(1)
P(1)
The arguments of the remark 3 shows that the coefficients ¢ ; are zero as soon as k or [ is
< N — m. On the contrary, when k£ and [ are > N — m then the summation of the formula

(4) contains at the very most m? terms : only the 8, with 0 < u < m and the 7, whith
—m < v < 0 exist. This proves the proposition: in this case ¢;; = O(1). O

3 Proof of the trace theorem

The principle of this proof is to compute successively the terms of the trace coming from the
first term of the inversion formula and those ones coming from the second term.

3.1 Contribution of the first term

With £ as in the main theorem the first term is :

ko k ko k
Wk =Y Y Br-sBr-smin(s + 1,8’ +1) => > BBy min(k —u+ 1,k —u' +1)
s=0 s'=0 u=0u/=0
=T11(k) — o1(k),
if we set :
ko ko
mi(k)=(k+1)>_ Y Bufu, and
u=0u'=0
ko ko
(k) = D Bubu max(u, ).
u=0u'=0

10



Let us examine 71 (k) :

ZZM“/— Z Z Bubu

u=0u'=0 u=k+1u'=k+1

o1(k)

k+1 o oo k+1
=2 2 BuBu— X 3 Bubw

u=0u'=k+1 u=k+1u'=0

pa(k) vi(k)

A direct computation leads to the following estimations :

ZZ@@—!—

u=0 u'=0

a2

o1 ()| < R2(k+1)
where a is a constant term. Similarly, there exists constants reals numbers b and ¢ such that

c

and ‘I/l(kﬁ){ S m

b
(k)] < o5

Now, let us examine 75(k). The principle of its decomposition is similar :

Z Z BuBu max(u,u') Z Z BBy max(u,u’)

u=0u'=0 u=k+1u'=k+1
o2(k)
o k+1 k+1 oo
= 2 D BuBwmax(uu) =3 Y BuBw max(u,u).
u=k+1u'=0 u=0u'=k+1
pz (k) v (k)

Clearly the term Y o2 (> 3,3, max(u,u’) is a real number depending only on the poly-
nomials P and (). For the second, we have directly

oo - u - oo oo
UQ(k) = Z ufBy Z Bu + Z Bu Z ulﬁu“
u=k+1 u'=k+1 u=k-+1 u'=u+1

Then for a contant d, the following majoration holds : {az(k ‘ < Rk“ The terms ps(k) and
vo(k) are of the same order. It remains to stydy only one of this two numbers, for example

vo(k):

k+1 00 k+1 (%)
oBl =D D Puburmax(u) =3 Bu 3w
u=0u/=k+1 w=k+1
and so
k+1
[va(k) Zlﬁul Z T
u= k—i—l

11



A straightforward computation leads then to the majoration

k
{1/2(16)‘ <e }—; for a constant e.
In the same manner :
|u2(/<: | < f for a constant f.
We are able now to compute the Contrlbutlon, denoted 17, of the first term to the trace :
N N
7= nk) = > ralk).
k=0 k=0

A short computation shows that

N
N+ 1)(N +2)
Zﬁ(k) = (W + + ‘— )|2 + Ry where Ry is bounded

and

Z (N +1)C(P,Q) + R2 where Ry is bounded.
k=0

so that Ty = 7| (1) + N(g%(m? — o, Q)> +O(1).

3.2 Contribution of the second term

This contribution, denoted 15, is given by

1
Ty=————— " |d(k)?
2 N+2+Ak:0| (k)

Let us denote ng the integer part of the real number N/® where « is a positiv integer having
to be determined later. We can whrite now :

1 1w
(. — . — (k)2
T N+2+ A ;O’ N+2+AI§H)
——— —
Sa(N) S1(N)

‘We obtain then

- I (BB vy (- G

3
This term being divised by N, the rest No_i_(;bj_a is of order smaller than a constant if one

takes o > 3. Furthermore a straitforward computation shows that S;(NV) is bounded. The
contribution of the second term is then :

: ) + o) )

T, = _N+;+A‘g |2 ((N+1)(N46—2)(2N+3)‘g(1)‘2 B
— (N +1)(N + 2)%(%(1) - %(1))) +0(1),

12



that we stil write

T, = ‘5(1)(2 (-N; _N(1- %(%(1) - %(1)) + 2%4 + 0(1)> .

We can conclude at last :

2 / !
(I (D)) =T Ta = S [P (ISP P52 4 (0 - S )] - er)) +on.

This achieves the proof of the trace theorem, taking in account the proposition.

4 Proof of the corollary 4

4.1 Contribution of the first term

By symmetry we can write

If £k <l we can write

k l
agl = Z Z Bk—sﬁl—s’ min(s +1, s’ + 1)

s=0s'=0
k k l

- YA Y A+ Z ko5 1) X froo
s= s'=0 =0 s'=s+1
k k s

- Y B Zﬁl g(l+1) - ZB s Bs(l=8)
s=0 =0 s'=0

k l k l
+ kas(k + 1) Z Bl—s’ - ZBIC*S(]{: - S) Z Bl—s’
s=0 s'=s+1 s=0 s'=s+1
l

k ! k
- (l + 1) Z Bu Z Bur — Z Bu Z U/Bu’
u=0 u=0

u'=l—k+u uw'=l—k+u
k I—k+14u k I—k+14u

+ kDD B D Bu= ube Y Bu
u=0 u'=0 u=0 u/=0

Lastly we obtain if k = [Nz|, l = [Ny, x <y

P)2 [P\ . P(1) l
gl - (5) Vg +om
Hence we have

13



N [-1 N [-1 l
2%(2 ak,l> = 2R(Y_ D ((k+1)C1 +Co) + ol )

=0 k=0

_ <(2N+1)2N“)N + N(N2+ 1)> Ci+ N(N + DR(Cy) + o(1)
with P()
1=\ 2
“=lon)!
_ By
“=-G"5n
and

1
R(Cy) = JACH.

On the other hand we have, using a computation already made in the previous part,

al NZ P 3P
> o - S g+ N (G501 - cwr,Q) + o).

And if S; denote the contribution of the first term to the sum we have

g 3 )
S1=?C1+ §C1+3“E(Cz) N*+ O(N).

4.2 Contribution of the second term

We may now compute the sum

N N B 1
Sy = d(k)) ( d(l)) -
() (Z0) 574

Using asymptotic expansion of d; we can write

N N
> d(k) =Y —(k+ 1)% + %B(R Q)+ 0(%)

k=1 k=1

where B(P,Q) = (% - %/((11))). That gives us

;f:ld(k) = % (—NZ% + (—g + B(P, Q)) N) +0(1).

(i d(k)> (i (l)> -G <(NT4 - @ - R(B(P, Q))> N3> +O(N?).

14



and ko S = C (NTA‘ 4 (; ~R(B(P, Q))) N3> (% B %> Fow

And, lastly, we can write
N3 A
Sy = Cy (T + (1 —~ R(B(P,Q)) — Z) N2> + O(N).
4.3 Conclusion.

An easy computation prove

G
12

1+ A

Sp — Sy = —— N34+ N?Cy (T + R(B(P, Q))> + O(N),

that we have wroten:

C 1
T, = 1—21N3 + N?Cy <+TA + B(P, Q))) + O(N)
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