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0.1

I N T R O D U C T I O N

Cette thèse sur travaux comporte une version revue et corrigée de ma 

thèse de 1977 à l 'Université de Warwick, ainsi que les publications qui 

contiennent des résultats qui ne sont pas contenus dans la thèse de Warwick.

Il y a six parties distinctes.

1. Interprétations topologiques des conditions de Whitney, Journées 

Singulières de Dijon, juin 1978, Astérisque 59-60, 1979> 233-248.

Dans cet article nous donnons un aperçu historique de la théorie das 

stratifications et nous décrivons la plupart des résultats dans les cinq 

premiers chapitres de la thèse de Warwick.

2. Whitney stratifications * faults and detectors. Thèse. Université de

Wanriofc» -12U«,.23-jmmb«

Cette thèse a quatre chapitres. Dans Chapitre 0 nous donnons les 

définitions de stratification, conditions (a) et (b) de Whitney, et les 

théorèmes d'existence sur les ensembles semi-algébriques, semi-analytiques 

et sous-analytiques, ainsi que les conséquences principales des conditions 

de Whitney (stabilité de transversalité et trivialité topologique locale).

Le chapitre 1 est sur la condition (a) de Whitney. Nous montrons 

que (a) est en fait équivalente à la stabilité de transversalité à une 

stratification. Nous considérons la condition (t) qu'une transversale à 

une strate soit localement transverse aux autres strates et nous montrons 

que (t) équivaut (a) pour les strates sous-analytiques, mais que les 

deux conditions sont distinctes en général. Nous donnons une réciproque à 

un théorème de T. C. Kuo en montrant que s'il n'y a qu'un type topologiqu» 

d'intersection avec les transversales à une strate, alors on a (t) .
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Nous montrons dans $3 que (a) équivaut la condition que tout

feuilletage de classe C"*- transverse à une strate soit transverse aux autres

2
strates ; en plus les feuilletages de classe C ne suffisent pas. D'une 

façon analogue, dans § 5 (Chapitre 2) on montre que (h) équivaut 

l'assertion qu'un voisinage tubulaire de classe C^ définit des sphères 

transverses aux strates voisines.

Dans §4 du Chapitre 1 on donne, pour la condition de Thom sur les 

applications stratifiées, les analogues des résultats déjà démontrés pour (a).

Dans $6 nous étudions le comportement de la condition (b) quand 

on coupe avec des ailes génériques (variétés lisses contenant une strate). On 

montre que si (b) est satisfaite après avoir coupe avec une aile générique 

de codimension k , alors la dimension de l'ensemble des limites de vecteurs 

sécants orthogonaux pour lesquels on n'a pas (b) est moins que k . Nous 

montrons que sous une hypothèse sur la dimension de l'ensemble des limites 

d'espaces tangents, la condition (b) passe aux intersections avec les 

ailes génériques.

La 1 7 est sur la différence entre (b) et les conditions de 

régularité proposées par J.-L. Verdier et T.-C. Kuo ; on le précise en 

donnant des contre-exemples algébriques et semialgébriques.

Pour conclure on donne des computations qui explicitent les entiers 

positifs a , b , c , d pour que la partie lisse de \ ya = t*x° + xd J 
satisfasse les conditions de Whitney lelong l'axe Ot , dans les deux cas de 

IÊ  et . Ces computations servent comme une source de contre-exemples.

Le contenu des publications citées au-dessous fait partie de la thèse 

de Warwick.

(i) A transversality property weaker than Whitney (a)-regularity, Bull. 

of the London Math. Soc. 8 , 1976, 225-228. (Voir $ 2)

(ii) Counterexamples in stratification theory : two discordant horns, 

Proceedings of the Nordic Summer School 1976, ed. P. Holm, Sijthoff & 

Noordhoff, 1977, 679-686. (Voir $7)
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(iii) Stability of transversality to a stratification implies Whitney

(a)-regularity, Inventiones Math. 50, 1979, 273-277. (Voir 5l)

(iv) Geometric versions of Whitney regularity for smooth stratifications, 

Annales Scientifiques de l'Ecole Normale Supérieure, 1979, 45 -46 . (Voir j?§3,5) 

(v) (avec A. Kambouohner) Whitney (a)-faults which are hard to detect, 

Annales Scientifiques de l 'Ecole Normale Supérieure, 1979» 46 -46 . (Voir if 2,3)

En outre je suis en train de rédiger les deux articles suivants:

(vi) Transverse transversals and homeomorphio transversals. (Ceci contient 

une partie de § 2.)
(vii) (avec V. Navarro Aznar) Whitney regularity and generic wings (qui 

contient les résultats de £6).

3. Geometrio versions of Whitney regularity. Math. Proo. Cambridge Phil. 

Soc. 80, 1976. 99-101.

Dans cet article on montre dans le cas semi-analytique que la oondition

(b) équivaut la condition que chaque voisinage tubulaire d'une strate définit 

des sphères transverses aux autres strates. La démonstration donne un résultat 

plus précis que la démonstration du cas Ĉ" : on peut prendre des voisinages 

tubulaires semi-analytiques.

4* (avec H. Brodersen) Whitney (b)-regularity is weaker than Kuo's ratio 

test for real algebraio stratifications, Mathematica Scandinavia.45.1979.27-34.

On donne des exemples simples de (r)-défauts (b)-réguliers et une 

recette pour produire d'autres. On précise que la condition (w) de Verdier 

équivaut à dire que tout champ de veeteuts rugueux tangent à une strate se 

prolonge en un champ rugueux tangent aux autres strates.

5. Partial results on the topological invariance of the multiplicity of a 

complex hypersurface, Séminaire A'Campo-MacPherson, Paris V-II, mars 1977.
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Nous avons décrit dans cet exposé tous les résultats connus sur une 

question de Zariski s est-ce que la multiplicité d'une hypersurface complexe 

est un invariant du type à homéomorphisme près de 11hypersurface comme germe 

plongé dans ®n ?

6. Multiplicity is a C* invariant, Orsay preprint, mars 1977»

Nous montrons qu'on a une réponse affirmative à la question de 

Zariski quand on remplace " type à homéomorphisme près " par " type a 

difféomorphisme près " .



Société Mathématique de France 
Astérisque 59-60 (1978) p. 233-248

Je vais décrire ici pourquoi elles sont naturelles dans la topologie 

différentielle t (l) on peut les exprimer dfune manière ” géométrique " sans 

mention de suites, ni de limites de vecteurs ou plans, et (2) la condition

233

INTERPRETATIONS TOPOLOGIQUES DES CONDITIONS DE WHITNEY

Thom et Mather ( [3] > * C2̂ } ) > aussi dans les théorèmes de Lefsohetz

démontrés par Le Dung Tràng et Hamm [4] , dans la construction des classes 

caractéristiques des variétés singulières par MacPherson, M.-H. Schwartz et 

Brasselet ( fl2] , fl6̂  ) , et dans la classification des singularités et 

des systèmes dynamiques.

Parce qu'elles sont génériques et qu'elles ont des conséquences frappantes

-- équimultiplicité [ 5 j trivialité topologique fl3] -- elles sont

importantes dans la théorie de l'éqmisingularité des variétés analytiques 

complexes. De plus elles sont naturelles dans une telle théorie, au moins dans 

le cas des hypersurfaces, pour lesquelles (b) équivaut à |JL -constant 

(voir les travaux de Teissier [ 187 , 193 de Brianoon et Speder 

[il , fl7] ) .

David TROTMA.N

0. Introduction

L1 importance des conditions de régularité locale imposées sur les stratif

ications, que Whitney a introduites en 1965 (C 357» C © s t i  bien-oonnue. 

Elles se sont montrées utiles dans le théorème de stabilité topologique de
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(a) est préoisèment celle dont on a besoin pour que la transversalité à la 

stratification soit une propriété stable .

Finalement je parlerai de la relation de la condition (a) avec d'autres 

conditions qui sont équivalentes à la condition (a) dès qu'on peut utiliser 

le lemme de sélection des courbes (par exemple pour les stratifications semi- 

ou sous-analytiques) , cependant plus faibles dans le cas général, mais 

intéressantes parce qu'elles sont très faciles à visualiser .

1. évolution historique des conditions d'incidence régulière*

Je veux rappeler les premières parutions des définitions et résultats 

concernant les conditions d'incidence régulière imposées sur les 

stratifications.

1957 Whitney [34] Décomposition de toute variété algébrique réelle en

un nombre fini de sous-variétés lisses. On dit qu'on 

a une 11 »manifold collection " (parfois aussi " sub

manifold complex ") .

I960 Thom [20] Stratification : une partition d'un sous-ensemble

fermé de IRn en une réunion de sous-variétés 

connexes différentiables (les strates) , telles que 

l'adhérence de chaque strate soit la réunion de 

cette strate et d'un nombre fini d'autres strates 

(de dimensions plus petites) •

Incidence régulière t Pour toute strate Y , il 

existe une rétraction C* 1Ty : Ty — > Y définie 

sur un voisinage tubulaire Ty de Y , telle que si

234



CONDITIONS DE WHITNEY

Y c. d x  , a lo r s  ^ y ( x n T  e s t  Une su1:)m©rsion.

1964 Thom Dans le cas des ensembles semi-algebriques,

l'incidence régulière ci-dessus est remplacée par

(t) Pour toute sous-variété S transverse à Y en y , 

il existe un voisinage U de y (dans Hn) tel que 

S soit transverse a X  dans U,

1964 Whitney |[35l Une stratification est régulière si pour toutes

strates adjacentes X , Y , avec Y C. ^X , et pour 

tout y G Y , les conditions suivantes sont 

satisfaites.

(a) Pour toute suite £x^} € X convergeant vers y , 

telle que £t xj a une limite T  , on a T Y C t  •
y

(b') Pour toute suite £ X convergeant vers y ,

telle que ^T^ X^ a une limite X  * ®t que

s Xi~ rc*Ŷ xi ̂ ? a une limite \  , avec 7TY une 
C|xi-7tY(xi)| J

rétraction sur Y , on a ^ C  t  #

Whitney remarque que (a) implique (t) , et que

(a) et (b') sont préservées par les difféomorph- 

ismes de classe C* •

1965 Whitney [36J Toute variété analytique complexe (ou réelle) admet

une stratification régulière.

Introduction de la conditio* suivante.

(b) Pour toutes suites ^x.{6 X , fŷ JeY convergeant
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vers y f telles que x| a une limite C  ? et

< xi~ y i ? a une limite ^  , on a C  .

V|xr  y.lj

Remarque * (b) est équivalente à la conjonction de (a) ert (b‘) .

Il est évident que (b) implique (b1) pour toute ITy • D'autre part 

(b) implique (a) parce qué pour tout vecteur v €  T^Y , et toute suite 

f S  X , on peut choisir sur Y approchant y dans la direction

x _ y
de v assez lentement pour que i * i tende vers v .

i*i- y ±\

Réciproquement, si (a) est vraie, et (b1) est vraie pour une TTy 

donnée, on trouve (b) en décomposant le vecteur A  (dans la définition de
<

(b)) en la somme de deux vecteurs, l'un dans T Y , et l'autre dans
y

y V 1 ^ ) )  •

1965 Thom [22] La oondition (b) sur un couple de strates X , Y

avec Y C  è X  implique 1 'invariance topologique 

locale * près de chaque point y de Y on a un 

homéomorphisme entre X et Y x (TCy^iyJCv X) .

Conditions géométriques«

Soit (U,<£) une oarte C1 pour Y en y ,

$  t (U,ÛoY,y) --- > (ftn , R mx 0n~m , 0) .

Nous avons une rétraction C ,

•*<*>- 4>-:Lo ° 4> , U  ---*  ( Ï A U )  ,

et une fonction tubulaire C ,

f>4» - p ° 4 >  * U --- *  <R+ ,

ou 9 • • • *xn ) * • • • 9xm* * • • * 0) ®t p(x^,.#.,xn )

n o

■ n « i 2 •
i-m+1 1

Dans l'article [223 de Thom sont démontrées les implications

suivantes (page 10) •
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La condition (a) pour le couple (X,Y ) en y # avec y€ ïc X - X t 

implique

(ag) Pour toute carte (U, <f>) pour Y en y « il existe un

voisinage V de y , V C  U , tel que *4>i v ̂  ̂  soit une 

submersion.

La condition (b) pour le couple (X,Y) en y implique

(bfl) Pour toute carte C* (U, $>) pour Y en y , il existe un 

voisinage V de y , V O  U , tel que ('TT, P<t> )|vnx 

soit une submersion.

1965 Feldman £ 2] Les applications différentiables d'une variété N à

une varietà M , qui sont transverses à ohaque strate 

d'une stratification (a)-riguliire d'un ferme de Mf 

forment un ouvert dense de C°°(N,M) dans la 

topologie forte (ou fine). Ceci a des corollaires 

intéressants en geometrie différentielle.

1965 Lojasieiricz M  Stratification (b)-regulière des ensembles

semi-analytiques•

1971 Kuo £9]] Introduction de la condition (r) * 11 ratio t'est " •

(r) est strictement plus forte que la condition (b) dans le cas semi- 

analytique, mais n'est qu'un invariant C2 1 elle n'est pas préservée par les 

diffeomo'rphismes C* —  voir £26] et [[27J •

1973 Hironaka Stratification (b)-régulière des ensembles sous-

analytiques.
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1974 Hall [32] Conjeotures « (as )<==>(«) , (bs)«=»(b) .

1976 Verdier Di] Introduction de la condition (w) , qui est une

condition générique et implique la trivialité rugeus# 

locale : on a plus de contrôle sur les homéomorphismes 

trivialisants que avec (b) .

( v )  est strictement plus forte que (r) et dono plus forte que (b) 

dans le cas semi-analytique (ou sous-analytique). Comme (r) , elle n'est que 

préservée par les difféomorphismes C^ et pas par les difféomorphismes C* , 

même pour les strates algébriques (voir feôj et C27J )•

1978 Kuo [lo] Soit Y - X - X c Bn (pas seulement Y c= X - X ) .

La condition (a) pour (X,Y) en y € Y implique

(h0̂  Le type topologique du germe en y de 1* intersection 

avec X d'une sous-variété S de classe C°° telle 

que y G S< , S /b Y en y , et dim S » n - dim Y , 

est indépendant du choix de S •

Dans la suite je vais parler de plusieurs résultats démontrés dans ma 

thSse £273 * l08 réciproques aux implications (a) *=£ÿ(ag) et (b),=^(bs) 

de Thom (1965) * la réciproque du théorème de Feldman (1965) 9 et finalement 

une réciproque partielle au théorème de Kuo (1978) dans les cas où le lemme 

de sélection des courbes est utilisable.

2. Détecteurs de (a)- et (b)-défauts.

Langage * Quand une condition d^quisingularité E n'est pas satisfaite 

en un point d'une stratification il est naturel d'appeler ce point un

D. TROTMAN
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E-défaut. Tris souvent, pour démontrer qu'une condition E^ implique une 

condition Ê , on suppose qu'on a un E^-defaut et on en déduit qu'on a 

forcément un E^-défaut.

Les résultats suivants font partie de ma thèse £*27] * 1®S démonstrations 

seront publiées dans £29] .

Théo rem e A : (a) équivaut à (as) •

Théorème B : (b) équivaut à (bg) •

Corollaire t Les conditions (a) ait (b) sont invariantes par difféo- 

morphisme C1 .

Comment démontrer le Théorème A 1

On considère une formulation de (a ) suggérée par Dennis Sullivan.
s

Soient X , Y des sous-variétés C* de iRn , et y e Y c  X - X . On dit que 

(X,Y ) est (3^ )-régulier en y si

O k ) Pour tout feuilletage 3* cLe classe Ck transverse à Y en 

y , il existe un voisinage U de y tel que 3* est 

transverse à X dans U .

(ag) ¿quivaut à (3-1).

On remarque d'abord que es* une submersion si et seulement si

les fibres de sont transverses à X dans U •

Donc, étant donnée ( *3̂  ) ? on trouve (as) paroe que les fibres de la 

rétraction C1 sont les feuilles d'un feuilletage C1 transverse i Y

et de codimension égale à la dimension de Y.

Etant donnée (as) on trouve (3^) en prenant une rétraction dont les

CONDITIONS DE WHITNEY
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fibres sont contenues dans les feuilles du feuilletage 3* •

(3-1) implique (a)»

On suppose que (a) n'est pas satisfaite pour le couple (X,Y) en

y ê Y C X  - X • On construit un feuilletage C* transverse à Y en y , mais

qui n'est pas transverse à X en chaque point d'une sous-suite de la suite

£ av®c limite y . Le feuilletage sera appelé un détectepr du (a)-défaut.

Pour le construire on part d'un feuilletage 3 ”0 par des hyperplans

parallèles à lim T X , et autour de chaque point d'une sous-suite £ x. \ de
xi ; xk x 

on remplace 3~0 Par u*1 feuilletage proche —  on ajoute des " rides "

telles que la tangente en x. ,à la feuille qui passe par x. , contienne
k 1k 

T X 9 et donc ce nouveau feuilletage n'est pas transverse à X près de yt

*k
o'est à dire que (3^) n'est pas satisfaite.

Par le môme genre d'argument on montre que (bg) implique (b) 9 oette 

fois en prenant un feuilletage de ©n - Y par des oylindreB (les fibres 

d'une fonction tubulaire

Pour X , Y semianalytiques on peut se restreindre à des difféomorphismes 

avec leurs graphes semianalytiques. (Pour voir cela il suffit de lire 

attentivement [24I et [25].)

2
Les feuilletages C transverses ne sont pas des détecteurs effectifs

y 2  ̂ 2
pour les (a)-défauts 1 (? ) n'implique pas (3 ) • Un contre-exemple a été

construit en collaboration avec Anne Kambouohner (voir [ô3 et \2t\ ) • Le

mftne contre-exemple donne un (b)-défaut qui n'est pas mis" en évidence par les

2 2 
voisinages tubulaires C s la condition (b ) , qui est simplement la

8

✓ 2 
condition (bg) limitée à des difféomorphismes ^  de classe C , est

satisfaite*

D. TROTMAN
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3. La condition (a) et la stabilité de la transversalité £ une 

stratification.

Le théorème énoncé ci-dessous explique 1*importance de la condition (a) 

de Whitney si on s1intéresse aux propriétés de stabilité.

Théorème * Soit ^  une stratification localement finie d'un fermé V 

d'une variété M de classe . Les conditions suivantes sont équivalentes.

(1) egt (a)-régulière.

(2) pour toute variété N de classe C1 , £z e i z A\2l ] est un 

ouvert de J^N^M) ,

(3) pour toute variété N de classe C1 , [f 6 C^N.M) * est un 

ouvert de C^(N,M) dans la topologie C1 forte,

(4) il existe une variété M de classe C1 , avec

1 ^  dim M - dim N ^  max (l , min dim S )

r  1 1 S c 5 “ i
telle que [f 6 C (N*M) t t  rf\ £  j est un ouvert de C (N,M) dans la

topologie C1 forte.

(l) ^ (3) a été démontré par Feldman en 1965 (voir §2 ci-dessus) . 

(l) (2) a été démontré par Wall £331 I (l)=^(3) en découle parce

que (3) e s t  une conséquence immédiate de (2 )  par la  d é f in it io n  même de la

topologie C*’ forte (voir ¡ i l , r«i ; •

L'implication (4) t- ¿p (l ) est nouvelle* Pour les détails de sa démonstr

ation voir £27! ou f28] . La démonstration utilise d'une fapon non-triviale
T_

le fait qu*un sous-ensemble de C (N,M) ( O é k  éoo) qui est fermé dans la 

topologie C faible , a la propriété de Baire dans la topologie C forte * 

ce théorème est démontré par Morlet £15] et Hirsoh r?i.

On a le mese théorème en remplaçant partout C1 par Ck , parce que le

CONDITIONS DE WHITNEY
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problème se réduit à un étude des 1-jets.

On sait que € Ck(N,M) * f/KS^ «st toujours dense dans Ck(N,M)

muni de la topologie Ck forte (lisk^ oo) , par application répétee du 

théorème de transversal!te de Thom (voir [îj ) • Donc les applications 

transverses à une stratification forment un ouvert dense si et seulement si la 

stratification est (a)-réguliàre.

Avec la topologie C1 faible les applications transverses à une stratifica

tion , même d'un sous-ensemble compact, ne forment un ouvert que si la 

variété souroe est compacte (dans ce cas la topologie faible est la meme que 

la topologie forte). En effet un voisinage ouvert dans la topologie faible ne 

donne aucun contrôle en dehors d'un oompaot dans la variété souroe. A ce b u  jet 

il faut signaler les erreurs dans chaque partie (a), (b), et (o) de 

l'exercice 8 , page 83 de •

4* Transversales homéomorphes et transversales transverses.

Dans É2 j'ai énoncé le théorème de Kuo * (a) implique (h°° ) . En 

suivant la démonstration de ce résultat [loi , on voit que (a) implique

A QQ j

(h ) (dans la définition de (h ) on peut prendre des soue-variétés de 

classe C2 ) , mais il n'est pas clair que (a) implique (h1) (c'est à dire 

qu'on puisse prendre des sous-variitis de olasse C^) f parce que la démonstra

tion utilise un champ de vecteurs dans un éclatement.

Il est clair que 1'hypothèse Y « X - X est nécessaire è cause d'exemples 

comme

\
----------------------------------------------------------------------------y

3 7
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Je m© suis posé le problème de considérer une réciproque au théorème de 

Kuo : est-ce que (h"*') implique (a) ? En effet une telle réciproque 

n'existe pas en général à cause des exemples que j'ai construit pour montrer 

que (t) n'implique pas (a) (voir £ô] , , [27J ) . Dans

l'exemple le plus simple ([26] , £27] ) on construit un (a)-défaut en 

plaçant une suite de bosses sur une courbe tangente à Y , telle que les 

sous-variétés transverses à Y en y " ne le voient pas " .

CONDITIONS DE WHITNEY

W X ' ' o ^Couvres ^ . v— ^ '

' i  <? ^  - - - - - - H - - - - - - - - - - - - - - - - v
Evidemment on obtient ainsi un (a)-défaut qui satisfait la condition 

(h1) —  d'avoir les transversales homéomorphes. ( Ceci suggère que (t) , 

c'est d'avoir les transversales transverses .)

Maintenant il est naturel de se demander si peut-être (t) et (h1) sont 

équivalentes. Je peux montrer que (h^) implique (t) • Plus généralement,

k v k
soit (kg) Ia condition que les transversales a Y de classe C et de

dimension s aient les germes en y de leurs intersections avec X tous

homéomorphes, et soit (t̂ )' condition que ces transversales soient 

transverses à X près de y (l^ k ̂ 00, oodim Y ^  s i  n ) •

Theorème • Solent X  , Y sous-variétés disjointes de | R n  d e  classe C k  , 

e i y Y , I k ̂  00 . Alors

k k f k * 1 
^   ̂ ^ mP l j -qUe 1 0U

L k > 1 et s > codim X .
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La restriction sur s quand k > 1 est nécessaire ; la raison est

2
essentiellement parce qu'on ne peut pas trouver une petite C -perturbation 

d'une parabole près de son sommet qui l'applique sur sa tangente au sommet*

Les détails de la démonstration du théorème ci-dessus se trouvent dans 

[273 et vont paraître dans £36] •

Comme corollaire on obtient le résultat suivant.

Théorème : Pour les strates sous-analytiques. (h1) implique (a) . 

Démonstration 1 On applique le théorème ci-dessus et le fait que (t) 

implique (a) dans le cas des sous-analytiques ( on le montre pour les semi- 

analytiques dans £24] en utilisant le lemme de sélection des courbes, qui 

est valable pour les semi-analytiques par £ll] , et la même démonstration

*
marche pour les sous-analytiques en citant le lemme de seleotion d'Hironaka 

[ 6]  f Toir [273 ) .

Donc pour le cas des ensembles sous-analytiques on a les implications *

D. TROTMAN

C^-transversales A _ C^-transversales (  ̂ <r*' " *
transverses homéomorphes

2 ’U' 2 ^
C -transversales  ̂ C -transversales

homéomorphes transverses

1 2
Il n'est pas difficile à voir qu'il faut (h ) et pas seulement (h )

pour obtenir (a) (voir £27, Note 2.8] , ou [30] > .

Je finis avec une conjecture naturelle d'après la discussion ci-dessus.

/ le \ / le
Conjecture : (tg) (hs) —  transversales transverses impliquent

transversales homéomorphes.
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CHAPTER 0. INTRODUCTION

This work deals with properties of Whitney (a)- and (b)-regularity. The 

regularity conditions prescribe the local behaviour of limits of tangent spaces 

to smooth manifolds, which are usually strata of a stratification. So, first, 

what is a stratification ?

A stratification of a subset V of a C1 manifold M is a partition

of V into connected C submanifolds, called the strata of 2L • 51 is locally 

finite if each point of V has a neighbourhood meeting only finitely many strata.

Example 0.1. V a connected C"*- submanifold of M . There is a trivial 

stratification of V with just one stratum.

Example 0.2. V the underlying space of a linearly embedded simplicial complex. 

There is a natural stratification whose strata are the interiors of the simplices 

of the complex.

Example 0.3. V an analytic variety in |Rn. Let S(V) be the set of points

2
where V is not a submanifold of maximal dimension. Write S (V) = S(S(V)) , etc. 

Suppose r is the smallest integer such that Sr+*(V) = <f) . Let Q(^) denote 

the set of connected components of a set A . Then

G(v-s ( v ) )il G(S (V )-s2 (v ) ) l i ... 1L G(sr_1 (v )-sr ( v ) ) jl G( sr ( v ) )

defines a locally finite stratification of V called the full partition by dimension 

(by Whitney in [46] ).

1
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The flhitney conditions

Let X , Y be disjoint

(a) Given a sequence of points £*¿3 in ^ tending to y , such that T X
i

tends to 'C , then T Y c. “C .
tJ

to v (see Mather [21] ). Conversely, if (a) holds and (b‘) holds for some

, we arrive at (b) by decomposing the vector \  into the sum of two vectors,

X is (b)-regular over Y at y if,

T X tends to T  , and the unit vector xn the dxrectxon of x.y. tendsX. 7 XX
X

to ^ then A c t  .

G1 submanifolds of a C"*- manifold K and let y

be a point in YOX .

X is (a)-regular over Y at y if,

of them have been given by Thom in [35] and. [36] , by Mather in [21] and 

[22] , by Wall in [431 and £44] » and by Gibson and Wirthmuller in [ j ]  .

These conditions were first defined by Whitney in t.45] and [461 . Accounts

Following Thom , we say that X is (h* )-regular over Y at y if, for

Asome C local retxaction •TC associated to a C1 tubular neighbourhood of Y

near y (see §5) ,

(b*) Given a sequence fx-3 in X tending to y , such that T X tends to "CX X •

and the unit vector in the direction of x/T̂ (x̂ ) tends to ^ , then ^ycX!.

(b) Given sequences { x j  in x » fri? in

(b) clearly implies (b') for any TC . Also (b) implies (a) , since

given any vector v in T Y and any sequence fxi) in X we can choose f * i ï

in Y coming in to y in the direction of v so slowly that V i tends

Y , both tending to y , such that
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one in T Y and one in T (7T"*^(y)). (Compare Wall [433) To sum up,
«y «y

(0.4) (b») + (a) (b)

We shall make frequent use of this eouivalence.

A stratification is (a )-regular if, for each pair of strata X , Y

and at every point y €  Yr\X , X is (a)-regular over Y at y . Similarly, 

we speak of (b)-regular stratifications. We call a locally finite (b)-regular 

stratification a Whitney stratification.

Example 1. (0.1) is trivially a Whitney stratification since there is only 

one stratum, and (a)- and (b)-regularity are conditions on a pair of strata.

Example 2. The stratification in (0.2) defined by a linearly embedded 

simplicial complex is a Whitney stratification by the next example.

Example 3. Let X be a C1 submanifold-with-boundary of a manifold M ,

with interior X and boundary Y . Then X is (b )-regular over Y , since 

(b )—regularity is invariant under Ĉ~ diffeomorphism (see Corollary 5-3) •> and
x ( 0, oo)q x 0r is (b)-regular over ÜRP x 0q+r in jRp+q+r . (b)-regularity 

is far from being a topological invariant.

x / 

T" j 9i*~ /

Pictured is a topological manifold-with-boundary X , with interior X a Cr" 

manifold and boundary Y a line, such that X is not (b)-regular over Y at y s 

we say the pair (X,Y) has a (b)-fault at y (see below).
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Example 4. The stratification defined in (0.3) by the full partition by 

dimension of an analytic variety is not necessarily a Whitney stratification. 

We give the standard examples.

1) V =  [y2 = t2x2 + x3} C  R 3.

Let Y be the t-axis, and X be V - Y.

Then set X^ = Xfl£x>oJ ,

x2 = xnfx<o3 n {t>o} , 

x, - xnfx<oj n U< o} .

is (b)-regular over Y at 0 , but 

X2 and X^ are not (b)-regular over Y 

at 0, However all three are (a)-regular 

over Y at 0. The reader may check that

✓

y

2 ) V =  (y 2 -  tx2} C  IR3 .

Let Y be the t-axis, and X be V - Y . 

Then set X± = Xf>{x>0} , X2 . Xn£x<0] . 

X^ and Xg are neither (a)-regular over Y 

at 0 , but are both (b')-regular over Y . 

Again X^llXglLY is the full partition by 

dimension of V .

A fc

'—' *2 / I I
/ /  V I 

U  / A i

0
y

The fact that we do not get a Whitney stratification from the full partition 

by dimension of an analytic variety is only a minor handicap because of the 

following theorem.

Theorem(Whitney £45] »[46]) * Every analytic variety admits an analytic 

Whitney stratification.

X^lLXglLX^lLt is the full partition by

dimension of V .
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This is proved by showing that every locally finite analytic stratification 

(i.e. whose strata are locally analytic manifolds) admits an analytic Whitney 

stratification as a refinement : this is because (b)-regularity is generic —  

the set of points where (b) fails for a pair (X,Y ) of analytic strata is 

contained in the complement of an open dense subset of Y .

The class of sets for which (b)-regularity is generic has been extended by 

Lojasiewicz [l£] and Hironaka £12]. See also Hardt £lo] and Gabrielov's thesis.

Definition : A subset of Bn which, is globally (resp. locally at each point 

of CLn ) a finite union of subsets each of the form { f‘i= 0 » g^>0 ) i=l>..,P> 

3*1,...,q$ where the ^ a r e  polynomial (resp. analytic) functions

on Rn , is called semialgebraic (resp. semianal.ytic) .

Theorem(Lo.iasiewicz |jL8]) : Every semianalytic set admits an analytic 

stratification, and every analytic stratification of a semianalytic set admits 

an analytic Whitney stratification as a. refinement.

A more accessible proof, for semialgebraic sets, was given by Wall [43].

Definition : A subanalytic set in (Rn is the image of a semianalytic set 

in tRm , some m , by a proper analytic map lßm -- Bn .

Theorem(Hironaka £l2]) : Every subanalytic set admits an analytic stratification, 

and every analytic stratification of a subanalytic set admits an analytic 

Whitney stratification as a refinement.

So far we have discussed the existence of Whitney stratifications. Among the 

most important applications of Whitney regularity are the consequences of the 

following results.
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Theorem A : Let X  be a locally finite stratification of a closed, subset of

See § 1 for a precise statement and proof of Theorem A .

Theorem B ; A Whitney stratification is locally topologically trivial.

a C manifold M . 51 is (a)-regular the set of maps transverse to

is open in C (H,!!!) for all C manifolds N .

Theorem B was conjectured by Thom and proved by Mather £21

Neither Theorem A nor Theorem B makes use of analyticity. However in most 

of the work done either on the Whitney conditions themselves —  as in Speder*s

thesis £29], and Teissier's study of the equisingularity of hypersurfaces [3oJ ,

M .  and the equimultiplicity theorem of Hironaka [ll] —  or using the Whitney

conditions as tools —  as in the proof of the topological stability theorem L7J *

and the Lefsohetz hyperplane theorems of Hamm and Le £9] » and the extensions

of characteristic class theory to singular varieties by MacPherson [19 , 20J,

and M.-H. Schwartz {̂ 26j - extensive use of the special properties of analytic

varieties has been made. And it was for complex analytic hypersurfaces that 

Zariski demanded a theory of eguisingularity [[49,5 o] •

This thesis can be thought of as a study of aspects of the theory of 

equisingularity of smooth stratified sets, the plans of which were drawn in Thom's 

"Ensembles et morphismes stratifies" [[36] . When there are improvements in the oase 

of subanalytic sets we give them; and we make special mention of any relations 

with complex hypersurfaces.

With Theorem B in mind, we make all our counterexamples topological 

manifolds-with-boundary, hence topologically trivial, whenever possible. This 

shows well the great difference in the nature of the results found here, and those



7

obtained for complex hypersurfaces, for which topological triviality has fairly 

strong consequences, including (a)-regularity.

The basic local situation is as follows s let X and Y be submanifolds

(and, when appropriate, subanalytic subsets) of Rn , with Y C  X - X . Y is the 

base stratum, and X the attaching stratum. When X is (b)-regular over Y at

0 in Y , we will say that the pair (X,Y) is (b)-regular at 0 , or that 

(X,Y)q is (b)-regular. When (X,Y)q is not (b)-regular, we say that (X,Y)^ 

is a (b)-fault s we justify this term below.

Faults and detectors :

When some equisingularity condition E is not satisfied at a point of a 

stratification, it is natural to call the point an E-fault (so retaining the 

geological terminology). Many proofs showing that one equisingularity condition 

implies another are by reduotio ad absurdum s we suppose that the second condition 

fails, and then we show that the first condition necessarily fails as well. When 

we can do this we say we have detected the fault (the point where the second 

condition fails). In the same way counterexamples to implications between 

equisingularity conditions tend to be faults which are not detectable in some 

given way. Most of the results given in this thesis consist of taking an 

equisingularity condition E and deciding whether possible detectors are effective 

or ineffective in detecting every E-fault. We hope that this will clarify and 

motivate the point of view taken throughout.
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CHAPTER 1. WHITNEY (a^REGULARITY

We begin by showing that (a)-regularity is precisely the condition to impose 

on a stratification in order that the maps transverse to the stratification form 

an open set, i.e. that transversality be stable, as well as being generic (the 

transverse maps always form a dense set), (a)-regularity was introduced by 

Whitney in as a sufficient condition for this to be true ; at the time it

was thought that (t)-regularity (defined in §2) was the condition required, and 

that (a) was only useful in that it implied (t) (see the introduction to {[45] )• 

This is tame in the analytic case, since then (t) and (a) are equivalent as 

proved in Theorem 2.5 below (and [37] )> but we give examples (2.1 and 2.4) 

showing that (t) is in general weaker than (a) . (a) is necessary and 

sufficient for openness * the sufficiency was proved in detail by E. A. Feldman 

in £53 and we prove necessity here in Theorem 1.1. The only difficulty in the 

proof is to find a transverse map with a given transverse 1-jet at a given point : 

for this we show that in a suitably chosen Baire subspace of the space of maps 

containing the given jet at the given point, transverse maps are dense.

Example 2.1 , showing (t) to be weaker than (a) in the smooth case, has 

(a) failing for a sequence on a curve (in the ambient space) tangent to the base 

stratum, thus defining an (a)-fault not detectable by transverse submanifolds. To 

show that the property that the (a)-fault be given by sequences tangent to the 

base stratum does not characterise those (a)-faults which are not detectable by 

transverse submanifolds, we give a second example (2.4) which uses a basic 

semialgebraic object called a "barrow**, which is defined in 2.3 . We then prove, 

in Theorem 2.5 > that (t) is equivalent to (a) when curve selection is 

available, and obtain as a consequence in this case the conjecture of C. T. C. Wall 

[43] that (a^regularity be equivalent to the condition that the fibres of a
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C1 retraction onto the base stratum be transverse to the attaching stratum for 

all retractions. We prove this conjecture in general as Theorem 3.3 after 

rephrasing the conjecture to read "do transverse foliations detect

(a)-faults ? " Example 3.6 shows, using the barrows of 2.3 , that transverse

2
C foliations do not detect all (a)-faults.

To complete §2 we discuss results relating to a theorem of T.-C. Kuo , that 

(a )-regularity implies that transversals to the base stratum have germs at 0 of 

their intersection with the attaching stratum, of a single topological type, and 

we prove a partial converse to Kuo*s theorem.

Finally in 54 we describe the analogues of the results proved here about 

(a)-regularity of stratified sets for the (a^) condition on stratified morphisms.

1. (a)-regularity and stability of transverse maps

1c
C topologies

First we briefly define the weak and strong topologies on the space of

mappings between two manifolds (l^ k^qo) .

A thorough treatment of these topologies is given in Hirsch's book "Differential 

Topology" ]”l3~] • Other versions are given by Morlet [24̂ J , Feldman [V] * and 

Golubitsky and Guillemin ^8] .

Let N , P be manifolds. Ck(N,P) denotes the set of Ck mappings from

N to P t jk(N»P) denotes the bundle of k-jets associated to such mappings,

and jk s c V , ? )  -- > C°(N,Jk(N,P)) is the associated jet map. The map

jkf * u - >  Jk(N,P ) is called the k-jet prolongation of f .

A basis for the weak Ck topology on Ck(N,P) is given by taking all sets 

of the form £ f e C k(N,P) * jkf(K)c: uj- where K is a compact subset of IT , 

and U is an open subset of Jk(N,P) .
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on C^(N,P) is given by taking all sets of the form {f € C k(K,P) : jkf ( K ) C UJ 
where U is an open subset of Jk(N,P) .

If N is compact these topologies are clearly the same.

Transversality

We shall use the notation for "is transverse to" .

If f : U — > M is a C map,

f X at n <=> Tf(n)X + (df)n(TN) = Tf(n)M

or f(n) X

We say X is transverse to a stratification £  , and write X /h ¿T f 
when X /K S V strata S of .

We say X is transverse to a foliation of M at x , and write

X /H 9. at x , when X is transverse at x to the leaf of through x .

We say a foliation Jr of a submanifold X is transverse at x to a 

foliation of a submanifold Y , and write 3 - *  §. at x , when the

leaf of 3" through x is transverse at x to the leaf of Q. through x . 

(This requires that X be transverse to Y at x . )

Now we are in a position to state Theorem A of the introduction.

f X <F=$ f i f k X  at n , V  d 6  f (X)

If ze  J1(N,Kl )

If X , Y are C1

X rt> Y at m T X + T Y = T Mm m  m

X fa Y X ^  i at m , V  m €. X n Y

A basis for the strong cr topology (also known as the Whitney CT" topology)

submanifolds of a C'*’ manifold M ,

is a 1-jet, and f e C (N,M) is a map representing z (at néN)
Z X f X at n
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(4) there is some integer r , 1 $  max(l,min(dim S)) , and some C
SeZ

in

Notes 1.2 (i) (1) {=$ (2) is proved by Wall [44^ • In fact he asserts 

that (2) implies that V is closed, which is not quite true. Consider the 

case where V = M - pt., and £  has a single stratum.

proof went unnoticed by several specialists in the theory to the extent that a 

very short false proof of (l)a=^ (3) appeared several times (see the discussion 

and counterexample in 52 ), and in 1975» D* W. Bass flj wrote "there seems to 

be no published proof of this". This was probably due to Feldman's use of the 

term "cohesive" before "(a)-regular" came into common usage 5 also his proof 

appeared as a technical lemma in a paper on immersion theory rather than in a 

paper on stratification theory. Observe also that before the term "stratification" 

was accepted people talked of "submanifold complex" and "manifold collection" .

(l^k^oo) , as the problem reduces to a study of 1-jets.

(iv) The set of Ck maps transverse to 21 (l^k^oo ) is dense

(2) for every C manifold N , £z 6 J (N,M) : z /K £  J is open in J (N,M),

(3) for every C1 manifold N , |]f 6 c\ k ,M) : f rt\ is open in C^(N,M) 

with the strong C1 topology.

[35 »36] , but see the discussion in §2 below. It was proved by Feldman £5]» who 

describes 21 as cohesive if X  is (a)-regular, and now appears as Exercise 15 

at the end of Chapter 3 of Hirsch's "Differential Topology" [lSl . Feldman's

(ii) (l) ==^(3) is implicit in Thom [34] (1964) and explicit in

manifold N with dim N = dim M - r , for which {f GC (N,M) * f b'ZS is open
in C1(N,M) with the strong C topology.

U) £  is. (a)-regular,

Theorem 1,1 Let ZI be a locally finite stratification of a closed subset

V of a C1 manifold M , Then the following conditions are equivalent :

1 k
(iii) We have the same theorem replacing C everywhere by C

(N,M)
I r

with the strong C topology by applying Thom's transversality
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theorem countably often as in [8] or , even without applying (a)-regularity.

Thus if ¿L is (a)-regular, the maps transverse to ¿L in Ck(N,M) form an

k 1 k 
open dense set in the strong C topology ( C -open implies C -open).

(v) If each stratum is closed, then it follows from the result that

for a closed submanifold W of M , £ f £ C k(N,M) : f W  ] is open (see [8*] or (jL3] ),

that { f e  Ck (N,M) s f  is open. But we do not assume the strata are closed

(o n ly  th a t V = I I I  is  c losed) and in  almost every s itu a t io n  o f  in te re s t  they

w i l l  no t be c losed.

Proof of Theorem 1.1 : (2) implies (3) by definition of the strong topology. 

That (3) implies (4) is immediate. We shall prove that (l) implies (2), and 

that (4) implies (l), which will establish the equivalences.

(1 ) im p lie s  (2 )  :

Suppose (2) is not satisfied for some manifold N . Then there is a 1-jet

z £ J^(N,M), with z and a sequence £ zn3 £  J^(N,M) such that z^ tends

to z as n tends to oo, but for all n , is not transverse to X  . Let

V , ^  denote the maps J1(N,M) —►  K , J ^ N jM ) —>  M, taking souroe and

target respectively. Let x - V  ( b ) , *n =V(zQ ) , y - |X(z) , yn = |A(zn ) .

Since and zn ¿K ZI * for all sufficiently large n we have that y^ #  y.

Also clearly yn^ V  for all n . Since V is closed, and since yn — * y (n — ^  oo

we have that y £ V  . Let S be the stratum of containing y . Since ¿L

is locally finite, we can suppose (by taking a subsequence) that for all n ,

y belongs to the same stratum S'. S' S since S is a C'*' submanifold, 
n

Thus y 6 S  n(S' - S') and S' is (a)-regular over S by the hypothesis (l).

Now by means of a chart for M at y we can identify all the tangent spaces 

(and their subspaces) to M at points near y, with |Rm (and its subspaces) , 

where m = dim M .

Let P^ (resp. P ) denote the vector subspace oiff (Rm determined by the jet 

zn (resp. z ) V  n . By choosing a further subsequence we can suppose that the
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dimension of PR is constant for all n . (it is possible however that the

dimension of P is less than that of P .) Because grassmannians are compact

we may supoose by taking more subsequences that -fP 1 tends to a limit P and
c n J oo

\ T S'j tends to a limit X  . Then P C  p , and, since S' is (a)-regular 
yn 00

over S , T S £  t  .

z F  means that P T S , and so P fa X  • Then 3  2. > 0 such that
y oo

if d(P ,Q)< £ (Q 6 G®im p ) , and d(T,T) <  £  (Tfi G®im , ), then
00

Q As T (transversality is an open condition on vector subspaces). Now choose

n^ such that V  n n^ , &(P ,PR ) <  £  , and n^ such that V  n ̂  n2 »

d K  ,T S ' ) < £  . Then V  n^-maita,!^) , P A  T S' , i.e. z /h Z  , 
n yn

contradicting the choice of f znJ » and proving that (l) implies (2) .

(4) implies (l) :

Suppose that 21 is not (a)-regular. Then there is a point y in V

contained in a stratum Y of (dim Y l) , and a sequence of points

of V in a stratum X of X  such that ^ y as i — oo, and

T X — ► t  as i — > oo, and there is a veotor v € T Y such that v <£ T  . 
i y 

Let B be the 1-dimensional subspaoe of T M spanned by v . Choose a basis

for T M such that
y

f I = E $  tf.. ©  T 1 '
y  ̂ ^

X. = Tx © T2

TyM = E 0  ®  ¥2 ©  T2 ©  T2

where T^, Tg, W2 are vector subspaces of TyM and T^ , W1 , W2 are 

perhaps empty. Then find a subspace H of T M with dim H = * — r ( = dim N ),
y

such that T2 ©  W2 S  H £  T^ ©  T2 ©  ©  W2 (this is possible since K r ^ d i m  Y). 

Then H + T Y » T M , but fl + t  +  U  . Let pgN, and define
nf 17

S H - [f e C ^ M )  t f(p) = y , (df)p(TpN) = h }  .

Lemma 1.3t 3  g such that g rh X- .
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Choose a chart (w, for N at p such that gj^ is an embedding (if 

g 6  , (dg)^ has maximal rank) , and choose a chart (U, ) for M at y

such that g(¥)C U . Then it is not hard, since we have reduced the problem to 

one for C^( R111""1*, (Rm ) , to construct, for each i such that x^ €. U , an f^ 

in C^(N,M) such that,

^  f i l i T - W  =  g l l M f  1

(ii) f̂ j ̂  is an embedding,

(iii) f.(w)C U , f.(p) = x. ,

(iv) (df.)p(TpU) = H . S  T.x x e ¥ 1© W 2 ,

for i sufficiently large, where we have 

considered W^, W2 as subspaces of T^ M .

(v) H± — » H (i — > oo) ,

(vi ) f^ — >  g (i — y oo ) in the 

strong C^ topology*

Then for each sufficiently large i , f^ is not transverse to X at x.̂ , 

since £ 4- H. + f X , i.e. f. is not transverse to 7  , But by the lemma,
1 Z • X

1
lim f^ = g is transverse to ¿T » thus we have a contradiction to the hypothesis 

of (4) that the set of maps transverse to is open in C^NyM) , completing

the proof that (4) implies (l) .

Proof of lemma 1.3 * Choose charts (U, <j>) for M at y , (W, * >  for N 

at p , and a C1 map h : N — > M such that h(w)o U , h|w is an embedding, 

h(p) = y » and (dh) (TpN) = H . Let ¥'C  W be an open set containing p , with 

compact closure ¥' W . Then 3 S 0 such that if f £ l^-^,(h) , which 

is [ f 6  C1(N,I) s \jXf(x) - j1h(x)|<6 V x £ ¥ ‘3,then f|w, is an embedding 

(see M ,  Chapter 2, Lemma 1.3). Let 13^^' (h) denote the weak C1 closure 

of the weakly open set -,(h) , and let £ H = <^H 0 l_^y2^, (h) . Then £ a

is weakly C1 closed in C1(K,M) . For, consider any limit point fQ of a 

convergent sequence in ^ with the weak C^ topology. Clearly fg(p) = y

/  ,, *•*» \
/ /  \

/  / \  
I / j4 t  ^ NnV ^ w 1

yj¿
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and (dfn)_ (T N)£k H ; however the inclusion can be strict : the rank of f can
j? ?

Theorem 1.4 * Anv weakly

is strongly dense in £  H . Since C H ^  0  » as h S c . H , we have shown the 

existence of some g in £. H , and hence in ^ , with g £  . This completes 

the proof of Lemma 1.3 .

Notes on the proof : 1. It is not clear if <f)jj is a Baire space . This is 

the reason for introducing S- ̂  in the proof of Lemma 1.3 . Certainly ©  g is

drop at p . But if
w *

clfoj,(h) , f has maximal rank at p

since
fol¥'

is an embedding by choice o f  a . Thus (df0)p(TpN) = H , and

f0 6 H
, Hence

H
is weakly C1 closed. Now we quote

f0 e
,W

(h)

c* closed subspace of Ck(N,M) is a Baire

space in the strong Cr topology (l éz ké z  co ).

Proof» See Pa , Chapter 2, Theorem 4.4 > or M  •

Using this result we can now apply the usual procedure of the Thom

transversality theorem (as in [_ôj , or [l3j ) to prove that {f e t E :

is strongly dense in c-g • Cover each stratum S of 5"~ by countably many

compact coordinate discs PSjoíel 3uch that if y €  K / )
y

then no other K¿

contains y , and if f e ? H , then fOr’j A K ^  V - y . Now verify that for

each S and each (rf , ( f e  £ H : f M S on K y is open and dense in ^

with the strong C
¡3

topology. The proof of this is a local argument near

and goes through as for the standard proof in C^(N,M)
X

by the choice of K¿/v \ •

(Given t  €  £  g , f not transverse to Y on ky
*(y) *

we can find an

arbitrarily small perturbation of f to a map g C C  g which is transverse to

Ï on K<Jr) , and such that g|— , = f |— , . ) Because there are countably many

strata ( 2- being assumed locally finite) , and because o w is a Baire space in

the strong c1 topology (Theorem 1.4) * ve deduce that

[f e í j t f / h s  on K® , V *¿ , V s] = {f e £ H : f fa
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not weakly closed, since the rank at p of a limit map may be less than the 

rank of the maps of a sequence in a  y. , convergent in Ĉ (i;, ti) .

2. The proof of (4) implies (l) shows that if there is a manifold

I! with  ̂f € C^(N,M) : f open, then is (a)-regular over the

strata of dimension ^  dim M - dim N .

2. (a)-regularity and transverse submanifolds

Consider the following condition on a pair of adjacent strata (X,Y ) at 

a point 0 € ï n ( X - X )  , with X , Y C* submanifolds of Rn .

1 n
(t) Given a C submanifold S of IR transverse to Y at 0 , there is a 

neighbourhood U of 0 in (Rn such that S is transverse to X in U .

If (t) is satisfied for (X,Y )q we say X is (t)-regular over Y at 0 . 

If X is (t)-regular over Y for each point in Y n  (X - X) we say X is 

(t)-regular over Y . If each pair of adjacent strata of a stratification

are (t)-regular, then X  is a (t)-regular stratification.

Since spanning is an open condition, it follows at once that (a) implies (t) 

The false argument referred to above to prove (l) implies (3) of Theorem 1.1 ii

^(a) implies (t)j implies j ^ ( a )  implies openness of transverse m a p g j

(1) (3)

This suggests that (t) implies the openness of transverse maps, which is false 

in general, although true in the case of subanalytic strata (or any situation 

where the curve selection lemma is available), as proved in Theorem 2.5 below. 

Thom, in [34*] mentioned that (t) implied that the transverse ma-os formed an 

open set in the semialgebraic case. In [35] he used this to deduce that (a) 

implies that the transverse maps are open, again using analyticity. The
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mistake first occurs in [36] where he repeats the argument, but does not assume 

analyticity. The error was then copied by liall [41] , Trotman [37^ » and 

Chenciner W  . Although [37] contains an example showing that (t) does not 

imply (a) , I did not then realise that (a) was equivalent to the openness of 

transverse maps, and missed the fact that the example there was actually a 

counterexample to (t) implies openness. A fortuitous remark by E. Bierstone at 

Oslo in August 1976 led to the recognition of the counterexample which follows.

3n(n+l)//f2 so that Fr intersects dGn exactly where (x = 0} is tangent to Fn#

X is a C submanifold and is semialgebraic on the complement of the origin. 

The normal yector to X at the point

xn = ( l/24^5n(n+l) , (l/n) + l/3,/2n(n+l) , l/n )

is (2 ; 11 0) for all n . Hence the limit as n tends to 00 is (2 1 II 0)

Example 2.1. A (t)-regular stratification which is not (a)-regular |_39j • 

Let ( x, y, z) be coordinates in IR̂  . Take Y to be the y-axis, and let

X = (P l ^ f n = ° » )U  î*  = ° ’ gn ^ °  » Z > ° i  } Wher® l gn ^  ° ]

defines the cylinder G of radius l/3n(n+l; with axis the line ^y = l/n r z = l/n j

and where f^n = oj defines the surface Fn obtained from i x = ((y + z ) - itf j
by translating the origin to ( 0, l/n , l/n ) and reducing by a factor of

Figure: x » O

(O , l/n¿ )

to ,1/in+i; ;

2
/z * y

Gnn t* = o3

w 1?*- °i

(l/n+1,0) (l/n,Oj

y

o

z
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and (a) fails. (For (a) to hold, all limits of normals would have to be of 

the form ( ! 0 J c„ ) , where , c  ̂ are not both xero.)

A x

\  f f n = 0 » 2 = I /* * }

V /

X = f ̂ \  f (V2/l2n(n+l ), 0) 

\  \  / 7 

y ^ — ---- 1 ---------------------
( 0, l/n) 0

Figure: z = l/n2

(t) holds since any submanifold transverse to Y will intersect X near

Y only at points near which X is defined by fx = o] . Hence the 

stratification ^  of E3 defined by ^Y , X , ÈR3 - (XuY )J is (t)-regular •

Now we verify explicitly that the set of maps transverse to XL is not

1 2  3
open. The mapping h in C ( S , I R )  defined by inclusion of the sphere of 

radius 1 and tangent ^ 2x + y = o'J at 0 and with centre at (-l/45»-2/J"5, 0) 

is transverse to the stratification, but for each n the mapping h^ defined 

by inclusion of the unit sphere with tangent at x^ the plane

£ 2x + y = (5 + 1242(n+l))/(l2iT?n(n+l))j

and with 0 in the bounded component of E - h (s ) , is not transverse

to X at xn • Since tends to h in the weak topology, which is

1 2 
also the strong C topology (since S is compact) , the set of mappings

1 2  3
transverse to 2_ is not open in C (S , E  ).

Thus (t) cannot replace (a) in the statement of Theorem 1.1.
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i ote that by smoothing near each circle { x  = 0 , gn = O} , X can be

oo 3
made into a C submanifold of tit , with the normal vector to a at each

x as before, for all n , thus producing a C00 counterexample.

Construction 2.2 (Hills, or Round Barrows)

The example above used a simple construction of a C^ semialgebraic hill 

which will prove useful as a building block for both examples and proofs of

x
A

V ( 0 ,1 )  /  2 2
\ / *  - (y - i) 

( - 1 , 0 )  " o  ( i , ‘o ) ^  y

Figure : Hill of dimension one

Rotating in ¡R3 about the x-axis, and cutting around the circle 

^ y 2 + z2 = l , x  = 0] and then inserting in the plane  ̂x = 0 jf with the disc 

{y2 + t? 1 , x = 6 ] removed, gives a semialgebraic manifold. The vital

property of the curve ^x - (y2 - i)2] which will be used again and again is 

that in the region [ y2 ̂  1 'J the tangent to the curve is furthest from [ x = oj 

when y = ±1/4*3 , and at the points ( 4/9 , ±l/f3) the normal is (1 i± 3/3-13 ).

Construction 2.3 (Long Barrows)

Consider the surface in IR3 with coordinates x , y , z ,

7 3 ,2 2x2, 2 2 2,2
m'r x = (m - z ) (m r - y )  

where m , r 6  [0 , 00) . The normal to the surface at ( x , y , z ) is

theorems. Consider the curve fx = (y2 -  i)*] in IR : it has tangent parallel

to the y-axis for y = ±1 .
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, 7 3 . ,,2 2,2/ 2 2 2> . .,2 2 2,2, 2 2, ,
( m r ; 4(m - z ) (m r - y )y ! 4̂ ra r - y J (m - z )z ) .

z

^  (0,m)

------- ¿lg..°)........................... >  y
(-mr,0) '

(0,-m)

f
2 2 l Ç 2 2 2 ~2z = m , x = 0 > and | y = m r , x = 0 j the normal is ( 1 ! 0 ; 0),

and thus we can cut along these lines to obtain the surface

„/ \__ f 7 3 ¡ 2  2 ,2 , 2 2 2 ,2  2  ̂ 2 2^ 2 2?
B(m,r) —  | m r x » ( m - z ) ( m r - y j  , z ^ m  , y ^  i r j

and we can insert B(m,r) in the plane fx = °] with a rectangle

r
 2 2 2 2 2 ? 1
x = 0 , z ^  m , y i m r  ] removed, to give a C semialgebraic manifold.

2 2
At (mrx , mry , mz ) for z ^ l , y ^ l ,  the normal is now 

( 1 ; 4y(l - z2)2(l - y2 ) Î 4rz(l - z2)(l - y2 )2). Thus as m varies 

B(»,r) varies in size, but the tangent structure (that is the set of points 

in P ( K) defined by the normals or tangents to the surface) remains the 

same. But as r varies the normals change, and as r tends to 0 the

normals tend to lie in the arc of lines } ( 1 : 8 X  s o ) :  [*- 1 , 1*1 f .
37? J

We call this surface B(m,r) a (long) barrow of magnitude m , ratio r , 

with axis Oz , and centre 0 , and base yOz . The axis, centre, and base will 

always be specified. Calculation shows that for r <43/4 , the normal to the 

surface is furthest from ( 1 : 0 : 0 ) when y = ± mr/*T3 and z = 0 ,
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and at these points , ( 4mr/9 , t  mr/43,0) , the normal is { 1 ; 1 3/3a|3 J 0 ) . 
^Compare Construction 2.2)

Linguistic l̂ ote : The term barrow is used because of the resemblance of 

the surface to the ancient burial mounds called by that name in England, when 

r is small.

Example 2.4 * This will show that the phenomenon that (t) be strictly 

weaker than (a) is not solely due to the possibility of (a)-faults given by 

sequences tangent to the base stratum as in Example 2.1 : that is, it is not 

true that (a) holds for those sequences on curves with limiting direction not 

tangent to the base stratum.

In |R3 with coordinates ( x , y , z ) let Y be the y-axis, and let

X be ((J {fn - 0 » en^ ° 3  ) U  ( ft f * = 0 , , z > 0 1) where ff = 0?
n=l n=l ^

is the equation defining the barrow B(mn,rn ) with centre ( 0 , l/n , l/n )

and axis £ x = 0 , z + y  = ^/nj , with base in the plane ^x = 0^ , and

f sn^ oj defines the interior of the rectangular base of the baxrow. X is a

C1 manifold, and is semialgebraic on the complement of the origin in IR3 . lie

choose ^(mn,rn)^ ̂  such that,

(1) rn tends to 0 as n tends to oo,

(2) the barrows are pairwise disjoint (in particular m^ tends to 0 ) ,

(3) m^ tends to 0 fast enough so that the n̂ *1 barrow B(râ ,r^) is 

contained in the 2-sphere with centre ( 0 , l/n , l/n ) and radius

l/2n (so m = l/4n will do).

By (l) the set of limiting normals is exactly £( li(4^"/3/JJ)Ai(4J2/34T)X) :

0 ^ I  Xl 1^ . (Cf. Construction 2.3) Thus (a) fails, since for (a) to 

hold all limiting normals must be of the form ( c^, 0, c^) .

By (3) the set of barrows is contained in the horn which is tangent to 

[z = y , x = and which intersects the plane ^ z + y = 2 t ^  in a circle of
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2 1
radius . Hence a C submanifold ;S transverse to Y at 0 intersects

infinitely many barrows only if £s = y , x = O^C T^S . But then S will be 

transverse to all barrows in some neighbourhood of 0 . Por, suppose S were 

nontranrverse to infinitely many barrows ; then L would be one of the limiting

( 1 U4J2734T) ) \ l (41/2730) \  ) • But f z  = y , x = OJc TgS , and S is transverse 

to = 0 , z = 0 j at 0 , thus is of the form ( 2 ^ J -V ) with

V ^  0 , which is not a limiting normal to X .

Thus we have shown that (t) holds and that (a) fails along sequences 

which are not tangent to Y .

As in example 2.1 , by smoothing near the base of each barrow we obtain a

„00
C example.

Figure : x = 0 .

Now we shall prove that (t) and (a) are equivalent in the subanalytic 

case. Preoisely, we have the following result.

Theorem 2.5 s Let X , Y be_ submanifolds of Rn and let O e Y A ( X - X ) ,

and let X be a subanalytic set. Then X _is_ (a )-reagular over Y at 0 if 

and only if for every semianalytic submanifold S transverse to Y at 0

there is some neighbourhood U of 0 in which S is transverse to X .

The proof will depend upon two technical lemmas which we display for future 

reference.

z z = y

y
o
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Curve Selection Lemma 2.6 : Let U be a subanalytic subset of the analytic 

space A , and let 0 6 U . Then there is an analytic arc
* : [0 ,1] -> A

such that (0) =* 0 , bC(t)€U if t“=f= 0 .

Proofs of Lemma 2.6 : (l) Subanalytic U s Hironaka £~12, Proposition 2>.9~J •
(2) Semianalytic U s Lojasiewicz [la, page 103̂ ] •

(3) Semialgebraic U : Milnor ^23, Chapter .

(Of course, (1) implies (2) , and (2) implies (3). )

Lemma 2 .7  * Let Xm be a C submanifold of Rn , and a subanalytic subset 

of Rn . Then £( x , TxX ) : x € xj is a subanalytic subset of |Rn x G^( E) . 

Proof s See Verdier jj40, Lemma 1.6] .

Lemma 2.7 , with semianalytic replacing subanalytic each time, follows after 

partition into real analytic manifolds from the proof of Whitney [47] for 

complex analytic varieties. A short proof of Lemma 2.7 » with semialgebraic 

replaoing subanalytic each time, appears in Gibson £6, page 30].

Proof of Theorem 2 .5  * Only if - this is immediate since spanning (and hence 

transversality) is an open condition.

If - Suppose (a) fails. Thus there is a unit vector v € TQY , a 

sequence f x G X such that x^ tends to 0 , and Tx X tends to a limit "C , 

and v 'C .
Choose £ > 0 and iQ 6 Hi such that V  i >  iQ , d( v , X )> £  ,

i
where d( v , P ) denotes the distance between P C  Gm( IR) and the endpoint 

of the unit vector v , both considered as subspaces of (Rn at 0 .

Define Vx = lRn x [p e  g“(H) : d(v,P) > £ ]  <T Rn x g“( P)
V2 = £( x , TxX ) * x 6 x 3  C  tRn x G“( tR) .
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V, is semialgebraic, and

G* : [o , l] -- » Kn x G®( E)

Write 5C.j(t') for the E -component of &(t) ; the Gm( IR )-component is 

(t)X . Let N̂. €  Gn |R) denote the normal space at OC-̂ (t) to the C 

mani fo1d-with-boundary £0 , l j  ) , and let the vector v^ be the

projection of v into spanning < n > e  G > )  .

tfit) ^  <vt>  = Nt (*)

Then the union of the [(T(t)j , considered as embedded (n-2)-planes in lRn 

passing through the points 0^(t) defines ail analytic manifold-with-

boundary S' of dimension (n-l) . Reflection in extends S' to a C^

manifold S which is a semianalytic subset of fln , and which is transverse to

Y at 0 by (*) . However we shall show that no neighbourhood U of 0 exists 

within which S is transverse to X .

Construction of C  t

V1 A V 2 . Let ,<S(t) = Pt © ( P t e  <vt>  ) e a “_g(R) , where ( ) denotes 

orthogonal complement in N. .

Figure : (n=4,m=2).

is subanalytio by Lemma 2.7 , since a isV2

assumed to be subanalytic. Semialgebraic sets are subanalytic, and the finite 

intersection of subanalytic sets is subanalytic ( by Hironaka l > ]  )• Hence

rv is subanalytic and ( 0 ,'t)£ V.AV2 satisfies the hypotheses of the

curve selection lemma 2.6. Thus there is an analytic arc in E x G ( tR) (which.

is an analytic, even algebraic, manifold) ,

with ûf(0) - ( O , C  ) and <X(t ) 6 V1 A  V2 if t > 0 .

We shall define an analytic arc C  : J_0, lj — > G o(|R) such that 
n-2^ '

Let Pt . Bt r.T (t)X ea^jdi) . Then 0 * v t 4  P̂. by definition of
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6 satisfies (*) by construction, and so it only remains to show tnat S

fails to be transverse to X in any given neighbourhood U of 0 . Now there

exists some tQ £, (0,l] such that U f\ cX1(0,l] o^1(0,tQ] . But S' (and

hence S ) is not transverse to X at any point of o( (0,l3 . For, if A.
-L x

denotes the tangent space to the curve W^(0,l3 at (V^(t) ,

T <y1(t)x - Pt ® A t C  a ( t ) © A t - Ï (t)S .

This completes the proof of Theorem 2.5.

Note 2,8 : Even if X and Y are C00 submanifolds we cannot restrict to

C00 , or even C2 , semianalytic submanifolds S , since (a) may fail only near

2 3 1
a cusp of type "y = x " , each branch of which is a C manifold-with-

2
boundary, but not a C manifold-with-boundary. The same type of example excludes 

restricting to analytic submanifolds S , although by the proof of 2.5 we 

can restrict to analytic submanifolds-with-boundary S , since the statement 

that S be transverse to Y at 0 still makes sense if 0 6 Y A dS . The 

proof of 2.5 also shows that we can restrict to those S whioh are " ruled 

submanifolds " , that is a differentiable one-dimensional family of planes of 

codimension 2 in lRn . Moreover it suffices to consider all submanifolds of 

some fixed dimension greater than or equal to the codimension of Y , by a

small adjustment in the proof (choose <3*̂ (t) C  (S(̂ ) > where 0^(0) + T^Y = Nq , 

(t) €• g” , (IR) , and c ̂  codim Y ).
-L C—

T.-C. Kuo has recently proved the following result, which is related to the 

questions already treated in this section.

Theorem 2.9 (Kuo) : Let X , Y be C°° submanifolds of (Rn , Y = X - x in 

some neighbourhood of Y . Suppose X is ( a )-regular over Y at 0 €. Y . Let 

, S,p be_ C00 submanifolds transverse to Y 0 , with dim = n - dim Y^

(i = 1,2). Then the germs of O  X and H  X at 0 are homeomorphic.



26

Proof : In Ul5] •

This is an attractive result since it parallels the Thom-Kather theorem 

(.Theorem B of the introduction) that (b)-regularity implies topological

\ /

/ \

germ of S ^ A  X 

at y

/V
germ of Sg H X 

at 0

Conjecture 2.10 : Theorem 2.9 is true with the weaker hypothesis that X 

be (t)-regular over Y at 0 . (Added 1980 : we have now proved this £593*)

Observe that the hypothesis Y = X - X rather than Y C  X - X is essential 

in 2.9 and 2.10 , as shown by the next figure.

We might also ask if the converse of Theorem 2.9 is true. However examples 

2.1 and 2.4 show that this is not so. In both examples X is not (a)-regular 

over Y at O', but any C^ submanifold transverse to Y (at 0) intersects

triviality* Explicitly, if ä is (bj-regular over Y and y, ana are1 ¿

two submanifolds transverse to Y at points y, and y^ in Y (with y^t$ry2 

allowed) , then the germs of f \ X at y^ and S2 H X at y^ are 

homeomorphic. This follows from Corollary 10.6 of O ]  • (a)-regularity is 

definitely insufficient for the latter property as shown by the figure below.

X

Yo

A S2

X

Y
o

Iy
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X in a topological open half-line near 0 . We do though have a converse to 

2.9 if we replace (a)-regularity by (t)-regularity as in Theorem 2.11 below.

Definition : Let X , Y be submanifolds of (Rn , and 0 € I C  X - X . 

The pair ( X , Y ) is said to have homeomorphic transversals of dimension

s _at 0 ( l ^ k ^ a o ,  codim Y s ^  n ) if,

(h^) Given a submanifold S of dimension s transverse to Y at 0 ,s

the topological type of the germ of S r\ X at 0 is independent of S .

Write (t ) for condition (t) restricted to those C submanifolds S s

of class ( l ^ k ^ o o )  and dimension s ( oodim Y ^  n ) . Then we have ,

k n
Theorem 2.11 * Let X , Y be dis.joint C submanifolds of (R , and let

0 € Y n X , with 1 ̂  k ̂  00 . Then

r  k = 1
(h ) implies (t ) if < or

8 k >  1 and s >  n - dim X .

( David Epstein has given a counterexample showing that the restriction on 

s when k >  1 is necessary.)

Proof s Suppose X is not (t^)-regular over Y at 0 . Then there is some

submanifold S of dimension s transverse to Y at 0 , and an infinite

sequence of points x^ in X , tending to 0 , such that S and X are not 

transverse at x^ , for all i .

Theorem 2.9 says that (a) implies ^cod Y^ * From the proof of 2.9

ci
one sees that (a) implies (^00¿ > but it is left in doubt whether (a)

implies (ho o d y ) since the proof makes use of a (tangent) vector field in a

blowing-up.
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We are working locally at 0 , so we can suppose that S is the image of a 

CK embedding i0 : ( IR0, 0) -.» ( S , 0) C. ( tRn, 0) .
O

Choose a sequence of pairwise disjoint balls 3^ of radius r^ and centre 

x. , which are contained in coordinate charts for X , such that î  ) = D.
X 7 b X X

S S ' \is an open subset of (R , and diffeomorphic to B . Let s^ = î  (x . ) .

lie shall show the existence of a C^ embedding g : ( RS, 0) ■> ( |Rn, 0) 

such that,

(I) g = iq off D ,
b i=l 1

(II) for all i , g( K s)f\XnB.^ is not homeomorphic to a manifold of 

dimension (s + dim X - n) , and is nonempty.

From (i) it follows that ig and g have the same k-jet at 0 , so that 

in particular g(lR ) = S* is transverse to Y at 0 .

Existence of g when k = 1 :

Finding such a g is particularly simple when k = 1 .

Fix i , and let <f>̂  be a C* diffeomorphism of , fixing x^ , so that

(j>i(X rt ) is affine. By an arbitrarily small C -perturbation of ig near si

we can change iQ 1 ^ to a C embedding g. : (D.,s. ) -— >  (B. ,x. ) , such
I JL/ • 1  X X  X X

^ i ° gi In = d(<p^o ig)(sjL/ I jsi * '^e îave pushed Cp^(S ) onto its tangenit
1 1 ' i 1 1 ' i 

space near x^.)

Hear x. we now have two affine subspaces A  B^ ) and (<(>..e )(b )

which intersect at x^ , but are not transverse at x^ , and hence intersect in 

an affine subspace of dimension greater than d * max ( -1 , s + dim X - n ) .

Thus dim <4> ¿ (X A  B^) A  (<$^0 g^)(D^)) is greater than d , and hence 

(*) dim (X  Ag.(D )) >  d .

In particular X A g . ^ )  is nonempty.

How define g : ( IRS, 0) — ■> ( tRn, 0) by setting gj^ = g.̂ for all i , 

and g equal to ig elsewhere*

H e  N  c  L C. L. o  D , and g I = i I D , and
1 1 1 1 1 1

that there are open neighbourhoods IL and L. of s. 
i i

in IR with
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For g to be a C embedding, it suffices to choose fg.| such that 

|j1(is )(s) - 31(gi)(s) | <  r̂ j/21 for all s 6 Di , for all i .

Then (I) is satisfied by construction, and (*) gives (II) .

Existence of g when k >  1 , and s > (n - dim X) s

Fix i . We shall change igjp to a C^ embedding g^: (D^,s^) — ^  (B^,x^)

by an arbitrarily small C^-perturbation (less than r^/2^ , say) near s^ , so

that there are open neighbourhoods and of s^ in Rs with iL C  ,

and 1^ C  D^ such that g±L _L * ^ , and such that g ^ i x )  Nj is
i i ■ i i 

homeomorphio to a cone in 1BS , of the form

s+dimX-n+1 „
T ~  £..z. = 0 , where £ . - i  1 ; 

j - 1 3 3 0

hence g.~ (x ) a N. is not homeomorphio to a topological manifold of dimension 

(s + dim X - n) , and is nonempty.

The existence of such a g^ follows from the Perturbation Lemma of May 

(Lemma 1A of his thesis ^53^ t Damon has given a detailed proof of a more precise 
perturbation in Lemma 3*1 of [5l] ) applied to the Ck embedding ig at 0 ,

using the hypothesis s >  n - dim X . The Perturbation Lemma is stated for C00

oo k
maps and uses the C Morse Lemma, however the proof works for C maps (k^2),

using the C2 Morse Lemma due to Kuiper ( ^52^ ; Ostrowski {"55»] and Takens £56]

provide different proofs) . Note that the classical proof of the Morse Lemma is

only valid for functions (see ^13^» Chapter 6, Section 1) .

(I) and (II) now follow for the C embedding g defined in terms of 

is and £gjJ , as in the case of k = 1 . This completes our proof of the existence 

of g .

Lemma 2.12 s There is some C^ submanifold S" of dimension s , with

0 € S" , transverse to Y at 0 and transverse to X near 0 .

Proof s This proof will be similar to that of Lemma 1.3 .

Let ^  = f f €• Ck( S , ffin ) : f(o) = 0^. £  is weakly closed in the 

lc to
C topology, and thus, by Theorem 1.4 , C-g is a Baire space in the strong
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k
C topology. Now we apply the standard procedure of covering X by countably

defined by inclusion of S in R , where O  is a positive real number, V is

^ é . s ^ s )  has

(Hecall that 1 ? $  y ( i g ) -  f f  e Ck( S , ffin) * |jkf(z) - jkig(z)|<0, Vz€ v j  . )

Let SM be given by Lemma 2.12. Then S" r \ X is either empty in some

neighbourhood of 0 , or is a topological manifold of dimension (s + dim X - n) .

Let S’ be given as the image of the embedding g constructed above. Then the

germs at 0 of S* A  X and S" f \ X are of distinct topologioal types, by (II) , 

kand so (h ) is not satisfied, thus proving Theorem 2.11 .
8

Corollary 2.13 * _If X is subanalytic and the pair ( X, Y ) has homeomorphio 

C1 transversals of dimension s a£ 0 for some s , n - 1 ̂  s codim Y , 

then X is (a )-regular over Y jit 0 .

Proof : Combine Theorem 2.11 with Theorem 2.5 , using the remark at the

end of Note 2.8 that for any s , n - 1 ̂  s ̂  codim Y , (t^) implies (a) .
s

many coordinate discs Uf i . .nd proving that {f e<f : f a  X on K «A  is

open and dense in C  ̂ in the strong C topology, for each Of , to deduce

that | f € < ^ s : f/jyXj is dense in .

Choose a weak C neighbourhood ljr4 v (is ) of the (C ) mapping ig

a neighbourhood of 0 in S , with compact closure V , and if « V i v^s
fĵ . is a C embedding transverse to Y at 0 (Lemma 1.3 in Chapter 2 of

Hirsoh £l33 gives & , V for such a C^ neighbourhood, and the same & ,

k \ k 
V provide an adequate C neighbourhood). Then the strong C neighbourhood

I V  ^á,s<Vn ¡teç s : fA\ xj as a strongly C

dense subset. For any f in , S" - f(v) satisfies the requirements of

Lemma 2.12 .
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Remark : Conjecture 2.10 and. Theorem 2.11 are in accord with the general 

principle of Thom that instability of topological type corresponds to a lack 

of transversality.

One of the original motivations for this work was the hope of generalising

the theorems about equisingularity of families of complex hypersurfaces

achieved by Zariski and the French School (led by Teissier). We.now explain 

how the results just described fit in with this idea.

Let F s ( Cn+  ̂x , 0 i t̂ ) - ( $ , 0 ) be a complex analytic

function such that Y = 0 x C contains the singular set of F . Let

n+1 k f*
r : I x I . Y be an analytic retraction. In j_30j we find the

following implications

(T.S)

II
(F°

II
(a)

topological type of F~^(0)0 r”^(y) is constant as y varies in Y

the Milnor number |Jl(f""'*'(0) (^r'^(y)) is constant as y varies in Y

(F~^(o) - Y) is (a)-regular over Y

(The first implication is (0.1.4) of £3o] > and is also sketched on page 68 

of { 2 3 ] . The second implication is (II.3.10) of [30] ; a different proof 

appears in M . )

In £3l] ? Teissier denotes by (S.T.E) the condition that (T.S) hold 

for all such retractions r . Corollary 2.13 can now be thought of as a 

generalisation of the implication: (S.T.E) implies (a) . Also Kuo's Theorem 2.9 

has as a direct consequence that (T.E) implies (S*T.S) , a result left
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Then X is topologically trivial over Y , and the topological type of the 

intersection of X with each plane {*t = constant^ is constant, so that 

(T.E) holds for r : R 3 ■_> Y defined by ( x , y , t ) )— ^  t . However 

X is not (a)-regular over Y at 0 , and (X,Y) does not have homeomorphio 

transversals of dimension 2 at 0 as is seen from the figure.

3 2 5 
Figure s y = tx + x •

3. (a)-regularity and transverse foliations

In his paper " Regular Stratifications " [̂ 43*] C. T. C. Wall noted that 

if a pair of adjacent strata (X,Y) in R n are (a)-regular at 0 in Y then,

a neighbourhood U of 0 in K n such that 7^ Jx A  U a submersion.

unsettled in r»3 •

The example given by Teissier in the post-script to M is instructive .

Consider V = f y3 = tx2 + x5 J in R 3 and let Y be the t-axis, and X = V - Y .

local retraction TV onto Y defined near 0 , then there is(as ) Given a c1

y

X

Y t

X

o
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He suggested that the converse was also true, and this will he the main result 

of this section.

First note that j ^ o  U a submersi°n if an<̂  only if the fibres of 7V

are transverse to X in U * Then we see that (a ) implies (t) . For , given
s

a submanifold S transverse to Y at 0 we can choose a chart at 0 in

which S and Y become linear and then take a linear retraction whose

fibres lie in S . If the fibres of TV are transverse to X , S will be 

transverse to X . Thus we obtain,

Corollary 3.1 s Let X , Y be C submanifolds of (Rn and let 0 €. Yc-X - X 

and let X be a subanalytic set. Then X is (a)-regular over Y at 0 if

and only if X is (a. )-regular over Y at 0 .
" s

Proof : As above, (a) implies (a. ) , and (a..) implies (t) . Now apply 
“™ ‘"l—" s s

Theorem 2.5 •

Clearly if Y is an analytic manifold we can restrict to C local 

retractions 7T whose fibres are semianalytic s further improvements on 

Corollary 3.1 may be culled from Note 2,8 .

Remark 3.2 s In both examples 2.1 and 2.4 we can choose a (linear) 

retraction I t  whose fibres are translates (over Y ) of a limiting tangent 

plane for which (a) fails, and these fibres fail to be transverse to X at 

each point of a sequence tending to 0 .

Before we prove that (a ) implies (a) , we give a helpful reformulation
s

of (a ) suggested by Dennis Sullivan, 
s

Given a Ck foliation transverse to Y at 0 , there is a

neighbourhood ü of 0 in Rn such that 3^ is transverse to X in U .
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1 1
It is clear that (a ) is equivalent to ( 3" ) • Given (3" ) » (a )

G  S

follows since the fibres of a local retraction define a foliation transverse

to Y of codimension the dimension of Y . Given (ao) , (3^) follows by
o

choosing a retraction whose fibres are contained in the leaves of the foliation.

So the question of whether (a ) implies (a) can be formulated as : do
s ~

transverse C'*' foliations detect (a )-faults ?

Theorem 3.3 (" Transverse

Construction 3«4 (Ripples )

Given a hyperplane H 6  G*|_, (K ) , a real number s£ C°-*l , and a real

that ^Pu gn _ £n = id sn _ 331 » and dCp^ tends to the identity 
r - -gT I r ~ -|t

uniformly as s tends to 0 , i.e. V  £ > 0 , 3 s^>0 such that

C1 foliations detect (a )-faults ")

Let X , Y _be C submanifolds of |R , and let 0 6 Y C  X - X . Then X

is ( a )-regular over Y at 0 if and only if

Proof : We have already established that (a) implies ( 3* ) • So suppose

that there is an (a)-fault at 0 given by a sequence

with 'C = lim T X , and T~Y 'C •
x. 7 01

We shall adjust a codimension 1 foliation by hyperplanes parallel to a 

hyperplane containing 'C so as to be nontransverse to X at infinitely many x^.

X _is ( y  )-regular over Y at 0

K l6 x tending to 0 ,

number r ">0 , ve construct a C foliation
s
rH

of codimension 1 of the

ball Bn of radius r with centre 0 in En such that 
r

(2) for all x <= , d(H,T^®) 4  s ,

(3) for all K 6 g”_̂ (|R) such that d(K,H) = s , there is a unique €■ Bj^

such that T 3 -® = K ,
xK H

(1) for all x G b J  - B|r , 3-H H ,Tx

(4) there is a C1 diffeomorphism 'S such that
¡>H'

£n
r

3n
r

is the trivial foliation VoH by hyperplanes parallel to H , and such

K )
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s < S£ implies ld<fcj(x ) “ l | <  6  for ail x e B“ .

Figure : Foliation with a rit>ple.

(We shall postpone the verification of Constructibn 3.4 until after the proof 

of Theorem 3.3 • The reader may in any case prefer to admit the verification as 

geometrically evident.)

hyperplane H by ' C © C C ® V ) - L  , where ( ) denotes orthogonal complement

m lr.ni n  T  IR

Since T X tends to t  as i  tends to oo , there is some iQ such 
i

that i ̂  iQ implies V(£ Tx X . Then for all i>. iQ define a hyperplane
■ X

H. by T X®(T X^V) C  T IRn . Then H. tends to H as i tends to oo. 
i  ̂ x. ' x. ' x. ii i  i

Pick i^ ̂  iQ such that jlL - h |<T for i^-i^ .

Now pick an infinite sequence of pairwise disjoint balls Br (x^ with
i

radius r. and centre x. . This is possible since 0 is the only accumulation

point of fxj3i!fi • ^ben for all i , 0 ^.B^ (x^) .

For all i ̂  i^ , place inside B^ (x^) a " ripple " : a foliated ball

^  In —Hi
B. = Bi (y. ) with radius %r± , centre ŷ  ̂ , and the foliation ^  = 3*jji 
1 2 i 1

given by Construction 3.4 such that x^ = x„ , i.e. T^ = EL . (l'here are
i i

two possible positions for the ripple. ) Define a foliation 3" on tRn by the

Choose a one-dimensional subspace V C  T^Y such that f ̂  T  • Define a
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trivial foliation 3 \ T by hyperplanes oarallel to il on K n - ( ( J  13. ) , 

topether with 3“ . on B. for ail i ^  in . will be a foliation if
°  1 1  I ^

Let ♦ k - t U  b.) -
^  X

identity , and
% q v as defined in

Construction 3.4 • To check that c|> is a diffeomorphism it is enough to

check that d(l>(x) is continuous at 0 and equal to the identity at 0 .

Given £. >• 0 , (4) of Construction 3.4 gives us an Sç >  0 . Pick ig ^  i-̂

such that JIL - H| *£ ŝ, for all i ^  î  . Let 6 = m±ia £ 13c(^ . o  is  
x E 3 .

i^ i<i2

well-defined and nonzero since
i<~—1 _

0 £  Bi O

1=il

i0-l

Ù
i - i l

B (x.) . 
r. iy 
l

Then Î *\<& implies ^ 6

i=il

, SO

Id m a x  { ( d ^ H 1 x̂' ) “  1 | ]  
x'fcB.
i^ig1

<S by (4) of Construction 3*4 *

and the choice of s£ , î  .

Thus d 4>(x) is continuous near 0 , and dc|p(0) = I (the identity matrix).

Hence 3* a Ĝ  foliation and T^3- = H , so that 3- is transverse to Y

at 0 ( V<£. H by definition of H). But for all i ̂ -i^ > T^ jF- = =
i 'i

and T X C  H. , so that 3- is nontransverse to X at x. . This shows that 
x. —  l 1 x
1 ^

X is not (3- )-regular over Y at 0 , proving Theorem 3.3 .

Verification of Construction 3.4 : it suffices to take H = iRn-1 x Octln 

and n = 2 . For n > 2 the calculations are similar.

Consider, ■y

y

.2 ,2, 2 2 ,2  
(1-A ) (x - a ) X2

with the constant a in (0,l) to be chosen shortly#

we can define s. diffeomorphism <■p  s tR1' .¡Rn talcing 3  onto 3"jf .

X + 

Ä A 2 4. 1 ,

2/ 2 
x íj- a: 1 ,
2 . 2  

a éi x ^  1 ,

- 1 !|>(x)



3 7

X 2
Vie s h a l l  p r o v e  t h a t  t h i s  d e f i n e s  a C f o l i a t i o n  o f  c - i , r  o f  c o d i m e n s i o n

1 , w i t h  t h e  l e a v e s  c o r r e s p o n d i n g  t o  f i x e d  v a l u e s  o f  A  • ( I f  n  “>  2 , t a k e

X  = ?* +  ( T ~  x . 2 -  a 2 f  , e t  c e t e r a . )

i = l  1

c.
M u l t i p l y i n g  b y  r / 4  g i v e s  a  f o l i a t i o n  o f  [ - r / 4  ,  r / 4 ]

(  ( 4 / 9 ) a 4  , ± a / j 3  ) . ( C o m p a r e  C o n s t r u c t i o n  2 . 2 )

W r i t e  V a =  ( 8 a 3 ) / ( 3 j 3 )  •

w h i c h  f i t s  i n t o

t h e  b a l l  B x ( 0 )  a n d  e x t e n d s  t r i v i a l l y  t o  a  f o l i a t i o n  3 "  o f  B  ( 0 )  w h i c h
a, r

s a t i s f i e s  ( l )  . T h e  l e a f  w i t h  n o r m a l  v e c t o r  f u r t h e s t  f r o m  ( 0  : l )  i s  c l e a r l y

g i v e n  b y  } \  = 0  , a n d  t h i s  n o r m a l  i s  (l : + ( 8 a  ) / ( 34"3) ) a t  t h e  p o i n t s

T h e n  | ( 1  : V a ) -  U  * 0)| - ( V J / U +  \  f  .

S o  ,  g i v e n  s  ,  c h o o s e  a  s u c h  t h a t

- S 2

1  + V a 2

i . e .  ^  2  =  — - — r

a  1  -  s 2

p
T h e n  6  2 7  s

a  -  ---------------------- *• .

6 4 ( 1  -  s  )

W i t h  t h i s  c h o i c e  o f  a  ,  ( 2 )  a n d  ( 3 )  o f  3 . 4  a r e  s a t i s f i e d .

N o t e  t h a t  f o r  s  £  C P t l O  v e  h a v e  * a ^  9 / 6 4  ( * )  »

D e f i n e  s C“ 1 » 1! 2  ------- *  C " 1 » ^  b y

f  ( x , y )  a 2  «  X 2  ^  1

y  (  x  * y  )  *  x  ^ o o  o  o  p  p

a  { ( ï ,  y  +  ( l - y  )  ( x  -  a  )  )  x  a

<t> i s  t h e n  a  C m a p .  E l e m e n t a r y  c a l c u l a t i o n  u s i n g  ( * )  s h o w s  t h a t  < |)  
® a

i s  i n j e c t i v e .  N o w

¡ 1  °  \  . 2 s  2

d ò  ( x , y )  = I r, r, n n O p p p I  i f  X  s» a  »

a  \ 4 x ( x c -  a * ) ( l - y  ) 1 -  4 y { i - y  )( x  -  a  ) /

a n d  d < b  ( x , y )  i s  t h e  i d e n t i t y  m a t r i x  i f  a *  ^  x  ^  1  .
• ct

C a l c u l a t i o n  u s i n g  ( * )  s h o w s  t h a t  d < f> a ( x , y )  i s  a l w a y s  n o n s i n g u l a r .  T h u s  <f>Q 

i s  a  C1  d i f f e o m o r p h i s m  o f  j” —1 » 3 ^ 2  ♦  w h i c h  a f t e r  s c a l a r  m u l t i p l i c a t i o n  b y  r / 4
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to verify (4) of Construction 3-4 , i.e. to show that ) tends

uniformly to the identity matrix as a tends to 0 ; but this follows from

the same result for dd> , and this in turn follows from the expression above.
^ a

Thus we have verified conditions (l) - (4) of Construction 3*4 .

Corollary 3.5 * (a)-regularity is a C diffeomorphism invariant . 

Proof s ( 3-1 ) is clearly C^ diffeomorphism invariant .

Having shown that transverse C^ foliations detect (a)-faults, we give an

2
example of an (a)-fault which is not detectable by transverse C foliations, 

showing that Theorem 3.3 is sharp. The details of this example were worked out 

with the help of Anne Kambouchner.

2
Example 3*6 : An (a)-fault not detectable by transverse C foliations.

In IR3 let ( x, y, z) be coordinates, and let Y be the y-axis, and let

00 *■> 00 C*
x be (O lx = 0 » » z>°j) U(LJ \fn = 0 * » where gn is a

n=l n=l

function of y and z and ^  °J intersects £x = oj in a rectangle of

length mn , width mnrn » and ifn - °} defines the barrow Bn of magnitude 

m , ratio r , axis fx = 0 , y + tan(9 )z = (l/2n) + (tan© )/2n < , and
XI XI v  ** w

Si (0)A when = 1 and 0 n takes all values in £-1^2 , ^ 2 j  .
2

Then set rn . (3.0/3 )(S® and 9 n = sin~1((3JI/8)( + ¿ |  )) , so defining

centre Pn = ( 0» l/2n , l/2n ) with base in the plane f . - o }  .(Cf. 2.3.)

First choose a monotonic decreasing sequence £ m ^  such that for any choice 

of 0 n , and any r ^  1 , the barrows are pairwise disjoint (and do not intersect

Y ). How let ¿
' n

c.
be the radius of the largest 2-sphere S^(0) auch that

as described above m~y be extended by the identity to s. C diffeoroorphism of 

13 (O) since a<b (x,±l) is the identity matrix. It defines the foliation.
I* P-

(p  Vi 11 be the inverse of the resulting diffeomorphisra. It only remains
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B  c o m p l e t e l y ,  a n d  h e n c e  s p e c i f y i n g ;  X  •

(liote t h a t  ( 3 0 / 4 ) 6  ^  ■<. 1 * i . e .  o  ^  64/ol*V3 , a n d  s o  t h i s  c h o i c e  o f  

£*n  i s  p o s s i b l e  f o r  a l l  n ^ - 1  , b y  t h e  c h o i c e  o f  t h e  c e n t r e  p ^  = ( 0, -J, ■̂ •)

o f  B r )
/ v  V y

\ / \ i  /

\  B  N  v 1 X V  m
X  n  x  \ /  X  n

V I ^ S s\ N ^

i \  / \ i *

\  V ^ V v  ' x /  t  n n

\ ^ / ^ + r 0 1 + l  I \

y '  ' ~ n + l ^ \  m n + l r n + l

--------- ----------------------------------- !-------------------------------------------------------------------------  — V  y

o  7

F i g u r e  s x  =  O

S i n c e  f  i s  a  m o n o t o n i c  d e c r e a s i n g  s e q u e n c e ,  t e n d i n g  t o  0  , b o t h

f  r n 1  a n d  i 8 „ ]  a r e  m o n o t o n i a  d e c r e a s i n g  t o  0  . T h u s  (c f .  C o n s t r u c t i o n  2 . 3 )  

t h e  s e t  o f  l i m i t i n g  n o r m a l s  t o  X  a t  0  i s  1 : : 0  ) t - 8 / 3 * f 3 ^  X  4  8 / 3 / ( 3 j  • 

H e n c e  ( a )  f a i l s  a t  0  f o r  t h e  p a i r  ( X , Y ) •

S u p p o s e  ( 3 *  ) d o e s  n o t  h o l d  a t  0  f o r  ( X , Y ) . T h e n  t h e r e  i s  a  C 

f o l i a t i o n  3 *  w h i c h  i s  t r a n s v e r s e  t o  Y  a t  0  a n d  w h i c h  i s  n o t  t r a n s v e r s e

t o  X  i n  a n y  n e i g h b o u r h o o d  o f  0  . N e c e s s a r i l y  -3" i s  o f  c o d i m e n s i o n  1 

a n d  T ^ J -  ( t h e  t a n g e n t  a t  0  t o  t h e  l e a f  o f  3 -  p a s s i n g  t h r o u g h  0)  m u s t  b e  

o f  t h e  f o r m  ( 1  : O C  s 0  ) w h e r e  0  < .  1 < x \ ^ 8 / 3 / T  .

W e  s h a l l  s h o w  t h a t  t h e r e  i s  a  c o n s t a n t  C " >  0  a n d  a n  n ^  s u c h  t h a t  f o r  

a l l  n ' % .  r iQ  a n d  f o r  a l l  p £  B  ,

j N p X  -  (  1  t < *  s O  ) |  >  C ¿ |  ( * )

( N  X  i s  t h e  n o r m a l  s p a c e  t o  X  a t  p.) T h e  p r o o f  o f  ( * )  w i l l  b e  g i v e n  l a t e r .  

L e t  : ( iR3 , 0 )  — ■ >  ( ’R 3 , 0 )  d e n o t e  t h e  C 2 d i f f e o m o r p h i s m  d e f i n i n g
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3 *  s o  t h a t  t h e  l e a v e s  o f  3 -  a r e  t h e  i m a g e n  o f  x  w  t B  ' T h e n

d < f c ( 0 ) ( E  : j  j  i s  tile p l a n e  w i t h  n o r m a l  ( 1 : Q ¿  : 0 ) .

S i n c e  i s  C , t h e  m a p  ( (R , 0 )  ---- >  ( G L ^ ( R )  , d ( f > ( 0 )  ) i s  C a n d

p  d c ^ c f i i p ) )

t h u s  t h e r e  e x i s t  £  ^  0  a n d  M  >  0  s u c h  t h a t

| d 4 > (  4 > _ 1 ( p )) -  d 4 > ( 0 ) |  <  M  |p| , f o r  a l l  p  £  ( 0 )  .

I t  f o l l o w s  a t  o n c e  t h a t

( d ^ i c f c r - ^ p ) )  -  d 4 > ( 0 ) ) | ^ 2 <  M  \ pJ , f o r  a l l  p £ B ( f ( 0 )  ,

o r  i n  o t h e r  w o r d s  t h a t

K 3 -  -  T o 3 - l  <  M  \ p j  , f o r  a l l  p e B g .  ( 0 )  .

H o w ,  b y  h y p o t h e s i s ,  3 ” i s  n o n t r a n s v e r s e  t o  X  a t  s o m e  p o i n t  o f  B n  , f o r

i n f i n i t e l y  m a n y  n  , i . e .  f o r  i n f i n i t e l y  m a n y  n  , t h e r e  e x i s t s  p  G. B n  s u c h

t h a t  T p 3 *  = T p X  . L e t  n ^  ^  n ^  b e  s u c h  t h a t  f o r  a l l  n ^ .  n ^  , i f  p  €. B n  ,

t h e n  | p  ( ¿C £_ • T h e n  f o r  i n f i n i t e l y  m a n y  n  ^  n ^  , t h e r e  e x i s t s  p  g  B ^  s u o h

t h a t  M  | p |  ^  “  ( l * 0 f * 0 ) | .  B u t  a s s u m i n g  ( * )  a n d  u s i n g  t h e

c h o i c e  o f  6  , w e  k n o w  t h a t  f o r  a l l  n  ^  n „  , a n d  f o r  a l l  p 6  B  , 
n  0  7 n  7

| N ^ X  -  ( 1 s : 0  >1 >  C | p \ ^  . T h e s e  l a s t  t w o  i n e q u a l i t i e s  a r e  a b s u r d ,  

s i n c e  t h e r e  i s  s o m e  n ^  s u c h  t h a t  f o r  a l l  n  ^  n ^  , a n d  f o r  a l l  p  6  ,

|p \  <  ( C / M ) 3/ 2 , i . e .  M  | p l < C  \ p | *  . T h u s  w e  o b t a i n  a  c o n t r a d i c t i o n ,  

s h o w i n g  t h a t  ( 3 *  ) h o l d s ,  a n d  t h a t  t r a n s v e r s e  C f o l i a t i o n s  c a n n o t  d e t e c t  

t h i s  ( a ) - f a u l t .

P r o o f  o f  ( * )  : A  s h o r t  c a l c u l a t i o n  s h o w s  t h a t  f o r  a l l  n  t h e  s e t  o f  

n o r m a l s  t o  B  ( r o t a t e d  b a c k  t h r o u g h  0  ) , i s  c o n t a i n e d  i n

í (  1  > A  • I *  )  > X  6  [ > 8 / 3 1 7  ,  8 / 3 0 ]  ,  ^ c C - S r y i J Î  ,  8 r / ì B ] j  .

I t  w i l l  s u f f i c e  t o  e s t a b l i s h  ( * )  i n  t h e  e u c l i d e a n  n o r m  | | i n  t h e

2
u s u a l  c h a r t  f o r  P  ( St) c e n t r e d  a t  ( i s 0 : 0 )  g i v e n  b y  t h e  h o m o g e n e o u s

c o o r d i n a t e s  j  ^  : JA.) t -  — >  ( f ) f s i n c e  t h i s  n o r m  is  e q u i v a l e n t  t o

t h e  s t a n d a r d  o n e .  (  | ( l * A *  )  -  (1: X "  î | a "  )  | 0  =  ( ( X ' -  X "  Y  +  ( p ?  -  )2  r  • )
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( - l : - 3 / 3 . n : 0 ) _____________________ \  ____________ t i l - 8 A J v o )
J r f l  ( 1 * * * 0 ) U * o / ^ 3 . o ;

X /  /  /  J r i l  n o r m a l s  t o  c o n t a i n e d  i n

\ J ^ I  I  s h a d e d  r e g i o n

F i g u r e  : C h a r t  f o r  P  ( JR ) a t  ( l : 0 : 0 )  .

I t  i s  e v i d e n t  f r o m  t h e  f i g u r e  a b o v e  a n d  t h e  c h o i c e  o f  r  a n d  0  t h a t
&  n  v  n

t h e r e  e x i s t s  n* s u c h  t h a t  f o r  a l l  n  ^  n* , ( l : 0 i  : 0 )  i s  o u t s i d e  t h e  s h a d e d

r e g i o n  w h i c h  c o n t a i n s  t h e  n o r m a l s  t o  B n  . W e  c a l c u l a t e  t h e  m i n i m a l  d i s t a n c e

o f  ( l : < y  : 0 )  f r o m  a  n o r m a l  o f  B r  . T h i s  i s  c l e a r l y  ( ^ C s i n Q n  -  8 r n /3<j3)»

T h u s  f o r  a l l  n  ^  n' a n d  a l l  p  €  B n  »

| N p X  -  (l:fcí:0)| e ^  M s i n ü n  -  Ô r ^ / 3 ^ 3

=  « ( 3 4 3 / 8  ) ( ¿ * +  i f )  -  ¿ f  

-  < ü f (  ( 3 j 3 « / 8 )  -  ¿ f ( l  -  ( 3 ¿ I * / 8 ) )  )  .

S i n c e  &  t e n d s  t o  0  a s  n  t e n d s  t o  oo , t h e r e  e x i s t s  n *  ^  n f s u c h  
n  0

t h a t  f o r  a l l  n  •> n ~  , a n d  a l l  p  €  B  »
0  7 n  7

( N p X  -  ( l * « : 0 ) | e  >  ( 3 j T * / l 6 ) < S *  .

T h u s  w e  o b t a i n  ( * )  .

N o t e  3 . 7  : W e  h a v e  i n  f a c t  p r o v e d  s l i g h t l y  m o r e  b y  t h e  a b o v e  e x a m p l e .  N a m e l y  

t h a t  a  t r a n s v e r s e  f o l i a t i o n ,  w i t h  C 1 l e a v e s ,  w h i c h  i s  C 1 w i t h  a  L i p s c h i t z  

d e r i v a t i v e  i n  t h e  d i r e c t i o n  t r a n s v e r s e  t o  t h e  l e a v e s ,  c a n n o t  d e t e c t  t h i s

( a ) - f a u l t .  I f  (3-'*',!>) d e n o t e s  t h e  c o n d i t i o n  s i m i l a r  t o  ( 3 ^ )  b u t  r e s t r i c t i n g  

t o  f o l i a t i o n s  d e f i n e d  b y  a  C 1 d i f f e o m o r p h i s m  C'L a l o n g  t h e  l e a v e s  a n d  C p

t r a n s v e r s e  t o  t h e  l e a v e s ,  t h e n  c l e a r l y  ( 3 "  ’^ ) i m p l i e s  ( 3 ^ ’q ) i f  P  •< Q.

( a n d  ( 3 - 1 , P ) i m p l i e s  ( t )  f o r  a l l  p  ^ o o  ). A l s o  i t  i s  ( n o w )  e a s y  t o  c o n s t r u c t

e x a m p l e s  s h o w i n g d o e s  n o t  i m p l y  O  , p )( 3 - J ) w h e n  p  <  q  . S i m p l y  s e t
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e n  - s i n - 1 ^  +  i 2 p - * ) / 8 )  ,

r n  >  ( 3 j 3 ^ ‘ p - * ) / 8  , 

a n d  r e p e a t  t h e  a r g u m e n t  o f  3 . 6  .

4. D e t e c t i n g  T h o m  f a u l t s  i n  s t r a t i f i e d  m a p p i n g s .

S i n c e  t h e  r e g u l a r i t y  c o n d i t i o n  i m p o s e d  o n  a  s t r a t i f i e d  m o r p h i s m  i s  f o r m a l l y  

v e r y  s i m i l a r  t o  ( a ) - r e g u l a r i t y  w e  n o t e  h e r e  t h e  a n a l o g u e s  o f  t h e  r e s u l t s  w e  

h a v e  p r o v e d  a b o u t  ( a ) - r e g u l a r i t y  i n  f § l - 3 .

F o l l o w i n g  [ 6 ]  , l e t  f  s M  — P  b e  a  C"*" m a p ,  b e t w e e n c 1 m a n i f o l d s

N  a n d  P  , a n d  l e t  X  a n d  Y  b e  C s u b m a n i f o l d s  o f  N  s u c h  t h a t  f  a n d  

f J y  h a v e  c o n s t a n t  r a n k ,  a n d  l e t  0  £ Y  C . X  -  X  . W e  s a y  t h a t  X  i s  

( a p ) - r e g u l a r  o v e r  Y  a t  0  ( i n  t h e  t e r m i n o l o g y  o f  G i b s o n  j V ] ,  X  i s  T h o m  

r e g u l a r  o v e r  Y  a t  0  r e l a t i v e  t o  f  ) if,

( a ^ )  G i v e n  a  s e q u e n c e  i n  X  , s u c h  t h a t  t e n d s  t o  0  a s  i t e n d s

t o  c o ,  a n d  k e r  d ^  ( f j ^ )  c o n v e r g e s  t o  a  p l a n e  X  , t h e n  k e r  d Q ( f | y ) c  X  •

S i n c e  f j x  i s  o f  c o n s t a n t  r a n k ,  t h e  f i b r e s  o f  f f o r m  t h e  l e a v e s  o f  a  

f o l i a t i o n  3 ^ .  o f  X  , a n d  s i m i l a r l y  f o r  Y  . T h u s  ( a f ) m a y  b e  s t a t e d ,

( a ^ )  G i v e n  a  s e q u e n c e  i n  X  , a u c h  t h a t  t e n d s  t o  0  a s  i t e n d s

f* f  ri
t o  o o ,  a n d  ( 3 ^ )  c o n v e r g e s  t o  a  p l a n e  , t h e n  T q ( 3 ^ ) —  • 

i

H e r e  T Q ( J -  ) d e n o t e s  t h e  t a n g e n t  s p a c e  a t  0  t o  t h e  l e a f  o f  3 r  p a s s i n g  

t h r o u g h  0  .

T h e  n a t u r a l  a n a l o g u e  o f  ( t ) - r e g u l a r i t y  is,
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1 i*
(t^) Given a C submanifold S such that S is transverse to 3 y  at 0 ,

there is a neighbourhood of 0 in which S is transverse to 3% .
A

Similarly the analogue of (3^) ^s>

( 3 ”f) Given a C* foliation 3^ of H transverse to 3 ”y 0 » there is

a neighbourhood of 0 in which 3" is transverse to 3 v  •
A

Mote 4.1 i (i) Another way to say that S is transverse to

With these definitions all of the results proved in §2 and %2> have 

corresponding versions, with just some nuances.

Thus, (af ) \ (3-^) = ^ ( t f ) by merely mimicking the proofs that

(a)<i=*(3-1) = * ( t )  .

Example 4.2 : Take Example 2.1 and define f : — >  IR by

( x, y, z) J-- ^ z . ( â .) fails since the tangent to 3 ^  a_t xn will be

the vector ( 2, 1, 0) for all n . (t̂ .) holds since no submanifold transverse 

to Y intersects the horn containing the sequences on which (a^) fails, (cry 

is the trivial foliation with one leaf. ) Thus (t^) does not imply (â .) .

Example 4*3 * If we define f : IR -- > R by ( x, y, z) I— => z and

examine Example 2.4 we find that X is not (tf )-regular over Y at 0 : 

it is easy to find a C'*' submanifold, with tangent plane at the origin spanned 

by the lines £z = y , x = o'J and ^ z = 0 , y  = x^, which is not transverse 

to on a sequence of points in X tending to 0 .

3-y at 0 is

to say that the rank of
f lsnY

at 0 equals the rank of f| .

(ii) If f has rank zero on X and Y then (a^) , (t„) , (3f)

become (a) , (t) , (3~ ) respectively.
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T o  o b t a i n  a n  exanvole w i t h  (t «) a n d  n o t  ( a ^ )  w e  c a n  e i t h e r  t a k e  f t o  b e
JL I

t h e  c o n s t a n t  m a p  ( s e e  i o t e  4 * 1  ( i i ) ) ? o r  ado. a  f o u r t h  v a r i a b l e  vr , a n d  

c o n s i d e r  X ^  = X  x  (ft , Y ^  » Y  x  Hi C. x  IK a n d  l e t  f  : x  |ii — >  f R  b e

p r o j e c t i o n  ( x, y 9 z, w  ) I----^  T ei . T h e n  is ( t ^ ) - r e g u l a r  o v e r  Y ^  a t  0  ,

b u t  n o t  ( a ^ . ) - r e g u l ~ r .

E x a m p l e  4 * 4  J A s  i n  E x a m p l e  4 * 3  w e  t a k e  E x a m p l e  3 . 6  , l e t  = X  x  IR ,

Y ^  = Y  xtti C R ^ x l t i  , a n d  t a k e  f  : x  |R ----iR t o  b e  p r o j e c t i o n

( x, y ,  z, w )  )---->  w  . T h e n  i s  ( 3 ^ ) - r e g u l a r  o v e r  Y ^  a t  0  , b u t  n o t

( a ^ ) - r e g u l a r .  ( X  i s  n e i t h e r  ( 3 ' £ ) ~ r e g u l a r  n o r  ( a ^ J - r e g u l a r  o v e r  Y  a t  0  .) 

T h u s  ( 5 " ^ ) - r e g u l a r i t y  d o e s  n o t  i m p l y  ( a ^ ) - r e g u l a r i t y .

T h e  n e x t  r e s u l t  i s  a n  a n a l o g u e  o f  T h e o r e m  2 . 5  .

T h e o r e m  4 « 5  : L e t  X  , Y  b e  s u b m a n i f o l d s  o f  (Rn  , a n d  l e t  O e T C X  -  X  ,

a n d  l e t  X  b e  a  s u b a n a l y t i c  s e t .  L e t  f  : R n  b e  a  s u b a n a l y t i c  m a p  ( i . e .

t h e  g r a p h  o f  f  i s  s u b a n a l y t i c  i n  (Rn  x f R p ), s u c h  t h a t  f | ^  a n d  f ^  a r e  o f

c o n s t a n t  r a n k .  T h e n  X  _is ( a ^ ) - r e g u l a r  o v e r  Y  ¿ t  0  i f  a n d  o n l y  i f  f o r  e v e r y

1 ?~t f  
s e m i a n a l y t i c  C s u b m a n i f o l d  S  t r a n s v e r s e  t o  a t  0  , t h e r e  i s  s o m e

*-r f
n e i g h b o u r h o o d  o f  0  i n  w h i c h  S i s  t r a n s v e r s e  t o  , .

P r o o f  : T h e  p r o o f  i s  s i m i l a r  t o  t h a t  o f  T h e o r e m  2 . 5  , s a v e  t h a t  i n s t e a d  o f  

p r o v i n g  t h a t  ^ ( x , T x X )  î x  6- x  j  i s  s u b a n a l y t i c ,  w e  m u s t  p r o v e  t h a t

: x  £  x l  is  s u b a n a l y t i c .  B u t  t h i s  r e d u c e s  t o  p r o v i n g  t h a t
X  A  /

f  ( x , T  X )  s x  €  x " £  i s  s u b a n a l y t i c .  F o r ,  T j j ’f )  = k e r  d  ( f ) v ) = k e r  d  f  A T  X  ,
V X  J X  A  X  lA X X

a n d  k e r  d  f  i s  a  f i x e d  s u b s p a c e  o f  IRn  i f  w e  s u p p o s e  ( a s  w e  c a n )  t h a t  f  i s  

a  l i n e a r  p r o j e c t i o n ,  s i n c e  f  i s  t h e  c o m p o s i t i o n  o f  a n  e m b e d d i n g  o n t o  i t s  g r a p h  

f o l l o w e d  b y  a  l i n e a r  p r o j e c t i o n  ( c f .  p a g e  3 0  o f  m  )• T h e o r e m  4 . 5  f o l l o w s .

F i n a l l y  w e  c o n s i d e r  a  p o s s i b l e  a n a l o g u e  o f  T h e o r e m  1 . 1  . L e t  g  : K  — — ^  N
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and f : N — ^ P be C1 maps between C1 manifolds, and X a submanifold 

of N . Then,

gH\ ker dx(f|x ) for all x e X <c=̂  g/f\ 3 ^

g rh fibres of fjx 

^=^fJ^og : M — î(a ) is a submersion.

Then the analogue of Theorem 1.1 is as follows, -writing " g 3j: " f°r 

" g<4̂  for all X in «21 " .

Hypothesis 4«6 : Let 2  be a locaxly finite stratification of a closed 

subset V of a manifold M , and let f : M ? be a map, P st

C'*' manifold, such that for each stratum X of 51 , f j has constant rank« 

Then the following conditions are equivalent :

(!) 21 is (af )-regular.

(2) for every C manifold. N , [ z 6  J (N»M) : zsf\ ( is open in J (N,M),

(3) for every C manifold U , <^g G C (MfM) : g/{v3gr$ is open in C (N,M)

i

with the strong C topology,

(4) there is some integer r , 1 ^  r^max(l,min (rank fJY )) > and some

l 1 f o
C manifold N with dim ft = dim M - r , for which £g B C (K,M) : g /

is open in C^(M,M) with the strong Ĉ - topology»

One can prove (1)0=^ (2) (3) ~̂(4) without much difficulty, by

copying the proof of Theorem 1.1 . To make Hypothesis 4.6 into a theorem 

we must prove (4) implies (l) . If we try to copy the proof that (4) implies 

(1) in Theorem 1S1 we arrive at,

Question 4« 7 s If X is a C submanifold of /  , 0 6 X - X , and 

f j i is a map such that f|,r has constant rank, then given a

plane H and a manifold IT with dim ft = dim H , and n 6 li , is

^g € C1(E,em ) : g ̂  3-J , g(n) = 0 , dng(TnlO = H^} nonempty ? *

•3fr See over.
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A  p o s i t i v e  a n s v e r  t o  u e ^ t i o n  4 . 7  w o u l d  s u f f i c e  t o  p r o v e  h y p o t h e s i s  4 . 6 .  

T o  p r o v e  t h a t  ( 3 )  i m p l i e s  ( l )  i t  s u f f i c e s  t o  a n s w e r  q u e s t i o n  4 . 6  , w h i c h  

i s  a  p r i o r i  w e a k e r  t h a n  4 . 7  •

q u e s t i o n  4 . 0  : I s  t h e r e  s o m e  C 1 m a n i f o l d  II f o r  w h i c h  Q u e s t i o n  4 . 7  h a s  

a  p o s i t i v e  r e s p o n s e  ?

N o t e  4 . 9  : T h e  p r o o f  o f  L e m m a  1 . 3  m a d e  u s e  o f  t h e  l o c a l  t r a n s v e r s a l i t y  

l e m m a  : t h e  s e t  o f  C ^  m a p s  t r a n s v e r s e  t o  a  s u b m a n i f o l d  o n  a  c o m p a c t  

c o o r d i n a t e  d i s c  is o p e n  a n d  d e n s e .  T h e  c o r r e s p o n d i n g  s t a t e m e n t  t h a t  m a p s

t r a n s v e r s e  t o  t h e  l e a v e s  o f  a  f o l i a t i o n  o n  a  c o m p a c t  c o o r d i n a t e  d i s c  b e  d e n s e  

i s  c l e a r l y  f a l s e  ( a l t h o u g h  o p e n n e s s  i s  e a s y ) .  ( C f .  p a g e  1 9 3  o f  [42 ] . )

C o n s i d e r

N  c o m p a c t

o r

^ / v

• E  n o n - c o m p a c t

S o  a n o t h e r  m e t h o d  o f  p r o o f  i s  r e q u i r e d  t o  a t t a c k  ( 3 )  i m p l i e s  ( l )  o f  

H y p o t h e s i s  4 . 6  .

O b s e r v e  a l s o  t h a t  t h e  f i g u r e s  a b o v e  s h o w  t h a t  t h e  s e t  o f  C 1 m a p s  t r a n s v e r s e  

t o  ' 3 ^ -  n ° t  d e n s e  ( c f .  E o t e  1 . 2  ( i v ) ) .

F i n a l l y  w e  r e m a r k  t h a t  t h e  r e s u l t s  o f  ^ 1 - 3  c o u l d  a l s o  b e  e x t e n d e d  t o  t h e  

" g e n e r a l i s e d  c o n d i t i o n  ( a ) f o r  O - b u n d l e s "  o f  M . - H .  S c h w a r t z  i n  L 2 ? ]  •

•5£ A n  e x a m p l e  o f  D a v i d  E p s t e i n  s h o w s  t h a t  t h e  a n s w e r  t o  Q u e s t i o n s  4 * 7  a n d  4 - 8  

i s  n o .  H o w e v e r  H y p o t h e s i s  4 . 6  i s  s t i l l  u n d e c i d e d  : a  f i n e r  s t u d y  i s  n e e d e d .
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C K U  'x'ER 2. Miil'i'x.rJY' (b ) - H E G T J L A R I T Y

I n  t h i s  c h a p t e r  w e  c o n s i d e r  v a r i o u s  n a t u r a l  v a y s  o f  d e t e c t i n g  ( b ) - f a u l t s .

T h e  m o s t  s t r i k i n g  p r o p e r t y  o f  ( b ) - r e g u l a r i t y  i n  t h e  t h e o r y  o f  s m o o t h  

s t r a t i f i e d  o b j e c t s  i s  t h a t  a  ( b ) - r e g u l a r  s t r a t i f i c a t i o n  i s  l o c a l l y  t o p o l o g i c a l l y  

t r i v i a l ,  a s  p r o v e d  b y  M a t h e r  i n  . T h e  p r o o f  s h o w s  _en r o u t e  t h a t

( b ) - r e g u l a r i t y  i m p l i e s  a  c o n d i t i o n  w e  h a v e  c a l l e d  i n  [ 3 8 ]  , n a m e l y

t h a t  f o r  a n y  C"*" t u b u l a r  n e i g h b o u r h o o d  o f  t h e  b a s e  s t r a t u m ,  a s s o c i a t e d  t o  

w h i c h  a r e  a  r e t r a c t i o n  a n d  a  d i s t a n c e  f u n c t i o n  p  , t h e  f i b r e s  o f  (1-* x  p )

( w h i c h  a r e  e m b e d d e d  s p h e r e s )  a r e  t r a n s v e r s e  t o  t h e  a t t a c h i n g  s t r a t u m .  T h i s  h a s  

a n  e x a c t  c o u n t e r p a r t  i n  t h e  i m p l i c a t i o n  ( a )  i m p l i e s  ( a g ) ( s e e  § 3 ) .  I n  [ 4 3 ]

C. T .  C. W a l l  c o n j e c t u r e d  t h a t  ( a  ) i m p l i e d  ( a )  a n d  t h a t  ( b  ) i m p l i e d  (b);
s s

w e  p r o v e d  t h e s e  i m p l i c a t i o n s  i n  t h e  s e m i a n a l y t i c  c a s e  i n  [ 3 7 ]  a n d  [ 3 8 ]  . I n  

C h a p t e r  1 ( T h e o r e m  3 . 3 )  w e  h a v e  s h o w n  t h a t  ( a  ) i m p l i e s  ( a )  i n  g e n e r a l ,  b y  

p e r t u r b i n g  a  t r a n s v e r s e  f o l i a t i o n  w i t h  a n  i n f i n i t e  s e q u e n c e  o f  r i p p l e s  s o  a s  t o  

d e t e c t  a  g i v e n  ( a ) - f a u l t .  T h e  s a m e  i d e a  w i l l  b e  u s e d  i n  £ 5  t o  p r o v e  t h a t

( b  ) i m p l i e s  ( b )  ; t h i s  t i m e  w e  u s e  t h e  r i p p l e s  ( o f  3 . 4 )  t o  p e r t u r b  a  f o l i a t i o n
s

b y  s p h e r e s  ( t h e  f i b r e s  o f  x  p  ) o f  t h e  c o m p l e m e n t  o f  t h e  b a s e  s t r a t u m ,  s o  a s  

t o  d e t e c t  a  g i v e n  ( b ) - f a u l t .

I n  § 6  w e  s t u d y  h o w  ^ b j - r e g u l a r i t y  b e h a v e s  w i t h  r e s p e c t  t o  g e n e r i c  s e c t i o n s .  

W e  s h o w  t h a t ,  i f  Y  i s  l i n e a r ,  a n d  if, f o r  a  g e n e r i c  s e t  o f  l i n e a r  s p a c e s  H  

c o n t a i n i n g  Y  , ( X n H ,  Y  ) Q is  ( b ) - r e g u l a r ,  t h e n  a n y  (b  ) - f a u l t  o f  ( X , Y ) a t

0  c a n n o t  b e  t o o  " d e e p " .  C o n v e r s e l y ,  w e  s h ^ w  t h a t  i f  ( X , Y ) is  ^ b ) - r e g u l a r  

a t  0  , t h e n  f o r  g e n e r i c  s u c h  H  , ( X A H ,  Y )  i s  ( b ) - r e g u l a r  a t  0  .

K n o w i n g  t h a t  ( b ) - r e g u l a r i t y  i s  g e n e r i c  f o r  s u b a n a l y t i c  s e t s  —  s e e  t h e  

i n t r o d u c t i o n  —  i t  i s  n a t u r a l  to a s k  w h a t  a r e  t h e  s t r o n g e s t  g e n e r i c  r e g u l a r i t y  

c o n d i t i o n s .  I n  t 4 0 ]  J . - L .  V e r d i e r  i n t r o d u c e d  ( w ) - r e g u l a r i t y ,  p r o v e d  t h a t  i t
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i m p l i e d  ( b ) - r e g u l a r i t y ,  a n d  s h o w e d  t h a t  i t  wc.s g e n e r i c  ( a n d  a l s o  t h a t  i t  g a v e  

l o c a l  t r i v i a l i s a t i o n s  b y  i n t e g r a t i n g  c o n t i n u o u s  v e c t o r  f i e l d s  t a n g e n t  t o  t h e  

s t r a t a ,  w h e r e a s  t h e  v e c t o r  f i e l d s  r e s u l t i n g  f r o m  ( b ) - r e g u l a r i t y  m a y  t h e o r e t i c a l l y  

b e  d . i s c o n t i n u o u s ). ( w ) - r e g u l a r i t y  is e a s i l y  s e e n  t o  i m p l y  K u o ' s  r a t i o  t e s t  (r), 

a n d  h e n c e  ( r )  t o o  i s  g e n e r i c .  I n  § 7  w e  g i v e  e x a m p l e s  w h i c h  s h o w  t h a t  e v e n  

f o r  s e m i a l g e b r a i c  s t r a t a ,  ( b )  , ( r )  a n d  ( w )  a r e  d i s t i n c t ,  a n d  t h a t  ( r )  a n d

( w )  a r e  n o t  i n v a r i a n t  u n d e r  d i f f e o m o r p h i s m s ,  a l t h o u g h  t h e y  a r e  p r e s e r v e d

2
b y  C d i f f e o m o r p h i s m s .

5* (b ) - r e g u l a r i t y  a n d  t u b u l a r  n e i g h b o u r h o o d s .

F o l l o w i n g  M a t h e r  i n  £ 2 2  J  , w e  f i r s t  d e f i n e  w h a t  i s  m e a n t  b y  a  C"*- 

t u b u l a r  n e i g h b o u r h o o d .

I l l  
D e f i n i t i o n  5 » !  t  L e t  X  b e  a  C s u b m a n i f o l d  o f  a  C m a n i f o l d  M  . A  C

t u b u l a r  n e i g h b o u r h o o d  T  o f  X  i n  M  is a  q u a d r u p l e  ( p , E , 6  ) w h e r e

p  s E  ---- >  X  i s  a n  i n n e r  p r o d u c t  b u n d l e  o f  c l a s s  C 1 , <£ : X  - ■->  (R+  i s  a

p o s i t i v e  f u n c t i o n  o n  X  , a n d  i s  a  C'*' d i f f e o m o r p h i s m  o f

B£  =  £  6  E  : U e l K  £  ( T T ( e ) ) j  o n t o  a n  o p e n  s u b s e t  o f  M  w h i c h  c o m m u t e s  w i t h

t h e  z e r o  s e c t i o n  C  o f  E  : B,.

X  <=----- *  K

i.e s e t  \ t \ = (J>(Bç.) . T h e  m a p  'TT^ = p » ^  : / T| —  ^  X  w i l l  b e  c a l l e d  

t h e  r e t r a c t i o n  a s s o c i a t e d  t o  T  , a n d  t h e  n o n - n e g a t i v e  f u n c t i o n

• *1 p

Pï' = P e °  5 ^  ’ wiie:re = ^ o r  e  £  B  > w i l l  b e  c a l l e d

t h e  d i s t a n c e  f u n c t i o n  p  ^  a s s o c i a t e d  t o  T  .

 ̂ r
( W e  h a v e ,  s i m i l a r l y ,  C t u b u l a r  n e i g h b o u r h o o d s .)

I t  i s  c l e a r  t h a t  t h e  m a p  s ¡t( -  X  ------- >  X  x  (R i s  a  s u b m e r s i o n  .
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A s  w h a t  f o l l o w s  w i l l  b e  e n t i r e l y  l o c a l ,  w e  c a n  r e s t r i c t  t o  t h e  s i t u a t i o n  o f  

a d j a c e n t  s t r a t a  i n  IR .

j

L e t  X  , Y  b e  C s u b m a n i f o l d s  o f  IR a n d  l e t  0  e  Y  c  X  -  X  . W e  s a y  t h a t  

X  i s  ( b ) - r e g u l a r  o v e r  Y  i f  f o r  a l l  t u b u l a r  n e i g h b o u r h o o d s  T  o f  Y  ,

t h e r e  is a  n e i g h b o u r h o o d  N  o f  Y  i n  ITj s u c h  t h a t  (TTrp, p ^ j x f l N  a  

s u b m e r s i o n .

G i v e n  a  C c h a r t  f o r  Y  a t  0  ,

<f> s ( U  , U n Y  , 0  ) ---->  ( K n  , R ®  x  0 n - m  , 0  ) ,

t h e  s t a n d a r d  t u b u l a r  n e i g h b o u r h o o d  o f  tRm  x  0 n ~’m  i n  fiD  p r o v i d e s  a  r e t r a c t i o n

IT =* ^ “ U t r  o  { u  ---- >  Y O U ,  w h e r e  -lCm  * tRn  ■— »-> R m  x  0 n _ m  i s  l i n e a r

p r o j e c t i o n  t a k i n g  ( x ^ , . . .  , x )  t o  ( x ^ , . . .  , x m , 0 , . . .  , 0 ) ,

a n d  a  d i s t a n o e  f u n c t i o n  * U  - >  R  , w h e r e  p  * R n  -■» >  IR+

i s  t h e  f u n c t i o n  O  ( x. , ... , x  ) « ^  x ^  . W e  r e f e r  t o  t h e  t u b u l a r

' i - m + 1  1

n e i g h b o u r h o o d  o f U r s Y  i n U .

W e  s a y  X  i s  ( b ^ ) - r e g u l a r  o v e r  Y  a t  0  w h e n ,

1 1 w
( b  ) G i v e n  a  C o h a r t  ( U  , ̂  ) a t  0  f o r  Y  a s  a  C s u b m a n i f o l d  o f  R  ,

t h e r e  i s  a  n e i g h b o u r h o o d  Ü *  o f  0 ,  U ' C U ,  s u c h  t h a t  ) J x ^ u »

i s  a  s u b m e r s i o n *

T h e  f o l l o w i n g  l e m m a  j u s t i f i e s  o u r  u s e  o f  t h e  t e r m  ( b  ) - r e g u l a r i t y  i n  t h e
s

l o c a l  a n d  g l o b a l  c a s e s .

Lemma 5 . 2  : X  i;S ( b ^  )-regular over Y  i f  and only i f  X  i s  ( b p )-regular

o v e r  Y  ¿ t  y  , f o r  a l l  y  6  Y  .

P r o o f  : " I f  " : G i v e n  a  s e q u e n c e  o f  p o i n t s  o n  X  t e n d i n g  t o  Y  , a t  w h i c h

( T t  , (*T x  i s  n o t  s u b r a e r s i v e ,  t h e r e  m u s t  b e  s o m e  c o n v e r g e n t  s u b s e q u e n c e  w i t h

a  l i m i t  y Q  i n  Y  . T h e  i m p l i c a t i o n  f o l l o w s .

" O n l y  i f  " * G i v e n  a  p o i n t  y  o f  Y  a n d  a  t u b u l a r  n e i g h b o u r h o o d
o

T<f> Of a neighbourhood U / 1 Y  of yfl in Y  defined by a  C 1 chart ( U  , )
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for Y at y , it will suffice to find a C* tubular neighbourhood T of Y 

and a neighbourhood U* of yQ , U'C. U , such that ^/uf Y = ^ I t P A Y  *

This follows from the Tubular Neighbourhood Theorem of ^22^ , which is proved 

in [2l] .

X nFor a simpler proof, let Cp be a C diffeomorphism of (R which is the

identity outside some neighbourhood of yQ , and such that there is a smaller

neighbourhood W of yQ , W C  U , such that the fibres of the retraction

 ̂ intersect y o o  in a C1 field of planes transverse to ^(Y) ,

and such that is the square of the function measuring distance from

Vp(Y) in Rn . Extend this local Ĉ" field to a globally defined (over ^(Y))

field of planes (whose dimension is the oodimension of Y) transverse to i^(Y) .

In Theorem 4.5*1 of £13] Hirsch shows how to obtain a tubular neighbourhood

of Vjy(Y) , so that the transverse planes contain the fibres of the associate®.

retraction. There is also a very careful proof of this fact by Munkres on page 51

of £54] • Pulling back by we have a tubular neighbourhood T of Y with

the required properties. This oompletes the proof of Lemma 5*2.

In [43] C. T. C. Wall conjectured that (bg)-regularity is a necessary 

and sufficient condition for (b)-regularity. Applying Lemma 5*2 , together with 

the convention that X is (b)-regular over Y when X is (b)-regular over Y 

at y for all y in Y , we see that the local and global versions of the 

conjeoture are equivalent. We now prove the looal version.

I M
Theorem 5*3 * Let X , Y be disjoint C submanifolds of (R , and let

0 G Y . Then X is (b )-regular over Y at 0 if and only if X is 

(b^)-regular over Y at 0 .

Proof : " Only if " was proved by Mather as Lemma 7*3 in C2lJ * and in fact 

in 1964 by Thom on page 10 of {"35̂  • For another published proof see Lemma 2.3

of L48] .

It is left to prove " if " .
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S u p p o s e  X  i s  ( b  ) - r e g u l a r  o v e r  Y  a t  0  . I t  f o l l o w s  a t  o n c e  t h a t  X  i s
s

( a  ) - r e g u l a r  o v e r  Y  a t  0  ( s e e  $ 3 )  , s o  t h a t  w e  c a n  a p p l y  T h e o r e m  3 . 3  t o  
s

s h o w  t h a t  ( a )  h o l d s .  S u p p o s e  ( b )  f a i l s  s w e  s h a l l  d e r i v e  a  c o n t r a d i c t i o n .

B y  ( 0 . 4 )  * ( b 1 ) m u s t  f a i l  f o r  e v e r y  C 1 r e t r a c t i o n  o n t o  Y  .

L e t  ( r e s p .  T ^ )  b e  t h e  l o c a l  l i n e a r  r e t r a c t i o n  d e f i n e d  n e a r  0  o f  R n

o n t o  Y  ( r e s p .  T QY ) o r t h o g o n a l  t o  T Q Y  . T h e n  ( b 1 ) f a i l s  f o r  “IT , a n d  t h B r e  

i s  a  s e q u e n c e  i n  X  t e n d i n g  t o  0  s u o h  t h a t  A .  - t e n d s

1  I V W

t o  a  l i m i t  A  , a n d  T  X  t e n d s  t o  a  l i m i t  " C  , a n d  A  4 r  X  .

1 1 
T h e  C  d i f f e o m o r p h i s m  d e f i n e d  n e a r  0  ,

o c  ,  f f i n  - - - - >  K n

P  H - ■» P  + "  ^ i ( p ))

p r e s e r v e s  { A , A  a n d  * C  » a n d  s e n d s  Y  o n t o  T J T  , h e n o e  ire m a y  i d e n t i f y

Y  w i t h  (Hm  x  0 n “ m  i n  (Rn  . W r i t e  I T *  E n  - .->  ■ (Rm  x  0 n ” m  f o r  t h e  p r o j e c t i o n

m a p p i n g  ( x ^ . . . ,  * n ) t o  ( x ^ , * . . yz n f O , . « « y O )  . T h e n ,  o o n t i n u i n g  t o  w r i t e  f x ^  

a n d  X  f o r  t h e i r  i m a g e s  b y  (X , ire h a v e  t h a t  X .  ■ x i ^ ^ i ^  t e n d s  t o  A  ,

w h i c h  i s  n o t  c o n t a i n e d  i n  * C  * l i m  T  X  .
x.
1

N o w  l e t  A  b e  a  l i n e a r  a u t o m o r p h i s m  o f  0  x  IR “  s u c h  t h a t  A (  a n d  

A ( T  A R n - m ) a r e  o r t h o g o n a l .  B y  a p p l y i n g  t h e  l i n e a r  c h a n g e  o f  c o o r d i n a t e s  

(I , A )  * R m  x j R n - m ^  w e  m a y  s u p p o s e  t h a t  A  a n d  'C a r e  o r t h o g o n a l .  T h e

f u n c t i o n  m e a s u r i n g  d i s t a n c e  f r o m  Y  i s  p  s <R ■ >  tR >  q  » t a k i n g

« 2  ' 1 .
( x - , . . . , x  ) t o  ^  x. . W e  s h a l l  c o n s t r u o t  a  C d i f f e o m o r p h i s m  m  o f

1 n  i - m + 1  1

|Rn  w i t h  <|> |jgB x  o n “ m  “ i d e n t i t y  , s u c h  t h a t  t h e  t a n g e n t  s p a o e  t o  X  i s

c o n t a i n e d  i n  t h e  t a n g e n t  s p a c e  t o  t h e  f i b r e  o f  »  p ° ( | >  o n  a n  i n f i n i t e

s u b s e q u e n c e  o f  t h e  s e q u e n c e  £  x ^  , s o  t h a t  ( b g ) f a i l s  f o r  ( X, Y )  a t  0  .

A s  i n  t h e  p r o o f  o f  T h e o r e m  3 . 3  , p i c k  a n  i n f i n i t e  s e q u e n c e  o f  p a i r w i s e

d i s j o i n t  b a l l s  B  (x. ) =* B. w i t h  c e n t r e  x. a n d  o f  r a d i u s  r. . T h e n  0
• l i l 1 1
l

f o r  a l l  i . W e  s h a l l  o b t a i n  ( p  b y  p e r t u r b i n g  t h e  f o l i a t i o n  o f  IRn  -  ( E m x  0 n “ m ) 

b y  t h e  l e v e l  h y p e r s u r f a c e s  o f  , w i t h i n  e a c h  B. .
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L e t  H  = À  e  IR) , a n d  n o t e  t h a t  H  = ' { ' © ( ' C ®  A ) ’*' b e c a u s e  ' C

a n d  A  h a v e  b e e n  a s s u m e d  o r t h o g o n a l .  S i n c e  T  X  t e n d s  t o  "C * a n d  A .

X i
t e n d s  t o  A  , a s  i t e n d s  t o  o o , t h e r e  is s o m e  i s u c h  t h a t  i ̂  i Q i m p l i e s

À  . <£. T  X  . T h e n  f o r  a l l  i ^  i w e  d e f i n e  a  h y p e r p l a n e

i

H. = T  X  ©  ( T  X  ©  A . ) C T  R  . 
i x. v x, i 7 x.

i i i

t e n d s  t o  H  a s  i t e n d s  t o  o o . P i c k  i ^  ̂  i s u c h  t h a t  |lL -![(•<. I/ 4  

f o r  i i ^  .

L e t  O  >  0  . T h e n  i t  i s  c l e a r  t h a t  w e  o a n  f i n d  a  C d i f f e o m o r p h i s m  

H ' i  * ( B i , » e q u a l  t o  t h e  i d e n t i t y  n e a r  à B i , s u c h  t h a t  dv|/i ( x i ) = I

( t h e  i d e n t i t y  m a t r i x ) ,  j ^ i V ^ X p )  -  j 1 ( i d  ffin ) ( p )  | < T  ^  a n d

-  J X ( i d  n ) (  p ) |  <  f o r  a l l  p  6  B. , a n d  s u c h  t h a t  f o r  s o m e

t. , 0  <  t. <  r. , t h e  i m a g e  b y  VL/. o f  t h e  f o l i a t i o n  o f  B. ( x . ) b y  t h e  l e v e l
X X X  ■ X X .  X

X

h y p e r s u r f a c e s  o f  p  i s  t h e  t r i v i a l  f o l i a t i o n  b y  h y p e r p l a n e s  p a r a l l e l  w i t h  

■ T x  ( ^ ( x ^ ) )  . N o w  “ X  » b y  d e f i n i t i o n  o f  ^  > a n d  s o

t e n d s  t o  H  ■ X"*" “ ( l i œ X ^ ) " ^ "  a s  i t e n d s  t o  o o. P i c k  * 2  ^  * 1  s u 0 ^  t h a t  

| K ± -  H  | ^  1 / 4  f o r  a l l  i > i g  . T h e n  | k ± -  l / 2  f o r  i ^  i g , b y

o u r  o h o i o e  o f  i, a n d  i g  .

F o r  a l l  i > i 0 w e  n o w  p e r t u r b  t h e  t r i v i a l  f o l i a t i o n  o f  B. (x. ) b y  p l a n e s

t i 1

p a r a l l e l  w i t h  K. b y  p l a c i n g  i n s i d e  B. ( x . ) a  " r i p p l e "  j a  f o l i a t e d  b a l l  
X X . X

|H  • —K  *1
B i t  ( y ± ) o f  r a d i u s  , c e n t r e  y ^  , w i t h  t h e  f o l i a t i o n  0 *k  1 S i v e n

i i 

b y  C o n s t r u c t i o n  3 . 4  , s u c h  t h a t  x ^  = x ^  ( t h e  t a n g e n t  a t  x i t o  t h e  l e a f  o f

t h e  f o l i a t i o n  p a s s i n g  t h r o u g h  x ^  i s  ) . I n  t h e  n o t a t i o n  o f  3 * 4  »

1 ^ 
i s  t h e  C d i f f e o m o r p h i s m  d e f i n i n g  t h e  r e s u l t i n g  f o l i a t i o n  o f  B. (x. ) f a n d

i ^

w e  m a y  e x t e n d  ^ ® i " ^ i l  b y  t h e  i d e n t i t y  t o  t h e  r e s t  o f  B ^  .

S e t  c(>i = H / i ° 4 > K ^ “ K i , 0 4 /i "’1 * * 4  ^  i s  a  C 1 d i f f e o m o r p h i s m ,

a n d  t h e  t a n g e n t  s p a c e  a t  x ^  t o  ( p >  <l>i> i p  ( < t > i ( * i ) ) )  i s  IL w h i c h

c o n t a i n s  T  X  b y  d e f i n i t i o n  ( w e  h a v e  u s e d  h e r e  f o r  t h e  s e c o n d  t i m e  t h a t

i

dvL>. (x, ) » I  ). C o m p a r e  t h e  f i g u r e  o v e r l e a f .
T x  v i 7 n
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Figure i Construction of . 'i 
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We have yet to fix i . It is easy to verify that sup |d4>.(p) - I j may

p€Bi 1 n
be set as near as we please to sup p) - I I , by choosing ¿ .

p 6 B. i n* 1
small. 1

Let á . be chosen such that, i ’

sup |d(Mp) - I I ^  2 sup (d^sPi^i1 (p) - I ! . (*)
P€B. 1 n p € B. Kl nl

1 X

Define 4> * (Rn by setting <£|Rn„((^ b ) “ identity , and

i^i2 1

c ^ p | f o r  i ^ i 2 . To verify that Ĉ > is a C1 diffeomorphism it 

is enough to check that d^ip) is continuous at 0 , and that d4>(0) « I . 

Given €. > 0 , (4) of Construction 3.4 gives an s^£ >  0 . Pick

1 >  ig suoh that lHi - H| and |k̂  - H| are each less than ôr

all 1 ̂  ±2 • Then [Ĥ  - Kj for all i • k®* Ô * m*n l IpIj •

Then o is well-defined and nonaero since 0 £  B. .
i-i9

* i3-l
Let p € En be such that 1 p \ <. & . Then p i u  , and thus

i-l2

\d4>(p) - In | ^  ■“ B î l d<PiiP,i - Inl/

W
^  2 max (p*) - I I) (by (*))
^  p'eB. ‘i n }

i^i3

^  2. j$£. (by choice of î  and s^g - see 3.4)

= e  .

Hence d<£(p) is continuous at 0 , and d<$>(0) is the identity matrix.
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B y  c o n s t r u c t i o n ,  t h e  f i b r e  o f  * pocja i s  n o t  t r a n s v e r s e  t o  X  a t

, a n d  h e n o e  n e i t h e r  i s  t h e  f i b r e  o f  ( , p ^  ) »  (*TTo4> , p«<j> ) , s o  t h a t  

( "CV^ , P^> )| x  i s  130"** a  s u b m e r s i o n  n e a r  x ^  . H e n o e  w e  h a v e  s h o w n  t h a t  X  f a i l s  

t o  b e  (b W r e g u l a r  o v e r  Y  a t  0  , u s i n g  t h e  h y p o t h e s i s  t h a t  X  i s  n o t
S

( b ) - r e g u l a r  o v e r  Y  a t  0  .

T h i s  c o m p l e t e s  t h e  p r o o f  o f  T h e o r e m  5 * 3  .

C o r o l l a r y  5 » 4  s ( b  )- r e g u l a r i t y  i s  a  C ^  i n v a r i a n t ,

2
E x a m p l e  5. 5  : T h e o r e m  5 »3 i s  s h a r p  : C t u b u l a r  n e i g h b o u r h o o d s  d o  n o t

d e t e o t  a l l  ( b ) - f a u l t s .  C o n s i d e r  o n c e  a g a i n  E x a m p l e  3 . 6  . T h e r e  w e  h a v e  a

( b ) - f a u l t ,  s i n c e  i t  i s  a n  ( a ) - f a u l t .  H o w e v e r  f o r  a l l  C ^  d i s t a n c e  f u n c t i o n s

p  ( a s s o c i a t e d  t o  a  C ^  t u b u l a r  n e i g h b o u r h o o d ) ,  t h e  f i b r e s  o f  p  a r e

t r a n s v e r s e  t o  X  n e a r  0  . F o r ,  a l l  l i m i t i n g  t a n g e n t  p l a n e s  t o  X  a t  0

c o n t a i n  t h e  z - a x i s  , a n d  n e a r  0  a l l  p o i n t s  ( z ,  y ,  z )  o n  X  h a v e  x / z

s m a l l ,  a n d  a t  s u c h  p o i n t s  t h e  n o r m a l  t o  t h e  f i b r e  o f  p  w i l l  b e  c l o s e  t o

( 0 * 0 : 1 ) .  ( T o  s e e  t h a t  n e a r  0  , i f  ( x,  y ,  z )  i s  o n  X  , t h e n  x / z  i s

s m a l l ,  n o t i c e  t h a t  t h e  x - c o o r d i n a t e  o f  t h e  p o i n t s  i n  e a c h  b a r r o w  B  i s
7 n

b o u n d e d ,  a b o v e  b y  m  r  , w h i l e  t h e  z - c o o r d i n a t e  i s  b o u n d e d  b e l o w  b y  m  ,
n  n  7 n

a n d  r n  t e n d s  t o  0  a s  n  t e n d s  t o  oo a n d  w e  a p p r o a c h  0  . )

S i n c e  w e  h a v e  s h o w n  i n  3 . 6  t h a t  a l l  C^ r e t r a c t i o n s  h a v e  t h e i r  f i b r e s  

t r a n s v e r s e  t o  X  n e a r  0  , i t  f o l l o w s  t h a t  f o r  a l l  C “ t u b u l a r  n e i g h b o u r h o o d s  

T  o f  Y  , t h e  f i b r e s  o f  ( 1 ^ , *  ) a r e  t r a n s v e r s e  t o  X  n e a r  0  .

i'jote 5 « 6  : A  s e m i a n a l y t i c  v e r s i o n  o f  5 »3 .

W e  r e f e r  t o  ^ 3 8 ]  f o r  a  p r o o f  t h a t  ( b g ) i m p l i e s  ( b )  w h e n  X  a n d  Y
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are semianalytic. A careful reading of the proof in [33] shows that 

semianalytic (b)-faults can be detected by semianalytic tubular

neighbourhoods, i.e. we can suppose the maps in the definition of tubular 

neighbourhood to have semianalytic graphs.

Note 5» 7 ï On JJl-constant implies topological triviality.

In rn] Lê Dung Tràng and Hamanujam prove that for a family of complex 

hypersurfaces (with isolated singularity) defined by 

P :(€n+1 x ®k , Ox ®k)— >  (<C , 0) 

with F( z, t) = F^(z) ? that (̂Fj.) constant implies that the topological 

type of F_k"""̂(0) is constant, provided n =4=- 2 . Timourian has proved further 

that the family is topologically trivial (see [33] )•

If one could prove that ) constant implied the existence of a C1

tubular neighbourhood T of Oi ^  with the fibres of (TT̂ , ) transverse 

to F” (̂0) near 0 , one could then apply the proof of Mather in L21! to 

give topological triviality, so removing the restriction n '+■ 2 . Applying 

Theorem 5*3 > we know from the counterexamples of Briancon and Speder in Ls] 

that |A(F̂ . ) constant does not imply that (F '*'(0) - (0 x Ck ), 0 x ®k) is

(b)-regular, and hence does not imply (b ) , and indeed following the proofs

in O ' ]  that (bg) implies (b) it is easy to construct explicit semianalytic 

tubular neighbourhoods T with the fibres of ( T V ^ , ) nontransverse to 

F**̂ (0) along the curve through 0 for which (b) fails. There are though 

some tubular neighbourhoods T for which the fibres of (TT^,p ̂ ) are transvers 

to F_^(0) in their examples, since in each case F( z, t) is weighted 

homogeneous in z , and so the standard spheres cut F~^(0) transversally.

Thus, even though n = 2 , we can derive topological triviality from ĵ 2lj .

A more promising way of removing the restriction that n ^  2 looks to be 

a new theorem of Kuo (Theorem 2 in [15] ) which may give topological 

triviality directly from the hypothesis that JdUFj.) be constant. This depends
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o n  w h e t h e r  ) c o n s t a n t  i m p l i e s  t h a t  t h e r e  i s  s o m e  c o n s t a n t  C <  1 a n d  a

n e i g h b o u r h o o d  U  o f  0  s u c h  t h a t  (SF/'^t ( s , t ) ) / j g r a d  Fj C J z |  / 1 1 1  

w h e n e v e r  ( s j t j C ’ U  A F  ‘'’( O )  . W e  s h a l l  l e a v e  t h i s  q u e s t i o n  f o r  t h e  p r e s e n t .

6. (b ) - r e g u l a r i t y  a n d  g e n e r i c  s e c t i o n s

P a r t  I . D e t e c t i n g  (b )- f a u l t s  w i t h  g e n e r i c  s e c t i o n s .

T h e  w o r k  i n  t h i s  s e c t i o n  w a s  m o t i v a t e d  b y  t h e  r e s u l t  o f  T e i s s i e r  i n  [ 3 0 ]  

t h a t  " | j * - c o n s t a n t  " i m p l i e s  ( b ) - r e g u l a r i t y  f o r  a  f a m i l y  o f  c o m p l e x  

h y p e r s u r f a c e s .  U s i n g  t h e  c o n v e r s e  r e s u l t  ( p r o v e d  b y  B r i a n c o n  a n d  S p e d e r  i n  

) w e  f i n d  t h a t  i f  w e  h a v e  t o p o l o g i c a l  t r i v i a l i t y ,  a n d  ( b )  f o r  g e n e r i c  

h y p e r p l a n e  s e c t i o n s ,  t h e n  ( b )  f o l l o w s .  T h a t  t h i s  r e s u l t  d o e s  n o t  g e n e r a l i s e  

t o  r e a l  s e m i a l g e b r a i c  s t r a t a  is  s h o w n  b y  t h e  n e x t  e x a m p l e .

E x a m p l e  6 . 1  : I n  t h e  o p e n  s u b s e t  o f  ( w i t h  ( x,  y ,  z )  a s  c o o r d i n a t e s )

2
w h e r e  y  < 1  1 , l e t  Y  b e  t h e  y - a x i s , a n d  l e t  X  b e

£ x  =  0  ,  ( z  -  y 2 ) ^ y 6 ,  z > O ^ U ^ y 9 x  =  ( ( z  -  y 2 f -  y 6 ) 2 ,  ( z  -  y 2 ) 2 ^ . y 6 ,  z > o j .  

X  i s  a  c 1  m a n i f o l d ,  a n d  a  s e m i a l g e b r a i c  s e t .

z

A

Jt(0, y,  y ^ +  y 3 ) 

X  ( ° ’ y ’ y 2 )

y »  y 2 -  y 3 )
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T h e n  À  ip t o î i o l o g i c a l l y  t r i v i a l  a l o n g  Y  a n d  , s i n c e  t h e  n o n - l i n e a r  

p a r t  o f  X  i s  c o n t a i n e d ,  i n  a  h o r n  t a n g e n t  t o  Y  , X  i s  ( a  ) - r e g u l a r  o v e r  Y  • 

B u t  X  i s  n o t  ( b ) - r e g u l a r  o v e r  Y  a t  0  : o n  t h e  c u r v e

y ( t )  = ( 9 t 3/ l 6  , t , t 2 + £ t 3 )

w h i c h  l i e s  i n  X  , t h e  n o r m a l  t e n d s  t o  ( 1, 0, 3 / 2 )  , s o  t h a t  t h e  l i m i t i n g

t a n g e n t  s p a c e  d o e s  n o t  c o n t a i n  O z  , w h i c h  i s  t h e  l i m i t  o i I 1 "  i ; f o r  a l l  

)x i ^ ( x i)Ì

s e q u e n c e s  o n  X  t e n d i n g  t o  0  , s i n c e  t h e  r a d i u s  ( y  ) o f  t h e  h o r n

t e n d s  t o  0  f a s t e r  t h a n  t h e  h e i g h t  ( y d ) a b o v e  Y  o f  t h e  c e n t r e  o f  t h e  h o r n .

A l s o  i f  x  = ol z d e f i n e s  t h e  p l a n e  , w h i c h  c o n t a i n s  Y  , t h e n

i n t e r s e c t s  X  n e a r  0  o n l y  i f  PC = 0  . T h u s  ( X  f \  , Y ) i s  n o t  a  

( b ) - f a u l t  ( b y  d e f a u l t )  f o r  g e n e r i c  s e c t i o n s  H ^  c o n t a i n i n g  Y  .

N o t a t i o n  : L e t  ( X , Y )  b e  a  p a i r  o f  a d j a c e n t  s t r a t a ,  a n d  l e t  0  €. Y  C  X  -  X  . 

S u p p o s e  Y  i s  a  l i n e a r  s p a c e ,  a n d  t h a t  I T  i s  o r t h o g o n a l  p r o j e c t i o n  o n t o  Y  .

W e  l e t  X q ( X , Y  ) ( r e s p .  /\ q ( X , Y ) )  d e n o t e  t h e  s e t  o f  l i m i t  v e c t o r s  f o r  w h i c h  

( b )  ( r e s p .  ( b 1 )) f a i l s .

X 0 ( X , Y )  =  ?  \  s 3  í x i } ^ x  Y  » A  =  l i » Ü  4 - T =  l i m  T x  x ?

i J

A 0 ( x , y )  =  (  A  * 3  » X  =  l i m  < t  t  =  l i m  T x  x  ?
|x 7 t t (x 7)| i J

I n  E x a m p l e  6 . 1  , A q ( X , Y )  = {(  Os 0: l ) ]  , J < q ( X , Y )  = 0: a: b )  : b = K ) | .  

I t  i s  e a s y  t o  s e e  t h a t  ( w h e n  d i m  A q ( X , Y  ) i s  d e f i n e d ) ,

d i m  A 0 ( X , Y  ) +  d i m  Y  ^  d i m  * X q ( X , Y  )

i f  ;x 0 (x ,y ) # = ç z s .

I f  X  i s  ( a ) - r e g u l a r  o v e r  Y  a t  0  , t h e n  b y  t h e  p r o o f  o f  ( 0 . 4 )  t h a t  

( b )  i s  e q u i v a l e n t  t o  ( a )  + ( b 1 ) ,

3 < 0 (x ,y ) o  A 0 (X »Y ) ®  T 0Y  ’

a n d  h e n c e ,
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d i m  'J<.0 ( X , Y  ) d i m  f t  ( Z , Y )  + d i m  Y  .

T h u s  i f  ( a ) - r e g u l a r i t y  h o l d s  a n d  A  q ( X , Y  ) -=/b (or, e q u i v a l e n t l y ,  J < q (X, ¥ ) * £ ? ) ,

d i m  J < 0 ( X , Y )  = d i m  A 0 (x > Y )  + d i m  Y  .

T h a t  is ,  t h e  d i m e n s i o n  o f  ^ q ( X , Y )  d e t e r m i n e s  t h e  d i m e n s i o n  o f  J ( q ( X , Y ) ,  

s o  t h a t  w e  c a n  r e s t r i c t  o u r  a t t e n t i o n  t o  A q ( X , Y ) .

W e  s a y  t h a t  X  ¿ s  ( b  ^  ^  )- r e g u l a r  o v e r  Y  a t  0  f o r  0 ^  k ^  c o d  Y  —  1 , 

■when Y  i s  l i n e a r  (a s  i t  w i l l  b e  t h r o u g h o u t  t h i s  f i r s t  p a r t  o f  § 6 ) ,  i f

( b C o d  jj) T h e r e  i s  a n  o p e n  d e n s e  s u b s e t  o f  t h e  s e t  o f  l i n e a r  s u b s p a c e s  o f

c o d i m e n s i o n  k  c o n t a i n i n g  Y  , s u c h  t h a t  i f  L £ o £ ,  L / + \ X  n e a r  0  , 

a n d  X  f\ L  i s  ( b ) - r e g u l a r  o v e r  Y  a t  0  i n  L  .

W e  m u s t  s u p p o s e  L  f a  X  t o  b e  a b l e  t o  t a l k  o f  ( b ) - r e g u l a r i t y  o f  X  n  L  

o v e r  Y  . I n  t h e  c a s e  w h e r e  X  i s  t h e  n o n s i n g u l a r  p a r t  o f  a  f a m i l y  o f  c o m p l e x  

a n a l y t i c  h y p e r s u r f a c e s  w i t h  s i n g u l a r  l o c u s  Y  , t h e r e  i s  a  Z a r i s k i  o p e n  d e n s e  

s u b s e t  o f  t h e  s e t  o f  l i n e a r  s u b s p a c e s  o f  ( c o m p l e x )  c o d i m e n s i o n  k  c o n t a i n i n g  

Y ,  c o n s i s t i n g  o f  s u b s p a c e s  t r a n s v e r s e  t o  X  ( m o r e o v e r  t h e  t o p o l o g i c a l  t y p e  o f  

t h e i r  i n t e r s e c t i o n  w i t h  X  i s  w e l l - d e f i n e d  : s e e  C h a p t e r  1 , <|l o f  ).

I t  w a s  t h i s  s i t u a t i o n  w h i c h  m o t i v a t e d  t h e  w o r k  i n  t h i s  s e c t i o n  : s e e  N o t e  6 . 9  .

T h e  f o l l o w i n g  t h e o r e m  s a y s  t h a t  ( b CO(^ ^ )  i m p l i e s  t h a t  d i m  /\0 ( X , Y ) < k  • 

H e r e  d i m  A q ( X , Y  ) i s  t h e  m a x i m a l  i n t e g e r  r  , - 1  ¿r r  ^  c o d  Y  -  1 , f o r  w h i c h

«  a  y

A q ( X , Y )  h a s  a  p o i n t  n e a r  w h i c h  i t  i s  a  d i f f e r e n t i a b l e  s u b m a n i f o l d  o f  ( © )

o f  d i m e n s i o n  r  . T h i s  i s  t h e  s a m e  a s  t h e  u s u a l  d i m e n s i o n  o f  A q ( X , Y  ) w h e n  

X  i s  s u b a n a l y t i c ,  f o r  t h e n  A Q ( X , Y ) i s  t h e  u n i o n  o f  c o u n t a b l y  m a n y  c o m p a c t  

m a n i f o l d s - w i t h - b o u n d a r y  o f  v a r y i n g  d i m e n s i o n s ,  t h e  l a r g e s t  o f  w h i c h  b e i n g  t h e  

d i m e n s i o n  o f  A Q ( X , Y )  ; t h i s  w i l l  f o l l o w  f r o m  t h e  p r o o f  o f  t h e  t h e o r e m .
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We point out that a section of a pair (X,Y) , as in the title of ¿6 , is 

a linear subspace of IR11 containing Y , which is assumed to be linear. Thus 

Theorem 6.2 describes the extent to which generic seutions detect (b)-faults.

Theorem 6.2 : Let Y be a linear subspace of ®n containing 0 , and

2 nlet X be a C submanifold (resp. and a subanalytic subset) of IR such

that Y c. x - X . Suppose there is an open dense (resp. dense) subset

of the set (of linear subspaces of codimension k ija IRn which contain

Y ) such that L € implies L <tv X near 0 and XAL ijs (b)-regular

over Y at 0 .

Then dim A q(X,Y) <  k .

Proof t We first state two assertions which we shall prove once we have 

shown how they give the theorem.

Assertion 6.3 » Let Y C IR be linear. 0 G Y , and X & C submanifold

of |Rn , Y O  X - X , such that dim A Q(X,Y) « i ^  k .

Then there is a dense subset of a nonempty open subset o£° of

</. ̂  , suoh that if L € d , there is a sequence f  x^l in X C\ L such that 

x. tends to 0 as i tends to oo , and lim lim T_ X .
1 -------------  ~  -------------  —  v f i r j  z i

Assertion 6.4 * In Assertion 6.3 . if X is also a subanalytic subset of 

tRn , we may take » JL £ .

(The conclusion of Assertion 6.4 is that there is a nonempty subset of 

consisting of linear sections containing "bad" sequences, and that this 

subset may be taken to be open, not merely dense in some open set.)
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S u p p o s e  t h a t  T h e o r e m  6 . 2  i s  f a l s e .

T a k e  Y  a n d  X  w h i c h  s a t i s f y  t h e  h y p o t h e s e s  o f  T h e o r e m  6 . 2  t a n d  y e t

d i m  A vq ( X , Y )  = i ^  k  .

A s s u m e  f o r  t h e  m o m e n t  t h a t  X  i s  n o t  s u b a n a l y t i c ,  a n d  a p p l y  A s s e r t i o n  6 . 3  •

cl
A s s e r t i o n  6 . 3  g i v e s  , w h i o h  i s  d e n s e  i n  t h e  n o n e m p t y  o p e n  s u b s e t

o f  , a n d  h e n c e  m e e t s  t h e  o p e n  d e n s e  s u b s e t  o f  d e s c r i b e d

i n  t h e  h y p o t h e s e s  o f  T h e o r e m  6 . 2  .

T a k e  L  6  «¡f^* A  ^  . T h e n  L  <t\ X  n e a r  0  a n d  ( X O L , Y ) g  i s  ( b ) - r e g u l a r .  

H e n o e  f o r  a l l  s e q u e n c e s  { i n  X  A  L  t e n d i n g  t o  0  ,

l i m  x i ^ x i )  C Z  l i m  T  ( x n L )  .

x *

B u t  T  ( X O L )  C  T  X  f o r  a i l  i . a n d  s o  l i m  T  ( X f l L )  CL l i m  T  X  .

x i X i  X i X i

T h u s ,

l i m  x i ^ x ± f  l i m  T  X  .

V t T x T T  x i

H o w e v e r  t h i s  i s  n o t  t r u e  f o r  a l l  { * ¿ 1  i Q  X r t L  s i n c e  L & X ^  ♦ b y  

A s s e r t i o n  6 . 3  • T h u s  w e  f i n d  a  c o n t r a d i c t i o n ,  s h o w i n g  t h a t  T h e o r e m  6 . 2  i s  

v a l i d  w h e n  X  i s  n o t  s u b a n a l y t i c  s o  l o n g  a s  A s s e r t i o n  6 . 3  i s  t r u e .

T h e  a r g u m e n t  f o r  s u b a n a l y t i c  X  i s  s i m i l a r  * t h e  d e n s e  s u b s e t  o £ k ' o f  

J .  m u s t  m e e t  t h e  o p e n  s u b s e t  o f  ¿ C g i v e n  b y  A s s e r t i o n  6 . 4  •

W e  s h a l l  h a v e  t o  p r o v e  A s s e r t i o n s  6 . 3  a n d  6 . 4  s e p a r a t e l y ,  b u t  w e  f i r s t  

s e t  u p  t h e  s i t u a t i o n  w h i c h  i s  c o m m o n  t o  b o t h .

R o t a t e  t h e  c o o r d i n a t e  a x e s  s o  t h a t  Y  = |Rn  m  x  0 m  . L e t  d i m  X  * d  .
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Define ^ : X --> G™ x and let G denote the closure of the graph of

x *  ( * 3 £ e)> t X )
|x7T(xj| X

'fi in fcìn X g“ X G^ (ve irrite G® for G“(fi),etc. ). Since X is C¿ , fi

From now on we write A for ) . Observe that

l \ = q(G n p_1(0) n (iRn x B)) .

'*V/ /V / Jfl

Given a subsoace L in oL, we can write L = Y x L where L E G  , .k m-k

Given A G. G^_k , write A* = ^ Q. £ G™ s He. A J cS G™ .

Let Dq be a compact coordinate disc (of dimension m-1 ) for A  as a

1 m A
C submanifold of G^ of dimension i . Dq exists by hypothesis on dim A .

Proof of Assertion 6,3:

* d
Lemma 6.5 : There is a dense subset -7.^ of the open set

Assuming Lemma 6.5 , let L e , and let ^ b e  a sequence of points

= £ L £ o L k î (L)* à\ r \ on f \ n D0 j

such that for all L €<£k , L à  X near 0 and there is an open ball BL 

such that (i) B-. C  Kn x B and q.(BT ) CZ DQ ,

(ii) if Fl = q. (L)*nGn3L np (X)n^z€G : Gfl\ q (L)* at zj , 
then q ^(i^PlG rvB^np^iO) has nonempty intersection with F^ .

is a C map. Let p and q denote the projections from K x G, x G , onto

¿i ni vi n
If t is a line through 0 in R , let £, denote the line in IB

given by the inclusion 0n-m x tRm <=— > (Kn . Then B = f(£ ,T )G G *  x G* : £

is an open subset of G™ x

JRn and G™ respectively. p \y(v) is a C diffeomorphism.

rn 
Gd *

J °
k

in Ft tending to a limit z in q” (L)*n G ftBT r\ p” (0) . Let x. = p(z. )
J b  U  ±j 1 1

for all i . Then { x i s  a  s e q u e n c e  o f  p o i n t s  i n  X t e n d i n g  t o  p ( z q )  = 0  .

Also for all i , X; 6 L  since (x±)) €  (L)* . Finally
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lira xiTCW '  = <$- C = lim T X since ( 0, î , t ) 6 íT C  fi, C  tln x 3 ,

t v ^ ) |  xi

by (i) and. (ii) of Lemme 6.5 , and so ( Û. , C ) B 13 , i.e. ¿ct-c . This

completes the \>rooi' of Assertion 6.3 .

Proof of Lenina 6.5 :

Sublerama 6.6 : Given a retraction r : D_ --^ Art D~ , there is a----------  ------  --------  j ' 0 7 ---------

dense subset ¥ of A f\ Dq such that if fe , (roq )“ (̂ H ) contains 

a sequence in p"\x)nSn(En x B) tending to a point in p ^(0)nq "*"(Dq)

such that (roq)_ (̂(2.) is transverse to G a/t â  for all i .

Proof (after L. Siebenmann) :

Let WN = ( d fc NaD0 * 3 a* € G A(r cq)' ( £ ) with (r ©q)~ ( d ) <TV G 

at â  and 0 <  |l̂“(,p(â ) )j 1/K J  , for 1. a positive integer, â  is inside 

a region R,T of radius l/N around p-̂  (0) . W.T is open since transversalitylv 1\

is an open condition. is dense (and hence nonempty) by Sard's theorem

applied to the map (ro r\q-1(D ) * Ho'fce b̂at GnR^.Aq "̂(Dq ) is
U 0

nonempty since,

( A AD0) CîÎp'V) n(GARHAq_1(D0)) ) .

Because Art Dq is a C manifold, it is locally compact and Hausdorff,
oo

and hence is a Baire space. Thus Vi = is dense in A o  Dg • Given
17=1

(L & W > there is a limit point of  ̂ in p "'’(O) since p (̂0) is compact

(p”*\o) =  G™ x G^ ) . This limit point will be in q ^(Dq) since Dq is

closed. Then W satisfies the properties required for Sublemma 6.6 .

I'.ow we can prove Lemma 6.5 •

Given L in with (£)* fa A at I in A  rtDQn(£)* > there is a

neighbourhood U of L in the k-dimensional family in which is defined

by the (k+1)-dimensional linear subspace orthogonal to L and containing the 

line £ , such that if L'6 U , (L* )* in An D0 . [(L1 )* s L'6 u ]
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d e f i n e s  a f o l i a t i o n  o f  c o d i m e n s i o n  k  t r a n s v e r s e  t o  A  n e a r  .

C h o o s e  a C 1 r e t r a c t i o n  r  : D Q  ---- }  f \ r \  D Q  s u c h  t h a t  r - 1 ( £ . ) c .  ( X ) *

a n d  f o r  a l l  i n  s o m e  n e i g h b o u r h o o d  o f  H  i n  A  f \ D 0  , r “  ( £ • ) £ :  ( L * ) *  ,

w h e r e  L*  is  t h e  e l e m e n t  o f  U  s u c h  t h a t  £  ( L * )* • B y  S u b l e m m a  6 . 6  ,

a r b i t r a r i l y  n e a r  (L t h e r e  i s  s o m e  Q ] e, ¥  . H e n c e  a r b i t r a r i l y  n e a r  L  i n

t h e r e  i s  s o m e  L* ( i n  U  ) w i t h  (fT* )* 4 \  t \  i n  D q  an<i s u c h  t h a t

q - ^'((L1 )* )  c o n t a i n s  a  s e q u e n c e  o f  p o i n t s  i n  G  f\((Rn  x  B )  t e n d i n g  t o  a

l i m i t  a ^  i n  G O p  ‘'’( O ) n  q~"^( (L*')* )  s u c h  t h a t  f o r  a l l  i , q  '*’( ( L ' ) * )  i s

t r a n s v e r s e  t o  G  a t  a. . C h o o s e  a n  o n e n  b a l l  B T , a r o u n d  a A  s u c h  t h a t
l - L 1 0

q ( B ^ , ) C  D q  a n d  B ^ ,  C. R n  x  B  . T h e n  ( i )  a n d  ( i i )  o f  L e m m a  6 . 5  a r e

—  —1  ^  —I
s a t i s f i e d  s i n c e  a ^  € L  F ^ ,  H q ~  ( ( L 1 ) * ) r v G  A B ^ ,  O p  ( 0 )  . T h i s  c o m p l e t e s  t h e

p r o o f  o f  L e m m a  6 . 5  •

P r o o f  o f  A s s e r t i o n  6 . 4  *

L e m m a  6 . 7  * T h e r e  i s  a  c o m p a c t  c o o r d i n a t e  d i s c  D  f o r  f \  a s  a  s u b m a n i f o l d

in X
o f  d i m e n s i o n  i _in G ^  , w i t h  D  <Z I n t  D q  , s u c h  t h a t  i f  T  i s  a  C s u b 

m a n i f o l d  o f  G ^  o f  d i m e n s i o n  ( m - k - 1 ) w h i c h  i s  t r a n s v e r s e  t o  f \  o n  D A ^  , 

t h e n  t h e r e  i s  a n  o p e n  b a l l  B ^ c  R n  x  B  s u c h  t h a t ,

( i )  B T  C i R n  x  B  a n d  q ( B ^ ) o D ,

( i i )  = q - 1 (T ) o  G  ( \  P _ 1 ( X ) n  B ^  i s  a  s u b m a n i f o l d  o f  G  o f

c o  d i m e n s  i o n  k  .

( i i i )  0  =*= c f 1 ( T ) A G f \ p “ 1 ( 0 ) n B T  C  F t  .

Vie l e a v e  t h e  p r o o f  o f  L e m m a  6 . 7  f o r  t h e  m o m e n t .

L e t  = f L  6  d £ k  : ( £ ) *  4 \  h  o n  . L e t  = p ( F ^ * )  f o r  L

i n  » B y  L e m m a  6 . 7 ( i i )  a n d  t h e  f a c t  t h a t  p f y ( x )  * s a  ^  d i f f e o m o r p h i s m  »

i s  a  C'*’ s u b m a n i f o l d  o f  X  o f  c o d i m e n s i o n  k  , a n d  0  €  b y  ( i i i )  .

A l s o  if x  £  M l  t h e n  q ( ^ ( x ) )  6  ( L ) *  b y  d e f i n i t i o n  o f  > a n d  h e n c e
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Let fx.^ be a sequence in Iv̂ tending to 0 as i tends to oo. To
1  JJ

complete the proof of Assertion 6.4 we must show that

Jt  = lim xi ̂ * i  ̂ (£- lim T X = X - • 
/xi ir(xi)| xi

Now for all i (xi,^(xi)) & F(£’)* » Dy °* Lemma 6.7 and the definition

of . Hence ( 0, lim^(xi)) = ( 0, £ , T ) e  P ^ ^ C B ( l )*C  ^  x B usin&

(i) and (ii) of Lemma 6.7 • Thus ( t ,C ) €: B , i.e. »by the

definition of B . This completes the proof of Assertion 6.4 •

Proof of Lemma 6.7 s First, G is subanalytic in Rn x G™ x . For

we can partition X into a locally finite set of real analytic submanifolds

by [l2̂ | (See also [10^ and £40^ ) , then complexify each real analytic

part, apply the argument of §17 in ¡46J , take real parts, and finally take
closures, using that the closure of a subanalytic set is subanalytic £12] .

2
The closures natch tip since X is C .

Then apply Lemma 4*8.3 of [12] to G to give a (b)-regular 

stratification (̂ . of G such that G O p  ^(Y) and Gflp ^(0) are each the 

union of strata of . Since f\ = q(G Ap~^(0) (\ (lRn x B)) has dimension i 

there is some stratum S of contained in G 0 p 1(0) such that

dim (q(S)fvDQ) = i . By the implicit function theorem there is an open subset

V of S contained in tftn x B such that q(V) C  A fM>g is a submanifold

of dimension i , and q|v has rank i . Let D be a compact coordinate disc 

for DQnq(V) as a submanifold of dimension i .

Suppose T is a submanifold of dimension (m-k-l) in G^ , transverse

to A  on D A  f[ . Then q”^?) is transverse to S on V since qj^ has 

constant rank. Let z € V A q -1(T) . By (a)-regularity of (£ there is an open 

ball B^ in IRn x B such that z e ( ^ n s ) c V  and such that q_1(T) is

ru ̂ ( x ))c L fcy definition of ( )* , so that x ̂  1t(x) X L C x X L  = L .

Thus k, C L for L fe .
Jj k
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transverse to every stratum of ^ within 3^ . vie may further suppose that 

<i(B.p)c D , proving (i) of Lemma 6.7 •

By definition of G , there is a stratum of C  , not meeting p ^(Y) ,

such that z Ä S-, , i.e. S A S, . Then by 10.4 of [21 \ ,

Repeating :.ie argument given above for S for each stratum of CL in p” (0) 

adjacent to S we find that q ^(T)AG Op~^(0)f\B,., is nonempty and contained 

in Frp , where F̂, = q 1(T )f\ G Ap-^(X) , and that Fif is a C1 

submanifold of G of codimension k . This proves (ii) and (iii) and 

completes the proof of Lemma 6.7 •

We have now completed the proof of Theorem 6.2 .

Note 6»8 : (l) In the proof of Lemma 6.7 we cited the result of Mather 

(10.4 of 1̂ 2l"} ) that if X is (b)-regular over Y in |Rn and S is a 

submanifold of (Rn transverse to Y then S Y C  S A X . It is amusing that 

for complex analytic X , Y , and S , this follows from (a)-regularity : see 

the appendix of £25") .

Note 6.9 ♦ In the context of a family of complex hypersurfaces with isolated 

singularity, if one could prove that Ĵ A(P̂ .) constant implies that

dimc AqÎ?” (0) - (0 x C ) , 0 x d ) 4* 0 ,

then using Theorem 6.2 we would obtain an inductive proof of the result of 

Teissier that fJt* -constant implies (b)-regularity for the pair 

(P^CO) - (0 x Ck ) , 0 x ( £30] ) .

In the only known examples of a |4-constant family which is not (b)-regular 

(due to Briancon and Speder), dim^ A. ( F “ 1 ( 0 )  - ( 0  x Ck ) , 0  X ck ) > o  .

c  ( T ) f t S A 2 n  ^  q“1(T).ASinBfa .

(2) If X , Y are complex analytic in C we obtain the same 

theorem, but involving complex linear subspaces of complex codimension k , and 

with the conclusion that dim_ A q(X,Y ) <  k .
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F o r  e x a m p l e ,  c o n s i d e r  F (  x, y ,  z, t )  = x 3  + t x y 3  + y ^ z  +  z ^  ( d u e  t o  

o p e d e r .  Cf. C.^3 ) • A n a l o g o u s  t o  t h e  c a l c u l a t i o n  i n  [2 ] w e  f i n d  t h a t  ( b )

f a i l s  o n  a  c u r v e  ^ l u ) = ( h(ctfu 3 )ctfu3 , u  ) w h e r e  h  : (t ---->  C

s a t i s f i e s  h ( 0 ) = 1  a n d  h ( y ) y ^  + ( h ( y ) y ) ^  = y ^  ( h  e x i s t s  by t h e  i m p l i c i t  

f u n c t i o n  t h e o r e m ) ,  a n d  OC , ^  a r e  c o m p l e x  n u m b e r s  d e f i n e d  b y  t h e  e q u a t i o n s

+  0 ( 5  = 0  , +  C ( ?  = 0  . T h e  l i m i t  o f  o r t h o g o n a l  s e c a n t  vecio>rs

^  i s  ( 0 : 1 : 1 ) a n d  t h e  l i m i t  o f  n o r m a l  v e c t o r s  i s

2  2  \
( 0  : 3 f >  + 4 «  : (X ) . A  i s  n o t  c o n t a i n e d  i n  t h e  l i m i t i n g  t a n g e n t  s p a c e

o r t h o g o n a l  t o  V  s i n c e  3 +  5 &C ^  0  .

N o w  c o n s i d e r  t h e  c u r v e  & 6 ( u ) ' ( &  u 5 ’ “ ‘e  u ^ ,  h Q  ( o ( q  u 3 ( l +  0 ), u  )

w h e r e  9  6  I  , I 0 1 <T £  f o r  s o m e  p o s i t i v e  £  <  1  , a n d  h  . s $ — C
©

s a t i s f i e s  h g ( 0 ) = 1  a n d  h ^ ( y ) y ^ ( l + 0 ) +  ( h g  ( y ) y ( l +  $■) )^ = y ^ ( l + 9 ) , 

a n d  0 (.^ , ^ 0  a r e  c o m p l e x  n u m b e r s  d e f i n e d  b y  t h e  e q u a t i o n s

£ q 3  +  < * & 3 @ e  +  ( l + 8 )(tfQ5  - 0  , 3 | ^ 2  + 0 ( Q 3  -  0  . T h e n  )\Q  * ( 0  : 1 : 1 +  $  ) ,

2  2  \
a n d  - V a  - ( 0 i 3 ^  +  4 ( 1 + 0 ) 0 (e c : C * ^ )  . i s  n o t  c o n t a i n e d  i n  t h e

2
l i m i t i n g  t a n g e n t  s p a c e  o r t h o g o n a l  t o  s i n c e  3 ^ ^  + 5 ( i + 9 ) < * 0  0  f o r

s m a l l  0  , i . e .  f o r  £ ,  s u f f i c i e n t l y  s m a l l .  A s  0  v a r i e s  w e  o b t a i n  a  c o m p l e x

1 - d i m e n s i o n a l  s u b s e t  o f  A 0 ( x  , Y ) a n d  t h u s  d i m ^  A q ( X , Y  ) ^  1 . I n  f a c t  

d i m ^  A q ( X , Y  ) = 1  h e r e  s i n c e  t h e  f a m i l y  i s  e q u i m u l t i p l e  ( w i t h  m u l t i p l i c i t y  3),  

w h i c h  i s  t h e  s a m e  a s  s a y i n g  t h a t  ( X A L , Y )  i s  ( b ) - r e g u l a r  f o r  g e n e r i c  c o m p l e x  

l i n e a r  s u b s p a c e s  L  o f  c o d i m e n s i o n  2 c o n t a i n i n g  Y  , o r  a g a i n  t h a t  X  n  L  = 

f o r  g e n e r i c  L  . ( R e c a l l  X  = F  ^ ( 0 )  -  ( 0  x  C )  , a n d  Y  = O x ® ,  t h e  t - a x i s )

N o t e  6 . 1 0  ( a d d e d  1 9 Ô 0 )  * W h e n  X  i s  s u b a n a l y t i c  a n d  Y  i s  1 - d i m e n s i o n a l  

V i c e n t e  N a v a r r o  A z n a r  a n d  t h e  a u t h o r  h a v e  o b t a i n e d  a  c o n v e r s e  t o  T h e o r e m  6 . 2 ,  

i . e .  a  p r o o f  t h a t  d i m  A <  k  i m p l i e s  ( b C Q d  fe) . I f  e i t h e r  o f  t h e s e  t w o  

c o n d i t i o n s  i s  n o t  s a t i s f i e d  w e  h a v e  e x a m p l e s  s h o w i n g  t h a t  t h e  c o n v e r s e  t o  6 . 2  

d o e s  n o t  h o l d  i n  g e n e r a l .  F o r  d e t a i l s  s e e
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P a r t  I I  . P r e s e r v a t i o n  o f  (b  )- r e g u l a r i t y  u n d e r  g e n e r i c  s e c t i o n s .

L e x  X  , Y  b e  C'*' s u b m a n i f o l d s  o f  tRn  ? a n d  0  fc Y  C 2 a  -  X  . lie c a l l  a  

C'*’ s u b m a n i f o l d  o f  d i m e n s i o n  ( n - k )  c o n t a i n i n g  Y  a  s e c t i o n  o f  o o d i m e n s i o n  

k  ( c o d  Y  •< k  ^  0 ) . ( T h i s  t e r m  w a s  r e s e r v e d  f o r  l i n e a r  s u b s p a c e s  i n  P a r t  I . ) 

D e n o t e  t h e  s e t  o f  g e r m s  a t  0  o f  s e c t i o n s  o f  c o d i m e n s i o n  k  b y  ¿5 . I n  t h e  

n o t a t i o n  o f  W h i t n e y  M  [ 4 7 ] ,  t h e  s e t  o f  l i m i t s  o f  t a n g e n t  p l a n e s  t o  X  

g i v e n  b y  s e q u e n c e s  o n  X  t e n d i n g  t o  0  i s  t T ( X , 0 )  CL ^ (  R )  . L e t

d e n o t e  t h e  s u b s e t  o f  c o n s i s t i n g  o f  g e r m s  a t  0  o f  s e c t i o n s  S o f

c o d i m e n s i o n  k  s u c h  t h a t  T QS  i s  t r a n s v e r s e  t o  e v e r y  e l e m e n t  o f  ^ C ( X , 0 )  i n  

T ^ 11 . W e  g i v e  t h e  t o p o l o g y  i n d u c e d  f r o m  t h e  t o p o l o g y  o n  G ^ _ ^ (  ® )  b y

t h e  m a p  (S' V- -—>  .

T h e o r e m  6 « 1 1  : L e t  X  b e  (b  )- r e g u l a r  o v e r  Y  a t  0  , a n d  l e t  S  b e  a  

r e p r e s e n t a t i v e  o f  <3“ <9. * 5 ^  . T h e n  S  X  n e a r  0  a n d  X A  S  _is ( b ) - r e g u l a r  

o v e r  Y  a t  0  .

P r o o f  : I t  s u f f i c e s  t o  p r o v e  t h e  r e s u l t  f o r  k  = 1 , s i n c e  w e  m a y  c o n s i d e r  

a  s e c t i o n  o f  c o d i m e n s i o n  k  a s  t h e  i n t e r s e c t i o n  o f  k  s e c t i o n s  o f  c o d i m e n s i o n

1 . L e t  <£- , a n d  l e t  S  b e  a  r e p r e s e n t a t i v e  o f  C  . I t  i s  c l e a r  t h a t  

S  X  n e a r  0  , s o  t h a t  i t  m a k e s  s e n s e  t o  t e s t  f o r  ( b ) - r e g u l a r i t y .

L e t  a n d  f y j f  b e  s e q u e n c e s  i n  X  fi S a n d  Y  t e n d i n g  t o  0  s o  t h a t

x iy i t e n d s  t o  , T _  (X  a  S ) t e n d s  t o  a n d  T „  X  t e n d s  t o  C  •
I " n ' 1 * X  . b  X  .

x i^il

T q S  /t\ C  s i n c e  S 6  , a n d  c l e a r l y  C g  C T O  T Q S  . T h u s  C g  = C  A  T Q S * 

S i n c e  X  i s  ( b ) - r e g u l a r  o v e r  Y  a t  0  , . B u t  S  i s  a

s u b m a n i f o l d ,  a n d  t h u s  ) \ C .  T ^ S  , a n d  X c  ' T ’g  > s h o w i n g  t h a t  X  A  S i s

( b ) - r e g u l a r  o v e r  Y  a t  0  , a n d  c o m p l e t i n g  t h e  p r o o f  o f  t h e  t h e o r e m .

I f  - S w e r e  o p e n  a n d  d e n s e  i n  ( i n  t h e  t o p o l o g y  g i v e n  b y  t h e  t a n g e n t s
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at 0) , we would have proved that (b) implies (bCo(̂  • Our next result 

will give sufficient conditions for this to be so.

Theorem 6.12 : Let P  C  Gn be a subset of Hausdorff dimension at most--------------------- -----  p+q ------------------------------------------------------------------------

p - k . Let Y = Eq x 0n-q O  tRn . Then S I = ?HgG^_k | Yc H and HrhT,VTePj 

is a dense subset of £h£G^ k J YcHj .

Proof : Write Yx = 0q x IRn"q , and let P ± = £ T € P  ] dimE (TnYA) = p+i]  . 

Then P  = P  q ̂  U • • • P r , where r = inf (q, n-p-q) , and so 
p

S i  *  , where j f l . » f  H eGn . I y C H and H /ti T , V T £ P . ? . Note that
i_0 1 1 <- n-K | l

dim P^ dim P  < p-k+1 , so that we can assume P  = P  ̂  . Also if Hn Y"*" 

and T a Ŷ * are transverse in Y it follows that H and T are transverse 

in IRn , and thus it will suffice to prove the theorem in the case of q = 0 .

Also because dimP^ <  p-k+1 <  (p+i)-k+l (i^ l) , if we prove the result 

when P  = P Q , this will include the case when P  = P  ̂  (i ^1) • We are 

left with the following lemma to prove.

Lemma 6.13 * Let P .  C  On have Hausdorff dimension at most p-k . Thenv/ P

S L  0 » { H € G^_k | H/*vT , v  T & P 0 J is dense in G*_k .

Proof of Lemma 6.13 * Let

A j - {(H,T)6G“_k x g“ | dimE (HnT) = p-k+j, and T 6 P ()'| (l^jin-p).

Then if IT n : Gn , x Gn — ^ Gn n denotes projection onto the first factor.1 n—K p n—k 7
n-p^

•n-o - C k  - Aj;) . It will suffice to show that dim^ A.. is less
0*1

than k(n-k) = dim G^ k , where dirâ  denotes Hausdorff dimension, for each
” n-p n-p

0 > 1 j ̂  n-p . For then dim, "TC, ( (J  A . ) <  k(n-k) , so that 'f t ', ( \ J  A.)
1 0=1 3 0=1 3

has nonempty interior in k ’ and ^ence complement <i"̂ Q will be dense.

Now A. fibres over P  by projection (H,T) |— > T  , with fibre 

Aj,T = fH 6 Gn-k | dim (H n T ) = P“k+o] • Hence dim^ Â. « dim^ A^ T + .

Also A. _ fibres over G^ by intersection H »— * H a T with fibre
J* 1 p—K+ J

isomorphic with (}n“P+k“0 .
n-p-o
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Thus dim, A . „ = dim , + dim Gn”P+k"'̂
h o,T P-k+o n-p-3

= (k-j)(p-k+j) + k(n-p-j)

= k(n-k) - j(p-k+j) .

Since dimh P 0 <  p-k+1 , we obtain

dimh Aj ^  k(n-k) - (j-l)(p-k+j) ,

This completes the proof of the lemma and hence of the theorem.

Corollary 6.14 * Let X , Y be C submanifolds of tRn , and 0 Q Y A (X - X).

Proof : Apply the theorem to show density. Becamse x(X,0) is closed it is 

also compact and the required openness follows easily.

Corollary 6.15 * If Y is linear, X _is (b)-regular over Y at 0 and 

X (x»0) has Hausdorff dimension at mpst dim X - dim Y - k , then X is 

(bcod ^ -regular over Y at 0 .

Proof : Apply Theorem 6.11 and Corollary 6.14 .

Mote 6.16 : If x is subanalytic, T(X,0) is also subanalytic and its 

Hausdorff dimension coincides with the maximal dimension of a stratum of an 

analytic stratification. See Lemma 2.7 .

Note 6.17 * An example described by Mark Goresky at I. H. E. S. in June 

1979 shows that the dimension hypothesis in Corollary 6.15 is required in 

general. For details see 157] . This example is not subanalytic ; however 

semialgebraic examples have recently been found of (b)-regular pairs (X,Y) 

for which T(X,0) = dim X - dim Y (again see T57J ) , although Teissier 

has shown that these cannot occur in the complex analytic case C5&1 •

hence dim, A .
h n

<  k(n-k) as required.

If -C(X.O) in Gdimx has Hausdorff dimension at most dim X - dim Y - k ,

then $ k is open and dense in S ̂  .
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7* S t r o n g e r  g e n e r i c  r e g u l a r i t y .

L e t  X  b e  a  s u b m a n i f o l d  o f  iRn  , a n d  a  s u b a n a l y t i c  s e t .  L e t  Y  b e

a n  a n a l y t i c  s u b m a n i f o l d  o f  H  s u c h  t h a t  0  6 T C X  -  X  .

A c c o r d i n g  t o  V e r d i e r  [ 4 0 ] ,  X  _is ( w ) - r e g u l a r  o v e r  Y  a t  0  if,

( w )  T h e r e  i s  a  c o n s t a n t  C >  0  a n d  a  n e i g h b o u r h o o d  U  o f  0  i n  R n  s u c h

£
t h a t  i f  x e u n x ,  y e U O Y ,  t h e n  d ( T  X , T  Y ) ^  ( %  -  y \ [  .

x  y

V e r d i e r  p r o v e s  t h a t  ( w )  i m p l i e s  ( b )  . H e r e  w e  g i v e  a n  e x a m p l e  s h o w i n g  

t h a t  ( b )  d o e s  n o t  i m p l y  ( w )  , e v e n  f o r  a l g e b r a i c  s t r a t a .

E x a m p l e  7 » !  * I n  IR3 w i t h  ( x,  y ,  t )  a s  c o o r d i n a t e s ,  l e t  V  h e  

£ y 4  = t 4 x  +  x 3 ^ .  L e t  Y  b e  t h e  t - a x i s ,  a n d  X  b e  (V  -  Y ) .

X

F i g u r e  s t = O  . F i g u r e  ï t = #  O  .

F r o m  t h e  f i g u r e s  i t  i s  c l e a r  t h a t  V  i s  a  t o p o l o g i c a l  m a n i f o l d  n e a r  0  , 

a n d  i n  p a r t i c u l a r  t h a t  X  i s  t o p o l o g i c a l l y  t r i v i a l  a l o n g  Y  . I t  w i l l  f o l l o w  

f r o m  t h e  c a l c u l a t i o n s  o f  § 8  t h a t  X  is ( b ) — r e g u l a r  o v e r  Y  a t  0  . I n  f a c t  

i n  t h i s  e x a m p l e  X  i s  t r i v i a l  a l o n g  Y  : V  is  a  s u b m a n i f o l d .  W e  s h o w

t h a t  a t  0  t h e r e  is a  u n i q u e  l i m i t i n g  t a n g e n t  p l a n e ,  w i t h  n o r m a l  ( 1 : 0  : 0  ) 

a  c h a r t  f o r  V  a t  0  f o l l o w s  e a s i l y .

3|t S e e  A d d e n d u m  7 * 1 3  f o r  t h e  d e f i n i t i o n  o f  d( , ) .
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T h e  n o r m a l  t o  X  a t  ( x, y,  t )  = ( x, ( t 4 x  + x 3 ) " ^ 4 , t )  i s

( 3 x ¿ + t 4  : - 4 ( t 4 x  + x 3 )3 / 4  : 4 t 3 x )  ( 1 . 2 )

S i n c e  X  i s  a l g e b r a i c  i t  s u f f i c e s  t o  c o n s i d e r  c u r v e s  o n  X  t h r o u g h  0  

d e f i n e d  b y  a n  a n a l y t i c  a r c  ^ ( s ) =  ( x ( s ),"b(s ) )  , s [ o , l ] |  . I f  |t(s ) A ( s ) (  

i s  b o u n d e d  a s  s t e n d s  t o  0  , t h e  n o r m a l  i s

(  3  +  t 2 ( t / x ) 2 s - 4 í t 4 / 3 ( t / x ) 8 / 3 +  x 1/ 3 )3/ 4  : 4 t 2 ( t / x )  )

a n d  t e n d s  t o  ( 1 : 0 : 0 ) .  I f  | t ( s ) / x ( s ) |  i s  n o t  b o u n d e d  a s  s t e n d s  t o

0  w e  s e t  x  = o t  + ( h i g h e r  t e r m s  i n  t ) ,  O ’ 0  . T h e  n o r m a l  b e c o m e s

(  3 c 2 t 2 + 2 ®  ,  t 4  :  - 4 ( c t 5 + 0  t  c V + 3 6  ) V 4  ,  4 o t 4 * 9 )

d i s r e g a r d i n g  h i g h e r  t e r m s .

9  >  1  : 4  - C  1 8 / 4  =  m i n  ( ( 1 5 / 4 )  + ( 3 9 / 4 )  ,  ( 9 / 4 )  +  ( 9 8 / 4 ) )  <  5 ^ 4 + 0  ,

h e n c e  t h e  n o r m a l  t e n d s  t o  ( 1  : 0  : 0  ) .

P  <  1  : 2 + 2 0  <  ( 9 / 4 )  + ( 9 0 / 4 )  <  ( 1 5 / 4 )  + ( 3 0 / 4 )  , a n d  s o  o n c e  

a g a i n  w e  f i n d  ( 1 : 0 : 0 ) .

A

5 "  4 - ^ J P ( 9 / 4 )  +  ( 9 Ô / 4 )

f

1-. I

I------------------------------------------------------------------------------------------------ J -----------------------

F i g u r e  : J u s t i f i c a t i o n  o f  t h e  i n e q u a l i t i e s  w h e n  Q  <  1 .

( w )  f a i l s  : C o n s i d e r  t h e  c u r v e  X ( s )  = ( s , ( 2 s  j1' 4 , s ) o n  X  . F r o m  

( 7 . 2 )  w e  f i n d  t h a t  t h e  n o r m a l  t o  X  a t  ^ ( s ) i s  ( 4 s 4  : - 4 ( 2 s 6 )3/ 4  : 4 s ^  ) 

a n d  h e n c e  t h a t  d ( T  ^ X , T QY ) = 4 s ' Y ( ( 4 s 4 )ii + ... s . iiow

II f c ( s )  - 1 T y ( ^ ( s ) ) | \  - | ( s 2 , ( 2 s 6 )1/ 4 , 0  )|| r ^ ,  s 3 / 2  . H e n c e  X  f a i l s  t o  b e  

( w ) - r e g u l a r  o v e r  Y  a t  0  .
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As a consequence (w)-regularity is not a C1 diffeomorphism invariant.

How we suppose that Y is linear (apply a local analytic isomorphism at

0 to (Rn ). Let IV denote orthogonal projection onto Y .

We can reformulate (w) by saying that for x , y near 0 , d(T X,T Y )

innrer
is bounded, and so in particular d(T X,TqY) is bounded for x near 0 •

tl x - -ft(x )|J

Then it is clear that if X is (w)-regular over Y at 0 then (X,Y )Q 

satisfies the ratio test (r) of Kuo (defined in [14] ) !

(r) Given any vector v e TqY , lim brxcv)l.iM| - o .

~ 0

Here denotes orthogonal projection onto the normal space to X at

x , so that |-TTx(v)| = d(TX, v) .

Kuo proved in M ,

Theorem 7»4 (Kuo) : (l) (r) implies (b) ,

(2) (b) implies (r) if Y is of dimension one.

However it is clear from the definition of (w) that it is a Cc diffeomorphism

invariant, or more precisely that it is invariant under a C diffeomorphism

with a Lipschitz derivative.

foote 7«3 J Ho example has been found so far of complex analytic strata for 

which (b) holds and (w) fails. In the special case of a family of complex 

hypersurfaces with isolated singularity parametrised by Y it is known that

(b) and (w) are e q u i v a l e n t .  ipkis is because (w) is a trivial consequence

of (c)-cosecance as defined by Teissier in [32] . It follows from PI and
p i ]  that (b) implies (c)-cosecance.
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P r o o f  s I n  e a c h  c a s e  t h e  p r o o f  i n  C u l  u s e s  t h e  c u r v e  s e l e c t i o n  l e m m a  w i t h  

t h e  a s s u m p t i o n  t h a t  X  b e  a  s e m i a n a l y t i c  s e t .  U s i n g  L e m m a  2 . 6  w e  c a n  u s e  t h e  

s a m e  p r o o f  w h e n  X  is a  s u b a n a l y t i c  s e t .

C o r o l l a r y  7 0  s ( w )  i m p l i e s  ( b )  .

E x a m p l e  7 . 6  : F o r  a n  e x a m p l e  s h o w i n g  t h a t  ( r )  d o e s  n o t  i m p l y  ( w )  a p p l y  

T h e o r e m  7 * 4  ( 2 )  t o  E x a m p l e  7 * 1  •

A c t u a l l y  w e  c a n  m a k e  m o r e  p r e c i s e  w h a t  w a s  p r o v e d  i n  [ 1 4 ]  . I t  i s  s h o w n  

t h e r e  t h a t  ( b )  i s  e q u i v a l e n t  t o  t h e  c o n j u n c t i o n  o f  ( a )  a n d

( r ‘ ) I f  t  D ? » l J  , is a n  a n a l y t i c  a r c  o n  X  w i t h  ^ ( 0 )  =  0  , t h e n

^ l i m  J-ir^(v)| jjg’it))! ^  o  w h e r e  v  i s  t h e  t a n g e n t  a t  0  t o  t h e  a r c  i n

Y  d e f i n e d  b y  1 t ° ^ ( t )  ( w h e n  n o n z e r o )  a n d  1 ^  i s  p r o j e c t i o n  o n t o  t h e

n o r m a l  s p a o e  t o  X  a t  •

I t  i s  o b v i o u s  t h a t  ( r )  i m p l i e s  ( a )  +  ( r ' ) , a n d  t h a t  ( a )  + ( r 1 ) i m p l i e s  

( r )  w h e n  Y  i s  o f  d i m e n s i o n  o n e .  W i t h  t h i s  i n  m i n d  w e  n o w  g i v e  a n  e x a m p l e  o f  

a  p a i r  o f  s e m i a l g e b r a i c  s t r a t a ,  w i t h  Y  o f  d i m e n s i o n  t w o ,  X  ( b ) - r e g u l a r  o v e r

Y  , a n d  w h e r e  ( r )  f a i l s  t o  h o l d  f o r  a  c u r v e  a n d  a  v e c t o r  v  s p a n n i n g

t h e  o r t h o g o n a l  c o m p l e m e n t  i n  T ^ Y  t o  t h e  s u b s p a c e  s p a n n e d  b y  t h e  t a n g e n t  a t  0  

t o  t h e  c u r v e  i n  Y  d e f i n e d  b y  T T ° ^ ( t )  .

T h i s  e x a m p l e ,  d i s c o v e r e d  a t  O s l o  i n  A u g u s t  1 9 7 6  ( s e e  [ 3 9 ]  )yg i v e s  t h e  

f i r s t  ( b ) - r e g u l a r  p a i r  o f  s u b a n a l y t i c  s t r a t a  w h i c h  f a i l  t h e  r a t i o  t e s t  ( r )  

( i n t r o d u c e d  i n  1 9 7 0 )  * I *  i s  a n  o p e n  q u e s t i o n  w h e t h e r  r e a l  a l g e b r a i c  o r  c o m p l e x  

a n a l y t i c  e x a m p l e s  e x i s t ,  a l t h o u g h  f r o m  t h e  a r g u m e n t  f o r  ( w )  i n  N o t e  7 * 3  w e

s e e  t h a t  ( b )  i s  e q u i v a l e n t  t o  ( r )  w h e n  X  i s  t h e  n o n s i n g u l a r  p a r t  o f  a  

c o m p l e x  h y p e r s u r f a c e .



7 5

/ \ 4
E x a m p l e  7 « 7  J L e t  ( x, y ,  z, w )  b e  c o o r d i n a t e s  i n  IR , a n d  l e t  Y  b e

t h e  p l a n e  = w  = 0 ^  . D e f i n e  t h e  s e m i a l g e b r a i c  s e t ,

X  = = 0  , 2 ( z 2 + (z -  y p )2 ) ^ y 2 p  , z > 0 j

u £ y q w  = (x* +  (z -  y 5 )2 -  y * v / 2 f  , 2 ( x <1 + (z -  y p )2 ) ^ y 2 p  , z >  o j

w h e r e  p  a n d  q  a r e  p o s i t i v e  i n t e g e r s  s a t i s f y i n g

2 p  <  q <  3 p  . ( 7 . 8 )

( F o r  e x a m p l e  l e t  p  = 2 , q  = 5 • )

O b s e r v e  t h a t  b e c a u s e  t h e  a l g e b r a i c  v a r i e t y  d e f i n e d  b y  t h e  e q u a l i t y  i n  t h e  

s e c o n d  p a r t  o f  t h e  e x p r e s s i o n  f o r  X  h a s  f w  =  o ' }  a s  t a n g e n t  s p a c e  a t  e v e r y

p o i n t  o f  i t s  i n t e r s e c t i o n  w i t h  ^*2(x2 + (z -  y ^ ) 2 ) = ^  i s  a  C 1

A  , .
s u b m a n i f o l d  o f  IR ( c o m p a r e  C o n s t r u c t i o n  2 . 2 ) .

F i g u r e  * v  » O  .

A *

h o r n

f s u 2  *  ( » - ï 1 )2 ) « ^

O  = y P  , x  = o |

/ /  _ _ _ _ _ _ _ — - - - - - - - - - - ^  y

Y

A s s e r t i o n  7 * 9  s ( b )  h o l d s  •

P r o o f  : W e  s h o w  t h a t  t h e r e  i s  a  s i n g l e  l i m i t i n g  t a n g e n t  3 - p l a n e  f o r  

s e q u e n c e s  o n  X  t e n d i n g  t o  0  , n a m e l y  [ w  = 0 ^  . I t  s u f f i c e s  t o  c o n s i d e r  t h e  

p o i n t s  o n  £ y S r  » ( x 2 -  y 2 p / 2 )2 |  ( w i t h  y  f i x e d )  w h e r e  d 2 w / d x 2 =  0  , 

s i n c e  a t  t h e s e  p o i n t s  t h e  n o r m a l  i s  f u r t h e s t  f r o m  t h e  ( w ) - d i r e c t i o n  (cf. 2 . 2 )  .
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w

/K

V fyqw = (x2 - y2p/2 f ]

V '  'worst'

j  \ normal vector z'

—............— ^  t ---------------------- \  x
-y p/  2 0 yp/  2

Figure s z = yp , y fixed.

d^w/dx2 = 0 when 6x2 = y2p , and the normal vector is (± (4 /3 jS )y 3p • -y 5 ) 

which tends to ( 0 : 1 ) as y tends to 0 since q <  3p by (7»8) • Hence 

fw = o j  is the unique limiting tangent plane.

At the points on X where the secant vector defined by orthogonal projection 

onto Y is furthest from the z-direction , the secant vector is contained in 

the tangent space to X . Hence Oz is the unique limit of tangent vectors, 

and (b* ) holds, (a) holds (since £w = 0 , z .= O^CT = o| ) , so we can 

apply the result that (a) + (b1) is equivalent to (b) (0.4) to show that 

(b) holds, proving the assertion.

Assertion 7»10 s (r) fails to hold.

Proof : Consider the curve ^  (t) = (t̂ /JlT , t , tp , t4p**q/9 ) which lies 

on X . The normal vector to X at is,

( (4/3r/6)t3p s ((2p/3 ) - (q/9))t4p-1 ; 0 s -tq ) .

Let denote projection onto this normal space. Then

|lVt(Ox)| ru ________ tff_________

( ( t *  , t 4*-1 , o ,

t3p«a/  2 —  ,
tq

since, by (7.8) , q < 3p .
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II ft w- ; Il = H(tp/  6 , t , t-j , t4p“q/9)tf _ t
! ¥ în f r p ) i  «  o ; o ; t» ; »<*-«/** ~  ?  •

Hence the ratio (as in the definition of (r) ) becomes -t̂ P-cl+l , which 

does not tend to zero since 2p <  q by (7.8) . T-his proves Assertion 7»10 .

i'inally we check that (w) fails to hold.

d(V * ) x’ ^ ( x í t ))10
t jp" q ,

d(&(t) ,ir (£ (t)))  ^  tp

so that (w) fails exactly when 2p •< q .

1 <  k <  oo, instead of k = 1 as here, we can build similar examples with X

k 4 —
a C submanifold and semialgebraic subset of IE . However X will still be

1 2
a submanifold-with-boundary of class C , not C . (r) , like (w) , is a

2 1 
C diffeomorphism invariant, but not a C diffeomorphism invariant. In this

2
context note that there is no C version of the lemma showing that wings are 

generically submanifo 1 ds-with-boundary of class (see [43^ )• Hence the

proof in that (b) is generic does not apply directly to (r) or (w).

2
(As a counterexample to a C version it suffices to take the product of 

tR and a semi-cubical cusp in IR̂  .)

Note 7*12 : In [14] there is an example of Kuo showing that (r) does 

not imply (b) if X is merely smooth. Kuo has also an example where Y is 

1-dimensional, (b) holds, and (r) fails, and of course X merely smooth 

(private communication)- This is why we assumed subanalyticity of X from the 

beginning of §1 .

Note 7«11 i The proof of Assertion 7» 9 gives in fact that X is a C

mani fold-wi th-boundary. Basing the construction on fv - (x2* - l/2 )2},
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Addendum 7«13« If A , B are vector subspaces of iRn , let

d( A, B) = sup |b -TT (b)| 
beB A
Ibl =1

where is orthogonal projection onto A . This is not symmetric in A and

B . Clearly d( A, B) - 0 if and only if A 2  B .

(Compare 04] , [40] , [46] , [Al] in all of which the order is the reverse 

of the above.)
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C H A P T E R  3. O O J i H J T A T I O M S

D u r i n g  a  t a l k  d e l i v e r e d  a t  t h e  G'ôtti n g e n  C a t a s t r o p h e  T h e o r y  C o n f e r e n c e  i n  

O c t o b e r  1 9 7 3 ,  C. T .  C. W a l l  s u g g e s t e d  t h a t  i t  w o u l d  b e  u s e f u l  t o  d e t e r m i n e  

W h i t n e y  r e g u l a r i t y  i n  t h e  f o l l o w i n g  c a s e  î X 5  £ y a  = t b x C + x d ^  -  £ t - a x i s ^  i n  

(R3 o r  I 3 , Y  s  £ t - a x i s ]  , w i t h  a  , b  , c , d  p o s i t i v e  i n t e g e r s .

W e  d e t e r m i n e  ( a ) -  a n d  ( b ) - r e g u l a r i t y  c o m p l e t e l y  i n  t h e  c o m p l e x  c a s e  a n d  

r e c o r d  t h i s  t o g e t h e r  w i h  t h e  c a l c u l a t i o n s  f o r  t h e  r e a l  c a s e  t h a t  h a v e  b e e n  m a d e .  

T h e s e  c a l c u l a t i o n s  h a v e  p r o v e d  u s e f u l  i n  p r o v i d i n g  E x a m p l e  7 • 1  ( s h o w i n g  ( b )  

t o  b e  s t r i c t l y  w e a k e r  t h a n  ( w )  e v e n  f o r  a l g e b r a i c  s t r a t a ) ,  a n d  i n  a n s w e r i n g  

s e v e r a l  q u e s t i o n s  p o s e d  b y  J . - J .  R i s l e r  c o n c e r n i n g  a l g e b r a i c  s t r a t i f i c a t i o n s  

n o t  r e g u l a r  o v e r  C , y e t  r e g u l a r  o v e r  R  .

o a  .b c  d
o. y  = t x  +  x  .

T h e  t a b l e s  b e l o w  c o l l e c t  t h e  r e s u l t s  w h i c h  a r e  o b t a i n e d .

K e y  : s /  -  r e g u l a r i t y  h o l d s  $ X  "  t h e r e  i s  a  f a u l t  a t  0  5 ? -  u n d e c i d e d  .

T a b l e  8 . 1  : (a  )- r e g u l a r i t y  o v e r  C . 

a  = 1 ✓  ( 8 . 6 )

f d  «  c  ✓  ( 8 . 7 )

I  T a  ^  b  /  ( 8 . 1 2 )

a > 1 / c < d <  b  +  c  1  V * d  <  a c /  ( a - b  )  ( 8 . 1 2 )

l _ d ^ a c / ( a - b )  X  ( 8 . 1 2 )

^  b  +  c  é d  X  ( 8 . 8 )
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Table 6,2 : ( a )-refçularity over IR .

a. = 1 V (3.6)

Table 8.3 s (b)-regularity over C . 

a = 1 y/ (8.16)

Table 8.4 s (b1 )-regularity over £ñ . (Not (b) )

a = 1 Z (8.16)

fa £ c /  (8.17) 

I fd<a 7 (8.20)
a > 1 < ( d=? c (2 W

p> S  0 (2) < La ̂  d ?

\ c < a J  [ a s c + i  (2) x  (8.19)

U  =  1 (2) X (8.19)

Note 8.5 s It is easy to show that if (a) (resp (b* ), resp. (b) ) holds 

over C , then (a) (resp. (b1) , resp. (b) ) holds over E .

a > 1 Íd é c  V (8. 17) 

c <  d X (8 .18)

a >  1

Ì  é  C  y  ^ ö » 7 )

fa  ^  b x/ (8 .1 1 ,6 .1 2 )  

c <  d <  b+c < fd  <  a c / ( a -b )  1/  (8 .12  ) 
i  .  r  d «  c (2) y  (8. 14) 

>  b 1 f b S O  (2 ) < 
d »  a c / ( a -b )  <  L . d S c + l ( 2 )  X (8 .1 3 ) 

Vj3 ~  1 (2 ) X (8 .1 3 )

b+c d

^  =  0 (2)
d 5 o + l  (2 ) X  (8 .9 )

ji =  c (2)

"a ^  b >/ (8 .11)
Td *= b+c ✓  (8 .15 ) 

b <  a < b+c J
\_b+c <  d ? 

b+c ^  a X (8 .10)
bSl (2) X (8.9)



8 1

W r i t e  f( x, y,  t )  = - y a  + t * x C + x d  . T h e n  ( a )  h o l d s  a t  0  i f  a n d

o n l y  i f  b f / b t {  x, y, t ) t e n d s  t o  0  a s  ( x, y, t )  t e n d s  t o  0  o n  X  , 

j g r a d f ( x, y, t)|

i . e .  i f  a n d  o n l y  i f  a t  l e a s t  o n e  o f  ~ ò f / d  t a n d  ^ f / S t  t e n d  t o  0  . W e  h a v e

Tf / c T x  "òf/òy

t h a t  g r a d  f  = ( d f / d x  ,3f/<by , ^ f / S t  )

/, d - 1  o - l . h  a - 1  , ,b - 1  c \
= ( d x  +  c x  t , - a y  , b t  x  )  ,

6 . 6 t  ( a )  h o l d s  i f  a  = 1 .

^f/fct = b t °  ^ x °  — ' 0  a s  x  ---->• 0  .

d f / 5 y  -  1

8 . 7  : ( a )  h o l d s  i f  d è e .

W e  m a y  s u p p o s e  ò f / ò x  ® > f o r  ~ ù f / ò x  i s  i d e n t i c a l l y  z e r o  o n l y  o n  

C* ¿ » c  1d7
£ d x  ”  + c t  ? =  0  , a n d  s i n c e  d é  c  , t h i s  s u r f a c e  i n t e r s e c t s  X  i n  a n  i s o l a t e d

p o i n t  a t  0  . T h e n  \ d f / d t jA . t ^ ~ ^ x 0  » t ^  - >  0  a s

d * o * <- a t b

x  t e n d s  t o  0  i f  d è e .

8 . 8  : ( a )  f a i l s  o v e r  C  _if d  ^  B  +  c a n d  a  >  1 .

o  Id cL c
C o n s i d e r  t h e  c u r v e  o n  w h i c h  ^ f / 3 y  = =  0  , i . e .  y  =  0  =  x  (t + x  ) .

t » it d - c  >».*/:*+ o+(d.— o ) ("b— 1 ) / b
L e t  t =  -  x  . T h e n  * f / o t  =  ______b t  x _______  ^  x

7 > f :/fcx , d - 1  c - l . b  , d - l  d - 1
' d x  +  c x  t d x  —  c x

^  x c - d + l + ( d - c ) ( b - l ) / b  

, x ( t + o - d ) / b  0

i f  d ^ ' b  + e . H e n c e  i f  d  ^  b  + c  , ( a )  f a i l s  o n  f y  = 0  «  t b  + x d " ° j  .

8 , 9  t ( a )  f a i l s  o v e r  E  i f  d ? i  b + c  , a  >  1 a n d  e i t h e r  b =  1 ( m o d  2 )  o r  

(d - c ) =  1 ( m o d  2 )  , o r  b o t h  .

A s  i n  8 , 8  f t °  =  -  x d - C J  A  X  h a s  a  b r a n c h  t h r o u g h  0  .
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6.10 ï (a) fails over R jLf b+c < a , b+c^, d , b =-0 (mod 2 ) and 

d S  c (mod 2 ) .

~b f/b y 0 since f = - x^“°J n X has no branches near 0 * Let x = <\ t ,

X *  0 . Then 2 m .  ^  x ^ 0'1 ~  ^c-Mb+cKa-D/a
( **e + xdj(a-l)/a (b+0-a)/a

= X •

Thus 'bf/d t — > 0 along  ̂x = X  tJ if a b+c . 
"bf/by

Als° Ò f/¿t f\j ____ x +______ on ( x = \  t \
2> ffb x , d-1 b+c-1• dx + cx

x^+c-l sinoe d ̂  b+c 
b+c-1cx

4 4  o .

Hence (a) fails along f x  = X  .

8,11 : (a) holds over R i f  a ̂  b , b -= 0 (mod 2) , and d =  c (mod 2) .

df/ky 0 since yt * + x j + 0  except at 0 if b and (d-c) are

even. àf/àt 
ò ffòy

1/ X
.. b o d \1-1/ a (t x + x ; ’

, b-1 o
<  t x

b-l-b̂ a-1 ;/a c/a = x x

= t(b-a)/a xc/a 

—^ 0 if a é b  .

8» 12 ; Let c < d <  b+c . Then (a) holds over C if and only if either 

a b or, a >. b and d <. ac/(a-b ) .

After curve selection (2.6) we can reduoe to the case of curves along which 

\ t/x| is bounded or unbounded as x and t tend to 0 .

(i) |t/x| is bounded. Then ^f/dx ^  0 and

3f/frt t_____ (t/x)__ ___ ^^ o , if c< d <  b+c .

^ 7 ^  d + ct^0- ^ 1 (t/x)d-c

(ii) |x/t| tende to 0 .

df/èt -, (x/t ) — ^ 0 if dx /et - 1 .

'» V ** c + ctad-7tb
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Tiien f / 5 t  ^  
'bf/b'y

8.13 * (a ) fails over IR ¿f c <. d <  b+c , a > b  , d^* ac/ (a-b) and either 

b —  1 (mod 2 ) or d =  c+1 (mod 2 ) , or both.

As in 8.12 , (a) fails along dxd-C + ct^ = 0 .

8.14 s (a) holds over |R _if o <  d *£ b+c , b =  0 (mod 2) , d =  c (mod 2 ) .

cl c Id
8.12 shows that (a) fails only for curves on which dx /ct — ^ -1 , 

and these curves have no points on X near 0 if b and d-c are even.

8.15 s (a) holds over R if b^- a <  b+c = d , b== 0 (mod 2), d s  c (mod 2) .

(i) |x/t| bounded near 0 .

t b - l - b ( a - l ) / a  x c - c ( a - l ) /a  = t (b -a ) /a  xc /a

x/t (a-b)/a x(b+o-a)/a

— > 0 if b é  a <  b+c .

(ii) |t/x| tends to 0 •

ft r\
Suppose t tends to x , q  >  1 .

'i tA t  .  b t^ x 0 ^  ^ e - e - w .  , ^b -D O -D  i f  a , l+ c . 

d* * '1 + cx°-I t b
- *  ° •

This completes our calculations of (a)-regularity —  the inquisitive reader 

can work out for himself the remaining cases of (a)-regularity over jR : when 

b <  a b+c <  d sind b s O  (mod 2 ) , d =  c (mod 2) .

+b-l C o+(d-c)(b-1)/o
_________ -______ X ------- ----- /\J — ____________________________ ,

, .b  c d s l - l / a  , /  \ d \ l - l / a( t  x + x ; ' ( ( l - d / o)x ) '

c + (d -c )(b - l  )/b  -  d \a - l ) /a  . . ^^  x v /v n K " s in ce  d > c

_ (a c -d (a -b ))/a b  , . , x ' v /y/ which

—>  0 i f  d (a -b ) <  ac

0 i f  d (a -b )^ .a c  , when (a )  f a i l s

along cbĉ ”c + c tb = 0 .

Let dx^-c / c t b —>  -  1 .

fcfAt
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(b* ) h o l d s  a t  0  i f  a n d  o n l y  i f  x ( 3 * f / ^ x )  + y ( ^ f / ^ y )  t e n d s  t o

I ( x , y ) ( , ( t )|

0  a s  ( x, y ,  t )  t e n d s  t o  ( 0, 0, 0 )  .

6 . 1 6  : ( b )  h o l d s  i f  a  = 1 .

_________ x ( 5 f / f r x )  + y ( ? > f / & y )  = ( d - l ) x d  +  ( o - l ) t bx °

| ( ^ , y  )| j  (7) f/b ) [ l(x,y)| ( P f / > x ,  1  , > f / * t ) (

( d - 1  )xd ~ ^  +  ( c - 1  

l ( l , y / x )(. |(5 f/d x, 1, ¿ f / ^ t ) I

o  .

U o w  u s e  ( 8 . 6 )  a n d  ( 0 .4 ) •

8 . 1 7  : ( b )  h o l d s  i f  d  ^  o .

S i n c e  b y  ( 8 .7 ) ( a )  h o l d s ,  b y  ( 0 . 4 )  i t  i s  e n o u g h  t o  s h o w  t h a t

x ( à f / & x )  +  y ( B f ; ô y )  t e n d s  t o  0  , i . e .  ( c - a ) t  x °  + ( d - a ) x  t e n d s  t o  0 .  

K x » y  )l y  )| | . .  W  ........ j

S i n c e  d  ̂  o  , i t  i s  e n o u g h  t o  s h o w  t h a t  x  t e n d s  t o  0  w h e n  d  a  ,

1 * 1 .  V* •  4

Id o
a n d  t x  t e n d s  t o  0  w h e n  d  = a  .

( i )  d  > a  . z _______________=

U x » y ) l  ,1 (

X  ~

1 ( l , y / x ) |  , i ( c x C“ 1 t b + d x <i“ 1 , - a ( t l3x C + x d ) 1 '"1 A a ) |

x \ a / a j - x

I ( l , y / z ) l . | ( . . . ,  - a i t 13! 0 " * 1  +  i ) 1 “ 1 / * ) !

— >■ O  a s  d  >  a  , u n l e s s

" b o d
t  x  ”  + 1  t e n d s  t o  0  , b u t  t h e r e  a r e  n o  s u c h  p o i n t s  n e a r  0  a s  d ^ r c  .

( i i )  d  <  a  » __________ x _________________

l(3c>y)l-l(âf/Âx,af/ôyJI

=  _____________ X

l í x j - í t ^ + x 1 ) 1 ^ ) !  K d + o x 0 “ ^ 13, . .  ) |

= ___________________ _________________________________

l ( x , - ( t \ C" d +  l ) 1 / a ) l . \ ( d + c x 0 -< V 3 , . .  ) l

0  s i n c e  d  •< a  , a n d  d  ̂  c  .

( i i i  ) d  = a  . t b x °  = x 0 "**1

l(x » y j -  k c x ^ ^ + d x ^ ^ f / à y ) !  | ( l , y / x ) |  |(ctb  +  d , . . .  )|

— ^  0  s i n c e  d ^ c  .
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8» 18 s (b‘) fails over C jlf c <  d and a >  1 , and (a) holds.
_ j

y = 0 and ^f/dy ~  0 on t x  + x = 0, Then

i X J Ï  P fA x.'àfA v

= ( d-c

f(l,0)l.|((d-c)xd"1, 0)|

O , so (b1) fails, and hence (b) fails.

8-19 * (b1 ) fails over (R _if a >  1 , c •< d and either b =s 1 (mod 2) 

or d S  o+l (mod 2) or both.

C' "b c cL ^
X/^(t x + x = 0> has real branches through 9 if b or (d—o) is odd.

8.20 s (b* ) holds over |R _if d ^  a , b =  0 (mod 2) and d==c (mod 2) .

0 if d <  a .

This completes our calculations of (b* )- and (b)-regularity save for thae 

case 1 ̂  a ̂  d , c ^ d  , b =  0 (mod 2) , dSHc (mod 2) , over IE .

Example 8.21 : J. J. Risler asked for an example which was (a)-regular over 

|R , but not over C . By 8.11 and 8.8 it suffices that a ¿ . b ^  d-c ,

Example 8» 22 : For an example which is (b)-regular over IR but not over C ,

8.12 , 8.18 , and 8.20 give c < d < a 6. b (or d < a  , b <  a , d <. ac/(a-b) )

b S  0 (mod 2) , d»«c (mod 2) . For example fy4 = t4x + x3J or^y'’ = t4x + x^ .

x(&f/èx ) + _ y M k )

|(* ,0)|.'|(ctbxO 1 + dx**“1, 0)|

y  fa '? /fry r  ì + y ft fjfey)
by,If fikx,yJHI4jte*ì

( d-a )x + ( o - a ) t  x____________________

|(x ,( • t l3x C+xd )1/  ) l . + dxd”\

b S O  (mod 2) and d *  c (mod 2) . For example |y = t x + x j.

( d-a )x d /a

k * 1- v a , ( t i  + D x/ a )i, | ( c t \ ° - a + d , .

/ x 1- a/a 
( c-a )x '

)( X a , ( t ' x0*" + l ) i / a )l. {c + dx "° iT )|
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Example 6.23 : If an equimultiple example is demanded, satisfying the

C 2 2 2 A 7
requirements of 6.22 , consider jy = t /  + x j. By 8.8 (a) fails over C , 

and by 8.11 (a) holds over tR . It remains to check that (b1 ) holds over (R , 

using (0.4) •

______________  2x4_____________________

| ( x , ( t 2x2 + x4 )^ ) |. |(4 x3+ 2 t23c, -2 (x 4+t2x2 )^ )|

2 i

1(1, (tS x2 F)|.K4x + 2t2/x, -2(1 + (t/x)2 )̂ )|

O as (x,t) tends to 0 since X /\ 5t¿ + s  = oj

has no branches passing through 0 . Hence (b) holds over ft .

Note 8.24 * Table 8.3 corresponds -with the known fact that for families 

of plane curves, " ^-constant " is equivalent to (b^regularity ( pol ) •

x (è f iô x )  + yf& í'Ay)
IV ,y>î7K«f7dx7Wiÿ7i
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G e o m e t r i c  v e r s i o n s  o f  W h i t n e y  r e g u l a r i t y
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Let Xm and Yn be C1 manifolds embedded in Up> m < n < p, and let x e X  c Y — Y. 
In (4) C. T. C. Wall considered the following conditions:

(a8) For any local C1 retraction at x, n: NP X ,x  has a neighbourhood U such that 
n\Tnu a submersion.

(b8) For any local C1 tubular neighbourhood of X  at x, given by n: Rp -> X  and 
p : Rp-> R+ U {0}, where^(O) = X, x has a neighbourhood U such that (nfp)\Ynu “  
a submersion.

Wall conjectured that (a8) and (b8) are respectively equivalent to Whitney’s condi
tions (a) and (6):

(а) Given yi e Y so that, as i oo, yi -> x and Ty.Y  -> r, then TxX  c r.
(б) Given y ^ Y  and xt eX  so that, as i->oo, %i~>x, TViY ->t and

yi~xil\y i-xi\ = then ^ c  T-
I t  is not difficult to show that (a) implies (a8). See (2), p. 35, for a proof that (6) implies 

(b8); this enabled Mather to show that if X  is a stratum of a (ft)-regular stratification £, 
then 2 is locally topologically trivial over X. In (3), § 3, it is proved that (a8) implies 
(a) if Y is semianalytic. Here we prove the following,

Theorem. (b8) implies (6) ifX  and Y are semianalytic. (C. G. Gibson has also obtained 
this result.)

Note. The conjectured equivalences have been verified in exactly the cases where the 
curve selection lemma is applicable. It  would be interesting to know if they are true in 
the general, i.e. non-semianalytic, case, so as to have geometric versions of the 
regularity conditions available, avoiding sequences.

Proof of the theorem. Suppose (b) fails; we shall show that (b8) fails.
We have sequences xi e X ,y i e Y  tending to x, Ty. Y -> r, and yi — x j\y i — x  ̂ = Ai À. 

Since A cf: r we may suppose that d(À, r) > e > 0 for some e, with distance d( , ) defined 
appropriately. Then, for some i0, d(À{, Ty. Y) > e when i ^ i0.

Let 0r8 denote the Grassmannian of 5-planes in Rr, a compact analytic manifold. Set

V1 = {(v9P)eG ¥xG »:d(v,P)>e}
and V2 = {(x ,y ,y -x !\y -x \,T v Y ):x eX ,yeY }.

Then Vx is semialgebraic, and V2 is semianalytic since both X  and Y are semianalytic 
by hypothesis. Hence

F = ( I x 7 x F 1) nF2
7-2
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i s  a  s e m ia n a ly t ic  s u b s e t  o f  Up xUp xG fxG *, a n d  (x, x> A, r )  e  Vs a t i s f i e s  t h e  h y p o t h e s e s  

o f  t h e  c u r v e  s e le c t io n  le m m a .  S e e  (1), p .  1 0 3 . T h is  p r o v id e s  a n  a n a ly t i c  c u r v e

a: TO, 1] ->  X  x  YxG?xG%,

w h e r e  Xt =  & - a * | ,  yt e Y i i t ^ 0 ,  a n d  d(At , TVt Y) > e.

W r it e  rj fo r  t h e  Cl m a n i f o ld - w i t h - b o u n d a r y  U  yt, a n d  £  fo r  Uxt, c o n t r a c t in g  t h e  

d o m a in  o f  a  i f  n e c e s s a r y .  1 t
S in c e  w e  a r e  t r y in g  t o  s h o w  t h a t  (bs) f a i ls ,  a n d  (bs) im p l ie s  (a3), w e  m a y  a s s u m e  t h a t  

(a g) h o ld s .  T h e n  b y  (3), § 3 , s in c e  Y  i s  s e m ia n a ly t ic ,  (a) h o ld s .  T h is  im p l ie s  t h a t

Tx V = Tx £. (*)
F o r ,  s u p p o s e  n o t .  T h e n

A c Tx£®Txr/ 
czTxX  + TxV 
'<= r

u s in g  (a). B u t  A £  r  b y  h y p o t h e s i s ,  g iv in g  (* ) .

Notation. G iv e n  d i s t i n c t  l in e s  A, A' in  t h e  p la n e  m e e t in g  a t  a  p o in t  q, a n d  a  p o i n t  q' o n  

A' a t  u n i t  d i s t a n c e  fr o m  q, c o n s id e r  t h e  c ir c le s  w i t h  t a n g e n t  A a t  q w h ic h  c o n t a in  q' in  

th e ir  in te r io r .  I f  e =  d (A , A') l e t  re d e n o t e  t h e  lo w e r  l im i t  o f  t h e  r a d i i  o f  t h e s e  c ir c le s .

Lemma. There exists a local C1 retraction defined on a neighbourhood U of x in 
7r: U X, such that for each t, 7r_1(a;t )

( i)  is the intersection with U of a (p — m)-plane containing At ,

( i i)  is transverse to Y in U\
( i ii)  contains a (p  — m)-disc Dt of radius re \yt — xt \ with yt e 8Dti xt e I n t  Dt, and

( lv )  intersects rj only at yt.

Proof. B e c a u s e  (b) f a i l s  a n d  (a) h o ld s ,  A 4:T xX . T h u s  t h e r e  e x i s t s  a  (p — ? n )-p la n e  

t r a n s v e r s e  t o  X  a t  x, a n d  c o n t a in in g  A. U s in g  (* ) a n d  t h e  a n a ly t i c  d e p e n d e n c e  o f  yt, At, 
a n d  Tyt Y  u p o n  t, w e  c a n  f in d  a n  a n a ly t i c ,  a n d  h e n c e  a  C 1, f ib r e  b u n d le  o v e r  £ , r e s t r ic t in g  

a  i f  n e c e s s a r y ,  s o  t h a t  t h e  f ib r e  o v e r  xt i s  a  (p  —w ) - p la n e  c o n t a in in g  Ae. C h o o s e  a  C1 
d if f e o m o r p h is m  <f> o f  a n  o p e n  n e ig h b o u r h o o d  U o f  a; in  Rp, s o  t h a t  <f>(X n U) i s  a f f in e  

a n d  <f>(£ n U) i s  a  l in e .  E x t e n d  t h e  f ib r a t io n  o v e r  0(£ ) t o  t h e  r e s t  o f  <f>(X n U) b y  p a r a U e l  

t r a n s la t io n ,  a n d  p u l l  b a c k  b y  <j>-x t o  g i v e  a  C1 r e t r a c t io n  n: U ->  X  w i t h  e a c h  f ib r e  C1 
d if f e o m o r p h ic  t o  a n d  w h ic h  s a t is f ie s  ( i) .

F o r  ( i i)  u s e  (a8), s h r in k in g  U i f  n e c e s s a r y ,  a n d  o b s e r v e  t h a t  n\ Y i s  a  s u b m e r s io n  a t  y 
i f  a n d  o n l y  i f  7T~x(n(y)) i s  t r a n s v e r s e  t o  Y  a t  y. ( ii)  t e l l s  u s  t h a t  Y  n ^ ( ^ t)  a  
(n — m ) - m a n if o ld .

t h*  {xtl Vt> *yt -* )*

TVi(Y ñn-^Xt)) c  TVt(8Dt),

L e t  Dt b e  a  d i s c  o f  r a d iu s  re \yt — xt \ in  t h e  (p — m ) - p la n e  o t  (1), w i t h  yt o n  i t s  b o u n d a r y  

a n d  s o  t h a t  n n^(xt)) <= TV({dDt). ..

B e c a u s e  d{At, Ty Y) > e a n d  re i s  a  d e c r e a s in g  f u n c t io n  o f  e, xt b e lo n g s  t o  t h e  in t e r io r  

o f  Dt. F o r  s u f f ic ie n t ly  s m a l l  t, Dt <= 7i~l(xt), g iv in g  ( i ii) .
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F i n a l l y  u s e  (* ) , r e s t r i c t i n g  a  i f  n e c e s s a r y ,  t o  e n s u r e  t h a t  rj n =  yt • T h i s  p r o v e s

( iv )  a n d  c o m p l e t e s  t h e  p r o o f  o f  t h e  l e m m a .

P r o j e c t  At  o n t o  Nyt(dDt) t o  g i v e  ¡it e  C?f. B y  ( i ii)  e a c h  / it i s  n o n - z e r o  a n d

f t c ^ r n ^ W ) .
N o w  w e  c o n s t r u c t  a  t u b u l a r  f u n c t i o n  p s o  t h a t  p(yt) =  t a n d

Mt c  (Xft))-

T h i s  w i l l  s h o w  t h a t  Y  i s  n o t  t r a n s v e r s e  t o  t h e  f i b r e  o f  (n, p) a t  yt, f o r  e a c h  t, w h i c h  i s  

t h e  s a m e  a s  s a y i n g  t h a t  (n,p) \Y i s  n o t  a  s u b m e r s i o n  a t  y t , f o r  e a c h  ty s o  t h a t  (bs) f a i l s .  

I t  s u f f ic e s  t h e n  t o  f i n d  p s o  t h a t

dDt =  ( t t , / ) ) - 1 ^ , * )

f o r  e a c h  t. L e t  <f> b e  a s  i n  t h e  p r o o f  o f  t h e  l e m m a ,  a n d  f o r  e a c h  t > 0  l e t  Pt b e  o b t a i n e d  b y  

f i r s t  t r a n s l a t i n g  <fi(dDt) a l o n g  çS(£), u s i n g  ( iv ) ,  a n d  t h e n  o v e r  (¡>{X n U) o r t h o g o n a l  t o  

6Œ). S h r i n k  U s o  t h a t

u <f>-'(pt) = u\(xnu). 
t> 0

T h e n  w e  h a v e  a  C1 f i b r a t i o n

p: U \(X(\U )->(0,1],
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WHITNEY (b)-REGULARITY IS WEAKER 

THAN K U O ’S RATIO TEST FOR REAL 

ALGEBRAIC STRATIFICATIONS

HANS BRODERSEN and DAVID TROTMAN1

We give examples of real algebraic hypersurfaces such that the full partition 
by dimension gives a stratification which is Whitney (b)-regular, but which fails 
to satisfy Kuo’s ratio test (r), and hence also fails to satisfy the (w)-regularity of 
Verdier. Such a hypersurface can be a C1 submanifold, so that the stratification 
is C1 trivial, showing that (r) and (w) are not invariant under C1 changes of 
coordinates, although they are C1 invariant. We show that (w)-regularity is 
charàcterfsed by the possibility of extending rugose vector fields defined on 
some strata to rugose vector fields tangent to the remaining strata.

MATH. SCAND. 45 (1979), 27-34

1. On regularity.
Let X be a C1 submanifold of R", and a subanalytic set (defined in [2]). Let 

y be an analytic submanifold of R" such that Oe Ycz X \  X. Verdier [8] 
defines X to be (w)-regular over Y at 0 if,

(w) There is a constant C > 0 and a neighborhood U of 0 in R" such that if 
x e U 0 X and y e U 0 Y, then d(TyY, TxX)£ C\x-y\.

Here d(.,.) is defined as follows.

Definition. Let A, B, be vcctor subspaccs of R".

d(A,B) = sup \a-nB{a)\ ,
aeAM = i

where nB is orthogonal projection onto B.

This is not symmetric in A and B. Clearly d(A,B) — 0 if and only if A^B. 
It is clear from the definition of (w) that it is a C2 invariant, or more precisely

1 The work on this paper was done while both authors were at the Matematisk Institut in 
Aarhus, Denmark.

Received December 4, 1978.
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that it is invariant under a C1 diffeomorphism with Lipschitz derivative. We 
shall see below that it is not a Cl invariant.

Kilo’s ratio test.
We suppose that Y is linear (apply a local analytic isomorphism at 0 to Rw). 

Let 7iy denote orthogonal projection onto Y.
Reformulate (w) by the condition that d(TyY, TxX)/\x—.y\ is bounded near 0. 

Then in particular d(T0Y, TxX)/\x — nY(x)\ is bounded for x near 0 (recall Y is 
linear). Then it is clear that if X is (w)-regular over Y at 0, then (X, y )0 satisfies 
the ratio test of Kuo [3Q:

(r) Given any vector v e T0Y,

lim -  0
A-0 |X Tty (x)| xeX

Here nx denotes orthogonal projection onto the normal space to X at x, so 
that for unit vectors v, lnx(v)l = d((v), TxX). In [3] Kuo proved that (r) implies 
Whitney (b)-regularity (defined in [9]) and that (b) implies (r) when Y is 1- 
dimensional. In [6] a fairly complicated semialgebraic example was given with
Y 2-dimensional showing that (b) is weaker than (r). We give a simple algebraic 
example below.

First observe that if (b) (respectively (w)) holds for a pair of strata (X, Y) at 0 
in R", then (b) (respectively (w)) holds for (X x R, Y x R) along 0 x R in R" x R. 
However (r) does not have this property.

Proposition 1. Let (X, Y) be a pair of strata in R" not (w)-regular at 0 (but 
possibly satisfying (r)) and let Y be linear. Then {X x R, V x R) fails to satisfy (r) 
at any point of 0 x R in R" x R.

Proof. Let X, y have dimensions m, p respectively and identify the set of one 
dimensional subspaces of T0Y with the Grassmannian G\.

Define three subsets of R" x R" x GJJ, x Gf x R:

V, = {(x, 7iy(x), TxX) : .x e X} x Gf x R 

^2 =  {(x,y,T,Xv>,E) : |x -> 1  <£</«(;> , T)}

V3 = R" x R" x {(T, (v)) : d«v>,T) = d(T0Y,T)}xR

V{ is subanalytic using Verdier [8, Lemma 1.6] (by restricting to a compact 
neighbourhood of 0 in R" if necessary), V2 is semialgebraic, and V3 is algebraic, 
Hence V= Vx fl V2 H V3 is a subanalytic set.
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We have that (w) fails for the pair (X, y) at 0, which is equivalent to the 
existence of x ,e Gnm and v e T0Y with ||i?|| = 1 such that

(0,0, t, <y>,0) e V a R" x R" x GJ, x Gf x R .

By curve selection [2] we can find an analytic arc

a: [0,1] Rw x Rw x Gü, x G? x R ,

such that a(0)= (0,0,t,<î;>,0) and such that a(r) 6 F if 0. Write

a(/) = (x„ 7Tv(x,), TxX,(v,),cr)

where v, e T0y, = 1 and v, v as t —► 0. Then

</«<?,), TxX)
|X| 7ly(X,)|

is unbounded as t tends to 0. We assert that

d m ,T xX) è  ÿ«v,>,TxX)

for t sufficiently small. This is a consequence of the definition of as follows: 
Let v = v,cos</>, + u,sin <p, where ||u,|| = l, v,lu, and <p, is the positive angle 

between v and v„ we can assume 0^<p,<n/2. Let n, denote the orthogonal 
projection onto TxX. Then

d « v ) ,T xX) = |y-7t,(r)| = | (t>, -  n, (i>,)) cos q>, + (u, -  n, (u,)) sm<p,\

^ \v,-n, (i>,)| cos (p ,-\u ,~  sin <p,

(using the triangle inequality)

§; |t', — rc,(i',)| (cos <p, — sin <p,)

(By definition of P3, |r,-*,(”<)! -*■(«,)!) 

= d((v,), Tx X)(cos (p, — sin q>,)

Since <p, tends to 0 as t tends to 0, it follows that, for t sufficiently small,

d«v), txx ) z  y«v,y, txx ) .

We deduce that d((v), TxX)/\x, — tiv.(x,)| is also unbounded as t tends to 0. After 
renarametrisation we can suDDOse that

■j«» -7»*» ~ for some k à Il-x, — rrv(x,)|

In R" x R consider the curve q(t)= (xt,t0 +1). Using the canonical inclusion T0Y 
)(Yx R), we can consider v as a unit vector of T{0 U))(Yx R). Then
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d « v y ,T qM( X x R ) ) - \g ( t ) - ( 0 , t o)\

M0-rc>-xR(<7(í))|

= d « v ) , T x X )-\(x„ t)\

| X , - 7 I V(X ,) |

> Tx,X)'t ^
=  |X , — 7 ty ( X () |

which does not tend to zero as t approaches zero since /eg: 1. Hence the ratio 
test (r) fails for the pair (X  x R, Y x R) at every point (0, f0) of 0 x R in R" x R, 
completing the proof of Proposition 1.

Example 1. Let F={y3 = z2x3 + x5}cR3, and let Y be the z-axis and X  =

V - Y.

(z2x3 + x5)1/3 is a C1 function of x and z, and so V, as the graph of a C1 map, 
is a C1 submanifold of R3. Hence X is (6)-regular over Y. By Theorem 2 of [3] 
we deduce that (X, Y) satisfies (r) at 0, since dim Y= 1.

Consider the curve p(i)= (r3,[/2 r5,i3) from the origin into X . The normal 
direction to X at (x,y,z) is (3x2z2 + 5x4: — 3(z2x3 + x5)2/3:2zx3). At p(t) this 
becomes

(8i2 : - 3 • 22/3: 2f2).

So

d{T0Y, T ^ X )  =  ------- ? î l _
(68f4+18j/2)*

and

d(T 0 Y ,T m X ) ^  t* ^ 1
|p(í)-7ty(p(f))| f3 f ’

which is unbounded as t approaches zero, so that (w) fails for (X , Y) at 0. 
Now let

V' = V xR  =  {y3 = z2x3 +  x5} c  R4 =  {(x,y,z,u)} .

Let

Y' = YxR = {y = x = 0} c R4 and X' =  V ' - Y '  .

By Proposition 1, (X', Y') fails to satisfy (r) at any point of Ox R (for example 
consider the curve q ( t)= (p ( t) , t) from 0 into X'). But since V' is a C1 
submanifold, (X', Y') is (b)-regular.

HANS. BRODERSEN AND DAVID TROTMAN
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Example 1 describes the first example of a pair (XY) satisfying (b) but not 
(r) where X is the regular part of an algebraic variety and Y the singular locus. 
Contrast this with the complex hypersurface case where (b)-regularity, the 
ratio test, and (w)-regularity are equivalent. This is a consequence of the 
equivalence of (b)-regularity with Teissier’s (c)-cosecance [5] (references for the 
implications giving this equivalence may be found in [1]); (c)-cosecance 
trivially implies (w)-regularity, and hence also the ratio test. It remains to be 
seen whether (b), (r) and (w) are distinct when V is a complex analytic variety 
of codimension greater than 1.

Example 2 (from [7]). F = {/ = z4x + x3}cR3, Y= {z-axis}, X = V \ Y. Here 
y is not a C1 function of x and z, but V is still a C1 submanifold of R3, so that
(b) holds for (A\ Y). (w) fails along the curve p(r)= (f4, J/2 • f \  r2). As with 
Example 1 we can apply Proposition 1 to show that (X x R, Y x R) fails to 
satisfy (r) on 0 x R in R4, but (b) clearly holds.

Example 3 (due to Kuo [4]). [/={/ = z2x5 + x7}cR3,'Y the z-axis, X = 
V—Y, V is no longer a C1 submanifold - for each z, y4 = z2x5 + x7 defines a 
plane curve of “cusp type” near 0. However (b) does hold and (w) fails. We can 
apply Proposition 1 as before.

Examples 1 and 2, and indeed the second discordant horn of [6], show that 
(r) and (w) are not invariant under C1 difTeomorphisms. So (b) is more natural 
in differential topology; it is a C1 invariant.

Looking closely at the proofs in [3] we see why it is not surprising that (r) is 
strictly stronger than (b) when dimY^2. It is proved in [3] that (b) is 
equivalent to the conjunction of (a) and (r') defined as follows.

(r') If p(t\ t e [0,1] is an analytic arc in R" with p(0) = 0 and p(t) s X for r =t=0, 
then

|w,(p)|fp(f)| = 
i-»o' |p(f)-Jty(p(0)l

where v is the tangent at 0 to the arc 7ty°p([0,1]) on Y, and n, is projection 
onto the normal space to X at p(t).

It is obvious that (r) implies (a)+ (r') and that (a) 4- (r') implies (r) when Y has 
dimension one. Being able to choose a vector v in T0Y and a curve whose 
tangent at 0 is orthogonal to v suggested the counterexample in [6], and gives 
rise to the examples here too.
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Rugose vector fields.

Given a (b)-regular stratification, one might hope to be able to find rugose 
vector fields tangent to the strata. Verdier shows that these exist on (w)-regular 
stratifications [8] and derives rugose trivialisations. However it can be 
impossible to extend a constant vector field on a base stratum Y to a rugose 
vector field on an attaching stratum X when (A\ Y) is (b)-regular. This is a 
consequence of our next proposition and the existence of (b)-regular examples 
which do not satisfy (w).
We refer to [8] for the definition of rugose vector field. (Note the misprint in 

the definition of rugose function on page 307 of [8], as described below).

Proposition 2. Let X  be a C 2 submanifold o f R" and let Y=Rmx0cR". 
Suppose that each o f  the constant vector fields {S /d y ^ /= 1,.. .,m, on Y extends 

to a rugose vector Jield on X U Y. Then X  is (w)-regular over Y.

Proof. Let £, denote the extension of d/dy,. For each i there exists a constant 
C and a neighbourhood U of 0 such that

vM - 4 ~  è  C \x - y \  
Ô',

for all .ve U 0 X , y e  U D Y . We can assume that C and V are the same for all i. 
Let x e U. Then

ih7-*)s sr*« -

«1 iw-T-x)
Take v e  Ty Y with |t’| = l.

”  =  Z  aii< w i t h  f > ?  *  * •
i = i  vyi i = i

Let N xX denote the orthogonal complement of TxX in R" and nx: R" -> N xX  

the orthogonal projection.

d(v, TxX) =  |7rv(f)|
- 1  Hs) -

m
è ¿ ni=l (ä

m

- lài= 1 (-T
v v  J

s  m L\x—y\ by ( * ) .

g  C|x — y\ for all x e X  fl U, y e Y fl U .

hence
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Hence

i/(Tvy, TxX) = sup TXX)  ̂ mC\x- v| for all x e X DU, y 6 Y OU ,
ve TyY

i.e. X  is (w)-regular over Y at 0. Repeating the above argument for each y e  y, 
we obtain that X is (w)-regular over Y, completing the proof of Proposition 2.

Corollary. Let A ^ X U  B be a closed subset o f  R", B D X =  0 ,  X a C2 
submanifold, B a closed subset, and let (B, £) be a (w^regular stratification, with 

each stratum a C 2 submanifold. Then the stratification Z' o f A given by adding X  

to Z is (w)-regular if  and only if  every rugose vector field on B tangent to Z can 
be extended to a rugose vector field on A tangent to Z'.

Proof. “Only if ’ is proved by Verdier [8]. “If’ follows from Proposition 2 

above by making the stratum containing a given point y\ affine near y\ by a C2 
change of local coordinates.

Warning. The definition of rugosity in [8] should read “for all x e Sa, there 

is a constant C and a neighbourhood V of x such that for all x' e V (1 St and all
y e VO A,

(*•)

and not

<•” ) m x V / M  ^  C |x - > f  .

To see that these are effectively distinct notions in the case of vector fields we 
can use Example 2. (w) fails; so by Proposition 2 no lift of d/i;z satisfies (**). 
However the canonical lift of dfdz (namely the vector field v(x ,y\z) on V 

defined by projecting d/dr onto the tangent space to X  at each point of X) 

satisfies (***) as follows.
L e t /(x ,> \z )=  — y4 +  z4x +  x 3. Then

, v ,AA.„ L
v(x ,y ,z)  =  0 , 0 , 1 ) - - — T 7 T ’I— 777 • 

Igrad j  | Igrad j  |

Hence

|t> (x ,y ,z)-(0 ,0 ,1)| =

We must check that |p (.x ,j\r )-(0 ,0 , l)|/|(.v,>,z)| is bounded as (x,.v,r) tends to 

0 on X.

Math. Scand. 45 -  3

If ix ' -/O' g C\x - J f

m
Igrad / I
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\o(x,y,z)~ (0,0,1)| = \fz\
|(x,y,z)| Igrad f\-\(x,y, z)|

_ ________________\4z3xI________________
|(z4 + 3x2, — 4 (z4x + x3)3'4, 4z3x)| • | (x, (z4x + x3)1/4, z)|

Case 1. |x/z2|^l. Dividing through by z5, gives

_______ |4x/z2l
|(1 + (3x2/z4),., ,)|-|(x/z, .,1)|

which is at most 4.

Case 2. |z2/x|^l. Dividing through by x2z, gives

|4z2/x| ______
|(z4/x2 + 3, .,4z3/x)|-|(x/z, .,1)|

which is at most 4/3.
We have shown that (***) is satisfied.
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5.1

SEMINAIRE A’CAMPO - MCPHERSON 

Paris VII 10 mars 1977

Partial results on the topological invariance of the multiplicity 

of a complex hypersurface.

David Trotman

The Problem. In 1971» Zariski posed several problems concerning 

eqiisingularity ^2l] ; most of these have been resolved by the French School 

in Paris or Nice f 5], fl7 ] . However the first problem, apparently the 

simplest, has not yet been decided.

Question * Is the multiplicity of a complex hypersurface a topological invariant ?

yV|| 1
TSat is, given two hypersurfaoes , Vg in C , with 0 6 (i-1,2) 

and a homeomorphism h of a neighbourhood of 0 in C onto a

neighbourhood Ng sending N- r\ onto Ng f\ V2 and fixing 0 , is the 

multiplicity m(V1) of at 0 equal to that of Vg ?

Definition. The multiplicity m(Y) at 0 of a complex hypersurface U is 

the number obtained as follows i take a generic complex line L passing 

through 0 , i.e. L not in the tangent cone to V at 0 (so that L a V » To3 

near 0 ) , then perturb L away from 0 slightly and count the number of 

points of intersection of V with the new line.

ckv — dfc
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Clearly m(V) is also equal to the degree of the leading form of a 

function f defining V (=f^(0)).

f(z_.,...,z ) = f (z) + f (z) + ... ,'O’ ’ n' nr ' m + r v/

\  t
homogeneous polynomials

Concerning this problem, in his survey paper [2l] Zariski said,

” I would be disappointed if topologists do not provide an answer in a 

short time.”

Thom has pronounced it a scandal that the answer is not known.

Let me describe what is known.

Curves (n = 1) [157

In this case the result has been known for more than 40 years (work of 

Burau, Brauner, Zariski). Two plane curves are topologioally equivalent if 

and only if their branches correspond under the equivalence, and the multiplicity 

of a curve is just the sum of the multiplicities of the branches (and these 

are always positive in the complex case). Moreover for a single branch the 

Puiseux exponents are topological invariants, and there is a formula for the 

multiplicity in terms of these exponents.

Surfaces (n » 2)

Nothing is known.

For hypersurfaces of small Milnor number ( |A ̂  15) there is no counterexample 

- see Arnol'd's lists.
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If we ask what happens for small m(V) we only get as far as the

following result. Let be nonsingular and topologically equivalent near

0 with a hypersurface with an isolated singularity atn 0. Then m(V1) = 1 ,

2n+X
and the link K-̂  = A  is an unknotted (2n-l)-sphere, and so

(g2n+l _ haS -the homotopy type of S* . The homotopy exact sequence of

vi
the Milnor fibration S £ - becomes

••• — * ^n+liS1) '*n(F) * tS S* *

Thus Hn(F2) = 0 , and |Jl(f2) = 0 , so that m(V2) = 1 .

Question s Are there two surfaces , V2 in with miV^) » 2 ,

m(V2 ) - 3 , and (V ^O ) AJ (V2 ,0 )  ?

(it is evident that we know very little.)

A reoent result which ought to be helpful is due to Henry King [9^ .

Theorem(King): If n 4 2 , and V.̂  , Vg are topologically equivalent 

hypersurfaces, then if = fZ-1̂ ), the functions , fg are topologically 

equivalent (up to conjugation).

Thus we may assume that the homeomorphism h preserves the level surfaces 

of the functions defining the hypersurfaces near 0 . (This is false for real 

hypersurfaces if n ^  6 , see King f8].)

Some restriction on the nature of any counterexample may be derived from the 

following theorem.

Theorem (A‘Campo Cl]) * Let h be the characteristic homeomorphism of the

k
monodromy of a hypersurface V . Then the Lefschetz number of h is zero if 

k <  m(V) .
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Corollary : V.̂

Unfortunately it is possible for (h ^ ^ ) to equal zero.

Example: Weighted homogeneous f , V = f ^ ( 0 ) , h  periodic off period p ,

m(V) = m . If (m,p) = 1 , then ^(hm) = 0 .

2  A- 3
For an explicit case, let f(x,y,z) = x y + y  +z .

This has type (8/3, 4, 8) , m = 3 , p = 8 .

h(x, y, z) = (u3x , u^y , uz) where u = .

Fix (h3) » 0  ■=$ ^  (Fix (h3)) = 0 , so A  (h3) . 0 .

Intersection number.

Looking at the definition of multiplicity given above we see that m(V) 

is the intersection number i(V,L) of V with a generic complex line L 

passing through 0 fl^J . Thus if we could replawe the given homeomorphism 

(perhaps by isotopy) by one which mapped some generic complex line (for ) 

onto a complex line generic with respect to Vg then we would obtain the 

desired result, since intersection number is invariant under homeomorphism of 

pairs.

By Lemma 1.4 of it is in fact enough to show that h (can be

replaced by some homeomorphism which ) maps a generic complex line onto a 

generio real 2-plane. This gives the following partial answer to the original 

problem.

See [6] or [ 20]  • One proves that i(V,P) ^  m(V) for a generic 

real 2-plane P . Then use symmetry.

í>— V
top 2 , m2 .V  A(h2m2 ) = 0 .

Theorem (Ephraim-Trotman): Multiplicity is a invariant, i.e. if we

suppose V1 and V2- are topologically equivalent by a homeomorphism h which

is a C diffeomoTphism of R , then m(V^) -  m(Vg) .

Proof : (Given in the talk)
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Families of hypersurfages.

Let F : ( ®n+'*' x $ , 0 x C ) --> ( <P , 0 ) be an analytic function

with ( 0 x C ) the critical set of F , and ruppose eaeh V = F+ ^(0) 

has an isolated singularity at 0 ( F(z,t) = F^(z) ) . The following diagram 

describes the results known.

M  fit]
p.(Ft) constant ) (F x(0)-(0x C ), 0 x C) C" triviality

. ii xv Whitney regular of V

t  \ t  ^  ii
n  i f  \\ l\ topological triviality > ^  II

'if- $  m  w j f  ^  i-

JJl (F^) const. K^Ft̂  topological type const. ̂  C type constant

eqnimultiplicity ^

In the only known examples where JU(F^) is constant and jA*(F^) is 

not constant (due to Briancon and Speder ra). the F^ are weighted 

homogeneous of fixed type, so that the multiplicity is constant.

Example (Speder): F( x, y, z, t) = x3 + txy3 + y^z + .

Then m(Ft) = 3 , |U3(F1.) = 56 , |A2(Ft) = 7 ( t *  0) , /A2(Fq) = 8 . 

Ft has type (3,9/2,9) for all t .

We do have a useful characterisation of |Jk constant families due to 

Le Dung Trang and SaitoElll:

Theorem (Le-Saito): IA. (F^) constant <£==} F has a "bonne stratification"

<* -»> normal vectors to the level 

varieties of F tend to be 

orthogonal to 0 x ( near 0 .
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Corollary1: If F^ is seraihomogeneous (i.e. F^ equivalent to its lowest 

homogeneous part), and Ĵ (F̂ ) is constant, then jĴ iF̂ ) is constant - in 

particular one hee equimultiplicity.

Proof: See Brianpon and Speder [ 5 3  or Gabrielov and Koushnirenko C ? 3  .

Note: If F. is semihomogeneous (t^sO) and |j(F̂ .) is constant , then 

we have equimultiplicity. For suppose in general that VQ and are two

topologically equivalent hypersurfaces with = f\-*(0) , then if f̂  is 

semihomogeneous, m(V^) ^ ^  *1 is semihomogeneous, by1”'*' is ‘fciie

identity, bo A(h^l) =  ̂ =  ̂ + -̂1 n̂ P^l^ wki°k is nonzero if

|JL(f-ĵ) > 1  , so that ^(h^1) is also nonzero and m(v0) ̂  m(V̂ ). If H < V  -3, 

then so is /J((£q) t and both VQ and have multiplicity 2 .) Now use

semicontinuity of multiplicity.

Corollary 2 : j^F^) constant implies that the leading form in z and t 

is equimultiple in z as t varieB.

Proof * Let H(z,t) be the leading form of F(z,t) , i.e. the homgeneous 

polynomial of lowest degree in the decomposition of F into its homogeneous 

parts. If the conclusion of the corollary fails to hold, t divides H(z,t), 

which we can write as H(z,t) = t G(z,t) . Let ẑ  = a^u , t = bu,then 

for sufficiently general â  and b, G(z,t) /v* u®“ .̂

Now grad F = C^F/dz^ , ... , ‘dF/&zn f aF/bt )

s (tdG/dZq + tdG/dz + ..., G + t̂ G/iit + ...)

* * 11 I  I
uS_1 us_1 ug_1 ug_1

*“H  ( cQ : ... ; cn ; 0) .

This contradicts the theorem of Le and Saito which says that grad F 

tends to (c^t..., cn* 0) with |ĉ t 0 .

Thus for families of the form F(z,t) = F(z) + tG(z) , or F(z) + p(t)G(z)
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(this is the same line in the jet space Jk) , jA constant implies 

equimultiplicity.

If all y. constant families cpuld be expressed in the form F + t G , 

we would have the required result.

However Arnol'd has the following example of a p constant family s 

x3 + y3 + z3 + w3 + (ax + by + cz + dw)3 + exyzw .

Finally we give the simplest type of family where our problem is unresolved. 

Ft(x,y,z) = z3 + t2(z + uy)2 + B(x, y, t) with Bt(x,y)e 0 l1 (x ,y ) )3
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By multiplicity we mean the number of points of intersection of the hypersurface 

with a generic complex line passing close to, but not through, the origin (i.e. the 

intersection number of the hypersurface with a generic complex line through the 

origin, as defined by Lefschetz [3] ).

The result was motivated by the first o£ the problems posed by Zariski in V) * 
is multiplicity a topological invariant ? Most of the problems of [t1 have been 

decided, but this, the simplest in statement, remains unsolved.

Our result has also been proved by S. Ephraim [2] : the idea of his proof is 

much the same as ours, but the details differ because he uses a different interpret

ation of multiplicity. In view of the fact that the classical topological character

isation of plane curves ( M  . [5] > uses intersection number, it seemed worth

while to record the present proof.

The proof hap grown out of fertile conversations with Henry King (sustained by 

Kiki's strawberries), Bernard Teissier, liorbert A'Campo, and Bob MacPherson (who 

acted as a catalyst in the process of transforming my intuitive conviction into a 

proof). I thank Jean-Jacoues Risler for suggesting the problem.

In §1 we state the key lemmas and use them to prove that multiplicity is a

C invariant; in $2 we prove the lemmas; in £3 we describe an example showing

that not all excellent real ?-planes for V have intersection number with V eoual 

to the multiplicity of V .

M U L T I P L I C I T Y  I S  A C1 I !■ V A S I A  N T 

D A V I D T R O T  k A L

0. Introduction

Let V.,
I £

be complex hypersurfaces in çn+^ each containing the origin 0 ,

and let
S1 ’ “ a

be neighbourhoods of 0 in (E such that there exists a C

diffeomorphism <t>: ( E , E1a V1, 0) • ( Ng, N^a V^, 0 ) . We prove that the

multiplicity of V1 at 0 is the same as that of Vg at O .
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1. The itosult

n+l \
Let V be » commie:- hypersurface in ,C . we write m(V) for the multiplicity 

of V pt 0 defined in §0) , and i(V,S) for the intersection number at 0 

of V with a subset S of In '̂  , whenever this is defined (see [3] ) • i(v,s) 

ir> defined when 3 in a real differentiable submanifold of <Cn+  ̂ of class Ĉ"

^nd dimension ? such that 0 is an isolated point of intersection of V and S . 

(By C41 V is tripnrulable, and hence Lefschetz1 definition applies to V . )

1 rn*l
Lemma. 1.2» Let S be a real 2-dimensional C submanifold of C , such

that (TqS ) O (C(V, 0)) = io] . Then i(V,S) and i(VfTQS) are defined and equal.

Remarks 1.3. (i) C(V,0) is the usual tangent cone to V at 0 .

(C(V,0) = C^(V,0 ) in Whitney's notation of [6] )

(ii) We implicitly identify TQS with the real 2-plane through

0 tangent to S .

(iii) We shall not distinguish between a 2-plane at 0 in Cn+^

and its canonical image in G^^OR) . We regard G?+1(C) as 

a subset of G^ (®) * it is a compact submanifold of 

dimension (and codimension) 2n .

(iv) The subset of definition of i(V,P) for P in G|n+2(lR) is 

clearly open and dense. We call this the set of good planes 

for V end denote it by  ̂pe§v 0 is an isolated

point of intersection of V and P , i.e. i(V,P) is defined.) 

^  v ^ r 1^  precisely the set of good complex lines for

V at 0 as defined in [6 . p . ^ 1  , whence the name.

(v) Let denote the (open dense) set of excellent planes for

V in G^ (E) • those planes which intersect C(V,0) only 

at 0 . C\G^+^(£) is the set of excellent complex lines

Theorem 1.1. Let V̂,. Iî , ív¡, <|) be as in §0 . Then m(V^) =
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for V ?t 0 as defined in 6̂ , p.?34) . By Lemma 1.2 t 

£ yC  (excellency implies goodnesr).

(vi) Let (?v be the (open) subset of consisting of those

planes P for which i(V,P) = m(V ) , the -perfect planes.

By [6 , Theorem 7P , p.¿34-3 , (? y f\Ĝ +1(C ) = £.y nG^+1(® ). 

It is not true in general that £ v  -  <P  ^ : see §  3 . 

However the following lemma defines a. limit to the possible 

values of i(V,P) for excellent P .

Lemma 1.4. If P is excellent, then i(V,P)^m(V) ,

Proof of Theorem 1.1. Let P r \ G?+\® ).
1

By Remark 1.3 (vi) ,

m(Vx) = i(Vx,P) (1)

Because the intersection number of a pair is an invariant of the topological 

embedding type of the pair (see D 3 ),

i(v,,r) . i(v„dXF)) . (2)

<|> is assumed to be a C'*' diffeomorphism, thus, by Remark 1.3 (iii), there 

is an induced homeomorphism of pairs.

(G2n+2(i*), C(V1,0)) -Î-» (G2n+2(E), C(V2,0)) 

P »---** T (4»(P))

By Lemma 1.2 ,

i(V C|> (P) ) = i(V ,$(P)) (3)

But, since 4>(C(V ,0)) = C(Vg,0) and $  is a homeomorphism, then by the

definition of £.y (Remark 1.3(v)), <^(Sy ) = <£ y 8n<l ^(P)€.£y •
1 2  2

Applying Lemma 1.4 gives,

i(Vg, $(P)) £ m(V2) (4)

From (l), (2), (3), (4), and symmetry, we find the required result,

m(Vx) = m(V2).

This completes the proof of Theorem 1.1.
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2. Proof of the Lemmas

Rotation. Let Spn+ (̂o) be the (2n+l)-sphere in [Rtn+  ̂, centred at 0 , 

and with radius p . For each subset A of W?n+t'~ we define, following the 

notation of [6] ,

Ap = Ar» 3pn+1(0)

uep(Ap) = i x e S pn+1 (o) ! 3 y e  Ap suchthat \x  -  y \ < £ p j  ,

u |(A ) = I n t  ( U  U£0.(Ap.))
0<p'<(> f r

Proof of Lemma 1.2. A chart for S at 0 yields &^>0 and a diffeomorphism 

s (lR̂n+ ,̂ (R̂  x 0 , 0 ) —  > ( B<5̂ , B^rvS , 0 ) where B ̂  is the open ball 

of radius & ̂  centred at 0 .

Sublemma 2.1. We can find yj > 0 such that for all positive £.̂  vj , there 

exists some positive 6(8.)^ S  ̂ such that for all p.^S(€) ,

(i) U£p(C(V,0)p)nUep((T0S)f>) =

(ii) Vp CU£p(C(v,o)p) ,

(iii) SpCUep((T0S)p) ,

(iv) if l| V|/(x)\) - * p , then d(Vf*(x), *4/' (o)(x))<£p .

Proof. Because T̂ yS and C(V,0) are closed cones , and T^S n C(V,0) = ?ol , 

there exists *)>0 such that (T̂ S ) (C(V,0)) = t o }  , and (i) follows

for all p .

Now observe that it suffices to find some o(£) for each of (ii),

(iii), (iv) separately, and to then take the smallest of the three.

For (ii) see [6 , p.219] .

Elementary analysis (using only the continuity and differentiability 

of and at 0 ) gives (iii) and (iv) , completing the proof of 2.1.

Using (i), (ii) and (iii) of Sublemma 2.1 and setting £ = £(^) give»

B^nV ns = b^ V a T0s = f o'] .
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Thus i(V,S) and i(V,T0S) are defined (see the discussion at the beginning 

of §1). It remains to show that they are equal.

Let 01 : i.0,oo ) -- ► [o, 6 ) be a C00 diffeomorphism. Then

* W x )  + t ( « ( |M / ( o ) ( i ) i ) . y ( o ) u )  - n > ( x )  )

lV (o ) (* ) |

defines a homology between BjnS and B ^ T qS within

U*(T0S)C Bj u|(C(V,0)) C B^(YnBé)

using (ii), (iii) , and (iv) of Sublemma 2.1. Henoe by the definition of 

intersection number ( C*] ) we have that i(V,S ) = i(V,TQS).

(Bob MacPherson pointed out that a homology is sufficient; it becomes messy, 

although possible, to construct a homeomorphism of pairs.)

This completes the proof of Lemma 1.2.

Proof of Lemma 1.4 » Consider the smooth fibration 

G f +2(R)~G£+1(t) 0“+1(t)

P |■ —  ■> complex 2-plane spanned by P

Each fibre of |3 is isomorphic to the 4-dimensional connected open
A 2

submanifold of GgOft) which is the complement of G^(C) .

Let be the open dense subset of Gg+̂ (C) such that H € i f  and only

if the oomplex 1-dimensional submanifold of G^+*(C) , ^P6G^+^(C) * Pc h ] , is 

transverse to C(V,0) in G^+̂ (C) .

Because jÜ is the projection of a smooth fibration, |3 is both open and

1 2n+2
continuous, hence r x(*v ) is both dense and open in Gg (fR.) . In particular,

¿ v a P’1(Ky-) is dense in £ v .

(Note that in general (^"^(^y) , ) <£ . )

Assertion 2.2: If , P€<^y and PCH , then i(V,P) = i(VflH,P) .

(Note that if PCH and P$ g"+1(®) , then H = £ (P). )

Assertion 2.3 (Curve case) : If PcE-y , and n = 1 , then i(V,P) ̂  m(V).
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Assume for the moment that we have proved, the two assertions.

Let p e £ v n y )  . Then in particular Pe ̂  since £,yc J v by

Lemma 1.2. So, by Assertion 2.2 ,

i(V,P) - i(VA6(P),P) (1)

and by Assertion 2.3 ,

i(V np(P),P) ^  m(VAp(P)) (2)

Let L be an excellent complex line for V contained in ^(p) . By Remark

1.3 (vi) , m(V) = i(V,L) . Also i(V,L) = i(V A ^ (P ),L ) by Assertion 2.

And clearly, i(VA^(P),L) = m(Vfi^(P)) , since L C<?y^(p)^Gl̂ ®̂  * Tilus 

m(V f\ 6(P)) = m(V) (3)

(l), (2), and (3) show that i(V,P) £ m(V) for all P6 Ey* (^v) • But 

since iy A 1(/(y) was shown above to be dense in £, y , and since i(V,P) is 

locally constant for P in , we find that for all P€^^. , i(V,P) ^  m(V) ,

Hence, modulo the assertions, we have proved Lemma 1.4-

Proof of Assertion 2.2 : The intersection number i(V,P) (defined since P e ^ )  

is the linking number 2.(V̂ ,P̂ ) for sufficiently small positive 8  , and (L(V$,P$) 

is given by the number of points of intersection (counted with + or - signs,
Oy% , 1

depending on whether orientations match up or not) of with a disc in S$ (0),

spanning P̂  (which is a circle), and transverse to . (See [31 )

If H 6</fy and PcH , we can find such a transverse disc lying in the 

3-sphere H^ . Hence C.(V̂ ,P̂ ) = I (V<j n H^,P^). Since V$ <% H$ = (VaH){ , 

the assertion follows.

Proof of Assertion 2.3 i V is the union of r (distinct) branches fv,_l ,K) K-i,.. ,r

and i(V,P) . jS&i(Vk,P) for all Pfe£y , and a(V) * ^  m(Vk) .

Hence it suffices to prove the assertion for r = 1 , so that we may suppose

2
that C(V,0) is a single point in Ĝ (C) •

Let u , v be independent vectors spanning P . Then projection parallel to 

C(V,0) onto the complex line Pq erthogonal to C(V,0) sends u , v onto 

independent vectors uQ , vQ spanning P0 . The family of pairs of vectors
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[(tu + (1 - t)u0 , tv + (1 - t)v0)} te[0il]

defines a family of planes, each transverse to C(V,0), i.e. in £ y •

Dow using Sublemma 2.1 , properties (i) and (ii) , we can find a positive

radius 6 such that this family defines a homology in S^(0) between P^ and 

(po )g , with support in the complement of V . We deduce (as in the proof of

Lemm 1.2) that i(V,P) is + i(V,PQ) , depending upon a.n initial choice of

orientation for P . 1(V,Pq ) = m(V) since Pq is an excellent complex line for

V (Remark 1.3 (vi) ) . Thus i(V,P) = + m(V ) , and summing over each branch we 

obtain the result of Assertion 2.3.

3. Possible Values of i(V,P)

In the proof of Assertion 2.3 we saw that for V^ a branch of a plane curve

V , and Pfc£y , then i(Vk,P) is + m(Vk ) or - “0^) » depending on our 

choice of orientation for P . Given a branch V,. , we can obviously assign

an orientation to each P €. so that i(V^,P) is positive. However, given any 

other branch Vfcl , there will be some excellent P for which i(V^f ,P) is 

negative using this preassigned orientation.

Example 3.1» C(V,0) — { z±z2 = ® J ^ ^1 tiie z^”axis» 8111(1 C2 be 

the z^-axis. We can parametrise the 4-dimensional open submanifold of G^iR) 

consisting of the planes P such that Prt = { o} , as follows.

Let Pabcd = °X+ df*., A , [* ) :X,|Afc|Rj with a, b, c, d 6 tt .

Then Pqqqq = ^2 *

It is easy to check that

Pabod 6  Gl(«) **  ° * ' b ’ 4 ' S •

Thus if P ^ ^ is complex and not equal to Cg , ad >  be .

AlBO- Pal»d 1S “ oellent for Clü02 < = >  W 0 °2 = l °*

ad bc .

Hence P . , is isotopie to a complex line ty an isotopy with support in thè 
abcd
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complement of C^U Cg if and only if ad >  be .

Further, orienting each such that i(C^,Pa^c^) = + 1 , one finds that

f + 1 if ad > be

1 (Cg, -̂ abed ̂ = ]
^ - 1 xf ad < be

(One way to see this is to consider the projection parallel to , of the 

Plod's near , onto (as in the proof of Assertion 2.3)»)
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Thus if is the tangent cone of several branches of V whose multiplicities

add up to nu (i = 1,2) and C(V,0) = C^u , then = l^abcd : a<̂  ̂  ̂ CJ

and f m, + m0 if ad >  be
i(V ,P . J  = 1 1 2

a C L m2 “ m2 if ad <  be




