Non-uniform Hyperbolicity and Universal Bounds for S-unimodal Maps

Tomasz Nowicki^� and Duncan Sands^y Instytut Matematyki UW, Banacha 2, Warszawa, Poland Bâtiment 425, Université de Paris-XI, Orsay, France

July 1, 1996

Dedicated to the memory of Wiesław Szlenk

Abstract An S-unimodal map f is said to satisfy the Collet-Eckmann condition if the lower Lyapunov exponent at the critical value is positive. If the infimum of the Lyapunov exponent over all periodic points is positive then f is said to have a uniform hyperbolic structure. We prove that an S-unimodal map satisfies the Collet-Eckmann condition if and only if it has a uniform hyperbolic structure. The equivalence of several nonuniform hyperbolicity conditions follows. One consequence is that an Sunimodal map has an absolutely continuous invariant probability measure with exponential decay of correlations if and only if the Collet-Eckmann condition is satisfied. The proof uses new universal bounds that hold for any S-unimodal map without periodic attractors.

The theory of uniformly hyperbolic maps is rich and well understood. Many results are known on the existence of invariant measures, rates of mixing, structural stability and smoothness of conjugacies, amongst others [36, 31, 34]. The methods of the uniform theory break down when studying the dynamics of smooth interval maps, since interval maps with non-trivial dynamics have critical points. This renders uniform hyperbolicity impossible. Nonetheless, a number of results reminiscent of the uniform theory have been proved in recent years for interval maps satisfying non-uniform hyperbolicity conditions. These results generally require uniform expansion (positive Lyapunov exponents) on certain dynamically significant subsets of the interval, for example at the critical values or on the periodic points.

�Research supported by Polish KBN Grant 2 P03A 02208. ySupported by Human Capital and Mobility Grant ERB CHB ICT 941633.

The simplest interval maps with critical points are unimodal maps [7, 5]. A unimodal map is said to satisfy the Collet-Eckmann condition if the lower Lyapunov exponent is positive at the critical value [6, 7]. Such maps are known to exhibit a lot of hyperbolic behavior: an S-unimodal map satisfying the Collet- Eckmann condition has positive Lyapunov exponent at Lebesgue almost every point of the interval [28]. It has a uniform hyperbolic structure on the set of periodic points (a uniform hyperbolic structure for short): the infimum of the Lyapunov exponent over the set of periodic points is positive [25, 28].

An S-unimodal map satisfying the Collet-Eckmann condition has a unique invariant probability measure which is absolutely continuous with respect to Lebesgue measure (an acip for short) [6, 26, 7]. This measure has exponential decay of correlations [17, 38]. If two Collet-Eckmann maps are topologically conjugate then the conjugacy is Hölder continuous. Indeed, some renormalization is bi-Hölder conjugate to a tent-map (a uniformly expanding model) [29].

It is a remarkable fact that many of these hyperbolicity properties are actually equivalent to the Collet-Eckmann condition:

Theorem A Suppose f is S-unimodal. Then the following are equivalent:

1. f satisfies the Collet-Eckmann condition.

2. f has an acip with exponential decay of correlations.

3. Some renormalization of f is bi-Hölder conjugate to a tent-map with positive topological entropy.

4. f has a uniform hyperbolic structure (on the periodic points).

5. f satisfies the backward Collet-Eckmann condition.

6. f has exponential decay of cylinders.

7. f is semi-uniformly expanding.

8. f has a central hyperbolic structure.

9. f is uniformly expanding on the c-level.

10. f is centrally expanding.

The last five conditions are technical. The definitions of these properties can be found in the following places: the Collet-Eckmann condition in section 6; exponential decay of correlations and also the terms used in (3) in section 8; uniform hyperbolic structure, exponential decay of cylinders, central hyperbolic structure, uniform expansion on the c-level and central expansion in section 5;

the backward Collet-Eckmann condition and semi-uniform expansion in section 7. Note that we do not claim in theorem A that the various growth/decay rates are the same.

The main difficulty is to prove the implication (4 ⇒ 1) in theorem A:

Theorem B Suppose f is S-unimodal and has a uniform hyperbolic structure. Then f satisfies the Collet-Eckmann condition.

This is proved in section 6. The rest of theorem A follows readily from this fundamental result and some known or easily proved implications. For example, an S-unimodal map satisfying the Collet-Eckmann condition was known to have an acip with exponential decay of correlations [38, 17]. It is not hard to show that if an S-unimodal map has an acip with exponential decay of correlations, then it has a uniform hyperbolic structure, see section 8. Therefore the equivalence of the Collet-Eckmann condition and exponential decay of correlations follows from theorem B. This “sandwich” technique of showing that a property is implied by the Collet-Eckmann condition, and that it implies a uniform hyperbolic structure is a powerful way of proving equivalence to the Collet-Eckmann condition.

The acip of an S-unimodal map satisfying the Collet-Eckmann condition is known to be strongly stochastically stable (given some mild additional hypotheses) [1], satisfies central limit theorems [17, 38] and is the limit of the measures obtained by distributing mass over the periodic orbits in inverse proportion to their multipliers [17]. We do not know if any of these properties are equivalent to the Collet-Eckmann condition: we were unable to prove that they imply uniform hyperbolic structure. Probably some conditions are needed on convergence rates.

Theorem A is additionally interesting since the Collet-Eckmann condition is conjectured to be a topological invariant of S-unimodal maps [37, 12]. If so, then, for example, the property of having an acip with exponential decay of correlations would be topologically invariant. The topological invariance of the Collet-Eckmann condition is related to the so-called rigidity conjecture for S-unimodal maps: that any two such maps that are topologically conjugate are quasisymmetrically conjugate [20]. Indeed, the Collet-Eckmann condition is known to be invariant under quasisymmetric conjugacy [33]. It follows from theorem A that the Collet-Eckmann condition is even invariant under Hölder conjugacy. The “sandwich” technique described above clearly gives a strategy for proving the topological invariance of the Collet-Eckmann condition: find a topological condition implied by Collet-Eckmann, and show that it implies uniform hyperbolic structure.^1

1The first author and Feliks Przytycki have recently announced a proof of the topological invariance of the Collet-Eckmann condition for S-unimodal maps using this method [30].

Collet-Eckmann maps are known to be abundant in the real quadratic family Q_a : x → 4ax(1 − x): the set of parameters for which Q_a satisfies the Collet- Eckmann condition (i.e. has positive lower Lyapunov exponent at the critical value) is of positive Lebesgue measure [15, 2, 7]. On the other hand, the set of parameters a for which Q_a has a hyperbolic attracting periodic orbit is open and dense [10]. For these maps the lower Lyapunov exponent at the critical value is negative. There also exist parameters a for which the lower Lyapunov exponent at the critical value is zero. We conjecture that Q_a has non-zero lower Lyapunov exponent for Lebesgue almost every value of a.^2 The Collet- Eckmann condition is also abundant in a topological sense: it is known that there exists a set E ⊆ [0, log 2] of full Lebesgue measure with the property that any S-unimodal map with topological entropy in E satisfies the Collet-Eckmann condition [32, 7].

The proof of theorem A relies heavily on new universal derivative and distortion bounds that hold for any S-unimodal map without periodic attractors. They should also be useful for proving other rigidity results. In appendix B we show that they imply the classical real a priori bounds for renormalizable maps.

The interaction between our results and those recently obtained in the complex plane by Jacek Graczyk and Stas Smirnov [9] is particularly interesting (we received their preprint while preparing this paper). For example, combining their results and ours enables one to prove that the exterior of the Julia set of a real quadratic map with critical point in the Julia set is a Hölder domain if and only if the Collet-Eckmann condition is satisfied. We conjecture that this is also true for complex quadratic maps. Graczyk and Smirnov prove their results for rational maps of the Riemann sphere. They show a number of consequences of the Collet-Eckmann condition and that the Collet-Eckmann condition is equivalent to the backward Collet-Eckmann condition in the Riemann sphere (taking all inverse images of the critical points in the Riemann sphere). Our backward Collet-Eckmann condition is somewhat weaker, since we only put hypotheses on real inverse images of the critical point, and indeed our major difficulty is in a sense due to a lack of hypotheses on inverse images off the real line.

Proof of theorem A. The proof of theorem A is distributed as follows: for (1 ⇔ 2) and (1 ⇔ 3), see theorem 8.5. For (1 ⇔ 4), see theorem 6.11. For (1 ⇔ 7) see theorem 7.7. For (1 ⇒ 10), see the proof of theorem 6.11. For (2 ⇒ 4), see lemma 8.2. For (3 ⇒ 4), see lemma 8.4. For (3 ⇒ 6), see the proof of lemma 8.4. For (4 ⇔ 5) and (4 ⇔ 7), see theorem 7.7. By definition, (4 ⇒ 8). For (4 ⇔ 6 ⇔ 8 ⇔ 9 ⇔ 10), see theorem 5.3. For (5 ⇔ 7), see theorem 7.7.

2A weaker conjecture is that Qa has a hyperbolic periodic attractor or an acip for Lebesgue almost every a. While every Collet-Eckmann S-unimodal map has an acip, there exist Sunimodal maps with acips which do not satisfy the Collet-Eckmann condition [4].

The implication (9 ⇒ 5) is clear from the minimum principle, lemma A.6(1).

Some parts of theorem A were already known. For (1 ⇒ 2), see [17, 38]; for (1 ⇒ 3), see [29]; for (1 ⇒ 4), see [28]; for (4 ⇔ 5), see [25]; for (10 ⇔ 9 ⇒ 6 ⇒ 4), see [25, 28].

Wiesław Szlenk (1935-1995). Wiesław Szlenk was my (Tomasz Nowicki’s) PhD supervisor. He taught me dynamical systems theory, introduced me to the subject of interval dynamics and suggested the Collet-Eckmann ⇒ backward Collet-Eckmann conjecture as the subject of my thesis.

Wiesław was one of the founders of dynamical systems theory in Poland, a bright and broad-minded mathematician with a lot of ideas which he shared with his students, a wonderful and patient teacher, and a friend who left us only too early.

It is the pleasure of both authors to dedicate this paper to him. We prove the inverse of the conjecture, and close the circle.

Acknowledgements. Tomasz Nowicki would like to thank the University of Paris-XI for its hospitality. Duncan Sands would like to thank the University of Warsaw. The authors are grateful to Gerhard Keller for kindly suggesting the proof of lemma 8.2. A number of friends suggested various improvements to the text, in particular Henk Bruin.

Structure of the paper. In section 1 we define the terms and notation used throughout the paper.

Section 2 describes the combinatorics of S-unimodal maps. We introduce cutting and co-cutting times (S- and T -times), and prove their important combinatorial properties.

Throughout the paper we use a number of universal distortion and derivative bounds. The universal distortion bounds are proved in section 3 and the universal derivative bounds in section 4.

In section 5 we prove the equivalence of uniform hyperbolic structure with central expansion, exponential decay of cylinders, central hyperbolic structure and uniform expansion on the c-level.

Section 6 is the core of the paper and depends heavily on the preceding sections. In it we prove that uniform hyperbolic structure is equivalent to the Collet-Eckmann condition. The proof is quite involved, so we have summarized the strategy at the beginning of the section.

Using the tools developed in the previous sections, it is relatively straightforward to prove that the Collet-Eckmann condition is equivalent to an a priori stronger condition: semi-uniform expansion. We do this in section 7, where we also prove the equivalence of uniform hyperbolic structure with the backward

Collet-Eckmann condition.

In section 8 we prove the equivalence of exponential correlation decay, bi- Hölder conjugacy with a tent-map and the Collet-Eckmann condition. In fact, we just show that these first two conditions imply a uniform hyperbolic structure; they were already known to be implied by the Collet-Eckmann condition.

In appendix A we list a number of important properties of S-unimodal maps and prove some miscellaneous technical results.

In appendix B we derive the classical real a priori bounds for renormalizable maps from the distortion theorem of section 3.

1 Definitions and notation

We use [a, b] to denote the smallest interval containing a and b, so [a, b] = [b, a]. By (a, b) we mean the interior of [a, b]. We denote the Lebesgue measure of a measurable set I by |I|. The derivative of a function f is written Df.

Definition. A unimodal map (see [7, 5]) is a C^1 endomorphism f of [0, 1] such that f(0) = f(1) = 0 and, for some c ∈ (0, 1), Df is positive on [0, c) and negative on (c, 1]. The point c is called the critical point of f; clearly c is unique and Df(c) = 0.

Note. It follows from the definition that Df(x) ≠ 0 for x ∈ [0, 1] \ {c}.

By x_n ≡ f^n(x) we mean the n’th iterate of x under f; in particular c_1 = f(c).

Definition. Let f be unimodal. We define τ : [0, 1] → [0, 1] by τ(c) = c and otherwise by: f(τ(x)) = f(x) but τ(x) ≠ x. If τ(x) = 1 − x for all x ∈ [0, 1], then we say that f is symmetric.

The involution τ takes x ∈ [0, 1] to its dynamically symmetric point.

Definition. A unimodal map is said to have a non-flat critical point if there exists ℓ > 1 and a C^1 positive function M : [0, 1] → R^+ such that |Df(x)| = M(x)|x − c|^{ℓ−1} for all x ∈ [0, 1].

Notes.

1. We require M to be C^1 in order to satisfy the hypotheses of [17] (for theorem 8.1, exponential decay of correlations). We only need M to be positive and continuous otherwise.

2. For the critical point to be non-flat, it is enough for f to be C^2 and D^2f(c) ≠ 0. If f is C^∞, then it is enough for some derivative to be non-zero at c.

3. If the critical point of f is non-flat, then there exist L > 1 and ℓ > 1 such that |x − c|^{ℓ−1} L ≤ |Df(x)| ≤ L|x − c|^{ℓ−1} for all x in [0, 1]. (1) Integrating (1) gives |x − c|^ℓ ℓL ≤ |f(x) − f(c)| ≤ L |x − c|^ℓ ℓ for all x in [0, 1]. (2)

Definition. An S-unimodal map is a C^2 unimodal map satisfying the following conditions:

1. |Df|^{−1/2} is convex on (0, c) and on (c, 1).

2. The critical point of f is non-flat.

3. Df(0) > 1.

Notes.

1. We require C^2 smoothness because we use Mañé’s theorem (lemma A.3) and non-existence of wandering intervals (lemma A.2). We only need C^1 smoothness otherwise.

2. The Schwarzian derivative [7] of a C^3 map g : [0, 1] → R is S(g)(x) ≡ D^3g(x)/Dg(x) − 3(D^2g(x)/Dg(x))^2/2. If S(g)(x) ≤ 0 for all x ∈ (0, 1) such that Dg(x) ≠ 0, then we say that g has non-positive Schwarzian derivative. If f is C^3 then condition 1 is equivalent to f having nonpositive Schwarzian derivative since S(g) = −2|Dg|^{1/2}D^2|Dg|^{−1/2}.

3. Requiring Df(0) > 1 avoids some technical problems.

Definition. Let f be an endomorphism of [0, 1]. The ω-limit set of x ∈ [0, 1] is ω(x) = ∞⋂ m=0 {f^n(x) | n ≥ m}. (3) A periodic point of f is a periodic attractor if its basin of attraction has nonempty interior, c.f. [7, 8]. The basin of attraction consists of those points in [0, 1] with ω-limit set equal to the orbit of the periodic point.

Notes.

1. If the critical point c of a unimodal map f is periodic, say of period p, then it is a periodic attractor because |Df^p(c)| = 0.

2. If x is periodic, say of period p, and |Df^p(x)| = 1, then x may be a periodic attractor according to the definition given here. This is in contrast with the definition |Df^p(x)| < 1 given in [8]. See also lemma A.8.

Definition. Let f be a C^1 endomorphism of [0, 1] and x ∈ [0, 1]. The lower Lyapunov exponent at x is

λ_−(x) = lim inf_{n→∞} log |Df^n(x)| n . (4)

The upper Lyapunov exponent at x is

λ_+(x) = lim sup_{n→∞} log |Df^n(x)| n . (5)

If these coincide, then their common value λ(x) is the Lyapunov exponent at x.

2 Combinatorics

Classically, one analyses the combinatorics of a unimodal map in terms of its kneading sequence [23, 5]. We will use an alternative method based on cutting and co-cutting times. The two forms of analysis are formally equivalent, but in practice the geometrical nature of the (co-)cutting times makes them the natural tool to work with. Cutting times were introduced by Hofbauer in the context of the so-called Hofbauer tower [13]. Co-cutting times were explicitly introduced by Sands [32]; they had already been implicitly used by Hofbauer and Keller [14]. See also [4].

Definition. Let f be unimodal and suppose c is not periodic. For n ≥ 0 we denote by M_n = [α_n, ω_n] the maximal interval of monotonicity of f^n around c_1. We put α_n = inf M_n and ω_n = sup M_n, so

α_n = inf{x ∈ [0, c_1] | f^n | |_{[x,c1]} is monotone} (6) and ω_n = sup{x ∈ [c_1, 1] | f^n | [c1,x] is monotone}. (7)

1. If f^n(α_n) = c_1 then we say that n is a cutting time, sometimes said an S-time. The set of cutting times of f is S = {n > 0 | f^n(α_n) = c_1}.

2. If f^n(ω_n) = c_1 then we say that n is a co-cutting time, sometimes said a T -time. The set of co-cutting times of f is T = {n > 0 | f^n(ω_n) = c_1}.

See figure 1. Alternatively, n ∈ S if and only if n > 0 and α_n ≠ α_{n−1}; n ∈ T if and only if n > 0 and ω_n ≠ ω_{n−1}.

We enumerate the cutting times as S = {S_0, S_1, . . .} where S_0 < S_1 < · · ·, and the co-cutting times as T = {T_0, T_1, . . .} where T_0 < T_1 < · · ·.

Define a_n by: f(a_n) = α_n and a_n < c.

α_S π_S ω_S

f^S c1+_S

c1 c1 α_T ω_T

f^T c1+_T

c1 c1

(a) (b)

Figure 1: Iterates of f near c_1: (a) A cutting time. (b) A co-cutting time. Note that the axes are centered at (c_1, c_1).

Notes.

1. There may be iterates which are neither cutting nor co-cutting times. 2. Near c_1, an S-iterate of f is decreasing and a T -iterate is increasing, so S ∩ T = ∅. 3. If n > 0 and c_1 ∈ f^n(M_n), then n ∈ S ∪ T .

Lemma 2.1 Suppose f is S-unimodal and has no periodic attractors. Then 1. S is infinite and S_0 = 1.

2. T = ∅ if and only if c_1 = 1. If c_1 ≠ 1 then T is infinite and T_0 = inf{n > 0 | ω_n ≠ 1}.

Proof. The proof is left to the interested reader (use the fact that f has no homtervals, see lemma A.2). � Definition. Let f be unimodal and suppose n ≥ 0. We define K(n) = {x ∈ [0, 1] | x_n ∈ [x, τ(x)] and x ∈ [x_i, τ(x_i)] for all 0 < i < n}. Notes.

1. The sets K(n) were introduced by Guckenheimer [11, lemma D, page 144]. 2. The K(n) are dynamically symmetric: τ(K(n)) = K(n).

Lemma 2.2 Suppose f is unimodal and c is not periodic. If S ∈ S then a_S ∈ int K(S).

Proof. We have f^S (a_S ) = c because f^S (α_S ) = c_1, so f^S(a_S ) ∈ (a_S , τ(a_S )). It is easy to see that f^i(a_S ) ∉ {a_S , τ(a_S )} for any 0 < i < S since otherwise c would be periodic. If f^i(a_S ) ∈ (a_S , τ(a_S )) for some 0 < i < S then we also obtain a contradiction: f^{S−i+1} | |_{[aS ,c]} is not monotone because f^{S−i}(f^i(a_S )) = c, so f^{S−i} | |_{[αS ,c1]} (and therefore f^S | |_{[αS ,c1]} ) is not monotone, but f^S | |_{[αS ,c1]} is monotone by definition. Thus a_S ∈ (f^i(a_S ), τ(f^i(a_S ))) for all 0 < i < S and a_S ∈ int K(S). �

Definition. Let f be unimodal and suppose c is not periodic. If S ∈ S, then f^S(α_S ) = c_1 and f^S | |_{[αS ,c1]} is decreasing. There therefore exists a unique point π_S ∈ (α_S , c_1) such that f^S (π_S ) = π_S , see figure 1(a). The point π_S is called the central periodic point of f^S.

Notes.

1. The point π_S is an orientation reversing fixed point of f^S .

2. If T ∈ T and f has no periodic attractors, then there is no analogous periodic point for f^T . Indeed, f^T (x) < x for all x ∈ [α_T , ω_T ], c.f. figure 1(b), since otherwise f would have a periodic attractor.

Lemma 2.3 Suppose f is unimodal and n > 0. If c is not periodic then Df^n(x) ≠ 0 for all x ∈ K(n). If x ∈ ∂K(n) then either x_n = x or τ(x)_n = τ(x).

Proof. See [5, lemma II.5.6, page 118]. If x ∈ K(n) and Df^n(x) = 0, then x_i = c for some 0 ≤ i < n. Hence x = c since x ∈ [x_i, τ(x_i)], and x_n = c since x_n ∈ [x, τ(x)]. This implies that c is periodic.

If x ∈ ∂K(n) then x_m ∈ {x, τ(x)} for some 0 < m ≤ n (this includes the case x ∈ {0, 1}). Taking m > 0 minimal such that x_m ∈ {x, τ(x)}, one easily obtains a contradiction if n ≠ 0 mod m. In other words, x_n = x or x_n = τ(x)_n = τ(x). � Note. In particular, if c is not periodic then c ∉ K(n).

Lemma 2.4 Suppose f is unimodal, c is not periodic and S ∈ S. Denote by K^+(S) the connected component of f(K(S)) containing α_S . Then π_S = sup K^+(S).

Proof. If S ∈ S then a_S ∈ int K(S) by lemma 2.2. Now K(S) is dynamically symmetric and, by lemma 2.3, c ∉ K(S), so ∂f(K(S)) = f(∂K(S)). If x ∈ ∂K(S) then f^S (x) ∈ {x, τ(x)} by lemma 2.3, so f^S(f(x)) = f(x) which shows that f^S (y) = y for all y ∈ ∂f(K(S)). If y = sup K^+(S) then α_S = f(a_S ) < y < c_1 and f^S (y) = y. Therefore y = π_S . �

Lemma 2.5 Suppose f is S-unimodal and has no periodic attractors. If m > n > 0 then int K(m) ∩ int K(n) = ∅.

Proof. Suppose m > n > 0, int K(m) ∩ int K(n) ≠ ∅ and let U be a connected component of int K(m) ∩ int K(n). It is easy to see that either f^n(x) = x for all x ∈ U or f^n(x) = τ(x) for all x ∈ U. In both cases it follows that f^n has a line of fixed points, and in particular a fixed point x with |Df^n(x)| = 1. By lemma A.8, f has a periodic attractor. �

Lemma 2.6 Suppose f is S-unimodal and has no periodic attractors. If S̄, S ∈ S and S̄ < S, then c ≤ α¯_S < π¯_S < α_S < π_S < c_1. Moreover, α_S → c_1 as S ∈ S → ∞. Proof. Take S̄, S ∈ S and suppose S̄ < S. It follows from the definitions that c ≤ α¯_S < π¯_S < c_1 and α¯_S < α_S < π_S < c_1. We must show that π¯_S < α_S . We have α¯_S ∈ int K^+(S̄) and α_S ∈ int K^+(S) by lemma 2.2. It follows from lemma 2.5 that K^+(S̄) ∩ int K^+(S) = ∅. Since α¯_S < α_S we have K^+(S̄) < α_S . By lemma 2.4, π¯_S = sup K^+(S̄) and therefore π¯_S < α_S . This proves that c ≤ α¯_S < π¯_S < α_S < π_S < c_1.

Define α_∞ = sup_{S∈S} α_S . If α_∞ < c_1 then it follows from the definitions that [α_∞, c_1] is a homterval. This contradicts the fact that f has no homtervals, see lemma A.2. Therefore α_S → c_1 as S ∈ S → ∞. �

Lemma 2.7 Suppose f is S-unimodal and has no periodic attractors. Then there exists K > 0 such that |α_S − c_1| ≤ K|π_S − c_1| for all S ∈ S.

Proof. C.f. the proof of [27, proposition 12]. By lemma A.9 there exists K_0 > 0 such that |Df^n(x)| ≥ K_0|Df^n(τ(x))| for every x ∈ [0, 1] and n ≥ 0. Put K = L^2((K^{−1}_0 + 1)^ℓ − 1) + 1 where the non-flatness terms L > 0 and ℓ > 1 come from equation 1.

Suppose S ∈ S and define p_S = f^{S−1}(π_S ), so f(p_S ) = π_S and f^S (p_S ) = p_S . If p_S < c then put ā_S = a_S and otherwise put ā_S = τ(a_S ); set J = [p_S , ā_S ]. Due to the definition of ā_S we have c ∉ J. Clearly f^S (J) = [c, p_S] and, by lemma 2.4, J ⊆ K(S). Let us show that |f^S (J)| ≥ K_0|J|.

By lemma 2.3, Df^S (x) ≠ 0 for x ∈ K(S). If x ∈ ∂K(S) then, by lemma 2.3, f^S(x) = x or f^S (τ(x)) = τ(x). Since f has no periodic attractors we have respectively |Df^S (x)| ≥ 1 or |Df^S (τ(x))| ≥ 1. In any case we have |Df^S (x)| ≥ K_0. Lemma A.7 with I = [0, 1], g = f^S and E = K(S) thus shows that |Df^S (x)| ≥ K_0 for all x ∈ K(S). Therefore |f^S (J)| ≥ K_0|J|.

Integrating (1) over J yields |π_S − α_S | ≤ L ( |ā_S − c|^ℓ − |p_S − c|^ℓ ) ℓ . (8)

From (2) we obtain |π_S − c_1| ≥ |p_S − c|^ℓ/(ℓL). These and |f^S (J)| ≥ K_0|J|, or in other words |p_S − c| ≥ K_0|p_S − ā_S |, give |α_S − c_1| |π_S − c_1| ≤ L^2 (( |ā_S − p_S | |p_S − c| + 1 )_ℓ − 1 ) + 1 (9)

≤ L^2((K^{−1}_0 + 1)^ℓ − 1) + 1 ≡ K. � (10)

Definition. Let f be unimodal and suppose c is not periodic.

1. If n > S_0 then we define S(n) = max{S ∈ S | S < n}.

2. If n > T_0 then we define T (n) = max{T ∈ T | T < n}.

Note. If S_i ∈ S then S_i = S(S_{i+1}). If T_i ∈ T then T_i = T (T_{i+1}).

We will systematically factorize S- and T -iterates into compositions of other S- and T -iterates using lemma 2.8 below. The asymmetry between S- and T - iterates comes from the fact that f has a maximum at c.

Lemma 2.8 Suppose f is S-unimodal and has no periodic attractors. Then

1. If S_0 < S ∈ S, then S−S(S) ∈ S and f^{S−S(S)}(c_1) = f^S(α_{S−1}). Moreover, S ≤ 2S(S). 2. If T_0 < T ∈ T , then T − T (T ) ∈ S and f^{T −T (T )}(c_1) = f^T (ω_{T −1}).

3. If T_0 < S ∈ S, then S − T (S) ∈ S and f^{S−T (S)}(c_1) = f^S(ω_S ) < f^S (c_1).

See figure 2.

4. If T ∈ T , then T − S(T ) ∈ S and f^{T −S(T )}(c_1) = f^T (α_T ) < f^T (c_1). See figure 3.

Proof.

1. Put S̄ = S − S(S), so f^S = f^{S̄} ∘ f^{S(S)}. Now f^{S−1} | |_{[αS(S),c1]} is monotone and f^S (α_S ) = c_1. It follows that f^S | | |_{[αS(S),αS ]} is monotone and therefore f^{S̄} | | |_f S(S)_{[αS(S),αS ]} = f^{S̄} | |_{[f S(S)(αS ),c1]} is monotone. Moreover f^{S̄} (f^{S(S)}(α_S )) =

f^S(α_S ) = c_1, which shows that α¯_S = f^{S(S)}(α_S ) since f^{S(S)}(α_S ) < c_1. Since f^{S̄}(α¯_S ) = c_1, we deduce that S̄ ∈ S. Note that f^{S̄}(c_1) = f^{S̄}(f^{S(S)}(α_{S(S)})) = f^S(α_{S(S)}) = f^S(α_{S−1}).

In order to see that S ≤ 2S(S), consider f^{S(S)}[α_{S(S)}, c_1] = [c_{1+S(S)}, c_1]. If c_{1+S(S)} ≥ α_{S(S)} then f^{S(S)} maps [α_{S(S)}, c_1] homeomorphically into itself, implying that f has a periodic attractor. Therefore c_{1+S(S)} < α_{S(S)}. It follows that f^{S(S)} | | |_{[c1+S(S),c1]} = f^{2S(S)} | | |_{[αS(S),c1]} is not monotone, which proves that S ≤ 2S(S).

c1 c1 α¯_S π¯_S α_S x ω_S

c1+¯_S c1+_S f^T (^S)

f^S f S̄

6

Koebe space

?

Figure 2: Decomposition f^S = f^{S̄} ∘ f^{T (S)} where S ∈ S and S̄ = S − T (S).

2. This is proved similarly to the first part of 1. 3. Put S̄ = S − T (S), so f^S = f^{S̄} ∘ f^{T (S)}. Now f^S | |_{[αS ,ωS ]} is monotone and therefore f^{S̄} | |_{f T (S)[αS ,ωS ]} = f^{S̄} | |_{[f T (S)(αS ),c1]} is monotone. Moreover f^{S̄} (f^{T (S)}(α_S )) = f^S (α_S ) = c_1, which shows that α¯_S = f^{T (S)}(α_S ) since f^{T (S)}(α_S ) < c_1. Since f^{S̄} (α¯_S ) = c_1, we deduce that S̄ ∈ S. Note that f^{S̄}(c_1) = f^{S̄} (f^{T (S)}(ω_S )) = f^S(ω_S ) < f^S (c_1) because f^S is decreasing.

4. This is proved similarly to 3. �

Notes.

1. In the light of property 1, we can define the so-called kneading function Q by S_i − S_{i−1} = S_{Q(i)} [14, 13, 4]. There is also a co-kneading function, defined similarly [4]. We will not use either of these functions.

2. The full map x → 4x(1 − x) has S_i = i + 1 and so Q(i) = 0. The Feigenbaum map [7] has S_i = 2^i and Q(i) = i−1. The Fibonacci map [21, 18, 7] has S_i equal to the i + 1’th Fibonacci number and Q(i) = i − 2.

3. There is no inequality comparable to S ≤ 2S(S) for T -times. Indeed, it is possible for T_1 to be larger than an arbitrary multiple of T_0.

Definition. Let f be unimodal and suppose n > 0. If c_{1+j} < c_{1+n} for all 0 < j < n then we say that n is a closest return to c_1.

Lemma 2.9 Suppose f is S-unimodal and has no periodic attractors. If n > 0 is a closest return to c_1, then n ∈ S ∪ T .

Proof. Clearly sup f^n(M_n) = c_{1+j} for some 0 ≤ j < n, c.f. figure 1. As c_1 ∈ M_n we have in particular that c_{1+n} = f^n(c_1) ≤ c_{1+j} . This is in contradiction with n being a closest return to c_1 unless j = 0, which is the same thing as c_1 ∈ f^n(M_n). Therefore n ∈ S ∪ T . �

Lemma 2.10 Suppose f is S-unimodal and has no periodic attractors. Then

1. If T_0 < S ∈ S then there exists a unique x ∈ (π_S , ω_S ) such that f^S (x) = f^{T (S)}(x). Moreover, f^S(x) = π_{S−T (S)}. If S is a closest return to c_1, then x ∈ (c_1, ω_S). See figure 2.

2. If T ∈ T then there exists a unique x ∈ (α_T , ω_T ) such that f^T (x) = f^{S(T )}(x). Moreover, f^T (x) = π_{T −S(T )}. If T is a closest return to c_1, then x ∈ (α_T , c_1).

Proof.

1. The existence of x ∈ (π_S , ω_S ) satisfying f^S (x) = f^{T (S)}(x) follows from the inequalities f^{T (S)}(π_S ) < π_S = f^S (π_S ) (see note 2 after the definition of π_S ) and f^S (ω_S ) < f^{T (S)}(ω_S ) = c_1. It is unique because f^S and f^{T (S)} are monotone. By lemma 2.9, S̄ ≡ S − T (S) ∈ S, and by its proof f^{T (S)}(x) ∈ (α¯_S , c_1). Since f^{S̄}(f^{T (S)}(x)) = f^S (x) = f^{T (S)}(x), this shows that f^{T (S)}(x) = π¯_S . If S is a closest return to c_1, then f^{T (S)}(c_1) < f^S (c_1) and it follows that x ∈ (c_1, ω_S).

2. This is proved similarly to 1. �

3 Universal distortion bounds

The Koebe principle (see lemma A.6) shows that the distortion on a branch of f^n is bounded except near the end-points, the space to the end-points being measured in the image. In order to use the Koebe principle, one must estimate this space. We will do this using the following theorem, via its corollaries. See the next section for examples.

Lemma 3.1 If x, y > 0 and y^2 ≥ x/(1+x) then either y ≥ x or both x, y ≥ 1/ϕ. Here ϕ = (1 + √ 5)/2, the golden ratio.

Proof. If y ≤ x then y^2 ≥ y/(1 + y) which implies y^2 + y − 1 ≥ 0. Therefore x ≥ y ≥ 1/ϕ. �

Theorem 3.2 (A priori space) Suppose f is S-unimodal and has no periodic attractors. Then there exists δ > 0 such that |c_{1+S} − π_S | ≥ δ |π_S − c_1| for all S ∈ S. Here δ ≥ min{1/ϕ, c/(1 − c)} where ϕ = (1 + √ 5)/2, the golden ratio.

Proof. If c_1 = 1 then the result is trivial (c.f. below), so suppose c_1 < 1. Take N ≥ 0 such that S_N < T_0 < S_{N+1}. Define δ_S = |c_{1+S} − π_S |/|π_S − c_1| for S ∈ S and put δ = min{1/ϕ, δ_{S0} , . . . , δ_{SN} }. We shall prove that δ_S ≥ δ for all S ∈ S by showing that δ_S ≥ min{1/ϕ, δ_{S−T (S)}} for all S ∈ S such that S > S_N . Indeed, if S > S_N then S − T (S) < S, and δ_S ≥ δ follows inductively.

So take S ∈ S and suppose S > S_N . By lemma 2.8(3), S − T (S) = S̄ for some S̄ ∈ S and f^{S̄}(c_1) = f^S (ω_S ) < f^S (c_1), see figure 2. Let us show that either δ_S ≥ δ¯_S or both δ_S , δ¯_S ≥ 1/ϕ, which implies the claimed inequality δ_S ≥ min{1/ϕ, δ¯_S}. Cross-ratio expansion (lemma A.4(2)) with I = [α_S , ω_S ], J = [π_S , c_1] and g = f^S gives |c_{1+S} − π_S | |π_S − c_1| |c_{1+}¯_S − c_1| |ω_S − α_S | ≥ |c_{1+}¯_S − c_{1+S} | |ω_S − c_1| |π_S − c_1| |α_S − π_S | . (11)

Using |ω_S − α_S | ≥ |ω_S − c_1| and rearranging, we obtain

δ_S = |c_{1+S} − π_S | |π_S − c_1| ≥ |c_{1+}¯_S − c_{1+S} | |c_{1+}¯_S − c_1| |π_S − c_1| |α_S − π_S | . (12)

Case 1. |π¯_S − c_1| ≥ |c_{1+S} − c_1|. Then |c_{1+}¯_S − c_{1+S} | ≥ |c_{1+}¯_S − π¯_S | since c_{1+}¯_S < π¯_S < c_{1+S} < c_1. Note that c_{1+S} < α_S since otherwise f^S would map [α_S , c_1] diffeomorphically into itself, and f would have a periodic attractor. Therefore |α_S − π_S | ≤ |c_{1+S} − π_S | since c_{1+S} < α_S < π_S . Substituting into (12) yields δ_S ≥ |c_{1+}¯_S − π¯_S | |c_{1+}¯_S − c_1| |π_S − c_1| |c_{1+S} − π_S | = δ¯_S δ_S (1 + δ¯_S )

, (13)

which implies δ^2_S ≥ δ¯_S /(1 + δ¯_S ). By lemma 3.1, either δ_S ≥ δ¯_S or both δ_S , δ¯_S ≥ 1/ϕ. Case 2. |π¯_S − c_1| ≤ |c_{1+S} − c_1|. By lemma 2.6 we have π¯_S < α_S < π_S , so |α_S − π_S | ≤ |π¯_S − π_S |. Substituting into (12) gives |c_{1+S} − π_S | |π_S − c_1| ≥ |c_{1+}¯_S − c_{1+S} | |c_{1+}¯_S − c_1| |π_S − c_1| |π¯_S − π_S | . (14)

Now |c_{1+S} −π_S | = |c_{1+S} −c_1|−|π_S −c_1| and |c_{1+}¯_S −c_{1+S} | = |c_{1+}¯_S −c_1|−|c_{1+S} −c_1| since c_{1+}¯_S < c_{1+S} < π_S . Substituting these into (14) and solving for |c_{1+S} −c_1|, we obtain

|c_{1+S} − c_1| |π_S − c_1| ≥ |c_{1+}¯_S − c_1| |π¯_S − c_1| / ( |c_{1+}¯_S − c_1| |π¯_S − c_1| |π¯_S − π_S | |π¯_S − c_1| + |π_S − c_1|^2 |π¯_S − c_1|^2 ) , (15) or in other words, 1 + δ_S ≥

1 + δ¯_S (1 + δ¯_S )(1 − ξ) + ξ^2

(16)

where ξ = |π_S − c_1|/|π¯_S − c_1|. Since π¯_S < π_S < c_1 and, by assumption, |π¯_S − c_1| ≤ |c_{1+S} − c_1|, we have 1 ≥ ξ ≥ 1/(1 + δ_S ). The denominator of (16) is a positive quadratic function of ξ, so it assumes its maximal value at one of the endpoints of [1/(1 + δ_S ), 1]. If this is at ξ = 1 then δ_S ≥ δ¯_S . If it is at ξ = 1/(1 + δ_S ) then δ^2_S ≥ δ¯_S /(1 + δ¯_S ), so by lemma 3.1 either δ_S ≥ δ¯_S or both δ_S , δ¯_S ≥ 1/ϕ. This proves that δ_S ≥ min{1/ϕ, δ_{S−T (S)}} for all S ∈ S such that S > S_N , and therefore that δ_S ≥ min{1/ϕ, δ_{S0} , . . . , δ_{SN} } ≡ δ for all S ∈ S.

Let us show that min{δ_{S0} , . . . , δ_{SN} } ≥ min{c/(1 − c), 1}. Suppose S ∈ {S_0, . . . , S_N }, so f^S | [α_S ,1] is monotone. Now from πS > c we obtain πS /(1 −

π_S ) ≥ c/(1 − c), so lemma A.6(2) with I = [π_S , 1], J = [π_S , c_1] and g = f^S yields δ_S ≥ min{|Df^S(π_S )|, c/(1 − c)} ≥ min{c/(1 − c), 1}. (17) Thus δ ≥ min{1/ϕ, c/(1 − c)}. � Notes.

1. If c ≥ 1/ϕ^2 ≈ 0.38 then δ ≥ 1/ϕ. In particular, δ ≥ 1/ϕ if f is symmetric.

2. For any S-unimodal map, 1/ϕ is an asymptotic lower bound for δ. That is, |c_{1+S} − π_S |/|π_S − c_1| ≥ 1/ϕ − ϵ if S is large enough, for any ϵ > 0. Indeed, we can conjugate f to an S-unimodal map g with c_g = 0.5 using a Möbius transformation. Since π_S (f) → c_1(f) as S → ∞ and the conjugating Möbius transformation is approximately linear near c_1(f), we obtain |c_{1+S} (f) − π_S (f)|/|π_S (f) − c_1(f)| ≥ 1/ϕ − ϵ from |c_{1+S} (g) − π_S (g)|/|π_S (g) − c_1(g)| ≥ 1/ϕ if S is large enough (here we suppose that c_{1+S} (f) ≈ c_1(f) in addition to π_S (f) ≈ c_1(f); the desired inequality holds trivially otherwise).

3. We do not know if 1/ϕ is the best possible lower bound.

4. In appendix B we derive the classical real a priori bounds for renormalizable maps from theorem 3.2.

5. Results similar to theorem 3.2 have been proved for example by Blokh and Lyubich [3, lemma 1, section 4], and Levin and van Strien [19, lemma 6.4]. Levin and van Strien obtain a lower bound of 0.6, close to our 1/ϕ = 0.618 . . ., but, like Blokh and Lyubich, require additional hypotheses.

Corollary 3.3 Suppose f is S-unimodal and has no periodic attractors. Then there exists δ > 0 such that

6

?

c1 c1 α¯_S π¯_S α_T x ω_T

f^T f^S(^T )

f S̄

c1+¯_S c1+_T

Koebe space

Figure 3: Decomposition f^T = f^{S̄} ∘ f^{S(T )} where T ∈ T and S̄ = T − S(T ).

1. If T_0 < S ∈ S then |f^S (ω_S )−f^S(x)| ≥ δ |f^S(x)−c_1| where x is the unique point in (π_S , ω_S ) for which f^S(x) = f^{T (S)}(x); see lemma 2.10(1).

2. If T ∈ T then |f^T (α_T ) − f^T (x)| ≥ δ|f^T (x) − c_1| where x is the unique point in (α_T , ω_T ) for which f^T (x) = f^{S(T )}(x); see lemma 2.10(2).

Here δ > 0 is the same as in theorem 3.2.

Proof. We have |c_{1+S} − π_S | ≥ δ|π_S − c_1| for all S ∈ S by theorem 3.2.

1. If T_0 < S ∈ S then S − T (S) ∈ S by lemma 2.8(3); put S̄ = S − T (S).

We have f^S (ω_S ) = c_{1+}¯_S by lemma 2.8(3) and f^S (x) = π¯_S by lemma 2.10. Therefore |f^S(ω_S ) − f^S (x)| = |c_{1+}¯_S − π¯_S | ≥ δ|π¯_S − c_1| = δ|f^S (x) − c_1|.

2. If T ∈ T then T − S(T ) ∈ S by lemma 2.8(4); put S̄ = T − S(T ). We have f^T (α_T ) = c_{1+}¯_S by lemma 2.8(4) and f^T (x) = π¯_S by lemma 2.10. Therefore |f^T (α_T ) − f^T (x)| = |c_{1+}¯_S − π¯_S | ≥ δ|π¯_S − c_1| = δ|f^T (x) − c_1|, see figure 3. �

Corollary 3.4 Suppose f is S-unimodal and has no periodic attractors. Then there exists δ > 0 such that

1. If T_0 < S ∈ S and S is a closest return to c_1, then |f^S(ω_S ) − f^S (c_1)| ≥ δ |f^S (c_1) − c_1|.

2. If T ∈ T is a closest return to c_1 then |f^T (α_T ) − f^T (c_1)| ≥ δ |f^T (c_1) − c_1|.

Here δ > 0 is the same as in theorem 3.2.

Proof.

1. We have |f^S (ω_S ) − f^S (x)| ≥ δ|f^S (x) − c_1| by corollary 3.3(i) and x ∈ (c_1, ω_S) by lemma 2.10. Therefore |f^S (ω_S )−f^S (c_1)| ≥ |f^S (ω_S )−f^S (x)| ≥ δ|f^S (x) − c_1| ≥ δ|f^S (c_1) − c_1| since f^S is decreasing on [α_S , ω_S ].

2. We have |f^T (α_T ) − f^T (x)| ≥ δ|f^T (x) − c_1| by corollary 3.3(ii) and x ∈ (α_T , c_1) by lemma 2.10. Therefore |f^T (α_T )−f^T (c_1)| ≥ |f^T (α_T )−f^T (x)| ≥ δ|f^T (x) − c_1| ≥ δ|f^T (c_1) − c_1| since f^T is increasing on [α_T , ω_T ]. �

4 Universal derivative bounds

In this section we prove that any S-unimodal map without periodic attractors has derivative bounded away from zero at closest returns to c_1 (proposition 4.4), see the definition below. This is stronger than having a lower bound for closest returns to c (which was already known, and is proved like lemma 7.5), the point being that if n > 0 is a closest return to c_1, then, more or less, c_n is closer to c than any previous iterate, so |Df(c_n)| is smaller than at any previous time. Now |Df^n(c_1)| = |Df(c_n)| · · · |Df(c_1)| contains this very small factor, so could be expected to be very small itself. We show that it is bounded below.

From this lower bound, we derive a lower bound for |Df^n(c_1)|, for an arbitrary n > 0, that is subexponentially decreasing in n (proposition 4.9). Without additional restrictions on the map one cannot hope to do much better, since examples of S-unimodal maps without periodic attractors are known for which lim inf_{n→∞} |Df^n(c_1)| = 0, see [4].

Definition. Let f be unimodal. If there exists α > 0 such that |Df^n(c_1)| ≥ α whenever n > 0 is a closest return to c_1, then we say that f has derivative bounded away from zero at closest returns to c_1.

Lemma 4.1 Suppose f is S-unimodal and has no periodic attractors. Then there exists K > 0 such that if S ∈ S is a closest return to c_1 then |Df^S (c_1)| ≥ |Df^S (π_S )|/K. Proof. If c_1 = 1 then the result is trivial (the only closest return to c_1 is n = 1) so suppose c_1 < 1. Take N ≥ 0 such that S_N < T_0 < S_{N+1} and put K = max{|Df^{S0} (π_{S0} )|/|Df^{S0} (c_1)|, . . . , |Df^{SN} (π_{SN} )|/|Df^{SN} (c_1)|, (1 + δ)^2/δ^2}, where δ > 0 is as in theorem 3.2.

Suppose S ∈ S is a closest return to c_1. If S < T_0 then |Df^S (c_1)| ≥ |Df^S (π_S )|/K by the definition of K. Otherwise S > T_0 and |f^S(ω_S )−f^S (c_1)| ≥ δ|f^S (c_1) − c_1| ≥ δ|f^S(c_1) − π_S | by corollary 3.4. The one-sided Koebe principle (lemma A.6(4)) with I = [ω_S , π_S ], x = c_1 and g = f^S then gives |Df^S (c_1)| ≥ δ^2|Df^S (π_S )|/(1 + δ)^2 ≥ |Df^S (π_S )|/K. �

Corollary 4.2 Suppose f is S-unimodal and has no periodic attractors. Then there exists α > 0 such that if S ∈ S is a closest return to c_1 then |Df^S (c_1)| ≥ α.

Proof. Since |Df^S(π_S )| ≥ 1 we have |Df^S (c_1)| ≥ 1/K ≡ α by lemma 4.1. �

Note. If f is symmetric, then the proof gives α ≥ 1/ϕ^4. With a more careful analysis, one can show that α ≥ 1/ϕ^2.

Lemma 4.3 Suppose f is S-unimodal and has no periodic attractors. Then there exists α > 0 such that if T ∈ T is a closest return to c_1 then |Df^T (c_1)| ≥ α.

Proof. Take δ > 0 as in theorem 3.2 and put α = δ/(1 + δ)^3. If T ∈ T is a closest return to c_1 then |f^T (α_T ) − f^T (c_1)| ≥ δ|f^T (c_1) − c_1| by corollary 3.4. Therefore there exists y ∈ [α_T , c_1] such that |f^T (y) − c_1| = (1 + δ)|f^T (c_1) − c_1|. Now |y − c_1| ≤ |f^T (y) − c_1| (otherwise f would have a periodic attractor) so |f^T (y) − f^T (c_1)|/|y − c_1| ≥ δ/(1 + δ). By the mean-value theorem there exists z ∈ [y, c_1] with |Df^T (z)| ≥ δ/(1+δ). Since |f^T (c_1)−c_1|/|f^T (c_1)−f^T (z)| ≥ 1/δ, the one-sided Koebe principle (lemma A.6(4)) with I = [ω_T , z], x = c_1 and g = f^T gives |Df^T (c_1)| ≥ |Df^T (b)|/K(1/δ) ≥ δ/((1 + δ)K(1/δ)) = α. �

Note. If f is symmetric, then the proof gives α ≥ 1/ϕ^4. With a more careful analysis, one can show that α ≥ 1/ϕ^3.

Proposition 4.4 (Closest return lower bound) Suppose f is S-unimodal and has no periodic attractors. Then f has derivative bounded away from zero at closest return to c_1.

Proof. If n > 0 is a closest return to c_1 then n ∈ S ∪ T by lemma 2.9. The result therefore follows from corollary 4.2 and lemma 4.3. �

Note. If f is symmetric, one can show that the lower bound is at least 1/ϕ^3.

In the remainder of this section we prove the existence of a lower bound for |Df^n(c_1)| which decreases subexponentially in n (proposition 4.9). The same technique will be used in section 6 to prove that if an S-unimodal map has a uniform hyperbolic structure and satisfies the Collet-Eckmann condition at closest returns to c_1, then it satisfies the Collet-Eckmann condition (c.f. lemmas 6.9 and 6.10). Note the similarities between the sets N(n) used here and the so-called Guckenheimer sets K(n) used in sections 2 and 7.

Definition. Let f be unimodal and suppose n ≥ 0. We define N(n) = {x ∈ [0, c_1] | x_n ≤ x and x_i ≤ x_n for all 0 < i < n}.

Lemma 4.5 Suppose f is unimodal and n > 0. Then Df^n(x) ≠ 0 for all x ∈ int N(n). If x ∈ ∂N(n) then either x_i = x_n for some 0 ≤ i < n and x ∈ N(i), or x = c_1 and n is a closest return to c_1.

Proof. If x ∈ int N(n) then x < c_1 and x_i ≤ x for all 0 ≤ i ≤ n. If Df^n(x) = 0 then x_i = c for some 0 ≤ i < n, so x_{i+1} = c_1 > x, a contradiction.

If x ∈ ∂N(n) then either x_i = x_n for some 0 ≤ i < n (this includes the case x = 0), or, if x_i ≠ x_n for all 0 ≤ i < n, we have x = c_1, in which case c_{1+j} < c_{1+n} for all 0 < j < n since x ∈ N(n) and x_i ≠ x_n for all 0 ≤ i < n. If x_i = x_n for some 0 ≤ i < n then clearly x ∈ N(i). �

Lemma 4.6 Suppose f is unimodal and x ∈ [0, c_1]. If n ≥ 0 and x_i ≤ x for all 0 < i ≤ n, then there exists m ≥ 0 and non-negative integers i_0, . . . , i_m such that 0 = i_0 < i_1 < · · · < i_m = n, x_n = x_{im} ≤ · · · ≤ x_{i1} ≤ x_{i0} = x and x_{ij} ∈ N(i_{j+1} − i_j ) for all 0 ≤ j < m.

Proof. Define î_0,î_1, . . . by î_0 = n and î_{j+1} = max{0 ≤ k < î_j | x_k ≥ x_{îj} }. We have î_m = 0 for some m ≥ 0 by the hypothesis that x_i ≤ x for all 0 < i ≤ n. Take i_j = î_{m−j} , where 0 ≤ j ≤ m. �

Lemma 4.7 Suppose f is S-unimodal and has no periodic attractors. Then there exists α > 0 such that inf_{N(n)} |Df^n| ≥ α for all n ≥ 0.

Proof. By proposition 4.4, f has derivative bounded away from zero at closest returns to c_1. In other words, there exists 1 ≥ α > 0 such that |Df^n(c_1)| ≥ α whenever n > 0 is a closest return to c_1. We shall show that inf_{N(n)} |Df^n| ≥ α for all n ≥ 0 by complete induction on n.

Case 1. n = 0. Then N(n) = [0, c_1] and |Df^n(x)| = 1 ≥ α for all x ∈ N(n). Case 2. n > 0. Take x ∈ ∂N(n). By lemma 4.5, either x_i = x_n for some 0 ≤ i < n and x ∈ N(i), or x = c_1 and n is closest return to c_1. Suppose x_i = x_n for some 0 ≤ i < n and x ∈ N(i). Then |Df^i(x)| ≥ α by the inductive hypothesis and |Df^{n−i}(x_i)| ≥ 1 because f^{n−i}(x_i) = x_i (f has no periodic attractors). Thus |Df^n(x)| ≥ α. If x = c_1 and n is a closest return to c_1, then |Df^n(x)| ≥ α by hypothesis. Therefore |Df^n(x)| ≥ α for all x ∈ ∂N(n). It follows from lemma A.7 that inf_{N(n)} |Df^n| ≥ α.

This proves that inf_{N(n)} |Df^n| ≥ α for all n ≥ 0. �

Lemma 4.8 Suppose f is S-unimodal and has no periodic attractors. Then for every 0 ≤ ρ < 1 there exists K > 0 such that if x ∈ [0, c_1], n ≥ 0 and x_i ≤ x for all 0 < i ≤ n, then |Df^n(x)| ≥ Kρ^n.

Proof. By lemma 4.7, there exists 1 ≥ α > 0 such that inf_{N(n)} |Df^n| ≥ α for all n ≥ 0. Take any 0 ≤ ρ < 1 and choose N ≥ 1 large enough that ρ^N ≤ α. The critical point of f is not periodic since f has no periodic attractors. It follows that there exists a convex neighborhood U of c such that if x ∈ f(U) and x_i ∈ f(U) for some i > 0, then i ≥ N. By Mañé’s lemma (lemma A.3) there exist K_1 > 0 and λ_1 > 1 such that if x ∈ [0, 1], n ≥ 0 and x_i ∉ U for all 0 ≤ i < n, then |Df^n(x)| ≥ K_1λ^n_1 . Put K = αK_1. Suppose x ∈ [0, c_1], n ≥ 0 and x_i ≤ x for all 0 < i ≤ n. We shall show that |Df^n(x)| ≥ Kρ^n.

By lemma 4.6, there exists m ≥ 0 and non-negative integers i_0, . . . , i_m such that 0 = i_0 < i_1 < · · · < i_m = n, x = x_{i0} ≥ x_{i1} ≥ · · · ≥ x_{im} = x_n and x_{ij} ∈ N(i_{j+1} − i_j ) for all 0 ≤ j < m. In particular, |Df^{ij+1−ij} (x_{ij} )| ≥ α for all 0 ≤ j < m. Case 1. x_{ij} ∉ f(U) for all 0 ≤ j < m. Then x_i ∉ f(U) for all 0 ≤ i ≤ n.

This follows from the definition of the sets N(i_{j+1} − i_j ). Thus x_i ∉ U for all 0 ≤ i < n, which implies that |Df^n(x)| ≥ K_1λ_1^n ≥ Kρ^n.

Case 2. x_{ij} ∈ f(U) for some 0 ≤ j < m. Take s = max{0 ≤ j < m | x_{ij} ∈ f(U)}. We have |Df^n(x)| = |Df^{is+1−is} (x_{is} )| |Df^{n−is+1} (x_{is+1} )| ∏ 0≤j<s |Df^{ij+1−ij} (x_{ij} )|. (18)

If 0 ≤ j < s then x_{ij} ∈ f(U) and x_{ij+1} = f^{ij+1−ij} (x_{ij} ) ∈ f(U), so i_{j+1} − i_j ≥ N from the choice of U. But then |Df^{ij+1−ij} (x_{ij} )| ≥ α ≥ ρ^{ij+1 −ij} by the choice of N. If s < j < m then x_{ij} ∉ f(U), so as in case 1 we have |Df^{n−is+1} (x_{is+1} )| ≥ K_1λ^{n−is+1} 1 ≥ K_1ρ^{n−is+1} . Finally, |Df^{is+1−is} (x_{is} )| ≥ α ≥ αρ^{is+1−is} . Thus |Df^n(x)| ≥ αρ^{is+1−is} K_1ρ^{n−is+1} ρ^{is} ≥ Kρ^n. � Proposition 4.9 (Subexponential lower bound) Suppose f is S-unimodal and has no periodic attractors. Then for every 0 ≤ ρ < 1 there exists K > 0 such that |Df^n(c_1)| ≥ Kρ^n for all n ≥ 0.

Proof. Take x = c_1 in lemma 4.8. �

Notes.

1. The point is that ρ < 1 can be chosen arbitrarily close to 1. The price to pay is that K > 0 may then be very small.

2. An alternative formulation of the proposition is: if an S-unimodal map has negative lower Lyapunov exponent at c_1, then it has a periodic attractor. It was already known that a negative upper Lyapunov exponent at c_1 implies a periodic attractor. Indeed, if an S-unimodal map has no periodic attractors then there is a lower bound for |Df^n(c_1)| at closest returns to c as mentioned at the start of this section. Therefore λ^+(c_1) ≥ 0.

Corollary 4.10 (Nowicki [25]) Suppose f is S-unimodal and has no periodic attractors. Then there exist K > 0 and M > 1 such that |c_{1+n} − c_1| ≥ KM^{−n} for all n > 0. In fact M = (sup_{[0,1]} |Df|)^{ℓ/(ℓ−1)} > 1, where ℓ > 1 is the order of the critical point.

Proof. It is enough to consider closest returns to c_1. By proposition 4.4, there exists α > 0 such that |Df^n(c_1)| ≥ α for every n > 0 which is a closest return to c_1. By non-flatness, there exists C > 0 such that |Df(x)| ≤ C|f(x) − c_1|^{(ℓ−1)/ℓ} for all x ∈ [0, 1]. Put L = sup_{[0,1]} |Df| > 1 and K = (Lα/C)^{ℓ/(ℓ−1)} > 0.

If n > 0 is a closest return to c_1, then α ≤ |Df^n(c_1)| ≤ |Df(c_n)| L^{n−1} ≤ CL^{n−1}|c_{1+n} − c_1|^{(ℓ−1)/ℓ}. Rearranging, one obtains |c_{1+n} − c_1| ≥ KM^{−n}. �

5 Hyperbolic structure and central expansion

In this section we prove that if f has a uniform hyperbolic structure, then it is centrally expanding (see below for the definition). This result plays a key role in proving that the Collet-Eckmann condition is satisfied. Firstly, it implies the non-existence of almost-saddle-node cascades (lemma 6.6). Secondly, it enables us to prove that closest return T -branches have large average slope (lemma 6.3).

We also take the opportunity to introduce a number of useful if somewhat technical hyperbolicity conditions, and to prove that they are equivalent to having a uniform hyperbolic structure (theorem 5.3).

Definition. Let f be unimodal and suppose λ > 1. If |Df^n(x)| ≥ λ^n for every n > 0 and x ∈ [0, 1] such that f^n(x) = x, then we say that f has a λ-hyperbolic structure. If f has a λ-hyperbolic structure for some λ > 1, then we say that f has a uniform hyperbolic structure, sometimes said a uniform hyperbolic structure on the periodic points [25].

Note. Uniform hyperbolic structure is equivalent to

inf{λ(x) | x ∈ [0, 1] and f^n(x) = x for some n > 0} > 0. (19)

The Lyapunov exponent λ(x) was defined in section 1.

Definition. Let f be S-unimodal. If f has no periodic attractors and there exist K > 0 and λ > 1 such that |c_{1+S} − c_1| ≥ Kλ^S |α_S − c_1| for all S ∈ S, then we say that f is centrally expanding.

Notes.

1. One can manipulate the constant λ in order to cover small iterates and get rid of the constant K.

2. Central expansion is equivalent to |c_S − c| ≥ K_1λ_1^S |a_S − c| for all S ∈ S, where λ_1 = λ^{1/ℓ} and K_1 depends on K, ℓ and non-flatness constants. This last is the usual definition of central expansion [25, 28]. See section 2 for the definition of a_S .

3. On one side of c (the side where c_S lies) one can get rid of K_1 by manipulating λ_1, however the estimate on the other side may be influenced by the nonsymmetry. If f is symmetric then one can get rid of K_1 totally.

4. The presence of the constant K_1 in the non-symmetric case creates a number of technical difficulties for the proof of some parts of theorem 5.3. These parts of theorem 5.3 are not used in the proof of theorem B. We treat the symmetric case here and refer to [28] for the general case.

Definition. Let f be S-unimodal. If f has no periodic attractors and there exists λ > 1 such that |Df^S (π_S )| ≥ λ^S for all S ∈ S, then we say that f has a central hyperbolic structure.

Note. If f has a uniform hyperbolic structure then it certainly has a central hyperbolic structure. Therefore the central hyperbolic structure condition is a priori weaker than uniform hyperbolic structure.

Lemma 5.1 Suppose f is S-unimodal and has a central hyperbolic structure. Then there exist K > 0 and λ > 1 such that |c_{1+S} − π_S | ≥ Kλ^S |π_S − c_1| for all S ∈ S. Proof. Take λ_1 > 1 such that |Df^S (π_S )| ≥ λ^S_1 for all S ∈ S. By proposition 4.9 there exists K_1 > 0 such that |Df^n(c_1)| ≥ K_1λ_1^{−n/2} for all n ≥ 0.

If S ∈ S then we have |c_{1+S} − π_S | |π_S − c_1| ≥ √ |Df^S (π_S )| |Df^S (c_1)| ≥ √ K_1^4 √ λ_1^S (20)

by lemma A.6(3) with I = [π_S , c_1] and g = f^S . Take K = √ K_1 and λ =^4 √ λ_1. � Proposition 5.2 Suppose f is S-unimodal and has a central hyperbolic structure. Then f is centrally expanding.

Proof. We must show that there exist K > 0 and λ > 1 such that |c_{1+S} − c_1| ≥ Kλ^S |α_S − c_1| for all S ∈ S. By lemma 5.1 there exist K_1 > 0 and λ > 1 such that |c_{1+S} −π_S | ≥ Kλ^S |π_S −c_1| for all S ∈ S. By lemma 2.7 there exists K_2 ≥ 1 such that |α_S − c_1| ≤ K_2|π_S − c_1| for all S ∈ S. Take K = K_1/K_2. If S ∈ S then |c_{1+S} − c_1| |α_S − c_1| ≥ |c_{1+S} − π_S | K_2|π_S − c_1| ≥ K_1 K_2 λ^S , (21)

which proves central expansion. �

Definition. Let f be unimodal. If there exist K > 0 and λ > 1 such that |f^n(x) − f^n(y)| ≥ Kλ^n|x − y| for all n > 0 and x, y ∈ [0, 1] for which f^n(x) = c and f^n | |_{[x,y]} is monotone, then we say that f is uniformly expanding on the c-level.

Definition. Let f be unimodal. If there exist K > 0 and λ > 1 such that |I| ≤ Kλ^{−n} for every n > 0 and interval I ⊆ [0, 1] for which f^n|_I is monotone, then we say that f has exponential decay of cylinders.

Theorem 5.3 Suppose f is S-unimodal. Then the following are equivalent:

1. f is centrally expanding.

2. f is uniformly expanding on the c-level.

3. f has exponential decay of cylinders.

4. f has a uniform hyperbolic structure.

5. f has a central hyperbolic structure.

Proof. The implications 1 ⇔ 2 ⇒ 3 ⇒ 4 ⇒ 5 were already known [25, 28]. Proposition 5.2 (5 ⇒ 1) was not known, and completes the circle of ideas. We sketch the other proofs for completeness.

(1 ⇒ 2). We recall the proof in the symmetric case which shows the essential ideas without struggling too much with unpleasant constants. We refer to [28] for the general case.

Since f is symmetric, we may assume that there is a λ > 1 such that |c_S − c|/|a_S − c| ≥ λ^S for any S ∈ S (without the leading constant, see the remarks above). We will also suppose that 1 < λ ≤ |Df(0)|. We proceed by induction and prove that for any n ≥ 0:

If f^n | [x,y] is monotone and f n(x) = c, then |x_n − y_n| ≥ Kλ^n|x − y|. (22) The value of K > 0 is chosen small enough that (22) holds for n = 0, 1, and small enough to cover the constants that appear below. Note that these constants do not accumulate because of the symmetry assumption.

Suppose n > 1 and that (22) holds for all 0 ≤ k < n. First we prove (22) when y is maximal, i.e. Df^n(y) = 0 or y ∈ {0, 1}. In the latter case, the maximal interval [v, y] ∋ x of monotonicity of f^n has the property that f^n(v) = c_1. The branch of f^n over [x, y] is extendable, and we obtain |x_n −y_n| ≥ const |Df(0)|^n|x − y| ≥ Kλ^n|x − y|, which proves (22).

Otherwise Df^n(y) = 0, so f^k(y) = c for some 0 ≤ k < n. Clearly f^k | |_{[x,y]} is monotone, so by the inductive assumption |x_k − y_k| ≥ Kλ^k|x − y|. Moreover, f^{n−k} is monotone on f^k[x, y] ≡ [z, c], with f^{n−k}(z) = f^n(x) = c. Therefore n − k = S ∈ S, z = a_S or z = τ(a_S ), and |x_n − y_n| = |c_S − c| ≥ λ^{n−k}|z − c| = λ^{n−k} |x_k − y_k| ≥ Kλ^n|x − y| (23) by central expansion. This proves (22) in this case.

If y is not maximal then we deduce (22) from the maximal case using lemma A.6(2).

(2 ⇒ 1). By definition.

(2 ⇒ 3). First note that if n > 0 and z are such that f^n(z) = c and f^n | |_{[c,z]} is monotone, then n = S_i ∈ S and z = a_S or z = τ(a_S ). Therefore f^{2n+1} | [c,z] is not monotone, since S_{i+1} ≤ 2S_i (lemma 2.8(1)).

If [x, y] is maximal with f^n(x) = c and f^n | |_{[x,y]} monotone, then f^{2n+1} | |_{[x,y]} is not monotone. Indeed, let 0 ≤ k < n be such that f^k(y) = c. Then n − k ∈ S and f^{2(n−k)+1} | |_{[xk ,yk]} is not monotone as shown above, so f^{2n−k+1} | |_{[x,y]} is not monotone.

So suppose that n > 0 and f^n|_I is monotone. We may assume that I = [a, b] is maximal. Then by the above there exists m > n/2 such that f^m|_I is monotone and f^m(a) = c or f^m(b) = c. Therefore, by uniform expansion on the c-level, |I| ≤ λ^{−m}/K ≤ λ^{−n/2}/K. (3 ⇒ 4). Suppose f^n(x) = x and take any ϵ > 0. Clearly f has no periodic attractors, so |Df^n(x)| > 1. Choose an interval I_0 containing x such that f^n|_{I0} is a diffeomorphism onto its image, sup_{I0} |Df^n| ≤ |Df^n(x)|^{1+ϵ} and I_0 ⊆ f^n(I_0). Take m > 0 and define I_m = (f^n|_{I0} )^{−m}(I_0).

Clearly sup_{Im} |Df^{mn}| ≤ |Df^n(x)|^{m(1+ϵ)}, so |I_m| ≥ |I_0|/|Df^n(x)|^{m(1+ϵ)}. Note that f^{mn}|_{Im} is monotone, so from exponential decay of cylinders we obtain |I_m| ≤ Kλ^{−mn}. Thus |Df^n(x)|^{1+ϵ} ≥ (|I_0|/K)^{1/m}λ^n. Since m > 0 and ϵ > 0 were arbitrary, this yields |Df^n(x)| ≥ λ^n.

(4 ⇒ 5). By definition. �

6 The Collet-Eckmann condition

In this section we prove that an S-unimodal map f satisfies the Collet-Eckmann condition if and only if it has a uniform hyperbolic structure (theorem 6.11). Since it was already known that the Collet-Eckmann condition implies the presence of a uniform hyperbolic structure [28], we relegate the proof of this part to the end of the section. The rest of the section is devoted to proving that a uniform hyperbolic structure implies the Collet-Eckmann condition.

We start by proving that the Collet-Eckmann condition is satisfied at closest returns to c_1. A closest return to c_1 is either an S-time or a T -time. In the S case we simply compare the derivative at c_1 with that at the periodic point π_S , see lemma 6.1. The T case is more difficult since there is no periodic point to compare with.

The idea in the T case is to find places on the c_1-branch of f^T where the slope is exponentially big, and then to pull this derivative down the branch to c_1, c.f. figure 5. Derivative pull-back works because there is an identifiable region of the c_1-branch of f^T on which f^T is an approximately-affine rescaling of x → x^ℓ. Here ℓ is the order of the critical point of f. Points in this region are said to be well-placed in f^T .

A key observation is that one can calculate the relationship between the derivative of f^T at a well-placed point x and at its inverse image y under the c_1-branch of f^T , in essence |Df^T (y)| ’ |Df^T (x)|^{1/ℓ} (see lemma 6.5): if the derivative at x is exponentially big, then so is the derivative at y, but with the loss of a factor ℓ in the rate. Taking successive pull-backs of the derivative at x in this way until we reach c_1, we obtain |Df^T (c_1)| ’ |Df^T (x)|^{1/ℓn} , where n is the number of backward iterates needed to reach c_1. This will be exponentially big if the derivative at x is exponentially big and the number of backward iterates n is bounded independently of T .

It turns out that the slope of f^T is exponentially big whenever there is an intersection between the central branch of f^T and a previous S-branch (lemma 6.3). Since one can always find a previous S-branch which intersects f^T in the well-placed region, there always exists a well-placed point x with exponentially big derivative (lemma 6.4). We apply derivative pull-back to this point.

Maps without an upper bound for the number of iterates needed to go from one end of a c_1 T -branch to the other are said to suffer from almost-saddle-node cascades. Using proposition 5.2 of the previous section, it is easy to show that this does not occur for S-unimodal maps with a uniform hyperbolic structure (lemma 6.6). The number of pull-backs n being indeed bounded independently of T , we obtain in this way the required exponentially large lower bound for the derivative at c_1 at closest T return times to c_1: the Collet-Eckmann condition is satisfied at closest returns to c_1.

Once we know that the Collet-Eckmann condition is satisfied at closest returns to c_1, it is relatively straightforward to prove that f satisfies the Collet- Eckmann condition at all times. This is done in lemmas 6.9 and 6.10.

Definition. Let f be unimodal. If there exist K > 0 and λ > 1 such that |Df^n(c_1)| ≥ Kλ^n for all n > 0, then we say that f satisfies the Collet-Eckmann condition, see [6, C1, page 14].

Note. The Collet-Eckmann condition is equivalent to λ_−(c_1) > 0.

In section 5 it was shown that uniform hyperbolic structure is equivalent to the a priori weaker condition of central hyperbolic structure. In what follows we refer to whichever of uniform hyperbolic structure or central hyperbolic structure seems most appropriate.

Lemma 6.1 (Closest S returns) Suppose f is S-unimodal and has a central hyperbolic structure. Then there exist K > 0 and λ > 1 such that if S ∈ S is a closest return to c_1 then |Df^S(c_1)| ≥ Kλ^S .

Proof. This follows from lemma 4.1. �

That is, the Collet-Eckmann condition is satisfied at closest S returns to c_1. In the case of a closest T return to c_1, we first show that there is exponentially big slope wherever the c_1-branch of f^T is crossed by a previous S-branch. This is done in lemma 6.3.

Lemma 6.2 Suppose f is S-unimodal and has no periodic attractors. Then there exists ϵ > 0 such that if T ∈ T is a closest return to c_1, S ∈ S and S < T , then |f^T (c_1) − f^S (ω_S )| ≥ ϵ |f^S (ω_S ) − c_1|.

Proof. By theorem 3.2, there exists δ > 0 such that |c_{1+S} − π_S | ≥ δ |π_S − c_1| for all S ∈ S. If c_1 = 1 then T = ∅ and there is nothing to prove, so suppose c_1 < 1 which implies c_2 > 0. Put ϵ = min{δ/(1 + δ), c_2/c_1} > 0. Suppose T ∈ T is a closest return to c_1, S ∈ S and S < T .

If S < T_0 then ω_S = 1 by lemma 2.1, so f^S (ω_S ) = 0 and

|f^T (c_1) − f^S (ω_S )|

|f^S (ω_S ) − c_1| ≥ c_2 c_1

≥ ϵ (24)

since f^T (c_1) ∈ [c_2, c_1]. If S > T_0 then, by lemma 2.8(3), S − T (S) ∈ S and f^S(ω_S ) = f^{S−T (S)}(c_1). Put T̄ = T (S) and S̄ = S − T (S).

By lemma 2.10(1) there exists x ∈ (π_S , ω_S) such that f^S (x) = f^{T̄} (x) and f^S(x) = π¯_S . We have f^T (c_1) > max{f^S(c_1), f^{T̄} (c_1)} since T is a closest return to c_1 and T̄ < S < T ; it follows that f^T (c_1) ≥ π¯_S . Now |f^{S̄}(c_1) − π¯_S | ≥ δ |π¯_S − c_1|, so

|f^S(ω_S ) − c_1| = |f^{S̄} (c_1) − π¯_S | + |π¯_S − c_1| (25) ≥ (1 + δ) |π¯_S − c_1| ≥ (1 + δ) |f^T (c_1) − c_1|. (26)

Therefore

|f^T (c_1) − f^S (ω_S )| |f^S (ω_S ) − c_1| ≥ 1 − |f^T (c_1) − c_1| |f^S (ω_S ) − c_1| ≥ δ 1 + δ

≥ ϵ (27)

as required. �

Lemma 6.3 (Average slope estimate) Suppose f is S-unimodal and has a uniform hyperbolic structure. Then there exist K > 0 and λ > 1 with the following property: if T ∈ T is a closest return to c_1, S ∈ S, S < T and f^S(x) = f^T (x) for some x ∈ (α_T , c_1), then

|f^T (x) − f^T (c_1)| |x − c_1| ≥ Kλ^T . (28)

Proof. Take λ_1 > 1 such that f has a λ_1-hyperbolic structure. By proposition 5.2, f is centrally expanding: there exist K_2 > 0 and λ_2 > 1 such that |c_{1+S} − c_1| ≥ K_2λ^S_2 |α_S − c_1| for all S ∈ S. By lemma 6.2, there exists ϵ > 0 such that if T ∈ T is a closest return to c_1, S ∈ S and S < T , then |f^T (c_1) − f^S (ω_S )| ≥ ϵ |f^S(ω_S ) − c_1|. Put ρ = λ_1^{−1/4}. By proposition 4.9, there exists 1 ≥ K_0 > 0 such that |Df^n(c_1)| ≥ K_0ρ^n for all n ≥ 0. By lemma 4.3, there exists α > 0 such that if T ∈ T is a closest return to c_1 then |Df^T (c_1)| ≥ α. Put K = min{ϵK_2/2, √ αK_0, ϵ √ α/(2 + ϵ)} and λ = min{^4 √ λ_1,^2 √ λ_2}. Suppose T ∈ T is a closest return to c_1, S ∈ S, S < T and f^S (x) = f^T (x) for some x ∈ (α_T , c_1).

Now f^{T −S} (f^S (x)) = f^S (x), so f^S (x) is periodic of period T − S. Therefore |Df^{T −S} (f^S (x))| ≥ λ_1^{T −S} by the λ_1-hyperbolic structure. Note that π_S < x < c_1 since f^S (x) = f^T (x) < x, c.f. the note after lemma 2.1.

Case 1. S ≤ T/2. Now |Df^S (π_S )| ≥ 1 and |Df^S (c_1)| ≥ K_0ρ^S , so we have |Df^S (x)| ≥ min{|Df^S (π_S )|, |Df^S (c_1)|} ≥ K_0ρ^S by lemma A.6(1). It follows that

|Df^T (x)| = |Df^{T −S}(f^S (x))| |Df^S (x)| ≥ K_0λ_1^{T −S} ρ^S ≥ K_0λ_1^{T /2} (29)

since S ≤ T/2. Hence by lemma A.6(3),

|f^T (x) − f^T (c_1)| |x − c_1| ≥ √ |Df^T (x)| |Df^T (c_1)| ≥ √ αK_0 λ_1^{T /4} ≥ Kλ^T . (30)

Case 2. S ≥ T/2 and |f^T (x) − f^T (c_1)| ≥ |f^T (c_1) − f^S(ω_S )|/2. Then

|f^T (x) − f^T (c_1)| ≥

|f^T (c_1) − f^S(ω_S )| 2 (31) ≥ ϵ |f^S (ω_S ) − c_1| 2 ≥ ϵ |c_{1+S} − c_1| 2 . (32)

Thus |f^T (x) − f^T (c_1)| |x − c_1| ≥ ϵ 2 |c_{1+S} − c_1| |α_S − c_1| ≥ ϵK_2λ_2^S 2 ≥ Kλ^T . (33)

Case 3. S ≥ T/2 and |f^T (x) − f^T (c_1)| ≤ |f^T (c_1) − f^S(ω_S )|/2. Then

|f^S (ω_S ) − f^S(x)| = |f^S (ω_S ) − f^T (x)| (34)

c1 c1 α_T x0 ω_T

f^T f^S(^T ) c1+_T x1 ωT −1 α¯_S

f^T (x0) f^T (ω_{T −}1) f S̄

6

?

Koebe space

Figure 4: Case 2 of lemma 6.4. The point x_1 is well-placed in f^T .

= |f^S (ω_S ) − f^T (c_1)| − |f^T (x) − f^T (c_1)| (35) ≥ |f^T (c_1) − f^S (ω_S )| 2 (36) ≥ ϵ |f^S(ω_S ) − c_1| 2 ≥ ϵ |f^S(x) − f^S (π_S )| 2 . (37)

The one-sided Koebe principle (lemma A.6(4)) with I = [ω_S , π_S ] and g = f^S yields |Df^S(x)| ≥ |Df^S (π_S )|/K(ϵ/2) ≥ λ_1^S /K(ϵ/2), where K(ϵ/2) = (2 + ϵ)^2/ϵ^2. As in case 1, |Df^T (x)| = |Df^{T −S} (f^S (x))| |Df^S (x)| ≥ ϵ^2λ_1^T /(2 + ϵ)^2. Therefore

|f^T (x) − f^T (c_1)| |x − c_1| ≥ √ |Df^T (x)| |Df^T (c_1)| ≥ ϵ √ α 2 + ϵ λ_1^{T /2} ≥ Kλ^T (38)

by lemma A.6(3). �

Definition. Let f be S-unimodal and suppose f has no periodic attractors. If δ > 0, T ∈ T and x ∈ [α_T , c_1] are such that |f^T (ω_{T −1}) − c_1| ≥ δ |f^T (x) − c_1| and |f^T (α_T ) − f^T (x)| ≥ δ |f^T (x) − c_1|, then we say that x is δ-well-placed in f^T .

Lemma 6.4 Suppose f is S-unimodal and has a uniform hyperbolic structure. Then there exist δ > 0, K > 0 and λ > 1 with the following property: if T ∈ T is a closest return to c_1 then there exists x ∈ (α_T , c_1) such that x is δ-well-placed in f^T and |Df^T (x)| ≥ Kλ^T .

Proof. The idea is that one can always find a previous S-branch that intersects the c_1-branch of f^T in the well-placed region, see figure 4. By corollary 3.3(2) there exists 1 ≥ δ > 0 such that if T ∈ T then |f^T (α_T )−f^T (x_0)| ≥ δ |f^T (x_0)−c_1| where x_0 is the unique point in (α_T , ω_T ) for which f^T (x_0) = f^{S(T )}(x_0), see lemma 2.10(2). By lemma 6.3 there exist K > 0 and λ > 1 such that if T ∈ T is a closest return to c_1, S ∈ S, S < T and f^S (x) = f^T (x) for some x ∈ (α_T , c_1), then |f^T (x) − f^T (c_1)| ≥ Kλ^T |x − c_1|.

Suppose T ∈ T is a closest return to c_1. Let x_0 be the unique point in (α_T , ω_T ) for which f^T (x_0) = f^{S(T )}(x_0). In fact x_0 ∈ (α_T , c_1) because T is a closest return to c_1, see lemma 2.10(2).

Case 1. f^T (x_0) ≥ f^T (ω_{T −1}). By lemma 6.3, |f^T (x_0) − f^T (c_1)| ≥ Kλ^T |x_0 − c_1|, so there exists x ∈ (x_0, c_1) with |Df^T (x)| ≥ Kλ^T by the mean-value theorem. We claim that x is δ-well-placed in f^T . Indeed, |f^T (ω_{T −1}) − c_1| ≥ |f^T (x_0) − c_1| ≥ |f^T (x) − c_1| ≥ δ |f^T (x) − c_1| since δ ≤ 1 and

|f^T (α_T ) − f^T (x)| |f^T (x) − c_1| ≥ |f^T (α_T ) − f^T (x_0)| |f^T (x_0) − c_1|

≥ δ (39)

since f^T (x_0) < f^T (x) < c_1.

Case 2. f^T (x_0) ≤ f^T (ω_{T −1}). Then ω_{T −1} ≠ 1, so T > T_0. By lemma 2.8(2), T − T (T ) = S̄ for some S̄ ∈ S and f^T (ω_{T −1}) = f^{S̄} (c_1). Since S̄ < T we have f^{S̄}(c_1) < f^T (c_1) because T is closest return to c_1. Now f^{S̄} (α_T ) > f^{S̄}(c_1) = f^T (ω_{T −1}) ≥ f^T (x_0) > f^T (α_T ) because f^{S̄} | [α_T ,c1] is decreasing and f T | [α_T ,c1] is increasing. Thus f^{S̄} (x_1) = f^T (x_1) for some (unique) x_1 ∈ (α_T , c_1).

By lemma 6.3, |f^T (x_1) − f^T (c_1)| ≥ Kλ^T |x_1 − c_1|, so there exists x ∈ (x_1, c_1) such that |Df^T (x)| ≥ Kλ^T by the mean-value theorem. We claim that x is δwell-placed in f^T . Indeed, |f^T (ω_{T −1}) − c_1| ≥ |f^T (x) − c_1| ≥ δ |f^T (x) − c_1| since f^T (ω_{T −1}) = f^{S̄} (c_1) ≤ f^{S̄} (x_1) = f^T (x_1) ≤ f^T (x) ≤ c_1 and δ ≤ 1. Moreover,

|f^T (α_T ) − f^T (x)| |f^T (x) − c_1| ≥ |f^T (α_T ) − f^T (x_0)| |f^T (x_0) − c_1|

≥ δ (40)

since in f^T (x_0) ≤ f^T (ω_{T −1}) ≤ f^T (x) ≤ c_1. �

The definition of x being well-placed implies that f^{T −1}[α_T , ω_{T −1}] is a scaled neighborhood of f^{T −1}[x, ω_T ], so f^{T −1} is approximately affine on [x, ω_T ] by the Koebe principle, lemma A.6(5). This means that we can treat f^T as being an approximately-affine rescaling of f on the well-placed region. Now f is itself an approximately affine rescaling of x → x^ℓ, so one expects the derivative of f^T to have similar properties to the derivative of an affine rescaling of x → x^ℓ. This is the content of the following lemma:

Lemma 6.5 (Derivative pull-back) Suppose f is S-unimodal, has critical order ℓ > 1 and has no periodic attractors. Then for every δ > 0 there exists K > 1 with the following property: if T ∈ T , x ∈ [α_T , c_1] and x is δ-well-placed in f^T , then |Df^T (y)|^{ℓ/(ℓ−1)} ≥ |Df^T (x)|^{1/(ℓ−1)} K − K |Df^T (c_1)|^{1/(ℓ−1)}. (41)

Here y = ( f^T | |_{[αT ,ωT ]} )_{−1} (x).

Proof. Choose L ≥ 1 such that f ∈ S(ℓ, L) and suppose δ > 0. Put τ = (1+δ/L^2)^{1/ℓ} −1 > 0. We take K = ℓ(L^2K(τ))^{ℓ/(ℓ−1)}, where K(τ) = (1+τ)^2/τ^2 comes from lemma A.6. Suppose T ∈ T , x ∈ [α_T , c_1] and x is δ-well-placed in f^T .

We first show that f^{T −1}[α_T , ω_{T −1}] is a τ-scaled neighborhood of f^{T −1}[x, ω_T ]. Indeed, from non-flatness, equation 2, |f^T (ω_{T −1}) − c_1| ≤ L |f^{T −1}(ω_{T −1}) − c|^ℓ/ℓ, (42) |f^T (x) − c_1| ≥ |f^{T −1}(x) − c|^ℓ/(Lℓ) (43) and, integrating (1) over [f^{T −1}(α_T ), f^{T −1}(x)],

|f^T (α_T ) − f^T (x)| ≤ L | | |f^{T −1}(α_T ) − c|^ℓ − |f^{T −1}(x) − c|^ℓ | | /ℓ. (44) Therefore

|f^{T −1}(ω_{T −1}) − f^{T −1}(ω_T )|

|f^{T −1}(ω_T ) − f^{T −1}(x)| ≥ ( |f^T (ω_{T −1}) − c_1| L^2|f^T (x) − c_1| )_{1/ℓ} ≥ ( δ L^2 )_{1/ℓ} ≥ τ (45)

since x is δ-well-placed in f^T (note that f^{T −1}(ω_T ) = c since f^T (ω_T ) = c_1). Moreover, ( 1 + |f^{T −1}(α_T ) − f^{T −1}(x)| |f^{T −1}(x) − c| )_ℓ − 1 ≥ |f^T (α_T ) − f^T (x)| L^2|f^T (x) − c_1| ≥ δ L^2

(46)

from which it follows that

|f^{T −1}(α_T ) − f^{T −1}(x)| |f^{T −1}(x) − c| ≥ ( 1 + δ L^2 )_{1/ℓ} − 1 = τ. (47)

Thus f^{T −1}[α_T , ω_{T −1}] is a τ-scaled neighborhood of f^{T −1}[x, ω_T ].

Put y = ( f^T | [α_T ,ω_T ] )_{−1} (x). We have |f^{T −1}(x) − f^{T −1}(c_1)|/|x − c_1| = |Df^{T −1}(z)| for some z ∈ [x, c_1]. Also, |x−c_1| = |f^T (y)−c_1| ≤ L |f^{T −1}(y)−c|^ℓ/ℓ from non-flatness, equation 2. Therefore L |f^{T −1}(y) − c|^ℓ/ℓ ≥ |c_1 − x| = |f^{T −1}(x) − c| − |f^{T −1}(c_1) − c| |Df^{T −1}(z)| (48) where we have used the fact that f^{T −1}(c_1) ∈ [f^{T −1}(x), c].

For any z_1 ∈ [0, 1] such that Df^{T −1}(z_1) ≠ 0, we obtain |f^{T −1}(z_1)−c|^{ℓ−1}/L ≤ |Df^T (z_1)|/|Df^{T −1}(z_1)| ≤ L |f^{T −1}(z_1) − c|^{ℓ−1} from non flatness. In particular, |f^{T −1}(x) − c| ≥ ( |Df^T (x)| L|Df^{T −1}(x)| )_{1/(ℓ−1)} , (49)

|f^{T −1}(y) − c| ≤ ( L|Df^T (y)| |Df^{T −1}(y)| )_{1/(ℓ−1)} (50) and |f^{T −1}(c_1) − c| ≤ ( L|Df^T (c_1)| |Df^{T −1}(c_1)| )_{1/(ℓ−1)} . (51)

Substituting into (48) yields |Df^T (y)|^{ℓ/(ℓ−1)} ≥ ℓ ( β |Df^T (x)|^{1/(ℓ−1)} L^{2ℓ/(ℓ−1)} − γ |Df^T (c_1)|^{1/(ℓ−1)}

L^2 ) , (52)

where β = |Df^{T −1}(y)|^{ℓ/(ℓ−1)} |Df^{T −1}(z)| |Df^{T −1}(x)|^{1/(ℓ−1)} (53) and γ = |Df^{T −1}(y)|^{ℓ/(ℓ−1)} |Df^{T −1}(z)| |Df^{T −1}(c_1)|^{1/(ℓ−1)} . (54)

Since f^{T −1}[α_T , ω_{T −1}] is a τ-scaled neighborhood of f^{T −1}[x, ω_T ], we deduce from lemma A.6(5) that 1/K(τ) ≤ |Df^{T −1}(z_1)|/|Df^{T −1}(z_2)| ≤ K(τ) for all z_1, z_2 ∈ [x, ω_T ]. It follows that β ≥ K(τ)^{−ℓ/(ℓ−1)} and γ ≤ K(τ)^{ℓ/(ℓ−1)}. Thus |Df^T (y)|^{ℓ/(ℓ−1)} ≥ |Df^T (x)|^{1/(ℓ−1)}/K − K |Df^T (c_1)|^{1/(ℓ−1)} where K = ℓ(L^2K(τ))^{ℓ/(ℓ−1)}. �

Lemma 6.6 (No cascades) Suppose f is S-unimodal and has a central hyperbolic structure. Then there exists N > 1 such that T_{i+1} ≤ NT_i for all T_i ∈ T .

Proof. By corollary 4.10, there exist 1 ≥ K_0 > 0 and M > 1 such that |c_{1+n} − c_1| ≥ K_0M^{−n} for all n > 0. By proposition 5.2, f is centrally expanding: there exist 1 ≥ K_1 > 0 and λ_1 > 1 such that |c_{1+S} − c_1| ≥ K_1λ_1^S |α_S − c_1| for all S ∈ S, which implies |α_S −c_1| ≤ λ_1^{−S} /K_1 for all S ∈ S since |c_{1+S} −c_1| ≤ 1. By lemma 2.8(1), S_{j+1} ≤ 2S_j for all j ≥ 0. Put N = 2 + 2 log(M/(K_0K_1))/ log λ_1.

Suppose T_i ∈ T . By lemma 2.8(2), T_{i+1} − T_i = S_j where clearly S_j ∈ S is minimal with α_{Sj} ∈ (c_{1+Ti} , c_1). If j > 0 then K_0M^{−Ti} ≤ |c_{1+Ti} − c_1| ≤ |α_{Sj−1} − c_1| (55) ≤ λ_1^{−Sj−1} K_1 ≤ λ_1^{−Sj /2} K_1

(56) = λ_1^{−(Ti+1−Ti )/2} K_1

. (57)

c1 c1

f^T ω_T y0=x y1 y2 y3

Figure 5: Pull-back of x down a T -branch.

This gives T_{i+1} ≤ −2 log(K_0K_1)/ log λ + T_i(1 + 2 log M/ log λ_1) ≤ NT_i. If j = 0 then T_{i+1} = 1 + T_i ≤ NT_i. �

One difficulty remains in showing that f satisfies the Collet-Eckmann condition at closest T returns to c_1: the term −K |Df^T (c_1)|^{1/(ℓ−1)} in equation 41. If this term was not present then the result would follow immediately from the preceding lemmas. It follows readily nonetheless:

Lemma 6.7 (Closest T returns) Suppose f is S-unimodal and has a uniform hyperbolic structure. Then there exist K > 0 and λ > 1 such that if T ∈ T is a closest return to c_1, then |Df^T (c_1)| ≥ Kλ^T .

Proof. If T = ∅ then there is nothing to prove, so suppose T ≠ ∅. By lemma 6.6 there exists N > 1 such that T_{i+1} ≤ NT_i for all i ≥ 0. By lemma 6.4 there exist δ > 0, 1 ≥ K_1 > 0 and λ_1 > 1 such that if T ∈ T is a closest return to c_1, then there exists x ∈ (α_T , c_1) such that x is δ-well-placed in f^T and |Df^T (x)| ≥ K_1λ_1^T . By lemma 6.5 there exists K_0 > 1 such that if T ∈ T , x ∈ [α_T , c_1] and x is δ-well-placed in f^T , then |Df^T (y)|^{ℓ/(ℓ−1)} ≥ |Df^T (x)|^{1/(ℓ−1)}/K_0 − K_0 |Df^T (c_1)|^{1/(ℓ−1)}, where y = ( f^T | [α_T ,ω_T ] )_{−1} (x). We

put K = K_1/(2K_0^2 (2K_0)^{N/ℓ})^{ℓ−1} > 0 and λ = λ_1^{1/ℓN} > 1. Suppose T ∈ T is a closest return to c_1 and write T = T_i where i ≥ 0.

By lemma 6.4, there exists x ∈ (α_T , c_1) such that x is δ-well-placed in f^T and |Df^T (x)| ≥ K_1λ_1^T . Take n ≥ 1 minimal such that f^{nT} (c_1) ≤ x. We claim that n ≤ N. Indeed, f^{nT} | [c1,ω_T ] is monotone, so Ti+1 ≥ nT . On the other

hand, T_{i+1} ≤ NT by corollary 6.6, which proves the claim.

For 0 ≤ j ≤ n, define y_j = ( f^T | |_{[αT ,ωT ]} )_{−j} (x). Note that x = y_0 < y_1 < · · · < y_{n−1} < c_1 ≤ y_n, see figure 5. Therefore y_0, . . . , y_{n−1} are δ-well-placed in f^T because x is.

Case 1. |Df^T (y_j )| ≥ (2K_0^2)^{l−1}|Df^T (c_1)| for all 0 ≤ j < n. Then |Df^T (y_{j+1})|^{ℓ/(ℓ−1)} ≥ |Df^T (y_j )|^{1/(ℓ−1)}/(2K_0) for all 0 ≤ j < n since |Df^T (y_{j+1})|^{ℓ/(ℓ−1)} ≥ |Df^T (y_j )|^{1/(ℓ−1)} K_0

− K_0 |Df^T (c_1)|^{1/(ℓ−1)} (58)

by lemma 6.5. In other words, |Df^T (y_j )| ≥ |Df^T (y_{j−1})|^{1/ℓ}/(2K_0)^{(ℓ−1)/ℓ} for all 0 < j ≤ n. It follows that |Df^T (y_j )| ≥ |Df^T (x)|^{1/ℓj} (2K_0)^{j(ℓ−1)/ℓ} ≥ K_1^{1/ℓj} λ_1^{T /ℓj} (2K_0)^{j(ℓ−1)/ℓ} ≥ K_1λ_1^{T /ℓN} (2K_0)^{N(ℓ−1)/ℓ}

≥ Kλ^T (59)

for all 0 ≤ j ≤ n since 0 < K_1 ≤ 1 and n ≤ N. By lemma A.6(3), |Df^T (c_1)| ≥ min{|Df^T (y_{n−1})|, |Df^T (y_n)|} ≥ Kλ^T . Case 2. |Df^T (y_j )| < (2K_0^2)^{ℓ−1}|Df^T (c_1)| for some 0 ≤ j < n. Take 0 ≤ m < n minimal such that |Df^T (y_m)| < (2K_0^2)^{ℓ−1}|Df^T (c_1)|. For 0 ≤ j < m we have |Df^T (y_j )| ≥ (2K_0^2)^{ℓ−1}|Df^T (c_1)|, so as above |Df^T (y_j )| ≥ K_1λ_1^{T /ℓN} /(2K_0)^{N(ℓ−1)/ℓ} for all 0 ≤ j ≤ m. Therefore |Df^T (c_1)| > |Df^T (y_m)| (2K_0^2)^{ℓ−1} ≥ K_1λ_1^{T /ℓN} (2K_0^2 (2K_0)^{N/ℓ})^{ℓ−1}

≥ Kλ^T . (60)

That is, |Df^T (c_1)| ≥ Kλ^T in both cases. �

Definition. Let f be unimodal. If there exist K > 0 and λ > 1 such that |Df^n(c_1)| ≥ Kλ^n whenever n > 0 is a closest return to c_1 then we say that f satisfies the Collet-Eckmann condition at closest returns to c_1.

Proposition 6.8 Suppose f is S-unimodal and has a uniform hyperbolic structure. Then f satisfies the Collet-Eckmann condition at closest returns to c_1.

Proof. If n > 0 is a closest return to c_1 then n ∈ S ∪ T by lemma 2.9. The result therefore follows from lemmas 6.1 and 6.7. �

It remains to be shown that f satisfies the Collet-Eckmann condition. In section 4 we showed that if the derivative is bounded below at closest returns to c_1 then there is a subexponentially decaying lower bound for |Df^n(c_1)| for all n > 0. Using the same techniques, we now prove that if f has a uniform hyperbolic structure (and therefore satisfies the Collet-Eckmann condition at closest returns to c_1), then f satisfies the Collet-Eckmann condition.

Lemma 6.9 Suppose f is S-unimodal and has a uniform hyperbolic structure. Then there exist K > 0 and λ > 1 such that inf_{N(n)} |Df^n| ≥ Kλ^n for all n ≥ 0.

Proof. By proposition 6.8, f satisfies the Collet-Eckmann condition at closest returns to c_1. Take 1 ≥ K > 0 and λ > 1 such that f has a λ-hyperbolic structure and |Df^n(c_1)| ≥ Kλ^n whenever n > 0 is a closest return to c_1. We shall show that inf_{N(n)} |Df^n| ≥ Kλ^n for all n ≥ 0 by complete induction on n.

Case 1. n = 0. Then N(n) = [0, c_1] and |Df^n(x)| = 1 ≥ Kλ^n for all x ∈ N(n). Case 2. n > 0. Take x ∈ ∂N(n). By lemma 4.5, either x_i = x_n for some 0 ≤ i < n and x ∈ N(i), or x = c_1 and n is a closest return to c_1. Suppose x_i = x_n for some 0 ≤ i < n and x ∈ N(i). Then |Df^i(x)| ≥ Kλ^i by the inductive hypothesis and |Df^{n−i}(x_i)| ≥ λ^{n−i} from the λ-hyperbolic structure, since f^{n−i}(x_i) = x_i. Thus |Df^n(x)| ≥ Kλ^n. If x = c_1 and n is a closest return to c_1, then |Df^n(x)| ≥ Kλ^n by hypothesis. Therefore |Df^n(x)| ≥ Kλ^n for all x ∈ ∂N(n). It follows from lemma A.7 that inf_{N(n)} |Df^n| ≥ Kλ^n.

This proves that inf_{Nf (n)} |Df^n| ≥ Kλ^n for all n ≥ 0. �

Lemma 6.10 Suppose f is S-unimodal and has a uniform hyperbolic structure. Then there exist K > 0 and λ > 1 such that if x ∈ [0, c_1], n ≥ 0 and x_i ≤ x for all 0 < i ≤ n, then |Df^n(x)| ≥ Kλ^n.

Proof. By lemma 6.9, there exist K_1 > 0 and λ_1 > 1 such that inf_{N(n)} |Df^n| ≥ K_1λ_1^n for all n ≥ 0. Choose N ≥ 1 large enough that K_1λ^N_1 ≥ √ λ_1^N . The critical point of f is not periodic since f has no periodic attractors. It follows that there exists a convex neighborhood U of c such that if x ∈ f(U) and x_i ∈ f(U) for some i > 0, then i ≥ N. By Mañé’s lemma (lemma A.3) there exist K_2 > 0 and λ_2 > 1 such that if x ∈ [0, 1], n ≥ 0 and x_i ∉ U for all 0 ≤ i < n, then |Df^n(x)| ≥ K_2λ_2^n. Put K = K_1K_2 and λ = min( √ λ_1, λ_2).

Suppose x ∈ [0, c_1], n ≥ 0 and x_i ≤ x for all 0 < i ≤ n. We shall show that |Df^n(x)| ≥ Kλ^n. By lemma 4.6, there exists m ≥ 0 and non-negative integers i_0, . . . , i_m such that 0 = i_0 < i_1 < · · · < i_m = n, x = x_{i0} ≥ x_{i1} ≥ · · · ≥ x_{im} = x_n and x_{ij} ∈ N(i_{j+1} − i_j ) for all 0 ≤ j < m. In particular, |Df^{ij+1−ij} (x_{ij} )| ≥ K_1λ^{ij+1 −ij}_1 for all 0 ≤ j < m.

Case 1. x_{ij} ∉ f(U) for all 0 ≤ j < m. Then x_i ∉ f(U) for all 0 ≤ i ≤ n. This follows from the definition of the sets N(i_{j+1} − i_j ). Thus x_i ∉ U for all 0 ≤ i < n, which implies that |Df^n(x)| ≥ K_2λ_2^n ≥ Kλ^n.

Case 2. x_{ij} ∈ f(U) for some 0 ≤ j < m. Take s = max{0 ≤ j < m | x_{ij} ∈ f(U)}. We have |Df^n(x)| = |Df^{is+1−is} (x_{is} )| |Df^{n−is+1} (x_{is+1} )| ∏ 0≤j<s |Df^{ij+1−ij} (x_{ij} )|. (61)

If 0 ≤ j < s then x_{ij} ∈ f(U) and x_{ij+1} = f^{ij+1−ij} (x_{ij} ) ∈ f(U), so i_{j+1} − i_j ≥ N from the choice of U. But then |Df^{ij+1−ij} (x_{ij} )| ≥ √ λ_1^{ij+1−ij} by the choice of N. If s < j < m then x_{ij} ∉ f(U), so as in case 1 we have |Df^{n−is+1} (x_{is+1} )| ≥ K_2λ^{n−is+1}_2 . Finally, |Df^{is+1−is} (x_{is} )| ≥ K_1λ_1^{is+1−is} . Thus |Df^n(x)| ≥ K_1λ_1^{is+1−is} K_2λ_2^{n−is+1} √ λ_1^{is} ≥ Kλ^n. �

Theorem B Suppose f is S-unimodal and has a uniform hyperbolic structure. Then f satisfies the Collet-Eckmann condition.

Proof. Take x = c_1 in lemma 6.10. �

Theorem 6.11 Suppose f is S-unimodal. Then f satisfies the Collet-Eckmann condition if and only if f has a uniform hyperbolic structure.

Proof. If f has a uniform hyperbolic structure then it satisfies the Collet- Eckmann condition by theorem B.

The converse was already known [28] and is proved as follows: take K > 0 and λ > 1 such that |Df^n(c_1)| ≥ Kλ^n for all n > 0. We show that f is centrally expanding. Now f has no periodic attractors, since if it did, then by Singer’s theorem (lemma A.1) the orbit of c would converge to the periodic attractor {x_0, . . . , x_{n−1}}. However f could not then satisfy the Collet-Eckmann condition because |Df^n(x)| ≤ 1.

Suppose S ∈ S. We have |c_{1+S} − π_S | ≥ |π_S − c_1| √ |Df^S(π_S )| |Df^S (c_1)| by lemma A.6(3). Hence |c_{1+S} −π_S | ≥ √ K √ λ^S |π_S −c_1| since |Df^S (π_S )| ≥ 1. That is, the conclusion of lemma 5.1 holds. It follows that f is centrally expanding as in the proof of proposition 5.2. Therefore f has a uniform hyperbolic structure by theorem 5.3. �

7 Semi-uniform expansion

In this section we prove that uniform hyperbolic structure is equivalent to a property which is a priori stronger than the Collet-Eckmann condition: semiuniform expansion (see below for the definition). This extends the results of the last section. We also prove the equivalence of uniform hyperbolic structure and the backward Collet-Eckmann (this was already known [25]).

Definition. Let f be unimodal. If there exist K > 0 and λ > 1 such that |Df^n(x)| ≥ Kλ^n min_{0≤i<n} |Df(x_i)| for every x ∈ [0, 1] and n > 0 then we say that f is semi-uniformly expanding.

Note. S-unimodal Misiurewicz maps were already known to be semi-uniformly expanding [7, theorem 6.3, page 261].

Definition. Let f be unimodal. If f has no periodic attractors and there exist K > 0 and λ > 1 such that |Df^n(x)| ≥ Kλ^n for every n > 0 and x ∈ [0, 1] for which f^n(x) = c, then we say that f satisfies the backward Collet-Eckmann condition [6, C2, page 14].

Lemma 7.1 Suppose f is unimodal and semi-uniformly expanding. Then the critical point of f is not periodic.

Proof. Suppose c is periodic and take n > 0 minimal such that c_n = c. If x ≠ c is close enough to c, then min_{0≤j≤n} |Df(x_j )| = |Df(x_n)|. This holds because Df(c) = 0 implies that |x_n − c| is much smaller than |x − c| if x is close enough to c. By semi-uniform expansion, |Df^{n+1}(x)| ≥ Kλ^{n+1}|Df(x_n)|. Therefore |Df^n(x)| = |Df^{n+1}(x)|/|Df(x_n)| ≥ Kλ^{n+1} and taking x → c gives |Df^n(c)| ≥ Kλ^{n+1} ≠ 0, a contradiction. This shows that c is not periodic. �

Lemma 7.2 Suppose f is unimodal and semi-uniformly expanding. Then

1. f satisfies the Collet-Eckmann condition.

2. f has a uniform hyperbolic structure.

3. f satisfies the backward Collet-Eckmann condition.

Proof. As shown in lemma 7.1, c is not periodic.

1. Take n ≥ 0. If x ≠ c is close enough to c, then min_{0≤j≤n} |Df(x_j )| = |Df(x)|. We have |Df^{n+1}(x)| ≥ Kλ^{n+1}|Df(x)| by semi-uniform expansion, so |Df^n(x_1)| = |Df^{n+1}(x)|/|Df(x)| ≥ Kλ^{n+1}. Taking x → c, we obtain |Df^n(c_1)| ≥ Kλ^{n+1}. Therefore f satisfies the Collet-Eckmann condition.

2. Suppose x ∈ [0, 1], n > 0 and f^n(x) = x. For any m > 0 we have |Df^n(x)|^m = |Df^{mn}(x)| ≥ Kλ^{mn} min_{0≤j<n} |Df(x_j )| by semi-uniform expansion. Now c ∉ {x, . . . , x_{n−1}}, so min_{0≤j<n} |Df(x_j )| > 0. Taking m → ∞, we deduce that |Df^n(x)| ≥ λ^n. Thus f has a λ-hyperbolic structure.

3. Suppose x ∈ [0, 1], n > 0 and f^n(x) = c. If y ≠ x is close enough to x, then min_{0≤j≤n} |Df(y_j )| = |Df(y_n)|. Now |Df^{n+1}(y)| ≥ Kλ^{n+1}|Df(y_n)| by semi-uniform expansion, so |Df^n(y)| = |Df^{n+1}(y)|/|Df(y_n)| ≥ Kλ^{n+1}. Taking y → x, we obtain |Df^n(x)| ≥ Kλ^{n+1}. Therefore f satisfies the backward Collet-Eckmann condition. �

We now prove that an S-unimodal map with a uniform hyperbolic structure is semi-uniformly expanding. The set K(i_{j+1} − i_j ) was defined in section 2.

Lemma 7.3 Suppose f is unimodal and x ∈ [0, 1]. If n ≥ 0 and x_n ∈ [x_i, τ(x_i)] for all 0 ≤ i < n, then there exists m ≥ 0 and non-negative integers i_0, . . . , i_m such that 0 = i_0 < i_1 < · · · < i_m = n, [x_{im} , τ(x_{im} )] ⊆ · · · ⊆ [x_{i0} , τ(x_{i0} )] and x_{ij} ∈ K(i_{j+1} − i_j ) for all 0 ≤ j < m.

Proof. Define i_0, i_1, . . . by i_0 = 0 and i_{j+1} = min{k > i_j | x_k ∈ [x_{ij} , τ(x_{ij} )]}. We have i_m = n for some m ≥ 0 by the hypothesis that x_n ∈ [x_i, τ(x_i)] for all 0 ≤ i < n. � Lemma 7.4 Suppose f is S-unimodal and has a uniform hyperbolic structure. Then there exist K > 0 and λ > 1 such that inf_{K(n)} |Df^n| ≥ Kλ^n for all n ≥ 0.

Proof. Take λ > 1 such that f has a λ-hyperbolic structure. By lemma A.9 there exists K > 0 such that |Df^n(x)| ≥ K|Df^n(τ(x))| for all n ≥ 0 and x ∈ [0, 1]. From the λ-hyperbolic structure we know that c is not periodic.

If n ≥ 0 then Df^n(x) ≠ 0 for all x ∈ K(n) by lemma 2.3. It follows from lemma A.7 that inf_{K(n)} |Df^n| = inf_{∂K(n)} |Df^n|. If x ∈ ∂K(n) then either f^n(x) = x or f^n(τ(x)) = τ(x) by lemma 2.3, so |Df^n(x)| ≥ λ^n or |Df^n(τ(x))| ≥ λ^n. In either case, |Df^n(x)| ≥ Kλ^n. This shows that inf_{K(n)} |Df^n| ≥ Kλ^n. �

Lemma 7.5 Suppose f is S-unimodal and has a uniform hyperbolic structure. Then there exist K > 0 and λ > 1 such that if x ∈ [0, 1], n ≥ 0 and x_n ∈ [x_i, τ(x_i)] for all 0 ≤ i < n, then |Df^n(x)| ≥ Kλ^n.

Proof. By lemma 7.4, there exist K_1 > 0 and λ_1 > 1 such that inf_{K(n)} |Df^n| ≥ K_1λ_1^n for all n ≥ 0. Take N ≥ 1 large enough that K_1λ_1^N ≥ √ λ_1^N . The critical point of f is not periodic since f has no periodic attractors. It follows that there exists a convex, symmetric (i.e. τ(U) = U) neighborhood of c such that if x ∈ U and x_i ∈ U for some i > 0, then i ≥ N. By Mañé’s lemma (lemma A.3) there exist K_2 > 0 and λ_2 > 1 such that if x ∈ [0, 1], n ≥ 0 and x_i ∉ U for all 0 ≤ i < n, then |Df^n(x)| ≥ K_2λ_2^n. Put K = K_2 and λ = min{ √ λ_1, λ_2}. Suppose x ∈ [0, 1], n ≥ 0 and x_n ∈ [x_i, τ(x_i)] for all 0 ≤ i < n. We shall show that |Df^n(x)| ≥ Kλ^n.

By lemma 7.3, there exists m ≥ 0 and non-negative integers i_0, . . . , i_m such that 0 = i_0 < i_1 < · · · < i_m = n, [x_{im} , τ(x_{im} )] ⊆ · · · ⊆ [x_{i0} , τ(x_{i0} )] and x_{ij} ∈ K(i_{j+1} − i_j ) for all 0 ≤ j < m. In particular, |Df^{ij+1−ij} (x_{ij} )| ≥ K_1λ_1^{ij+1−ij} for all 0 ≤ j < m.

Case 1. x_{ij} ∉ U for all 0 ≤ j < m. Then x_i ∉ U for all 0 ≤ i < n. This follows from the definition of the sets K(i_{j+1} − i_j ). Thus |Df^n(x)| ≥ K_2λ_2^n ≥ Kλ^n. Case 2. x_{ij} ∈ U for some 0 ≤ j < m. Take s = min{0 ≤ j < m | x_{ij} ∈ U}.

We have |Df^n(x)| = |Df^{is} (x)| ∏ s≤j<m |Df^{ij+1 −ij} (x_{ij} )|. (62)

If s ≤ j < m then x_{ij} ∈ U and x_{ij+1} = f^{ij+1−ij} (x_{ij} ) ∈ U, so i_{j+1} − i_j ≥ N from the choice of U. But then |Df^{ij+1−ij} (x_{ij} ) ≥ √ λ^{ij+1−ij} by the choice of N. If 0 ≤ j < s then x_{ij} ∉ U, so as in case 1 we have |Df^{is} (x)| ≥ K_2λ_2^{is} . Thus |Df^n(x)| ≥ K_2λ_2^{is} √ λ_1^{n−is} ≥ Kλ^n. � Proposition 7.6 Suppose f is S-unimodal and has a uniform hyperbolic structure. Then f is semi-uniformly expanding.

Proof. By lemmas 6.10 and 7.5, there exist 1 ≥ K_1 > 0 and λ_1 > 1 such that (1) if x ∈ [0, c_1], n ≥ 0 and x_i ≤ x for all 0 < i ≤ n, then |Df^n(x)| ≥ K_1λ_1^n, and (2) if x ∈ [0, 1], n ≥ 0 and x_n ∈ [x_i, τ(x_i)] for all 0 ≤ i < n, then |Df^n(x)| ≥ K_1λ_1^n. It follows from equation 1 that there exists K_2 > 0 such that inf_{[0,1]\(x,τ (x))} |Df| ≥ |Df(x)|/K_2 for all x ∈ [0, 1]. Put K = K_1^2K_2/λ_1 and λ = λ_1. Suppose x ∈ [0, 1] and n > 0. We shall show that |Df^n(x)| ≥ Kλ^n min_{0≤j<n} |Df(x_j )|. Take 0 ≤ i ≤ n maximal such that x_i ∈ [x_j , τ(x_j )] for all 0 ≤ j < i. That is, such that x has its final closest return to c at time i. Then |Df^i(x)| ≥ K_1λ_1^i by lemma 7.5. If i = n then |Df^n(x)| ≥ K_1λ_1^n. If i < n then, by the definition of i, x_j ≤ x_{i+1} for all i + 1 ≤ j ≤ n, so |Df^{n−i}(x_{i+1})| ≥ K_1λ_1^{n−i} by lemma 6.10. That is, |Df^n(x)| = |Df^i(x)| |Df(x_i)| |Df^{n−i}(x_{i+1})| ≥ K_1^2λ_1^n|Df(x_i)|/λ_1. This last inequality also holds if i = n.

Clearly |Df(x_i)| ≥ K_2 min_{0≤j<n} |Df(x_j )|. Thus

|Df^n(x)| ≥ K^2_1 K_2λ^n_1 min_{0≤j<n} |Df(x_j )|/λ_1 ≥ Kλ^n min_{0≤j<n} |Df(x_j )|. (63)

In other words, f is semi-uniformly expanding. �

Theorem 7.7 Suppose f is S-unimodal. Then the following are equivalent:

1. f has a uniform hyperbolic structure.

2. f satisfies the backward Collet-Eckmann condition.

3. f is semi-uniformly expanding.

4. f satisfies the Collet-Eckmann condition.

Proof.

(1 ⇒ 2). Apply lemma 7.5 to those x ∈ [0, 1] and n > 0 for which f^n(x) = c. This implication was already known [25].

(1 ⇒ 3). This is proposition 7.6. (1 ⇒ 4). This is theorem B.

(2 ⇒ 1). This implication was already known [25]. It follows easily from the fact that the inverse images of c are dense in [0, 1], see the note after lemma A.2. The reasoning is similar to that used to prove 3 ⇒ 4 in theorem 5.3.

(3 ⇒ 1, 3 ⇒ 2, 3 ⇒ 4). This is lemma 7.2. (4 ⇒ 1). This was proved in theorem 6.11. �

8 Correlation decay and Hölder conjugacy

In this section we prove that the Collet-Eckmann condition is satisfied if and only if f has an acip with exponential decay of correlations, and also if and only if some renormalization of f is bi-Hölder conjugate to a tent-map with positive topological entropy. In both cases the “only if” was already known. We prove “if” by showing that both properties imply f has a uniform hyperbolic structure.

Definition. An f-invariant Borel probability measure on [0, 1] which is absolutely continuous with respect to Lebesgue measure is said to be an acip.

Definition. Let f be a continuous endomorphism of [0, 1] and μ an f-invariant Borel probability measure on [0, 1]. If there exist C > 0 and 0 < ρ < 1 such that | | | ∫ F · (G ∘ f^n) dμ − ∫ F dμ ∫ G dμ | | | ≤ Cρ^n var(F ) ||G||^∞ (64) for all continuous functions F, G : [0, 1] → C with F of bounded variation, and every n > 0, then we say that μ has exponential decay of correlations under f. Here var(F ) is the total variation of F on [0, 1].

Note. In order for our results to hold, we need the uniformity of the correlation decay in F given by the var(F ) term in (64). We could however let C depend on G.

Definition. Let f be unimodal. A closed subinterval I of [0, 1] is said to be restrictive with period n > 0 for f if c ∈ I, the interiors of I, . . . , f^{n−1}(I) are pairwise disjoint, f^n(I) ⊆ I and f^n(∂I) ⊆ ∂I. Clearly f^n(∂I) = {inf I} or f^n(∂I) = {sup I}. In the first case we say that the restrictive interval I is positively oriented, in the second case that it is negatively oriented.

Let Λ : I → [0, 1] be the unique surjective affine map which is orientation preserving/reversing according to whether I is positively/negatively oriented respectively. Then Λ ∘ f^n ∘ Λ^{−1} is a unimodal map, called a renormalization of f. If [0, 1] is the only restrictive interval for f, then f is said to be nonrenormalizable. If f has finitely many restrictive intervals then f is said to be finitely renormalizable. Otherwise f is said to be infinitely renormalizable.

See [7] for more information on the theory of renormalization.

Note. An S-unimodal map f satisfying the Collet-Eckmann condition is finitely renormalizable. Indeed, any such f has an acip (see below), and must therefore be finitely renormalizable, see [7, theorem 1.5, page 349]

Definition. Suppose 0 < s ≤ 2. The tent-map T_s : [0, 1] → [0, 1] is defined by: T_s(x) = sx if x ≤ 1/2, T_s(x) = s(1 − x) if x ≥ 1/2.

Note. The topological entropy of T_s is equal to max{0, log s}. See [7, chapter II, section 7] for the definition of topological entropy and a proof.

Definition. Let f and g be endomorphisms of [0, 1]. We say that f and g are topologically conjugate if there exists a homeomorphism h : [0, 1] → [0, 1] such that f ∘ h = h ∘ g. If h and h^{−1} are both Hölder continuous then we say that f and g are bi-Hölder conjugate.

Theorem 8.1 (Young/Keller and Nowicki) Suppose f is S-unimodal and satisfies the Collet-Eckmann condition. Then f has a unique acip μ, and μ has exponential decay of correlations under f.

Proof. See [17, 38]. The existence and uniqueness of the acip is well known [6, 26, 28, 7]; Young/Keller and Nowicki prove the exponential decay of correlations. � Note. If the Collet-Eckmann condition is satisfied then (64) holds for every n > 0 and any measurable test functions F, G : [0, 1] → C with F of bounded variation and ||G||_{ℓ+δ} < ∞ for some δ > 0, see [17]. Here ℓ is the order of the critical point of f.

Lemma 8.2 Suppose f is S-unimodal and has an acip μ with exponential decay of correlations. Then f has a uniform hyperbolic structure.

Proof. This proof was suggested to us by Gerhard Keller. Since f has an acip, f has no periodic attractors and is finitely renormalizable. The support of μ equals the cycle of transitive intervals and thus contains the critical point of f in its interior. There exists K_0 > 0 such that μ(A) ≥ K_0|A| for every Borel set A contained in the support of μ. See [7, theorem 1.5, page 349; theorem 3.2, page 366] for a proof of these properties.

By lemma A.3, there exist K_1 > 0 and λ_1 > 1 such that |Df^n(x)| ≥ K_1λ_1^n for any x ∈ [0, 1] and n > 0 for which x, . . . , x_{n−1} ∉ int support(μ). Put λ = min{λ_1, 1/ρ} > 1. Here 0 < ρ < 1 is the correlation decay rate. Suppose x ∈ [0, 1], n > 0 and f^n(x) = x. We shall show that |Df^n(x)| ≥ λ^n.

Case 1. x ∉ int support(μ). Then x, . . . , x_{n−1} ∉ int support(μ) since otherwise x = x_n ∈ int support(μ), a contradiction. Therefore x, . . . , x_{mn−1} ∉ int support(μ) for any m > 0, which implies that |Df^n(x)|^m = |Df^{mn}(x)| ≥ K_1λ_1^{mn} for any m > 0. In the limit m → ∞ we obtain |Df^n(x)| ≥ λ_1^n ≥ λ^n.

Case 2. x ∈ int support(μ). Take any ϵ > 0 and choose a non-trivial interval I_0 containing x small enough that I_0 ⊆ support(μ), μ(I_0) < 1/4, f^n|_{I0} is a diffeomorphism onto its image, sup_{I0} |Df^n| ≤ |Df^n(x)|^{1+ϵ} (possible since |Df^n(x)| > 1; f has no periodic attractors) and I_0 ⊆ f^n(I_0). Let G : [0, 1] → R be a C^∞ function such that 0 ≤ G ≤ 1, G = 1 on I_0 and ∫ G dμ ≤ 2μ(I_0).

Take m > 0 and put I_m = (f^n|_{I0} )^{−m}(I_0); clearly f^{mn} : I_m → I_0 is a diffeomorphism. Let F_m : [0, 1] → R be a C^∞ function such that 0 ≤ F_m ≤ 1, F_m = 0 on [0, 1] \ I_m, ∫ F_m dμ ≥ μ(I_m)/2 and var(F_m) ≤ 4. With these choices we have ∫ F_m · (G ∘ f^{mn}) dμ − ∫ F_m dμ ∫ G dμ = (65) ∫ F_m dμ (1 − ∫ G dμ) ≥ (66) μ(I_m)(1 − 2μ(I_0))/2 ≥ (67) μ(I_m)/4 ≥ K_0|I_m|/4. (68) Now sup_{Im} |Df^{mn}| ≤ |Df^n(x)|^{m(1+ϵ)}, so |I_m| ≥ |I_0|/|Df^n(x)|^{m(1+ϵ)}. It follows that K_0|I_0| 4|Df^n(x)|^{m(1+ϵ)} ≤ | | | ∫ F_m · (G ∘ f^{mn}) dμ − ∫ F_m dμ ∫ G dμ | | | (69) ≤ Cρ^{mn} var(F_m) ||G||_∞ ≤ 4Cρ^{mn}. (70) Rearranging, we obtain |Df^n(x)|^{1+ϵ} ≥ ρ^{−n}(K_0|I_0|/(16C))^{1/m}. Since m > 0 and ϵ > 0 were arbitrary, this yields |Df^n(x)| ≥ ρ^{−n} ≥ λ^n. �

Note. The proof only uses C^∞ test functions F, G : [0, 1] → R.

Theorem 8.3 (Nowicki and Przytycki) Suppose f is S-unimodal and satisfies the Collet-Eckmann condition. Then some renormalization of f is bi-Hölder conjugate to a tent-map with positive topological entropy.

Proof. See [29]. �

Lemma 8.4 Suppose f is S-unimodal. If some renormalization of f is bi- Hölder conjugate to a tent-map with positive topological entropy, then f has a uniform hyperbolic structure.

Proof. Suppose f is not renormalizable. In this case f itself is bi-Hölder conjugate to some tent-map T_s with positive topological entropy, or in other words with 1 < s ≤ 2. Every such tent-map clearly has exponential decay of cylinders. Now, exponential decay of cylinders is preserved by Hölder conjugacy, so f also has exponential decay of cylinders. By theorem 5.3, f has a uniform hyperbolic structure. The general case is left to the interested reader (eliminate the possibility of a periodic attractor using lemma A.1; use lemma A.3 to get uniform hyperbolic structure outside the restrictive interval). �

Theorem 8.5 Suppose f is S-unimodal. Then the following are equivalent:

1. f satisfies the Collet-Eckmann condition.

2. Some renormalization of f is bi-Hölder conjugate to a tent-map with positive topological entropy.

3. f has an acip with exponential decay of correlations.

Proof. The implications 1 ⇒ 2 and 1 ⇒ 3 are theorems 8.3 and 8.1 respectively. On the other hand, 1 and 2 both imply that f has a uniform hyperbolic structure (lemmas 8.2 and 8.4). Thus 2 ⇒ 1 and 3 ⇒ 1 follow from theorem B. �

A Properties of S-unimodal maps

We make use of the following well-known properties of S-unimodal maps.

Lemma A.1 (Singer [35]) Suppose f is S-unimodal. Every periodic attractor of f attracts the critical point of f. In particular, f has at most one periodic attractor.

Proof. See [7, theorem 6.1, page 155] or [5, theorem II.4.1, page 95]. �

Definition. Let f be an endomorphism of [0, 1]. A homterval is a non-trivial subinterval I of [0, 1] with the property that f^n|_I is monotone for all n > 0. A wandering interval is a homterval none of the points of which are in the basin of attraction of a periodic attractor.

Lemma A.2 (Guckenheimer [11]) Suppose f is S-unimodal. Then f has no wandering intervals.

Proof. See [7, theorem 6.3, page 157]. The proof uses [7, theorem 2.2, page 39] which requires f to be C^2. See also [5, theorem II.5.4, page 116]. �

Note. An S-unimodal map without periodic attractors therefore has no homtervals: the pre-images of the critical point are dense in [0, 1].

Lemma A.3 (Mañé [22], Misiurewicz [24]) Suppose f is S-unimodal and has no periodic attractors. For each neighborhood U of c there exist K > 0 and λ > 1 such that if n ≥ 0, x ∈ [0, 1] and x_i ∉ U for any 0 ≤ i < n, then |Df^n(x)| ≥ Kλ^n. Proof. See [7, page 231, theorem 3.3]. The proof uses [7, theorem 2.2, page 39] which requires f to be C^2. See also [5, theorem II.5.2, page 109]. �

The reason for many of the special properties of S-unimodal maps is that they expand cross-ratios.

Definition. Let N be an interval and suppose g : N → R is continuous. If |g(I)| |I| |g(J)| |J| ≥ |g(R)| |R| |g(L)| |L| . (71)

for every pair J ⊆ I of bounded non-trivial subintervals of N such that g|_I is strictly monotone and I \ J consists of non-trivial intervals L and R, then we say that g is cross-ratio expanding, c.f. [5, property R, page 103].

Note. The composition of two cross-ratio expanding maps is clearly cross-ratio expanding.

Lemma A.4 Suppose N is an interval, g : N → R is C^1 and Dg(x) ≠ 0 for all x ∈ int N. If |Dg|^{−1/2} is convex on int N, then g is cross-ratio expanding.

Proof. If g is C^3 then g has non-positive Schwarzian derivative as noted in section 1. Therefore g expands cross-ratios, see [7, Property 4, page 273], c.f. [11, page 135], [5, page 103]. If g is not C^3 then the result follows from an approximation argument. �

Note. It can be shown that |Dg|^{−1/2} is convex if and only if g is cross-ratio expanding.

Corollary A.5 Suppose f is S-unimodal. Then f^n is cross-ratio expanding for all n > 0.

Definition. Let U ⊆ V be nested intervals with U finite. We say that V is a τ-scaled neighborhood of U if V \ U consists of two components both of length at least τ |U|.

Lemma A.6 Suppose I = [a, b] is a non-trivial interval and g : I → R is C^1 and strictly monotone. If g is cross-ratio expanding, then

1. Minimum principle: |Dg(x)| ≥ min{|Dg(a)|, |Dg(b)|} for all x ∈ I.

2. Variant minimum principle: If J = [x, y] ⊆ (a, b) and x ≠ y then |g(J)| |J| ≥ min{ |g(a) − g(y)| |a − y| , |g(b) − g(y)| |b − y| }. (72)

3. Square-root lemma: |g(I)|/|I| ≥ √ |Dg(a)| |Dg(b)|. Suppose τ > 0 and put K(τ) = (1 + τ)^2/τ^2.

4. One-sided Koebe principle: |Dg(x)| ≥ |Dg(b)|/K(τ) for every x ∈ I for which |g(x) − g(a)| ≥ τ|g(x) − g(b)|.

5. Koebe principle: If J ⊆ I is an interval such that g(I) contains a τ-scaled neighborhood of g(J), then 1 K(τ) ≤ |Dg(x)| |Dg(y)| ≤ K(τ) (73)

for all x, y ∈ J.

Proof. See [7, chapter IV, section 1]. We sketch the proofs for completeness.

3. Take the limit J ↑ I in (71).

1. We may suppose that x ∈ int I. By taking the limit J ↓ {x} in (71) and considering cases one shows that |Dg(x)| ≥ min{|g(a) − g(x)|/|a − x|, |g(x)−g(b)|/|x−b|}. By the square-root lemma, |g(a)−g(x)|/|a−x| ≥ √ |Dg(a)| |Dg(x)| and |g(x)−g(b)|/|x−b| ≥ √ |Dg(x)| |Dg(b)|. The result follows.

2. We may suppose that x ∈ (a, y). By the minimum principle, |g(J)|/|J| ≥ min{|g(a) − g(x)|/|a − x|, |g(b) − g(y)|/|b − y|}. If |g(J)|/|J| ≥ |g(a) − g(x)|/|a−x| then |g(J)|/|J| ≥ |g(a)−g(y)|/|a−y|. Otherwise |g(J)|/|J| ≥ |g(b) − g(y)|/|b − y|. 4. Taking the limit J ↓ {x} in (71) yields |Dg(x)| ≥ |g(x) − g(a)| |g(b) − g(a)| |b − a| |x − a| |g(x) − g(b)| |x − b| . (74) Now |g(x)−g(a)|/|g(b)−g(a)| ≥ τ/(1+τ) and |b−a| ≥ |x−a|. The square- root lemma with I = [x, b] gives |g(x) − g(b)|/|x − b| ≥ √ |Dg(x)| |Dg(b)|. Substituting these into (74) yields √ |Dg(x)| ≥ τ √ |Dg(b)|/(1 + τ). 5. Use the one-sided Koebe principle twice. �

Lemma A.7 Suppose I is a compact interval, E ⊆ I and g : I → R is C^1. If g is cross-ratio expanding and Dg(x) ≠ 0 for all x ∈ int E, then inf_E |Dg| = inf_{∂E} |Dg|. Proof. This follows from the minimum principle. �

Lemma A.8 Suppose f is S-unimodal. If there exists x ∈ [0, 1] and n > 0 such that x_n = x and |Df^n(x)| ≤ 1, then f has a periodic attractor.

Proof. If |Df^n(x)| < 1 then x is a periodic attractor, so we may suppose that |Df^n(x)| = 1, and even, by considering f^{2n}, that Df^n(x) = 1. If A is the component of {y ∈ [0, 1] | Df^n(y) = 1} containing x, then f^n fixes A and,

f^S c1+_S

c1 c1

6 6
              ?

α_{S−}1 χ_S π_S α_S ω_S

Koebe space

Koebe space

?

f (I) -

œ

Figure 6: Renormalization near c_1.

because Df(0) > 1 and f(1) = f(0) = 0, A ⊆ (0, 1). Let B be an interval such that f^n|_B is monotone and B \ A consists of components L and R.

By the minimum principle, Df^n ≤ 1 on L or Df^n ≤ 1 on R, since Df^n = 1 on A. Suppose Df^n ≤ 1 on L and let y be the common boundary point of A and L. Since f^n has no fixed points in L from the maximality of A and the minimum principle, we deduce that f^{mn}(L) → y as m → ∞. Therefore y is a periodic attractor. �

Note. The point x itself may not be attracting since it might belong to a line of fixed points of f^n. This is incompatible with negative Schwarzian derivative, c.f. the proofs of [7, theorem 6.1, page 155] and [5, theorem II.4.1, page 95], but not with our assumptions.

Lemma A.9 Suppose f is S-unimodal. Then there exists K > 0 such that |Df^n(x)| ≥ K|Df^n(τ(x))| for every x ∈ [0, 1] and n ≥ 0.

Proof. It is enough to show that |Df(x)| ≥ K|Df(τ(x))|. But this follows from equation 1. �

B A priori bounds for renormalizable maps

In this appendix we explain how the classical real a priori bounds for renormalizable maps [7, chapter VI, section 2] can be derived from theorem 3.2.

Definition. Let f be unimodal and suppose c is not periodic. If S ∈ S then we define χ_S , the off-central periodic point of f^S, by χ_S = inf K^+(S). Here K^+(S) is the connected component of f(K(S)) containing α_S , defined in lemma 2.4.

Notes.

1. The point χ_S is an orientation preserving fixed point of f^S , see figure 6.

Indeed, f^S(χ_S ) = χ_S since χ_S ∈ ∂f(K(S)), see the proof of lemma 2.4. If χ_S was orientation reversing then there would clearly exist points x > χ_S arbitrarily close to χ_S with x ∉ f(K(S)). But then χ_S could not equal inf K^+(S).

2. If f is S-unimodal and has no periodic attractors, then f is renormalizable of period S > 0 if and only if S ∈ S and c_{1+S} ≥ χ_S . Moreover, [χ_S , c_1] equals f(I) where I is the restrictive interval with period S, see figure 6.

The main step in the proof of the a priori bounds is to show that f^S | |_{[χS ,c1]} is the composition of a map with distortion independent of S and x → x^ℓ, where ℓ is the order of the critical point of f. It is enough to show that there is Koebe space independent of S on the real and virtual sides of the renormalization box f(I), see figure 6 — what we prove here is the existence of this space (proposition B.2).

Indeed, since f^S = f ∘ f^{S−1}, pulling back the space of proposition B.2 by f gives Koebe space for f^{S−1} | |_{[χS ,c1]} that depends only on δ and the nonflatness/non-symmetry of f, c.f. the proof of lemma 6.5. The Koebe principle (lemma A.6(5)) then gives a bound for the distortion of f^{S−1} that depends only on this space. This shows that f^S | |_{[χS ,c1]} is the composition of the approximately-affine map f^{S−1} | |_{[χS ,c1]} (with distortion depending only on f) and f, which by non-flatness is itself the composition of a map with bounded distortion and x → x^ℓ. The a priori bounds, for example the precompactness of renormalizations of f, follow by the usual arguments, see [7].

Lemma B.1 Suppose f is S-unimodal and has no periodic attractors. If S̄, S ∈ S and S̄ < S, then π¯_S ≤ χ_S < α_S .

Proof. Clearly χ_S < α_S since α_S ∈ int K^+(S), see lemma 2.2. Now π¯_S = sup K^+(S̄) and χ_S = inf K^+(S), so π¯_S ≤ χ_S follows from α¯_S < α_S and int K^+(S̄) ∩ int K^+(S) = ∅ as in the proof of lemma 2.6. �

Proposition B.2 (A priori bounds) Suppose f is S-unimodal and has no periodic attractors. Then there exists δ > 0 such that |f^S(ω_S )−χ_S| ≥ δ |χ_S −c_1| and |f^S (α_{S−1}) − χ_S | ≥ δ |χ_S − c_1| for all 1 < S ∈ S. If S > T_0 then δ > 0 can be taken the same as in theorem 3.2.

Proof. If δ > 0 is small enough then the result clearly holds for S ≤ T_0, so suppose T_0 < S ∈ S and that δ > 0 is the same as in theorem 3.2.

We have |f^S (ω_S ) − f^S (x_0)| ≥ δ |f^S (x_0) − c_1| by corollary 3.3(1), where x_0 is the unique point in (π_S , ω_S ) for which f^S (x_0) = f^{T (S)}(x_0). By lemma 2.10(1), f^S(x_0) = π¯_S where S̄ = S − T (S) ∈ S. Now S̄ < S, so π¯_S ≤ χ_S by lemma B.1. It follows that |f^S (ω_S ) − χ_S | ≥ δ |χ_S − c_1|.

We have Ŝ ≡ S − S(S) ∈ S by lemma 2.8(1). Since f^S (α_{S−1}) < c_1 = f^{S(S)}(α_{S−1}) and f^S (α_S ) = c_1 > f^{S(S)}(α_S ), there exists a (unique) point x_1 in (α_{S−1}, α_S ) for which f^S (x_1) = f^{S(S)}(x_1). It can be shown similarly to lemma 2.10 and corollary 3.3 that f^S (x_1) = π_Ŝ and |f^S (α_{S−1}) − f^S (x_1)| ≥ δ |f^S(x_1) − c_1|. Now Ŝ < S, so π_Ŝ ≤ χ_S by lemma B.1. Therefore |f^S (α_{S−1}) − χ_S | ≥ δ |χ_S − c_1|. � Note. Proposition B.2 applies to any S ∈ S and not just those for which f is renormalizable.

References

[1] V. Baladi and M. Viana. Strong stochastic stability and rate of mixing for unimodal maps. Informes de Matemática preprint, Instituto de Matemática Pura e Aplicada, Rio de Janeiro, Brazil, Jan. 1995.

[2] M. Benedicks and L. Carleson. The dynamics of the Hénon map. Ann. of Math., 133:73–169, 1991.

[3] A. Blokh and M. Y. Lyubich. Measure of soleniodal attractors of unimodal maps of the segment. Math. Notes, 48(5):1085–1090, Nov 1990.

[4] H. Bruin. Invariant Measures of Interval Maps. PhD thesis, Technical University of Delft, June 1994.

[5] P. Collet and J.-P. Eckmann. Iterated Maps on the Interval as Dynamical Systems. Birkhäuser, Boston, Basel, Stuttgart, 1980.

[6] P. Collet and J.-P. Eckmann. Positive Liapunov exponents and absolute continuity for maps of the interval. Ergodic Theory Dynamical Systems, 3:13–46, 1983.

[7] W. de Melo and S. van Strien. One-dimensional Dynamics. Springer-Verlag, Berlin, Heidelberg, New York, 1993.

[8] R. L. Devaney. An Introduction to Chaotic Dynamical Systems. Addison- Wesley, Reading, New York, second edition, 1989.

[9] J. Graczyk and S. Smirnov. Collet, Eckmann and Hölder. Preprint, 1996.

[10] J. Graczyk and G. Świa̧tek. Hyperbolicity is dense in the real quadratic family. SUNY Stony Brook preprint ims92-10, July 1992.

[11] J. Guckenheimer. Sensitive dependence to initial conditions for one dimensional maps. Comm. Math. Phys., 70:133–160, 1979.

[12] J. Guckenheimer, 1989. Talk at the low dimensional dynamics conference in College Park. Cited by Jakobson and Świa̧tek [16].

[13] F. Hofbauer. The topological entropy of the transformation x → ax(1 − x).

Monatsh. Math., 90:117–141, 1980.

[14] F. Hofbauer and G. Keller. Quadratic maps without asymptotic measure.

Comm. Math. Phys., 127(2):319–337, 1990.

[15] M. Jakobson. Absolutely continuous invariant measures for one-parameter families of one-dimensional maps. Comm. Math. Phys., 81(1):39–88, 1981.

[16] M. Jakobson and G. Świa̧tek. Metric properties of non-renormalizable Sunimodal maps II. Quasi-symmetric conjugacy classes. Ergodic Theory Dynamical Systems, 15(5):871–938, 1995.

[17] G. Keller and T. Nowicki. Spectral theory, zeta functions and the distribution of periodic points for Collet-Eckmann maps. Comm. Math. Phys., 149(1):31–69, 1992.

[18] G. Keller and T. Nowicki. Fibonacci maps re(aℓ)visited. Ergodic Theory Dynamical Systems, 15(1):99–120, 1995.

[19] G. Levin and S. van Strien. Local connectivity of the Julia set of real polynomials. SUNY Stony Brook preprint ims95-5, 1995.

[20] M. Lyubich. On the borderline of real and complex dynamics. In Proceedings of the International Congress of Mathematicians, pages 1203–1215, Zürich, Switzerland, 1994. Birkhäuser Verlag.

[21] M. Lyubich and J. Milnor. The Fibonacci unimodal map. J. Amer. Math.

Soc., 6(2):425–457, Apr 1993.

[22] R. Mañé. Hyperbolicity, sinks and measure in one dimensional dynamics.

Comm. Math. Phys., 100(4):495–524, 1985.

[23] J. Milnor and W. Thurston. On iterated maps of the interval. In Dynamical Systems: Proceedings 1986-87, pages 465–563. Springer-Verlag, 1988. Lecture Notes in Mathematics 1342.

[24] M. Misiurewicz. Absolutely continuous measures for certain maps of an interval. Inst. Hautes Études Sci. Math. Pub., 53:17–51, 1981.

[25] T. Nowicki. On some dynamical properties of S-unimodal maps on an interval. Fund. Math., 126(1):27–43, 1985.

[26] T. Nowicki. Symmetric S-unimodal mappings and positive Liapunov exponents. Ergodic Theory Dynamical Systems, 5:611–616, 1985.

[27] T. Nowicki. A positive Liapunov exponent for the critical value of an Sunimodal map implies uniform hyperbolicity. Ergodic Theory Dynamical Systems, 8:425–435, 1988.

[28] T. Nowicki. Some dynamical properties of S-unimodal maps. Fund. Math., 142(1):45–57, 1993.

[29] T. Nowicki and F. Przytycki. The conjugacy of Collet-Eckmann’s map of the interval with the tent map is Hölder continuous. Ergodic Theory Dynamical Systems, 9:379–388, 1989.

[30] T. Nowicki and F. Przytycki. Topological invariance of the Collet-Eckmann property for S-unimodal maps. Preprint, 1996.

[31] W. Parry and M. Pollicott. Zeta functions and the periodic orbit structure of hyperbolic dynamics, volume 187–188 of Astérisque. Société Mathématique de France, 1990.

[32] D. Sands. Topological conditions for positive Lyapunov exponent in unimodal maps. Preprint 95-59, Université de Paris-XI (Orsay), 1995.

[33] D. Sands and T. Nowicki. Quasisymmetric invariance of the Collet- Eckmann condition. To appear in Ergodic Theory and Dynamical Systems.

[34] M. Shub. Global Stability of Dynamical Systems. Springer-Verlag, Berlin, 1987.

[35] D. Singer. Stable orbits and bifurcation of maps of the interval. SIAM J.

Appl. Math., 35(2):260–267, 1978.

[36] S. Smale. Differentiable dynamical systems. Bull. Amer. Math. Soc., 73:747–817, 1967.

[37] S. van Strien. Smooth dynamics on the interval (with an emphasis on quadratic-like maps). In T. Bedford and J. Swift, editors, New Directions in Differentiable Dynamical Systems, pages 57–119. Cambridge University Press, 1988. London Math. Soc. Lecture Note Ser. 127.

[38] L.-S. Young. Decay of correlations for certain quadratic maps. Comm.

Math. Phys., 146:123–138, 1992.